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Abstract. This paper provides mathematical and numerical analysis of a one-
dimensional model of turbulent flow generating the anomalous cascade of the inviscid
conserved quantity. The model is based on the generalized Constantin-Lax-Majda-
DeGregorio (gCLMG) equation with viscous dissipation under a large-scale forcing.
Suppose that the forcing function and the initial data are random variables defined
on a certain probability space. Then, the equation is regarded as a random partial
differential equation. We prove the global existence of a unique solution to the gCLMG
equation, from which a stochastic process is defined. In addition, by approximating the
solutions numerically by Galerkin approximation of random variables with generalized
Polynomial Chaos, we confirm the existence of a steady distribution. We find that
the steady distribution reproduces qualitatively the same cascades of the energy and
the enstrophy spectra as those of a turbulent flow generated by randomly moving
pulse [14]. We also investigate the structure functions, showing intermittency.
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1. Introduction

The cascade of energy is one of the characteristic properties observed in three-
dimensional turbulence. The energy input from large-scale transfers at a constant rate
in the middle scales and it then dissipates at smaller scales where viscous dissipation
becomes dominant. Let w(t, ) denote the velocity field of the flow at time ¢ and the
position z in the domain T3 ~ (R/27Z)3 with the periodic boundary condition. The
energy spectra of the scale k € [0, 00) is then defined by

E(t, k) :—% > Jat k),

=

where u(t, k') represents the Fourier coefficient of the velocity field. The total energy of
the flow is given by E(t) = fooo E(t,k)dk and the time derivative of the total energy, say
g, is called the energy dissipation rate. Kolmogorov [10, 11] claimed that the ensemble
average of the energy spectra (E(k)) follows the scaling law,

@l
wlot

(B(k) = 375,
in the zero viscous limit under the assumption that turbulent flows are statistically
stationary, spatially homogeneous, and isotropic. This is known as the 5/3 law of
turbulence. In real viscous fluid flows with high Reynolds numbers, there appears a
range of middle-scale wavenumbers, called the inertial range, along which the energy
cascades following the scaling law [6]. On the other hand, we must notice that the
energy is a conserved quantity for flows with exactly zero viscosity. Hence, the energy
cascade suggests a singular discrepancy between non-viscous flows and those in the zero-
viscous limit. A similar cascade phenomenon is observed in 2D turbulent flows [12, 13]:
Whereas the enstrophy, which is the L? norm of the vorticity, is a conserved quantity
for inviscid and incompressible 2D flows, the enstrophy cascade yields the emergence of
the inertial range satisfying (E(k)) ~ n3 k=3 for the enstrophy dissipation rate 7.
Kolmogorov’s turbulence theory is based on the dimensional analysis of physical
quantities without specifying their governing equations explicitly.  Hence, it is
theoretically important to describe the cascade phenomena in terms of the solutions
of the hydrodynamic equations. In many theoretical and numerical investigations of
turbulence, incompressible and viscous flows with high Reynolds numbers subject to
random large-scale forcing are considered to be models of turbulence. Hence, we attempt
to explain the scaling law of the energy cascade from the incompressible Navier-Stokes
(NS) equation. However, since the existence of a solution to the NS equation in three-
dimensional space has not yet been established, it is far from a complete understanding
of the cascade phenomenon. Accordingly, to get insights about this phenomenon, we deal
with hydrodynamic equations that model the NS equations such as Burgers equation,
the surface quasi-geostrophic equation [4, 5] and Constantin-Lax-Majda equation [3].
In the study of the Burgers equation subject to a stochastic forcing, the existence of
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a uniform invariant measure has been established [17]. In addition, it has also been
shown in [2] that there appears an inertial range on which the energy cascade follows
the scaling law k=2. The stochastic Burgers equation is a good model to realize the
turbulent state generating the energy cascade, but it is a little bit different situation
from that in the energy cascade of turbulence.

Another hydrodynamics model is based on the generalized Constantin-Lax-Majda
(CLM) equation for the functions u(t,z) and w(t, x),

Wy + auw, — uzw = 0, uy = H(w),

where a € R is a parameter and H represents the Hilbert transform. For a smooth
function w € C* on S' ~ (R/27Z) with a periodic boundary condition, H(w) is defined
by H(w) = —F lisgn(n)Fw, where Fu = u denotes the Fourier transform of u and
sgn: R — R is the sign function, i.e., sgn(z) = fa for z # 0 and sgn(z) = 0 for
x = 0. The nonlinear term u,w in the first equation models the vortex stretching term
in the 3D vorticity equation and the second equation corresponds to the Biot-Savart
law, which was originally proposed by Constantin, Lax, and Majda [3]. The model
advection term uw, was added by De Gregorio [7, 8]. Okamoto et al. [16] introduced
the parameter a € R to investigate the role of the balance between the advection term
and the vortex stretching term in the existence of the solution, and they have shown
that a unique solution exists locally in time. While the existence of a global solution
has not been established, a sufficient condition of the Beale-Kato-Majda type for global
existence has been obtained. Furthermore, it is found that the L” norm of the solution,
ie., ||lw(t,-)];, with p = —a, is a conserved quantity for @ < —1. This indicates that the
gCLMG equation shares similar mathematical properties with the 3D Euler equations.

Inspired by the mathematical studies, we propose the following one-dimensional
partial differential equations as a model of turbulent flows.

