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Abstract

This dissertation consists of three chapters about dynamic coordination games, learning, and
their connections.

The first chapter presents a dynamic coordination game in the context of an investment
crash. Agents decide whether and when to invest in a risky project while observing past
activities over time. The optimal action timing of an agent is determined by her constant
trading off the informational gain of delaying versus its opportunity cost. The chapter
characterizes the optimal action timing of each agent and further shows the uniqueness of
such a monotone equilibrium, shedding testable insights into analysis and policy guidance.
Various comparative statics questions are answered, including the impact of learning on
coordination success and behaviors. Furthermore, the analysis applies to all ranges of
information precisions, resolving a long difficulty in the literature in which most existing
studies can only tackle the vanishing noise situations. Additionally, I show that full learning
about the state achieves in the limit, and give conditions on which observing actions reveals
more accurate information about the state than directly observing it.

The second chapter is based on a classical market-based learning model in the presence
of both private and public observations of market aggregates. Existing studies show that the
learning speed is slow with only public learning, which undermines the value of information
since market situations change. This chapter incorporates a private learning channel through

observing market data with idiosyncratic noise. I demonstrate that now learning efficiency is
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improved, in the sense that both public and private information become limit accurate and
furthermore, the asymptotic learning rates are linear, higher than in the pure public learning
case. Various intuitive features of the learning process have also been verified.

The third chapter combines the above two chapters by constructing a model in which
agents interact and learn from each other prior to a coordination game. Learning still
happens from both public and private observation of market aggregates. I show that learning,
or equivalently the higher information precision, improves agents’ expected payoffs and
coordination success. In addition, I demonstrate that the incorporation of private learning,
instead of dispersing agents’ information, contributes to its conformity, and thus prompts

multiple equilibria in the global game.
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Chapter 1

Learning and Strategic Delay in a

Dynamic Coordination Game

1.1. Introduction

Coordination games of incomplete information like currency crises or investment crashes
impact the economy massively and draw much attention from economists. One prominent
approach to analyze such problems is the global games model pioneered by Carlsson and
Van Damme (1993) and Morris and Shin (1998). It introduces asymmetric information
into the traditional coordination game framework and remarkably obtains a unique and
analytically convenient equilibrium, shedding testable insights on policy guidance and
welfare implications. However, the existing studies are mostly in static contexts, despite the
economic activities are inherently dynamic. Budget-constrained agents delay their investment
decisions to learn from their predecessors’ behaviors, for example. That said, learning and
delaying behaviors of agents are prevalent in practice and worth exploring, but the static

models cannot provide predictions or analysis for those dynamic aspects.



2 Learning and Strategic Delay in a Dynamic Coordination Game

Particularly in coordination games, learning and delay behaviors become more notable
because agents face not only the payoff uncertainty about the economic fundamentals,
but also the strategic uncertainty about their opponents’ (past, current, and future) beliefs.
Consequently, it is almost inevitable to extend the static models into multi-periods and
consider learning and delaying behaviors of agents, to capture their intrinsic motivations
to mitigate both sorts of uncertainties. And the investigation into dynamic environments
is not a simple extension of the static model because of the strategic delay consideration
of agents to try to select the optimal action timing. That is, delay provides informational
gains through agents’ observation of past activities, but is also costly due to discounting and
shrinking opportunities, so agents must constantly trade off the benefit and the cost of delay
to determine when to act, and this crucial trade-off cannot be captured in static frameworks.

Therefore in this paper, we construct an N € N period model in an investment context to
investigate the impact of learning and delay options on agents’ behaviors, based on the static
global game of Morris and Shin (2000). The prospect of an investment project, or the state,
is deterministic but ex ante unknown, and a continuum of heterogeneously informed agents
can undertake a fixed-size investment once. They independently select the investment timing
(if at all) out of N periods, while observing a stream of noisy signals about past activities
over time, which represents the learning behavior and is the informational gain of delay.
To capture the coordination motive and the opportunity cost of delay, we let the payoff of
the investment to an agent, paid at the end of the game, be positively correlated with the
aggregate investment, while negatively with her investment timing, if ever invested. Hence
agents with one-time investment opportunity need to trade off the informational gain of delay
versus its opportunity cost to decide their optimal investment timing.

After constructing the model, we solve for its equilibrium and demonstrate the existence

and the uniqueness of a monotone equilibrium, in which agents take a symmetric threshold
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strategy profile (i.e., an agent invests in one period if and only if her belief about the state
exceeds some threshold prescribed for that period.) This monotone form of strategy is
documented in almost all relevant literature and is as well intuitively appealing in this
dynamic environment. To see it, agents select their investment timing by trading off the
informational gain of delay against its opportunity cost, so if an agent believes the state
is good enough in one period, she expects the investment is profitable and consequently,
the expected opportunity cost to her is huge while the informational gain is little; thereby
she invests immediately. Otherwise she delays to the next period, in which she updates
her information by observing what others have done, and then make decisions by the same
trade-off logic as before, and so on.

Noteworthy in equilibrium, the investment decisions of an agent only depend on her
beliefs about the state, even though the payoff involves her fellow agents’ behaviors. This
is so because (i) the payoff depends on the aggregate investment and (ii) the aggregate
investment is (shown to be) deterministic given the state. There two properties are standard
in global games literature and essentially stem from the Law of Large Numbers. Recall that
agents form a continuum, which allows us to characterize a one-to-one relation between
the aggregate action and the state. Hence a belief about the state suffices to evaluate the
corresponding aggregate investment. Also with this deterministic relation, the information
learned from past actions is shown to be summarized in a closed-form statistic centered
around the state, for all learning precision levels. This is one of the novelty of this paper
because the past literature in dynamic environments only allows analysis in limit accurate
learning situations (cf., Dasgupta (2007)). The comparison to the existing literature will be
elaborated in the literature review section soon.

Our following analysis is thus focused on this unique monotone equilibrium and addresses

two questions. The first probes the dynamics of agents’ behaviors in equilibrium, and the
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second investigates comparative statics, particularly the impact of learning and delay options
on coordination success and welfare.

First, we summarize agents’ equilibrium behaviors. In period 1, the optimistic agents
who observe favorable signals (that exceed the equilibrium threshold of period 1) invest
immediately, since they believe the investment’s prospect is already good and thus outweigh
the opportunity cost of delay over its informational gain. In the subsequent intermediate
periods, the remaining agents constantly revise their expectations about the investment
through cumulative learning, and depending on learning efficiency, a large or small fraction
of agents will switch into investing. Noteworthy, if the learning efficiency is modest (i.e., the
accuracy of endogenous signals is low), in every period will a few agents newly invest, so
the relatively inertia phenomenon documented in the literature (Angeletos et al. (2007)) is
expected. Also by implication, had no learning effect existed, agents would only act in the
first period and stay inactive till the last period. We indeed verify this conjecture and show
that the mere delay option without learning opportunities has no impact on the game, relative
to the one-shot game. In the last period, there is no stage to delay to, so another positive
fraction of remaining agents will choose to invest.

Next we discuss comparative statics. To begin with, we contrast agents’ behaviors with
that in the one-shot game. Results show that agents are less aggressive (i.e., less likely to
invest) in the intermediate periods than in the static game. Intuitively, agents are tempted by
the information learned from delaying and hence choose to wait. On the other hand, agents
behave more aggressively in the last period of the dynamic game, due to a higher expected
total investment and the coordination motive.

We next investigate the values of learning opportunities and the consequent welfare impli-
cations. It is demonstrated that learning opportunities increase agents’ expected continuation

payoffs and thus improve coordination success and social welfare. Intuitively, coordination
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fails because agents, facing the uncertainty about whether others will cooperate, may choose
not to invest, even if it is their collective interest to do so. Learning alleviates this problem by
reducing the strategic uncertainty among agents, since it makes agents’ signals more accurate
and thereby better aligned. Also we show that agents more accurately infer the state in the
presence of learning, indicating the payoff uncertainty is also mitigated.

Note that agents learn the state through observing past activities, and we are interested in
how efficient such a learning mechanism is, relative to learning from directly observing the
state. We find that as long as agents’ initial information is precise enough, observing actions
reveals more accurate information than directly observing the state. Intuitively, learning
efficiency of observing actions depends on (1) how accurately agents’ private information is
about the state and (ii) how accurately endogenous signals reflect their actions (and hence
their private information). The two channels are shown to be mutually reinforced and
therefore, if one of them is accurate enough, it is possible that indirect learning delivers more
accurate information about the state than direct learning.

Lastly, we discuss the equilibrium selection in the dynamic model. One of the remark-
able results that static global game models provide is the uniqueness in equilibrium when
information among agents is sufficiently diffused (see Morris and Shin (2003)), resolving the
indeterminacy of equilibria problem in complete information coordination games. And we
indeed obtain a unique monotone equilibrium in this dynamic environment. However, other
forms of strategies than a threshold strategy cannot be excluded to constitute an equilibrium.
This is because the dynamic environment provides other dimensions for coordination and
thus multiplicity. For instance, if all agents believe their opponents will take some specific
strategy form, so may they, and this mutual effect in turn justifies the usage of that strategy
form. Aside from this, as Angeletos and Werning (2006) demonstrate, when learning is

through public observation of actions, multiple equilibria can arise even when agents are
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endowed with limit accurate private information. The feature is also present in our model
when we consider that learning is through public observation of actions in Section 4.

Also in section 4, we extend the game to infinite periods and show that the properties of
the N-period game are still valid; furthermore, we find that agents completely learn the true
state in the limit, avoiding the usual information cascade when learning is through observing
past activities (Bikhchandani et al. (1992) and Banerjee (1992)). Indeed, in our model, pooled
information of agents reveals the true state, so it is at least plausible for agents to fully learn
the state. And the signal structures we consider are continuous due to normal noise; as Lee
(1993) demonstrate, this continuity prevents information cascade, because any tiny variation

in agents’ behaviors will be, at least noisily, reflected by signals.

1.1.1 Related literature

This paper is most related to Angeletos et al. (2007) and Dasgupta (2007). Angeletos et al.
(2007) investigate a dynamic regime change game in which short-lived agents (in the sense
that agents are new and given a unit of perishable endowment every period) repeatedly decide
whether to attack a regime, while observing the outcomes of the past attacks. By contrast,
agents in our model are long-lived and have budget constraints in the sense that they can only
act at most once, and thus face an active timing problem. Moreover, we consider that all past
activities cumulatively affect the payoff of the investment, while they assume only the action
of the present period affects agents’ payoffs. In addition, a continuous payoff structure is
assumed in our paper, as opposed to the discrete payoft structures of the regime change game
(which pays either a lump sum or nothing, depending on whether the regime switches), so our
result about the dynamics of agents’ behaviors complements that of Angeletos et al. (2007):
agents in our model respond continuously to information variations, while their agents have

complete inertia unless receiving a large change of information.
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It 1s worth stressing that though payoffs are continuous in parameters in our model,
agents’ strategies are not because of the feature of the threshold strategy. That said, agents’
actions can change discontinuously and dramatically with a small perturbation of information
(even given the state of the world); to see it, consider those with signals around the threshold.
Consequently, volatile non-fundamental variations of actions exist in our model, which is
one of the highlights of the global games approach to explain sudden changes of behaviors in
crises phenomena; see Morris and Shin (2003).

Dasgupta (2007) considers a regime change game in a two-period span, with agents
endowed with limit accurate private information as well as learning is of limit accurate, so
learning is almost immaterial there. Our analysis instead spans N, and further infinite, periods
and applies to all learning efficiencies. Furthermore, the almost fully informed agents in
Dasgupta’s work always benefit from the delay option, while we find that, when agents are
not fully informed, what helps improve coordination success is the learning effects and that
the delay option alone does not affect the outcomes, relative to the static game.

Some works focus exclusively on learning effects, especially the effects of public signals
on equilibrium selection in global games. The pioneers are Angeletos and Werning (2006),
who show the rise of multiple equilibria when learning is through public observation. Most
distinctively, our paper differs from theirs because in that their game is essentially static, in
the sense that one group of agents act in the first period in the financial market of Grossman
and Stiglitz (1976), and then another group, observing price or activity in the market, act in a
static global game; the two groups share no payoff transfers. Also connecting to the rational
learning literature, our learning mechanism, particularly the Gaussian signal structure, has
the similar updating rule as in Vives (1993).

There are works on global coordination games that study different aspects than this

paper. For example, Hellwig et al. (2006) consider endogenous interest rates, Angeletos et al.
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(2006) analyze the signaling effects, and Szkup and Trevino (2015) study costly information
acquisition. See also Morris and Shin (1998) for currency crises, Goldstein and Pauzner
(2005) for bank runs, and Edmond (2013) for sociopolitical revolutions.

In very different setups, the option value of delay has been examined by Chamley and
Gale (1994) in a noncooperation environment with perfect observation of past activities. Gale
(1995) studies strategic delay in a complete information coordination game.

The rest of the paper is structured as follows. Section 2 investigates the game comprising
two periods and captures our core results. Section 3 considers multiple periods and confirms
the validity of the results in the two-period model. Section 4 discusses the extension

concerning infinite periods and public learning.

1.2. The Two-Period Model

In this section, we examine a two-period game with a linear payoff structure; it captures our
core results. The stage game is based on Morris and Shin (2000). The general model that

comprises N € N periods and a general payoff will be explored in Section 3.

1.2.1 Setup

A measure-one continuum of agents, denoted i or j, independently decide whether to invest
in a risky project at time r = 1 or t = 2, if at all. An agent can invest at most once irreversibly.
Let a;; € {0,1} denote agent i’s action at time 7, where 1 (or 0) refers to investing (or
not investing); it is then required that a;; + ay; € {0,1}. Moreover, let a; = [;a;;di be the
aggregate investment at time 7, and d, = Y| a; the cumulative investment till z. The return of
the project is determined after all investment decisions are completed, so payoffs are realized

at the end of time 2. The payoff of an agent who does not invest is normalized to 0, and that
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to investing is the sum of two factors. The first is the total investment d;, and the second is
the exogenous investment environment, which is driven by other economic fundamentals.
We summarize the second factor by a single parameter » € R. In sum, the return to an agent
who chooses a;; € {0, 1} equals

a,i(r+&2). (1.1)

In each t = 1,2, agent i chooses a;; € {0,1} to maximize her aggregate expected payoff,
E[Y2, 8 'a;(r +d)], given her available information at that time, where § € (0, 1) is the
timing cost on investment. Note that § acts similarly as a discount factor, but since agents
only receive payments at the end of the game, 6 is interpreted as shrinking opportunities.
The state parameter r is deterministic but ex ante unknown, and is uniformly distributed
over the entire real line, so agents hold an improper prior about it:  ~ Unif(R). In period 1,

agent 1 observes a private signal x; about the realization of r:
X1 =r+——==¢l, (1.2)
and in period 2, agent i additionally receives x;; about the past activity ay:

x2i =@ Na) + (1.3)

\/%821'7
where @ is the CDF of the standard normal and 7, > 0, r = 1,2, measures the information
quality, and &; is a standard normal variable, independent across time and agents and of r
(i.e., &il, = & ~ A(0,1), i.i.d. for any ¢ and 7). Here we follow the literature (Dasgupta
(2007) and Angeletos and Werning (2006)) to choose the analytically convenient information
aggregation technology ®~!, but as we will see soon, the qualitative results of the paper are

valid for other learning technologies. Furthermore, we impose the Law of Large Numbers
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(LLN) convention through out the paper, namely, the proportion of agents who receive signals
higher than some real number is equal to the probability of an individual agent receiving
such signals. Consequently, no aggregate uncertainty about r exists since the idiosyncratic
noise cancels out: [;¢&y;di =0.

In summary, the game proceeds as follows.

0. Nature randomly draws r from R.

1. In period 1, agent i privately observes xj; about r and then makes an investment
decision. The total investment a; is thus determined.

2. Subsequently in period 2, agent i privately observes xp; about a; and then takes a
feasible action. The aggregate investment d, (= aj +ay) of the game is thus determined.

3. The payoffs to investment depending on r and d; are realized at the end of period 2.

Recall that in period 2, the only feasible action to agents who have invested is action 0.

1.2.2 Threshold Strategies and Monotone Equilibria

In line with the literature, we consider that agents play a symmetric threshold strategy in
each period - an agent invests iff her expectation of r at that period exceeds some threshold
number. Specifically, a threshold strategy o in period 1 for agent i who observes x; takes

the form

1 ifxy > x
o1(x1;) =

0, otherwise,

for some x| € R (we differentiate signals and thresholds by subscript /). By construction,
the agent selects not investing at a tie when xj; = x;. The expression of a threshold strategy
in period 2 requires closer inspection because of endogenous learning. To see it, note that

ay(r) = P(x1; > x1 | r) = ®(/71(r —x1)) for any realization of r, when all agents follow a
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threshold strategy with threshold x; in period 1. Hence endogenous signal x; becomes

1
X2i =/ T1(r—x1) +—=8&;,
VAl —x)+

rearranging which we obtain

Therefore, if we define

then

/
Xpi =T+

1
—=&2i,
v
where 75 = 1) 7». Note that x}, is informationally equivalent to x; with respect to r. Therefore

by Bayes’ rule, agent i’s updated belief about r in period 2 can be summarized by a sufficient

statistic £2;(x1;,x2;) with

T1X1; + ThX, 1

N ~ / 272

x2i(x1,~7x2i) :x2i(xliax2i) =—7F" L—=r+ —=&, (1.4)
(3 + Tz AYA(%)

where T, = 171 + Té.l A threshold strategy o in period 2 is defined by the rule

1 —oi(x1;), if £2i(x1i,%2i) > x2
02 (x14,X21) =
0, otherwise,

IRecall €); and &; are both standard normals, and by abusing notation, we let &; in (1.4) denote a normal
noise in agent i’s belief towards r at t = 2.
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for some x; € R, given agents follow o7 in period 1. This completes the definition of a
threshold strategy profile in the dynamic game. > When no confusion might occur, we
write £2; = £;(x1;,%2;) and £1; = x1; (and hence define 7; = ’L'{ = 11), and denote a threshold
strategy profile by its thresholds, say, (x1,x7).

