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Abstract

Hierarchical matrix (H-matrix), which is widely used in boundary element method (BEM) and

N-body simulations, is an approximated form to represent N × N correlations of N objects. The

construction of the hierarchical matrix is achieved by dividing a matrix into submatrices (matrix

partitioning), followed by calculating these submatrices’ entries (filling). This thesis proposes

parallel implementations for both matrix partitioning and filling using task parallel languages in

shared memory systems (SMSs) and distributed memory systems (DMSs).

This thesis proposes implementations of matrix partitioning using task parallel languages,

Cilk Plus and Tascell, in SMSs. Matrix partitioning is divided into two steps: cluster tree (CT)

construction by dividing objects into clusters hierarchically and block cluster tree (BCT) con-

struction by finding out all cluster pairs at the same level of the cluster tree that satisfies an

admissibility condition. Because the two kinds of trees constructed and traversed in these steps

are unpredictably unbalanced, using task parallel languages to parallelize both steps is expected

to be efficient. To obtain sufficient parallelism in the cluster tree construction, this thesis proposes

a two-level parallelization that not only executes recursive calls in parallel but also parallelizes

the inside of each recursive step. In the block cluster tree construction, each worker has been

assigned its own space so that the workers can store the cluster pairs without using locks.

This thesis extended the implementation above to DMSs as well and proposes two parallel

implementation methods for matrix partitioning operations: distributed cluster tree construction

(DCTC) and redundant cluster tree construction (RCTC). Only the task parallel language Tas-

cell is used because it employs both intra- and inter-node work stealing. In DCTC, both CT

and BCT constructions are parallelized using workers in all computing nodes. As mentioned

in the last paragraph, for CT construction, both recursive calls and calculations inside recursive

steps are parallelized. However, the calculation inside recursive steps is not suitable for stealing

work between different computing nodes because the communication cost does not consider the

computation cost. Therefore, we add a new feature, called node_guard, to Tascell to allow pro-

grammers to control a worker to reject inter/intra-node work steal requests for this type of task,

and accept only intra/inter-node requests. In RCTC, CT is constructed in every computing node

redundantly by employing only intra-node work stealing. The BCT is then constructed in parallel

using workers in all computing nodes. RCTC cannot achieve speedup using multiple computing

nodes but can eliminate the data exchange cost incurred by DCTC.

For the filling operation, it is possible to apply task parallelism to filling by treating each

submatrix as a parallelization unit. In existing implementations, the partitioning is redundantly

executed on every computing node, and filling is executed in parallel by assigning a set of tasks

to each worker statically. However, it cannot get a good load balance using such implementations

because it is difficult to predict the workload of each task precisely. This thesis proposes a new

parallel implementation of the hierarchical matrix construction, where a BCT construction is ex-

ecuted in parallel using all workers of all computing nodes by the task parallel language Tascell,

which enables easy and efficient parallelization of tree recursive algorithms by employing a dy-

namic load balancing strategy, and when a worker finds a BCT leaf during BCT construction, it
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executes filling for the submatrix corresponding to the leaf to apply dynamic load balancing to

the filling operation as well.

All these implementations are evaluated in numerical experiments with 3D electric field anal-

yses using up to 16 computing nodes each of which has 36 CPU cores.
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Chapter 1

Introduction

1.1 Background

For the physics experiments that are difficult to observe, such as electromagnetic field simulation,

earthquake cycle, quantum mechanics, etc., the computer simulation is one of the most practical

and economical way to present the result. When we use the computer simulation, in particular

with boundary element method (BEM) [1, 2] and N-body simulations [3], naı̈vely, a coefficient

matrix that represents the interaction between physical elements is commonly used to solve si-

multaneous linear equations. Because the number of all interactions between N elements is N2,

such a matrix is dense, and for large values of N, the execution time (i.e. O(N3) in matrix-matrix

multiplications) and memory usage may still be unacceptable or even impractical, even when em-

ploying large scale distributed memory systems (DMSs). Consequently, various approximation

techniques have been proposed to reduce execution time and memory usage.

Various methods to reduce memory usage and execution time by compressing the submatrices

of a matrix have been proposed. The mosaic-skeleton approximations [4] was firstly proposed in

1978 and applied to BEM successfully [5–7]. The panel clustering method [5], the fast multipole

method (FMM) [7, 8] and the wavelet approximation methods [9] are proposed later and showed

their good performance when applied to BEM [2] where they strongly reduced the memory usage.

However, none of these methods efficiently performed matrix operations other than matrix-vector

multiplication.

Hierarchical matrices (H-matrices) [10–12] are used as approximation techniques as well.

They not only reduce memory usage or execution time of matrix-vector multiplications but also

offer a major advantage in the results of matrix arithmetic operations like matrix-matrix multipli-

cation, factorization, and inversion. They are widely used in applications like discretizing integral

equations [11, 13–15], practical BEM applications [14, 16–18] or solving elliptic partial differen-

tial equations [19,20]. AnH-matrix is directly constructed from the interactions between element

sets, and not from its dense counterpart. The complexity of memory usage is reduced from O(N2)

to O(N log N) by hierarchically dividing the matrix into submatrices and replacing the subma-

trices with their small low-rank approximated forms. Although this technique can significantly

reduce the computational cost and the memory usage with reasonable accuracy, it is still criti-

cal to parallelize and accelerate the computation for H-matrices, including calculations such as

H-matrix-vector andH-matrix-H-matrix multiplications, as well as theH-matrix construction.

The H-matrix construction is achieved by partitioning a matrix into submatrices, and filling
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the submatrices with their entries1. The matrix partitioning operation consists of two sub-steps:

construction of a cluster tree (CT) and construction of a block cluster tree (BCT)2. The filling

operation calculates entries of submatrices that are represented as leaf nodes of the BCT. The

adaptive cross approximation (ACA) [14, 21] and the improved adaptive cross approximation

(ACA+) [12] are algorithms widely used for the filling operation.

Numerous studies have been conducted that deal with accelerating theH-matrix construction

in shared memory systems (SMSs) and DMSs, such as [22–28]. However, in most of the existing

parallel implementations of theH-matrix construction, matrix partitioning and filling operations

are executed independently. They parallelized the filling operation in both SMSs and DMSs using

conventional data parallelism, by which parallelization is achieved by parallel executing the same

instruction on different data. Kriemann parallelizedH-matrix arithmetic and proposed a parallel

implementation of the filling operation on SMSs [22] and applied it toH-matrix library Hlib [12].

Besides filling, they also parallelized matrix-vector multiplication, matrix multiplication, and ma-

trix inversion. Ida et al. proposed implementations of the filling operation on DMSs both by flat-

MPI, OpenMP and hybrid MPI/OpenMP [23,24]. They also packaged these implementations into

HACApK [28], a library for parallel H-matrix computing. However, few of them parallelized

the matrix partitioning operation. This is partially because the cost of the filling operation is much

larger than the matrix partitioning (about a thousand times when N ≃ 106) and the difficulty of

parallelization of unpredictably unbalanced tree structure construction in partitioning operation

using data parallelism. However, since hundreds of speedups have been achieved for the filling

operation using MPI, GPU, and SIMD vectorization [26, 27] and thousands of speedups will be

realized in the near future, the partitioning operation will be a bottleneck if it remains sequential.

Thus, we should also consider parallelizing the matrix partitioning operation.

There is another problem in the filling operation of the existing parallel implementations of

H-matrix construction. Although there are several implementations of parallel filling operation

which achieved good performance, they are sharing the same static work assignment strategy

among computing nodes, which is based on the estimation of computing complexity. However,

we cannot get a good load balance using such implementations because it is difficult to predict

the workload of each task precisely (the detail reason is described in Section 6.2.3) and it leads

to a decline in performance. This problem becomes serious especially when the actual ranks of

low-rank matrices are large on average or when using a large number of computing nodes. Thus,

we should consider to eliminate the difference in workloads among computing nodes by dynamic

load balancing instead of the static work assignment.

It is expected that the problems mentioned above can be solved using task parallelism. Unlike

conventional data parallelism, which achieves parallelization by executing the same instructions

on different ranges of data, task parallelism treats tasks as a parallelization unit and achieves par-

allelization by executing tasks with no dependencies at the same time. Because the sizes of tasks

are usually different, to avoid the load imbalance problem, a dynamic load balancing method,

called work-stealing, is always utilized in task parallelism. In terms of work-stealing, when a

worker (thief) has no task to do, it asks for tasks from another worker (victim), so that all workers

will work until no task is left and the workload among each worker is basically even. Parallel

languages/libraries using task parallelism are called task parallel languages/libraries. Cilk [29]

1To distinguish the elements of submatrices from the physical elements, we call elements of matrices as entries

in this thesis.
2Although the implementations presented in this paper only generate a list of leaf nodes in the BCT, we still refer

to this operation as the BCT construction according to conventions in this research area.
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is the most well-known task parallel language created by MIT based on C. It is later commer-

cialized as Cilk++ [30, 31] and after the acquisition of Intel, which increased compatibility with

existing code, calling the result Cilk Plus [32–34]. After Intel stopped supporting Cilk Plus, MIT

is again developing Cilk in the form of OpenCilk [35]. There are many other task parallel lan-

guages and libraries, such as OpenMP Task [36], Intel Threading Building Blocks (TBB) [37,38],

Massive Threads [39] and Tascell [40]. Most of them share the same concept but are different

from each other by different work-stealing strategies and implementations, different languages

supports and/or DMSs supports.

1.2 Our Proposal

In this thesis, to solve the problems we mentioned in Section 1.1, we propose parallel imple-

mentations for the matrix partitioning in the construction ofH-matrices, based on the sequential

version proposed in [11] in SMSs and DMSs. Because CTs and BCTs constructed and traversed

in these steps are unpredictably unbalanced, we employed task parallel languages, which en-

able easy and efficient parallelization of the tree recursive algorithms by employing a dynamic

load balancing strategy, to parallelize these operations solving the load imbalance problem with

reasonable programming cost. Among task parallel languages, we used Cilk Plus [32–34] and

Tascell [40] in SMS implementation and only employed Tascell in DMS implementation, be-

cause Cilk Plus does not support inter-node work-stealing. To achieve a good performance of CT

construction in SMSs, we propose a “two-level” parallelization, where not only recursive calls

but also the computation inside of each recursive step are parallelized.

We extend our implementation in SMSs to DMSs in pursuit of better performance and larger

data capacity. We propose two implementations for matrix partitioning in DMSs, Distributed

Cluster Tree Construction (DCTC) and Redundant Cluster Tree Construction (RCTC). In DCTC,

both CT and BCT construction are parallelized by all workers in all computing nodes, but this

implementation has an inevitable overhead of exchanging CT results among all computing nodes

because the CT results are distributed to different computing nodes randomly. In RCTC, CT is

built inside of each computing node redundantly. Though, CT construction cannot get benefits

from the multi-nodes parallelization, this implementation avoids the overhead of CT result ex-

changing. To get reasonable performance in CT construction of DCTC, we enhanced Tascell on

its node-aware work-stealing strategy.

To the problem of load balance in existing parallel filling implementations, we propose a new

parallel implementation for filling operation in H-matrix construction where a BCT construc-

tion is executed in parallel using all workers of all computing nodes based on the technique we

used on BCT parallelization in DMSs. In addition, a worker executes filling for each submatrix

immediately when a worker finds a BCT leaf node corresponding to the submatrix during BCT

construction. To get good load balance, we parallelized BCT construction using the task parallel

language Tascell, which enables easy and efficient parallelization of the tree recursive algorithms

by employing a dynamic load balancing strategy.

1.3 Contributions

This thesis makes the following contributions:
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• We propose parallel implementations for matrix partitioning in the construction of H-

matrix in SMSs using Cilk Plus and Tascell based on the sequential implementation of

the HACApK library. To obtain sufficient parallelism in the cluster tree construction, we

not only execute recursive calls in parallel but also parallelize the inside of each recursive

step. For the block cluster tree construction, we assigned each worker its own space so that

the workers can store the cluster pairs without using locks.

• We propose two parallel implementation methods for matrix partitioning in the construction

of H-matrices using Tascell in DMSs: Distributed Cluster Tree Construction (DCTC) and

Redundant Cluster Tree Construction (RCTC).

– In DCTC, both CT and BCT are constructed in parallel using workers for all com-

puting nodes. To achieve load balance, we employed the cross-node work-stealing

capability of Tascell. Because the result of CT construction is distributed among all

computing nodes, we need to exchange the result (CT nodes) among computing nodes

prior to BCT construction.

– In RCTC, CT is constructed in every computing node redundantly by employing only

intra-node work stealing. BCT is constructed using workers in all computing nodes, as

in DCTC. Although we do not expect any speedup using multiple computing nodes in

CT construction, we may achieve higher total performance because we do not need to

exchange the result of CT construction among computing nodes. (Although we need

to “reorder” CT nodes in each computing node as described later in Section 5.3.2, the

cost of this process is expected to be much smaller than the data exchange in DCTC.)

• To make Tascell to work better in DMSs, we add a new feature tcell-broadcast to

make all computing nodes to do the same instructions at the same time. To achieve better

performance for CT construction in DCTC, we enhanced the Tascell language to enable

annotations, called node_guard, for parallel statements to specify whether a kind of task

can be stolen by workers only in internal/external nodes.

• We propose a new parallel implementation of H-matrix construction using Tascell, where

BCT construction is parallelized and filling operation for each submatrix begins immedi-

ately when a worker finds the corresponding BCT leaf node to make filling operation can

be parallelized in the parallel BCT construction using dynamic load balancing provided by

Tascell.

• We evaluated the performance of all the implementations in numerical experiments with

3D electric field analyses using BEM with four datasets, which at most has approximately

108 elements. For matrix partitioning in SMSs, the results indicated that we obtained re-

markable speedups with both task parallel languages, Cilk Plus and Tascell. We showed

that, in CT construction, our implementations using task parallel languages significantly

overperform a naı̈ve implementation using OpenMP.

• We evaluated the performance of our parallel implementations of matrix partitioning in

DMSs with up to 8 nodes × 36 workers. Our RCTC implementation achieved better per-

formance using multiple computing nodes than the existing implementation in SMSs. Al-

though our DCTC implementation cannot achieve speedup using multiple nodes owing to

the data exchange cost of a CT, we did obtain speedup in the CT construction phase, which

proves the usefulness of the proposed enhancement to Tascell.
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• We evaluated the proposed filling operation using Tascell on DMSs using up to 16 nodes ×

36 workers, and achieved better scalability and up to 1.9-fold speedups compared to the

implementation using the static task assignment strategy in existing implementations.

1.4 Position and Scope of the Thesis

In this thesis, We parallelized the matrix partitioning process by task parallel languages, which

has rarely been parallelized in the existing implementations and we improved the performance

of the filling process by solving the load balance problem of the existing implementations using

a task parallel language Tascell. Because the construction of H-matrices is accelerated by the

proposal in this thesis, all the applications that can useH-matrix can get benefits from this thesis.

As far as we know, this thesis is the first parallel implementation of the whole process ofH-matrix

construction.

To get better performance of CT construction in DMSs, we propose a node-aware work-

stealing strategy by which programmers can control whether a task can be accepted or not based

on the data locality. There are several proposals for work-stealing strategies that take data locality

into consideration, but only a few of them support DMSs and they are different from our strategy.

We are looking forward to applying this strategy to other applications.

