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Balogh's technique for constructing spaces 

Makoto Kurosaki 

1 Introduction 

Recently, the author constructed a Katetov space that is not countably paracompact 

[15]. The construction owes much to a technique of Z. Balogh. This technique is quite 

flexible. Using the technique, Balogh constructed Q-set spaces [1],[4] and Dowker spaces 

[2],[3],[6] and proved Morita's conjectures [5],[7]. It should also be added that the tech-

nique is based on ideas of M. E. Rudin [18]. The aim of this paper is to explain the 

method for constructing spaces using the technique. 

Notation and definitions. Throughout this paper an ordinal is the set of smaller 

ordinals. Let A be a set and r;, be a cardinal. By P(A) we denote the collection of all 

subsets of A. By [A]く"'and[A]尺wedenote the collection of all subsets of A cardinality 

＜氏 and= r;,, respectively. By w, w1, and c, we denote the first infinite ordinal, the first 

uncountable ordinal, and the first ordinal of the same cardinality as P(w), respectively. 

By cf(r;,) we mean the first ordinal cofinal with r;,, 

A space X is called Dowker if X is normal but not countably paracompact. A regular 

space Xis called Q-set space if for each Y C X, Y is a G8 set and Xis not a-discrete. A 

space X is called び—space if X has a び—locally finite network. A regular space is a a-space 

if and only if it has a a-discrete network. A space Xis called weakly submetacompact (or 

weakly 0-refinable) if every open cover of X has a refinement UnEw仏 suchthat for each 

x E X, there is n E w such that 1 ~ I { U E U』XEU}I < w. 

2 Bing's G 

In this section, we show that Balogh's technique can be thought of as an application 

of Bing's G [8]. First, we present Bing's G, which is an example of a normal, not collec-

tionwise normal space. Example 2.1 is different from his original form. We referred to 

[19]. 

Example 2.1. The set of points of X is w1 U G, where G = {gig : P（叫→ 2}.Let, 

for each a E w1, h E [P(w1)]<w, and J E [G]<w, B(a,h,J) = {a} U {g E GIVY E 
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h(a E Y ⇔ g(Y) = 1)} ¥ J. We consider a topology on X generated by the family 

{B(a, h, J)la E W1, h E [P(w1)]<w, J E [G]<w} U { {g}lg E G}. 

p roposition 2.2. X is normal. 

Proof. Let H and K be disjoint closed sets. Since every point of G is isolated, we may 

assume that Hu K C W1. UaEH B(a, {H}, 0) and u/3EK B(/3，｛H}, 0) separate H and 

K. ロ

Since w1 is closed discrete in X, it follows from the following proposition that X is not 

collectionwise Hausdorff. 

p roposition 2.3. For each h：叫→ [P（叫]<wand J: W1→[ G]<w, there exist a < /3 

such that B(a, h(a), J(a)) n B(/3，h(/3）， J(/3)）ヂ 0.

Proof. Let M be a countable elementary submodel containing everything relevant and 

take any (3 E w1 ¥ M. There is a E w1 n M such that h(/3）n M c h(a) and for each 

YE  h(/3）n M, a E Y if and only if /3 E Y. Pick g E G ¥ (J(a) U J(/3）） such that for each 

YE  h(/3）,(3 E Y if and only if g(Y) = 1 and for each YE  h(a) ¥ h(/3）n M, a E Y if and 

only if g(Y) = 1. Then, g E B(a, h(a), J(a)) n B(/3,h(/3）， J(/3））．ロ

Example 2.1 has the property that if a behaves the same way as (3, then the neigh-

borhoods of a and (3 cannot be separated. Advancing this idea, let us construct a space 

having the property that if a behaves the same way as/3，then /3 is an element of the 

neighborhood of a. To construct such a space, we need to identify the parts of w1 and G. 

In order to do that, we equalize the sizes of them. 

Example 2.4. The set of points of X is c U G, where G =｛〈A,B,g〉|AE [c]w,B E 

［P(A)］竺g:B→2}. Let, for each a E c and h E [P(c)]<w, B(a, h) = {a} U{〈A,B,g〉E

Gl'v'Y E h[YnA EB八(aE Y⇔ g(YnA) = 1)]}. We consider a topology on X generated 

by the family {B(a, h)la E c, h E [P(c)]<w} U{{〈A,B,g〉}|〈A,B,g〉EG}. (Since this 

space satisfies (Ti), J docs not appear in the dcfinition). 

Proposition 2.5. For each h : c→[P(c)]<w, there exist a-/-(3 such that B(a,h(a)) n 

B(/3，h(/3））-/-0. 