Wi + QUW, — Uy = VWyy + [, Uy = H(w), w(0,2) = wo(x), (1)

where v > 0 is the viscous coefficient, wy is the initial data and f denotes a forcing
term. The choice of the forcing function f is important. In [14, 15], the forcing function
is given by a stochastic process, whose Fourier coefficient f(kz,t) with the large-scale
wavenumbers k = +1 are set to Gaussian, d-correlated-in-time, and independent random
variables with zero mean. Mathematically, the equation (1) in this case becomes an
infinite-dimensional stochastic partial differential equation. Numerical investigations of
the long-time evolution of the solution to the equation (1) with @ = —2 have revealed
that the cascade of the conserved quantity ||w(t,-)| ;- exists over the inertial range. The
scaling law almost agrees with that proposed by the dimensional analysis, though a small
correction is required. In addition, it is found that the scaling law coincides with the
energy spectra of a stationary solution to the equation (1) with a deterministic forcing,.
Some higher-order moments of the solutions are computed, but their scaling laws are
not well-identified due to random behaviors of the evolutions of sample solutions.
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In the meantime, we can consider another type of forcing function to investigate the
statistical properties of solutions. That is to say, when the initial data wy and the forcing
functions f are regarded as random variables defined on a certain probability space (2,
we introduce a continuous mapping M, from the pair of the random variables (wy, f)
to the solution w(t) to the equation (1). In this formulation, it is regarded as a random
partial differential equation, and the solution w(t) becomes a stochastic process. Then
the following questions are to be considered: (i) the global existence of the mapping M,
and its uniqueness, (ii) the evolution of solutions under the action of M;, and (iii) the
scaling law of the statistical quantities associated with the solutions. The purpose of
the present study is to answer these questions mathematically as well as numerically.

The construction of the paper is as follows. In Section 2, we prove the existence of
a unique solution when the initial data and the forcing function are fixed. Using this
global solution, we show that the mapping M, is well-defined when the initial data and
the forcing function are random variables chosen from a probability space and that the
solution w(t) becomes a stochastic process. In Section 3, we investigate the statistical
properties of solutions numerically. The solution is approximated by the pseudo-spectral
method in the function space and the Galerkin method using the generalized Polynomial
Chaos (gPC) in the probability space [18, 20]. The use of gPC has an advantage
over the numerical investigation of stochastic partial differential equations since the
statistical quantities are explicitly represented by the numerical solutions without taking
the ensemble average of the long-time randomly moving solutions as shown in [19, 20].
Section 4 gives a conclusion and we mention some future directions.

2. Well-posedness of the gCLMG eq with a random forcing

We consider the gCLMG equation with a forcing term (1) in S! := R/277Z with the
periodic boundary condition. For m € NU {0}, we introduce the function space,

H™ = {u e H™(SY) ‘ /0% u(x)dz = 0} :

endowed with the inner product (f,g)pym = (07" f, 0" g) 12(s1) and the norm ||ul4m =
107Ul 21y = NIn[™ Fulle = 32,20 [P a(n) . Note that this norm is equivalent to
that of the standard Sobolev space H™(S'), and that H™ is a closed subspace of H™(S).
For w € H™, the Hilbert transform u, = H(w) is represented by u = —(—A)~ 2w, where
(=A\)"7 is defied by F~!|n|™7 F for v = 0.

For 0 < T < oo, the set of continuous functions from [0,7] to H™ is denoted by
X7'. With the norm

[ull xp = sup [[u(@)l gm ,
0<t<T

X becomes a Banach space. We also define X™ = C([0, 00); H™) with the distance
induced by the seminorms p,(f) == || f|lx. of C([0,00); H™). Throughout this paper,
by C(a,b,c,...), we mean the constant C' depends on parameters a, b, c,.... Also, to



Statististical laws of a 1D model of turbulent flows 5

avoid notational complications, we use the same symbol C' for constants in the following
estimates, although they are different.
Let us first introduce the notions of the solution to the equation (1) as follows.

Definition 2.1. Let m &€ N and 0 < T < 0.

e For the initial data wy € H™ and the forcing function f € X, w € X7 is called
the mild solution to the equation (1), if

w(t) = e’y +/0 eV (t=9)B {—a(uw).(s) + (1 + a)(u,w)(s) + f(s)}ds  (2)

holds in H™ for t € [0,T], where e”*® = F~le=®"""F for t > 0 represents the heat
semi-group.

e For the initial data wy € H™2 and the forcing function f € X2 we call
w € C([0,T]); H™+2) N CY((0,T]; H™) is the strong solution to the equation (1),
if the following equation holds in H™.

Wt + QUW, — Upw = Vway + f, Uy = H(w), w(0) = wo.

e For the initial data wy € H™ and the forcing function f € X+ we call
w e C([0,T];C™2) N CL((0,T]; C™) is the classical solution to the equation (1), if
the following equation holds at each ¢ and =z.

Wi+ QUW, — Upw = VW + f, Uy = H(w), w(0) =wp

e For the initial data wy € H™ and the forcing function f € XD, we XT is said to
be the global mild solution to (1), if w|pm € X7 for any 0 < T' < oo is the mild
solution to the equation (1) for the initial data wy € H™ and the forcing function
floy € X7

Remark that if the mild solution w € XJ* to the equation (1) satisfies w €
CY((0,T); H™) n C([0,T]; H™*?), the Fourier transformation of (2) gives rise to the
strong solution. In addition if the mild solution belongs to w € X7 it becomes a
classical solution in C'([0, T]; C™*2) N CY((0,T];C™).

We first show the existence of a unique mild solution in X7' locally in time.

Theorem 2.1. Let a € R, v > 0 and m € N. Suppose that f € X} and wy € H™.
Then, there exists T > 0 such that the equation (1) has a unique mild solution w € X7

Proof. For fixed T'> 0 and w € X', let us define the operator ®(w) by

O(w)(t) = e’ wg + /0 eV (t=9)8 {—a(uw).(s) + (1 + a)(u,w)(s) + f(s)} ds.

