PHYSICAL REVIEW D 107, 065017 (2023)

Unitarity and unstable-particle scattering amplitudes

Katsuki Aoki

Center for Gravitational Physics and Quantum Information, Yukawa Institute for Theoretical Physics,
Kyoto University, 606-8502, Kyoto, Japan

® (Received 19 December 2022; accepted 3 March 2023; published 27 March 2023)

Unitarity is the fundamental property of the S-matrix, while its usage for a scattering of unstable particles
has been subtle as unstable particles do not appear in the asymptotic states. Defining unstable-particle
amplitudes as residues of a higher-point amplitude at an appropriate complex pole, we find unitarity
equations for the 2-to-2 unstable-particle amplitudes from unitarity and analyticity of stable-particle
scattering amplitudes. The unstable-particle unitarity equations take a form analogous to those of the stable-
particle amplitudes when the in and out states are chosen to be complex-conjugate positions. In particular,
as in the optical theorem, we find a positivity constraint on a discontinuity of the amplitudes in a positive

region of the momentum transfer variable.
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I. INTRODUCTION

We are in the era of the revival of the S-matrix theory of
the 1960s. The physical requirements such as unitarity and
causality provide powerful consistency conditions on the
S-matrix, called positivity bounds, and they can be used to
constrain low-energy physics without detailed knowledge
of high-energy physics [1-3]. In the lack of understanding
ultimate laws of nature, the positivity bounds provide one
of the most promising ways to investigate new physics in a
model-independent way, and recently there has been a lot
of progress such as sharpening the bounds [4-18] and
extending the bounds to gravitational systems [19-28] and
systems without Lorentz invariance [29-32].

The S-matrix is a probability amplitude connecting the
infinite past and the infinite future. When a theory contains
unstable particles as well as stable particles, the asymptotic
states are spanned by the stable particles only, and
the unstable particles do not appear in the asymptotic
states [33]. A question is then whether we can apply the
S-matrix constraints to a “scattering” of unstable particles.
Unstable particles appear in many contexts. Most of the
known particles, either elementary ones or composite ones,
have finite decay widths [34]. New particles in physics
beyond the Standard Model and in quantum gravity would
be unstable unless they are protected by symmetry. If we
cannot apply the S-matrix arguments to the unstable
particles, this gives a strong limitation in the availability
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of the S-matrix theory. Having said that, unstable particles
and stable particles may be indistinguishable when the
lifetime is sufficiently longer than the timescale of interest.
At least in an approximate sense, “scattering amplitudes” of
the unstable particles should be constrained by the physical
requirements. This would be a reason why the subtlety
associated with the unstable particles has not been seriously
studied. Yet, we need to quantify the requirements with a
proper definition of unstable-particle amplitudes to make
definite predictions. Even tiny corrections are important in
investigating quantum gravity constraints [35-39].

A definition of the unstable-particle amplitudes was
suggested in the 1960s (see [40] and references therein).
In the S-matrix theory, physical amplitudes are identified
with boundary values of analytic functions with singular-
ities implied by unitarity. A stable-particle exchange leads
to a pole whose residue is factorized by amplitudes
involving this particle; that is, a lower-point amplitude
is embedded in a higher-point amplitude. Analogously, a
lower-point unstable-particle scattering amplitude can be
defined by a residue of a higher-point stable-particle
amplitude at a complex pole corresponding to the unstable
particle. Then, we can discuss their properties although
there is still an ambiguity in the definition regarding the
choice of the complex pole as we will discuss later.

In a weakly coupled system, one may use the perturba-
tion theory to compute unstable-particle amplitudes.
Stable-particle amplitudes and unstable-particle amplitudes
exhibit different behaviors at the loop level as new
singularities such as anomalous thresholds and external-
mass singularities [41-43] arise when the mass of an
external state is extrapolated to an unstable region.
Nonetheless, in general, the perturbation series does not
necessarily converge and a resummation is required.
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We need to make sure whether perturbative calculations
correctly capture the properties followed by the general
requirements such as unitarity. It is desirable to understand
the general properties of unstable-particle amplitudes ab
initio without relying on the perturbation theory.

We thus revisit the S-matrix theory [40] whose under-
lying idea is making use of unitarity and analyticity of a
higher-point amplitude to analyse an embedded lower-
point amplitude. We first explain our assumptions and their
immediate consequences in Sec. II by following [40].
In Sec. Ill, we derive the unitarity equations for the
unstable-particle amplitudes from those for higher-point
stable-particle amplitudes. We discuss the properties of the
unstable-particle amplitudes based on the obtained unitarity
equations. The unitarity equations are derived in a negative
momentum transfer r <0, where ¢ is one of the
Mandelstam variables, in Sec. III while they are extended
to a finite positive ¢ in Sec. IV. In Sec. V, we especially
focus on the sign of a discontinuity of the unstable-particle
amplitudes and show that the sign is fixed in a positive
region of the momentum transfer variable. We conclude in
Sec. VI with a summary and discussions. In Appendix A,
we briefly review the stable-particle unitarity equations and
we study a triangle Feynman diagram as a perturbative
validation of our results in Appendix B.

II. S-MATRIX THEORY

For simplicity, we focus on a theory composed of a stable
scalar field ¢ with the mass y and an unstable scalar field A
with the pole mass M in four dimensions. By the use of the
connected part of the S-matrix, the n-to-n’ scattering
amplitude and its Hermitian conjugate are defined by

{PYSHPYe = =i 8™ (plo — pu) AL, (2.1)

UP ST e = i)W (Pl = Po) AL, (2.2)

with .Ai, ,3 = (Ai:,) )* where { p} and {p'} are the sets of the
external four-momenta of the initial and final states with
the total four-momenta p,, and p, respectively. We use
the (—, +, +, +) convention and omit the Lorentz indices
for notational simplicity. We again emphasize that the
unstable particle does not appear in the asymptotic states
and its existence can be seen as a complex pole with
ImM? < 0 as we will explain later. Hence, |{p}) only
involves the stable particles. Note that the amplitude is
defined with a minus sign in (2.1) to follow the convention
of Chapter 4 of [40]; accordingly, the imaginary part of the
forward amplitude is negative rather than positive.

Having defined the amplitudes, we require:

(1) Lorentz invariance: The amplitudes are given by

functions of Lorentz-invariant variables.
(2) Unitarity: S§* = S'S = 1.

(3) Analyticity: The physical amplitude and its Hermi-
tian conjugate are real boundary values of the same
analytic function with singularities inferred from
unitarity. In particular, the unitarity equations are
supposed to be the sums of discontinuities across
individual thresholds.

This analytic property is called Hermitian analyticity which
can be proved under a weaker condition on analyticity (or
causality) at least for the 2-to-2 amplitude in a gapped
system [40]. We do not prove Hermitian analyticity of
higher-point amplitudes in the present paper and simply
employ it as our analyticity postulate. Let us below explain
our assumptions in order. See [40] and references therein
for details.