Proof. Let M be a countable elementary submodel containing everything relevant. Let 

A = c n M and B = {Y n MIY E P(c) n M}. Take any I E c ¥ M. There are 

a#/3E c n M such that h(a) n h(/3） ＝h(,) n Mand for each YE  h(,) n M, 1 E Y 

if and only if a E Y if and only if/3E Y. Since h(a) Uh(/3）C M, we have that 

Y # Y'E h(a)Uh(/3）implies YnA # Y'nA. Pick g E G such that for each YE  h(,)nM, 

1 E Y if and only if g(Y n A) = 1, for each Y E h(/3） ¥h(,) n M,/3E Y if and only if 
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g(Y n A) = 1, and for each Y E h(a) ¥ h(/3）n M, CY E y if and only if g(Y n A) = 1. 

Then,〈A,B,g〉EB(a, h(a)) n B(/3，h(/3））．ロ

Now, we give a basic space for constructing various spaces. 

Example 2.6. The set of points of X is c. Let G =｛〈A,B,C,g〉|AE [ct, B,C E 

［P(AW,Bnc = 0, g: c→2} and fix a bijection q : c→G. Let, for each a E c and 

h E [P(c)］三

B(a, h) = {/3 E cl if q(/3） ＝〈A,B,C,g〉,thenVY E h [Y n A E B U CI¥ 

YnAEB→(a E Y⇔ /3 E y)八

YnAEC→(a E Y⇔ g(Y n A)= 1)]}. 

Topologize X by declaring a set U to be open if and only if for every a E U, there is 

h E [P(c)]<w such that B(a, h) c U. 

p roposition 2.7. Xis normal. 

Proof. Let H and K be disjoint closed sets. By induction on n, we define Hn and 

Kn. Let H,。=HandK,。=K. Pick, for each a E X, ha E [P(c)]<w such that 

a茫H implies B(a, ha) n H = 0 and a,f. K implies B(a, ha) n K = 0. Let, for each 

n E w, Hn+l = UaEHn B(a, ha u {H,。,•.．， Hn,K。,·・ ・, Kn}), Kn+l = UaEKn B(a, ha U 

{H。,•.． ,Hn,K。,...ふ｝）． Then UnEw几 andUnEw柏 separateHand K. ロ

p roposition 2.8. For each h : c→[P(c)]<w and n: c→w, there exist a -=/-/3 such that 

/3 E B(a, h(a)) and n(a) = n(/3）． 

Let M E N be countable elementary submodels containing everything relevant. Let 

A=  c n N, B = {Y n NIY E P(c) n M}, and C = {Y n NIY E P(c) n N ¥ M}. 

In the proof of Proposition 2.3, we can pick an element of G after taking/3and a. 

However, since we identify c with Gin this space, we need to pick an element of G first. 

By the following lemma, roughly speaking, we have that there is a g E G such that for 

each(3E X ¥ N and set in N whose elements behave the same way as/3，there is a in the 

set such that g is an element of the neighborhood of a. 

Lemma 2.9. There exists a function g satisfying that〈A,B,C,g〉EG such that whenever 

V : C→ U亨 (c)¥MJ<wa2 is an infinite partial function, v E N, and {dom(v(a))la E 

dam(v)} are pairwise disjoint, then there exists a E dam(v) such that{〈YnA,i〉|〈Y,i〉E

v(a)} Cg. 

Proof. Let〈Vj〉jEwenumerate all functions v E N as in Lemma 2.9. By induction on j 

pick distinct { ai lj E w} c X n N such that j -=/-j'implies dom(v(aリ）ndom(v(ai'))= 0. 
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It follows from elementarity of N that {{Y n AIY E dom(vj(aj))}lj E w} are pairwise 

disjoint and {Y n AIY E dom(v]屈））｝ nB = 0 for all j E w. Take g E G satisfying that 

{〈YnA,i〉:〈Y,i〉E叫叫｝ Cgfor all j E w. Then g is as desired. ロ

Take/3E X satisむingthat q(/3） ＝〈A,B,C,g〉.Notethat/3(jc N. We obtain the 

following lemma by taking a set whose elements behave the same way as/3． 

Lemma 2.10. There exists EE [Xt1 n N such that, 

(a) {h(a)la EE} is a△-system with root h(/3）nM, 

(b) for each a E E and Y E h(/3）n M, a E Y if and only if/3EY, 

(c) for each a EE, (h(a) ¥ (h(/3）nM)) nM=  0, 
(d) for each a EE, n(a) = n(/3）． 

Proof. Let r = h(/3）n M  and n = n(/3）． Define, for each Y E r, iy E 2 by setting iy = 1 

if and only if/3E Y. Let ¢(G) be the statement "{h(a)la E G} is a△-system with root 

r, for each a E G, n(a) = n, and for each a E G and YE r, iy = 1 if and only if a E Y". 