When w(0) = wy # 0, we set X7 = {w € XJ7| HWH)(;@ < 2|jwol| gm - We then show that
® becomes a contraction mapping from X to X for sufficiently small 7" > 0.
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First, for w € X7, we confirm that

HeytAw

— —V TL2 m m —U TL2 m
i = |72 ol )|, = ||t P, < linlm Pl = fott)lz

HeytAa

1% —U 2 _l _l
Ol S |l mle™* Feo)] , S suplnle™* s inf" Fet)la S 075474 Ol
n

Let us also notice that u € X7 holds for w € X7, since u, = Hw and

[u(®)]

From these estimates and (11), for w € Xr, we have

jim = e gm—s = [HO@) | s = (@l s S NwO g S Nl -

vt/

le"*“ o] 7 < llwollgm
Hey( 8 (uw) o HHm < y*%(t — s)’% | (uw)($)]| grm S *%(t —5)” 3 ()] gy [0 ()| g
SVt =) w8l gm0 S Clm)y™2 (= )72 ||| Gym
€792 () ()] sy S 1 (2120) ()l S Nt () o [10() g < Cm) g

He (t— s)A

S gm S 1o S M e -

Note that the constants in the above upper bounds depend on the regularity of the
function space m and the viscous coefficient v. Hence, we have

I8N0l S e o]+ lal [ e 00, 5) g
I +a|/0 ||€V(t_S)A(u$w)<S)||Hm ds —1—/0 £ ()]l g ds
< lwol g + C(ms a, ) ol T2 + Clm, )T ol + TN f |z -
Since the right-hand side is independent of ¢, by taking supg<,<y, we have
12l = ooll g + Clom, @, )T [l + C@T ol + Tl

Hence, we can choose a sufficiently small ' = T'(m, a, v, [woll g » || fll x;:) > 0 so that
||<I>(cu)||Xm < 2||wol| ym, which means that ¢ defines a mapping from XT to Xrp.
Next we show that ® is a contraction mapping. For wy,ws € X, we have

[(urwr — tpws) ()| o = [Juawr — ugwsl|

S [Junwr — wrws| xpm + luawz — ugwa||xp

= Hul”)q:t [l — w2HX§IL + HW2HX;[:L Uy — U2HX;:L

< (lonlgy + ol ) leor = wall e S Nl llor = cnll

and similarly

[(urzwi = taaw2) ()] g = [uratr — u2xw2||xg} S Nlewoll gom [lewr = w2||X§P :
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Hence, it follows from
t

[P (wr)(s) — P(wa) ()|l gm = C(a)/ He”(t_s)A(uum — U2W2)x(S)HHm ds
0

t
+0(@) [ e (i = ) )], s
0

A

t
(a,v) / (t — s)"2ds ||uyw; — uaws | + C ()T [urawr — usews||
0

A

C
C(m, a,v)(T? +T) woll gy [lwr — ws| e
that we obtain
1P (wr) = B(ws)[| e < Clm, a,v)(T% +T) ||| g [lon — wall -

This indicates that ®: X, — X7 becomes a contraction mapping for a sufficiently small
T =T(m,a,v,||wl gm) > 0 with wy # 0. On the other hand, when wy = 0, by simply
setting X := X', we can similarly show that ®: X; — X is a contraction mapping.
Consequently, by Banach fixed-point theorem, there exists a unique w € X satisfying
w= d(w).

We have obtained the unique mild solution in X7 which is a subspace of X7'. This
is the unique mild solution in the whole space X7'. Suppose that w;,ws € X7 are the
solutions to the equation (1). Then we similarly obtain

lwr () = wa ()| gm = [|P(wr)(t) = (w2) (E)]] g

= C(m,a,v, ”WOHHm)/O (14 (t = 5)72) lwn(s) = wals)]l gm ds.

By Gronwall’s inequality, we have w; = wy in X7 O

We show that the unique local mild solution to the equation (1) in Theorem 2.1
depends continuously on the initial data wy € H™ and the forcing function f € X7

Theorem 2.2. Let 0 < T < o0, a € R, v > 0 and m € N. Suppose that w; € X7,
i = 1,2 represents the mild solution of (1) for the forcing function f; € X7 and the
initial data wy; € H™. Then, there exists a constant C(a,v, T, leHX%n , ngHX%n) >0
such that the following inequality holds.

lwr = wal xm < CUIf1 = fallxp + llwor — wozll grm)- (3)

Proof. In a similar way as in the proof of Theorem 2.1, since

lwn (8) = wa ()| g = ([P (1) = P(wa) [ g

=S 1A= Fallxp + llwor = wozll gy

t
+ O ol ol ) | (14 (0= 9)78) o(s) = )l .
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Grownwall’s inequality yields

lwi(t) = w2 ()l = CULfL = follxg + lwor — wozll gm)-
By taking supy<,;<r, we finish the proof. O]

The following theorem assures the persistence of regularity for the unique mild
solution.

Theorem 2.3. Let m,,m € N with m, > m, f € X7* and wy € H™ . Suppose that
w € X is a unique mild solution to the equation (1) when we regard f and wy are

elements in X7' C X7 and H™ c H™ respectively. Then, the solution w belongs to
X

Proof. According to Theorem 2.1, there exists a constant 7 > 0 such that we have the
mild solution @ in X7'*. When T, 2 T, we have w = @ by the uniqueness in this time
range. For T, < T, we then obtain

SO e = (1@ @] gm.

t
< [lwoll gme + I1fllxp T+ Cla, v, Honym)/O (L4 (= 5)72) lw(S)l grm.. ds.
Gronwall’s inequality yields

9] e = Cla, v, T flwoll jgm ) (ol gome + 1[0 )-

Owing to this upper bound, we can extend the existence time of the unique mild solution
in H™ as long as T, < T. By repeating this step finitely until 7, = T, we have w = @
in X7 m

In what follows, we fix @ = —2 when the L? norm of w is conserved. We then prove
the existence of the mild solution globally in time. The first step is to obtain an a priori
estimate.