We would like to clarify the scope of this thesis that this thesis focuses on the improvements

of the performance ofH-matrix construction using parallelization techniques. We use the imple-

mentation ofHACApK as the baseline and construct the sameH-matrices when we use the same

data inputs and parameters. Therefore, other methods accelerating theH-matrix construction by

modifying the H-matrix construction algorithm (including the existing H-matrices variants like

H2-matrices [41] or lattice H-matrices [42]), or the approximation error limitation is not dis-

cussed in this thesis. We use numerical experiments with 3D electric field analysis using BEM to

evaluate the performance of our implementations, but the 3D electric field analysis itself or the

BEM is not the focus of this thesis.

1.5 Organization of the Thesis

The organization of this thesis is as follows.

Chapter 2 introduces the hierarchical matrix (H-matrix). We first define the problem targeted

in this thesis. Then, we describe the sequentialH-matrix construction algorithm, including matrix

partitioning and filling.

Chapter 3 introduces what task parallel language is using Cilk Plus and Tascell, which we

used in this thesis, as examples and show the differences between them.

Chapter 4 provides the parallel implementation of matrix partitioning in shared memory sys-

tems. We implement a two-level parallelization that not only executes recursive calls in parallel

but also parallelizes the inside of each recursive step. We evaluate the implementation at the last

of the chapter and show the advantage of our implementation compared with OpenMP implemen-

tation.

Chapter 5 describes two implementations, Distributed Cluster Tree Construction (DCTC) and

Redundant Cluster Tree Construction (RCTC), to extend the parallel implementation in SMSs

to DMSs. We also describe the details of the enhancement of Tascell for better performance in

DMSs in this chapter. At last, we evaluate the implementations at the last of the chapter.
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Chapter 6 proposes a parallel H-matrix construction algorithm where BCT construction is

parallelized by all workers in all computing nodes and filling operation for each submatrix begins

immediately when a worker finds the corresponding BCT leaf node in SMSs and DMSs. We eval-

uate the implementations at the last of the chapter and shows better performance of our proposal

comparing with the existing implementations.

Chapter 7 summarizes related work that is relevant to the parallelization of H-matrix con-

struction, related applications using similar algorithm and work-stealing strategies of task parallel

languages.

Finally, Chapter 8 concludes this thesis and describes future work.
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Chapter 2

Hierarchical Matrices

2.1 Overview

AnH-matrix is a collection of submatrices created by matrix partitioning, where all submatrices

neither overlap nor hold gaps between them. Submatrices are also referred to as leaf matrices.

Figure 2.1(a) shows an example of anH-matrix structure. ThisH-matrix is derived from a BEM

analysis using the input data illustrated in Figure 2.1(b), and represents the interactions among

elements distributed on the surface of two spheres1.

An l × m leaf matrix is approximated by the product of two low-rank matrices of sizes l × k

and k × m, where k denotes the rank of these matrices. Therefore, restricting memory usage to

O(NK log N), where K is the upper limit of k, is possible. K can be tuned based on accuracy

requirements but is usually far less than l or m. Not all of these submatrices can be approxi-

mated based on the judgment results of an arbitrary admissibility condition. Thus, an H-matrix

is combined with both approximated and unmodified (full) submatrices.

For matrix X, we let R(X) denote the range of X’s indices. Moreover, let [n1, n2] denote the

set of successive natural numbers {i ∈ N | n1 ≤ i ≤ n2}. Let A be a square matrix of order N.

Thus, we have R(A) = [1,N] × [1,N] and a subrange p of R(A) can be defined as p = Ip × Jp

where Ip = [i1, i2] and Jp = [ j1, j2] for some i1, i2, j1, j2 ∈ N such that 1 ≤ i1 < i2 ≤ N and

1 ≤ j1 < j2 ≤ N. We define partition P of R(A) as a set of subranges that satisfies the following

conditions: (1)
⋃

p∈P p = R(A) (2) p1 ∩ p2 = ∅ for all p1, p2 ∈ P such that p1 , p2. We let A|p

denote a part of A that corresponds to the subrange p ∈ P. When a H-matrix Ã approximates A,

it comprises leaf matrices corresponding to A|p for all p ∈ P, each of which is denoted by Ã|p.

If a submatrix A|p can be approximated, the leaf matrix Ã|p is represented by the product of two

low-rank matrices Vp ·Wp as follows:

Vp ∈ R
#Ip×kp , Wp ∈ R

kp×#Jp , kp ≤ min(#Ip, #Jp),

where #S denotes the number of elements in set S . We then define kp ∈ N as the rank of

Ã|p: Typically, kp is significantly less than #Ip and #Jp. When Ã|p is a full submatrix, we have

Ã|p = A|p. Thus, if Ã|p = A|p for any p ∈ P,H-matrix Ã is equal to A.

1The surface in Figure 2.1(b) is composed of triangles, whose gravity centers are considered elements. This is

also true for Figure 4.3, which appears later in Chapter 4.3.
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(a) Example of a structure of anH-matrix (b) Example of input data

Figure 2.1: Example of a structure ofH-matrix and input data. The number of elements is 10,400.

2.2 Construction of Hierarchical Matrices

As mentioned in Chapter 1, anH-matrix can be constructed using the following two steps.

1. Partitioning the matrix into submatrices.

2. Filling in element values of the submatrices.

In this section, we first explain the principle of matrix partitioning using an example. We

present the matrix partitioning algorithm and filling algorithm in detail in Section 2.3 and Sec-

tion 2.4.

In general, a dense matrix does not have an obvious structure. However, dense matrices ap-

pearing in numerical analyses, such as BEM, usually exhibit an implicit structure that can be

represented by approximated submatrices. In H-matrix construction, we should find as many

submatrices as possible to obtain better compressibility. H-matrices achieve this using the un-

derlying implicit hierarchy in the interactions among N elements representing the matrix A. For

instance, in an astronomical simulation, N elements are distributed in space and the interaction

between each element pair decreases quadratically according to the distance between them. Un-

der this condition, if the distance between the two sets of elements E1 and E2 is sufficiently large,

it is not necessary to strictly consider the interactions between the two sets’ individual elements.

Instead, we can select representative elements from these sets to approximate the overall interac-

tion between the sets. This relationship can be represented as an approximated submatrix. Thus,

we can find a good partition by the following recursive procedure for a pair of element sets, or

clusters in short, (E1, E2), starting from the self-pair (E, E) where E is the set of all elements.

1. Split each Ei (i ∈ {1, 2}) into two subsets Ei,1 and Ei,2 according to the geometric distribution

of its elements.

2. For each cluster pair (E1, j, E2,k) ( j, k ∈ {1, 2}), we estimate the approximation accuracy

depending on the size of the sub-spaces containing the clusters and the distance between

clusters.
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Figure 2.2: Example of a cluster tree structure.

3. If the accuracy is acceptable, we determine the range of the low-rank matrix for the cluster

pair based on the elements contained in the pair.

4. If the accuracy is not acceptable, apply 1–4 to the cluster pair recursively.

The filling operation follows matrix partitioning, and the element values of the leaf matri-

ces are calculated. Adaptive cross approximation (ACA) [14, 21] and ACA+ [12] are standard

algorithms used for this operation.

2.3 Matrix Partitioning Algorithm

Although Section 2.2 outlines a single recursive procedure for matrix partitioning, this procedure

can be broken into a series of the following processes, such that a cluster is split only once:

1. Cluster tree (CT) construction to split clusters recursively.

2. Block cluster tree (BCT) construction to examine the admissibility of the cluster pair and

determine the matrix structure recursively.

In this section, we present details pertaining to the sequential algorithms and parallel imple-

mentations in SMSs by Tascell.

2.3.1 Cluster Tree Construction

First, we present the algorithm used to construct CT. The cluster E1
(0)
= {e0, ..., eN−1} containing

all input elements, is treated as the root node of the CT. The children of a CT node are created

by dividing the cluster into two subclusters. The grandchildren of each node can be created by

dividing the corresponding cluster in the same manner. Such division operations are repeated

recursively until the cluster size becomes smaller than the threshold Nmin. Nmin can control the

depth of CT. Practically, it is common to set Nmin to 2K, or a specific number like 16. Figure 2.2

illustrates an example of a cluster tree structure.
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1 cluster buildClusterTree (elem[] e){

2 cluster t = createCTnode(e);

3 if(#e ≥ Nmin){

4 // e ranges over e

5 M = (max(e.x) +min(e.x))/2;

6 // eleft and eright are obtained by reordering e

7 // in-place in our actual sequential implementation.

8 elem[] eleft = {e | e.x < M};

9 elem[] eright = {e | e.x ≥ M};

10 t.child[0] = buildClusterTree(eleft);

11 t.child[1] = buildClusterTree(eright);

12 }

13 return t;

14 }

Figure 2.3: Pseudocode of the algorithm for CT construction (for simplicity, we show the case

where elements are placed in one-dimensional space).

Each recursion step provides several ways to divide a cluster. In BEM, elements are often

divided by pivoting. For example, when elements are placed in a one-dimensional space, E =

{e0, . . . , en−1} can be divided into EL = {e ∈ E | e.x < M} and ER = {e ∈ E | e.x ≥ M}, where e.x is

the x-coordinate of e and the pivot value M is (maxe∈E e.x + mine∈E e.x)/2. Figure 2.3 shows the

pseudocode of the CT construction algorithm using this division strategy.

In 3D space, the largest value is obtained from xd = (maxe∈E e.x−mine∈E e.x), yd = (maxe∈E e.y−

mine∈E e.y), and zd = (maxe∈E e.z − mine∈E e.z), which correspond to the lengths of the edges

of the bounding box surrounding the cluster. The corresponding axis was selected as the pivot

axis. The pivot value M is set as (maxe∈E e.x + mine∈E e.x)/2, (maxe∈E e.y + mine∈E e.y)/2, or

(maxe∈E e.z + mine∈E e.z)/2 based on the pivot axis and the elements are divided based on the

coordinate values of the pivot axis.

In each recursion step, the number of elements contained in the two subclusters is gener-

ally uneven. Thus, the CT constructed using this algorithm becomes unbalanced. Additionally,

because the computational cost of cluster division is proportional to the number of elements,

the computational cost of constructing a CT whose root node contains N elements varies from

O(N log N) to O(N2) depending on the imbalance of the CT (as is the case in the Quicksort algo-

rithm). Therefore, we cannot estimate the computational cost of constructing each sub-CT simply

from the number of elements in its roots.

2.3.2 Block Cluster Tree Construction

For BCT construction, we used the CT constructed in the previous step. A node in the BCT at an

arbitrary level corresponds to a pair of two CT nodes (corresponding to two clusters) at the same

level. If a pair of clusters satisfies an admissibility condition, the corresponding BCT node does

not have child nodes, which means that interaction between the clusters can be approximated

by a low-rank submatrix. If the admissibility condition cannot be satisfied and at least one of

the corresponding CT nodes is a leaf, we determine that the corresponding submatrix cannot be
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1 counter = 0;

2 leaf_node[] leaf_node_list;

3 void buildBlockClusterTree (cluster t, cluster s){

4 if( combination(t, s) is admissible){

5 leaf_node_list[counter] =

6 createBTLeafNode(t, s, "low-rank submatrix");

7 counter++;

8 }else if(t or s has no child){

9 leaf_node_list[counter] =

10 createBTLeafNode(t, s, "full submatrix");

11 counter++;

12 }else{

13 for (i=0; i<=1; i++)

14 for (j=0; j<=1; j++)

15 buildBlockClusterTree(t.child[i],s.child[j]);

16 }

17 }

Figure 2.4: Pseudocode of the algorithm for BCT construction.

approximated, and create the BCT node leaf for a full submatrix. Otherwise (i.e, if the non-leaf

cluster pair is not admissible), the BCT node has four children corresponding to all child node

pairs of CT nodes. Because any self-pairs of CT nodes cannot be admissible, the depth of BCT

is equal to that of CT. The number of BCT nodes at a level is at most the square of the number

of CT nodes in the level corresponding to all possible combinations of CT nodes. However, it is

usually much less than that, especially at deeper levels.

The admissibility condition can prevent the approximation error from becoming too large.

Thus, it can be tuned based on the accuracy requirements and nature of the problem setting. For

example, the common setting of the admissibility condition in BEM or N-body simulation is that

the distance between two clusters is longer than a certain multiple of the two subsets’ diameter,

and can be expressed through the following inequalities:

η × diam(τ) ≤ dist(τ, σ) ∧ η × diam(σ) ≤ dist(τ, σ) (2.1)

where diam(τ) is the diameter of the cluster τ, dist(τ, σ) is the distance between clusters τ and σ,

and η is a constant. It is noteworthy that diam(τ) and dist(τ, σ) can be defined in various ways. In

our implementation, diam(τ) is the length of the diagonal of τ’s bounding box, and dist(τ, σ) is

the distance between the two nearest points on the surfaces of the corresponding bounding boxes.

The pseudocode of the algorithm for BCT construction is shown in Figure 2.4. Two walkers,

t and s, traverse the cluster tree from its root node to verify the admissibility condition. Note

that the execution tree of this recursive algorithm forms a structure of the BCT; however, rather

than creating the tree’s structure, we only list its leaf nodes. These nodes correspond to the set of

submatrices, and the tree structure is not used in subsequent operations.

Additionally, a BCT constructed using this algorithm is unpredictably unbalanced because of

not only the imbalance of the CT, but also because not every BCT node has children depending

on the admissibility condition.
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1 leaf_node[] leaf_node_list; //result of BCT construction

2 void filling (leaf_node[] leaf_node_list ,

3 elem[] e,

4 ε, //upper limit of the approximation error

5 counter){

6 for( i=0; i<=counter; i++){

7 if(leaf_node_list[i] is "full submatrix"){

8 //calculate interactions without approximation

9 cal_interaction(leaf_node_list[i], e);

10 }

11 if(leaf_node_list[i] is "low-rank submatrix"){

12 //calculate approximated matrices by ACA+

13 ACA_plus(leaf_node_list[i], e, ε);

14 }

15 }

16 }

Figure 2.5: Pseudocode of the algorithm for filling operation.

2.4 Filling Algorithm

Figure 2.5 shows the pseudocode of the sequential filling algorithm. As defined in Section 2.1,

P is the set of all leaf matrices determined in the matrix partitioning process. That is, P corre-

sponds to the set of BCT leaf nodes. The filling operation calculates all the entries of all Ã|p for

p ∈ P. When Ã|p is a full matrix, we directly fill the leaf matrices by Ã|p = A|p using Equation

(2.4). It is represented by function cal_interaction in line 9 of Figure 2.5. Otherwise, we use

two low-rank matrices to approximate Ã|p by cross approximation. There are two well-known

algorithms to calculate entries of leaf matrices, the adaptive cross approximation (ACA) [14, 21]

and the improved adaptive cross approximation (ACA+) [12]. We only employed the ACA+ in

the performance evaluations in this study.

2.4.1 Full Matrices Filling in the Case of Boundary Element Method

H-matrices are different from application to application in order to get a better approximation

result based on the particular situation of an application. Here we briefly describe the formulation

of a system of linear equations provided in [23, 24], whose coefficient matrices are used in the

BEM of 3D electric field analyses to evaluate the performance.

Let H be a Hilbert space of functions on a (d − 1)-dimensional domain Ω ⊂ Rd, and H′

be the dual space of H. For u ∈ H, f ∈ H′ and a kernel function of a convolution operator

g : Rd ×Ω→ R, we have a typical operator in the form

∫

Ω

g(x, y)u(y) dy = f . (2.2)

We can calculate this equation numerically using Ritz-Galerkin method, where function u can

be approximated from a n-dimensional subspace. Given a basis (ϕi)i∈i, where i := {1, ..., n} is
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the set of indices, we can have an approximant uh to u, which is written by a coefficient vector

φ = (φi)i∈i satisfying uh =
∑

i∈i φiϕi. Equation (2.2) can be reduced to

Aφ = b, (2.3)

where the entries of A and b can be calculated by

Ai j =

∫

Ω

ϕi(x)

∫

Ω

g(x, y)ϕ j(y) dydx, for all i, j ∈ i (2.4)

and

bi =

∫

Ω

ϕi(x) f dx, for all i, j ∈ i. (2.5)

In BEM, the coefficient matrix Ai j is dense because the kernel function is written in the form

g(x, y) = |x − y|−p, p > 0.