By Zorn's Lemma, there is a maximal F such that rp(F) holds. Since all parameters of 

¢(G) are in M, we may assume that F E M. Suppose indirectly that F is countable; 

then F c M. Since F U {/3｝ヂ Fand ¢(FU {/3｝） holds, it is a contradiction. Hence F is 

uncountable; there is E E [F]山1such that, for each a EE, (h(a) ¥ (h(/3）nM)) nM  = 0. 

Since h, F, and Mare in N, we may assume EE N．ロ

Now, we complete our proof of Proposition 2.8. Define v : E→UaE[P(c)¥MJ<w a2 by 

setting v(a) =｛〈Y,ia,Y〉|YEh(a) ¥ (h(/3）n M)}, where ia,Y = 1 if and only if a E Y. 

Note that v E N. By Lemma 2.9, we have that there is a E E such that for each 

YE h(a) ¥ (h(/3）n M), g(Y n A)= 1 if and only if a E Y. Hence/3E B(a, h(a)). 

3 Applications 

Applying the basic space, we give a Dowker space, a Q-set space, and a metalindelof, 

not weakly submetacompact space. 

Example 3.1. The set of points of Xis c x w. Let G =｛〈A,B,C,g〉|AE [c]w, B,C E 

[P(AW, B n c = 0, g: c→2} and fix a bijection q : c→G. Let, for each a E c, n E w, 

and h E [P(c)]<w, 

B(a,n+l,h)=｛〈/3,n〉Ec x wl if q(/3) =〈A,B,C,g〉,thenVY E h [Y n A E B U CI¥ 

YnAEB→(a E Y⇔ /3 E y)八

YnAEC→(a E Y⇔ g(Y n A)= 1)]}. 
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Topologize X by declaring a set U to be open if and only if for every〈a,n+1〉EU,

there is h E [P(c)]<w such that B(a, n + 1, h) CU. 

p roposition 3.2. X is normal. 

Proof. Let H and K be disjoint closed sets. It is not difficult to prove that for each 

n E w, H n (c x { n}) and Hen (c x { n}) can be separated and that for each m < n E w, 

H n (c x { n}) and K n (c x { m}) can be separated. Hence for each n E w, H n (c x { n}) 

and K (and H and Kn  (c x { n})) can be separated. By the shoestring argument, we can 

separate H and K. ロ

Proposition 3.3. X is not countably paracompact. 

Proof. Suppose indirectly that X is countably paracompact. Then, { c x (n+ 1) In E w} has 

a one-to-one locally finite open refinement {U:』nE w }. We can take h : c x (w ¥ {O})→ 
[P(c)]<w satisfying that 〈a,i〉€仏 implies B(a, i, h(a, i)) C Un. Let MEN  be countable 

elementary submodels containing everything relevant. Take /3 E c similarly in the basic 

space. To get a contradiction, we show that for each n E w, there is m > n such that 

信，0〉EUm. Fix n E w. Since Un Cc x (n+ 1), there ism> n such that〈/3,n+ 1〉EU加

By induction on k from n+ 1 to 0, we show that〈/3,k〉EUm. Suppose that〈/3,k+l〉EU加

By taking a set whose elements behave the same way as /3 including that〈(3,k + 1〉EU加

we can show that there is aヂ(3E c such that〈(3,k〉EB(a, k + 1, h(a, k + 1)) and 

〈a,k+1〉EUm. The proof of this is similar to the proof of Proposition 2.8. By our way 

of taking h, we have that〈(3,k〉EUm. ロ

Example 3.4. The set of points of X is c. Let G =｛〈A,B,C,g〉|AE [ct, B,C E 

[P(AW,BnC = 0, g: c→2 x w} and take a q : c→G satisfying that for each 

〈A,B,C,g〉EG, there is /3 E c such that q(/3) =〈A,B,C,g〉andsup(A) < (3. Let, for 

each YE P(c) and k E w, 

汎＝｛/3E cl if q(/3) =〈A,B,C,g〉,thenY n A EC八ヨiE 2ヨm2'.'. k(g(Y n A) =〈i,m〉)｝．

For each a E c, h E [P(c)]<w, and n E w, 

B(a, h, n) = {(3 E cl if q(/3) =〈A,B,C,g〉,thenVY E h[Y n A E B U CA 

YnAEB→(a E Y⇔ (3 E y八¥:/kE w(a E Yk⇔ (3 E Yk))A 

YnAEC→ヨm2'.'. n(a E Y→g(Y n A)=〈1,m〉八a(t y→g(YnA) =〈O,m〉)］｝．

Topologize X by declaring a set U to be open if and only if for every a E U, there are 

h E [P(c)]<w and n E w such that B(a,h,n) CU. 

In the same way as the proof of Proposition 2.7, we have that Xis normal. 
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p roposition 3.5. For all Y C X, Y is a G8 set. 