It should be noted that when all the agents follow (xp,x7), the size of investment a, at

time ¢ = 1,2 is a deterministic function of r, such that
ay(r) = /P()?li >xp | r)di=P(X; > x| r), ax(r) =P(xy; < xp,%2 > x2|r),
l

by LLN.? That said, when all agents play a threshold strategy, the payoff to investment
depends on (r,d>(r)), so that the estimation about r suffices to evaluate decisions even d;
enters the payoff function. In this paper, we consider symmetric perfect Bayesian equilibria
in which all agents follow a threshold strategy profile, and call such equilibria monotone
equilibria. In what follows, we refer to monotone equilibria as equilibria unless otherwise
stated.

It is worth stressing that the key in obtaining an analytical form of posterior belief
%2i(x17,%2;) in period 2 is the transformation from x,; centered around d! (ay) to x’zi centered
around r. The transformation is plausible because no aggregate uncertainty exists in the
model ([;x1;di = r indicates pooling the continuum’s information reveals r), so that when
all agents follow a threshold strategy in period 1, the aggregate activity a; is deterministic
given r, and thus the observation of a monotone function of it (i.e., ®~!(a;)) leads to an

estimation of . This line of reasoning implies that the specific aggregation rule ®~! of x;

ZNote that o5 is only well defined when agents take a threshold strategy in period 1; it suffices for our
purpose since we restrict to agents playing a threshold strategy profile.

3Note that ay (r) = P(x1; < x1,%2i > x2|r) = P(%2; > x2|r,x1; < x1)P(x1; < x1|r) = P(%2; > x2|r)P(31; < x1|7),
since r suffices to estimate x; by (1.4).
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is not qualitatively restrictive: any one-to-one aggregation rule results in an estimation of r
from observing a1; we choose @~ to obtain the well-behaved transformed signal.

Moreover, since the estimation of r is derived from xy;, the quality of the estimation
depends on how precise (i.e., T») x»; reflects a; and how precise (i.e., T1) aj reflects r. Indeed,
the induced precision level 75 = 7; 7, of x5, verifies this. It also highlights that the endogenous
information is generated by social learning, or from individuals’ private information, so the
more accurate information agents initially hold, the more accurate information their actions
convey. Noteworthy, the precision level 7} is the same as that of endogenous signals obtained
from rational expectations equilibrium price (Grossman and Stiglitz (1976)), underscoring
that the specific learning rule ®~! provides results consistent with the literature.

We close this section by characterizing agent i’s cross-period beliefs about one another,
and show that a higher expectation of r leads to a higher expectation of @,. The results are

useful in the equilibrium characterization later.

Lemma 1. When agents follow a threshold strategy profile (x1,xy), for timet #k € {1,2}

and any signal realization Xy;,X; j, we have, for i # j,

. . et
xzj|ﬁk,» ~ N (th W)
k't
and fori=j
/
T
A 2
x2i|x1i ~ JV (X]i, a) . (15)

Moreover, E|Gy| %] strictly increases in Xy;.

Proof. Fori# j, since £;(= r+ &;/+/%), we have

. 1 .
Mj =T+ =8 =X — =€ T

Vi
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For i = j, since x; = x1; — €1;/\/T1 + €2/+/ Ty, we have

/ot /

R T]X]i—i_fth' TZ 1 1

Xoj= —==Xx1;+ (— &+ &,
Tl—i-Té Tl—i-”L'é T «/Té )

so (1.5) holds.
For the second part, note that (E[a; |£])" = (P(x1; > x1|%%))" > 0, and that E[as |%,;] =
P(xlj < xl,)ezj > )Q’)?k,-) = (1 —E[al ’ﬁki])P(xAzj > )Q’)?ki), SO

d d
sl 4 g .
e (a2 | %] e [(a1 +a2) | %

= (E[a1 ’ )’C\ki])/(l —P()?zj > x2|)€k,~)) —+ (1 —E[a1 | fki])(P()er > xz\)ﬁki))/ > 0.
—_————
=0(y/-(%i—x2))

Q.E.D.

Note that, complying with our intuition, the point (iii) states that i makes more accurate
inferences about her own belief than about others’. In what follows, we abbreviate E [a; | %]

and E|[d,|%;] to a;(%;) and d,(%;), respectively.

1.2.3 Equilibrium Characterization
The Static Game

We first consider when the game only consists of the first period, namely a static game, to
illustrate how to solve for the unique monotone equilibrium; it also serves as a benchmark
for later comparative statics analysis. Since the one-shot game is a standard static global

game, the equilibrium can be easily characterized as in the following proposition.
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Proposition 1. In the static game with signal structure x1; = r + €1;/+/T| and payoff structure
r+ ay, there exists a unique equilibrium which is a monotone equilibrium characterized by a

threshold strategy x%, with x}, = —1/2.

A detailed proof can be found in Morris and Shin (2000), and here we sketch it. Think of
a marginal agent with signal x;; such that she is indifferent between investing or not, namely,
E[r+ay|xy;] = 0. Tt is straightforward to verify it has a unique solution, x;; = —1/2, and
we claim it is x?,.# Indeed, following symmetric strategy —1/2 (investing iff x;; > —1/2) is
optimal, because E[r+aj|x;;] > 0 iff x;; > —1/2. The global uniqueness is obtained by the
standard iterated dominance argument so we omit its proof.

Note that in verifying the threshold strategy xj, constitutes an equilibrium, it suffices to
consider the marginal agent who is indifferent between the two actions. This is due to payoff’s
monotonicity in r and a;: a higher signal realization indicates higher r and ay, resulting in
higher expected payoffs from investing, so an agent with signals higher than the cutoff signal
expects the payoff to investing exceeds 0 and thus invests. Since the monotonicity of the
payoff holds in the dynamic game, one can expect that an equilibrium shall be readily found
by identifying such a marginal agent. However, her role is more subtle there, since instead of
balancing whether to invest or not, the agent trades off between acting now versus delaying

and acting optimally later. A careful analysis is therefore required and conducted below.

The Two-Period Game

We now solve the two-period model. Let Ry (xy;; (x1,x2)) denote the expected continuation
payoff for agent i who observes x;; and delays in period 1, given all other agents follow

some threshold strategy (x1,x,) in the game. To compute R, agent i infers her to be received

4Formally, a; (x1;) = ®(~/71/2(x1; —x1)) given other agents follow some threshold strategy x;. Thus the
only symmetric solution to the equation is x; = —1/2.
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signal X,; from xy;, since £; determines whether she will invest later and if so, her expected

payoff. We claim

Ry (x155 (x1,%2)) = SE [E [r + @2 |%2i > x2] {xli}

= 5/ Elr+ay | o] f (%2; | x1;)d %2,
X2

where f(%;|x1;) is the density of £; given xj; and by (1.5) in Lemma 1, equals (P(- <
£2ilx17)) = (P(y/T1%2/75(£2: — x1;)))'; also see Lemma 1 for the formula of E[d;|%2;] given
thresholds (x1,x2). Let Ry (%2;; (x1,x2)) = 0 for any £; and (x1,x;), meaning the continuation
payoff at the last stage is 0.

To better understand the formula of R, suppose the agent who observes X;; has reached
period 2; then given others follow (x1,x;) in the game, her expected payoff to following x,

denoted R (%2;; (x1,x2)), is

_ Elr+ay| %), iffy>x
Ry (%253 (x1,x2)) =

0, otherwise.

In period 1, the agent forms an expectation of this value through her current signal x;;, which

is what she expects to obtain by delaying and thus is Ry, so
Ry (x153 (x1,X2)) = OE[Ry (R2:3 (x1,x2)) | x11] = 5/ E[r+ay | 2ol f (i | x15)d%;.
X2

With this result, the following proposition establishes the existence and the uniqueness of a

monotone equilibrium.
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Proposition 2. A unique monotone equilibrium characterized by a threshold strategy profile

(x7,x3) exists in the two-period game, where x; uniquely solves

Elr+aol] = Ri(xs (1, %)), fort=1,2.

Proof. Let (x1,x;) denote an arbitrary threshold strategy. In period 2, given the others follow

(x1,x2) in the game, agent i with belief £,; expects her investment payoff to be

Ga(%2:5 (x1,x2)) = E[r+as | 215 (x1,x2)], (1.6)

where we write (x1,x;) to emphasize it is used to compute E[d;|£,;], which by Lemma 1
increases in £p;, so (1.6) increases in X,;. If a threshold strategy x’2 € R is an equilibrium
strategy in period 2, agent i should invest (i.e., G (£;; (x ,x’z)) > 0)if £p; > x’2 and should not
if Xy < x’z; therefore by the continuity of (1.6) in X,;, i observing Xp; = x’2 must be indifferent

between investing or not, namely,

G (xh; (x1,x5)) = 0. (1.7)

We show in Appendix that G (x5; (x1,x})) is continuous, strictly increasing in x}, and con-
verges to —oo (resp. o) as x, — —oo (resp. o). Hence a unique solution, given any xj, to
(1.7) exists, and we call it x5 (x; ). Note that x5 (x;) is the only candidate for an equilibrium
threshold in period 2, given x;. The increasing monotonicity of (1.6) thus verifies x3(x;)
constitutes an equilibrium in period 2, since G (£2;; (x1,x5(x1))) > 0if £2; > x5 (x1).

With the above result, we proceed to period 1. When all agents except i follow some
threshold strategy x; in period 1 and all agents follow x3(x;) in period 2 (note that the

deviation of a measure-zero agent does not affect the optimal strategy in period 2), the
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investment payoff of agent 1 with x1; equals

G1(x155 (x1,x3(x1))) = E[r+az | x155 (x1,x%3(x1))]

which increases in x1; by Lemma 1. Let A(x;; (x1,x5(x1))) denote the payoff difference of

agent i between investing and delaying in period 1, namely,

Axyi; (x1,x5(x1))) = G (%133 (x1,%5(x1))) — Ry (x5 (x1,%5(x1))).-

A threshold strategy x| constitutes an equilibrium in period 1 only if agent i observing

x1; = x| is indifferent between investing and delaying, that is, the payoff difference is zero:

A(xy; (x],x3(x1))) = 0. (1.8)

Likewise, we show in Appendix that A(x|; (x|, x3(x}))) is continuous, strictly increasing in
x’1 and converges to —oo (resp. o) as x’1 converges to —oo (resp. o), so that a unique solution,
denoted by x7, to (1.8) exists such that A(x7]; (x],x5(x]))) = 0. And x] is the only candidate

for equilibrium threshold strategies in period 1. Indeed, it is optimal because

)
dx1;

A(xyi; (x7,x3(x7))) > 0, (1.9)

namely, investing in period 1 is optimal (A(xy;; (x],x3(x7))) > 0) if x1; > x7. And (1.9) can be
obtained by the same way in which we compute dA(x}; (x],x5(x])))/dx| > 0 in Appendix.
Setting x5 = x5 (x7), then (x},x3) is the unique threshold equilibrium stated in the proposition.

Q.E.D.
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We have focused on symmetric strategies and this is without loss of generality, as Remark
1 shows; the essence is that every agent is infinitesimally small and faces the same decision

problem.

Remark 1 (Exclusion of Asymmetric Strategies). There can only be symmetric threshold
strategies in equilibrium. Suppose by contradiction that the unit agents are divided into
groups and each group in equilibrium follow threshold (x7,,x},,- - ,x}y) respectively in
period 1 and (x3,,%5,, -+ ,X3),) respectively in period 2, where N,M € N. Then in period 2,
an agent in group i € {1,--- M} who observes x5; must be indifferent between investing or
not:

E[r—+a|x3; (X715 s XTns Xa15 0 X047+, Xop)] = 0. (1.10)

Since agents are infinitesimally small, the value of a, only depends on the thresholds of the
population and is invariant of individuals’ actions. Hence we have by (1.10) that x3; equals

the negative a,. Similarly for a group j # i agent, she solves

E[7+&2|X§j;(x>f1>"' 7XTN7x§l>"' axEM)] =0,

and thus x, ; also equals the negative Gy and thus equals x5;. The similar argument applies to

period 1.

Remark 2 (Investment of Variable Size). If the action space is replaced by an interval [0, 1]
with thzl asi € [0,1], the monotone equilibrium stays unchanged. That said, no agent will
split their endowment even if they can. This is so because the monotone equilibrium (x7,x3)
holds due to {0,1} C [0,1], and its uniqueness gives the result. Intuitively, when agents
expect positive returns and face delay costs, it is not wise for them to keep endowment unused,
whereas when they expect negative returns, being infinitesimal means that investing has

neither payoff nor information values.
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The proposition establishes the uniqueness in a monotone equilibrium, consistent with
the static global games literature. Yet the general uniqueness, namely the exclusion of other
strategy forms, does not obtain. Even though taking a threshold strategy is intuitively appeal-
ing because of payoft’s increasing monotonicity in the state. However, due to coordination
motives, if agents believe their opponents take some other specific strategy, they may follow
that form of the strategy. More technically speaking, when iteratively eliminating strictly
dominated strategies (which is the key to establish general uniqueness; see Proposition 1), we
will encounter an open interval of signal realizations in which all strategy forms are plausible
to constitute an equilibrium.

What is more severe here is that, with endogenous learning from past activity, since
arbitrary strategy forms in period 1 need to be taken into account in solving for general
equilibria, agents face arbitrary information structures about r from observing a;, thereby

leaving the room for other forms of equilibria.

Remark 3 (Complementarities in Action Timings). In the model, agents contemplate their
own action timing but not those of others, because the payoff depends on the activities
ap throughout the game. If, instead, the payoff to investing at time t depends only on the
current investment size a;, multiplicity also can occur. This is so because agents now have
coordination motives in action timing, and if an agent believes all others will act in one
particular period, so will her; see Dasgupta et al. (2012) for further discussion on this line

of reasoning.

1.2.4 Equilibrium Analysis

In this section, we contrast agents’ behaviors between the static and the dynamic games, and
investigate the values of learning and the delay option. The consequent welfare implications

are also discussed. All the conclusions apply to the general N-period model.
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Changes in Behavior

The two-period game can be perceived as (1) adding a stage before the static game or (i1)
adding a stage afterwards. We first consider case (i) and compare agents’ behavior in period
2 of the dynamic game to that in the static game. Results show that agents in period 2 tend
to invest more frequently than in the static game (x5 < xj;). Intuitively, in period 2, there
is no delay option, which is the same as in the static game; meanwhile, agents know if
the game were static, the same fraction of agents would invest, and adding an additional
previous stage means weakly more agents invest. So the conclusion follows by the strategic
complementarity. For case (ii), agents in period 1 of the dynamic game are tempted by the
delay option and thus invest less frequently than in the static game (i.e., xj; < x7), reflecting

the informational value from learning. The following proposition establishes these results.

Proposition 3. Comparing to in the static game, agents are more aggressive in period 2, and

less in period 1: x5 < xj < x].

Proof. Note that ds (x3) = a;(x3) + (1 —a; (x3))P(%2j > x5]x5) > 1/2 = a1 (x};), soif x; > x;,
then E[r+ dz|x3] > E[r+a|x};] = 0, contradicting the equilibrium condition of period 2 in
the dynamic game.

For the second half, note that if § = 0, then R (xy;; (x],x3)) = 0 and a3 (x1;) = 0 (recall
that agents in period 2 being indifferent to invest or not choose action 0), for any x;. Hence
xj solves E[r+ajp|xj] = 0 and thus equals x},. As § increase, R; also increases, so x] must
increase to balance the equilibrium condition (1.8) of period 1. Therefore x] > xj;.

0.E.D.

Noteworthy, within the two-period game, agents behave more aggressively in period
2 than in period 1 since x5 < xj. Contrasting this phenomenon with case (i) earlier, in

which that agents in period 2 invest more frequently than in the static game (x5 < xj;) is due
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to coordination motives. Here for the dynamic game, coordination motives do not play a
role since agents enjoy the same payment d; whichever period they invest. Instead, here is
because of the decreasing continuation payoff that changes from a strictly positive value R;
to O at the last stage. Following this line of logic, we obtain the effect of continuation payoffs
on agents’ behavior: the lower continuation payoffs to delaying to the next period, the more
aggressively agents behave in the current period. Its proof follows the proof of the second

half in Proposition 3.

The Value of Information and Welfare Analysis

Note that in equilibrium,

X5
OE[r+as | x1;] = Ry (x1;) +5/ E[r+ay | %2i] f (%2i | x17)d%2i < Ry (x1;),

J/

-~

<0

where the negativity of the second term is by the definition of x3. The term 0E|[r+as | xy;]
is the expected payoff to delaying without learning (i.e., when agent i holds a constant
signal x1;), which is shown strictly lower than the continuation payoff with learning existed;
hence the value of information is positive. To see the intuition of why learning improves
agents’ expected payoffs, note that learning makes agents’ signals better aligned, alleviating
their strategic uncertainty and thereby making them better coordinate. In addition, learning
mitigates the payoff uncertainty, as is reflected in %, > 7|, namely, agents better infer the
state in the presence of learning.