2.4.2 Low-rank Approximation

An intuitive approximate for submatrices is the singular value decomposition (SVD). However,

this method is not widely used because the computation cost is too large. The cross approxima-

tion [43] is proposed to do the approximation of this kind of problem with a fixed rank, based on

an idea that, for a block p = Ip × Jp, we can choose a small set s ⊂ Ip of pivot columns and small

set t ⊂ Jp of pivot rows so that for a matrix S ∈ Rs×t,

Ã|p := [A|p]Jp×s · S · [A|
p]t×Ip
, (2.6)

where the rank of Ã|p is min{#s, #t}. There is a naı̈ve way, called full pivoting, to determine the

pivot index pair (i, j) by the maximal entry |[A|p]i, j|. However, it is necessary for cross approxima-

tion with full pivoting to calculate all the entries in A|p in advance. Partial pivoting can solve the

problem. The idea of partial pivoting is to maximize |[A|p]i, j| only for one of the two indices i or

j and keep the other one fixed. When we fix an arbitrary row i∗, we can calculate the maximizer

of the corresponding column by

j∗ := arg max
j∈Jp

|[A|p]i∗, j|, (2.7)

to get the pivot pair (i∗, j∗), which is not a maximizer for all pairs of indices but for one row.

Adaptive Cross Approximation

The adaptive cross approximation (ACA) [14, 21] is an improved version of the cross approxi-

mation with partial pivoting. The ACA determines the rank adaptively instead of a fixed one and

eliminates the matrix S in Equation (2.6), so that we can simply use the production of two low-

rank matrices Vp and Wp to represent Ã|p. The pivot column-vector [A|p]∗, j and pivot row-vector

[A|p]i,∗ are chosen in the same way as cross approximation with partial pivoting, and append the

following vectors respectively to Vp and Wp:

[Vp]∗,k =
(

[A|p]∗, j −
∑k−1

l=1 [Wp]i,l[Vp]∗,l)
)

/δV(i, j) (2.8)

[Wp]k,∗ =
(

[A|p]i,∗ −
∑k−1

l=1 [Vp]l, j[Wp]l,∗

)

/δW(i, j) (2.9)
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where δV(i, j) = 1, δW(i, k) = [A|p]i, j. This operation is repeated until Vp and Wp sufficiently

approximate A|p.

The important point is that we do not need the entire A|p to calculate Vp and Wp, we only need

some column and row vectors of it. The number of the vectors rp is the rank of the approximated

matrix Ã|p. When we define || · ||F is the Frobenius norm of a matrix and the upper limit of the

approximation error is ε, the condition

||A − Ã||F

||A||F
≤ ε (2.10)

should be satisfied to obtain a sufficient approximation. This condition is approximately equiva-

lent to:
||[Vp]∗,rp

||2||[Wp]rp,∗||2
√

∑rp

k=1
(||[Vp]∗,k||2||[Wp]k,∗||2})2

≤ ε (2.11)

Thus, we can find rp that satisfies the condition above without referring to the entire dense matrix

A|p.

Improved Adaptive Cross Approximation

In some cases [12], the ACA cannot do the approximation due to pivoting strategy. Therefore, an

improvement of ACA, called improved adaptive cross approximation (ACA+) [12], is proposed.

The difference between ACA and ACA+ is in the way of choosing the pivot column j and pivot

row i. In the ACA+, a reference column of A|p is defined by

(aref)i := [A|p]i, jref
, i ∈ {1, ..., n}, (2.12)

where the choice of the index jref is arbitrary. Then, we can determine the reference row by

iref := arg min
i∈{1,...,n}

|(aref)i|, (2.13)

(bref) j := [A|p]iref , j, i ∈ {1, ...,m}. (2.14)

Although the choice of iref is counterintuitive, because iref corresponds to a row that produces a

small entry in the column jref , it can avoid the same problem that approximation fails in some

cases in the ACA. Then, the pivoting strategy of the ACA+ is listed below, based on the knowl-

edge of aref and bref:

step 1-1: Determine the index i∗ of the largest entry in modulus in aref, i∗ := arg maxi=1,...,n |a
ref
i
|.

step 1-2: Determine the index j∗ of the largest entry in modulus in bref , j∗ := arg maxi=1,...,m |b
ref
j
|.

step 1-3: If |aref
i∗
| > |bref

j∗
| then

1. compute the vector b ∈ Rm with entries b j := [A|p]i∗, j;

2. redefine the column pivot index j∗ := arg maxi=1,...,m |b j|;

3. compute the vector a ∈ Rn with entries ai := [A|p]i, j∗/[A|
p]i∗, j∗;

step 1-4: otherwise
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1. compute the vector a ∈ Rn with entries ai := [A|p]i, j∗ ;

2. redefine the column pivot index i∗ := arg maxi=1,...,n |ai|;

3. compute the vector b ∈ Rm with entries b j := [A|p]i∗, j/[A|
p]i∗, j∗ ;

step 1-5: The matrix abT is the cross approximation to A|p.

In the next step, we can omit determining a new reference row and column by updating the

already existing ones, except for the case that the reference row/column is the pivot row/column.

In this case, we need to define a new reference row or column. The rows and columns we used as

pivots before are denoted by Prows and Pcols.

step 2-1: Update the reference row and column:

aref := aref − a · b jref
, (2.15)

bref := bref − airef
· b, (2.16)

step 2-2: Determine both i∗ and j∗ as previous step above if i∗ = iref and j∗ = jref , because the

possible indices is restricted to non-pivot ones.

step 2-3: If only i∗ = iref then we choose a new reference row bref corresponding to a reference

index iref that has not yet been a pivot index and that is consistent to jref:

iref := arg min
i∈{1,...,n}\Prows

|aref
i |, (2.17)

step 2-4: If only j∗ = jref then we choose a new reference column aref corresponding to a refer-

ence index jref that has not yet been a pivot index and that is consistent to iref:

jref := arg min
j∈{1,...,m}\Pcols

|bref
j |, (2.18)

Note that the ACA+ is different from ACA only in the strategy of pivot choosing, they share

the same formulations to calculate the entries as Equation (2.8) and (2.9), where appropriate

(δV(i, j), δW(i, j)) ∈ {(1, [A|p]i, j), ([A|
p]i, j.1)} is used depending on the selected pivot vectors in

ACA+.
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Chapter 3

Task Parallel Languages

3.1 Introduction

In terms of parallelization, the most common way is to assign data to different processes or threads

using MPI and/or OpenMP. This kind of parallelism is called data parallelism which treats data as

a parallelization unit and the parallelization is implemented by doing the same kind of calculation

on different groups of data. When the amount of data has a certain correlation with computing

complexity, the data parallelism usually gets good performance because the workload among

processes and threads is basically even. However, when we cannot predict the computing cost by

the data amount precisely, using data parallelism may lead to a bad workload balance and have a

bad effect on the total performance.

Task parallelism is expected to solve this kind of problem. Task parallelism, which is different

from data parallelism, treats an independent logical task as a parallelization unit, which allows

workers to do totally different kinds of calculations at the same time. To deal with the work-

load balance problem, task parallelism usually has a work-stealing strategy, which is a dynamic

scheduling strategy to spawn and assign tasks among workers. By work-stealing, a worker (thief)

will randomly choose another worker (victim) and asks for a task. If the victim does not have a

task that can be stolen, the thief will choose another victim until the thief steals a task successfully

or there is not task left. Therefore, task parallelism can achieve dynamic load balancing among

workers.

As mentioned in Section 2.3.1 and Section 2.3.2, it is difficult to estimate the computational

cost of construction of each sub-CT and sub-BCT in advance. Thus, we cannot get a good load

balance when we statically assign computational cores to subtrees. Therefore, we parallelized

CT and BCT construction using task parallelism, by which we can parallelize such tree recursive

algorithms easily and efficiently employing the dynamic load balancing strategy.

Languages that employ task parallelism are called task parallel languages. There are many

task parallel languages, with different work-stealing strategies and implementations, such as

OpenMP Task [36], Cilk Plus [32, 33], Intel Threading Building Blocks (TBB) [37, 38] and Tas-

cell [40].

In this chapter, we provide a brief introduction to the task parallel languages used for our

parallel implementations, Cilk Plus and Tascell, and discribe the difference between them.
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1 int fib(int n){

2 if(n ≤ 2){

3 return n;

4 }

5 int a = cilk spawn fib(n-1);

6 int b = fib(n-2);

7 cilk sync;

8 return a+b;

9 }

Figure 3.1: Doubly recursive Fibonacci in Cilk Plus.

3.2 Cilk Plus

3.2.1 Overview

Cilk Plus [32, 33] is a commercial version of Cilk [29] that was first created in CSAIL, MIT.

It became a default part of the Intel C++ Compiler since version 12 and works with both C++

and C. Cilk Plus employs the oldest-first work-stealing strategy: a Cilk Plus worker, usually

corresponding to an OS thread, can push (parent) tasks that can be stolen by other workers into

its own queue. When a worker is idle, it randomly chooses another worker as a victim and steals

the oldest task from the victim’s task queue.

A task parallel program can be easily implemented using the following three Cilk Plus con-

structs: cilk_spawn (for parallel execution of function calls), cilk_for (for parallel for-loops)

and cilk_sync (for synchronization). Cilk Plus also provides useful APIs such as reducers to

help programmers parallelize computations with reduction and cilkrts_get_nworkers() to

obtain the total number of workers. We provide two sample programs written in Cilk Plus in

Figure 3.1 and Figure 3.2. In Figure 3.1, cilk_spawn and cilk_sync are used to parallelize the

calculation of the (n − 1)-th and (n − 2)-th Fibonacci numbers at each recursive step. Figure 3.2

shows how to find the maximum element in a list using cilk_for with the help of reducers.

Although, Intel has stopped supporting Cilk Plus, MIT is again developing Cilk in the form

of OpenCilk [35], which basically shares the same implementation methods. It is reasonable to

believe that our implementation in Cilk Plus can be ported to OpenCilk with little deterioration

in performance.

3.2.2 Work-stealing Strategy

Cilk Plus has the same work-stealing strategy, called Lazy Task Creation (LTC) [44], as Cilk,

which keeps all workers busy by creating plenty of logical threads and schedules them internally

by task queues. The logical threads are used as tasks that can be allocated to idle workers. When

a logical thread recursively spawns offspring logical threads, the adoption of the oldest-first work-

stealing strategy is effective in making tasks larger. This strategy becomes a widely used strategy

that most task parallel libraries, such as Intel Threading Building Blocks (TBB) [37, 38] and

Massive Threads [39].
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1 double find_max(double* list, int length){

2 double max;

3 CILK_C_REDUCER_MAX(max,double,-DBL_MAX);

4 CILK_C_REGISTER_REDUCER(max);

5 cilk for(int id=0;id<length;id++){

6 CILK_C_REDUCER_MAX_CALC(max,list[id]);

7 }

8 max = REDUCER_VIEW(max);

9 CILK_C_UNREGISTER_REDUCER(max);

10 return max;

11 }

Figure 3.2: Finding the maximum element in a list in Cilk Plus.

3.3 Tascell

3.3.1 Overview

Tascell [40] is a task parallel language that employs the backtracking-based work stealing strat-

egy, which is totally different from Clik Plus. A Tascell worker always chooses not to spawn

a task at first and performs sequential computations. When a worker is chosen as a victim and

receives a task request, it temporarily rewinds the execution of its task to backtrack to the oldest

point of task spawning and then spawns a task. After that, the victim returns from the back-

tracking and resumes its own task. Tascell provides the do_two (for parallel execution of the

following two statements) and do_many (for parallel loops) constructs. Figure 3.3 and Figure 3.4

show examples of Tascell programs1. Figure 3.5 shows the manner in which backtracking-based

task spawning occurs when a Tascell worker performs the program in Figure 3.3.

3.3.2 Work-Stealing Strategy

A Tascell worker executes its own task sequentially and does not spawn a task until it receives

a work-stealing request (task request) from another worker. That is, when the worker reaches

a statement for which a task can be spawned (e.g., a parallel loop), it simply remembers the

possibility at this point, and then executes the statement as if choosing a completely sequential

execution. Each worker has its own workspace containing the data required for the search, and

the search data are updated at each step.

When a worker (victim) receives a task request from another worker (thief), it backtracks

to the oldest point among the parallelizable (task-spawnable) points, that is, the point at which

the largest task can be spawned, and then spawns a task as if changing the choice of execution

to parallel from sequential. The victim then allocates and initializes a new workspace for the

task by making a copy of its workspace after backtracking. While the cost for each work steal

in Tascell using backtrack is higher than Cilk Plus (which only does a dequeue operation), the

parallelization overhead is lower because it does not have to manage task queues.

1The actual Tascell language has an S-expression-based syntax [45], but we write programs with a C-like syntax

here for readers’ convenience.
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1 // The definition of a task named tfib

2 task tfib{

3 in: int n; //input

4 out: int r; //output

5 };

6 //The entry point of tfib.

7 //The task object this is declared implicitly

8 task exec tfib

9 {this.r = fib (this.n);}

10 worker int fib(int n){

11 if(n ≤ 2) return 1;

12 {

13 int s1, s2;

14 do two //construct in Tacell

15 s1 = fib(n-1);

16 s2 = fib(n-2);

17 handles tfib {

18 //put part (performed before sending a task)

19 {this.n = n-2;}

20 //get part (performed after receiving the result)

21 {s2 = this.r}

22 } //end do_two

23 return s1 + s2;

24 }

25 }

Figure 3.3: Doubly recursive Fibonacci in Tascell.

3.3.3 DMS support in Tascell

In Tascell, both the do_two and do_many constructs support work stealing among workers in dif-

ferent computing nodes. To allow a worker to send input and receive an output of a task to/from

an external node, programmers can add in: and out: annotations to the member definitions of

task objects, as in lines 3–4 of Figure 3.3. To send/receive complex data structures such as arrays,

programmers need to define the task_sender and task_receiver methods, which explicitly

specify how to transmit data. Lines 1–3 in Figure 3.4 show examples of the definition of the

task_sendermethod. Two types of implementations have been proposed for internode commu-

nication in Tascell. One employs a Tascell-server, to which all computing nodes are connected

via TCP/IP [46], whereas the other uses the MPI library [47]. We employed the MPI-based im-

plementation for the experiments in this thesis.

