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Surjective isometries on an algebra of analytic
functions with C"-boundary values

By

Yuta ENAMT* and Takeshi M1ura**

Abstract

Let D, D and T be the open unit disk, closed unit disk and unit circle in C. Let A™(D)
denote the algebra of all continuous functions f on D which are analytic in D and whose
restrictions f|r to T are of class C™. For each f € A™(D), the k-th derivative of f|r as a
function on T is denoted by D (f). We characterize surjective, not necessarily linear, isometries
on A™(D) with respect to the norm || f|l5 + S_r_, [|D*(f)||r/k!, where | - ||z and || - ||z are the
supremum norms on D and T, respectively.

§ 1. Introduction

A mapping T : Ey — E5 between two normed spaces (E1, || - [|1) and (Ea, || - ||2) is
called an isometry if

IT(f) =Tz = If = 9gllx

for every f,g € E1. We emphasize that we do not assume linearity for 7. The char-
acterization of isometries is a classical problem. Banach [1] characterized surjective,
not necessarily linear, isometries on the Banach space Cr(K) of all continuous real-
valued functions on a compact metric space K with the supremum norm. After that,
characterizations of surjective linear isometries were given for various Banach spaces.
For the space C1[0, 1] of all continuously differentiable functions on [0, 1], Rao and Roy
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[14] determined the general form of surjective complex-linear isometries on C'*[0, 1] with
respect to the norm [[f|| = |fllc + [|f'[lcc; Where [| - [|oc stands for the supremum
norm. Novinger and Oberlin [13] consider the space S? of all analytic functions on the
open unit disk whose derivatives belong to the Hardy space HP. They gave a charac-
terization of complex-linear isometries on SP (1 < p < oo) with respect to the norm
Ifll = IIflloo + I|f/[lg». Jarosz investigated a class of unital semisimple commutative
Banach algebras with the so-called natural norm. Jarosz [7] proved that every surjective
unital complex-linear isometry with respect to the natural norm is actually an isometry
with respect to the supremum norm. Note that the norm || f|| = || f]|co +||.f/[|co becomes
a natural norm on C*[0, 1].

One of the most interesting results on study of isometries was proved by Mazur
and Ulam. The Mazur-Ulam theorem [10] states that every surjective isometry between
normed spaces must be (real) affine. Applying the Mazur-Ulam theorem, surjective,
not necessarily linear, isometries were studied on various normed spaces by many re-
searchers. Hatori and the second author [6] gave the characterization of surjective
isometries between function algebras. Kawamura, Koshimizu and the second author [9]
introduced a unified framework to treat several norms on C*[0,1], and gave the char-
acterization of surjective isometries on C*[0, 1] with respect to various norms including
NfIl = 1lflloo + [|f/]|co- Concerning such a framework, Kawamura [8] also considers the
algebra C'1(T) of all continuously differentiable functions on the unit circle T, and gave
the characterization of surjective isometries on C!(T) with respect to norms belonging
to the framework. The second author and Niwa [11, 12] introduce the Novinger-Oberlin
type space S4 of all analytic functions whose derivatives belong to the disk algebra. The
space S4 admits several norms. They determined general forms of surjective isometries

with respect to some norms, including || f]| = || flloo + ||/ ||co-

§1.1. Notations and Main results

In this paper, let N and Ny be the sets of all positive integers and non-negative
integers, respectively. For mi, ma € Ng with m; < ma, we set NJ#2 = {k € Ng:m; <
k< mo}.

For a compact Hausdorff space K, let C'(K') denote the Banach space of all complex-
valued continuous functions on K, with the supremum norm

[fllx = sup |f(x)]  (f € C(X)).
zeK

The constant functions on K taking the value only 0 and 1 are denoted by 0 and 1,
respectively. Let T be the unit circle in the complex plane C. For n € N, a function
f:T — Cis said to be of class C™ if the function F' on R defined by F(t) = f(e*™") is
of class C™ in the usual sense. We denote by C"(T) the subalgebra of C(T) consisting
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of all functions of class C™. Let D be the open unit disk, and let D = DUT be the closed
unit disk. The disk algebra A(D) is the Banach algebra of all continuous functions on D
which are analytic in D, with the supremum norm || - [|. Note that, by the maximum
modulus principle, || f|lz = || f|It for every f € A(D).