We next compare the interim welfare of agents between the dynamic and the static games,
after agents’ signals are realized yet before the state is revealed. Results show that agent
1 expects a higher payoff in the dynamic game when (i) she invests in the first stage in the

dynamic game (x1; > x](> x};)), or (ii) she invests in period 2 (x;; < x] and £; > x3) and her
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belief is driven upward after learning (£,; > x1;). The increased welfare in case (i) originates
from the higher expected total investment in the dynamic game, and that in case (ii) is due to,
by X»; > x1;, both higher state and higher investment size.
Some computation gives the conclusion. For example, in period 1, the expected payoff
for agent i with xy; is
xiita(xy), if x> xg

0, otherwise,

in the static game, and

x1i+ay(x1;) +aa(x1;), if x> xf

Ry (x135 (x7,%3)), if x1; <xj,

in the dynamic game. Therefore, i’s welfare increases if xj; > xj(> xj;). Otherwise if
x1; < x], the agent proceeds to period 2 and similar comparison can be made. Note that
there are inconclusive situations in which the direction of the welfare change depends on
cost parameter & versus information precision 7; and 7,. For example, when i invests in
both games but learning drives her belief down (x5 < X; < xj;, < x1; < x7), then welfare

comparison depends on x|; + aj (x1;) versus £o; + da(£2;).

The Value of Delay

This subsection explores the option value of delay in isolation from the learning effects. To
this end, we consider the game in which agent 1 cannot observe x»;; one can think of it as

T, — 0, so that xp; is completely noisy and ignored.

Proposition 4. When x»; is not observable, the dynamic game is essentially static: x5 > x| =

*

Xgge
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Proof. Suppose that agent i holds a constant belief x;. Her expected payoff to investing in
period 2 is 8E[r+ ds | x1;], so that if she will invest, she will only invest in period 1 due to
0 < 1. That said, the agent in period 2 stays inactive for sure, so x5 can be any number larger
than x7. Since agents will not invest in period 2, the payoff to delaying to period 2 is 0 and

also dy = ay, so xj is such that E[r +a;|x]] = 0 and thus equals x;. Q.E.D.

Intuitively, with no learning benefit but only cost from delaying, agents act (if at all) as
soon as possible, as is indicated by that the continuation payoff to delaying to period 2 is
at most OE[r+ dy | x1;], a mere discounted current payoff. Consequently d, = ay, so that

threshold x] = x}; and the strategic stage ends there.

1.2.5 Learning Efficiency

In this subsection, we pay attention to the learning mechanism in our paper, and contrast
it with learning through directly observing the state r. That is, instead of observing an
endogenous signal about past activity as in (1.3), if agent i is directly endowed with an
exogenous signal xp; such that

X0 =r+ (1.11)

1
—F&i,
VT2
will she infer the state r more accurately at r = 2? Surprisingly, the agent estimates r more
accurately when she learns though observing action, as long as her initially information
precision 7; > 1. To see it, by Bayes’ rule, there exists a sufficient signal £»; for agent i that

summarizes her information about r contained in x;; and x»;, such that

1
—8 .7
NCET

Xoj=r+
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when learning is through directly observing r as in (1.11). Recall that the precision level of
agent i’s information by indirect learning is 7 = 7] + 717 at t = 2. Therefore, as long as
71 > 1, learning through observation of actions reveals more accurate information about r.
Intuitively, learning efficiency of direct observation on r is fixed (=71 + 72), while its
precision level depends on how accurate agents know about r (measured by 7;) and how
accurate the endogenous signal reflects their private information (measured by 7,), when
learning is through observing the past activity. The two channels are mutually reinforced, as
is reflected by that indirect learning precision in period 2 is 75 = 7 7,. Therefore, indirect
learning can be more accurate when one of the channels is accurate enough, and we confirm

the condition is 7 > 1.

1.3. The N-Period Model

We now augment the game to N € N periods and consider a general payoff structure. In
the game, the unit of agents decide the optimal timing of investment (if at all) between
t=1,2,---,N. The first two periods run identically as before, and notations a;;, a;, and a;
bear similar meanings. Agent i’s payoff in period ¢ to action a;; = 0 is 0, and her payoff
to a;; = 1 is now summarized by an increasing and continuously differentiable function
U (r,dn), namely, the return of investment increases in state r and aggregate investment dy,
indicating the coordination feature of the game. We assume that U (r,dy) is concave in each
component and that lim,_. U (r,dy) = oo and lim,_,_ U (r,dn) = —oo, for any ay € [0, 1].
By implication, when the state is extremely good (or bad), investing strictly dominates (or is

strictly dominated) regardless of others’ actions.
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We now describe the endogenous signals that agents receive in periods t = 3,--- ,N. To
maintain analyticity and similarity to Section 2, we let agent i observe, int = 3,--- | N,
- 1
X =P (@4-1) +—=&i, >0, (1.12)

V7

where @, = (4,1 —d;—2) /(1 —d,;_») is average action in 7 — 1 (note that 4, | —d;_, denotes
the new investment at ¢ — 1 and that 1 — d,_, the fraction of agents who reach r — 1), and
&i ~ A (0,1) is independent of all other variables. By LLN, the average action equals the
likelihood of investment for an individual agent; therefore, when agents follow a threshold
strategy profile denoted by (x1,x,---,xxy) in period 1,2,--- | N, a;(r) = P(%; > x;|r), where
X;i 1s 1’s expectation of r at time ¢. Note that the structure is consistent with x;; defined in
Section 2 since the average action a; = a;.

In each period ¢, agent i still chooses a;; to maximize her conditional expected total payoff

E[Zivzl a,,ﬁ’_lU(n &N)|x1i, X 7x”~], where 0 € (07 1)

1.3.1 Learning Under a Threshold Strategy

As in the two-period setup, for t = 3,--- | N, x;; can be transformed into an informationally
equivalent (with respect to r) signal x}; centered around r, when agents follow a threshold
strategy profile before time ¢. The definition of a threshold strategy profile is similar to that
in Section 2 and thus omitted. Agent i’s updated belief about r in period ¢ can be summarized
by a unidimensional statistic £;(x;,x;,- -+ ,X;;) that is normally distributed given r. We still
let £j; = x|, = xj; and 7} = 7 = ;. It turns out that the precisions of x/; and £;;, denoted
by 7/ and 1; respectively, are such that 7/ = 5%, and £, = Y} _, 7, forall > 2. Lemma 2

summarizes the results.
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Lemma 2. Suppose that agents follow a threshold strategy profile with respective thresholds

{x17x27 e ,XN}.

(i) Let x}; = x;i/\/ Ti—1 +Xi—1 for any i and t > 2; then x); is sufficient for x;; with respect to r

and
/
Xy =Fr+—=§&;.
1 \/’L'_t/
(ii) i can be expressed by %;(x),, -+ %)) = (ke 7))~ (Xhe | Thxy,) and particularly,

i =1+ —=&i.

Vi

(iii) For any t,k € {1,2,--- N}, % is normally distributed given %y; (when i = j, lett > k).

And moreover, E[dy|%y;] increases in Xy;.

Proof. The proofs are by indication on 7. For (i), it holds at = 2 by Section 2. Assume

inductively that it holds untilt = N — 1. Then ay_1(r) = ®(\/Ty_1(r—xn—_1)). Soatt =N,

1
Vv IN

XNi = fN—l(r—xN—l)—F &

Rearranging and comparing it with x}; and 7}, give the conclusion. Then (ii) follows by
Bayes’ rule.
For (iii), when i # j, the first part is similar to Lemma 1 (iii). When i = j and let r > &, it

follows
A A / / /.
TkXi & T 1 X egeryi 0 Tk

Xti ‘ﬁki = Kri»

ATt

and note that for n € {k+ 1, - ,t}, x|z, = 1+ €ui/\/T) = %k — i/ + €ni/ /T, is

normally distributed given X;.
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The monotonicity of E[ds|%;] holds by Lemma 1. Assume inductively that @, (£;) > 0

tillt =N—1. Thenatt =N,

d
dXy

[ayv_1+ (1 —an_1)ay] (&) = (1 —ay)ay_, + (1 —ay_1)ay > 0.

N d
an (£xi) = din
1

0.E.D.

These results are extensions to those in Section 2 and follow the discussions there.

1.3.2 Equilibrium Characterization

We still restrict to a monotone equilibrium and now solve for it. Provided that agents
follow a threshold strategy profile denoted (x1,x;, - ,xy), the expected continuation payoff

Ry (%3 {x:})_,) of agent i with £, at time # is

Ri(&i{x i) =6 | E[U(ran) | £psnlf Gy | 2a)dEan
Xi+1
(1.13)

Xt+1
+o [ Re1 (R yis £ ) f Ry | £)d g1y,

%}

where f(£(41); | £;) is the conditional density of £, 1); on £;, whose value can be deduced
by Lemma 2 (iii). Let Ry (£ni;{xs }ivz 1) = 0 for any £y; € R. Note that we have let R;(-)
represent the face value at time ¢, instead of being discounted to time 1. The following

proposition characterizes the unique monotone equilibrium.

Proposition 5. There exists a unique monotone equilibrium characterized by (x7,x5,- -+ ,xy)

in the N-period game, where x; is the unique solution to

E[U(ran) %] =R {x 1), 1=1,2,--- N, (1.14)
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Similar to that in the two-period model, the proof starts from the last period N and
takes as given that all agents in all previous periods play some threshold strategy profile,
so as to characterize xj;. Next proceeding the argument backward and in each period
1 <t <N —1,itis taken as given that agents play some threshold strategy profile before ¢
and act optimally after 7, and sequentially obtains xy_,Xxy_,,---,x]. Recall that in checking

that no agent wants to deviate at time ¢, the key is that x*

15Xy will not be disturbed by

an infinitesimally small agent’s deviation.

Proof. Fix an arbitrary threshold strategy profile (xj,x;,--,xy) and an agenti. Atz =N,
given that all agents expect i follow (x1,x;,---,xy) in the game, the payoff of agent i with
belief Xy; to investing is

E[U(r7dN) ‘xANi;(-xlf"?xN)]ﬂ (115)

which increases in £y;. An threshold strategy xj, constitutes an equilibrium threshold at 1 = N

only if observing it makes agent i indifferent between investing or not, that is, it is such that

E[U(T,dN> |X;V;(X1,--- ,XN_l,x;\/)] =0.

Similarly as in Proposition 2, the LHS is continuous, converges to infinity as xj, converges
to infinity, and strictly increases in xy, so there exists a unique such x}, that solves the
above equation. And the increasing monotonicity of (1.15) verifies that the solution indeed
constitutes an equilibrium threshold at r = N. We denote it by xj (x1,x2,---,xy—1) and
shorthand it by xy.

Proceeding to t = N — 1, taken as given that all agents expect some agent 1 follow

(x1,%2,°+ ,XN—1,Xy), the payoff of investing immediately to agent i with £y_y); is

E[U(ran) | £v—1)is (1,7 xv—1,%0)],
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while delaying to the next period has an expectation value given by

RN—l(f(N—l)ié(xlv“' JXN—1,XN))-
Let Ay_1 (ﬁ(N_l),-; (x1,---,xN_1,X})) denote the payoff difference for i investing at N — 1 or
delaying, that is,
An—1(Rv—1)is (1, -1, xn%) ) =
E[U(r,an) | Rv—1)is (x15 5 xnv—1,X0)] = Rv—1 (Fv—1)i3 (1, - s Xn—1,%%))-

An threshold strategy x),_, that constitutes an equilibrium threshold at 7 = N — 1 must be

such that

An—1(Xy_1; (1, s xv—2,Xy_1,Xx8)) = 0. (1.16)

We demonstrate in Appendix the unique existence of such x},_, that solves (1.16), by showing
the LHS is strictly increasing in x),_, and converges to infinity as xj,_, goes infinity. Also,

we confirm that the solution indeed constitutes an equilibrium at t = N — 1 by showing in

Lemma 3 in Appendix that Ay (£v_1);; (*1, - ,Xv—1,Xn*)) increases in £y_1);. Let the
solution be denoted by xy_;(x1,x2,---,xy—2), or for notational simplicity, by x3,_,. By
backward induction and similarly, we can characterize xy,_,,xy_3, " ,X]. Q.E.D.

It is noteworthy that A; # Ay so that x; # x; for t # k € {1,--- N}, indicating agents
respond to information changes continuously and that a positive fraction of them move from
not investing to investing every period. This observation is in contrast to the dynamic regime
change games (cf. Angeletos et al. (2007)) in whose model agents stay inertia for a series of
periods. The difference occurs because the payoff structure in this paper is continuous in r

and dy, while it is discrete in their regime change game.
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However, if learning precisions {7 };>» are moderate (5o £; ~ X(+1);) and the delaying
cost is not too severe (e.g., 0 — 1 so R; &~ R, ), the number of new active agents between
periods should be small, since the differences between the continuations payoffs evaluated at
t and t + 1 are small. So x; and xj | are near. In this situation, agents’ behaviors experience
relative inertia in intermediate periods (also documented in Angeletos et al. (2007)), and the
dynamics of the game are now such that an active first stage followed by a relative tranquil
phase, till the last stage at which less optimistic agents also invest, because the continuation

value of delay in the last period drops discontinuously to O from some positive number Ry_.

1.3.3 Equilibrium Analysis

In this section, we confirm our two-period results. The positive information value is easy to

obtain, since

SEU(ray) | %) =8 [ EU(ram) | Sien)lf G | )8y

+5/ E[U(ray) | £ X(t+1) )] f(x X(t+1)i |)eti)d)?(z+1)i < R (%),

<Rei1(X(141)i)

by the definition of R, (%;;). Perceiving the first term SE[U (r,dy) | £:i] as the expected payoff
at time 7 + 1 in the absence of learning, the strict inequality then shows the information
is of positive value. Next, we verify (i) comparing to in the static game, agents are more
aggressive in the last stage (xy < xj;) and less (x}; < x;) in earlier periods ¢ < N, and (ii) the

mere delay option has zero impact. The proofs are relegated to Appendix.

Proposition 6. (i) xy < xj; <x/, fort=1,2,--- N—1.
(ii) When learning does not exist such that x;; for any t > 2 is unobservable, the game is

essentially static: x| = X, and agents stay inactive after period 1.
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1.4. Discussions

1.4.1 Learning Efficiency

We now investigate the learning efficiency of observing actions, by comparing it with learning
through directly observing the state r. That is, if the signal structures of x;;, fort =2,3,--- | N,
are such that

1
xtizr—I——E,i, (117)

N

will it improve the accuracy with which agents infer the state r, relative to the signal structures

(1.12) in the paper?

Proposition 7. If the initial information is precise T > 1, observing the actions as in (1.12)
reveals more accurate information about the state r than directly observing r as in (1.17),

for all periods t > 2.

Recall that the information precision through observing actions is % =Y. 7;. Let %, denote

the precision level of learning through observing r. We conclude by comparing them.

Proof. In period ¢ > 2, when agents directly observe r as in (1.17), there exists a sufficient

statistic, denoted £,;, of X1i,X2i, - -+ ,Xz; With respect to r; by Bayes’ rule,
f,i:r+8ti/ %l‘a With%[:'f]—f—fz—f—"'—f—fj\l.
Therefore, 7, > %, for all t > 2, whenever 7; > 1. O.E.D.

1.4.2 Infinite Periods

Now we augment the game into infinite periods by setting N — oo, and demonstrate that the

equilibrium properties are similar as when N is finite. Also, we find that agents fully learn
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the true state in the limit. Defined analogously, a threshold strategy is denoted by {x;}:” ,
and continuation payoffs by {R; }:> ;. We restrict to that agents follow a symmetric threshold
strategy {x;};* | in the game, so we obtain the similar transformed endogenous signals x/;
and cumulative signals %;; as in Section 3, since the learning processes only depend on that
agents play a threshold strategy.

The equilibrium concept we consider now is, however, an €-symmetric monotone equi-
librium which consists of a symmetric threshold strategy, such that no agent can expect to
gain more than € > 0 by deviating from the strategy, given others also follow it. This enables
us to implement the previous backward induction argument in characterizing the equilibrium.

In detail, for any € > 0, due to § € (0, 1), there exists N} € N such that

Ri(%is {x:}1) <€,

for every t > N, signal &;, and threshold strategy {x; }. Henceforth fix a random € > 0 and
consequently an N;. We claim there exists an €-monotone equilibrium with an identical
equilibrium threshold after period N;. In what follows, we assume that agents follow some
identical threshold after N; to solve for an equilibrium, and then verify it is indeed optimal
for agents to follow such a constant threshold strategy after period N;.

For any ¢t > N, a threshold strategy x;kv; constitutes an equilibrium strategy in period ¢
only if it solves

E[U(ra&m) |x]ﬂ;/§;(xlv"' 7xlﬂ;7gvx]</§7'”)] =0,

where do = Y " a; € (0,1). Such x]’i,* exists; to see its monotonicity, as x]*\,* increases, the
€ €

state r increases and the expected fractions of investors in periods other than ¢ increase while

the expected fraction of investors in period ¢ remains constant (which is 1,/2). To check xj‘vg

indeed is an €-equilibrium strategy in period ¢, note that when observing a signal higher than
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xj‘vg, deviating from investing (which gives a positive payoff) to delaying (which gives R; < €)
increases the expected payoff by at most €; when observing a signal lower than xj‘vg, deviating
from not investing to investing clearly lowers the expected payoff. Since ¢ is arbitrary as
long as larger than N, we have shown that for periods t = N;,N; + 1, -- -, it is optimal for
agents to follow a constant threshold strategy x}';,g. Next, proceed to period Ny — 1 and take
as given that all agents in periods t > N; follow xj‘vg; the argument goes exactly the same
as in Proposition 5, so we obtain its unique equilibrium threshold xj{,gfl, and proceeding
backward to obtain x?vg—z’xjvg% till x7.