Lorentz invariance concludes that the n-to-n" amplitudes
are functions of 3(n + n’) — 10 independent inner products
of external momenta which we collectively denote by s A.l
It is convenient to use the variables

Sijke. *= —P?jk... =—(tpitpjEpi £ )2 (23)

where p; refers to both in and out momenta with the (+)
sign for in momenta and with the (—) sign for out momenta,
respectively. In particular, the total energy variable is
denoted by s = s,.. = —p2, unless otherwise stated.”
The variables s;;... are subject to constraints in the physical
region. Together with the positive frequency conditions, the
physical region constraints correspond to the Gram deter-
minants (or the Cayley—-Menger determinants) to have
appropriate signs. Let us write the set of indices i ---i,
asl,ipyg - ippgasd iy iyl i, ,aslJandsoon.
Considering timelike vectors p;, p;, and pg, the physical
region constraints on their inner products are given by

0 1 1 1
1 0 s s
7o s, (2.4)
1 Sy 0 Sry
1 S Spy 0

'In general, the amplitudes are decomposed into scalar and
pseudoscalar parts. The pseudoscalar part is absent for n = n’ =
2 in four dimensions since the conservation law leaves three
independent momenta and no pseudoscalar can be formed by
three vectors. Since we are interested in 2-to-2 subamplitudes
embedded in higher-point amplitudes, the pseudoscalar part of
higzher-point amplitudes would be irrelevant to our discussions.

The variables s, t, and u will be used to denote the
Mandelstam variables of embedded 2-to-2 amplitudes. The
relations between {s,7,u} and the energy variables of a
higher-point amplitude depend on how the 2-to-2 amplitude is
embedded. In most cases of the present paper, the total energy
variable of the higher-point amplitude agrees with that of the
embedded 2-to-2 amplitude.
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Lorentz transformation can also be used to interchange the
in momenta and the out momenta of the n=n" =2
amplitude, concluding the symmetry condition

(PaP\1SIp1p2) = (P2p1ISIP1 DY) (2.6)

In the following, we adopt the diagrammatic notation of

[40,44]:

each internal line = —27if(q°)0 (¢ + p?),
each loop = (2:1_)4 /d4k,

n lines joining two bubbles = a symmetry factor —
n!

(2.7)

where ¢ is the four-momentum of an internal line which is
determined by external momenta p and loop momenta k
according to the conservation law. Then, the unitarity
equations, which are consequences of SST =1, of the
2-to-2 amplitude and the 3-to-3 amplitudes in (3u)* < s <
(4u)? are written as

OO OO,

020200 50:0.
D%EC)zeI = C:
+> W

(2.9)

where the summations are over the possible connected
diagrams with different choices of the particles. The
unitarity equation only involves the solid lines representing
the stable @-particle because of the absence of the unstable
particles in the asymptotic states [33] (see also [45]). As the
total energy increases, the number of internal lines
increases while the structure of the equations is the same

in the 2-to-2 and 3-to-3 unitarity equations (see
Appendix A). According to (2.6), the left-hand side (lhs)
of the 2-to-2 unitarity equation represents the imaginary
part, 2ilmAgy = {4y — 1=L.

The amplitudes .Aij,;) can be analytically continued from
the physical region into the complex plane with the relation

Afﬂ_n) (s4) = [AE;’) (s%)]* in the complex domain. Hermitian

analyticity states that Afl,in) are opposite boundary values of
the same analytic functions A,,«,,,3 which we may write

(2.10)

A (54) = 1im Ay, (54 + ie).

e—=0+
The directions to approach the real axis may depend on the
choice of the variables. The precise directions to approach
the real axis have to be chosen to coincide with the causal
direction for the (4) amplitude and the anticausal direction
for the (—) amplitude, respectively (see [43] for a recent
discussion). An immediate consequence of (2.10) is that
the unitarity equation represents the total discontinuity of
the analytically-continued amplitude A,,,,. For example, the
2-to-2 unitarity equation is understood as the discontinuity
between s + ie and s — ie, DiscsAze = 1+r — (=L The
first and second terms on the right-hand side (rhs) of (2.9)
are the discontinuities associated with the two-particle
intermediate states and the three-particle states, respec-
tively. The unitarity equations of higher-point amplitudes
are more involved. As we stated in the assumption 3, we
shall assume that the unitarity equations are decomposed
into discontinuities across individual energy variables [47].
The first line of the rhs of (2.9) is regarded as the
discontinuity in the total energy variable s while the second
line of (2.9) is understood as the 2-particle discontinuities in
subenergy variables

(-0
x5S0

where the labels (£) only refer to the ways of approach of
the specified subenergy variable, namely s, = —(p; +

p2)? and s45 = —(ps4 + ps)? with the label ;ﬁg The

last term of (2.9) is the sum of the one-particle singularities
in cross-energy variables, €.g., Sj45 = —(p; — ps — ps)*.
A resonance of an unstable particle can be explained by a
complex pole s = M? residing on the unphysical sheet that
is reached from the physical region by going down through
the branch cut (see Fig. 1). The existence of a complex pole
is indeed predicted by unitarity [48]. Hermitian analyticity

*When the amplitude satisfies the symmetry condition (2.6),
Hermitian analyticity is reduced to real analyticity; see e.g., [46]
for their distinctions.
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FIG. 1. The positions of the complex pole P at s = M? and the
shadow pole at s = (M?)* where the symbol x denotes the branch
point. The black dashed lines are the paths on the physical sheet while
the red dotted lines are on the unphysical sheet. Depending on the
path, we do or do not reach the complex poles: the paths (a) and (b)
reach the complex pole M? and the shadow pole (M?)* whereas the
path (c) stays on the physical sheet on which no complex poles exist.

implies that another pole, called a shadow pole, also exists
at the complex-conjugate position s = (M?)* which is
reached from the opposite boundary by going up through
the cut. Therefore, when one continues the (1) amplitudes
from a real s to s = M?> by going down, the analytic
continuation of .Ag) has a singularity while Ag) is regular
since s stays on the physical sheet for Ag) [see the path
(¢)]. Conversely, when one moves s up to reach s = (M?)*,
.Ag) is regular whereas Ag;) is singular, respectively.