Proof. Let, for each n, k E w, Y,悶＝ Yand y;+1 = UaEY/{ B(a, {Y}, n). Note that for 

each n E w, ukEw Y,：：応 open.Since nnEw (Y u Y,砂＝ Y,Proposition 3.5 follows from the 

following claim. 

Claim 3.6. For each n. k E w , Y/: c YU Yn. 

Proof of Claim 3.6. Fix n E w. We prove by induction on k E w. Take any /3 E Y/:+1. 

By induction hypothesis, there is a E YU  Yn such that /3 E B(a, {Y}, n). If q(/3) = 

〈A,B,C,g〉,thenY n A EB  UC. And if Y n A EB, then a E Y if and only if /3 E Y 

and a E兄 ifand only if /3 E Yn-Since a E YU Yn, we have/3E YU Yn. If Y n A E C, 

then there is m ミnsuch that a E Y implies g(Y n A) =〈1,m〉anda rt Y implies 

g(Y n A)=〈O,m〉.Hence(3E Yれ．ロ

p roposition 3.7. Xis not び—discrete.

Proof. Take any f: X→w, h:X→[P(X)]<w, and n: X→w. We can show that there 

are a</3such that f(a) = f(/3) and /3 E B(a, h(a), n(a)). The proof of this is similar 

to the proof of Proposition 2.8. Hence X cannot be u-discrete. ロ

As mentioned in [1], X can be made left-separated easily. Then, by Proposition 3.9, X 

answers the question B16 in [16]. 

Question 3.8. (H. Junnila [13]) Does there exist, in ZFC, a set X and two topologies T 

and 7r on X such that T C 1r, every 1r-open set is an Fu set with respect to T, the space 

(X, 1r) is metrizable but the space (X, T) is not auーspace?

Proposition 3.9. X is not a び—space.

Proof. Suppose indirectly that X has au-discrete network uiEw且． Sincefor each a E X, 

[a, c) is open, there are ia E w and B,, E氏 suchthat a E B,, C [a, c). We can take 

h: X→[P(X)]<w and n : X→w sati函ingthat for each a E X, B(a, h(a), n(a)) n 

(U瓦＼ Ba)= 0. We can show that there are a < /3 such that(3E B(a, h(a), n(a)) 

and i,, = i(3． Since a (t [/3，c), we have BaヂB(3． Byour way of taking h and n, 

B(a, h(a), n(a)) n B(3 =0. This is a contradiction. ロ

Example 3.10. The set of points of X is c. Let { Le IE E w1} be a partition of c such that 

for every E E w1, Le is of size c. Let G =｛〈A,B,C,g〉|AE[c]w, B,CE [P(A)iw,BnC= 

0, g: C→2} and take a q : c→G satisfying that for each〈A,B,C,g〉EG and EE wぃ

there is /3 E Le such that q(/3） ＝〈A,B,C,g〉andsup(A) </3．Let, for each a E Le and 
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h E [P(c)］竺

B(a,h) = {(3E LJL』ifq((3） ＝〈A,B,C,g〉,thena EA n(3Al::/YEh[YnAEBUCA 
μSe 

YnAEB→(a E Y⇔ /3 E Y)A 

YnAEC→(a E Y⇔ g(Y n A)= 1)]}. 

Topologize X by declaring a set U to be open if and only if for every a E U, there is 

h E [P(c)]<w such that B(a, h) c U. 

Proposition 3.11. X is metalindelof. 

Proof. Take any open cover U of X. Pick, for each a E c, Ua EU such that a E Ua. Let 

us take a point-countable open refinement {Vala E c} of {Uala E c}. Fix a E c. Take, 

for each(3E Ua, hf3 E [P(c)]<w such that B((3，加） CUa, Let V0 = {a}, for each n E w, 

vn+l = u{3EVn B((3，hf3), and Va= UnEwぃ． Toshow that {Vala E c} is point-countable, 

we define a set Df3 C c, inductively, by setting Df3 = {(3｝u UaE=AonR Da, Here, Af3 is the aEA/3n{3 
first term of q((3）． Note that for each(3E c, Df3 is countable. By the construction of Va, 

we have that(3 € V。impliesa E Df3, Hence {Va la E c} is point-countable. ロ

Proposition 3.12. X is not weakly submetacompact. 

Proof. Suppose indirectly that X is weakly submetacompact. Then, {Uμs, LμIE E叫

has an open refinement UnEw仏 satisfyingthat for each a E c, there is na E w such that 

1 ~ l{U E Un,, la E U}I < w. We can take h : c→[P(c)]<w satisfying that for each 

a E c, B(a, h(a)) c n{u E Un,,la EU}. Let MEN  be countable elementary submodels 

containing everything relevant. Take(3E Lw1nM with sup(C n N)く (3similarlyin the 

basic space. We obtain the following lemma by taking a set whose elements behave the 

same way as(3．The proof of Lemma 3.13 is similar to the proof of Lemma 2.10. 