Although there are many other task parallel languages that feature dynamic load balancing,

few supports work stealing among different computing nodes. This is the main reason we chose

Tascell for implementations in DMSs.
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1 task sender find max{

2 send_doubles(list, this.i2 - this.i1 + 1)

3 }

4 task find_max{

5 in: int i1; //from

6 in: int i2; //to

7 in: double* list; //input

8 out: double r; //output

9 };

10 task exec find max

11 {this.r = find (this.i1, this.i2, this.list);}

12 worker double find(int i1, int i2, double* list){

13 double max = -DBL_MAX;

14 do many for i from i1 to i2

15 if(max < list[i]) max = list[i];

16 handles find_max from j1 to j2 {

17 //put part

18 this.i1 = j1;

19 this.i2 = j2;

20 } {

21 //get part

22 if(max < this.r) max = this.r;

23 }

24 return max;

25 }

Figure 3.4: Finding the maximum element in a list in Tascell.
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fib(40)

fib(39)
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after spawning
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Figure 3.5: Spawning a task lazily while computing fib(40). When a Tascell worker detects a

task request (at fib(37)), it (1) backtracks to the oldest task-spawnable point, (2) spawns a task for

fib(38), (3) returns from backtracking, and (4) resumes its own computation.
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Chapter 4

Parallel Matrix Partitioning in Shared

Memory Systems

4.1 Introduction

As mentioned in Section 2.2, unlike the filling operation, matrix partitioning is not parallelized in

existing implementations. This is partly because it is difficult to parallelize it using conventional

parallel methods and the cost of the partitioning operation is much lower compared to the filling

operation, approximately one thousandth when N ≃ 106. However, this cost is becoming con-

siderable because hundreds of speedups have been achieved for the filling operation using MPI,

GPU, and SIMD vectorization [25, 26, 42]. For example, [25] shows that, when constructing a

H-matrix derived from 1,188,000 elements, it takes 0.736s for partitioning and 1479s for filling

in sequential computation, and the filling operation is accelerated by 214.8 times using 256 cores.

We can expect more speedups using more computing resources in the near future. Then the par-

titioning operation will be a bottleneck if it remains sequential and will be significant for larger

datasets. Thus, we should also consider parallelizing the matrix partitioning operation.

In this chapter, we explain our proposed parallel algorithm and implementation of matrix

partitioning operation in shared memory systems (SMSs) and evaluate the performance of our

implementation.

4.2 Parallel Implementation

4.2.1 Cluster Tree Construction

As explained in Chapter 2.3, a CT is constructed using a recursive algorithm. It is obvious that

the two recursive calls in Figure 2.3 can be executed in parallel and thus these can be parallelized

using the cilk_spawn or do_two constructs.

However, after preliminary evaluations, we found that the parallel performance is far below

our expectations and that we can only achieve 5.3 times speedup at most using two 18-core

processors. This is because the computation cost of each recursion step (lines 4–9 in Figure 2.3)

is proportional to the size of e and the critical path thus cannot be shortened when only recursive

calls are executed in parallel. To obtain better performance, we also need to parallelize inside the

recursion step. The costly operations in the recursion step are two-fold: 1) finding the maximum
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and minimum x, y, and z-coordinate values to decide the pivot value and axis and 2) the pivoting

operation, i.e., reordering elements based on the coordinate values of them.

Figure 4.1 shows the pseudocode of the parallel algorithm for CT construction. Finding the

maximum and minimum numbers can be easily implemented using the cilk for construct and

reducers in Cilk Plus, and the do many construct in Tascell, as shown in Figure 3.2 and 3.4.

Parallelizing the pivoting operation is more difficult. In sequential implementation, we can

easily reorder the elements in-place using the commonly used algorithm for QuickSort, wherein

two pointers scan the array from both the left and right sides and swap the elements when the

left/right pointer finds the value to be more/less than the pivot. However, this in-place algorithm

is difficult to be parallelized.

Therefore, we employed two arrays L1 and L2. Initially, the element data are stored in L1, the

result of reordering at the first level of CT is stored in L2. Similarly, at the second level, elements

in L2 are reordered and the result is stored in L1. This operation is repeated recursively until the

number of elements is less than a threshold TS. After that, pivoting is sequentially performed

using the in-place algorithm.

We parallelized the pivoting operation using the following steps (elements in L1 are reordered

and stored in L2).

step 1: Divide the array L1 into Nc chunks.

step 2: For each chunk, count the number of elements whose value is less than and not less than

the pivot. The counts for the i-th chunk are stored in less[i] and more[i], respectively.

step 3: Calculate Nless =
∑Nc−1

k=0
less[k].

step 4: Calculate Iless[i] = PS(less[i]) and Imore[i] = PS(more[i]) + Nless, where PS(A[i]) is the

i-th prefix-sum of A, i.e., PS(A[i]) = A[0] + A[1] + . . . + A[i − 1].

step 5: For each i-th chunk, copy the elements whose values are less than the pivot into the

subspace of L2 starting from L2[Iless[i]]. Similarly, copy the elements whose values are not

less than the pivot into the subspace of L2 starting from L2[Imore[i]].

In these steps, steps 2, 3 and 5 can be easily parallelized over chunks. In addition, we par-

allelized step 4 in two ways. One used the parallel prefix-sum algorithm proposed in [48], and

the other implements a more simple algorithm as follows: 1) we divide the array into chunks and

calculate the prefix-sum of each chunk, 2) calculate the prefix-sums of C[ ] where C[ j] is the total

sum of the j-th chunk, and 3) add PS(C[i]) to all array elements in the (i + 1)-th chunk. Here, 1)

and 3) are executed in parallel over chunks and 2) is sequentially executed.

However, in both implementations, we obtained only slight speedups when we measured the

performance of prefix-sum computation independently, and the performance degraded when the

parallel prefix-sum implementation is embedded in CT construction. Therefore, we employed the

sequential implementation for the prefix-sum computation in the evaluations in Section 4.3.

One of the obvious drawbacks of this parallel algorithm is that there are additional costs to

scan the element list multiple times and to compute prefix-sums. When the number of elements

is small, the parallelization overhead would be larger than the parallel speedups. Therefore, we

apply the sequential pivoting algorithm when the number of elements is not greater than the

threshold TS.
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1 cluster buildClusterTreePar (elem[] e, elem[] temp_e){

2 elem[] eleft, eright, temp_eleft , temp_eright;

3 cluster t = createCluster(e);

4 if(#e ≥ Nmin){

5 if(#e > TS){

6 min_x, max_x = parallel minmax(e);

7 M = (max_x + min_x)/2;

8 // nl is the number of elements less than M

9 temp_e, nl = parallel pivoting(e, M);

10 // The following four (sub)arrays are obtained by pointing the subspace

11 // of e and temp_e without copying.

12 eleft = e[0..nl-1];

13 eright = e[nl..#e];

14 temp_eleft = temp_e[0..nl-1];

15 temp_eright = temp_e[nl..#temp_e];

16 }else{

17 // same with the sequential algorithm

18 M = (max(e.x) +min(e.x))/2;

19 elem[] eleft = {e | e.x < M};

20 elem[] eright = {e | e.x ≥ M};

21 }

22 if(#e > TN){

23 spawn {

24 if(#eleft > TS){

25 // swap L1 and L2

26 t.child[0] =

27 buildClusterTreePar(temp_eleft ,eleft);

28 }else{

29 if (depth%2 == 0 and #e > TS) {

30 memcpy(eleft, temp_eleft , size of eleft);

31 }

32 // sequential (in-place) pivoting on L1

33 t.child[0] = buildClusterTreePar(eleft);

34 }

35 }

36 spawn {

37 if(#eright > TS){

38 // swap L1 and L2

39 t.child[1] =

40 buildClusterTreePar(temp_eright ,eright);

41 }else{

42 if (depth%2 == 0 and #e > TS) {

43 memcpy(eright, temp_eright , size of eright);

44 }

45 // sequential (in-place) pivoting on L1

46 t.child[1] = buildClusterTreePar(eright);

47 }

48 }

49 }else{

50 Same to lines 23–48 but without spawn.

51 }

52 sync;

53 }

54 return t;

55 }

Figure 4.1: Pseudocode of the parallel algorithm for CT construction (for simplicity, we show the

case in which elements are placed in the 1D space).
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1 counter -list = {0, ..., 0}; // counter for each worker

2 leaf-node[][] leaf-node-list;

3 void buildBlockClusterTreePar (cluster t, cluster s){

4 // w_id: the ID of the worker executing the task

5 if( combination(t, s) is admissible){

6 leaf-node-list[w_id][counter -list[w_id]] =

7 createBTLeafNode(t, s, "low-rank submatrix");

8 counter -list[w_id]++;

9 }else if(t or s has no child){

10 leaf-node-list[w_id][counter -list[w_id]] =

11 createBTLeafNode(t, s, "full submatrix");

12 counter -list[w_id]++;

13 }else{

14 if(t.nelems > TN and s.nelems > TN){

15 for (i=0; i<=1; i++)

16 for (j=0; j<=1; j++)

17 spawn buildBlockClusterTreePar(t.child[i],

18 s.child[j]);

19 sync;

20 }else{

21 for (i=0; i<=1; i++)

22 for (j=0; j<=1; j++)

23 buildBlockClusterTree(t.child[i],s.child[j]);

24 }

25 }

26 }

27 }

Figure 4.2: Pseudocode of the parallel algorithm for BCT construction.

In addition, we employed another parameter TN to achieve better performance. A worker calls

the recursive function sequentially when the number of elements is smaller than TN. This parame-

ter should be set considering the tradeoff between overheads for parallelization (e.g., cilk_spawn

and do_two) and load imbalance. Note that the execution will fall to sequential when both TS

and TN are greater than N.

4.2.2 Block Cluster Tree Construction

Compared to CT construction, our parallel implementation of BCT construction is relatively sim-

ple. As the computation cost for each recursion step is small, we can obtain sufficient speedups

only by parallelizing recursive calls (line 15 in Figure 2.4). Figure 4.2 shows the pseudocode of

the parallel implementation of BCT construction.

The only concern is about the space in which leaf nodes of BCT are stored. In the sequential

implementation, they are stored in the global array. However, sharing such a single array con-

trolled by a lock among workers brings large overheads. Therefore, we allocated space for each
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worker. We can implement such allocation naturally in Tascell as it provides features that enable

workers to have their own storage. As Cilk Plus does not provide such features, we allocated a

two-dimensional array of the size nw × s, where nw is the number of workers and s is an arbitrary

size1 of the space assigned to each worker.

Cilk Plus for C++ provides list-reducers through which we can build an array in parallel with

very simple code. However, as list-reducers are implemented for creating linked lists, they lead to

worse performance compared to the implementation using the two-dimensional array. Therefore,

we did not use this feature.

As in CT construction, we employed a parameter TN to control the granularity of parallel

tasks. A worker calls the sequential version of the recursive function when both of the numbers

of elements of the given two clusters are greater than TN. As discussed in Section 2.3.2, we

cannot accurately estimate the depth of (a subtree of) BCT using the number of elements because

it depends on admissibility conditions, but the upper bound of the depth can be estimated in this

way.

4.3 Performance Evaluation

4.3.1 Evaluation Setup

We evaluate our proposed parallel implementations with the following four datasets from which

coefficient matrices of the surface element method are generated [49].

Sphere: a sphere having 5 × 107 elements in its surface.

SphereCube: 10 × 10 × 10 spheres placed cubically. Each spherical surface is composed of

101,250 elements.

SpherePyramid: 12 + 22 + . . . + 142 = 1015 spheres placed pyramidally. Each spherical surface

is composed of 101,250 elements.

Humans: 50 × 100 pairs of human-shaped objects. The surface of each object pair is composed

of 19,664 elements.

We choose these four datasets as the benchmark to evaluate the performance because these

datasets can cover most scenarios. The Sphere is the simplest scenario. The SphereCube and

the SpherePyramid are scenarios where the CT and BCT are most likely to be balanced and im-

balanced. The Humans is a relatively real scenario that simulates the scene where people stand in

an array.

These four datasets are illustrated in Figure 4.3 2 and their characteristics are summarized in

Table 4.1. We set Nmin to 10 and η to 2 for all measurements.

We measured the performance using a single node of Laurel 2, a supercomputer at the Aca-

demic Center for Computing and Media Studies, Kyoto University. The details of the evaluation

environment are summarized in Table 4.2.

1In our current implementation, s is estimated based on the number of CT nodes. If s is not enough at run time,

the program will abnormally stop. We can enhance our implementation to dynamically resize the space but we did

not do that for the sake of simplicity of the implementation and for reducing overheads.
2Figure 4.3(d) illustrates only 6 × 10 pairs to make it easy to recognize.
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(a) Sphere (b) SphereCube

(c) SpherePyramid (d) Humans

Figure 4.3: Input datasets used in the evaluations.

Table 4.1: Characteristics of the input datasets used in the evaluations.

Sphere SphereCube SpherePyramid Humans

depth of CT, BCT 30 30 31 30

# elements 50,000,000 101,250,000 102,768,750 98,320,000

# nodes in CT 14,489,439 28,648,159 28,969,539 27,043,359

# leaf nodes in BCT 36,696,448 189,114,616 199,092,703 123,061,030

When evaluating the performance of the parallel implementations, we use the performance

of the sequential implementations using C as the baseline of speedups. The performance of the

sequential implementation for CT and BCT construction is shown in Table 4.3.

4.3.2 Cluster Tree Construction

Performance Parameter Tuning

First, we need to tune the three parameters presented in Section 4.2.1 that can significantly affect

the performance.

3https://bitbucket.org/tasuku/sc-tascell/commits/158c691ce4059afbbca6c437a6714e8b911756be
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Table 4.2: Evaluation environment.

CRAY CS400 2820XT (Laurel 2) (1 node)

CPU Intel Xeon Broadwell × 2 sockets (2.1GHz, 18 cores/socket)

with Hyper-Threading enabled.

Memory DDR4-2400 128 GB (154 GB/s)

OS Red Hat Enterprise Linux Server release 7.4 (Maipo)

Compiler Cilk Plus: Intel C++ Compiler version 17.0.6 with -xavx2 -O3 option

Tascell: Tascell Compiler version of Jan. 21, 2019 3

+ GCC version 4.8.5 with -O3 option

+ Trampoline-based implementation of nested functions in GCC.

Table 4.3: Performance of the sequential implementation in C (elapsed time in seconds)

Sphere SphereCube SpherePyramid Humans

CT 19.8 41.9 43.0 42.9

BCT 2.6 15.6 17.6 10.5

Total 22.4 57.5 60.6 53.4

TN denotes the threshold of the number of elements that decides whether recursive function

calls are executed in parallel in CT construction.

TS denotes the threshold of the number of elements for deciding whether computations inside

a recursive step are parallelized in CT construction. As presented in Section 4.2.1, we parallelized

finding the maximum and minimum elements and the pivoting operation. Workers perform the

parallel algorithm when the number of elements to be divided is more than TS and performs the

sequential (in-place) algorithm otherwise.

C is the chunk size used in parallel executions of the pivoting operation in CT construction.

When C decreases (the number of the chunks increases), the degree of parallelism increases but

the computation cost for prefix-sums also increases.

We tuned these parameters by measuring the performance of 36-worker executions of the

Cilk Plus and Tascell implementations using the Sphere dataset by the following parameter

search.

1. Set TS = 104 and C = 104.

2. Find the optimal value of TN within the range TN ∈ {10, 102, 103, 104, 105, 106, 107, 5× 107}

while fixing TS and C.

3. Find the optimal value of TS within the range TS ∈ {10, 102, 103, 104, 105, 106, 107, 5 × 107}

while fixing TN and C.

4. Find the optimal value of C within the range C ∈ {1, 2, 4, 8, 16, 32, 64, 128, 103, 104, 105, 106,

107} while fixing TN and TS.

5. Repeat 2 – 4 until the optimal parameter settings do not change.
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As a result, we found the optimal parameter settings (TN,TS,C) = (102, 104, 32) for Cilk Plus and

(TN,TS,C) = (10, 104, 103) for Tascell.