We then analytically continue the 3-to-3 amplitude by
moving the subenergy variable s, = —(p; + p,)* from
the upper-half plane and investigate the neighborhood of
the complex pole s;, = M?,

@ TEQ 2

where we add the label (4) to cover the 1 and 2 external lines
only since we have only specified the direction of the analytic
continuation of the variable s;,. The symbol ~ means that
we have picked out the singular terms and the wavy line
connecting to the (4) bubble in the right diagram is under-
stood as the pole factor (s, — M?)~!. The existence of the
singularity at s, = M? is deduced from (2.11) since the small
(+) bubble has a pole at s, = M? when the 2-to-2 amplitude
does. On the other hand, we can consider a different path of
the analytic continuation to reach the shadow pole

Q@ REQ 2=

in which the wavy line connecting to the (—) bubble should be
understood as [s;, — (M?)*]~!. The residue is computed by
considering an integration contour encircling the pole accord-
ing to Cauchy’s residue theorem. The 2-to-3 amplitude with an
external unstable particle is then defined by the residue at either
S1» = M? or s;, = (M?)* after subtracting the three-point
coupling constant \~(y. Similarly, we can define the 2-to-2
amplitudes representing a “scattering” of a stable particle and
an unstable particle which are diagrammatically denoted by

(2.12)

(2.13)

e X

We stress that the definition of the unstable-particle amplitude
is not unique as it depends on the choice of the complex pole. In
the literature (e.g., [43]), the unstable-particle amplitudes are
defined by the all-(+) amplitudes [the former one of (2.14)]
because M? is the pole approached from the causal direction.
However, there is no need to use the all-(4-) amplitudes to
investigate the S-matrix constraints since we are interested in
the analytically continued amplitudes which no longer describe
physical scattering processes. In fact, as we will show, unitarity
equations take a simpler form in the case of the mixed type [the
latter one of (2.14)] and the mixed-type would be more useful
for studying unitarity constraints.

(2.14)

III. UNITARITY EQUATIONS
A. Ap — Ag

Using the above properties, let us find the unitarity
equation of the unstable-particle scattering. We start with
the unitarity equation of the 3-to-3 amplitude and consider
its residue at the complex poles of the subenergy variables

s1o and s45 with the label %ﬁé The path of analytic

continuation should be chosen to reach the correct sheet on
which the complex pole exists (see Fig. 1). Since the
complex pole is responsible for the resonance, there should
be paths from ReM? = ie to the poles M? and (M?)* without
a nonanalytic change of the unitarity equation. In other
words, we deal with the complex pole that is the singularity
closest to the real boundaries. Hence, we first consider the
unitarity equation in the vicinity of s,, = 5,5 = ReM? and
then continue it by complexifying s, and sys.

The variables s = S123 = S456, U = S126 = 5345 and
t = 1045 = S3¢ play the role of the standard Mandelstam
variables after extracting the residue where s, ¢, u are subject
to the constraint s + ¢ + u = 2u* + 515 + 545. We should
understand the physical region in which the unitarity
equations are first applied. For fixed {s/,, 545}, the physical
region of {s, ¢, u} can be identified by using (2.4) and (2.5),
e.g.,putting / = 12,J = 3, K = 45in (2.5). The constraint
is shown in Fig. 2 where the physical region of the process
123 — 456 (the s-channel process) corresponds to the right
region. The variable u can take a positive value even in the
s-channel region; thus, the u-channel normal threshold can
be present in the s-channel unitarity equation. On the other
hand, ¢ is always negative in the s-channel region and the
t-channel normal threshold would not appear. We thus
regard the amplitude as a function of s, u, s, S45 and
variables that are irrelevant to the residue.

When (2u)?> < ReM? < (3u)?, we can use (2.9) in
s < (4u)?. On the lhs of the unitarity equation (2.9), the

variables s;, and s45 in @ and @ are situated in

different positions on the Riemann surface. We use the
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FIG. 2. The physical regions in terms of s, f, u for
§13 = S45 = Tu?. The three isolated regions correspond to the
physical regions for the s-channel process 123 — 456 (right), the
u-channel process 126 — 345 (top), and the z-channel process
1245 — 36 (left), respectively.

discontinuity equations of the subenergies (2.11) to set
them to the same position:

Here, R denotes the diagrams that either the 1 and 2 lines or
the 4 and 5 lines do not connect to a single () bubble
which may not possess the complex pole of either s, or s4s.
As ReM? or s increases, the number of internal lines
increases as long as kinematically allowed. Therefore, the
general expression is

EC=O:
=;@+;%+R (3.2)

where a, b are the number of the internal lines and the bold
line is the shorthand for the summation. We then move
s1» and s45 by going up/down to reach s;, = (M?)* and
s45 = M? at which R may be regular in either s, or s4s,
leading to

oY @iV ALe: .
B B0

Canceling the common factors, we obtain the unitarity
equation of the unstable-particle scattering as the residue of
the 3-to-3 unitarity equation:

B DO @O

Note that thanks to choosing the complex conjugate

positions s;, = (M?)* and s,5 = M?, the constraint s +
4 u = 2u? + 2ReM? is unchanged.”

Let us discuss what the unitarity equation (3.4) evaluates.

We recall that the (4) amplitude is related to the (—)

(+)y#

nn’) >

amplitude via the Hermitian conjugation .Afl,_n) = (A
reading

Agg)(sv“vslz’%’ ) = [Ag)(s,u,SZS,STZ, ) (3.5)

fors,u € R, 515, 545 € C, and - - - are variables irrelevant to
the residue. We have used that s and u are invariant under
the replacement {p, p», p3} <> {pa4, Ps, P¢} While s, and
s45 are interchanged with complex conjugation. When s,
and s45 are located at complex-conjugate positions,
S5 = S12, we find

) = [AG (s, 510,575, )]7. (3.6)

(=)
A (s, u, 812,87,

Therefore, the lhs of the unitarity equation (3.4) is the
imaginary part of the amplitude:

“If there is a stable-particle pole in the s1,- and s45-planes, one
may continue (3.1) to approach the stable poles 51, = s45 = u°.
Since the stable-particle poles should reside on the physical sheet,
the continuations from the upper-half plane and the lower-half
plane reach the same pole, meaning that there is no distinction in
the (£) labels attached to a single line. Then, one could reproduce
the 2-to-2 unitarity equation as the residue of the 3-to-3 unitarity
equation (3.1) although the constraint s + ¢+ u = 2> + 515 +
s45 should be taken care of;  takes different values before and
after analytic continuation.
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(3.7)

(o ().

The unitarity equation (3.4) is also understood as the sum
of the s-channel discontinuity and the u-channel disconti-
nuity. Let us write

@ = AAwﬁAQO(SwH U+) y
/4\@ - AAgo—)Ago(877 u,) ’

where s, = s ie and u, = u £ ie and lim,_, , is under-
stood. According to our analyticity postulate (the
assumption 3), the unitarity equation (3.4) can be decom-
posed into a couple of equations:

m = Aspoap(st,ut) — Aapoap(s—,ug)

= Aspsap(si,u") — Aapsap(s_,u_),
(3.10)

(3.8)

(3.9)

@ = AAS@—>A<,D(3—7 ’U,+) - AAQ0—>A¢(S—a u—)

= Aapsap(st,us) — Aapoap(st,u-).
(3.11)

This decomposition is related to the existence of a regular
region. When u is fixed in the region u < 4u?, u # p?, the
second term on the rhs of (3.4) is not kinematically allowed,
leading to

% = Aagsap(sy,uy) — Aagsap(s—,u).