Lemma 3.13. There exists EE [c]い1n N such that 

(a) {h(a)la EE} is a△-system with root h((3）nM, 

(b) for each a E E and Y E h((3）n M, a E Y if and only if (3 E Y, 

(c) for each a EE, (h(a) ¥ (h((J) n M)) n M = 0, 
(d) {EE叫EnL,ヂ0}is unbounded in w1, 

(e) for each a EE,加＝叩・

Inductively, let us take a set { aili E w} C E n N satisfying that for each i E w, 

/3 E B(ai, h(ai)) and for each j > i and U E Un/3, ai E U implies a]茫U.Suppose we 

have taken｛叫k< i} CE  n N. Since UnEwUn-< {U応J叫€ €凶1}, we have that there 

is 8 E w1 n N such that for each k < i and U E Un/3＇知 EU implies U C U臼 Lμ-Define 



71

V: En uμ>bら→ U年 ['P(c)¥MJ<wa2 by setting v(a) =｛〈Y,ia,Y〉|YEh(a) ¥ (h(/3) n M)}, 

where ia,Y = 1 if and only if a E Y. Note that v E N. By Lemma 2.9, we have that 

there is a; E En uμ>b Lμ n N such that /3 E B(a;, h(a;)). Since a; E uμ>b Lμ, we have 

that for each k < i and U E U加 akE U implies a; tt U. Hence a; is as desired. By our 

way of taking h, we have that for each i E w and U E U叩 a;E U implies f3 E U. Hence 

{U E Un~ l/3 E U} is infinite. This is a contradiction. ロ

Example 3.10 can be made collectionwise normal (see §4) and perfectly normal (see 

Example 3.4). To our knowledge, the first discovery of a metalindelof, not weakly sub-

metacompact space in ZFC is due to G. Gruenhage in [11]. 

4 Complete neighborhoods 

Applying the basic space, let us construct a collectionwise normal space. First, we 

consider the following example. 

Example 4.1. The set of points of Xis c. Let 

I=｛〈F砂pEcE <p(c)l{F;吐pEc: pairwise disjoint A (p =J u A Fp, Fu =J 0)→Fpナ凡｝．

Let, for each F =〈F砂pEcE J and A E [ c]竺FfA =〈FpnA〉pEAand J「A ={Fr AIF E 

J}. Let G =｛〈A,B,C,g〉|AE [c]w, B,C E [J「A]w,BnC= 0, g: C→c U {-1}} and 

fix a bijection q : c→G. Let, for each a E c and h E [J]竺

B(a, h) = {fJ E cl if q(fJ) =〈A,B,C,g〉,then汀＝〈F砂pECE h[F「AE BUCA 

Ff AE B→ (a¢ Ur⇔ fJ tf_ LJ F A a E Fp⇔ fJ E Fp)A 

r「AEC→(a¢ Ur⇔ g(F f A) = -1 A a E Fp⇔ g(F「A)=p)]}. 

Topologize X by declaring a set U to be open if and only if for every a E U, there is 

h E [J]<w such that B(a, h) c U. 

Example 4.1 is collectionwise normal. However, the proof of Proposition 2.8 for this 

space does not work. The reason why is that if F =〈F砂pEcE M,{J E Fp, and p tf. M, 

then a and fJ are not elements of the same Fp-By using Balogh's great idea, complete 

neighborhoods, we can have that if F E M and fJ E Fp, then p E M, so a and fJ are 

elements of the same Fp. 

Example 4.2. The set of points of X is c. Let〈Fg〉EE2,list all terms of I mentioning 

each 2'times. Let, for each ~ E 2', FE =〈FJ〉pEc・ Inductively, we define H C 2'and, for 

every ~ E 2c, a topology TE on X. Suppose ~ E 2c, and for every 7)くも wehave decided 

whether 7/ E H. The topology TE is defined by declaring a set U to be open if and only 
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if for every a E U, there are h E [H n,J<w and J E [X]<w such that B(a, h) ¥ J c U. 

This B(a, h) is defined in the same way as Example 4.1. Suppose { Ff IP E c} is a discrete 

family of closed sets in TE, and there is no TJ E H n, such that { FJIP E c} = { Ff IP E c }. 