The effects of these parameters on the performance are shown in Figure 4.4. From Fig-

ure 4.4(a) we can see that the parameter TN does not affect the performance for CT construction

very much when TN is not extremely large. Parameter TS and C, which are parameters control-

ling the parallelization of calculation inside of each recursive step, intuitively, should not vary

much among different datasets. For evidence, we do the same tuning for all four datasets on

a single node of supercomputer ITO subsystem A of Kyushu University, whose specification is

listed in Table 6.4. The result shows that using parameters tuning for each dataset respectively

can only improve the performance by 8% at most in the case of SphereCube and the parameter

for SpherePyramid is exactly the same as what we get in Sphere. Therefore, we used these pa-

rameter settings for all other performance measurements. We can see from Figure 4.4(b) that the

performance drops to a 5.3-fold speedup compared to C when TS = 5 × 107. This proves the

necessity of parallelizing operations inside the recursive step.

Performance Evaluation

The performance of our parallel implementations for CT construction using Cilk Plus and Tas-

cell is shown in Figure 4.5. Table 4.4 shows the best performance and the number of workers

with which the performance is obtained. We can see that for both Cilk Plus and Tascell, the

speedups increase proportionally until the number of workers goes up to approximately 28, but

the improvement is saturated, or even becomes negative, with a larger number of workers. The

possible reasons for this are the additional costs for the parallel pivoting algorithm discussed in

Section 4.2.1 and memory bandwidth saturation.

In addition, we can see that Cilk Plus demonstrated better performance than Tascell until the

number of workers went up to 28, probably due to the more powerful optimization by the Intel

Compiler. Cilk Plus and Tascell showed similar performances for 28 to 72 workers. Tascell

achieved slightly better performance than Cilk Plus in 72-worker executions for three out of four

datasets. One possible reason for this is that the memory pressure caused by the Cilk Plus runtime

is larger than Tascell due to its management of task queues.

Comparison to Implementation without Lightweight Task Parallelism

We also compared our implementations using the task parallel languages to the implementation

using OpenMP, which does not have features for lightweight task parallelism. The algorithm of

this implementation is summarized as follows.

1. Construct the shallower part of the CT, the part of the CT where the number of elements

is larger than TN. During this process, all recursive calls are executed sequentially and the

inside of each recursive step is executed in parallel using omp parallel for loops. When

the number of elements of a current CT node falls below TN, skip constructing the subtree

of the CT whose root is the current node and add a task for this construction into the task

list.

2. Construct the deeper part of the CT by executing the tasks created in ( 1 ) in parallel using

an omp parallel for loop with the option schedule(dynamic,1). The inside of each

recursive step is executed sequentially.
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Performance comparison among the implementations using OpenMP and the task parallel

languages is shown in Figure 4.6. Figure 4.7 shows the execution time for each task in the task list

of the OpenMP implementation. Figure 4.8 shows the cumulative execution time of each worker

for constructing the deeper part of CTs in the OpenMP implementation. When TN is large, we

cannot get a good load balance because coarse-grained tasks are not parallelized, especially for

Sphere, where the variation of the task sizes is relatively large. When TN is small, we can achieve

good load balance but the overhead for managing plenty of tasks get large. In both cases, the

OpenMP implementation cannot overperform the implementations using task parallel languages.

4.3.3 Block Cluster Tree Construction

Performance Parameter Tuning

As presented in Section 4.2.2, BCT construction has only one execution parameter TN, which is

the threshold that decides whether recursive function calls are executed in parallel.

We tuned TN by measuring the performance of 288-worker executions using the Sphere

dataset. As a result, we obtained the best parameter settings TN = 10000 both for Cilk Plus

and Tascell, as shown in Figure 4.9.

Performance Evaluation

The performance of our parallel implementations of BCT construction using Cilk Plus and Tas-

cell is shown in Figure 4.10. Table 4.5 shows the best performance and the number of workers

with which the performance is obtained. In BCT construction, both the Cilk Plus and Tascell

implementations achieved good parallel performance. Tascell achieved its best performance with

fewer workers than Cilk Plus. Tascell achieved good speedups until the number of workers goes

up to 72 and its performance drops down with a larger number of workers. In contrast, Cilk Plus

achieved its best performance with a much larger number of workers than the number of cores

and its performance does not drop even when the number of workers goes up to 540.

One possible reason that we can obtain better performance with more workers than CPU

cores is that we can hide the memory access latency for storing BCT leaf nodes. We need a

significantly large number of workers in Cilk Plus to obtain better performance. The reason for

this is uncertain, and we will investigate it in a future study.

4.3.4 Total Performance of Matrix Partitioning

Finally, we demonstrate the total performance of matrix partitioning, i.e., both CT and BCT

construction in Figure 4.11. Table 4.6 shows the best total performance achieved by these parallel

implementations. As seen in Table 4.3, the elapsed time to construct CT is longer than that for

BCT construction. Thus, the total performance of matrix partitioning is mainly impacted by the

performance of CT construction.

The results showed that we achieved reasonable and stable speedups for all datasets. Specifi-

cally, Cilk Plus achieved 10.7–12.3 times speedups, and Tascell achieved 11.5–14.5 times speedups

compared to the sequential implementation for matrix partitioning.
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4.4 Conclusion

In this chapter, we proposed a parallel implementation of matrix partitioning in the construction of

H-matrix, using Cilk Plus and Tascell. Matrix partitioning is done in two steps: cluster tree (CT)

construction and block cluster tree (BCT) construction. In CT construction, we parallelized not

only the recursive function call but also the computation inside of recursive steps. Our parallel

implementations of BCT construction are relatively simple compared to CT creation, but we

needed to assign a private space for each worker to store the BCT leaf nodes.

As a result, compared to a sequential implementation in C, we achieved 15.6–16.9 times

speedups by Cilk Plus and 17.7–19.1 times speedups by Tascell for the CT construction. For

the BCT construction, speedups using Cilk Plus are 18.9–37.7 times, and those using Tascell are

22.7–38.8 times. In regard to the whole process of matrix partitioning, we achieved 15.7–17.7

times speedups by Cilk Plus and 17.8–21.3 times speedups by Tascell.
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Figure 4.4: Effect of the three parameters on the performance of CT construction (36-worker

executions, Sphere).
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Figure 4.5: Performance of Cilk Plus and Tascell in CT construction.

Table 4.4: Best performance (speedup to C) achieved by the Cilk Plus and Tascell implementa-

tions of CT construction.

Sphere SphereCube SpherePyramid Humans

Cilk Plus 16.9 15.6 15.9 16.7

(36 workers) (72 workers) (72 workers) (72 workers)

Tascell 17.7 18.2 18.1 19.1

(72 workers) (72 workers) (72 workers) (72 workers)
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Figure 4.8: Cumulative execution time of each worker for constructing the deeper part of CTs in

the OpenMP implementation (36-worker executions). The horizontal lines indicate the average

execution times among workers.
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Figure 4.10: The performance of Cilk Plus and Tascell in BCT construction.

Table 4.5: Best performance (speedup to C) achieved by the Cilk Plus and Tascell implementa-

tions of BCT construction.

Sphere SphereCube SpherePyramid Humans

Cilk Plus 18.9 33.0 37.7 32.1

(540 workers) (540 workers) (540 workers) (432 workers)

Tascell 22.7 38.0 37.6 38.8

(144 workers) (144 workers) (72 workers) (72 workers)
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Figure 4.11: Total performance of the Cilk Plus and Tascell implementations of matrix partition-

ing.

Table 4.6: Best total performance (speedup to C) achieved by the Cilk Plus and Tascell imple-

mentations of matrix partitioning.

Sphere SphereCube SpherePyramid Humans

Cilk Plus 17.7 15.7 16.6 16.5

(72 workers) (72 workers) (72 workers) (72 workers)

Tascell 17.8 21.1 21.3 21.1

(36 workers) (72 workers) (72 workers) (72 workers)
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Chapter 5

Parallel Matrix Partitioning in Distributed

Memory Systems

5.1 Introduction

With the exponential growth of data science, requirements for memory capacity and computa-

tional power in simulations have exceeded the capabilities of shared memory systems (SMSs).

In contrast, distributed memory systems (DMSs), which consist of multiple computing nodes

connected by a high-speed communication network, can satisfy these requirements. Therefore,

DMSs are widely used in large-scale simulations.

In the last chapter, we proposed a parallel matrix partitioning implementation using two task

parallel languages Cilk Plus and Tascell, and achieved a good performance. However, this im-

plementation is only designed for SMSs, which means the upper limit of the data size that the

implementation support is restricted by the memory of the computing node. Thus, it cannot deal

with datasets with data sizes larger than the memory capability. In addition, other calculations,

such as filling operation in H-matrix construction, and H-matrix arithmetics have already been

parallelized in DMSs in existing parallel implementations. Therefore, in order to support larger

datasets and achieve a better adaption to existing parallel implementations in DMSs, it is worth

extending our parallel implementation of matrix partitioning to DMSs. Because Cilk Plus does

not support DMSs, we only use Tascell to implement our proposal.

In this chapter, we propose two parallel implementations for matrix partitioning in DMSs:

• Distributed Cluster Tree Construction (DCTC), where CT and BCT are both parallelized

by all workers in all computing nodes.

• Redundant Cluster Tree Construction (RCTC), where CT is constructed in every computing

node redundantly by employing only intra-node work stealing.

To make these two implementations effective, we enhance Tascell by adding two new features,

synchronous instructions (tcell-broadcast) and node-aware work-stealing (node-guard) to

the language processing system of Tascell.

We describe the enhancement of Tascell first and show the details of the implementations in

DMSs later. We evaluate the performance of our implementations at the last of this chapter.
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5.2 Enhancement of Tascell

5.2.1 Synchronous Instructions

For task parallel languages, it is natural that a worker spawns sub-tasks to let other workers steal.

These tasks usually have a hierarchical relation, such as task and sub-task. However, when we

extend our implementation to DMSs, some tasks, such as data loading and MPI collective com-

munication, do not have such a relationship but need to be executed in all computing nodes.

Unfortunately, Tascell does not support this innately because when a Tascell program starts, ex-

cept for worker 0 in rank 0 who has the initial task, the other workers will be busy at sending task

requests to ask for tasks and do these tasks. Therefore, to implement synchronous instructions in

Tascell, we add a new annotation tcell-broadcast, by which worker 0 in rank 0 can broadcast

a series of instructions to all computing nodes. The syntax of tcell-broadcast is as follows.

tcell-broadcast task name {//put part} {expressionvictim}

Programmers using tcell-broadcast have to define an empty task and need to add a expressionthie f

in the task-receiver function. Because the task we defined here is empty, the instructions re-

ally executed are in the expression block. Note that the expressionvictim in tcell-broadcast can

be different from expressionthie f in task-receiver, which creates a possibility to let victim and

thieves do different instructions. Programmers can also send data to other computing nodes by

the “put part” in the same way as do_two and do_many when necessary.

5.2.2 Node-aware Work-stealing

As we know, work-stealing in DMSs may cause data communication. Therefore, we should trade

off whether the benefit of parallelization can pay the overhead of data transformation caused by it

in advance. In pursuing the best performance in total, we need to encourage some kinds of tasks

to be stolen across computing nodes but restrict other kinds of tasks which should only be stolen

by workers in the same computing node. We call this work-stealing strategy with consideration

of computing node information Node-aware Work-stealing.

To the best of our knowledge, existing Tascell and other task parallel languages do not support

node-aware work-stealing mechanisms. We enhanced Tascell such that programmers can write a

node_guard annotation to do_two and do_many statements, which specifies whether a part of

the loop can be stolen only by workers in internal/external nodes. The syntax of node_guard is

as follows.

node_guard expressionflag

Programmers can append this annotation to do_two or do_many parallel statements, as in line 14

in Figure 5.1. When the value of expressionflag is 0, a worker does not accept any task request for

the parallel statement, regardless of the origin point. When the value is 1, the worker rejects task

requests from external nodes but accepts requests from internal nodes. When the value is 2, the

worker rejects requests from internal nodes but accepts requests from external nodes. When the

value is 3, the worker accepts all task requests regardless of origin, which is the same behavior

as in the case where the node_guard annotation is not provided. Note that when a task request

is refused because of a node_guard annotation, it still has the chance to be accepted in another

do_two or do_many statement.
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1 task find_max{

2 in: int i1; //from

3 in: int i2; //to

4 in: double* list; //input

5 out: double r; //output

6 };

7 task exec find max

8 {this.r = find (this.i1, this.i2, this.list);}

9 worker double find(int i1, int i2, double* list){

10 double max = -DBL_MAX;

11 do many for i from i1 to i2

12 if(max < list[i]) max = list[i];

13 handles find_max from j1 to j2

14 node guard 1 // accepts only intra-node work steal requests{

15 //put part

16 this.i1 = j1;

17 this.i2 = j2;

18 } {

19 //get part

20 if(max < this.r) max = this.r;

21 }

22 return max;

23 }

Figure 5.1: Example of a node guard annotation in finding maximum from list.

Generally, tasks with light computation cost but large amount of data communication are

not suitable for inter-node work-stealing. However, we do not have metrics to determine what

is light or what is large, because they are relative concepts and effect by many factors, such as

problem size and system specifications. Therefore, it is difficult to find a perfect expressionflag

by compiler automatically. Programmers have to choose which expressionflag is appropriate by

themselves based on the their knowledge of particular situation.

5.3 Parallel Implementation

5.3.1 Cluster Tree Construction in DCTC

In DCTC, a CT is constructed in parallel using workers in all computing nodes. As explained

in Section 4.2.1, we parallelized the CT construction at two levels. First-level parallelization is

performed by expressing two parallel recursive calls at each step, whereas second-level paral-

lelization is performed by parallelizing the operations inside each recursion step. Second-level

parallelization is not suitable for stealing work between different computing nodes because the

communication cost for sending an input array does not consider the computation cost for finding

the maximum and minimum elements or the pivoting operation. For example, suppose a task

is executed to find the maximum element in an array using two workers in different computing
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nodes employing work stealing. The victim worker needs to send half of the array to the thief,

which incurs a comparable cost to that of finding the maximum element in the overall sub-array.

Thus, the operation does not produce a speedup. Therefore, we should allow a worker to refuse

inter-node work steal requests for this type of task, and accept only intra-node requests. We added

the node_guard 1 annotation to do_many statements that appear in the parallel_minmax and

parallel_pivoting functions in lines 6 and 9 of Figure 4.1.

We implemented first-level parallelization on DMSs using only the existing features of Tas-

cell. That is, for the do_two statement that corresponds to spawns in lines 23 and 36 of Figure 4.1,

a worker accepts work steal requests from both internal and external nodes. When the (victim)

worker accepts a request from an external node, it sends an array of elements (a sub-cluster) as

input of a spawned task to the node, and the (thief) worker that requests the task constructs a

(sub-)CT using the received array. Then, the thief sends a local index of its root node as the task

output. From this index and the process ID of the thief worker, the victim can determine the

location of the sub-CT.

To clarify the effect of the node_guard annotation in this application, suppose a worker com-

pleted the construction of the CT node E1
(0) and initiated the construction of E1

(1) in Figure 2.2.

At this time, the worker can spawn a task to construct a sub-CT whose root is E2
(1) (tT), or a

task to help the pivoting operation create E1
(1) (tP). When a worker accepts a task request, it

spawns task tT, which is near the root of the task tree. Subsequently, when the worker receives an

inter-node task request, it can only spawn tP; however, this kind of task should not be sent to an

external node, as explained above. Using the node_guard 1 annotation, such a task request can

be refused (and the worker that requested the task can send a request to another worker). If the

task request is an intra-node request, it can be accepted.

As explained in Section 2.3.2, BCT construction uses the results of CT construction. However,

we implemented CT construction for DCTC so that a computing node that created a sub-CT

owns all resultant CT nodes. There are two possible implementations for sharing CT nodes

among computing nodes: transferring CT nodes on demand and exchanging all CT nodes before

BCT construction. We employed the second implementation because it is difficult to manage

information regarding which computing node has specified CT nodes, and an increase in the

number of communications required to exchange this information would degrade performance.