Lemma 2.4 (L? estimate). Let a = =2, v >0, m € N, f € X and wy € H™. If
there exists the classical solution w € C*((0,T];C™) N C([0,T]; C™2) to the equation
(1) for any T, we have

@z = [ Fllogomyeey t+ leoll e -

Proof. Integrating the both sides of the equation (1) multiplied by w and using the
Holder inequality, we obtain

d 1d

lo@llz2 = w2 < 57 @172 + v lw@llFn = (F0) 2 S Fllogomyee e @) e -

Hence, we have
d
p [w@)l 2 = ||f||c([0,T];L2) :
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Integrating it with respect to t, we have the estimate as desired.

@22 = W fllooryzzy t + llwoll 2
[l

Lemma 2.5 (H™ estimate). Let a = =2, v > 0, m € N, f € X7 and wy, € H™.
Suppose that there exists a classical solution w € C*([0,T]; C™) N C([0, T]; C™*?) to the
equation (1) for any T > 0. Then the solution w satisfies the following estimate.

lwllxpe < Clm, v, T)(Pallwollzzn) + Qualll fllxe)), (4)

where P,(x) and Q. (z) denote polynomials of degree 3m having non-negative
coefficients that are independent of v, T, wy and f.

Proof. Let us rewrite the nonlinear terms of (1) as —2u,w — u,w = —20,(uw) + Uyw.
Then acting 02" on the both sides of the equation (1), multiplying it by 07w and
integrating it with respect to x, we have

) By D) s = —2 (00 ) B2 {0 (1), D) O, D)

(5)
We separately estimate the three terms on the right-hand side of (5). To avoid the
notational complications, we omit the time dependence in the norm of H™ as long as
no confusion occurs. The first term is estimated using the equality (11), the isometric
property of the Hilbert transform, Sobolev interpolation inequality (10) with 6 = 1,

my=m—1and me =m+ 1.
| =28 (uw), 87 w) | < C(m) uw|| gm @] gmsr < Cm) Jul] g ||w||Hm ||W||Hm+1

= C( ) 1l gm0l g [|]] grmss = Cm) HWII ot \IWIIHm+1

s 2 !lele+1 +C(m, v) [|wll -1 -

In the last estiamte, Young’s inequality (9) is used for a = (2”)4 HwH fmsn and

b= C(m) (5 )“ ||w||Hm .
terms are evaluated as follows.

with p = % and ¢ = 4. Similarly, the second and the third

=08 (1), 07) 2] = © sl e S € Bl ol € ) ey
< Cm) ol s s < 5
071,02}zl £ C Nl Nl S € 1S e 1 Nl
£l + CW) 1 g s
5 [l 4+ CO) ool + CW) 1y

||w||Hm+1 + C(m, v) |wllm-1

A

A
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Substituting these estimates in the equation (5), we have

d
@ + v 0@l = Com ) (@) ms + 0Ol + [ £5)- (6)

We show the estimate (4) by induction with respect to m. For m = 1, Lemma 2.4
yields

lw@)l2 = CT)f 1 xs + llwoll 1)
Substituting this estimate into (6) and using the inequality (a + b)? < 2P~ (a? + b*) for
a,b =0 and p = 1, we have

d d
@l = 2 llo®ln+v o)z < Clm, v, DY g+l +1F 1y Hlwoll7)-

Integrating it with respect to t yields
2 6 6 2 2
lw (@[ = Clm, v, TY (I f g, + lwolln + I s, + llwollzn)-

This indicates that (4) holds true for m = 1 with Pi(z) = Q(z) = 2® + z.
Suppose now that the estimate (4) is valid for m — 1 with the polynomials P, 4
and @, of degree 3(m — 1) having non-negative coefficients:

o) Fm-1 = C(m, v, T) (B ([lwollpm—) + Quama (1 fxm-1)).
Substituting this estimate into (6), we have

d d
@1 = — o)l + v ) o

dt
< O(m, v)(Pu-1(llwoll m-1)* + Quuoa (1f 5ep1)?
+ P ([|wollfpm-1) 4 Qur (1 =) + 1L/ 15ez)
< O(m, ) (Pra(llwoll ) + Quama (1 f15pe)?
+ P ([wollm) + Quaa (1 5ge) + 1 £1)-

Integrating this inequality with respect to ¢ and taking supy<,<r, we finally have

ol e < C(m, v, TY(Pr(llwoll m) + Qun(ILfl1550))
where P, (z) = P, 1(2)?> 4+ Pp_1(2) + 2 and Q. () = Qu_1(2)® + Qu_1(x) + = are the

polynomials of degree 3m and their coefficients are all non-negative. O]

With this estimate, we finally show the existence of the global mild solution.
Note that the asymptotically stable solution obtained by Matsumoto-Sakajo[14] and
the steady solution by Jeong-Kim[9] are examples of global mild solutions.

Theorem 2.6. Let a = —2, v > 0 and m € N. Suppose the forcing functon f € X7
and the initial data wy € H™. Then there exists a unique mild solution w € X7 to
the equation (1) globally in time. Moreover, for any T > 0, the solution satisfies the
following estimate.

wll e < Clm, ) (Pa(llwollzzm) + Quu (1 fl5g):

where P,, and Q,, are polynomials of degree 3m with non-negative coefficients.
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Proof. Let us note that f € X implies f\[OT € X7 for any T > 0. For fixed N € N,
let us define the projection operator Py: H™ — H™ by Pn¢ = ZO<|n|<N 925( Jerne.
For any m, > m, if ¢ € H™, then Py¢ € H™, and limy_oo Pvé = ¢ in H™. Since
the sequence of continuous functions {|| Py f(t) — f(t)||%m }nen on [0,T] for f € X is
monotonically decreasing and it vanishes pointwise as N — 0o, we have the convergence
limy 00 Py f = f uniformly in X7 by Dini’s theorem.

To extend the existence time beyond 7™, we need to show that the a priori estimate
(4) for the classical solution is satisfied for the mild solution up to 7*. So we construct a
classical solution that approximates the mild solution for ¢ < T as follows. For m, € N,
Theorem 2.1 assures that there exists a time Ty (< T') such that the gCLMG equation
(1) has a unique mild solution, say w" € X7, for the initial data Pywy € H™ and the
forcing function Py f € X7'*. When we choose m, = m + 4, the mild solution becomes
the classical solution. By Lemma 2.5, the solution satisfies the following estimate.