Noteworthy, agents fully learn the actual state in the limit, because their information
precision ) ;> ; T, — oo. Such a property holds even when the equilibrium thresholds are now
constant after some certain periods. To see the reason, recall that equilibrium thresholds
start to be constantly x}(,; from period N;; then at t = N¢, a positive fraction of agents will
move to invest because xj{,gfl # x}t,g. This movement changes the total investment size in
period Ng (from that in N; — 1) and thereby makes agents in period t = N; 4 1 learn new
information and consequently, a further fraction of agents will move to invest in period
Ng + 1, and so on. Essentially, the fully learning of the state stems from that (i) there is no
public learning and hence no crowding out effect as in the herding literature, and (i1) pooling
everyone’s information reveals the true state. Of course, that observational precisions 7;

being exogenously given and bounded away from zero is also a reason.

1.4.3 Proper Priors and Public Learning

The analysis till now is conducted with agents holding an improper prior, and we claim it

is almost without loss of generality. Now we mention how to extend the model to a proper
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prior game. Let agents hold a common prior as follows:
re~ (e, 1/B),

where o € R and 8 > 0. Still restrict to agents taking a threshold strategy profile; agent
1’s belief about r at each stage is summarized by a unidimensional statistic X;;, by the same
Gaussian updating process as in Section 3.1. Consequently, the equilibrium characterization
is analogous, so is the analysis part when there exists a unique monotone equilibrium.
Moreover, consider the case where learning is from public observation of actions, so the

signal structure of period t € {2,3,--- N} becomes

Xti:q)_l(dt—l)‘f‘ &,

1
7
where & ~ .47(0, 1) represents the market-wise noise, independent of all other variables. Let
x1; still be private.

We now elaborate on the potential arise of multiple equilibria in the presence of public
learning. To this end, it suffices to consider period 2 and show there exist multiple optimal
strategies. Results from Section 2 state that the informativeness of the public signal about r
(assuming an improper prior) is 5 = T; Tp, which converges to infinity as 7; — co. Therefore,
the ratio of the precision of the public information to the square root of that of private infor-
mation, namely 7} /,/71, diverges to oo as 7| — eo. Hence with public learning, multiplicity
in monotone equilibria arises even if private information is infinitely diffused; see Morris
and Shin (2004) and Angeletos and Werning (2006) for proofs on why the ratio determines
multiplicity. Noteworthy, the proof shows that there are multiple optimal symmetric thresh-
old strategies, to say nothing of optimal strategies in other forms. Intuitively, it is known

that complete information coordination games admit multiple equilibria; when the ratio is
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large, indicating public information dominates private information, global games exhibit
similarity to the complete information environment and thus have multiple equilibria. Note
that adding a common prior only increases the ratio and thereby only contributes to the rise
of multiplicity.

How about the learning property in the limit when learning is public? We have shown that
full learning of the true state obtains in the limit with only private observation, and attributed
it to the absence of the crowding-out effect from the public information. However, even
with public learning as in this subsection, full learning is plausible when agents interact long
enough, as long as they play a threshold strategy. To see it, the learning mechanism stays the
same as Section 3.1 when agents follow a threshold strategy, so the information precision
about the state is always increasing and due to observational precisions 7; are exogenous,
agents in the limit learn the true state. This result crucially depends on the continuous
signal structures in this paper, which, shown generally by Lee (1993), avoids the information

cascade.

1.5. Conclusions

This paper constructs a dynamic coordination game with learning and delay opportunities
factored in. It tractably analyzes agents’ optimal action timings, which are determined
though constantly trading off the information gain of delay against its opportunity costs. A
unique monotone equilibrium is characterized and in it, learning is shown to improve agents’
expected payoff, while the mere delay option impose no impact on agents’ behaviors, relative
to the one-shot game. Additionally, the dynamics of agents’ behaviors are characterized and
depending on the learning efficiency, the tranquil intermediate periods documented in the

literate obtain. Conditions of welfare enhancement, and the contrast to learning by directly
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observing the state, are also given. The analysis applies for all ranges of learning efficiencies,
generalizing the existing studies that usually focus on the limit accurate signals. We illustrate
the paper in an investment context; the applicability to other coordination scenarios including

currency crises or bank runs is straightforward.






Chapter 2

The Rate of Learning with Public and

Private Observations

2.1. Introduction

Aggregate market data accumulate and diffuse the dispersed information in the market and
market participants benefit from those data. The data can be publicly known to everyone like
the price system, or privately known like the information learned from local communications
or at different timings. We in this paper investigate, in the presence of both public and private
data, how efficient each of them is in collecting and revealing the market information. The
efficiency encompasses two meanings - (i) whether the data can aggregate all the market
information and (ii) how long does it take to achieve so, if ever. Vives (1993) demonstrates
in a pure public learning framework that the price system indeed completely assembles the
market information, but in a long run, due to the crowding-out effect of public data. The
market situation varies over time, however, so the information revealed slow can be of little

value at the time when agents learn and utilize it. As a result, we add a private learning



40 The Rate of Learning with Public and Private Observations

channel to Vives’ model and explore whether this increases the learning efficiency and to
what extend.

To be more precise on why the inclusion of a private learning channel is conjectured
to increase the learning efficiency, note that the price system is endogenously determined
by the market demands versus supplies; therefore, over time, as price accumulates more
information, agents respond more to this public signal and less to their private information,
so price contains increasingly less private information. This is the well known negative
externality of public information on learning processes, or the crowding-out effect. Therefore,
adding a private learning channel in principle alleviates this crowding-out problem, as agents
now respond to private endogenous signals as well.

In fact, the inclusion of a private learning channel is more than an ex-post tool to
improve the learning efficiency, but rather a starting point to reflect the actual learning
processes, because local interactions and observing on neighbours’ behaviors are prevalent
and inevitable in practice. Furthermore, even for the same piece of information (like trade
data), market participants check t at different timings and thus obtain differently imperfect
information; such behavior also represents private learning.

Aside from the practical significance, as is mentioned that market situation varies in the
long run, it is also theoretically important to understand how much speed of the learning
process can be improved (if at all) with the incorporation of a private learning channel. We
will prove that allowing agents to observe private endogenous signals indeed improves the
learning efficiency and obtain the exact learning rate in the limit (which is linear).

In the detail of our model, we incorporate a private learning channel to the pure public
learning model of Vives (1993). A continuum of privately informed agents trade a risky asset
repeatedly, and the return of the asset depends on a deterministic yet ex-ante unknown state.

Our interest is on whether agents can learn this state by repeated interactions (i.e., without
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exogenous information expect the one endowed at the beginning of the game), how many
rounds of interactions are needed, and the features of the learning process. The price of
the asset varies among periods and in every period, it is endogenously determined by the
market force through the demand versus supply relation, and hence the price contains agents’
private information. To embed both private and public learning, we let agents observe, at
the beginning of every period, the realized prices publicly and the past aggregate activities
privately (i.e., observing is with idiosyncratic noise). After a certain period T € N, the state
is revealed, and agents get paid. The game then ends.

We solve for bayesian equilibria of this model and obtain a unique equilibrium, in which
an agent’s action is a linear function of his private information and the public information.
Noteworthy, in decision-making, the weight that an agent puts on her private information
is positively correlated with the precision level of her private information, and negatively
with the public information’s precision. This result verifies the crowding out effect of public
information, and (informally) supports our earlier conjecture that private learning improves
the learning efficiency. In addition, note that, to make a decision, an agent must infer the
state, while the observation is about past prices and activities; therefore, to tract the updating
process of an agent’s information and for later equilibrium analysis, we must transform those
endogenous signals to some informationally equivalent statistics that are centered around the
state. A well-behaved transformation is achieved, and we further show such transformation,
or equivalently the way agents update their beliefs, is unique in equilibrium.

Since the equilibrium is unique and the equivalent signals are well-behaved, we obtain
clean and analytical results concerning the learning process. Primarily, we find that both
public and private information converges to limit accuracy when agents interact long enough,
and the asymptotic rates are linear (the rate of learning is # > 0 if 7; /¢ converges to a positive,

less than infinity, constant, where 7; is the information precision at time ¢). This finding states
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that both price and aggregate actions become precise with enough rounds of interactions,
consistent with the pure public learning literature. Moreover, Vives (1993) finds that the
learning rate in the limit is 1'/3, when learning is purely public. Therefore, we confirm that a
private learning channel increases the learning efficiency. To be concrete, if it takes 1000
rounds for agents to reach some precision level when learning is through a public channel, it
takes around 10 rounds for agents to reach the same level of precision when a private learning
channel is incorporated.

Note that standard learning rate from observing i.i.d. exogenous signals that are centered
around 0 is also linear. Hence we have demonstrated that the incorporation of a private
learning channel improves the learning efficiency to the extend that the learning rate is
restored to the standard one. The essential reason for the linear rate is because both private
and public signals become limit accurate, and consequently (i) agents equally respond to
each type of signal and (i1) the limit accuracy indicates the asymptotic precisions of agents’
private and public information are both constant (infinity), so that they are as if observe i.i.d.
signals in the limit, which is indeed the case and will be verified in the paper.

Though adding a private learning channel increases the learning rate, the learning is still
slow, by comparing to the rational expectations models of Grossman and Stiglitz (1976)
and Grossman and Stiglitz (1980). In their model, price finishes accumulating information
instantly or simultaneously when the agents act. In our model, the informativeness of either
private or public signals can increase at most a positive constant, which is bounded by the
observational errors of those endogenous signals. What private learning contributes in this
regard is that it increases the per-period increments in informativeness of agents’ information
(in inferring the state). However, such slowness should be regarded as a success of our
learning process, because as Grossman and Stiglitz argue, when information is reflected

too fast, it is better for everyone to wait an instant so as to have others act first, and then to
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respond with better information. However, if everyone thinks so, no one would actually act
first. Such situation is termed the paradox of efficient information markets by them, and is
resolved in our model.

Related Literature Our paper is closet to Vives (1993) who investigates the learning rate in
a pure public learning environment. Vives shows that agents ultimately learn the true state of

the world in the limit at a rate of ¢'/3

. Our model introduces a private learning channel and
implements a different context (that agents as traders trade a homogenous asset repeatedly
and wants to infer its actual value, while Vives thinks of a firm uncertain about the demand
tries to learn it from price). Hence our work complements his.

Essentially, both of our models are a (dynamic) extension to the traditional rational
expectations models such as Feldman (1987) and Townsend (1978). While in their models,
price does not depend on agents’ private information but instead, directly depends on
the economy state. We endogenize price such that its realization results from the market
demand versus its supply, thereby containing agents’ private information. Another important
distinguish is that agents in rational expectations models make decisions using the information
about the state that contains in the spot, unrealized price, while agents in our models instead
can only use the information that contains in the past prices. Also, as discussed, Grossman
and Stiglitz (1976) and Grossman and Stiglitz (1980) are also classical in static rational
expectations models.

Another strand of literature that particularly focuses on the public learning process is
the herding literature (e.g., Banerjee (1992) and Bikhchandani et al. (1992)). These studies
document that public signals fail to gather all the information among agents, because agents
tend to rely too much on public signals and thus stop utilizing their private information. That

Vives’ model and ours obtain full learning is partly because agents form a continuum (so
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that the pool information reveals the true state) and action spaces are continuous. As proved
generally by Lee (1993), full learning can be achieved in such a situation.

The analysis concerning the learning process has also been extended to various directions.
Burguet and Vives (2000) consider that agents can costly acquire private information and
examine how the release of public information affects their information acquisition behaviors.
In our setup, information acquisition is free and agents automatically observe both types
of information in every period. This feature also ensures that agents in our model do not
have free rider problems or motivations, which are one of the central issues in the strategic
experimentation literature such as Bolton and Harris (1999) and Keller et al. (2005). Related
to the experimentation literate, researchers recently start exploring the effects of an outside
agency (such as a platform) in soliciting private information; see Kremer et al. (2014) and
Che and Horner (2018). In these models, agents act sequentially and the platform can decide
which piece of information an agent can observe. The central question is to design the
optimal way for the platform to optimally disclose information to agents, given its goal.

Our analysis is in a discrete time framework; Amador and Weill (2012) examine a contin-
uous time environment with a focus on the welfare implications of public learning, with the
co-existence of both public and private learning. They implement the pure prediction frame-
work as in Vives (1997), and obtain their results by explicitly solving stochastic differential
questions. We obtain our conclusions by tracking the changes in agents’ information in each
period.

The remaining of the paper is structured as follows. Section 2 constructs the model and
Section 3 presents our core techniques and ideas by a careful analysis of period 1. The

general model is solved in Section 4.
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2.2. The Model

We introduce a private learning channel, in the form of private endogenous signals about past
activities, to the market-based learning model of Vives (1993).

Time is discrete and lasts 7 € N periods, indexed by ¢ € {1,---,T}, and a measure-one
continuum of agents, indexed by i € [0, 1], independently decide how much of a risky asset
to trade in a competitive market in every period. Think of the asset as a financial asset, and
let a;; € R denote agent i’s demand in period #; by construction, the action space is the entire
real line and a negative action means a supply or short behavior. Denote by A; = [; ay;di the
aggregate action in period ¢. The payment of the asset is its liquidation value that is only
revealed at the end of the game. The value is contingent on economic situations, which are
summarized by a parameter 0; we also call 8 the state. Trading the asset incurs a quadratic
adjustment cost and of course, agents also pay for its spot price. Specifically, agent i pays
adjustment cost Aa? /2 for trading a;; units in period ¢, with A > 0 a known constant. The
price of the asset in period ¢, denoted py, is endogenously determined by the market supply
versus its demand, with

1
pr=Ar+—=¢&, 2.1)

V/Be

where & ~ N(0, 1) is the standard normal, independent of all other parameters and represents
the independent periodical demand shock, and B¢ > 0 measures the scale of the shock. Note
that & commonly affects all agents. One interpretation of & is noise traders in the market
who are also sensitive to prices. Therefore, agent i who demands a;; in period ¢ obtains a net
payoff m; (a;;) with

A
ﬂt<a[i) = (9 — pt)a,,- — Ea?l (22)

The payoffs are paid only after the liquidation value 8 is revealed at the end of the game.

Hence only p;a;; + %atzi, instead of 7 (ay;), is known to agent i after period .
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Several features are worth stressing before we describe agents’ information. First, the
quadratic adjustment cost indicates the increasing marginal cost of the asset, and this is
for avoiding the full revelation of the market information within one period. Since agents
form a continuum and are risk neutral, the one-shot game is enough to accumulate all the
market information if the cost is with a constant return (Palfrey (1985)). Likewise, the noise
traders measured by & are also more than just reflecting the practical market situations; their
existence prevents the price from being fully informative after one period.

For the information in the game, the state parameter 6 is drawn by nature from a normal
distribution with mean pg and variance 1/, so 8 ~ N(po,1/B1), where pg,Bo > 0. For
notational convenience, we without loss of generality assume that agents instead hold a
common improper prior over 6 such that 8 ~ Unif(RR), and that they observe a public signal

po about the realized 6 in period 1, such that

1
po=0+—=¢,
v Bo
where & ~ N(0, 1) is the standard normal. ! Furthermore in period 1, agent i observes a

private signal x1; about the realized 6:

1
x1; = 0+ —=¢i;,

NG

where 7 > 0 is the signal precision and €j; ~ N(0, 1) is i’s observational noise, independent
of all other parameters. That said, when agent i makes a decision in period 1, her information
set is {po,x1 }. This is the only information that i obtains from exogenous sources in the

model. In each of the subsequent periods r = 2,3,---,T, agent i privately observes an

Note that in the improper prior case, po is a random variable (instead of a constant) whose realization
depends on the realization of 6.
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endogenous signal x;; about the market demand A;_ in the last period in the form of

1
Xii =A—1 + —=6&i, (2.3)

N

where 7, > 0 is the observational precision and &; ~ N(0,1) are i.i.d. standard normals,
representing the idiosyncratic observational noise that is independent of all other parameters
and periods. Of course, agent i also (publicly) knows the realized market price p;_; in
the last period. Thus in period ¢, the information set for agent i is {x;, px—1},_,. The
objective of agent i is to select a;; € R, for every ¢, to maximize her expected sum of payoffs
Y E[m(au)|{xki, pk—1}:_,]. Noteworthy, since the action space is R in every period and
an infinitesimally small agent cannot affect A; and hence cannot affect payoffs or information
of other periods, the optimization problems to an agent are essentially static in the sense that
it is equivalent to consider agent i maximizes E [ (a;)|{xxi, pi—1},_,] separately for every
t. This fact also suggests that the undiscounted environment we consider is without loss of
generality.

In the paper, we impose the Law of Large Numbers (LLN) convention, so that with
probability 1, the proportion of agents who receive signals higher than some number equals
the probability of an individual agent receiving such signals. Consequently, the idiosyncratic
noise in private signals cancels out: [;¢&;di =0 for all t, and hence we have [;x;;di = 6. That
is, pooling everyone’s information reveals the true state, which suggests it is potential that
agents can learn the true state after enough rounds of interactions, even though no other
external sources of information exist after period 1. We will verify this conjecture.

Also, it is worth stressing that agents rationally understand the information externality
of their aggregate activities, though individually they cannot change its contents. That said,

given agent i’s information set {xi;, px—1}}_, in period t, she takes an action using all the
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information concerning 6 in this set. But since the endogenous signals are about actions or
prices, we must, and will, transform the information structures to those centered around 6
for analysis. We will achieve a well-behaved, and unique transformation, which allows us to
analyze the model analytically.

We focus on agents playing a symmetric strategy in the game. With little abusing
notation, let a,({xx;, px_1}') € R denote a symmetric strategy of an agent i with information
set {xxi, px—1}' in period 7, which prescribes a trading quantity out of R from her information

set. The equilibrium concept is the Bayesian equilibria for the dynamic game defined below.