Then, let, E H. The topology T is defined by declaring a set U to be open if and only if 

for every a EU, there are h E [H]<w and J E [X]<w such that B(a, h) ¥JC U. 

p is collectionwise normal. roposition 4.3. T is collecti 

Proof. Let F be a discrete family of closed sets in T. By the construction of T, it follows 

from IXI = c < cf(2りthatT = u!;E2'T{. Hence there is'E 2c such that F is a discrete 

family of closed sets in T€- Since each term of I is listed in〈Fc〉EE2,2c times, there is 

, E 2c such that {F$1P E c}＝F and { Ff IP E c} is a discrete family of closed sets in T€
Let us take the smallest such,, then, E H. For each a E c, let us take ha E H and 

J。E[X]<w satisfying that for each p E c, a (/. Ff implies (B(a, h砂＼ la)n Ff = 0. Let 

巧＝｛FfuUaEFj(B(a,haU{O)¥Ja)IPE c}. Then巧 isa discrete family of closed 

sets. (Let, for each(3EX,碍＝ ｛f3}，瓜＝ U,EUf(B(,, h, u {0) ¥ Jサ(iE w), and 

臼＝ uiEw叫． Then,{U門(3EX}witnesses the fact that石 isa discrete family of closed 

sets). Hence there is 6 E H such that { Ff 1 IP E c}＝巧 Foreach i > 1, we can define 

互 andtake,i, similarly. Let, for each p E c, Up,o =Ff, U,い＋1= Up,i U UaEUp,,(B(a, ha U 

｛詞・・・'i})¥ la)(i E w), and Up= uiEw Up,i・ Then {Up IP E c} separate F. ロ

Let, for each, EH, 

0い{X¥u孔 if(3¢U石，
(X ¥ LJFE) U Ff, if(3EFf 

Definition 4.4. Let us call a pair〈h,J〉E[H]<w x [X]<w complete at(3if for each, E h, 

B((3，hn,) ¥Jc of 
Lemma 4.5. If〈h,J〉E[H]<w x [X]<w is not complete at(3，then there exist h'つhand

J'っJsuch that〈h',J'〉iscomplete at(3． 

Proof. let知 bethe largest, E h with B((3，h n,) ¥ J (/. 0$. Since 2c is well-founded, 

it suffices to prove that there exist h'つhandJ'っJsuch that〈h',J'〉iscomplete at 

(3or⑬ J'<,h,J. Let TJ＝ふ，J・ Since OJ is a Tri-open neighborhood of(3，there exist 

h E [H n ri]<w and j E [X ¥ {(3｝］<w such that B((3,h n,) ¥Jc OJ. Then h'= h Uh and 

J'= J U J are as desired. ロ

Proposition 4.6. For all h : X→[H]<w, J: X→[X]<w, and n: X→w, there e寧

a#(3such that(3E B(a, h(a)) ¥ J(a) and n(a) = n((3）． 

Proof. We may assume that for all(3EX,〈h((3）， J((3）〉 iscomplete at(3．LetMEN 
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be countable elementary submodels containing everything relevant. Let A = c n N, 

B = {F,「AにEHnM}, and C = {F, 「 Al~ EH  n N ¥ M}. The proof of the following 

lemma is similar to the proof of Lemma 2.9. 

Lemma 4. 7. There exists a function g satisjリingthat〈A,B,C,g〉EG such that whenever 

v:c→UaE[H¥M] <w a (c U { -1}) is an infinite partial function, v E N, and { dam(v(a)) I a E 

dam(v)} are pairwise disjoint, then there exists a E dam(v) such that{ 〈Fg 「 A,p〉|〈~,p〉 E

v(a)} Cg. 

Take(3E X satisむingthat q((3） ＝〈A,B,C,g〉.Weobtain the following lemma by 

taking a set whose elements behave the same way as(3.The proof of this is similar to the 

proof of Lemma 2.10. 

Lemma 4.8. There is E E [X]w1 n N such that 

(a) {h(a) : a EE} is a△-system with root h((3）nM; 

(b) for all a EE, (h(a) ¥ (h((3）n M)) n M = 0; 
(c) for all a E E and ~ E h((3）n M, a E LJF, if and only if(3EU巧；
(d) for all a EE, n(a) = n((3）． 

Let, for each~ EH  and a EX, PE.a= p if a E FJ and P(,a = -1 if a¢'-LJ巧 Define

V :E→UaE[H¥MJ<w a(CU { -1}) by setting v(a) ={<~'PE,a>|~Eh(a)\(h((3) nM)}. Note 

that v E N. By Lemma 4.7, there exists a E dom(v) such that{ 〈Fc 「 A,P(,a〉|〈~,P(,a 〉 E

v(a)} Cg. Let us show that(3E B(a, h(a)) ¥ J(a) by induction on f Since J, a E N, 

we have J(a) C N. Hence(3E B(a, 0) ¥ J(a). Suppose ~ E h(a) and we have proved 

(3E B(a, h(a) n ~) ¥ J(a). 