(3.12)

We then continue (3.10) in the region u < 4u*(u # u*) and
compare it with (3.12). We conclude

0= AA(p—»A(p(s—’ u+) - AA(p—»A(p(s—’ u—)

- AA¢—>A¢(S+’M+) _AA(/)—>A¢(S+’”—)’ (313)

in the region u < 4u*(u # p*), namely no discontinuity in
u. The converse is also true: if (3.13) is assumed in
u < 4u*, u # p?, the continuation of (3.12) to the region u >
44 leads to (3.10) and (3.11).

The amplitude is often regarded as a function of a single
variable by fixing other variables. By using (3.10)
and (3.11), let us discuss the analytic structure of the

fixed-¢ amplitude A,,,_ 4, (s) where u is eliminated by the
constraint s + ¢ + u = 2u> + 2ReM>. The s-channel sin-
gularity and the wu-channel singularity coexist in the
complex s-plane. When ¢ is fixed at r_ = r, — i¢’ with
to < 0 and ¢ > 0, the analytic structure is given by Fig. 3
(left). In s, > 2ReM? —2u”> — t,,, the u-channel cut is
absent and the discontinuity between s; 4 ie (P; in

Fig. 3) and s, — ie (P,) is given by m We then
continue the function to the region s, < 2ReM? — 24 — 1,
Since Imu = —Im(s+1) = —Ims + ¢, the lower-half

s-plane always gives Imu > 0 (the path Q; — Q,). On
the other hand, there exists a branch cut on the upper-half
plane: the path P; — P,(0 < Ims < ¢') corresponds to
Imu > 0 and the path P; — P5(Ims > ¢) is Imu <O.
Hence, the discontinuity between P, and Q, is given by

m—&@ which does not agree with (3.4)

due to the negative sign in the second term. A similar
consideration gives the analytic structure for r, = t, + i¢’

as shown in Fig. 3 (right). The amplitude i@i is
identified with the values of the analytically-continued
amplitude Ay,_4,(s.7_) at Py and P, while 3@ is the
values of Ay,_4,(s.2;) at Ry and R,. In other words,

@ and 3@ cannot be understood as opposite

boundary values on one sheet.

Let us investigate whether and can be still
described by the same analytic function of the single
variable. We assume that the s-channel branch cut ends at
s = 4u” and the existence of a path drawn in Fig. 4 for
t = t_. The points Py, P,, Q;, and Q, in Fig. 4 are the same
as the points in Fig. 3 (left). We go round the branch point
s = 4% and reach Q, that correspondstos = s_and t = _
with s; > 2ReM? — 2u> — t,,. Recall that R, in the right
panel of Fig. 3 is at s=s_ and ¢t=1, with
s; > 2ReM? — 2u* — t,. Equation (3.13) implies that there
isno discontinuity in 7 in the region s; > 2ReM? — 2u” — t,,.
Therefore, Q; can be identified with R; under the limit
¢ — 0. Then, R, is reached by passing above the u-channel
branch point as shown in Fig. 4. Note that we have only
drawn the 2-particle thresholds in Fig. 4 while other normal
thresholds (and anomalous thresholds if any) have to be
taken into account as well. R; — R, should pass through the

AVAVAVAVAS IR
Pye------- > P Ro¢-------- Ry
NAAAAX
Qat-------- @

FIG. 3. Analytic structures (modulo poles) of Ay, _4,(s.7)
(left) and Ay, _4,(s.2,) (right) in the vicinity of the s-channel
region. The zigzag line on the real axis is the s-channel branch cut
while the zigzag lines above (left) and below (right) are the u-
channel branch cut, respectively.
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FIG. 4. A path going round the s-channel branch point (P, —
0,) and the u-channel branch point (9, — R,). The black dashed
curve and the red dotted curve are paths on the different sheets.

lower side of the s-channel branch points and the upper side
of the u-channel branch points to be consistent with Fig. 3.

Therefore, we should carefully discuss the unitarity
equation to read the discontinuity in a single variable.
Nonetheless, when one is interested in the discontinuity in
the region s > 2ReM? — 2> — ¢, the rhs of the unitarity
equation (3.14) is given by the s-channel discontinuity

only. i@ and @ are regarded as opposite boundary

values, P, and Q; = R; in Fig. 4. The unitarity equation
simply reads

. () -2(H

in s > 2ReM? — 24> — 1.
If we postmultiply (3.2) by =+ & and use the
2-particle discontinuity equations like (2.11) we obtain

OX S
X T =)

(3.15)

(3.14)

where e is the diagrammatic notation for R. The last
term includes, for instance, a triangle diagram

B« B - B

which may contribute to the unitarity equation even after
extracting the residue at s5;, = s45 = M>. (3.15) does not
evaluate the imaginary part but can evaluate discontinuities.
The form of the unitarity equation depends on the choice of
the complex poles, suggesting that the analytic structures of

:@ and @X are different. In Appendix B we show that

the analytic structure of the triangle Feynman diagram
indeed depends on the positions of s;, and s45. One can
also notice that even the first term on the rhs of (3.15), which
may represent the s-channel discontinuities, is not given by a
sum of the products of (4+) amplitudes and (—) amplitudes,
differently from the standard unitarity equation. In general,
the first term does not necessarily have a fixed sign.

We can also discuss the unitarity equation in crossed
regions. The analysis in the u-channel region is the same as

(3.16)

the previous discussion. Hence, we only consider the
t-channel region starting with the 4 — 2 unitarity equation

B

(3.17)

where the lines are labeled as
1=
2
7.
6 5

Using the 2-particle discontinuity equations twice, we
find [40,47]

{EAF
g¢ =0~

which can be used to move s, and s45 to the lower-half
plane:

IGOH0/0%

Hence, the unitarity equation for s, = s45 = (M?)* takes a
form similar to the standard 2-to-2 unitarity equation. On
the other hand, one can replace (—) with (+) in the
subenergy variable s45 by following the discussion in

(3.15). One then finds the unitarity equation for @
that may have additional contributions from R.

(3.18)

(3.19)

B. AA - AA

The previous analysis can be extended into amplitudes
involving more unstable particles although the analysis
becomes more complicated. Let us briefly discuss the
AA — AA amplitude which arises as a residue of the

4-to-4 amplitude

When we set 51, = 534 = 556 = 575 = ReM?, the physical
s-channel region is given by s> 4ReM?,t <0,u <0
where s = 51234 = S5678, 1 = S1256 = S3478 and u = 51978 =
§3456 With the constraint s + ¢ + u = 515 + 534 + 556 + S73-

For simplicity, we assume (2u)? < ReM? < (3u)?. The
4-to-4 unitarity equation reads

oyt
NI
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(+E-I-F
Z{E %

(3.20)

where  (2u)? < 515, 534, 556, 573 < (3u)> is  assumed
which restricts the number of lines connecting small
bubbles. We then use (3.18)-type discontinuity equations
to set 5, = s34 = ReM? — ie and 555 = 5753 = ReM? + ie
in (3.20). There are many cancellations, yielding

G SO O

There exists a crossed box diagram on the rhs of the
unitarity equation (3.21).