Definition 1 (Equilibrium). An equilibrium is a sequence of strategies {a;} };T:p the endoge-
nous signals {{x;;}i, p:}_,, and the aggregate actions {A,;}I_, such that

(i) af solves E [ (-)|{xki» Pk—1}ret)s

(ii) x;; and p, are updated by Bayes’ rule and follow (2.3) and (2.1) respectively, and

(iii) A; is the aggregate action at date t,

foranyt=1,--- T, for any realization of {{x1;}i,po}, and 6.

We will demonstrate the equilibrium is unique, which justifies the exclusion of asym-
metric strategies. As is discussed, solving the dynamic game is to solve for a sequence of
equilibria of the one-shot game; we thus implement an induction argument to solve the game,
and this is the key to the uniqueness - when the uniqueness in every period is proved induc-
tively, it also means that the way agents update their information about 6 from observing the

unique equilibrium actions and prices is also unique.

2.3. Equilibrium Analysis

We illustrate how to solve the dynamic game by carefully analyzing period 1. Knowing how

agents will act in period 1, we can characterize the endogenous signals that agents observe
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in period 2; the updating way turns out to be unique in equilibrium. Then period 2 can be

solved in a similar way as solving period 1, and so on.

2.3.1 Period One

Suppose that agent 1 has observed signal realizations py and xy; at the beginning of period
1. She needs to infer 8 to make a decision, and her estimation of 0 is a weighted average
between his private signal and the common prior:
T1x1i + Popo

71+ Po

= 61x1;+ (1 — d1)po,

E[e | p()?xli] -

where 6; = 71 /(7] + o) is the common weight on the private information. Note that such a
convex-combination valuation for 6 is common knowledge among agents, so we conjecture
(and will verify) that the aggregate action A is also linear and is function of 8 and py. In
turn, as the market price p; is determined by A; and the demand shock €;, we conjecture that
there exists at least one equilibrium price in the form as a linear function of 0, pg, and €1,

such that

1
p1(6,po) :m19+n1p0+ﬁgl7 2.4)

€

where my,n; are to be determined coefficients. In what follows, we assume that p; is in such
a linear form and solve for the corresponding equilibrium; the successful characterization
pins down the unique m; and n; and furthermore justifies such p;. After that we show the
linear equilibrium is the only equilibrium.

Recall that agent i in period 1 chooses a;; € R to maximize

A
E[(6 — pr)aii— at; | x1i, pol. 25)
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Substituting p; in the form of (2.4) in (2.5) gives

2
ay;-

1
(1—m1)E[O | x1i, polaii — (n1po + WE[& | X141, pol)aii — 5
&

Solving by the first order condition, we obtain the optimal action aj (x1;, po) such that

ai(x1i,p0) = = {(1 —m1)E[O | x14, po] —n1po}

| = > =

{(1=my)é1x1; +[(1 —my)(1 = 61) —ni]po}

Therefore, the aggregate action A; is a function of 6 and pg, and equals

A1(6,po) = %{(1 —my)610 +[(1 —my)(1—61) —ni]po} (2.6)

Since the market clearing condition is such that p;(0,po) =A1(0,po) +€1/+/Pe =m0 +
n1po—+ €1/+/ Be, by comparing coefficients, we obtain

o1 A 1-06

TS M T aiwaA+s

Till now, we have solved for an equilibrium with a linear price function. It is the only
equilibrium due to the concavity of the optimization problem (2.5) in a;; (note that p; is not
affected by a small agent’s choice of ay;).

Knowing the forms of m,n; in equilibrium, we can simplify aj (x1;, po) to

aj (x1i, po) = mixy; +npo.

Recall that m; = 8, /(A + &) increases in d; and that §; increases in T, we confirm an

intuitive result that the more precise private signal is, the more weight agents puts on it in
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making a decision. Consequently, their actions reveal more private information to the market.

We can likewise obtain the crowding-out effect of the public information py.

Learning from Period 1

We now investigate the learning process in period 2 from observing A; and p;. We have
demonstrated that agent i makes a decision based on her estimation of 6, while the en-
dogenous signals xp; and p; are centered around A;. Therefore, we first transform them,
respectively, into an informational equivalent statistic centered around 6. We achieve this
by demonstrating that, when agents follow the equilibrium strategy in period 1, there exist
two statistics, denoted x’zl. and p’l, that are centered around 6 from observing A and py, re-
spectively, such that the information set {x1;,x};; po, p} } has the same informational contents
about 6 as {x;,x2;; po, p1} does, for any x;; and p,_1, for r = 1,2. After this, we show that
the transformation is unique in equilibrium, meaning that all agents in period 2 update their
information symmetrically and uniquely. The arguments below are on the equilibrium path.

In equilibrium, A{ (0, pg) = m;0 + nj pg by (2.6), so that

X2; =m0 +nypo+

1
—=&);.
\/T_e 21

Rearranging it yields

1 1
(x2l nlp()) + ml\/f_g

— &;.
mi

If we define x5, (x2;, po) by

1
x5 (x2i, P0) = m—l(mi —n1po), 2.7)
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then

Xai(x2i, po) = 0 + (2.8)

1
\/—1—2321‘7
where 7, = m% Te. Note that 6 is normally distributed given x5, (x2;, po) and by construction,
x5, represents agent i’s new private information (that is only started to be known in period
2 from observing x,;, and no one else knows this information) about 6. More precisely,
from observing x;;, agent 1 newly and privately learns that a normal distribution with mean
xh,;(x2i, po) and variance 1/7, can represent 6, and this is exactly what observing x5.(x2;, po)
in the form of (2.8) reveals. Such information represents the new information learned through
the private learning channel. Likewise, there is new public information that agent i, and every
other agent, learns from observing p;. Since p; =m0 +nypo+ €/ \/E in equilibrium, we

have

1 1

—(p1—mpo) =0+ —7+—¢.
ml( ) mi/ Be

Therefore, by defining

P1(po,p1) = —(p1 —n1po),

— (
mj

then 6 is normally distributed given p) (po, p1) such that

1
Pi(po,p1) =6+ —\/B_El,

1

where 1 = m? . Similarly, p)(po,p1) is a statistic that represents the new information
about 6 to agent i from observing p;. To economize on notation, we abbreviate them by x},
and p, and also write x}; = x;; and p{, = py. Till now, we have transformed the endogenous
signals centered around A; into signals centered around 6, such that {x/,,p/  },—12 is

informationally equivalent to {x;;, p;—1 };=12 with respect to 6.
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Next, we distinguish agent i’s private information (xj;,x;) with the public information
(po,p1), and show that each type of information can be respectively summarized by a
unidimensional statistic. This procedure allows us to track the private learning channel and

the public learning channel separately. To be specific, define

/
o TIX1i Xy,

X2i 2.9
2 1+ T 29

then X»; indicates 1’s updated private information about 0 in period 2 and by Bayes’ rule

.1
02y ~ N(%2i, 7)),
12
where 7, = 7| + 15 is the precision level when i uses only her private information to estimate

0. Likewise, by defining

. Bopo+Bip]

Pr=""p g (2.10)

then p; is the updated public information about 6 in period 2 and moreover,

Olp, ~N(p1, 7).
B
where B = Bo -+ Bi.

Till now, we have shown that, when agents follow the equilibrium in period 1, there exist
closed-form statistics x); and p| that are centered around 6 and represent new information
about 0 from observing A; and pi, respectively. Consequently, agent i’s updated private
and public information about 0 is summarized in Xp; and p,, respectively, such that 0 is
normally distributed given each of them. Note that such representations are unique because

activity A; and price p; are unique in equilibrium in period 1. We will show by induction



54 The Rate of Learning with Public and Private Observations

that endogenous signals in later periods t = 3,4,---, T also have a similar, unique Gaussian
transformation. Before that, we note several important features of the learning process.

First, the information equivalence between x;; and x/; is only for 6. For example, given
period-one information pg and xj;, observing x»; (but not p;) does not reveal the same
information as observing x’zl.; see the definition (2.7) of x’zl.. Essentially, this is because A is
(at least partially) determined by p; and thereby x,; contains the information about p{, but
x5, is only about 6. While in the set meaning, the complete information equivalence holds:
{%¢i, Pr—1}1=12 is information equivalent to {x7;, p; | };=12.

Limiting to information about 6, the equivalence between x,; and x’zl- allows us to
characterize the increment in the informativeness of agent 1’s private information, which is
T>. Recall that 7, = m%fg < Tg, suggesting that the indirect learning about 6 from observing
A is lower than the accuracy of learning A itself. And m; = &;/(A + &;) is increasing in
01, verifying our intuition that learning precision increases in agents’ private information
precision (and decreases in that of public information). How to interpret the role of A in
determining the learning accuracy? Recall that A is the quadratic adjustment cost that is
irrelevant to agents’ information, and hence the higher it is, the more weight agents put on it
and less on private information. For example, as mentioned, if we set A = 0 (the constant
return case), agents only use their private information and complete learning achieves after
one period.

Also, since 175 < T and B, < ¢, informativeness of signals can increase at most T or
Be regardless of whether agents are fully informed or not, and such maximum increments
happen only when agents solely respond to their private information (and the quadratic cost).
In this sense learning in our model is slow. Yet this slowness is also a success for the learning
mechanism since as is discussed in Introduction, if information is reflected too fast, the

paradox of efficient informational markets arises (Grossman and Stiglitz (1976)).
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2.3.2 Period ¢

With the understanding of the equilibrium in period 1 and the learning process in period
2, we are ready to solve the dynamic game. In period t = 2,3,--- | T, let £;(x1;, X2, + ,Xz;)
denote agent i’s private information about 0, i.e., her private estimation of 0 that is only
known to herself, from observing xj;,x;,- -+ ,Xs;, and let p;_1(po, p1,--+, pr—1) denote the
public information about 6 from observing po, p1,-- -, pr—1; we respectively shorthand them
by X;; and p,_;. We state our results of the equilibrium in two parts. The first part concerning
(1) and (i1) in the proposition describes the updating rules of the learning processes, and the

second part concerning (iii) dictates the equilibrium strategies and prices.

Proposition 8. A unique equilibrium of the dynamic game exists such that the following
three statements hold.

(i) For any period t € {2,3,--- T} and information set {xy;, px—1},_,, there exists a set
{X4i> Pi_1 Yoy that shares the same information contents about 0, where x}; = x1;, py = po,
and for other k,

1 R 1 R
x;ci: (Xki — Pk—1Pr—1), Pizm—k(l?k—”kpk—l),

my—1

with my, ny, are coefficient defined in (iii). Moreover, X, and p! are both centered around 0 in
’ ki Dt

the sense that they can be expressed in the following forms:

1
x;i:9+—8ﬁ, p;:9—|—

1
Ve VB

2 2
where T, = m;_, T, and f; = m; fBe.

(ii) For any period t € {1,2,--- T}, agent i’s private and public information about 6,
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namely X;; and p;_1, can be expressed in the forms of X1; = x1;, po = po, and for other t,

1 1
XAZZ'ZG—}——ASU', pAlze_l__Agl?

Ve VA

where T, = ch:] T and By = 22:0 B

(iii) In any period t € {1,2,--- T}, equilibrium price p; is a linear function of 0, p,_1,

and & such that

. . 1
pi(0,p—1) =m0 +nmpr + —=¢&,

VBe

where

And the unique optimal strategy a; (%, p,—1) in period t is a linear function of %; and p,_1,
such that
ay (i, pr—1) = %{(1 —my) &%+ [(1 —my) (1= &) — ny] pr—1}
= myXyi +nepr—1.

The proof is by induction and is similarly as we solve for period 1. For example in period
2, note that the maximization problem of agent i is the same as in period 1, and 6 is still
normally distributed given her updated information x5; and p; (see their definitions in (2.9)
and (2.10)), so the information structures are also the same between the two periods. What
changes is just the precision levels of an agent’s information. Therefore, an equilibrium in
period 2 can be solved in a similar way as solving period 1 (i.e., posit a linear price function
and solve for its corresponding equilibrium) and thereby in period 3, learning from period 2
is also similar as learning in period 2 from period 1. Hence we can solve period 3, and so on.

The equilibria for each period together constitute the equilibrium of the dynamic game. Due



2.3 Equilibrium Analysis 57

to the uniqueness in equilibria in every period and the induction argument, the way agents
update their information about 6 upon observing actions and prices is also symmetric and
unique in equilibrium, establishing the general uniqueness of the game.

Note that all agents are rational, so that they make decisions in every period taken as
given that agents in all previous stages act optimally. Also they understand the impact of
their cumulative actions on the game, so the transformed endogenous signals they infer are

the equilibrium ones.

Proof. Consider an arbitrary period 7 € {2,3,---,7 — 1} and an agent i with information set
{%Xkis Pk—1},_,- By Section 3.1, the statements (i) and (ii) that concern the learning process
hold for period 2, and (iii) holds for period 1. Assume inductively that they hold for all
periods till 7, ¢ included. We in below prove that those statements are valid for period 7 + 1,

so that the proposition is established since ¢ is arbitrary.

For (i), since x;; = A;,—1 + &/+/Te and in equilibrium, A, (0, pr—1) = m;—10 +n,_1pr—1 by

the induction assumption, we have

1 1

Xej—Ni_1Pr—1) = 04+ ———&;.
mt—1< ti t—1Dt 1) mt—l\/T_s ti

Thus it suffices to define

1

) R 2

Xti = m_l(xti —m-1p-1), and T =m | Te.
t_

Similarly, since p;(0,p;—1) =m0 +np;—1 + &/+/ Be, let

Pr = —(pr _ntﬁl—l)7 and f; = mzzﬁs
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Then {x;, p;_; },—, is informationally equivalent to {xy;, px—1}}_, with respect to 6. Conse-

quently (ii) holds by Bayes’ rule if we set

£ ll'illi [2'(/2i zt'(;i N }EOP6 ﬁlp/l ﬁfflp;—l
ti I Pr—1 =
BO ﬁl e Bt—]

J

T+T+ T

and &, =Y} _, 7 and %, = Y} _, Br. Noteworthy, the above argument also proves the unique-
ness in the updating rule of agents’ information, when agents follow the equilibrium strategy
in all earlier periods.

We now establish (iii) in three steps. First, suppose the price function p; is linear as

stipulated, i.e.,
&

VB

pi(0,pr—1) =m0 +mpr—1 +
where m;, n, are coefficients to be determined.
Secondly, recall that the maximization problem of agent i in period t is

A A
max E[(0 — p;)asi — —atzi | (%20, Pr—1)]-
a[iER 2

Substitute the linear p; into it and solve by the first order condition; the unique maximizer

a; (X, pr—1) is then such that

af (&, pr—1) = = (L —=my)E[O | (X¢i, Pr—1)] —mePr—1)

ol ) —

{(V=my) &+ [(1—my) (1 = &) — | Pr—1} s

where 6, = %, /(% + &) Therefore the aggregate action A; is also a linear function of 6 and

Pr—1:
¢w@,g:%«yﬂmme+m—mm1—®_mm,g
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Thirdly, by the market clearing condition p; = A, + &/ \/F , plug A; as in the second step
in and compare the coefficients; we have

s A 1-§
A+ "TI14AA+o

niy

Due to the concavity of the optimization problem and the induction argument, the obtained
equilibrium is the unique equilibrium in the game.

0.E.D.

Remark 4. Note that A, is a transformation from p; minus the demand shock. Therefore, the

signal x;; can be written as

Xti = Dr — Sz/\/E‘f’ gti/\/Fﬁ

even off the equilibrium path. This reformulation leads to a new interpretation of endogenous
signal x;;. Now x;; can represent the different timings of agents checking the market price
within each period. To be clear, though price in literature is often regarded as a public signal,
it, as when represented by x;;, bears private features since agents observe it with idiosyncratic
noise because of the fine timings in checking it (meanwhile, & explains common components
like noise traders which affect the market, or simply the measurement error of a government
agency who complies the data.). This interpretation conveys the feature of modern markets

in which prices are constantly changing.

2.4. Evolvements of Precisions

We now characterize the asymptotic feature of the learning processes, which is decomposed

into two related properties:
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(1) Both private and public information fully reveals 6 in the limit.
(i1) Both types of information converge at the same rate, and the rate is linear.

The first feature states that agents will learn the true state if they interact long enough,
and both £7; and pr becomes limit accurate for large 7. The similar conclusion is obtained
in the (static) rational expectations model of Grossman and Stiglitz (1980) who demonstrate
that the endogenous public signal, price, becomes fully informative, when agents are fully
informed exogenously or the noise is vanishingly small. Our approach is dynamic and thus
differs from them in the learning process, and additionally we can track the evolvements of
agents’ information precisions (i.e., due to closed-form 7, and ﬁt, we know the changes of
information precision between periods).

The second property deals with the rate of learning. It has been proved by Vives (1993)
that the rate is 7'/3 if private learning is absent (e.g., Te — 0 so that agents completely ignore
her private endogenous signals x;;). The rate is slower when there is only a public learning
channel, because public signals becomes increasingly informative over time and agents
consequently respond less to their private information. Hence the price system, which is
determined by agents’ actions, reflects less private information. We demonstrate that private
learning can accelerate learning, and that the rate increases to 7 in the limit, which is the
same as when agents receive exogenous i.i.d. signals centered around 6.

Now we prove the above arguments. Denoted by Af; = 1,1 — 1; the change in the
informativeness of private information from time ¢ to time # + 1, and analogously define

-and p; respectively represent the new

AB, = B,+1 — Bi. Recall that by construction, x’(t )i

private and public information that agent i learns in period ¢ + 1 about 0, so the changes in
informativeness of each type of information in period # 41 is the precision of x’( )i and p,
ie., AT, = 1,41 and Aﬁ, = B;. In turn, we have the following proportion. Now we prove the

above arguments. Denoted by A%, = 1,.1 — 7; the change in the informativeness of private
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information from time ¢ to time ¢ 4 1, and analogously define Aﬁ, = 3t+1 — Bt. Recall that

by construction, x’( and p) respectively represent the new private and public information

1+1)i
that agent i learns in period ¢ 4 1 about 6, so the changes in informativeness of each type of

-and p}, i.e., AT, = 1,41 and Aﬁ, =pf. In

information in period ¢ + 1 is the precision of x’(t )i

turn, we have the following proportion.