Case 1. Suppose ~ E h(a) n M. Note that名「 AE B. If a ¢ U石， thenby (c), 

(3¢'-LJF,. Hence(3E B(a, {0)-If there is p E c such that a E FJ, then by induction 

hypothesis and completeness,(3E B(a, h(a) n ~) ¥ J(a) c Of. Hence, by (c),(3E Fj, so 
(3E B(a, {0). 

Case 2. Suppose~ E h(a) ¥ (h((3）n M). Note that F,「AE dom(g)(= C). Then by 

the definition of P(,a, if a E FJ, then P(,a = p and if a ¢'-LJ巧， thenP(,a = -1. Hence 

(3E B(a,｛(｝）．ロ

5 CH constructions 

In this section, we show that Balogh's technique can be thought of as an application of 

the HFC construction. First, we present two exaJnples. The Kunen line [14] is an example 

of a first countable S-space (hereditarily separable, not Lindelof space). The HFC [12] is 

an example of an L-space (hereditarily Lindelof, not separable space). These spaces are 
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constructed under CH. Example 5.1 is a simpler version of the Kunen line (it is not first 

countable). 

Example 5.1. (CH) The set of points of X is股(={xala E叫）． Let〈Ma〉aEwibe a 

continuous chain of countable elementary submodels. At a-th stage, let { A』nE w} be a 

list of {Alxa E ClJR(A),A E [{x13I(3 ＜ a }]w n Ma} mentioning each infinite times. Take, 

for each n E w, y~ E Ann B(xa, ¾)- Topologize X by declaring a set U to be open if and 

only if for every Xa E U, there is J E［戦］く“suchthat {y罪InE w} ¥JC U. 

Since for each a E w1, {x13I(3 ：：：： a} is open, X is not Lindelof. Note that X refines the 

usual topology on艮． SinceX has a base of応 losedsets, X is Tychonoff. Since for each 

AE［応， Cl良（A)¥Cl(A) is countable, X is hereditarily separable. 

Example 5.2. (CH) We define X = {!ala E叫 Cwi2. Let〈Ma〉aEwibe a continuous 

chain of countable elementary submodels. At a-th stage, let{匹 |nE w} be a list of { u : 

W → U年 [w1]<wa21u E M,。,{dom(u(i))liE w} are pairwise disjoint}. Take, for each n E w, 

in E w such that {dom(un(in))ln E w} are pairwise disjoint. Define fa so fa二） ％（％） for 

all n E w, fa(w1 n Ma) = 1, and fa((3） ＝0 for all(3 ＞W1 nMa. 

Since for each a E wぃ {f13I(3~ a} is open, X is not separable. 

p roposition 5.3. For all Y E［叫wiand neighborhood assignments h : Y→ U 

there exists I E w1 such that {f13I(3E Y} C UaEYn,[h(a)]. 

a2 aE[w1]<w ~, 

Proof. Let M be a countable elementary submodel containing everything relevant. Then 

1 = w1 n M is as desired. Take any(3E Y ¥ M. By taking a set whose elements 

behave the same way as(3，we have that there is {anln E w} E [Y]w n M such that 

{dom(h(an))ln E w} is a△-system with root dom(h((3）） n M and that for each n E w 

and E E dom(h((3）） n M, h(an)(E) = h((3）（E). Define u : w→UaE[w1]<w a2 by setting 

u(n) = h(an)「dom(h(an))¥ (dom(h((3）） n M). Since u E M, we have u E Mw1nM C M13. 

By the construction of f13, there is n E w such that f13 E [h(％）］．ロ

These two constructions are basically the same except that the objects of the diagonal 

arguments are different. We can apply these constructions in ZFC by listing countable 

subsets of the objects length c. Van Douwen's space [9] is an application of the Kunen 

line in ZFC. We give a simpler version. 

Example 5.4. The set of points of X is股(={xala E c}). Let〈ふ〉aEcbe a list of 

［国］W忙satisfyingthat for each uncountable応 closedset K and A E［国］竺 thereare 

uncountable a E c such that Xa E K,ふ＝ A,and sup({(3E clx/3 E LJふ｝） ＜ a. 

At a-th stage, let { A』nE w} be a list of {Alxa E ClJR(A),A E [{x13I(3 ＜ a}]w nふ｝
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mentioning each infinite times. Take, for each n E w, y~ E Ann B(xa，い． TopologizeX 

by declaring a set U to be open if and only if for every Xa E U, there is J E［恥］＜wsuch 

that {y~ln E w} ¥JC U. 

It follows that X is normal and countably paracompact from the following proposition. 

See [9]. 

p roposition 5.5. If〈凡： nE w〉isany sequence of closed subsets in X such that 

I nnEw F,』さ w! then I nnEw Cl股(Fn)I:S:: W. 