Mg, < COm. . ) (Puslltl ) + Qun(17 1)

where P, (z) and @Q,,(z) are polynomials of degree 3m with non-negative coefficients
that are independent on N. Note that we here use ||Pywollgm < [lwollgm and
| Pn f] X < || £l xp- With this estimate, we can extend the existence time of the local
mild solution w™ in H™ for a certain fixed time and, by Theorem 2.3, w™(t) € H™*.
Repeating this step, we can finally extend the strong solution in H™ up to T, ie.,
w™ € X7, Hence, for any N € N, we have

o™ [ £ v, TY Pl 7im) + Qua(1 155 )): (7)

In the meantime, let w € X7 with T,.(< T') be the local mild solution for the initial
data wy € H™ and the forcing function f € X7 It follows from the inequality (7) and
the estimate (3) in Theorem 2.2 that we have

o= ¥l e S Clomow Tes Nl ™ L ) lto = Pl + 11 = Pov S )

= C(m, v, T, [|wll g s lwoll g > 111z ) Clvo = Prveoll g + 1 = P fll )
T« T T

Hence, as N — oo, we obtain limy_, ||cu — wNHXm = 0 and the estimate (7) converges
T

as follows.
HM@;; < C(m, v, T)(Pa(llwol Gm) + @Il F15z)).

This estimate allows us to extend the existence time from T, to 7. Thus, for any
0 < T < o0, there exist the unique mild solution w € X7 to the equation (1) for the
initial data wy € H™ and the forcing function f o) € X7, Hence, for any time ¢ 2 0,
by choosing T' 2 t, we can define the global mild solution w € X2 at this time by this
mild solution w € X7. This finishes the proof. O

Now we switch the deterministic forcing function f and the initial data wy to random
variables and investigate the property of the solution to the equation (1) as a random
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partial differential equation. Specifically, we show that a unique global mild solution to
the equation (1) is determined every time random variables in the probability space are
provided.

Theorem 2.7. Let a = =2, v > 0 and m € N. For a giwven probability space
(Q, F, P), we introduce random wvariables f: Q — X' and wy: Q — H™ satisfying
f € M2 LP(Q; X7) and wo € ﬂ;‘;lLP(Q;H’”) for any T > 0. Then there exists a
stochastic process w: Q — X7 uniequely such that w|jym € L*(Q; X7) for 0 < T < o0,
and for any n € Q, w" =w(n) € X2 is a mild solution to the equation (1).

Proof. For t 2 0, we define the mapping M$°: H™ x X — H™ by (wo, f) — w(t),
where w(t) is the unique mild solution at time ¢ for the initial data wy and the forcing
function f. This mapping is well-defined owing to Theorem 2.6.

On the other hand, for any 7' > 0, the mapping M/ from the pair of the initial
condition and the forcing function (wo, f|jo71) € (H™ x X2#) to the unique mild solution
w(t) € H™ is continuous by Theorem 2.2, and so is M. Hence, when we define
wW(t) == M (wo(n), f(n)) for n € Q, w: Q — X7 becomes a stochastic process.

Let us recall that the mild solution satisfies the estimate

oI5 < C(m, v, T) (P (o)1) + Qun (1 ()1 x0))

for 0 < T < o0, and P,, and @, are the polynomials of degree 3m. We thus have the
expectation

E[|w|[xp] < C(m, v, T)E[(B(llwo ()7 )] + EQu(I1f () |5)]) < o0,

since E[Hf(n)HgZTln] < oo and E[HWO(U)HZ’Z] < oo for f e Mo2 LP(S; XT) and wy €
o2 LP (8 H™). Consequently, we have w € L?(Q; X/7). This finishes the proof. O

As we see in the proof, it is sufficient to assume f € ﬂg’lep(Q;Xj"?) and
wy € NS™ LP(€2; H™) to show the theorem.

3. Statistical properties of solutions

We consider the time evolution of the distribution of global mild solutions to the gCLMG
equation (1) when the initial data wy is deterministic and the forcing function f is a
time-independent random variable defined on a probability space. By approximating
the distribution numerically using the Galerkin approximation of the function space and
the probability space, we compute the statistical quantities of the distribution such as
the average, the spectral laws of the energy and the enstrophy spectra, and the structure
functions.
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3.1. Numerical method

Let Pyas: L*(Q H™) — L*(€; H™) denote the projection onto its 2N x (M + 1)-
dimensional subspace. We write Py f == fNM for f € L?(Q; H™). Then the Galerkin
approximation of the equation (1),

d
LM _p M(uiV,MwN,M _ auN,ng]cV,M) _ VWNM fN,M’ uiV,M _ rH(wN,M)’ 8)

dt

for the inital data w™M(0) = w)"™ gives rise to 2N x (M + 1)-dimensional ordinary
differential equations for the expansion coefficients of w™"M.

The projection Py js is specified as follows. For the discretization of the function
space H™(S!), we use the standard dealiased pseudo-spectral method. On the other
hand, the random variables in the probability space L?(£; H ™) are discretized with
the generalized Polynomlal Chaos (gPC) For R%valued random variable Z: Q — R¢
and measurable functions f: R? — H™, we introduce f(n) = f(Z(n)) for n € Q. Let
(RY, B(R?), PZ) be the space of the pushforward measure of Z. See [1] for the definition

of the pushforward measure. By Epz, we express the expectation with respect to PZ.
2

Then it follows E[|| f||5m] = Epz] fH ] that we have the existence of the mild solution
Hrn

w(t) belonging to L2, (R% H™) for any ¢ = 0 by using f on (R4, B(R?), PZ) instead of
fon (Q,F,P) in Theorem 2.7.