Proposition 9. (i) For allt =1,2,---T — 1, B, and T, increase at the same rate in the
following sense:
Be

=0+ —7%4
B Te +1>

for some constant Q.
(ii) i1 — o0 and By — oo, as T — oo,

(iii) The rate of convergence of both public and private signals is linear:

1
A+14+ABe/7e

1
A+14+ABe/7e

T /T = ( )%, Br/T —( )*Be.

as T — oo, when Bg > 0,7 > 0.

Proof. For (i), recall by (i) of Proposition 1 that 7, = m,Z’L'g and B, = mt2 Be, so the relative

increment of precision levels is constant in the sense that

M _ B _Pe

A% Tt41 T
We thus have B, =1%11B/& forallt =1,2,--- | T — 1. Therefore,

s Be Be
=B - =
B 7, Bo o~
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And 1,41 = % + 711, where 7, is finite and hence does not affect rates.
For (ii), note that if the precision of one type of information goes to oo, so does the other type
because of (i). Now suppose by contradiction that none goes to oo; then A%, = 7, | = m?Te >0
for any t since now m, = & /(A + &) > 0. In consequence, £r = Y./ A% + 7| diverges,
causing a contradiction.

For (iii), the proof is by inspecting %;, which equals Z;{;ll A%, + 71, and we show that
77 /T converges to the stated constant. In below, we characterize the rate at which %7 — oo,

and the rate for 3T — oo equals that for [0t + (77 B¢)/Te| — . Forany r =1,--- T,

—1 5k 2
Z()L+6k) +a
2
=1 T 7
o < . ) 1 (&= )
it \(A+ DT+ AB T+ PBr

T, ti( LS )2—|—‘L'1
8k:1 A+ 8% +A(0+ Betiy1/Te)

Then by (ii), there exists T € N such that for all t > T¢, T, — oo. Therefore, divide 77 in the

above form by T, and let 7 — oo; we obtain

To—1 . 2 T-1 . 2
a £ Tk /T+ i ( Tk ) /T+T /T
/T =7 ~ T — = 1
/ €k:1 (;L—Fl)%k—f—/lﬁk €k:T£ ()l—l—l)rk—l—k(oc+ﬁg’ck+1/rg) \,0./
N _/ %
-0
1 2
— Te,
(7L+1+M38/r8) €
which is a non-zero constant, so T7 /T — oo at a linear rate. O.E.D.

This statements (i) and (ii) confirm and extend the features of the learning processes
discussed in Section 3 to multiple periods. In detail, the increase in informativeness in each

period is bounded by 7 and S, verifying that learning is slow. Also, the increment of
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informativeness of agents’ information about 6, namely AT, and A, is positively correlated
with agents’ private information and negatively with their public information. Thirdly, it
states that each type of information becomes arbitrarily accurate after enough rounds of
interaction, indicating that all agents’ private information can be fully elicited by the market
force.

We present a heuristic informal proof for (iii) here. Recall that, for any t, AT, = (& /(A +

8))2 e, and & = 4/ (% + Br), and By = & + 41 Be/ Ze. so that

N B 1
ATr = e
TT ((x+1)%k+)«(a+ﬁg%k+l/fg)) Te (A’_Fl‘i_lﬁg/fg) Te, as —» o,

since Ty — oo. Therefore, it is as if agents receive i.i.d. signals centered around 6 with
precision (A 41+ A B¢ /Te) ~2(Te + Be) in the limit in each period, so the asymptotic learning
rate is expected to be the same as observing i.i.d. signals and thus is linear. The defining
factor for the rate jumping back from t'/3 in pure public learning case to linearity is that
both 7; and 3, converge to infinity at the same rate. Consequently, contrasting with the sole
public learning case in which 77 = 7; while 3T — oo (so that T/ ﬁT — 0 as T — o), private
information in our setting will not be crowded out.

It is noteworthy that the linear rate is guaranteed as long as private learning exists (Tg > 0),
though a smaller 7. decreases Aty and ABy and thus leads to a lower per-period increment in
informativeness. Also, a higher 7, results in a higher asymptotic learning rate. Hence we
say that the inclusion of a private learning channel improves the learning efficiency. Note
that the initial precision level 7] impacts little on the learning efficiency, since 7; does not
affect AT, or Aﬁ,, nor the asymptotic learning rate (see Proposition 2. (iii)). The impact of T;
on the informativeness of agents’ beliefs is completely characterized by its absolute value

in this relationship: 77 = ZIT:_ll A%, + 1. Therefore, to improve the learning efficiency, the
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exogenous information precision is not of paramount importance, and one should think about

ways to improve the observational accuracy of the endogenous signals.

Remark 5 (No Initial Public Information). Suppose agents in prior believe that 0 is randomly
drawn from the entire real line: 6 ~ Unif(R) and that py is unobservable, that is, agent
i’s information set is only {x;} in period 1. Then learning accelerates since we can show
that now p1 is a function of 0 and € only (not including pq as before). The proof is similar -
start by positing a linear price function p(0) =m\ 0+ €/ \/E for some coefficient m', and
solve agent i’s optimization problem by the first order condition, which gives m| = 1/2 in
equilibrium. Note that py now is centered around 0, and hence there is no need to transform
it into some p|. As is discussed, the direct observation on 0 is faster than learning from
transformed signals; hence the learning efficiency improves. But the learning rate in the
limit is still linear since in periods t = 2,3,--- |N, agents’ actions start to contain public
information. One can envisage that from period 2, the structure of this new game is similar

to the original game in Section 2.



Chapter 3

Learning and Multiplicity in Global

Games

3.1. Introduction

Coordination problems are prevalent in the economy, and though partially informed agents
have aligned preferences in these games to coordinate on the same action, they often fail
to do so because of payoff uncertainty about the market conditions as well as strategic
uncertainty about their fellow agents’ beliefs. Learning, whether through public observation
of market price or private observation of nearby agents’ moves, in principle mitigates both
kinds of uncertainties and thus mitigates coordination failures. This article studies the impact
of learning on a dynamic coordination game - agents interact and learn repeatedly from
both public and private observation of past actions, and then they participate in a global
coordination game.

Specifically, we construct the coordination game as a global game of Carlsson and

Van Damme (1993) and Morris and Shin (2004). The advantage of the global game approach
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is its selection of a unique equilibrium, when agents’ information is dispersed enough. As a
result, it paves a safe way to conduct comparative statics analysis of the impact of learning
on coordination incidence and welfare. Later studies such as Angeletos and Werning (2006),
nonetheless, cast doubts on the uniqueness, remarking the rise of multiple equilibria when
endogenous public information is factored in, even when agents’ information is most diffused
(namely, when agents are endowed with limit accurate private signals). Their work, among
other existing studies, overlooks the role of private endogenous information, however. While
private learning is a significant component: practically agents extensively learn through local
observation and private talks, and theoretically uniqueness in global games is obtained by
introducing private information to agents so as to form informational heterogeneity among
them. Therefore, we are interested in, when private learning happens in tandem with public
learning, whether the unique equilibrium can be established.

At the same time, though global games are initially treated as an equilibrium selection
device as described above, it has gained popularity recently for modeling realistic coordi-
nation problems and delivering robust predictions, since it sustains the unique equilibrium.
Therefore, as discussed, we will also investigate practical issues such as the learning’s impact
on agents’ welfare.

In detail, we consider that a continuum of agents interact for T periods, in which the
learning stage, based on Vives (1993, 1997), consists of the first 7 — 1 periods, and the
coordination stage, modeled as a global game of regime change, happens in the Tth period.
In each of the first 7 — 1 periods, every agent takes an action to minimize the quadratic
distance to an unknown, payoff-relevant state parameter 8. Agents have private, partial
information about 0 initially, and can further privately and publicly observe the realized
aggregate action of the previous period. After T-1 periods, they proceed to the coordination

stage in which each of them, instead of minimizing the distance, decides whether to invest in
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a risky project which has the regime change feature (namely, it either succeeds, if the mass
of agents investing exceeds some threshold depending on 0, or not). Then the game ends and
the payoffs are realized.

Note that an implication of the model is the abstraction of the direct payoff linkage
between periods by assuming agents’ action space is independent over time. This is for
a clean analysis of learning’s effects on the equilibrium selection and is also standard in
literature such that Angeletos and Werning (2006). Therefore, the two stages are only
connected through the information linkage, because they share the same state 6 and thus past
actions reveal valuable information in inferring 6.

We now summarize our findings, which are two-folded. Theoretically, as for whether
the co-existence of public and private learning relieves multiplicity, the answer is negative -
multiplicity always arises after enough rounds of learning. Furthermore and notably, private
learning facilitates multiplicity in some situations because it accelerates the learning rate of
public signals. Consequently, agents quickly learn common information, and thus multiplicity
appears sooner, compared to the sole public learning case.

Practically, we take advantage of the existence of the unique equilibrium to present safe
comparative statics results. We show that, to the extent that uniqueness holds, the presence
of learning improves agents’ expected payoffs from the coordination game. The result is
hardly surprising, because with endogenous signals, agents estimate 6 more accurately and
they know their opponents also better guess 0; hence both payoff uncertainty and strategic
uncertainty are alleviated, so their payoffs increase.

Furthermore, since learning happens through both public and private channels, we attain
several novel and intuitive features of the learning process. Primarily, we demonstrate that

both types of endogenous information converge to limit accuracy about 0 at a linear rate when
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agents interact long enough.! The conclusion holds as long as private learning is available,
and it should be compared with Vives (1993) who demonstrates the convergence rate of
endogenous public information is 7!/3 (t is the periods of learning) with only public learning
available. Our finding thus stresses that private learning facilitates overall learning efficiency
in the sense of a higher convergence rate. The result is conceivable because, as implied by
the herding literature, social learning becomes slow with only public observation (for agents
put increasing weights on public information along the time, lowering the informativeness of
endogenous signals), while private learning guarantees that private information will not be
crowded out en route. Noteworthy, since we show that learning fully reveals the state in the
limit, our model justifies the usual assumption in the global games literature in which agents
are assumed to be endowed with almost accurate exogenous information.

Related Literature This paper relates to two strands of literature: global games and learning.
We describe them in order. The global games model is initiated by Carlsson and Van Damme
(1993); see also Morris and Shin (2003) for a comprehensive survey. Both of them show
uniqueness holds for sufficiently dispersed information among agents. Morris and Shin (2004)
explicitly characterizes the necessary and sufficient condition, as a ratio of informativeness
of public information to the square root of that of private information, that determines
uniqueness. All information in these studies is exogenously given, however. Later studies
from various aspects examine whether endogenous public information leads to multiplicity,
and among them, Angeletos and Werning (2006) who explore that agents learn from rational
expectations equilibrium price prior to a global game, is most similar to our work. Several
aspects are distinct, though. First, we consider multi-period learning, while they examine a
one-spot rational expectations equilibrium model of Grossman and Stiglitz (1976). Therefore,

our work circumvents the paradox of the impossibility of efficient information markets.

IThe rate is said to be ¢" if 7, /" converges to a positive constant, where  is time and 7; is time-t’s information
precision. A linear rate is when n = 1.
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Secondly, we also scrutinize the role of private learning and show that it in some situations
makes multiplicity easier to occur. Actually, endogenous private learning is overlooked in
other existing literature as well; previous studies tend to vary precisions of private information
exogenously. Our work is thus novel in analyzing the role of private endogenous signals.
Thirdly, we investigate the impact of learning, which lacks in the framework of Angeletos
and Werning (2006). This point is also examined by Dasgupta (2007) in an almost completely
different environment, and Szkup (2020) gives a general analysis for static global games.

There are other researches that, though methodologically less relevant to this article,
examine the relationship between endogenous public information and multiplicity. Angeletos
et al. (2006), for example, document the occurrence of multiplicity when an omniscient
mechanism designer signals to agents before their decision-making, and Hellwig et al. (2006)
show multiplicity when the market force is factored in. Also, Angeletos et al. (2007) verify
the rise of multiplicity in dynamic games in which agents face a new global game repeatedly.
On the other hand, Szkup and Trevino (2015) confirms uniqueness for agents who costly
acquire precision levels of signals prior to a global game. Notably, we obtain a similar result
to the last one in the demonstration of the positive value of information, when we show
learning improves welfare.

For learning, we base our analysis on Vives (1993, 1997), both of which restrict to public
learning. We incorporate an analogous private learning channel into the models. For the
exclusive learning literature that does not consider anything about global games, Amador
and Weill (2012) examine the co-existence of both types of learning for exploring welfare
implications. Their work, however, distinguishes from ours in that it is a continuous-time
model that delivers results by explicitly solving stochastic differential equations. We, on
the other hand, consider a discrete-time model and derive our conclusions by tracking the

changes in agents’ information in each period.
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3.2. The Model: The Coordination Stage

Our model is based on Vives (1997) for the learning stage and Morris and Shin (2004) for the
coordination stage. We consider that agents interact repeatedly and observe past aggregate
activities publicly as well as privately prior to a global coordination game. To familiarize
readers who are new to the global games approach, we first investigate the coordination
stage with exogenous information, and then proceed to incorporate the learning stage into
the game.

The economy consists of a measure-one continuum of agents i € [0, 1] who independently
decide whether to invest or not in a risky investment project. Let a; € {0, 1} denote agent i’s
action, with ¢; = 1 indicates investing and ¢; = 0 means not investing, and A = [; a;di the mass
of agents who choose to invest. The payoff to an agent who does not invest is normalized
to zero, and the payoff to an agent who invests depends on whether the investment project
succeeds or not. The success of the investment depends on an unknown state parameter 6 as
well as on the number of agents who invest in the project. Specifically, The project succeeds
if and only if the mass of agents who invest exceeds some threshold: A7 > 1 — k6, where
Kk > 0 is a known constant that captures the dependence of success on the state; we for now

set k = 1. Therefore, agent 1 who takes action a; obtains payoff

ai(l—c), ifA>1-—x6
(3.1)

—a;c, otherwise,

where ¢ € (0, 1) represents the cost and is a known constant, and k = 1. Note that only the
payoff difference between the two actions matters in an agent’s decision-making, so the

normalization of payoff to a; = 0 is innocuous.
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It is also worth remarking that an agent finds it dominant to invest if 8 > 1, because the
project will succeed even without coordination, and on the opposite, one should never invest
if 6 < 0. The interesting case is when 6 € (0, 1) - it is optimal for an agent to invest if and
only if enough of her fellow agents invest. In this sense, the game exhibits a coordination
feature. Noteworthy that a higher 6 means fewer investments are required for the project’s
success, so we say 0 indicates the state of the economy or the project’s prospect. Furthermore,
each agent must infer 0 as well as his opponents’ actions when making decisions, suggesting
that higher order inferences are involved in agents’ decision-making, but as we will show,
there exists a simple form of strategies that governs agents’ behaviors in equilibrium.

The state parameter 0 is uniformly distributed over the entire real line, so agents hold an
improper prior about it: 8 ~ Unif(R). At the beginning of the game, each agent i observes

two signals, one private x1; and one public p, about the realization of 6, such that

1 1
X, =0+—¢€;, p1=0+-——¢, (3.2)

va VB

where 71, f1, measuring the precision of each signal, are positive constants, and €;;, €| are
standard normals (&;,&; ~ N(0, 1)) independent of each other and all other parameters. 2
Throughout, the Law of Large Numbers (LLN) convention is imposed, so that the proportion
of agents who receive signals higher than some number is equal to the probability of an
individual agent receiving such signals. An immediate consequence is that the idiosyncratic
noise in private signals cancels out in the population: [;€;;di = 0, and hence no aggregate
uncertainty prevails in our model.

The Threshold Strategy and Equilibrium As in the literature, we restrict to agents playing

a symmetric threshold strategy; denoted by a(xy;, p1) € {0, 1} a symmetric strategy, it assigns

Note that, observing the public signal p; is equivalent to assuming that 8 ~ N(py,1/pB) in prior, but p is
then a constant, instead of a random variable, in the proper prior case. We write p; as a public signal for later
notation simplicity.
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a probability to investment from one’s information set. A threshold strategy a(xj;, p1) of

agent i takes the following form; there exists a threshold number x(p;) € R,

1, ifxii > x(p1)

a(xi;,p1) =
0, otherwise,

given any realizations of x1; and p;. A symmetric equilibrium is defined by a strategy profile
(which consists of a symmetric strategy), such that the action to agent i prescribed by that
strategy maximizes her expected payoff, given i’s information and others agents also follow
the strategy. An equilibrium in which agents play a threshold strategy is referred to as a
monotone equilibrium; we sometimes call a monotone equilibrium simply an equilibrium.
Note that in a monotone equilibrium, an agent’s strategy is completely characterized by the
threshold number x(p;); hence we in what follows focus on finding the equilibrium threshold
and denote it by x*(p1).

We now solve this static global game as in the following proposition.

Proposition 10. A unique monotone equilibrium characterized by x*(py), for any realization

P1, exists, and the monotone equilibrium is the only equilibrium form if and only if B1//T1 <

V2r.