In the existing implementation of SMSs, the result of CT construction is stored as a linked

tree, where each CT node object has pointers to its children. Each CT node is allocated using

malloc. In our implementation for DCTC, we allocated a single array prior to CT construction,

and let workers allocate CT nodes from this pre-allocated array, whose mutual exclusion was

controlled by compare-and-swap (CAS) operations1. We employed this representation so that

computing nodes could exchange their CT nodes efficiently after CT construction using MPI

functions. The performance of CT construction with this allocation strategy is expected to be

higher when the number of workers in each computing node is small; however, it degrades as the

number of workers increases owing to the overhead of CAS operations. To reduce the number of

CAS operations, and thus the overhead, we let a worker allocate a worker-local chunk of size c

CT node objects at each CAS operation.

After CT construction, worker 0 in the rank 0 process sends requests to other processes to

exchange CT nodes. Subsequently, worker 0 in each process calls the MPI_allgather function

1In our current implementation, the size of a pre-allocated array is estimated based on problem size. If the size is

insufficient at runtime, the program will stop abnormally. We can enhance our implementation to dynamically resize

the space; however, we avoided this for the sake of simplicity and to reduce overhead.
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to exchange the number of CT nodes created in the computing node. Workers can then exchange

CT nodes by calling the MPI_allgatherv function. We can use tcell-broadcast to make

MPI collective communication function call executed by all computing nodes.

5.3.2 Cluster Tree Construction in RCTC

In RCTC, a CT is constructed recursively in every computing node. In our implementation, we

let worker 0 in the rank 0 MPI process send tasks to other processes to construct their own CTs.

For RCTC, we used the existing parallel implementation of CT construction on SMSs, ex-

cept that we employed a pre-allocated array to store the CT nodes, as in DCTC. In order to

construct CT on each computing node redundantly, we banned the inter-node work stealing by

adding node_guard 1 annotation in the do_two statements in CT construction, so that the tree

construction process in each computing node will not affect each other.

Because a CT is constructed in parallel in each node, its node objects are stored in different

orders among the computing nodes, which is inconvenient in the subsequent BCT construction

phase. Therefore, after CT construction, each computing node reorders the resulting CT nodes

in the pre-order. We parallelized this reordering operation for each computing node. This par-

allelization can be achieved easily using the do_two construct of Tascell when the number of

descendants of the left subtree of each CT node is stored during CT construction. We also ap-

plied node_guard 1 in the parallel reorder process to avoid inter-node work stealing.

5.3.3 Block Cluster Tree Construction

Because the CT nodes are stored in the same order in every computing node after the exchange

(in DCTC) or reordering (in RCTC), parallelization of BCT construction can be achieved easily

even on DMSs owing to the cross-node work-stealing capability of Tascell. The data that must be

transmitted at each inter-node work steal are two integers that represent the indices of the corre-

sponding CT nodes. We can implement BCT construction on DMSs by only slightly modifying

the program for SMSs.

We used the same implementation of BCT construction in DCTC and RCTC. It should be

noted that in RCTC, computing nodes do not need to synchronize before BCT construction.

Therefore, we let worker 0 in the rank 0 process initiate BCT construction immediately follow-

ing CT construction (and reordering) in the process without synchronization. Workers in other

processes join BCT construction after performing CT construction in their processes.

The BCT leaf nodes obtained by our implementation were scattered across all computing

nodes in random order. As mentioned in Section 2.2, the filling operation is subsequently applied

to these leaf nodes, and we can then obtain H-matrix. The leaf nodes should be sorted by their

indices on the matrix before H-matrix is used for calculation, so that the calculation can be

performed efficiently. Because relocating leaf nodes after the filling operation incurs a significant

cost, we should consider relocating them before or during the filling operation in future research.

2https://github.com/simon2/sc-tascell/commit/6c8481feed28c9ff57a266a0c31b1b057c1f6ace
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Table 5.1: Characteristics of input datasets used in the evaluations.

Sphere SphereCube SpherePyramid Humans

depth of CT, BCT 29 29 30 29

# elements 50,000,000 101,250,000 102,768,750 98,320,000

# nodes in CT 9,221,951 18,969,663 19,432,285 19,486,207

# leaf nodes in BCT 159,866,368 481,577,248 493,697,509 645,121,588

Table 5.2: Evaluation environment.

CRAY CS400 2820XT (Laurel 2) (up to 8 nodes)

CPU Intel Xeon Broadwell × 2 sockets (2.1GHz, 18 cores/socket)

Memory DDR4-2400 128 GB (154 GB/s)

Network Intel Omni-Path (12 GB/s), fat tree, half-bisection

OS Red Hat Enterprise Linux Server release 7.9 (Maipo)

Compiler C: Intel C++ Compiler version 2021.3.0 with -xavx2 -O3 option

Tascell: Tascell Compiler version of May. 15, 2022 2

+ Intel C++ Compiler version 2021.3.0

(gcc version 4.8.5 compatibility) with -O3 option

+ Trampoline-based implementation of nested functions in GCC.

+ Intel MPI version 2021.3.0

5.4 Performance Evaluation

5.4.1 Evaluation Setup

We evaluated our proposed parallel implementations using the following four datasets from which

coefficient matrices of the surface element method are generated [49]. Note that this evaluation

does not include the filling operation, but only the matrix partitioning operation.

Sphere: a sphere with 5 × 107 elements in its surface.

SphereCube: 10 × 10 × 10 spheres placed cubically. Each spherical surface is composed of

101,250 elements.

SpherePyramid: 12 + 22 + . . . + 142 = 1015 spheres placed pyramidally. Each spherical surface

is composed of 101,250 elements.

Humans: 50 × 100 pairs of human-shaped objects. The surface of each object pair is composed

of 19,664 elements.

These four datasets are illustrated in Figure 4.3 3 and their characteristics are summarized in

Table 5.1. We set Nmin to 15 and η to 2 for all measurements.

We measured performance using up to eight nodes of Laurel 2, a supercomputer at the Aca-

demic Center for Computing and Media Studies, Kyoto University. The details of the evaluation

environment are summarized in Table 5.2.

3Figure 4.3(d) depicts only 6 × 10 pairs, making it easy to recognize.

44



Table 5.3: Performance of sequential implementation in C (linked-tree and pre-allocated array

implementations, elapsed time in seconds).

Sphere SphereCube SpherePyramid Humans

linked-tree

Impl.

CT 24.9 52.5 54.0 53.6

BCT 12.9 44.9 46.0 61.9

Total 37.8 97.4 100 116

pre-allocated

array Impl.

CT 17.8 38.2 39.2 39.9

BCT 11.9 40.7 41.7 56.8

Total 29.7 78.9 80.9 96.7

Table 5.4: Evaluation of the effect of CAS operations (execution time in seconds).

Sphere SphereCube SpherePyramid Humans

multiple nodes 1.53 3.02 3.42 2.97

DCTC Impl. (8 nodes) (8 nodes) (2 nodes) (8 nodes)

single node 1.63 3.58 3.75 3.53

linked-tree Impl. (36 workers) (36 workers) (36 workers) (36 workers)

When executing CT construction on a single node, we can choose the linked-tree implemen-

tation or the pre-allocated array implementation to store the cluster tree. Therefore, we executed

both implementations and compared their performances.

The performance of the sequential implementation using C for CT and BCT constructions

is shown in Table 5.3. It can be observed that the performance of the pre-allocated array im-

plementation was approximately 25% higher than that of the linked-tree implementation in CT

construction, and approximately 8% higher in BCT construction. Therefore, when evaluating the

performance of parallel implementations, we used the performance of the sequential pre-allocated

array implementation as the baseline for speedup.

5.4.2 Cluster Tree Construction

Performance Parameter Tuning

As mentioned in Section 4.2.1, three parameters (TN,TS,C) affect the total performance. We de-

termined the best parameter combination (TN,TS,C) = (104, 15, 103) using the parameter search

algorithm employed in Section 4.2 by 36-worker executions of the linked tree implementation

in a single node for the sphere. We extended this parameter combination to all experimental

conditions.

Additionally, the chunk size C in Section 5.3 affects the performance of the preallocated array

implementation. We set C to 1000 based on a parameter survey of 36-worker executions in a

single computing node for the sphere.
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Table 5.5: Performance comparison between the best multiple-node executions of DCTC and

existing implementations on SMSs (execution time in seconds).

Sphere SphereCube SpherePyramid Humans

linked-tree Impl. (1 worker) 18.2 38.7 40.1 39.5

pre-allocated array Impl. (1 worker) 16.3 34.6 36.2 35.3

linked-tree Impl. (36 worker) 1.63 3.58 3.75 3.53

pre-allocated array Impl. (36 worker) 1.61 3.29 3.72 3.27

Performance Evaluation

First, we compared the performance of the pre-allocated array implementation with that of the

linked-tree implementation using 1-worker and 36-worker executions in a single node. The mea-

surement results are shown in Table 5.4. We can see that the pre-allocated array implementation

performed better for all evaluation settings.

We then evaluated the performance using multiple computing nodes. The performance of our

parallel implementations for CT construction with DCTC and RCTC is presented in Figure 5.2.

Note that because MPI processes do not synchronize after CT construction, as mentioned in

Section 5.3.3, the RCTC performance shown in the figures are based on execution times only for

the rank 0 process.

Table 5.5 details the best performance with DCTC and its corresponding number of nodes,

as well as the performance of a linked-tree implementation that is listed for comparison. We

can observe that speedups tend to increase with the number of computing nodes. When com-

pared to C, we obtained at most 13.4-fold speedups (for Humans with eight computing nodes).

We can also observe that the performance using eight computing nodes is 6.5%–19% higher

than that of the single-node executions of the existing linked-tree implementation. Although, the

speedup of using 8 nodes to the pre-allocated array implementation using 1 node is not obvious

in Figure 5.2(a), the shortening of execution time of DCTC (despite of CT exchange time) in Fig-

ure 5.2(b) did shows that our node-aware work-stealing strategy can achieve some improvement

in performance for CT construction.

There are two limiting factors for the performance of multiple-node executions with DCTC.

First, from the breakdown of execution times illustrated in Figure 5.2(b), regardless of the number

of computing nodes used, the execution time for creating the CT root node cannot be reduced.

This is natural because we let workers reject all inter-node work steal requests during the creation

of the root CT node (E1
(0) in Figure 2.2), which occupies approximately 25% of the total time

in 1-worker executions. The other computing nodes have nothing to do until the root CT node

is created. When we check the speedups excluding the root node creation time, as shown in

Figure 5.2(c), we can see that up to 24.1-fold speedups (for SphereCube with four nodes) can be

obtained compared with C.

Second, the amount of data transferred at each inter-node work steal is relatively large. For

example, it required approximately 0.5 s to send an array as input to the construction task of a

sub-CT corresponding to E2
(1) in Figure 2.2. We speculate that this is the main reason why we

could not obtain significant speedup for the Sphere and SpherePyramid. For SpherePyramid, we

could not obtain good speedup even though its problem size was approximately the same as those

of SphereCube and Humans. Further analyses are required to determine the detailed causes of

this.
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Table 5.6: Best performance achieved by Tascell implementations of BCT construction (execution

time in seconds).

Sphere SphereCube SpherePyramid Humans

multiple nodes 0.123 0.366 0.347 0.368

(DCTC Impl.) (8 nodes) (8 nodes) (8 nodes) (8 nodes)

multiple nodes 0.254 0.450 0.491 0.623

(RCTC Impl.) (2 nodes) (8 nodes) (8 nodes) (8 nodes)

single node 0.441 1.20 1.28 1.60

(linked-tree Impl.) (36 workers) (36 workers) (36 workers) (36 workers)

When comparing the performance between DCTC and RCTC, we can see that RCTC’s per-

formance is worse when one node is used. A possible reason is that workers in an MPI process

that completes its CT construction earlier send task requests to external computing nodes to obtain

tasks for BCT construction, which can interfere with CT construction in target nodes.

We can see from Figure 5.2(b) that the cost of the reordering operation in RCTC is much

lower than that of the CT node exchange in DCTC. Considering the reordering and exchange

costs, the performance of RCTC is better than that of DCTC with multiple computing nodes.

5.4.3 Block Cluster Tree Construction

Performance Parameter Tuning

As presented in Section 4.2.2, BCT construction has only one execution parameter, TN, which is

the threshold that determines whether recursive function calls are executed in parallel. We found

the optimal parameter setting to be TN = 104 for Sphere by 36-worker executions on a single

node, and used this setting for all experimental conditions.

Performance Evaluation

Figure 5.3 shows the performance of BCT construction in both DCTC and RCTC in terms of

speedup to C and execution times. Table 5.6 shows the best performance for each dataset in

the DCTC, RCTC, and linked-tree implementations. Note that in RCTC, even when a worker

in the rank 0 process has started BCT construction, workers in other processes cannot join the

construction until CT construction in their processes is complete.

Compared to the speedups of CT construction, those of BCT construction are expected to be

more significant because BCT construction does not require heavy calculations inside the recur-

sion steps, and the cost for inter-node work steals is considerably smaller. Indeed, we obtained

up to 154.4-fold speedups (for Humans) using 288 workers (8 nodes × 36 workers) with DCTC

compared with C.

The performance of RCTC shown in the corresponding figures and table appears to be worse

than that of DCTC. This is not necessarily a negative result because, as mentioned earlier, workers

in MPI processes other than rank 0 join BCT construction only after completing CT construction.

This is actually an advantage in the sense that the rank 0 process can start BCT construction

without waiting for the completion of CT construction in other processes. In the case of Sphere
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Table 5.7: Best total performance of matrix partitioning achieved using Tascell (execution time

in seconds).

Sphere SphereCube SpherePyramid Humans

multiple nodes 1.95 4.38 4.83 4.72

(DCTC Impl.) (1 node) (1 node) (1 node) (1 node)

multiple nodes 1.87 4.11 4.44 4.27

(RCTC Impl.) (2 nodes) (8 nodes) (8 nodes) (4 nodes)

single node 2.07 4.77 5.03 5.13

(linked-tree Impl.) (36 workers) (36 workers) (36 workers) (36 workers)

using 8 computing nodes, the performance of DCTC is more than 2 times of RCTC. As we

mentioned above, this is caused by the load imbalance of BCT construction as workers in rank 0

always starts earlier than workers in other computing nodes. This imbalance can be significant,

for an extreme instance, in our experiments we once found a computing node did not create any

BCT leaf-node until the BCT construction is completed, because the difference of execution time

of CT construction between that node and the others is longer than the execution time of BCT

construction using 8 computing nodes.

5.4.4 Total Performance of Matrix Partitioning

Finally, an evaluation of the overall performance of matrix partitioning, that is, both CT and BCT

constructions, is presented in Figure 5.4. Table 5.7 lists the best overall performance achieved by

these parallel implementations.

The results show that we achieved 15.3–20.5-fold speedups with DCTC, and 15.8–22.6-fold

speedups with RCTC, compared to the sequential implementation. The RCTC implementation

achieved 1.11-1.20-fold speedups compared to the existing implementation on SMSs, using up to

eight computing nodes, each of which has 36 cores. The use of multiple nodes in DCTC, however,

does not contribute to the total performance of matrix partitioning. We can determine the reason

for the poor performance from Figure 5.4(b), which makes it apparent that the time required to

exchange CT nodes limits the speedup using multiple computing nodes in DCTC. Because the

cost of reordering in RCTC is much lower, it can achieve better performance than DCTC when

using multiple computing nodes.

5.5 Conclusion

In this chapter, we propose an implementation of matrix partitioning in the construction of an

H-matrix using Tascell on DMSs.