Proof. Suppose indirectly that nnEw C贔(F砂isuncountable. Let M be a countable ele-

mentary submodel containing everything relevant. Since賊 ishereditarily separable, for 

each n E w, there is Dn E [Fn]w n M such that Fn C ClR(D』.Byour way of list-

ing, there are uncountable a E C such that Xa E nnEw Cl訊凡），ふ＝ ［民］wn M, and 

sup({(3|x(3EUふ｝） ＜a. By the construction, for such a, Xa E nnEw Cl(D砂CnnEw凡．

This is a contradiction. ロ

In the same way as constructing van Douwen's space from the Kunen line, we can 

construct {!ala E c} C'2 from the HFC satisfying that for all neighborhood assignments 

h: C→UaE[cJ<w a2, there are a #(3behaving in the same way such that(3E [h(a)]. By 

using elementarity with respect to‘ヂ',weobtain the following example. 

Example 5.6. We define {!ala E c} C P(c)2. Let, for each A E [c]竺仏＝ ｛ulu: 

W → U年 [P(A)]<wa2, {dom(u(i))li E w} : pairwise disjoint}. Let〈Aaし〉aEcbe a list of 

{〈A,V〉|AE [c]竺VE[U店｝． Ata-th stage, let { u』nE w} be a list of Va. Take, for 

each n E w, in E w such that {dom(un(in))ln E w} are pairwise disjoint. Define, for all 

YE P(c), if Y n Aa E dom(un(in)) for some n, then fa(Y)＝叫(in)(Yn A砂

Proposition 5. 7. For all neighborhood assignments h : c→ U aE[P(c)]<w 唸 andm: c→ W 

there exist a #(3such that ff3 E [h(a)] and m(a) = m((3）． 

Proof. Let M be a countable elementary submodel containing everything relevant. Let 

A = [c]w n M and V = {u E UAIヨvE M(v : w→UaE[P(c)]<w a2 /¥'vn E w(u(n) = 

{〈Yn A, v(n)(Y)〉|YEdom(v(n))})}. By elementarity of M, we have that VE [U店・

Pick(3E c such that〈A(3，V(3〉＝〈A,V〉.Bytaking a set whose elements behave the same 

way as(3，we have that there is {anln E w} E [c]w n M such that {dom(h(an))ln E w} 

is a△-system with root dom(h((3）） n M, for each n E w, m(an) = m((3）,and for each 
n E wand YE  dom(h((3）） n M, h(an)(Y) = h((3）（Y). Define v : w→UaE[P(c)]<w a2 by 

setting v(k) = h(an)「dom(h(an))¥ (dom(h((3）） n M) and u: w→UaE[P(A)]<w a2 by 

setting u(n) =｛〈YnA(3，v(n)(Y)〉|YE dom(v(n))}. Since v E M, we have u E V(3．By 
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the construction of ff3, there is n E w such that ff3 E [h(an)]. 

Next, we present the HFD [12], which is an example of an S-space. 

Example 5.8. (CH) We define X = {!ala E叫 Cwi2. Let〈Ma〉aEwibe a continuous 

chain of countable elementary submodels. At a-th stage, let{〈An,%〉|nE w} be a list of 

{〈A,i〉E[a]w x 2IA E Ma} mentioning each infinite times. Take, for each n E w, rn E Aか

with all rn distinct. Define f7Ja) = in for all n E w, fa(a) = 1, and ff3(a) = 0 for all 

D
 

/3 ＞a. 

Since for each a E wぃ{f13I/3：：：：： a} is open, X is not Lindelof. 

Proposition 5.9. X is hereditarily separable. 

Proof. Take any Y E [Xt1. Let M be a countable elementary submodel containing 

everything relevant. Take any f/3E Y ¥ M and u E UaE［切］＜wa2 as a basic neighborhood 

of f13. Let dom(u) = ho,.. ・, 1か 6。，・・・，如｝ （,o <... < rnくw1n M：：：：： ％く・・・<

心）． Bytaking a set whose elements behave the same way as/3，we have that there is 

A E [Y]w n M such that for all fa E A, fabo) = u(,o), ・ ・ ・, fa（rn) = u（加）． Notethat 

A E Mw1nM C MJ0. By the construction at O。-thstage, there is A。E[At such that for 

all fa EA。,f虚o)= u(o。)． Byelementarity of M,妬＋1,we may assume that A。EM6o+1・

Hence A。EM釘． Repeatingthis argument m times, we get Am. Since Am C [u], we have 

f/3E Cl(Yn M)．ロ

The chain is essentially used in the HFD construction. Hence we cannot apply the HFD 

construction in ZFC in the same way as the Kunen line and the HFC. 

Question 5.10. Can we apply the HFD construction in ZFC? 
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