The proof is based on Morris and Shin (2004), and the idea is to show the existence of a
pair (x*(p1),0*(p1)), such that (i) it is optimal for agent i to invest iff x;; > x*(p;) and that
(ii) the project succeeds iff 6 > 6*(p;), given any realization of p;. The first condition is
also referred to as the payoff indifference condition and is characterized by the following
equation:

P(6 =0 (p1)|x"(p1)) =,
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and the second is called the critical mass condition which states

P(x1; >x"(p1) | 0%(p1)) = 1—0"(p1).

Rewriting the payoff indifference condition, we obtain

" T+ " v 71+ _
x (Pl)zlr—lﬁl(? (p1>_[j_11p1+1r—1[31q) '1—-c¢).

Plugging xj(p1) of this form into the critical mass condition gives an equation only about

0*(p1)

0.

1+
N Nk NG

There exists a solution 8*(p;) since as 0*(p;) — —oo (resp. =), the L.H.S converges to o

q><ﬁe*<m>— P V’Cl*ﬁlcbl(l—c))—e*(p])

(resp. —oo). It is also standard to check that the solution 8*(py) is unique if B; //7] < V2.

The implication of the equilibrium is straightforward - the better the state, agents on
average have higher posteriors about 6 (and they know their opponents also think so) and thus
invest more frequently, and in turn the higher chance of success coordination (i.e., 6 exceeds
0*(p1) are states in which the investment succeeds). In addition, the proposition claims that
if the information is highly public among agents, measured by the ratio of informativeness of
the public signal to the square root of that of the private signals, multiple equilibria arise. This
is so because, with complete information, there exist two equilibria (all investing versus none
investing) at states 6 € (0, 1), and as a result when public information becomes dominant,
the game is expected to behave similarly as in complete information environments and thus
has multiple equilibria.

Also, it becomes evident that the driving force of uniqueness in global games is the level

of heterogeneity in agents’ information and so, it is conceivable that public endogenous
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signals studied in the literature like Angeletos and Werning (2006) cause the uniqueness
result to fail, and also that private learning might rebuild it. We however will verify that

adding private endogenous information can sometimes prompt the rise of multiple equilibria.

3.3. The Two-period Model with a Learning Stage

We now add a learning stage before the coordination game. For illustration, we in this section
consider that the learning stage only lasts one period, so the game is a two-period dynamic
game. In the next section, we allow agents to interact and learn for multiple periods before
entering the coordination game stage. The two-period setting is enough to deliver our result

concerning the information’s impact on coordination.

3.3.1 The Setup

The state of the economy is still characterized by 0 towards which the unit of agents hold
an improper prior, and in period 1, every agent i observes two signals xj; and p; in the
structures of (3.2) about the realized 8. However now, before entering the coordination stage,
which happens in period 2, agents first have a learning stage in period 1 in a form of a pure
prediction game of Vives (1997).

Specifically, in period 1, the objective of every agent i is to minimize the quadratic
distance between her action to the state parameter 6, given her information set (xj;, p1). Let
ay; € R denote her action in period 1 (we use subscripted a;; to indicate an action in the
learning stage and q; for the coordination stage). That is, agent i after observing (x1;, p1)

chooses ay; € R to minimize

E[(a1; — 0)* | x1i,p1]- (3.3)
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Let A; denote the aggregation action in period 1:

Al = /alidi. (34)
i

After everyone makes a decision, A is determined and the game proceeds to period 2,
which essentially is the same as before, except that agents’ will observe the realized A;. In
detail, at the beginning of period 2, agent i observes a private signal xp; and a public signal

p2 about the aggregate activity in period 1, in the form of

1 1
X2 =A1 + —=¢&, P2 =A1+—=8, (3.5)

Ve VBe

where &; and & are both standard normals, independent of all other parameters and represent
the individually specifical noise and the market wise noise, respectively; 7z and B¢ are known
positive constants that capture observational errors. Therefore, the information set for agent i
in period 2 is {x;,x;, p1, p2}. Agent i decides whether to invest in the investment project
given this information set, the payoff of the project is still given by (3.1) (here, we still denote
a; and A = [;a;di the i’s action and the aggregate action in the coordination stage). At the
end of period 2, the state is revealed and agents get paid for their payoffs from both period 1
and period 2. The game then ends.

We still focus on agents playing a symmetric strategy in each period, and a strategy of
an agent in period ¢ = 1,2 is a function that maps from her information set {x;, Pk}2:1 to
an action out of R in period 1, or out of {0, 1} in period 2. Note that the game is essentially
static since there is no payoff linkage between the two periods, because the action space
is R in period 1 and all agents are infinitesimal. That said, the optimal myopic behavior is

the optimal behavior of the game. Still, we consider that agents play a threshold strategy in
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period 2. An equilibrium of the two-period game consists of equilibria of each stage game,

and agents in period 2 update their information by Bayes’ rule.

3.3.2 Solving the Learning Stage

We now solve for the equilibrium in period 1. It is easy to see that there exists a unique

optimal strategy for agent i with information (x;;, p1) to maximize (3.3), which is given b
P gy g P g y
aj(x1i,p1) = E[6 | x1;,p1] = 61x1:+ (1 = 61)p1-

where 8y = 71 /(71 + B1) is the common weight on one’s private information. Consequently

A1(0,p1) is a function of 6 and p; such that
A1(0,p1) =610+ (1—061)p1- (3.6)

Knowing the form of A; in equilibrium, we are ready to characterize the endogenous signals
upon observing A in period 2. Note that agents rationally understand the information impact
of their aggregate actions on the game, so the structures of endogenous signals are on the
equilibrium path, that is, A equals A (6, p1) in the form of (3.6). Substituting A; (6, p;) into

x2i = A1 + &/ /Te gives

1

=00+ (1-96 —&;.
X2i =610+ (1—61)p1 + N
Rearranging it gives

1
_(_Xzi— (1 —31)p1) = 9+61—\/T_8
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Therefore, if we define

1
x/2i:6_(x2i_(1_51)p1)a
1

we have an informationally equivalent signal x}. to x»; with respect to 6, such that

1
&
\/T_Z 205

x,21~29+

where 7, = 87¢. ° Likewise, by plugging A1 (6, p;) into ps = A + &/ +/ e and rearranging,

we obtain an informationally equivalent statistic p) to p in regard to 6, such that

o 1
= (pr—(1-6 =0+ ——&,
n=yg (p2—( 1)P1) s 2

where 3, = 67 . Note that x); and p), are centered around 6, and thus 8 is normally dis-
tributed given each of them. Therefore we can summarize every agent i’s private information
(that is only known to agent i), denoted by £,;(x1;,x2;), from observing x;;,x5;, and the public
information p,(p1, p2) from observing pg, pi, in period 2. By Bayes’ rule, they can be

expressed by

/
T1X1; + T2Xy;
T+ T

. _ Bipi1+Baph

®i(x17,%24) :)eZi(xlivXIZi) = » Pa(prpa) = Bi+ B

Note that due to gaussian updating, 6 is normally distributed given X»; and p; such that

1 1
——&i, ﬁzz 6+—827
Ve VB

3Note that with little abusing notation, we still let &;, and later &, be standard normals that may have
different realizations to those in xp; and p;.

Xoi(x14,%2i) = O+
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where 7 = 71 + 7 and BZ = B1 + B». It is worth stressing the above characterization is
unique in equilibrium due to unique a} and A{(0, p1), indicating that agents update their
beliefs about 6 upon observing A; in a symmetric and unique way. This result is key to
establishing the uniqueness in equilibria of the whole dynamic game. In detail, the optimal
strategy of an agent, given her information, is unique; therefore, once we show the updating
rules of agents from learning are unique and symmetric, the equilibrium of the whole game

1S unique.

3.3.3 Solving the Coordination Stage

Note that the information set for agent i in period 2 is thus {£;, p»}, which share the same
structure as their information set {xy;, p;} in period 1 (i.e., an additive structure centered
around 6 with a Gaussian noise), Therefore, we can readily solve the coordination stage as
similar to that in Proposition 1. That is, we characterize a pair of thresholds (x*(p2),0%(p2)),

for any realization of p;, by the following two equations:

P(6 > 67 |x"(p2)) = ¢, and P(f2; > x"(p1) | 07(p2)) = 1 —0"(p2).

The first equation is the payoff indifference condition and the second is the critical mass
condition. Solve them simultaneously as we do in Section 2 (i.e., obtain the expression
of x*(p2) in terms of 6*(p,) from the first equation, substitute it into the second to get a
single equation that is only about 6*(p5)); we can conclude the existence of the pair, and

furthermore obtain that the pair is unique if and only if BZ VB <2/
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Therefore, we know the uniqueness in global games is indeed determined by the ratio of

public informativeness to the square root of private informativeness, and since

VAZRRVAT

the introduction of a private learning channel, or the increasing precision in private signals,
indeed increases the likelihood of a unique equilibrium in the global game. This is an intuitive
result that, however, does not hold in a general setting when learning lasting multiple periods,
as we will show later. The main reason is that though private learning initially disperses
information among agents, it in the long run improves the learning efficiency with which
agents learn from public signals, so that information conformity is actually easier to be
established among agents in the presence of a private learning channel.

Another impact of learning is certainly on coordination behavior and outcomes, as is easy
to notice that the equilibrium threshold pair has changed (from the one in Section 2). We now
demonstrate that learning improves coordination success, as long as the equilibrium is unique,
by varying the efficiency of the learning processes. Intuitively, with a higher 7., agents’
signals are better aligned with each other as well as with the state; hence both strategic and
payoff uncertainty is alleviated so that they make more accurate decisions on average and
expect higher payoffs. In below, let D(xy;, p1) be the payoff difference between investing
to not investing in the coordination stage, from the perspective of agent i with (x;, p;) in

period 1. That is,

D(x1j,p1) =P (%2 >x*,0 = 0%|x1;,p1) (1 —¢) — P(%2; > x*,0 < 0% |xy1;, p1)c.
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When there is no learning, then £5; = xy; so that this is the expected payoff of agent i
following the threshold strategy. Consequently, if a higher 7, increases this value (i.e.,

dD(x1;,p1)/dTe > 0), we establish that learning improves agents’ welfare.
Proposition 11. The higher T¢, the higher expected payoffs from the coordination stage.

Proof. Since 7 is given, it is equivalent to examining the impact of %, on D(xy;, p1). We

compute that

d
—D(xy; 0.

The detailed computation is in Appendix. Q.E.D.

By implication, agents make more accurate decisions when better informed, and the
accuracy entails that agents invest more frequently when the actual state is high, and less
when the actual state is low. Public signals also align agents’ information and hence are
expected to have the same positive impact on agents’ behaviors. It is noteworthy that the
above analysis is conducted away from the limit precise environment, which is a focus
of the global games for the selection of a unique equilibrium. Since we treat the global
game methodology more than just the equilibrium selection device but also a useful model
producing practical insights, it is important to demonstrate that the approach applies to

situations away from the limit.

3.4. The 7T-Period Model

In this section, we augment the game into 7 € N periods in which learning (i.e., the pure
prediction game) happens repeatedly in period 1 to 7' — 1, and the coordination stage is in

period T.
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In detail, at the beginning of period 1, agents still hold an improper prior over 6 such
that 8 ~ Unif(R), and observe two signals xj; and p; about 6’s realization in the forms of
(3.2). Inperiodt =1,2,--- ,T — 1, which together comprises the learning stage, agent i faces
a problem to select an action a;; out of R to minimize the mean square error in predicting 0:

min E[(6 — a,i)z],
a; €R

given whatever information she has. Period T is the coordination stage and is essentially the
same as in section 2. That is, agent i chooses an action g; € {0, 1} to maximize (3.1), given
her information. Let A, = [ a,di denote the aggregate activity in period r =1,2,--- ,T — 1,
and A = [ a;di the total activity in period 7.

Now we describe the information structures in the game. Agents in each period t =
2,3,---,T observe the past activity A;_ through both a private and a public channel. Specif-

ically, agent 1 observes x;; and p; about A;_| and we structure them by

1
X = A1+ ——=&i, pr=A1+

1
\/T_e ﬁ&»
where &; and & are respectively periodical private and public shocks that are standard
normals, independent of each other, periods and all other parameters; 7 > 0 and B > 0 are
observational precisions.

The agent 1’s objective in the game is to maximize the (undiscounted) sum of expected
payoffs, and as before, this is equivalent to maximizing the expected payoff in each period
separately, due to action spaces being R and infinitesimal agents. We without loss of
generality focus on agents playing symmetric strategies, denoted by a; ({xx;, p};—,) € R for

period 7, which prescribe a quantity (out of R or [0, 1]) from an agent’s information set. And a

symmetric equilibrium consists of a symmetric strategy profile such that the action prescribed
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that the strategy maximizes the agent’s expected payoff of the game, given her information
and all other agents play that strategy, in every period; and agents update their information
by Bayes’ rule. We still restrict to agent play a threshold strategy at the coordination game
stage in period 7.
It is straightforward to note that there exists a unique optimal strategy, denoted a; ({xx;, P },—; )

for agent i in the learning stage in periods t = 1,2,---,7 — 1. It is such that

a; ({xxi P Yier) = E[0 | {xtir PrcJie1 -

We now show a well-behaved expression exists for this unique optimizer.

3.4.1 Solving the Game

We first solve for the equilibrium in the learning stage. Let £;;({xx;}}_,) denote agent i’s
private estimation of 6 in period ¢ from her private signal observations {x;};_,. Likewise,
let p;({p«};_,) denote the public estimation of 6 in period ¢ from the public information
{pi},_, for all z. We shorthand the two statistics by £,; and p;, respectively, and will give an

analytical form for each of them.

Proposition 12. Foranyt =1,2,--- T — 1, there exists a unique equilibrium characterized
by a; (%, pr) such that

a?(-x/\liuﬁl‘) = E[Q | (@hﬁt)]-

Our proof consists of three steps. First we posit functional forms for X;; and p;, and
second we take as given that estimations are in these forms to solve for an equilibrium (if
such an equilibrium exists). Thirdly, we indeed successfully characterize such an equilibrium,

justifying the initial posit on the forms of X;; and p;.
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Proof. Step 1. We begin with positing the following assumption 1.
Assumption 1: For every ¢, agent i’s estimations X;; and p; about 0, respectively, can be

expressed in the following forms:

. 1 . 1
xti:6+ﬁ€tiv pr=0+—=¢,
f \/E
where 7, and ﬁt are positive constants that will be given later. As a result, the state 0 is

normally distributed given %;; and p;, respectively.

Step 2. Given Assumption 1, we obtain immediately that the unique optimizer a; (%, p;) for
agentiin periodt =1,2,--- ,T — 1 equals

cle A .4 N B,
a; (%, pr) = E[0 | i, pt] = - lezi—FA tAPt
T+ B %+ B

= 6k + (1—6)pr,

where & = %, /(1 + &) is the common weight on one’s private information.

Till now, we have obtained an equilibrium for the learning stage provided Assumption 1
holds. Since as discussed the learning stage admits only one equilibrium, if we can show that
Assumption 1 holds given agents follow strategy a; (%, p;) in the above form, we finish our

proof. Step 3 achieves this.

Step 3 Given a;, we know that the aggregate activity A, in the proposed equilibrium is

a function of 6 and p;, such that

A(8,p1) = 8,6+ (1—8)p. (3.7)
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Recall that x;; = A;_1 + &;/+/T¢ so that

1

Xti = 5;_19 + (1 - 5t—1)ﬁt—l + ﬁgﬁ'

Rearranging it we obtain

1
i—(1=8_1)p) =0+ ———
5l_](xt ( t 1)Pt) 5t—1\/’5_e

and consequently if we denote the L.H.S by x/,, such that

ti°

1
X =6 1(ui—(1=8-1)p) =0+ ﬁgti, 3.8)

where 7; = 3,2_1 Te, then x;l- is a sufficient statistic to x;; with respect to information about 6.

As aresult, agent i’s information (i.e., her estimation) of 0 in period ¢ is, by Bayes’ rule

i Tlxli—f—TQXIZi—f—---—f—Ttx;i (3.9)

- "ttt
which is exactly what £;; represents and hence we obtain an analytical form of £;; (with
T = ZZ: | Tx) that satisfies Assumption 1 (i.e., 0 is normally distributed given a statistic
defined by (3.9) and the expectation of 0 from private information is also given by (3.9); this
is exactly the definition of X;; in Assumption 1). Similarly, we can obtain p; (with precision

B = ¥4 Br, where By = 8% 1 B¢) and thus complete our proof. Q.E.D.

Since agents’ updated information X;; and p; are both of an additive structure with Gaus-
sian noise, the coordination game stage can be solved similarly as we show in previous sec-

A

tions. That is, an equilibrium in period T characterized by a threshold pair (x*(p7),0*(pr))
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for any realization of pr, exists, and it is the only equilibrium if and only if
Br/\/%r < V2. (3.10)

Also because of the similarity in information structures, the (positive) impact of learning

precisions on agents’ expected payoffs can be similarly obtained to that in Proposition 3.

3.4.2 The Rise of Multiplicity

In this section, we show that, in the multi-period case, private learning, unlike definitely
dispersing agents’ information in the two-period setting, sometimes facilitates information
homogeneity and thus prompts multiplicity. To this end, we first tract the respective evolve-
ments of agents’ private information and public information, namely, how 7; and ﬁt vary
among periods, so as to obtain their relative values at time 7'. This is because this determines
multiplicity due to condition (3.10). The following proposition summarizes our results

concerning the evolvements of %; and f3;.

Proposition 13. (i) Precisions Tr and Br both converge to oo as T — oo.
(ii) The rates of convergence of both public and private information are the same and are

linear, in the sense that

A 1
Br/T — Wﬁa

1
T — 1.,
o= T Bem)

as T — oo,

The first property states that both private and public information becomes fully revealing
of 0 if learning lasts long enough, and the second characterizes their convergence rates.