Owing to L2, (R% H™) = L2, (R?) @ H™, its orthogonal basis of the Bochner space
L%, (R% H™) is the product of the orthonormal basis of H™, i.e., e,(r) = e /27,
n € N\ {0}, and that of L%,(R?). The gPC uses a system of orthogonal polynomials,
say {Pn(Z2)}52,, associated with the distribution of the random variable Z. That
is to say, any function f € L2(Q; H™) is represented by f(z,n) = f(z,Z(n)) =
> Fz, 0)®a(Z(n)) with f(z,a) = Epz[f(z, )®u(-)] /Epz[®2] and it is approximated
numerically by truncation. For instance, the orthogonal basis of L%,(R?) for the

uniform distribution consists of Legendre polynomials. The mathematical theory and
background behind the numerical method is provided in [20]. With this basis, the
projection Py L2(Q; H™) — L*(Q; H™) of the function w(t,z,n) € L%Z(Q;Hm) is
expressed by

W) =3 3 Bt ) b (Z(r).

a=0 [n|<N

EPZK('N‘J(t? B ')7 €n<'>>L2 (I)Oé()]
EPZ[CI%] .

Note that the expectation Epz is numerically approximated by the Gauss-Legendre

where
O(t,n,a) =

quadrature rule. Then the equation (8) is rewritten to the following equations for the
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coefficients w™M (¢, z,n) for [n| £ N and 0 £ v £ M.

—B(t,n,y) = — vn®B(t,n,v) + f(n,7)

M Epz[®,05P.,
—ad D g, [@2]1]3[132 [cpgnaiz gz (Ere u®alErzlondol, en)

M Epz[®a®s®.]
T Z Z Epz[®2]Epz [(I)g]EPZ [(I)Q]

<Epz [uz(I)a]Epz [wq)ﬁ] s €m>L2

We solve these ODEs numerically using the fourth-order Runge-Kutta method with the
temporal step size At.

The gPC approximation yields the evolution of the distribution of the global
mild solutions to the equation (1) for a given distribution of forcing functions on the
probability space with a single numerical computation. Hence, it is unnecessary to
compute the time evolutions of many sample solutions. For instance, when the vorticity
w € L*(Q, H™) is approximated by

wltrm) =SS Bltm ), (Z(),

a=0n=—N

its average is simply obtained by the coefficient of ®o(Z(n)).

N

Elw](t,z) = Epz|w(t, z,-)] ~ Z G(t,n,0)e™ Epz [@)].

n=—N

Let us remark that it is the ensemble average of the distribution consisting of the mild
solutions in H™ at time ¢. It is different from the ensemble average of the snapshots (or
the long-time average) of solutions to the gCLMG equation (1) subject to a stochastic
forcing in [14].

The average of the enstrophy spectra E[||w||2,](f, k) at time ¢ is computed by

E[[lw|[72](t, k) Z E[|e Z Z G(t, 4, a) | Epz[®2]

\e| ke k+1 a=0 [¢|=k,k+1

owing to the orthogonaliry of the basis functions {®,}2° . In addition, with

V(t, ) =E[a(t, ()" - B[, ¢ )]

Y Ot a)B(t L )t L as)B(t £ 0a)Bpz [0, Pa, P, Po,] — B[B(E €, )77,

the standard deviation of the spectra, of||lw||7.](¢, k), is given by

ollelileh) =5 3 VD,

|6|=k,k+1
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The average of the energy spectra E[||u|7.](t,k) and the standard deviation
oll|ul|2:](t, k) are computed in the same way.

Another important statistical quantity characterizing turbulent flows is the p-th
order structure function,

Splul(r) = ((u(t, z +7) = ult, x))").

Although the structure function depends on ¢, x, and r by definition, it is regarded as
a function of the distance r only in the study of turbulence under the assumption that
the turbulent flows are isotropic, homogeneous, and statistically steady. According
to Kolmogorov’s turbulence theory, the structure function follows the scaling law
Splu)(r) =~ €3 |7’|§. We also note that Ssf[u](r) is known to be relevant to the 5/3
power-law of the energy spectra. For the stochastic process w(t,z,n) € L*(€; Hm), we
introduce the local structure function Sy[w|(t,z,7) by

M p
SP[WKt,x,?”) = E[|w(t,a;—|—r,‘) _w(t7x7')‘p] %EPZ Z(a(tam_Fn Oé) —&(t,m,a))Cba )
a=0
in which Ny
~ . EPZ[W(t,JI,'>(I)a('>] ~ inx
w(t,z,a) = £, [02] = n:Z_Nw(t,n,a)e :
To be specific, the local structure functions of the vorticity for p = 2,4 are explicitly
given by
M
Slwlt,z,r) = Y AD(t,r,00)AD(t 7,7, 00)Epz [0, D],
aq,a2=0

M
Salwl(t,x,r) ~ Z AD(t,x,r00)AL(t, z, 1, ag) Aw(t, x, 1, ag) AW (t, , 7, oy ) Epz [P, Py Py Po |,

1,02,
as,04=0

where Aw(t, z,r,m) = w(t,z +r,m) —w(t, z,m).

3.2. Numerical results

We fix the parameter a = —2 and the initial data wy = 0. The time-independent forcing
function is specified by

f(t,z) = 0.01 x (2Z(n) — 1) sinz,

where Z(n) follows the uniform distribution on [0, 1]. Then the orthogonal bases of the
gPC expansion are Legendre polynomials. Table 1 is the list of the numerical parameters
used here.