Let us discuss the kinematically-allowed region of the
diagram with §,, = 534 = 556 = 575 = ReM?. We
name the internal lines as

1
6:9
(H 20
where each internal line is on the mass shell, g? = —u?. The

time flows from right to left. The energy-momentum
conservation of each bubble gives

(3.22)

P2 =¢q1+qa,
— + bl
P34 = 43 T 44 (3'23)
Ds6 = 41 + g3,
P78 = 42 + 44,

where p;, = p; + p, and so on. Let us denote the Gram
determinants of ¢; by

G(Ql"'CIN (LJ':L“‘N)-

Then, the kinematically-allowed region, i.e., the vectors g;
can be constructed to be real, is determined by

) = det(q; - q;) (3.24)

G(q192) <0, G(q19293) <0, G(41929344) < 0.
(3.25)
The first condition G(q,9,) <0 is satisfied by

si» = ReM? > (2u)>. By using the conservation law
(3.23) and the on-shell conditions, the second and third
conditions read

t <0,
4ReM? (4u* — ReM?) + tu — 4p*(t + u) < 0,

u <0,

(3.26)

which is drawn as region I in Fig. 5. Therefore, the physical
region s > 4ReM?,t < 0,u < 0 is divided into region I in
which gzg is kinematically allowed and region II in
which it is kinematically forbidden. They are divided by the
curve AB which must correspond to a singularity curve.
In the high-energy limit (region II), the second term in
(3.21) is kinematically forbidden and should be absent. By
analytic continuation, we then obtain the standard form of
the 2-to-2 unitarity equation for the AA — AA scattering as
the residue at s;, = 534 = (M?)* and s55 = 575 = M*:

R AR =R

where the lhs represents the discontinuity across the real
s-axis and the imaginary part

o ()
o (58).

On the other hand, a careful analysis is required in region I
because of the additional contribution 3:: .

(3.27)

(3.28)

IV. EXTENDED UNITARITY

In the previous section, the unstable-particle unitarity
equations are derived in the physical regions of the Mandel-
stam variables {s,,u}, especially in a negative ¢ region.

10F : : : : : :
\ . )
0
Region I
o Region IT
=-10f
-201
-30L . . . . , . h
20 25 30 35 40 45 50 55
s/u2
FIG. 5. The physical region of the s-channel process is divided

into region I and region II by the curve AB. Here, we set
ReM? = 7u°.
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On the other hand, the same unitarity equations are expected
to hold even outside the physical region, called extended
unitarity, and this is indeed the case in the stable-particle
amplitude [40]. In this section, let us show that the unstable-
particle unitarity equations hold even in a finite positive ¢. The
positive ¢ extension will be used to find a positivity constraint
on the unstable-particle amplitudes in the next section.

The positive ¢ extension requires analytic continuation.
However, we do not know the analytic structure in a
positive 7. On the other hand, the analytic structure in
the subenergy variable, especially the existence of the
complex poles, can be deduced from the knowledge of
2-to-2 amplitudes and the two-particle discontinuity equa-
tions (2.11). Hence, we first adjust subenergy variables so
that the physical region can include a positive ¢ and then
continue the unitarity equation in the subenergy variables.

Let us first consider the AA — AA amplitude. In Sec. 111 B,
we set 51, = S35 = S5 = 573 = ReM? in the amplitude

d
and then continued the unitarity equation in the subenergy
variables because ReM? =+ ie are the points closest to the
complex poles in the real boundaries. However, as shown in
Fig. 6, we can still reach the correct sheet on which the
complex pole exists (or does not exist) even starting from
the vicinity of ReM?. For the unstable particle with
(2u)? < ReM? < (3u)?, we can consider the 4-to-4 unitarity
equation in (2u)% < s15, S34, 56, 573 < (3p)? (if there is no
anomalous threshold) and then analytically continue the
unitarity equation in {s,, 534, 56, 73} With fixed s and z.
The physical region of s and ¢ is deformed thanks to the
change of the initial input of {s,, 534, 56, 573} and then the

unitarity equation can be extended away from the negative .
For instance, let us consider

oD

S12:S78:RCM2+5S, S34:.S‘56:R3M2—5S. (41)

R .
N
N
\§
\
—~
&
Nas2
—
o
=
N
\
/§

~
~
VNN

N
\

$

r

LY
YR

r

A

FIG. 6. Several paths to approach s;, = M? starting at
Ims;, = +e¢, corresponding to the (+) amplitudes (left) and at
Ims;, = —e for the (—) amplitudes (right) where the different
types of the curves run on different sheets. In (a) and (b), the +ie
paths correctly reach the complex pole while the —ie paths stay
on the physical sheet. On the other hand, we need to bypass the
branch point by adding a positive imaginary part in (c) or a
negative imaginary part in (d). Then, we cannot reach the correct
sheet in (¢) and (d).

Then, the physical region constraint of the s-channel region is
given by

5 > 2ReM2<1 +4/1- (5s/ReM2)2),

2
4ReM2—s<t<@,

g (4.2)

which includes a positive ¢ region for ds # 0.
We then discuss the Ap — A@ amplitude. Since the 3

and 6 external lines of 2 ﬁé are fixed to be on-shell, the
physical region of the 3-to-3 amplitude is always given by
t = 53¢ < 0 in the s-channel region even when we change
the values of s, and s,45. Instead, let us consider the 4-to-4
amplitude and extract an embedded Ap — Ag amplitude at
S = (M2>*, S56 — Mz, and S§348 = /lz, that iS,

>
3~ )
1

where the line -@- = 1/(—¢® — p? - ic) is the pole factor
of the stable particle, satisfying

(4.3)

O~

D> —O-=—. (4.4)

The existence of a simple pole at sy,5 = g is implied by
unitarity [40]. Hence, we consider the 4-to-4 unitarity
equation and pick up the diagrams having the singular
structure of (4.3). Such a diagram should satisfy (i) the 1
and 2 momenta connect to a (—) bubble, (ii) the 5 and 6
momenta connect to a (+) bubble, and (iii) the 3, 4, and 8
momenta connect to a single bubble. The condition
(iii) includes diagrams with the structure

_Corrd
8 4

due to the conservation in the right bubble. We also note
that the diagrams that the 1 and 2 (or 5 and 6) momenta
connect to a (4) [or (—)] bubble can be discarded as far as
the paths like (a) and (b) of Fig. 6 are concerned.’ Sorting
out the relevant terms according to (i)—(iii), the 4-to-4
unitarity equation is given by the following form (see
Appendix A)