We propose two implementation methods: distributed cluster tree construction (DCTC) and

redundant cluster tree construction (RCTC). In DCTC, both CT and BCT constructions are par-

allelized using workers in all computing nodes. In RCTC, CT is constructed in every computing

node redundantly by employing only intra-node work stealing. The BCT was then constructed in

parallel using workers in all computing nodes. RCTC cannot achieve any speedups using multiple

computing nodes, but can eliminate the data exchange cost that arises in DCTC.
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To achieve better performance for CT construction in DCTC, we enhanced the Tascell lan-

guage to enable annotations for parallel loop statements that specify whether part of the loop can

be stolen by workers only in internal/external nodes.

Our parallel implementation of the BCT construction is relatively simple compared to that of

the CT construction, except that CT nodes need to be exchanged among all computing nodes (in

DCTC) or reordered (in RCTC) before BCT construction.

When we evaluated the performance of CT construction, our DCTC implementation achieved

speedups using multiple computing nodes compared with the existing implementation on SMSs.

We also confirmed that BCT construction yields good speedups using multiple nodes owing to

the dynamic load-balancing mechanism of Tascell.

With regard to the entire process of matrix partitioning, our RCTC implementation achieved

1.11–1.20-fold speedups using up to eight nodes, each of which has 36 cores, compared with the

single-node performance of the existing implementation of SMSs. Our DCTC implementation

could not achieve speedups using multiple computing nodes. However, by evaluating the DCTC

implementation, we confirmed that the node-aware work-stealing mechanism is useful for the

parallel implementation of CT construction on DMSs. This mechanism should also be useful for

other applications, such as k-D tree applications.

Finally, our implementations on DMSs also have the advantage of handling large input data

such that the number of resultant BCT nodes is too large to be stored in a single node.
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(a) Speedup of CT construction using multiple computing nodes in DCTC.
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(b) Breakdown of CT construction. Dark gray indicates the execution time of the
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Figure 5.2: Performance of Tascell in CT construction (DCTC).
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(b) Execution time of BCT construction. 1(LT) indicates single-node executions of the linked-tree implementation.

Figure 5.3: Performance of Tascell in BCT construction.
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Figure 5.4: Performance of Tascell in matrix partitioning.

52



Chapter 6

Parallel Hierarchical Matrices

Construction using Task Parallel Language

6.1 Introduction

In existing parallel implementations of the H-matrix construction, partitioning and filling oper-

ations are executed and parallelized independently. In previous works mentioned in Section 4.2

and Section 5.3, we parallelized matrix partitioning operation in SMSs and DMSs. However, the

leaf matrices created by our proposal above are scattered across all computing nodes in random

order, which is not convenient for the consequent parallel filling operation which requires BCT

results laid in order if we use the existing parallel filling approaches. In addition, the filling oper-

ation in existing parallel filling implementations represented by HACApK [23, 24, 28], which is

one of the well-knownH-matrix libraries, filling operation is executed in parallel by assigning a

set of tasks to each worker statically by estimating the workloads based on empirical rules, which

is apparently not precise.

To solve the problems above we propose our parallel H-matrix construction using task par-

allel language Tascell, where we combined BCT construction and Filling operation by treating

each filling operation of submatrices as a parallelization unit.

In this chapter, we first explain the implementation of HACApK and then introduce our

proposal using task parallel language Tascell.

6.2 Existing Parallel Implementation: HACApK

In this section, we introduce the parallelization strategy for partitioning employed in theHACApK

library [28].

The filling operation is parallelized on DMSs using hybrid MPI/OpenMP programming [23].

It has been improved in [24] to avoid the trouble that ranks of approximated matrices increases

rapidly as the matrix size increases when the conventionalH-matrices with ACA are employed to

an integral equation whose kernel function has high-order singularities. However, both methods

basically share the same parallelization strategy for H-matrix construction. These implementa-

tions are integrated into theHACApK library.
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6.2.1 Matrix Partitioning

HACApK is implemented using hybrid MPI/OpenMP programming. Partitioning (CT and BCT

construction) is executed on every MPI process redundantly. In each process, partitioning is done

sequentially based on the algorithm explained in Section 2.2.

After the completion of the partitioning operation, all processes have an identical list of BCT

leaf nodes, that is, leaf matrices.

6.2.2 Parallelization of Filling

HACApK first reorders the result of BCT by QuickSort and then parallelizes the filling operation

based on the following static task assignment strategy.

step 1: Estimate the computing cost of filling for each leaf matrix (on every computing node).

step 2: Assign exclusive sets of leaf matrices to OpenMP threads of all MPI processes so that all

threads approximately have the same load based on the estimation in step 1.

step 3: Each thread executes filling for leaf matrices assigned to it (calculates all entries for full

matrices and row- and column-vectors using ACA+ for low-rank matrices, as explained in

Section 2.4).

In step 1, the computing cost of the filling operation is considered to be approximately pro-

portional to the number of the entries NP =
∑

p∈P Np, where Np is the number of entries in Ã|p,

p ∈ P. When Ã|p can be approximated (satisfies the admissibility condition), Np can be calculated

by:

Np = rp · (#S p + #Tp) (6.1)

Otherwise, that is, when p is a full leaf matrix, Ã|p = A|p and Np can be calculated by:

Np = #S p · #Tp (6.2)

In the equation (6.1), Np cannot be calculated accurately until the filling operation is completed

because the rank of the two low-rank matrices rp is unknown. Therefore, instead of the real

rank rp, a prediction value rest is used here to predict the number of entries of Ã|p. Thus, as an

estimation of Np, Nest
p can be calculated as follows:

Nest
p = rest · (#S p + #Tp) (6.3)

The total estimated cost of the filling operation is Nest
P
=
∑

p∈P Nest
p , where the ranks of all leaf

matrices are estimated as the single value of rest. The value of rest is set based on empirical rules.

After getting the result of step 1, the rest steps should be easy to implement. Therefore, we

will not go into details about the rest steps.

6.2.3 Problems in Existing Parallel Implementations

In the static task assignment strategy introduced above, we cannot get a good load balance among

threads because of the following reasons:
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• In practice, the ranks of leaf matrices are usually different from each other and the difference

between the estimated and actual number of entries |Nest
p −Np| is considerably large. It leads

to inaccuracy in the estimation of the computing cost of filling for leaf matrices and load

imbalance. This problem becomes serious especially when the actual ranks of low-rank

matrices are large on average. Although, the largest ratio of largest number of entries and

average number of entries is about 1.1 when using the four datasets in this experiment, we

have found larger ratio, about 1.4, in other case.

• This strategy assumes that the computing cost of the filling operation is approximately

proportional to the number of entries of leaf matrices. However, the average computing

cost of calculating an entry in low-rank leaf matrices using ACA+ (≃ 3.78 × 10−7 [s])

is larger than that in full leaf matrices (≃ 3.30 × 10−7 [s]) due to the pivoting strategy of

ACA+. This difference is not significant when the ranks of low-rank leaf matrices are small

but becomes considerable when the ranks are large. Therefore, the static work assignment

strategy that aims to assign leaf matrices to threads so that the number of entries to be

calculated per thread becomes the same is not necessarily a good solution.

6.3 Proposed Implementation

To solve the load imbalance problem pointed out in Section 6.2.3, we propose a new parallel

implementation of H-matrix construction, where BCT construction is executed in parallel using

all workers of all computing nodes. When a worker finds a BCT leaf during BCT construction,

it immediately executes filling for the corresponding leaf matrix. To get good load balance, we

parallelized BCT construction using a dynamic load balancing mechanism offered by the Tascell

task parallel language [40]. Tascell enables easy and efficient parallelization of the tree recursive

algorithms.

In this section, we describe the details of our implementation.

6.3.1 Cluster Tree Construction

Although parallel implementations of CT construction are proposed in Section 4.2 and Sec-

tion 5.3, we did not employ them in this study because the datasets used in the evaluations are

much smaller than those in Section 4.2 and Section 5.3 and CT construction time is negligible

compared to the time for filling (as shown in Table 6.1 in Section 6.4). As inHACApK, we also

executed CT construction on every computing node redundantly. In each node, a single worker

executes CT construction sequentially.

6.3.2 Parallel Block Cluster Tree Construction and Filling

Parallel implementations of BCT construction are also proposed in Section 4.2 and Sec-

tion 5.3, which uses Tascell. In particular, Section 5.3 proposes parallel implementation on

DMSs. The parallelization of BCT construction is relatively simple: we can obtain sufficient

speedup only by executing recursive calls (Line 15 in Fig.2.4) in parallel.

Parallelization of BCT construction can be achieved easily even on DMSs owing to the cross-

node work-stealing capability of Tascell. The data that must be transmitted at each inter-node
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1 cnt_list = {0, ..., 0}; // counter for each worker

2 leaf_node[][] leaf_node_list;

3 void buildBlockClusterTreePar (cluster t, cluster s){

4 // w_id: the ID of the worker executing the task

5 if( combination(t, s) is admissible){

6 leaf_node_list[w_id][cnt_list[w_id]] =

7 createBCTLeafNode(t, s, "low-rank leaf matrix");

8 filling(&leaf_node_list[w_id][cnt_list[w_id]]);

9 cnt_list[w_id]++;

10 }else if(t or s has no child){

11 leaf_node_list[w_id][cnt_list[w_id]] =

12 createBCTLeafNode(t, s, "full leaf matrix");

13 filling(&leaf_node_list[w_id][cnt_list[w_id]]);

14 cnt_list[w_id]++;

15 }else{

16 if(t.nelems > TN and s.nelems > TN){

17 for (i=0; i<=1; i++)

18 for (j=0; j<=1; j++)

19 spawn buildBlockClusterTreePar(t.child[i],

20 s.child[j]);

21 sync;

22 }else{

23 for (i=0; i<=1; i++)

24 for (j=0; j<=1; j++)

25 buildBlockClusterTree(t.child[i],s.child[j]);

26 }

27 }

28 }

Figure 6.1: Pseudocode of the parallel algorithm of our proposal.

work steal are two integers that represent the indices of the corresponding CT nodes. We can

implement BCT construction on DMSs after some slight modifications.

Implementation of filling is not discussed in Section 4.2 and Section 5.3 because the filling

operation can be done after BCT construction using the existing implementations. Our proposal

is to enhance their parallel BCT construction so that workers execute filling during the construc-

tion. More specifically, we modified the implementation of BCT construction so that, when a

worker finds a BCT leaf node, it immediately executes filling for the corresponding leaf matrix.

In addition, we parallelized the modified BCT construction using the dynamic load balancing

mechanism offered by Tascell as done in Section 5.3.

Figure 6.1 shows the pseudocode of our implementation. The filling function in the figure

executes filling for a given leaf matrix. An element of leaf_node_list[][] contains the size of

a leaf matrix and its position in the whole H-matrix, which are set in the createBCTLeafNode

function. Note that filling is called immediately after createBCTLeafNode in line 8 (for low-

rank leaf matrix) and line 13 (for full leaf matrix). The spawn construct in line 19 is used for
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Table 6.1: Characteristics of input datasets used in the evaluations.

Sphere SphereCube SpherePyramid Humans

depth of CT, BCT 14 16 16 18

# elements 101,250 374,400 312,000 1,080,000

# nodes in CT 6,183 21,455 17,879 59,423

# leaf nodes in BCT 94,300 295,792 246,640 784,348

# entries 3.99 × 108 1.12 × 109 9.33 × 108 5.79 × 109

Execution time of C Impl. [s]

CT construction 0.00883 0.0318 0.0272 0.124

BCT construction w/o filling 0.00364 0.0111 0.00964 0.0464

BCT construction + filling 151 412 342 —

BCT construction w/ filling 148 407 341 —

executing the subsequent function call (for constructing a descendant subtree) in parallel, which

can be written using the do_many construct in Tascell.

We employed the performance parameter TN to control the granularity of the parallel tasks. A

worker calls the sequential version of the recursive function when the number of elements of two

given clusters is less than TN.

This implementation is expected to solve the load imbalance problem mentioned in Sec-

tion 6.2.3 because leaf matrices are dynamically assigned to workers.

Note that computing cost for BCT construction without filling is negligible at least for the

datasets used in the evaluations in this paper, as shown in Table 6.1 in Section 6.4. However, as

discussed in Section 4.2 and Section 5.3, it is expected that we can obtain considerable perfor-

mance improvement by parallelizing BCT construction for larger datasets and with larger degrees

of parallelization.

6.4 Performance Evaluation

In this section, we evaluate the performance of the proposed implementation by comparing it to an

implementation using the static task assignment strategy introduced in Section 6.2.2. We executed

the program five times for each measurement setting and present the result whose execution time

is the median.

6.4.1 Evaluation Setup

We used the following four datasets from which coefficient matrices of the surface element

method are generated [49].

Sphere: a sphere with 101,250 elements on its surface.

SphereCube: 3 × 3 × 4 spheres placed cubically. Each spherical surface is composed of 10,400

elements.

SpherePyramid: 12 + 22 + 32 + 42 = 30 spheres placed pyramidally. Each spherical surface is

composed of 10,400 elements.

57



Table 6.2: Evaluation environment.

Fujitsu PRIMERGY CX2570 M4 (ITO subsystem A) (up to 16 nodes)

CPU Intel Xeon Gold 6154 (Skylake-SP) × 2 sockets (3.0 GHz, 18 cores/socket)

Memory DDR4 192 GB (255.9 GB/s)

Network InfiniBand EDR 4x (100Gbps)

OS Red Hat Enterprise Linux Server release 7.3 (Maipo)

Compiler C: Intel C++ Compiler version 2021.3.0

with -xavx2 -O3 -mkl=sequential options

Tascell: Tascell Compiler version of Sep. 2, 2022

+ Intel C++ Compiler version 2021.3.0 (gcc version 4.8.5

compatibility) with -xavx2 -O3 -mkl=sequential options

+ Trampoline-based implementation of nested functions in GCC.

+ Intel MPI version 2021.3.0

Humans: 5 × 10 pairs of human-shaped objects. The surface of each object pair is composed of

21,600 elements.

The characteristics of these four datasets are summarized in Table 6.1. In this table, we show

the execution times of sequential programs implemented in the C language. “BCT construction

w/o filling” indicates the execution time of sequential BCT construction. “BCT construction +

filling” indicates the total execution time of the BCT construction and filling. “BCT construction

w/ filling” indicates the execution time of modified BCT construction where a worker executes

filling for a leaf matrix immediately when the worker finds the corresponding BCT leaf node.

Execution times involving filling are not shown for Humans because the memory usage exceeded

the memory limitation of a single computing node.

We set Nmin and η in the inequalities (2.1) respectively to 50 and 0.5, and ε in the inequal-

ity (2.11) to 10−8 for all measurements. We use 11 as the rest in the equation (6.3) based on our

empirical rules. The kernel function of Equation (2.2) we use in this experiment is g(x, y) =

|x− y|−1/4πǫ. For performance parameter TN (in line 16 of Fig. 6.1), we get the best performance

when TN is 10 in the experiments using Sphere. We used this value for all the datasets.

We measured performance using up to 16 nodes of ITO subsystem A, a supercomputer at the

Research Institute for Information Technology, Kyushu University. The details of the evaluation

environment are summarized in Table 6.2.

6.4.2 Evaluation in Shared Memory System

We evaluate the performance of our proposed implementation by comparing it with a parallel

implementation using the static work assignment strategy introduced in Section 6.2. Although

the original HACApK is implemented in Fortran (using hybrid MPI/OpenMP programming),

we ported HACApK to C and used it for the comparison to minimize the difference in perfor-

mance arose from the difference in programming languages. We call the ported implementation

the MPI/OMP implementation. We do not evaluate the performance of Humans in this section

because the memory usage exceeded the memory limitation of a single computing node.