Figure 1(a) is the evolution of the average of the vorticity distribution E[w](¢,x)
for v = 1.0 x 1073, showing that it tends to be a stationary state. It is mathematically
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() | (b)
£=2.5
03| 03 t=7.5 ---en
t=12.5 -
t=25.0 -----

steady state

0.3}

steady state

X

Figure 1. (a) The evolution of the average E[w](¢,z) for v = 1.0 x 1073, (b) A
close-up plot of the solution in the neighborhood of the sharp peak around x = 7. The
steady state means the numerical solution at ¢ = 237.5(= TY).

v N M At
1.0x 1072 200 10 2.5x 1072
1.0x 1072 21 10 25x107?
1.0x107* 22 10 25x10°°
50x 107 22 10 2.5 x 1073

Table 1. Numerical parapmeters

stated that there exists a function ws, € H™ such that limy_,. E[M(0, f7)] = We,
indicating the existence of a steady distribution of mild solutions. While the average
of the steady vorticity distribution has sharp peaks around x = 0 and =, it remains
smooth as shown in Figure 1(b). A similar pattern with sharp peaks appears in the
randomly moving pulse, generating turbulent flow with the enstrophy cascade [14]. It is
also similar to the asymptotically stable stationary solution to the equation (1) with the
deterministic forcing function, f(z) = 0.01sinz. In what follows, to compute statistical
quantities for a given v, we use the numerical solution at ¢ = 7Y when the vorticity
distribution almost reaches the steady state up to numerical tolerance. For instance,
when v = 1.0 x 1073, TV = 237.5 as we see in Figure 1(a,b).

The averages E[w], Elw,|, E[u] and E[u,] of the steady distribution for v =
1.0 x 1072, 1.0 x 1073, 1.0 x 10~* are shown in Figure 2. The peaks of the average
vorticity E[w](T?, z) in Figure 2(a) get singular as the viscosity coefficient v decreases.
Figure 2(b) shows that the average of the derivative of the vorticity E[w,](T?,z) grows
rapidly as v decreases. The velocity average E[u](TY,x) in Figure 2(c) looks smooth,
but it tends to form sharp fronts in the neighborhood of x = 0,7 as v decreases. The
formation of the sharp fronts in the velocity profile is also confirmed evidently by the
average of the derivative of the velocity E[u,](TY,x) in Figure 2(d), which has sharp
spines at the front locations.

Figure 3 shows the averages of the energy spectra E[||u||3,](T, k) and the enstrophy
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(@) Ew](T7, z) (b) Elw,](T”, z)
V= 10x 1072 e
0.4 | v=1.0x 1073 ===
v=1.0x 10 o b %} y
v=1.0x 1072 e
o V= 1.0x 1075 -
7 v=10x10 " —
40
-0.4
0 T 2n 0 . on
X X
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Figure 2. The averages of the steady distribution of solutions for ¥ = 1.0 x 1072,
1.0 x 1072 and 1.0 x 10~%. The numerical parameters are shown in Table 1. (a) The
average of the vorticity E[w](T?,z). (b) The average of the derivative of the vorticity
Elw,](T?,x). (c) The average of the velocity E[u](T?,z). (d) The average of the
derivative of the velocity E[u,|(TY, x).

spectra Ef||wl|7.](TY, k) of the steady distribution for various viscous coefficients v. For
the spectra of v = 5.0x 1077, we show error bars to|||w||3,](T7, k) and to|||u||2.](T7, k)
as thin gray regions. Both of them indicate that the inertial ranges are formed and
expand as v decreases. The dimensional analysis suggests that the decay rate of the
energy spectra in the inertial range follows (|u(k)|?) ~ k=2. However, Figure 3(a) shows
that it lies between k=% to k72. On the other hand, the enstrophy spectra in the inertial
range are expected to be ([&(k)[2) ~ k! owing to U(k) = D(K') |K'|”" by definition.
Figure 3(b) again indicates a deviation from the dimensional analysis. The deviation of
the decay rates has been reported for the numerical studies of the gCLMG equation (1)
as a stochastic partial differential equation [14, 15]. Hence, the averages of the steady
distribution of mild solutions reproduce qualitatively the same energy and enstrophy
cascades in the numerical study of turbulent flows in [14].

We confirm the scaling law of the structure functions S,w] and S,[u] for the
solutions w(t, z,n) and u(t, z,n) to the gCLMG equation (1). The dimensional analysis
of the equation in [15] has shown that S,[w](r) ~ rP, Sylu](r) >~ rP for short ranges
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(@) E[|jul|7:](TY, k) (b) Ellw||72](TY k)
1x107° E ‘ ‘ 1
1x10°

1x10710

-10 |
1x10°7"8 1x10
1x1020 | 1 1x1018
1x10°2° | 1 15102 |
1x10°%0 | ‘ . ] ‘
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Figure 3. (a) The average of the energy spectra E[||ul|3.](TY, k) for the steady
distribution. The inertial range extends as v decreases. The decay rate of the spectra
in the inertial range lies between k=3 and k~%. (b) The average of the enstrophy
spectra Ef||w||7.](TY, k), whose decay rate lies in the range of k~! and k~2. In both
spectra, the decay rates slightly deviate from the expected rates (@(k)) ~ k~! and
(i(k)) ~ k=3 by the dimensional analysis. We show the spectra with error bars for
v=>5.0x1075,

r < 1, and S,[w](r) ~ rCP/3 S [u](r) ~ r3+2)/3 for long ranges r ~ 1. Since the
distribution of the solutions tends to be stationary, we may assume the steadiness after
a long-time evolution. However, we can’t suppose spatial homogeneity, since the average
of the steady distribution has sharp peaks. On the other hand, numerical computation
of the gCLMG equation with a stochastic forcing [14] has shown that the turbulent flow
is generated by the pulse of a similar profile to w,, with peaks, and it wanders randomly
according to the uniform distribution. Hence, to compute the structure function, we use
the numerical solution at ¢ = 77 and take the ensemble average of the local structure
function S,(TY, x,r) concerning x by sampling N points from the uniform distribution
on [0,27]. That is to say, the p-th order structure function of the vorticity is given by

S,6l(r) = EASIT ] = [ ST n e = 5 S Sl (T i),

where z, = %n forn =0,..., N — 1. The p-th order structure function of the velocity
is similarly approxiamted by S,[u](r) =~ 37 NS (T 2, 7).