Throughout this paper, we fix n € N. The main object of this paper is the algebra

A"(D) = {f € AD) : flr € C™(T)}.

For each f € A"(D) and k € N7, the k-th derivative of f|r at e>™ ¢ T is denoted by

f(€27'rit).

2w —

D = (L) &

Let DY(f) = f|r. Since f|r is a function of class C", the function D*¥(f) : T — C is
continuous on T for every k € NZ. Note that D* satisfies the Leibniz rule

k

k _ k k—j i
D=3 ( j)D (D (g)

for every f,g € A™(D). For each f € A"(D), set

n

"1 1
I flls = |fllg + Z HHDk(f)HT = Z HHDk(f)H’H‘-
k=1

Then (A™(D),|| - ||s) is a unital commutative Banach algebra. The following theorem is
the main result of this paper.

Theorem 1.1.  Suppose that T : A"(D) — A™(D) is a surjective, not necessarily
linear, isometry with respect to the norm ||-||s.. Then there exist constants c, A € T such
that

T(f)(z) = T(0)(2) + cf(\2)  (Vf € A"(D),Vz € D), or
T(f)(z) =T(0)(2) + cf(Az)  (Vf € A*(D),Vz € D).

Conversely, every mapping T : A"(D) — A™(D) which is one of the above forms
is a surjective isometry on A™(D) with respect to the norm || - ||, where T(0) is an
arbitrary function in A™(D).

§1.2. Some remarks

Note first that (A™(D), || - ||s) is a unital semisimple commutative Banach algebra.
Moreover, the norm | - ||x is a natural norm in the sense of Jarosz [7]. Hence it is
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relatively easy to determine the general form of surjective complex-linear isometry T
on A™(D) with T(1) = 1 by the result of Jarosz [7, Theorem and Proposition 2]. On
the other hand, our study is more complicated. In fact, we will investigate surjective
isometry 7' on A™(D), which need not be complex-linear nor unital, that is, 7(1) = 1
in Theorem 1.1.

The second author and Niwa [11] introduce the space S4 of all analytic functions f
on D whose derivative f’ is continuously extended to D, where f’ is the usual derivative
with respect to the complex variable. It is well-known that a holomorphic function
f : D — C is continuously extended to D with absolutely continuous boundary value
if and only if the derivative f’ belongs to the Hardy space H' (see [4, Theorem 3.11]).
As a consequence of the fact, every function in S, is continuously extended to D. The

continuous extension of f will be denoted by f . Now, for each f € S4, we set

1fll2.sa = 5+ 1/ ]l5-

Then the space S4 becomes a unital commutative Banach algebra. The Banach al-
gebra S, is isometrically isomorphic to A'(D). More precisely, we have the following
proposition, which can be verified by the same argument as [4, Theorem 3.11].

Proposition 1.2. A holomorphic function f : D — C is continuously extended
to D and its extension f belongs to AY(D) if and only if f belongs to Sa. Moreover, if

f€8Sa, then || flls = ||f]

3,54 -

In [12], a characterization of surjective, not necessarily linear, isometries on S4
with respect to the norm || - || 5, was given. Hence Theorem 1.1 is considered as a

generalization of the result.
§2. Preliminaries and embedding of A"(D) into C(X)

§ 2.1. Polynomials

First, we consider each polynomial p as a function on . It is obvious that p €
A™(D). Let p(z) = ao + --- + amz™. For k € N, let p(*) denote the k-th formal
derivative of p, that is, p(k)(z) =kkap + - + mk a2 %, where mE is the falling
factorial m(m — 1) ---(m — k + 1). Note that D*(p) = p®)|r does not hold. In fact,
D*()(z) = i*j%29, where 1J(z) = 2J. More generally, we see that D*(p) can be
represented as

(2.1) DHp) () = i* Y a2,
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On the other hand, the chain rule implies that D'(p)(z) = ipM(2) and D?(p)(z) =
—p@(2)2%2 — pW(2)z. By induction, we see that D*(p) can also be represented as

k
(2.2) D¥(p)(2) =) e;pW(2),
j=1
where c1, ..., ci are constants independent of the polynomial p.