The execution times on a single computing node are illustrated in Fig. 6.2. We can see that, in

both implementations, we can get speedups by increasing the number of workers until 16 workers
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Figure 6.2: Total execution time of BCT construction and filling on a single computing node.

Table 6.3: Best execution time of BCT construction and filling and speedup of Tascell to

MPI/OMP.

Sphere SphereCube SpherePyramid Humans

MPI/OMP Impl. [s] 4.47 13.2 14.2 62.7

Tascell Impl. [s] 3.60 13.4 7.49 61.1

Speedup 1.24 0.99 1.90 1.03

but cannot get further speedups when using 36 workers. This is probably due to heavy memory

access. The performance degradation in 36-worker executions is less significant in the Tascell

implementation. It is probably because memory accesses are less frequent because workers in

Tascell concurrently execute BCT construction and filling.

The MPI/OMP implementation showed better overall best performance on a single node. This

is because the load imbalance is not serious with a smaller number of workers and the effect of

dynamic load balancing cannot pay for the additional costs in Tascell such as the cost of work

stealing and parallel for statements.

6.4.3 Evaluation in Distributed Memory System

Because the best performance on a single node was obtained when using around 16 workers in

both implementations and for all the datasets, we used 16 workers in each node for the experi-

ments on DMS. Figure 6.3 shows the total performance of BCT construction and filling on DMS.

From Fig. 6.3(a), we can see that we can get speedups using multiple computing nodes in

both implementations. However, the speedups in MPI/OMP are limited when the number of nodes
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Table 6.4: Average and maximum loaded time among all threads in the executions of the

MPI/OMP implementation using 16 nodes × 16 workers.

Sphere SphereCube SpherePyramid Humans

average execution time [s] 3.82 9.95 8.96 52.9

maximum execution time [s] 4.47 13.2 14.2 62.7

maximum / average 1.17 1.32 1.59 1.19

increases. This is because the load imbalance becomes serious with the larger number of workers.

From Table 6.4, we can confirm that the load imbalance in the MPI/OMP implementation is

considerable. Consequently, in terms of speedups to 1 or 4 nodes, the proposed implementation

achieved better performance compared to the MPI/OMP implementation for all the datasets.

In terms of execution time, we can see from Fig. 6.3(b) and Table 6.3 that the proposed

implementation outperformed the MPI/OMP implementation for Sphere and SpherePyramid. In

particular, the proposed implementation achieved a 1.9-fold speedup compared to the MPI/OMP

implementation for SpherePyramid, in which the degree of load imbalance in MPI/OMP is the

largest. The execution times of the proposed implementation are almost the same as those of

the MPI/OMP implementation for SphereCube and Humans, because the effect of dynamic load

balancing did not outweigh the overhead of Tascell. However, we can expect that Tascell can

outperform MPI/OMP with a larger number of workers, where the impact of load imbalance

would become more serious.

6.5 Conclusion

In this chapter, we proposed a new parallel implementation ofH-matrix construction, where BCT

construction is executed in parallel using all workers of all computing nodes. When a worker finds

a BCT leaf during BCT construction, it immediately executes filling for the corresponding leaf

matrix. To get a good load balance, we parallelized BCT construction using the task parallel

language Tascell, which enables easy and efficient parallelization of the tree recursive algorithms

by employing a dynamic load balancing strategy. In numerical experiments with 3D electric

field analyses using up to 16 computing nodes each of which has 36 cores, our implementation

achieved up to 1.9-fold speedups compared to an implementation with the static task assignment

strategy.
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Figure 6.3: Total performance of BCT construction and filling on multiple computing nodes.
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Chapter 7

Related Work

7.1 Parallel Hierarchical Matrix Construction

As mentioned in Chapter 2, numerous studies have been conducted that deal with the paralleliza-

tion of the filling operation inH-matrix construction. Kriemann parallelizedH-matrix arithmetic

and proposed a parallel implementation of the filling operation on shared memory system [22].

Besides filling, they also parallelized matrix-vector multiplication, matrix multiplication, and ma-

trix inversion. They summarize their implementations into library Hlib [12]. Ida et al. proposed

implementations of the filling operation on distributed memory systems by flat-MPI, OpenMP,

and hybrid MPI/OpenMP parallelization [23]. It has been improved in [24] to avoid the trou-

ble that ranks of approximated matrices increase rapidly as the matrix size increases when the

conventional H-matrices with ACA are employed to an integral equation whose kernel function

has high-order singularities. They also packaged these implementations intoHACApK [28], a li-

brary for parallelH-matrix computing. Hoshino et al. achieved even better performance of filling

operation andH-matrices arithmetics by GPU, and SIMD vectorization in [26, 27].

However, none of the implementations mentioned above parallelized the matrix partitioning

part and most of implementations in DMSs apply a static work assignment strategy based on the

estimation of the computing cost of each submatrix, which is not precise. Hoshino et al. pro-

posed a dynamic load balancing implementation of filling and H-matrices-vector multiplication

for GPU [27]. However, the dynamic load balancing only works on the thread level and does

not support DMSs. Munakata et al. applied dynamic load balancing to hybrid MPI/OpenMP im-

plementations of the filling operation, H-matrix-vector multiplication, and H-matrix-H-matrix

multiplication [25]. In their implementations, there is a global task queue only the master process

can access and each MPI process has its local task queue. Inside each MPI process, threads get a

chunk of tasks from the local queue until the local queue is empty. If a local queue is empty, the

corresponding MPI process will ask for tasks from the global task queue. This is different from

our implementations using task parallel languages in that we do not need the master process that

only maintenance the global task queue.

There are some variant implementations of H-matrices, such as H2-matrices [41], block

low-rank representation (BLR) matrices [50] and lattice H-matrices [42]. The H2-matrices has

been parallelized on DMSs [51] using flat-MPI, and the scalability was also evaluated on a small

cluster system. The parallelization of BLR matrices is discussed [52] and the lattice H-matrices

has been parallelized on DMSs using hybrid MPI/OpenMP programming [42].

62



7.2 Related Applications using Similar Algorithms

7.2.1 K-D Tree Construction

CT construction in our research can be considered as a special instance of k-D tree construc-

tion for k = 3. The k-D tree is a space-partitioning data structure for organizing points in a

k-dimensional space, widely used in ray tracing. There are many studies dealing with paralleliza-

tion of the construction of k-D trees using GPU [53, 54] and multicore CPUs [55–58].

Especially, Choi et al. proposed a parallel k-D tree construction algorithm that parallelized

both inside of and across recursive steps [55]. However, their algorithm is different from our

parallel CT construction in that they parallelize inside of recursive steps only in the shallower

part of the k-D tree and parallelize recursive calls only in the deeper part. We combine both levels

of parallelism across the entire tree. Besides, they also propose an in-place parallel algorithm for

pivoting, which we can take into our implementations.

Fatta et al. proposed a parallel k-D tree k-means method using the dynamic load balance

on DMSs [56], . However, k-means is a type of clustering method with an iterative refinement

process, in which the clustering assignments are updated at each iteration, consequently changing

the clusters’ definitions. The k-D tree is constructed in every iteration of the k-means process,

and the proposed dynamic load balancing distributes the data based on the execution time of each

processor in the last iteration. This is completely different from our CT construction because we

have only one chance to construct the CT without any evidence of the tree structure.

7.2.2 Fast Multipole Method

The fast multipole method (FMM) [7, 8], widely used in N-body simulations, is also an approx-

imation technique with tree structure construction in its algorithm. It has been parallelized in

many proposals in SMSs [59–61], DMSs [62, 63] and GPUs [64–67].

Among them, Taura et al. [61] implemented the tree construction of Fast Multiple Methods

(FMM) using a task parallel library, Massive Thread [39]. They showed a remarkable result in

absolute performance with small overheads. Amer et al. [68] parallelized FMM by OpenMP

Task [36] with awareness of data locality which is called data-driven task parallelism. However,

both of them use task parallelism only in SMSs. Note that Taura et al. point out the difficulties

to parallelize FMM in DMSs in [61]. One of the difficulties is the problem of the big overheads

caused by the random work-stealing across the computing nodes. Our node-aware work-stealing

may help with this problem.

7.2.3 Barnes–Hut Simulation

The Barnes–Hut simulation is an approximation algorithm for performing an N-body simulation,

which has a similar tree structure to FMM. In [69–71], parallel implementations of tree con-

struction for the Barnes–Hut algorithm are proposed. Especially, Matsui et al. parallelized the

Barnes–Hut simulation by Tascell in both SMSs and DMSs in [70, 71]. For better performance,

they enhanced the Tascell with space-stealing and probabilistic guards [72]. However, they could

not achieve a good speedup as we do in this thesis because the space-stealing caused a large

overhead.
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7.2.4 Parallel Sorting Implementations

QuickSort is similar to the CT construction algorithm that we employed in the sense that both

of them are recursive algorithms with the same pivoting process inside of each recursive step.

However, in conventional parallel QuickSort implementations [73,74], most of them focus on the

parallelization of pivoting. In [75], Saleem et al. parallelized QuickSort using Cilk Plus, which

includes a similar pivoting operation with our CT construction. However, they did not realize

very good speedups because they did not parallelize the pivoting operation.

Bitonic sort [76] is a parallel sorting algorithm with good parallelism. Nakazawa et al. im-

proved the bitonic sort to saw sort [77] using task parallel language, Massive Threads. The

scalability of their saw sort and the bitonic sort implementations are impressive that they almost

achieved linear speedups when sorting a random array in SMSs.

7.3 Work-stealing Strategy

Many studies have attempted to improve performance by optimizing the work-stealing strategy.

For Tascell, Yoritaka et al. proposed probabilistic guards [72] that prevent thief workers from

stealing small tasks from victim workers, thus reducing the total task division cost. Nakashima

et al. [78] proposed a work-stealing strategy that considers the amount of work and hierarchy by

which a programmer can let each worker estimate and declare the amount of remaining work as

priorities or weights. These strategies are different from our node-aware work-stealing strategy in

the sense that a thief worker uses information shared by other workers to select a victim worker,

whereas, in our strategy, a victim worker accepts or rejects task requests depending on task type.

For other task parallel languages and libraries, Shiina et al. proposed almost deterministic

work stealing [79] for MassiveThreads [39] on SMSs, where work stealing is restricted to a

certain range to improve data locality based on information declared by the programmer. They

evaluate the work-stealing strategy by matrix multiplication and particle interaction calculations.

They also applied the strategy to nested parallel programs like recursive repeated map (RRM),

QuickSort and k-D tree construction [80].
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Chapter 8

Conclusion and Future Work

In this thesis, we proposed parallel implementations of matrix partitioning in the construction of

H-matrix, using Cilk Plus and Tascell. Matrix partitioning is done in two steps: cluster tree (CT)

construction and block cluster tree (BCT) construction. In CT construction, we parallelized not

only the recursive function call but also the computation inside of recursive steps. Our parallel

implementations of BCT construction are relatively simple compared to CT creation, but we

needed to assign a private space for each worker to store the BCT leaf nodes.

As a result, compared to a sequential implementation in C, we achieved 15.6–16.9 times

speedups by Cilk Plus and 17.7–19.1 times speedups by Tascell for the CT construction. For

the BCT construction, speedups using Cilk Plus are 18.9–37.7 times, and those using Tascell are

22.7–38.8 times. In regard to the whole process of matrix partitioning, we achieved 15.7–17.7

times speedups by Cilk Plus and 17.8–21.3 times speedups by Tascell.

We extend the implementation of matrix partitioning in the construction of anH-matrix using

Tascell in SMSs to DMSs. We propose two implementation methods: distributed cluster tree con-

struction (DCTC) and redundant cluster tree construction (RCTC). In DCTC, both CT and BCT

constructions are parallelized using workers in all computing nodes. In RCTC, CT is constructed

in every computing node redundantly by employing only intra-node work stealing. The BCT was

then constructed in parallel using workers in all computing nodes. RCTC cannot achieve any

speedups using multiple computing nodes but can eliminate the data exchange cost that arises in

DCTC. To achieve better performance for CT construction in DCTC, we enhanced the Tascell

language to enable annotations for parallel loop statements that specify whether part of the loop

can be stolen by workers only in internal/external nodes.

Our parallel implementation of the BCT construction is relatively simple compared to that of

the CT construction, except that CT nodes need to be exchanged among all computing nodes (in

DCTC) or reordered (in RCTC) before BCT construction.

When we evaluated the performance of CT construction, our DCTC implementation achieved

speedups using multiple computing nodes compared with the existing implementation on SMSs.

We also confirmed that BCT construction yields good speedups using multiple nodes owing to

the dynamic load-balancing mechanism of Tascell.

With regard to the entire process of matrix partitioning, our RCTC implementation achieved

1.11–1.20-fold speedups using up to eight nodes, each of which has 36 cores, compared with the

single-node performance of the existing implementation of SMSs. Our DCTC implementation

could not achieve speedups using multiple computing nodes. However, by evaluating the DCTC

implementation, we confirmed that the node-aware work-stealing mechanism is useful for the
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parallel implementation of CT construction on DMSs. This mechanism should also be useful for

other applications, such as k-D tree applications.

Our implementations on DMSs also have the advantage of handling large input data such that

the number of resultant BCT nodes is too large to be stored in a single node.

Finally, we proposed a new parallel implementation of hierarchical matrix construction, where

BCT construction is executed in parallel using all workers of all computing nodes. When a worker

finds a BCT leaf during BCT construction, it immediately executes filling for the corresponding

leaf matrix. To get a good load balance, we parallelized BCT construction using the task parallel

language Tascell, which enables easy and efficient parallelization of the tree recursive algorithms

by employing a dynamic load balancing strategy. In numerical experiments with 3D electric

field analyses using up to 16 computing nodes each of which has 36 cores, our implementation

achieved up to 1.9-fold speedups compared to an implementation with the static task assignment

strategy.

In future studies, we aim to improve the performance of our implementations by further opti-

mizing the work-stealing strategy. We may also enhance our implementations to construct other

low-rank approximation of matrices, such as block low-rank representation (BLR) [50] and lat-

tice H-matrices [42], which are proposed as a variant of H-matrices, to obtain a better load

balance and construct more efficient communication patterns for arithmetic operations on dis-

tributed memory systems. We can expect that better performance can be achieved in CT and BCT

construction for lattice H-matrices, utilizing the fact that the number of elements in CT nodes

is balanced near the root. We will also apply our node-aware work-stealing strategy to other

applications such as k-D tree construction.

Leaf matrices obtained by our implementation using dynamic load balancing are scattered

across all computing nodes in random order. This is not convenient for the arithmetic operations

of H-matrix after construction, because the cost of data communication in arithmetic operations

will be extremely large. In our future studies, we need to consider implementing arithmetic

operations intended for such situations or developing a task assignment strategy that alleviates

the randomness. To solve this problem, as a preliminary idea, we are planning to implement a

new task scheduler with consideration of data placement. When a leaf-node of BCT is built, the

position of the corresponding submatrix represented by the leaf-node is determined. Therefore,

when doing the filling task of a submatrix, we can give a specified computing node a high priority

to steal this task based on the position information to make the result of BCT leaf-nodes that are

near to each other distributed to the same computing node. Note that we still reserve the random

work-stealing at some level to keep the load balance of BCT construction.

In addition, we will apply our implementation for larger datasets using a larger number of

computing nodes. For larger datasets, we can employ parallel CT construction in Section 4.2 and

Section 5.3 to pursue better total performance.
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