3In Sec. III, we have aligned the sign of the bubbles by using the
two-particle discontinuity equations before analytic continuation.
This would be more illustrative in understanding how to extract the
unstable-particle unitarity equations. On the other hand, when
considering the paths like (a) and (b) of Fig. 6, it is also possible
to analytically continue the unitarity equation first and then use the
discontinuity equations. The latter approach can simplify calcula-
tions because we can immediately ignore diagrams that the 1 and 2
(or 5 and 6) momenta do not connect to a (—) [or (4)] bubble.
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where (24)% < s12, 534, 556 < (34)* is assumed for sim-
plicity. We then use the 2-to-2 unitarity equation

(+r— - r=1+ (-} and (4.4, yielding

O5g 25 B0E 58

Furthermore, the two-particle discontinuity equations (2.11)
imply

(4.7)

O -}~ 0] - O~ DL Ya

(4.8)

The lhs of (4.6) can be replaced with the mixed amplitudes.
As a result, we obtain the 2-to-2 unstable-particle unitarity
equation (3.4) from the 4-to-4 unitarity equation of the
stable particle. Here, we stress that the momentum transfer
of the embedded Ap — Ap amplitude corresponds to
t = S1256 = S347¢ Which is not necessarily negative in the
physical region of the 4-to-4 amplitude. For instance, when
we consider

S12:R6M2+2(SS, S348:ﬂ2—25s, 356:RCM2, (49)
the s-channel region in the large s limit is given by
0 455> -
-5+ 0(s") <t <——+ O(s7%), (4.10)
A

where s = §15343 = Ss67 1S the total energy variable of the
embedded 3-to-3 amplitude.

All in all, we have obtained the unitarity equations which
are applicable even away from the negative ¢ region. The
unstable-particle unitarity equations are then obtained by
extracting their residues as we did in the previous section.
The validity of the unstable-particle unitarity equations can
be extended to the region 0 <t < 48s?/s. The allowed
value of ds is determined by the condition for reaching the
correct poles in analytic continuation.

V. OPTICAL THEOREM

One of the important consequences of unitarity is the
optical theorem which fixes the sign of the imaginary part
(and the discontinuity multiplied by 7). In our convention,
the imaginary part of the 2-to-2 stable-particle amplitudes
has to be negative in the forward limit. The optical theorem
has been the basis of unitarity constraints in quantum
field theory. Combined with the dispersion relation, the
optical theorem provides strong consistency conditions on
low-energy effective field theories called positivity bounds
[1-3]. Motivated by this, let us investigate the sign of the
rhs of the unitarity equations in the unstable-particle
amplitudes.

We rename the external states as follows:

5’13@3% = Jim Aupoag(stist)  (5.1)
and
TN S = A im0, (52)

where s = —(p1 + p2)*, 1= =(p1 = p3)*. u = —(p1 = pa)*.
Here, the variable u is eliminated by using

(Ap — Agp),

+t+ u = 2u*> + 2ReM?
{s L= (5.3)
(AA — AA),

s+t 4 u = 4ReM?

and the amplitudes are regarded as a function of s and ¢ ata
sufficiently large s so that the direction to approach the real
t-axis does not matter. The “on-shell” conditions of the
external states should be understood as

pi==P)". py=—p?, pi=-M?, pi=-u’. (5.4)
for (5.1) whereas
pi=p3=WM?*".  pi=pi=M>. (55

for (5.2), respectively.
As we have seen, when we consider a sufficiently large s,
the unitarity equations (2.9), (3.14), and (3.27) take the
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same form which all evaluate the discontinuity across the
real s-axis. The rhs of the 2-to-2 unitarity equations are

IdnAM %, (P2, Pal{aD Ak~ {a}P1 p2) (5:6)

according to the rule (2.7) where X , are either ¢ or A and
Yon-3 v e [otapstai +10
g (27r Ja!
-3 / [Toe L] s pm—iq- |
a; 3 2(] = J

(5.7)
The arguments of the (4-) amplitudes are expressed by four-
momenta; the momenta appearing on the left side of the bar
are those of the out states while the right ones are the in
states, respectively. The external momenta have to be
complexified to satisfy the “on-shell” conditions. The
forward limit p; = p; does not satisfy the “on-shell”
conditions for unstable particles. Let us instead consider

P1=ps. P2 = Dj- (5.8)
The conservation p, + p, = p3 + p, implies that the total
momentum p; + p, is real under (5.8). Then, the internal
momenta {g} can be real since only the kinematically-
allowed internal lines appear in a given s. Therefore, by the

use of Ai/_n)(sA) = [A(+/>(SZ)]*, (5.8) leads to

nn

Agx—a{@}prop2) = A x, (p3. pal{a}]". (59)
meaning that the integrand of the rhs is given by the
modulus of the amplitude as in the forward limit. We then
translate the condition (5.8) in terms of the Mandelstam
variables. Since p| + p, is real and timelike for s > 0, we

can move to the center-of-mass frame in which

p= (\/<m§,>*+p2,p), pr= (\/<m§2>*+p2,—p),

(5.10)

with a complexified three-momentum p = pp + ip; where

mg, , are either M* or y. The momentum conservation is

manifest under (5.8) and (5.10). As for X; =X, =X,
the energy conservation is solved by 2pg-p; = Imm?,
leading to

= 4(Rem% + p% —p?), t=4p?. (5.11)
On the other hand, the generic solution to the energy
conservation is not easily expressed for X; = A and X, =

We thus present the result in the high-energy limit, |pg| >
Imy, .|, |p;|, in which 4py - p; ~ Im(m%, + m% ) and

s =dp% + O(P%), t =4p? + O(pz?), (5.12)
where we keep the imaginary parts of both masses for
completeness. Note that the modulus of p; is bounded from
below to satisfy the energy conservation when the external
state is unstable; accordingly, there exists a minimum value of

t which is given by

when s> [mg | (5.13)

and in particular

1
fin = 5 4Rem% — s + \/16(Imm§()2 + (s — 4Rem%)?

(5.14)

when X; = X, = X. As shown in Sec. IV, the unitarity
equations are extended to the positive momentum transfer
region ¢ < t, with z,(s) = 46s%/s + O(s~?). Hence, as long
as Im(mg, + my ) < 285 holds, we obtain the inequality

l.DiSCS.AXIXZ_}XIXZ(S, t) = IdH|AX1X2_>a|2 > 0, (515)

in 0<t,n(s) <t<ts

6) where f;, = 0 holds only if all
external states are stable.