In Figure 4, we plot the p-th structure functions S,[w]|(r) and S,[u|(r) for p = 2,4.
It indicates that Syw](r) ~ r? and S,[u](r) ~ 7P for short distances, r < 1 agree
with the dimensional analysis. For long distances r ~ 1, we estimate Ss[w](r) ~ r%54,
Solu](r) ~ r83. Syw] ~ %% and Sy[u] ~ 731 by the least square fit. The scaling laws
deviate from those suggested by the dimensional analysis, showing strong intermittency.

The power-law behaviors of the structure functions with intermittency yield the
information on the profile of the steady vorticity distribution in the zero viscous limits

according to an exact result on the intermittency obtained by Frisch [6], which is stated
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Figure 4. The p-th order structure functions Sp[w](r) and Sy [u](r) for p = 2, 4. We
plot the scaling laws suggested by the dimensional analysis as well as those obtained by
the least square fit. For short distances r < 1, Sp[w](r) ~ r? and Sp[u](r) =~ rP, which
agree with the dimensional analysis. On the other hand, for large distances r ~ 1, the
scaling laws Sa[w](r) ~ 7954 Sy[w](r) ~ 7005 Solu](r) ~ 7183 and Syu](r) ~ r310
deviate from the scaling laws Sp[w](r) ~ rG7P)/3 and S, [u](r) ~ r3+2P)/3 owing to
the dimensional analysis.

as follows. Suppose that the structure function of even order for the flow velocity v is
subject to the power-law of exponent (y, over the inertial range, namely So,[v](r) ~ 7%,
and that the inertial range extends with v — 0 as a power-law. We further assume that
the two consecutive exponents satisfies (o, > (op42 for a certain p € N. Then the
maximum velocity diverges as the viscous coefficient v tends to zero. Let us note that,
in the proof of this result, no assumption has been made on governing equations of the
turbulent flows and the same argument applies to structure functions of the vorticity w
in the present study. As we have observed in Figure 4, the structure functions of the
vorticity w have the power-law behaviors over the inertial ranges, i.e., So[w](r) ~ r¢* and
Sy[w](r) ~ r with ¢, = 0.54 > ¢4, = 0.05 and the inertial range extends as the viscous
coeffcient v vanishes, which satisfies the assumptions. Accordingly, we conclude that
the maximum of the steady vorticity distribution w diverges as v — 0. In other words,
the steady vorticity distribution tends to be a singular pulse with diverging peaks in the
zero viscous limits.
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4. Summary and future directions

We have established the global existence of a unique mild solution w(t) to the gCLMG
equation (1) subject to external forcing. When we regard the initial data w{(z) and
the forcing function f"(t,x) as random variables sampled from a probability space, a
stochastic process is defined by a continuous mapping from the pair of the random
variables (wi(z), f"(t,z)) to the mild solution. The distribution of the mild solution
is numerically approximated by the Galerkin approximation with the pseudo-spectral
method and the gPC. We find that the distribution tends to be a steady state as t — oco.
We compute some statistical quantities associated with the steady distribution and make
comparisons with those of turbulent flow generated by a randomly moving pulse in [14].
The average of the steady vorticity distribution has sharp peaks at x = 0,7, which is
a similar pulse pattern in this turbulent flow. The scaling laws of the energy and the
enstrophy spectra also coincide with those of the pulse turbulence. Hence, the steady
distribution reproduces the statistical properties of the pulse turbulence. Furthermore,
we obtain the scaling laws of the p-th order structure functions of the steady distribution
with p = 2 and p = 4. Both of them deviate from the scaling law expected by the
dimensional analysis, which shows strong intermittency. The advantage of the gPC
approximation is that such higher-order smooth structure functions can be calculated,
whereas it is difficult to compute these functions due to the noisy random behavior of
solutions to the gCLMG equation with a stochastic forcing as reported in [15].

We finally mention some future directions. It is mathematically important to show
the existence of the steady distribution as an w-limit solution to the gGCLM equation
(1) with random external forcing. In this paper, we numerically found the special
steady distribution reproducing the statistical laws of the pulse turbulence for the zero
initial data and the random forcing function with uniformly distributed amplitude. We
investigate how the steady distribution changes when we make the initial data a random
variable. We could also consider another probability space for random forcing such as
the Gaussian distribution. From the viewpoint of non-equilibrium statistical physics, it
is also interesting to observe the higher-order structure function Syw| for p > 4, since
the dimensional analysis suggests a negative rate for larger p.

Appendix

The following inequalities are used in this paper.

Lemma 4.1 (Young’s inequality). Let a,b = 0. For any 1 < p,q < oo with % + % =1,

the following inequality holds.
al b

Lemma 4.2 (Sobolev interpolation inequality). Let 0 £ my < my. For 0 € [0, 1], we
set m = (1 — 0)my + Omy. Then if f € H™ N H™, then f € H™. In addition, the
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following inequality holds.

1 Nz S 1 s 1N - (10)

Lemma 4.3. For f,g € H™ with m > %, there ezists a constant C'(m) such that

19l gm = Cm) [ £l g 9N g - (11)

Proof. Suppose f and g belong to the Schwartz space S with f( ) = g(0) = 0. Then
we have

£ gl grm = Nlln]™ F(

Owing to |z + y|™ < 2™ (|z|™ + |y|™) and Young’s convolution inequality, we have

H S Xl = k" Fn = Rgk)|| + |32 Fln = k) lklG(k)
kEZ 02 keZ 02
< |l F, 1l + |7, gl = 171 Wl + || 7] gl

Moreover, owing to f(O) =0 and m > 3, we have

Hence, we have || fgll zm < C(m) || f|l g |9l gm for f,g € S with F(0) = g(0) = 0. Since
S is dense in H™, the same inequality holds for H™ by continuity. O]

= [l

o = Il ([ 72 = CCm) £l
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