Intuitively, with private signals incorporated, the crowding-out effect from public information
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diminishes, and Vives (1997) shows that pure public learning case successfully reveals the
true 0, so that information in our environment should also be fully revealing; hence (i) should
hold. Consequently, agents respond to both types of information equally since they are both
limit accurate and as a result, the convergence rate should be the same as if observing i.i.d.
signals (here, identically limit accurate signals), which is linear; hence we expect (i1). It is
noteworthy that the above results hold as long as private learning exists 7 > 0, so our results
are expected to be applicable to a variety of sceneries.

The results and the arguments are essentially the same as those in Chapter 2, so we
only state what matters for later analysis and relegate other proofs to Appendix. Denote
by A%, = 1,11 — 7; the change in the informativeness of private information from time # to
time 7 + 1, and analogously define Aﬁt = [§t+1 — B,. By the constructions of x}; and p} in

Proposition 3, step 3, we know A%; = 7,4 and AB, = B, 1. Therefore, forallt =1,2,---T,

N 1, A %
A% = ( . )Zfs, ABr = ( " . )2B87

%+ B %+ B

and consequently,

Aﬁ[ — %Aft

4

The above equation indicates that the relative increment of precision levels is constant, and

A

hence A[f; — Be/TeT:] = 0, for all £; in turn we have

5 Be . Be
—— T = —— T =0
ﬁl‘ Te t ﬁl Te 1 5

denoted the constant by . Therefore, we have the relation

ﬁ, =a+ &f’,, for all ¢.
Te
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Hence the two types of information converge at the same rate.
Now we inspect the impact of private learning on multiplicity. First, by statement (ii) of

the proposition, we know that

Py _ ot tBe o 3.11)
Vir Vir
An immediate consequence of (3.11) and (3.10) is that multiplicity inevitably arises after
enough rounds of learning, regardless of whether private learning is introduced; hence
our hope that private learning sufficiently disperses agents’ information fails to bear fruit.
Noteworthy, since both 77 and [37 become limit accurate, the first-order beliefs about state 6
are sure to be the same. We can at most hope that higher-order beliefs (e.g., how one agent
perceives the beliefs of others) are dispersed by private learning. However, since all signals
are essentially generated by 0, a higher first-order precision means more accurate inferences
about others’ beliefs as well, and thus agents’ higher-order beliefs are also better aligned.
Also noteworthy, the convergence rate of [3’; /v/%; in (3.11) is the same as VAT — oo,
or equivalently 3T — oo, On the other hand, if there were no private observation, the
convergence rate of (3.11) would be the same as BT — oo, seemingly suggesting that the
existence of private learning disperses agents’ information and slows down (from BT to ﬁT)
the rise of homogeneity in information. This implication, however, is not true because as
Proposition 4 (ii) shows, the presence of private learning accelerates the rate of BT —ootoT,
from 7'/3 in the pure public learning case. Hence the convergence rate of (3.11) is actually
increased to T'/2 (from T'/3) with the incorporation of private learning. For a numeric
example, if it takes 1000 rounds for the common knowledge in the ratio form (3.11) to appear

with only public learning, it only requires 100 rounds when private learning is also available.
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As aresult, judging by the convergence rate of ﬁT /+/%r, the presence of private learning
may, contrary to our intuitions, contributes to the happening of multiple equilibria. However,
note that the rate is merely an indicator since it is asymptotic in the limit, while multiplicity
arises as soon as BT /V/Tr > /21 (the ratio is a necessary and sufficient condition for
multiplicity). As a result, we need to take a closer look at the relationship between the
introduction of private learning and the value of BT /+/%r. We find that private learning does
facilitate multiplicity, in some situations.

In detail, multiplicity arises if and only if

BT o+ T Be / Te
= = = > V2n,
VT vV ir

rewriting which we obtain

(a&)zf%+2(a&—ﬂ)@+a2 > 0. (3.12)

Te Te

Therefore, if its discriminant 47(7w — 2a B¢ /T¢) < 0, namely,

G-t s np (amp-La)

then (3.12) holds for all realizations of 7, meaning multiplicity is certain to appear even
after one round of learning. Such scenarios happen, confirming our intuitions, when public
information dominates from the start: 3 /7| is high. On the other hand, when the discriminant
is negative, suggesting uniqueness holds for some periods of interactions (that is, there exists
17 that makes ﬁT /\/Tr < /2m). Note that private learning first disperses agents’ information
and then assembles it, as we have seen in the two-period model (see Section 3.3). Therefore,

it is after some periods that the private learning starts to create publicity of information (i.e.,
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enlarging BT /+/%r) and contributes to multiplicity. Therefore we claim the following.
Claim: Private learning facilitates multiplicity if it takes many periods for ﬁT /v/%r to reach
V2.

Nevertheless, without further defining values of the parameters 7, B, T¢, and B¢, we can-
not conclude the exact number of periods needed for multiplicity. The following proposition
outlines two situations in which it takes long enough periods for BT /+/Zr to pass V27 and

thus arises multiplicity.

Proposition 14. Private learning facilitates multiplicity if
(i) B1/ 71 and Be/Te are small enough, or

(ii) the investment succeeds iff At > 1 — k0 with large enough K.

Situation (1) states that if publicity of information is initially small and public information
is very noisy, then it takes many rounds for agents to form information conformity. For
situation (ii), recall that we have set ¥ = 1 in the successful coordination condition A > 1 — k6
throughout (see (3.1)). If we relax it, an immediate result from Proposition 1 arises as in the

following remark.

Remark 6. Given that the investment succeeds whenever At > 1 — k0 with Kk > 0, there is a

unique equilibrium iﬁ‘ﬁT/\/ Tr < KV2T.

Therefore we conclude situation (ii). The intuition of the remark is straightforward -
a higher k¥ means the success of coordination depends more on states rather than agents’
behaviors, and hence beliefs about opponents’ actions matter less. Now we prove (i) in

Proposition 5.
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Proof. Note that [§t /& = (ot + %, Be /Te) // . Hence the increment of the ration in period

t+ 1 from period 7 is

A@ _ O+ TP/t 0+ T/ Te
%t vV %H—l \/?t

_ AT Be [ Te

NG
And BT/\/% =y, A(ﬁl/\/?,) + B1/71, so the ratio is small when /7, and B¢/ 7e are
small. O.E.D.
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Appendix to Chapter 1

Computations in Proposition 2 The monotonicity of Ga(x}; (x1,x5)) in x5 follows from

that, given xp,

0 d .
5702023 (x1,%2)) = 55 {E[rlx] 4+ P(x1; > xilx) + (1= P(xij > x1|x)) Pl&2j > x3x3)}
2 2 —/—/:1/2
BN , |
= a—xlz {XZ+ i(b(\/_(X2 —x1>> + 5} > 0

For the boundary value of G, (x5; (x1,x5)), since E[r|£;] = £2; and d, € [0, 1], when xy, — oo,
Ga(x; (x1,%3)) = E[r+az | x3: (x1,%3)] = eo.
Now we prove the monotonicity of A(x}; (x],x5(x}))) in x]. Note that

0 . d . «
WGI(XQQ(X/uxz(X/l))) =57 E[r | x}]+ P(x1; > x]x)) +(1 = P(x1; > x4 [x}))P(%2; > x5 (x)) |x])
~12

P 11 .
=57 {xll + E‘l‘iq’(\/(xll —xz(xll)))} >0,
1



96 Appendix to Chapter 1

since dx3(x})/dx] € [0,1] by taking the total derivative of (1.7) with respect to x}. Also,

P . d [ N .
Fo RS0 =8 15 [ Bt s | ol B | )y

d [~ A s AP
<3d_x/1/_NE[r+a2 | £2i] f (%21 | x| )dZa (A1)

:E[r+ﬁ2 |)?2,-,x’1]

d
=8—E[r+a, | x|],
dx}
where the first equation follows from R{s definition with 1 being the indicator function, the

inequality is due to 1 € [0, 1]. Therefore,

)
—G1(x]; (¥, x5 (x)))) > 0.
ax/l 1 142\

Next for the boundary value, since R; > 0, we have A(x]; (x],x5(x]))) — —o0 as x] — —oo.
On the other hand, as x| — oo, it is similar as in (A.1)) to obtain Ry (x]; (x],x3(x}))) <

OE[r—+dy | x; (x];x5(x]))], so we also have
A(x: (¥, x5(x1))) = (1= 8)E[r+da | Xy (x1:x3(x7))] = eo.

Existence of a Unique Solution to (1.16) For a pedagogical purpose, we verify the general

case by showing

Al‘(x;;(xlﬂ'” 7'x;7xl>‘k+17"' 7-XI*V))

E[U(r7aAN) ’x;;(xlv"' 7x;7"' ,XX/)] _Rl(x;;(xlv"' 7x;7"' 7x?§’)) =0

admits a unique solution x/. First recall by Lemma 2 we have E[U (r,dy)|%] strictly increas-
ing in X;;, given any threshold strategy profile the population plays. Hence in checking the

monotonicity of E[U (r,dn)|x}; (x1,---,x},- -+ ,xx)] in x}, if we can show that the investment
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at time ¢ will not decrease, then by the result of Lemma 2, the aggregate investment increases
in x). Indeed, at time 7, the fraction of agents who invest (in the eyes of the agent observing
x;) equals P(£;; > x;|x;) = 1/2, namely, it is invariant. So we have E[U (r,dy) | x;] is strictly
increasing in x;. Next we show that dR;(x})/dx, < SE[U(r,ay)|x,] by backward induction.
Fort = N — 1, itis the same as in the two-period model to obtain that IRy (x}y_;)/dxy_; <
OE[r+dan—1|xy_,]. Assume backward inductively that dR(x})/dx) < SE[U(r,a)|x,] for
alk=N—-2,N—-3,---,t+1, so at time ¢,
ai [ Rt G oo, 0 e | )i

0 Xy Al A ~ 2
<5W/ E[r+a; | £yl f i | ) d% ),
t J—o0

by noting that x;, | increases in x} due to strategic complementarity (a higher signal to an

individual does not affect xf Y1 but a higher threshold means fewer agents invest, which

causes agents less willing to invest and thus x;, ; decreases). Therefore,

WRt(X;UCI,”‘ 7x;7x;k+17"' XN) <5E } E[r+a |£(z+1)i]f(£(z+1)i |x;)d)?(z+1)i
1 t I

t+1

d [ o R .
82 [ Bl | il g | )81y
t —o0

a ” q & roS A
:8@/ E[r+at |x(l+1)i]f(x(t+l)i ’x;)dx(l—i-l)i
t J —o0

J ,
:SQ_x;E[r—Hk | x]].

Hence we conclude that

8 * * 8 A
/Al(xz{;(xlf" 7x;7xl+17"' 7xN)) > (1 - 5)—E[U(r,aN)|x;] > 0.

x; 0x;
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Computation in Proposition S The following lemma establishes the monotonicity of

A¢ (%35 (x1,- -+ ,xn)) in agent i’s current belief £;;, given any (x1,---,xy) and ¢.

Lemma 3. Let (x1,x3,---,xy) be an arbitrary threshold strategy profile. The expected

continuation payoff Ry (%;x1,x2,- -+ ,Xn) for agent i with %; at time t satisfies

d d
Ri(Riiix1,x0, -+, xn) < 6
dxAti t( tis X322, ) N) td)?”-

E[U(}’, dN) | xA”'],

fort=1,2.--- N—1 and any %;.

Proof. Note that agents can at most invest once, so it suffices to show that the derivative of

each integrand in R, (%;; {x; };) satisfies the property stated in the Lemma. For example for

its first term concerning ¢ + 1,

d > A . . .
dxAt'éH_l/ E[U(r,an) | 21l f Rnyi [ 8) e,z
i —o0

d = AN A R PN
<d£,~5’+1/_ E[U(r,an) | £l f Ry | £ei)d2 g1

d a e
:E@HE[U(F,GN) | %si].

Therefore, Ry (%;x1,---,xn) < max{&1(E[U(r,dn) | Zi)',- -, On(E[U(rdn) | 2i])'} <
& (E[U(r,an) | %) Q.E.D.

Proof of Proposition 6 For (i), recall

Since dy(xy) > a1(xy) and U(x,dy) increase in both elements, by contradiction it can be

proved that x3, < x}, and dy(£y) > a;(x};). The second half is as in the two-period game.
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That is, if 0 = 0, then R, = 0 and thus x; = x}, forallt = 1,2,--- | N. Since R, increases in 9,
when 6 > 0, we must have x; also increase to satisfy the equilibrium condition of period ¢.
For (ii), it suffices to confirm that R, (x;{x; };) =0 ateveryr = 1,2,--- ,N when learning

lacks. Fix an arbitrary # and xy;. Recall that

R (x1;{x) }1) = 5/+] an) | &0l f Enyi | X10)dR )
+62/ 2/ U(nan) | £l f (R R [ $10d% 0 11)d 1),
Xy
+.
+8% t/ / / U(r,an) | Znil fEnis e+ R gryi | x10)d% )i+ dinie

Since agent i holds constant belief x1;, each integrant is mutually exclusive; therefore, only

one integrant remains, SO

Ri(x1is {37 }r) = 8“E[U (raw) | xui],

for some k € {1,2,--- N —t}. To pin down x;, it is required that

EWU(ran) ] = R(xf: {7 }) = 8“E[U (r.a) | x7])-

If E[U(r,dy)|x] # 0, the two sides can never be equal, so E[U(r,dn)|x;] = 0.
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Computation in Proposition 2: Note that varying 7. does not affect public signals, so we
in below fix an arbitrary p, and write thresholds as (x*,0%). Note that, for agent i with

information set (x1;, p1) in period 1, her expected payoff at the coordination stage is

D(x1j,p1) =P (%2 > x*,0 = 0%|x1;,p1) (1 —¢) — P(%2; > x*,0 < 0% |xy1;, p1)c

=(1 —C)[/(:g(9|x1iapl)d9 —/(:/wa(fzi!9)8(9|x1i7m)d)?zide]

(. J/

Typeﬁerror
0% oo
—C/ / [ (%2i10)g(8|x1:, p1) d£2d 6,
—oo Jx*

Type I error

where g(81x1;, p1) = (G(|x1;, 1)) = /71 + 19 (\/Tl +B1(6—(t1+B1)! (Tlx1i+ﬁ1p1))>~
Similarly f(%;|0) = (F(£1;|0))" = V%20 (/T2 (x* — 0)). ! Consider the Type I error; it

equals

/_i, /:g(9|x1,-,p1)[1 — F(x*]0)]d6.

IThat is, we denote the CDFs and PDFs of nonstandard normals by (F,G) and (f,g), which can be obtained
by transforming the standard normal’s & or ¢.
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Differentiating Type I error w.r.t. %, yields

0 *_ 0 0* *_0) .
~ [ stel S 0100 =~ [ g(0h) 7 ) o

0* 0*
—— [ a(6l)dox Fw rip) /@) + [ 2015046 1)/ (22),

where we use the fact that g(0|x1;, p1) f(x*|0) = g(0|x1i, p1) f(x"|6, %1/, p1) =
g(e |X*7xli7p1 )f(x* ‘xli,Pl) = g(e |x*)f(x* |x1i»P1) in the first equation. And g<6 |x*)’ f~ (x* |x1i7 pl)
are PDFs with corresponding CDF denoted G and F. Analogously, we differentiate Type II

error w.r.t 7 and it equals

[}

/9* g(6|x*)d9x*f(x* |X1i,p1)/(2f’2) — /9* g(@|x*)6d6f(x*|x1i,p1)/(2€'2).
Therefore,

dD(x1;,p1) _ f(X*!Xu,Pl)
8%2 2’2'2

—o0

{(1 o) /;g(mx*)ede —c/6*§(9|x*)9d9] . B

Here, we claim that the term within the square bracket can cancel out and equals g(0*|x*)/%,.

To see this, note that

[e5]

/ 3(6/x)040
6*

Vi £ (0 —x")° V& B (0 —x")°
= —=¢€X e — 06— * d9+ €X —_—— *de
o o SXP 5 (6 —x%) p x

=g(0"|x")/ B2 +x"[1 - G(6"|x")),
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where the first term is obtained by the change of variables and the second term is by the
definition of G(6*|x*). Similarly, we obtain
6* .
/ 2(0|x")0d06 = —g(0%|x") /1 +x"G(67|x").
Note that in equilibrium G(6*|x*) = 1 — ¢ by the payoff indifference condition. Therefore,

(B.1) equals

dD(x1;, p1) 5
* ) 5(0" %" 0
8%2 2%22f(x |x1,,p1)g( |x ) >

Proof of Proposition 4 Statement (i) First notice that if the precision of one type of infor-
mation goes to oo, so does the other type because of the above argument (the informativeness
of both types of information increase at the same rate). And suppose none goes to oo; then
A% > 0 for any t, and thus 77 = 21{;11 AT + 11 diverges, causing a contradiction.

Statement (ii) We characterize the rate for Ty — oo, and the rate for 3T follows from
[§T = a + 17 B¢/ Te. From statement (i), there exists Tz € N such that for all 1 > T, T, — co.

Next note that, forany t =1,---,T,

t—1 -1 2 2 -1 2, 2
T = AT, +T1 =T, - + 171 =1 _ +7
' Z A 82( ) ] EZ((1+38/TS)Tk+O‘) ]

k=1 =1 \ T+ Br k=1
1

N 2
=7 ( L ) + 71
A\ (1+Be/Te) b+

Divided both sides by T, and let 7 — co; we obtain

. & T 2 ! T 2
TT/T:TsZ((Hﬁs/re)%kw) JT+e L (<1+Be/rs>%k+a) /THa/T

k=0 k=Te+1

1
-~ (1 "‘ﬁe/fe)z e

which is a non-zero constant, so 77 /T — oo at a linear rate.
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