VI. SUMMARY

The unitarity equations are the fundamental equations in
the S-matrix theory. We have derived the unitarity equations
for unstable particles from the general properties of the
stable-particle amplitudes, namely Lorentz invariance, uni-
tarity, and analyticity. The unstable-particle amplitudes have
been defined as residues of a higher-point stable-particle
amplitude at a complex pole of the unstable particle. The
unitarity equations depend on how we choose the complex
poles. Since the unitarity equations are supposed to evaluate
discontinuities, the analytic structure of the unstable-particle
amplitudes should depend on the choice of the complex
pole. Although we have not thoroughly discussed the
analytic structure in the present paper, as demonstrated in
Sec. III' A, our unitarity equations can be basic tools

Or¢ may be possible to extend the positivity constraint (5.15)
beyond 7, by analytic continuation as long as analytic continu-
ation does not require a distortion of the original integration
hypercontour in the rhs of the unitarity equations. If the
integration hypercontour is distorted, we can no longer use the
relation (5.9) and the positivity is not guaranteed. In the stable-
particle case, the positive ¢ extension of the positivity constraint
up to the normal threshold is known; see, e.g., [6,49].
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for investigating analytic properties and then establishing
the S-matrix theory for unstable particles.

We have assumed Hermitian analyticity of higher-point
amplitudes, while analyticity beyond the 2-to-2 amplitude has
not been well understood. It is important to study analyticity
from both perturbative and nonperturbative approaches and to
confirm their validity. A precise understanding of the analytic
structure of the unstable-particle amplitudes is indispensable
to derive further general properties.

Meanwhile, it would be interesting to investigate appli-
cations. If the dispersion relation is proved (or assumed), the
inequality (5.15) can lead to positivity bounds on unstable
particles.” We can study the bounds on not only the lightest
state but also the whole spectra of a theory such as unstable
particles in the (beyond) Standard Model or Regge states.
Furthermore, the nonuniqueness of the unstable-particle
amplitudes implies that there might be different sets of
unitarity constraints from amplitudes with different choices
of complex poles. We may obtain a strong consistency
condition on the theory by combining all the possible
unitarity constraints. We leave them for future studies.
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APPENDIX A: STABLE-PARTICLE UNITARITY
EQUATIONS

Let us briefly review the derivations of unitarity equa-
tions of higher-point amplitudes. We write

({)1S1p}) = @ ,
' HSTHph = @

Inserting the completeness relation ) |g)(g| =1 to
SST = 1, the conditions for unitarity are given by

(A1)

(A2)

"Note that we have studied the sign of iDisc, Ay, x,_x,x, only
in a sufficiently large s; however, this would be sufficient for the
positivity bounds because the low-energy part can be computed
by using the knowledge of the low-energy theory and the only
high-energy part of the discontinuity is used as a positivity
constraint on the low-energy theory [4,5].

up to n=n' =4 where the bold line is short for the
summation up to the kinematically-allowed number of the

states, e.g.,
10.09»0:0);:

The S-matrix elements may be decomposed into discon-
nected parts and connected parts:

(A6)

=
S T
r-=serm
+Z®+@,
@=L w
s we
= oy
@ = 2= (A12)

Here, the summations are over possible choices of the
particles and the bold lines are used not to specify the
number of lines explicitly. Note that the numbers of in/out
states on the lhs and the rhs have to be the same: for
instance, when the bold line in (A7) denotes three in states,
the first term on rhs in (A7) is absent because there is no
disconnected diagram with n = 3, n’ = 2. We also note that
in our notation (2.7), the (4-) bubbles denote the amplitudes
while the connected parts of the S-matrix elements contain
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certain factors on top of the amplitudes. However, it turns
out that the factors can be consistently omitted [40,44], so
we shall not write these factors for notational simplicity.

We then apply (A7)—(A12) to (A3)-(AS) and reorganize
the equations. As for n = n’ = 2, we obtain

)
ROSeS0e;

A13)

The disconnected terms are canceled, yielding

In the case of n = n’ = 3, the unitarity equation involves
the product

(A14)

(A15)

(=) (E )

which can be expanded into the disconnected part and the
connected part:

() (Z ) -+ Y Ty

(A16)

In this way, we rearrange (A4) based on the connectedness
structure and find

+
OO 0.O:
SO SOy
(A17)
The connected part yields the 3-to-3 unitarity

equation (2.9).

The 4-to-4 unitarity equation can be similarly derived
and the complete expression in (4u)? < s < (5u)? is given
in [40]. However, for our purpose, we only need terms that
have certain singular structures in the unitarity equation.
As we have seen, the unitarity equations arise from the
connected parts. Hence, we write

0

(LX),
SEHE-T=-
+ZQ +@)
NS ICS P

O EIN

To obtain the expression (3.20), we only need to keep the
terms that the pairs of external lines can connect to a single

bubble. Hence, we can ignore terms with 19- and @,
and find (3.20) by expanding (A18) with only keeping the
connected terms that the pairs of external lines connect to a
single bubble. The Eq. (4.5) is obtained by expanding

(=T + (o m)
(- = 2w )) 0

(A19)

(A18)

and picking up terms satisfying (i)—(iii) mentioned in
Sec. IV. Here, g % and 3@ are omitted because

they do not satisfy (i)—(iii). Note that in the main text the
subenergy variables are assumed to satisfy (24)* < s, 534,
556, 873 < (3p)? for simplicity. Hence, diagrams such as

O g

do not appear in the unitarity equation.

APPENDIX B: TRIANGLE DIAGRAM

In this appendix, we consider the one-loop Feynman
diagram
q2
. p3
_ZAtri (ta S1, 53) =
b4

m (B1)

q3 q1

P2

with the assigned external and internal four-momenta
where ¢; are fixed by p; and the loop momentum k.
Here, we have introduced t= —(p; — p3)*> = —(p, —
ps)’.sy =—p? and 53 =—p3. The internal lines are
supposed to have a real mass p while the external lines
are “on the mass shell” mg = —p; (i = 1, 3) where my is
either M? or (M?)*. The external states 2 and 4 can be
either the stable particle or the unstable particle since the
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diagram (B1) is independent of p3 and p7 but we assign the
stable particles to them for simplicity of the discussion.
Strictly speaking, complexifying mii requires embedding
the diagram in a 3-to-3 amplitude and a resummation of
loop corrections to the propagator of the unstable particle.
The variables s; = —p? should be understood as the
subenergy variables of the 3-to-3 diagram and then (B1)
is extracted by considering integration contours encircling
the complex poles in the complex s;-planes. In practice, we
may directly compute the Feynman diagram (B1) for real s;
by following the standard ie prescription and then impose
the “on-shell” conditions s; = mﬁj by analytic continuation
(see Fig. 1 for the paths of the continuation). The Feynman
diagram, as is well known, gives

d*k i
—iA . = — || T B2
A / (22)* - lq%+u i Gamp e B2

o= [0Sy o

with

D = aja,51 + mazssy + aqast

— (W —ie)(ay + oy + a3)?, (B4)
where the coupling constants are omitted.

Unitarity predicts that the all-(4+) amplitude has the
triangle singularity while the mixed-type amplitude does
not. We study the analytic structure of the integral (B3) by
studying the Landau equations [50] and check this state-
ment at the perturbative level. An extensive review on this
subject is given in [40] and we follow their methods. Since
the “on-shell” conditions are imposed after the analytic
condition, we first regard s; and s; as complex variables.
The integral (B3) may be singular when the integrand is
singular, i.e. D = 0. However, in general, the integration
hypercontour can be distorted to avoid the D = 0 hyper-
surface. The singularity of (B3) can be found only if such a
distortion ceases to exist. When the Landau equations

oD
a;— =0 for each i,
aai

(B5)
have a nontrivial solution for a; where € — 0 is understood,
a part of the a;-space is trapped by the D = 0 hypersurface
(and the boundary of the integration hypercontour a; = 0),
leading to a necessary condition for the integral (B3) to be
singular. Note that since D is a homogeneous function of
a;, the delta function in (B3) can be ignored to analyse (B5)
and D = 0 is automatically satisfied when (B5) holds. The
sufficient condition is that the integration hypercontour is

actually trapped, which we will discuss later. The singu-
larity with a; # 0 for all i is called the leading singularity
and the singularity having «; = 0 is called the lower-order
singularity, respectively. The leading singularity corre-
sponds to the singularity that all the internal lines are
on-shell which is the triangle singularity in the case of (B1).
The necessary condition for the leading singularity is

0’D
oa;0a;

det :2ﬂ2[t2—t(251 +2S3—SIS3///£2)

+ (51— 53)?] = 0. (B6)

On the other hand, the lower-order singularities may be
found when either one of the following is satisfied:

t(t—4u?) =0, (B7)
si(s1 —4u*) =0, (B8)
s3(s3 —4u®) = 0. (B9)

The Egs. (B6)—(B9) describe the would-be singular hyper-
surfaces in the complex (z, s, s3)-space which we denote
by X, %, 2, and X5, respectively.

The ie prescription guarantees that the integral (B3) is
regular in the real (¢, s, s3)-space that defines the (+)
region on the Riemann surface. The integral (B3) is
continued analytically into the region Imz > 0,Ims; >
0,Ims; > 0 because D does not vanish for positive a;
which is the undistorted integration hypercontour. On the
other hand, singularities may be found when the real axis is
passed. Having understood the (+) region, we omit ie
in the following. For real (¢,s,53), the singular
hypersurface D = 0 in the a;-space is symmetrical about
the real a;-plane; if a part of D = 0 intersects the real
a;-plane, the complex conjugate part also intersects the
real a;-plane, trapping the real a;-plane. Therefore, singu-
larities in the vicinity of the (+) region are found when
the Landau equations have a nontrivial solution for pos-
itive a;.

We are interested in the analytic structure away from the
(+) region; s3 should follow the path (a) of Fig. 1 while s;

should follow the path (b) to compute the amplitude i@l

Hence, we consider the analytic structure in the complex
(s, s3)-space by fixing ¢ at a physical value (¢ < 0). The
would-be singular hypersurfaces Z;, X, X5 are described
by two-dimensional surfaces in the four-dimensional space.
They are generically curves in two-dimensional sections,
e.g., Ims; = Ims; = 0, as shown in Fig. 7. £, does not
appear because ¢ is fixed. In the (+) region, that is the real
(s1,s3)-plane approached from Ims;,Ims; > 0, whether
Xui» 21,23 are actually singular or not is checked by
positivity of a;. The lines s; = 4u® and s; = 4u? are the
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FIG.7. Two-dimensional sections of the complex (s, s3)-space: Ims; = Ims; = 0 (left) and s; = s} (right). The black dashed curves
are regular parts of the surfaces Z;, £, £3 while the red sold curves are singular when they are approached from Ims;, Ims; > 0. The
right figure shows that the surface X; spreads in the complex (s;,s3)-space and the point B and the point E approached from
Ims; > 0,Ims; < 0 (or Ims; < 0, Ims; > 0) reside on the same surface X;; on the other hand, the point B and the point E approached

from Ims;, Ims; > O are on different surfaces. Here, we set r = —4u~.

lower-order singularities. There are branch cuts in the
region s, s3 > 4y and the way to approach the region
§1,83 > 4u* determines whether the unstable-particle

amplitude is 2@2 or ﬁ@i The curve ABC is singular

if it is approached from the (4) direction, showing that the
diagram (B1) of the type ﬁ@i has the triangle singularity

(cf. [40,43]). On the other hand, we need to approach the
curve ABC from the directions Ims; < 0 and Ims; > 0 to

discuss the analytic structure of . Let us consider the

curve DEF which is the real section of the surface Z,; but is
not singular in the (+) region. The surface Z; spreads in
the complex (s;, s3)-space and the curve DEF is connected
to the curve ABC through the surface Z; as shown in Fig. 7
(right). Note that the curve BE exists on the surface s; = 53
so the point B in the (4) region and the point E in the (4)
region do not exist on the same surface Z;. The point E in
the (+) region is connected to the point B approached from
Ims; < 0 and Ims; > O (or Ims; > 0 and Ims; < 0). Since
the point E is regular and the curve BE does not intersect
another singularity, the integral (B3) remains regular along

the curve BE. Hence, the diagram (B1) of the type @

has no triangle singularity. All in all, the analytic structure
of the one-loop diagram (B1) is consistent with the
predictions of unitarity.

Finally, let us briefly discuss so-called external-mass
singularities [41-43]. As s, or s3 exceeds 442, the external
line can decay to the pair of the internal lines which would
lead to a nonvanishing imaginary part of the diagram. On
the other hand, the unitarity equation (3.4) implies that
the imaginary part arises only from the s-channel and/or

2

u-channel cut in the amplitude i@i The external-mass
singularity should not provide an imaginary part of the
amplitude i@i, while it can give an imaginary part of
2@. To confirm the absence/existence of the imaginary

part explicitly, we consider + — —0 at which the simple
analytic result is available [51]:

Taleo = 5oy L1 = Llss /i), (B10
where
o) e In? Vx(x—4)—x
L =1 < x(x—4)+x>’ (B11)

is an analytic function with a branch cutin x > 4 on the first
sheet and ImL (x) = 0 in x < 4. The ie prescription dictates
that the physical region is approached from the upper-half
plane. The Schwarz reflection principle concludes
L(x*) = L*(x). Therefore, when we set the masses of
the external states in the complex-conjugate positions
s; = (M*)*, s3 = M?, we find

ImL (M?/p?)
Liili=0.5y=51=2 = Y (B12)
for ImM? # 0. Hence, the diagram of the type i@i has

no imaginary part, consistently with unitarity. On the other
hand, when s; = s3, the integral is given by
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1

Ztri | 1=0,53=s5;

(B13)

Ny 1“(%55:2 :i)

with x = s, /u* = s3/u?, which has a non-vanishing imaginary part at Rex > 4. The diagram of the type @Z has an

imaginary part due to the external-mass singularity.
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