For m € Ny, let My,41,n+1(T) denote the set of all (m+1) x (n+ 1) matrices whose
entries belong to T.

Proposition 2.1.  Let m € Ng. Let W = [wj ]k € Mm+1,n+1(T), and assume
that wo0 & {w1,0,...,Wmo}. Then there exists a polynomial p such that p(wgo) # 0
and D*(p)(w; ) = 0 for every (j, k) # (0,0), that is,

p(won) D'(p)(wo1) -+ D™(p)(wo,n) %0--- 0
(2.3) p(U):l,o) Dl(p):(w1,1) D”(p):(wlyn) _ 00 ()
P(wi,0) D' (p)(wi,1) -+ D™(P)(Win,n) 00---0

Proof. Let I = {(j, k) € NJ* x N§ : wj 1 # wo,0}, and let

()= [I (z—wn)**

(]7k)el()

By definition, q(wo0) # 0. If (j, k) € Iy, then the formal derivatives q(2),q™"(2),...,
q*)(z) have the factor (z —w, 1), and thus, by equality (2.2), we have D*(q)(w, ;) = 0.
Hence we obtain g(woo) # 0 = D*(q)(wjx) for every (j,k) € Ip. If, in addition,
D*(q)(wp ) = 0 for every k € N7, then ¢ satisfies the condition (2.3). In this cases, ¢
is the desired polynomial.

Now, assume that D*(q)(wg ) # 0 for some k € N. Let k1 € N7 be the smallest
k € N} such that D*(q)(wo0) # 0. Then

D' (g)(wo0) = -+ = D" (q)(wo,0) = 0 # D" (q)(wo ).

In particular, D*(q)(wo) = 0 for all k € N¥71 Let r(2) = q(2) — 2q(wo,). Since
r(wo,0) = —q(wo) # 0, we have (¢r)(wo,0) # 0. Moreover, if (j,k) € Iy, then the
Leibniz rule shows that D*(qr)(w; ) = 0. Note that D*(r)(wq,o) = D¥(q)(wo ) = 0
for every k € N¥1=1 and that D*' (r)(wo0) = D*' (q)(wo0) # 0. By the Leibniz rule,
D¥(qr)(wo,0) = 0 for every k € N¥*~1 We also have

) - D' (19)(wo,0) + D* (q)(wo,0) - 7(wo,0)

) - D*(q)(wo,0) — D¥'(q)(wo,0) - (wo,0) = 0.

D" (gr)(wo,0) = q(
q(

wWo,0
wo,0
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Hence we obtain D¥(qr)(wo o) = 0 for all k € N¥. This shows that the polynomial gr
has not only the same properties as ¢, but also D*1(gr)(wg ) = 0. Finally, applying
the above argument repeatedly, at most finitely many times, we obtain a polynomial p
satisfying condition (2.3) . The proof is completed. O

Proposition 2.2. Let m € Ny, and let kg € Nij. Let W = [w;iljr €
My41.0+1(T), and assume that wo g € {W1,kgs- - - s Wm ke }- Lhen there ezists a polyno-
mial p such that D*(p)(wo,) # 0 and D*(p)(w; k) = 0 for every (j, k) # (0,ko), that

18,

p(wo,0) <+ D*(p)(wo,k,) -+ D™(p)(wo,n) O - %--- 0
p(wl,o) e Dko(p)(kao) e D"(p)(wl’n) 0---0---0
(2.4) S ; . : =1.. .. .
P(wim,0) - D*(p) (W k) -+ D™(p)(wim.n) 0---0---0

Proof. Let Iy = {(j,k) € NJ* x N§ : wjr # wo,}, and let {z1,..., 2/} be
an enumeration of {w;x : (j,k) € Ii}. Applying Proposition 2.1 to the following
(m' 4+ 1) x (n + 1) matrix

Wo,ky WO,k **+ WO,kq
Z]. 2:1 ) Z].

we see that there exists a polynomial ¢ such that

q(wok,) # 0= D'(q)(wo,r,) (VI € NY),
D'(q)(wjz) =0 (V(j. k) € I, ¥l € NB).

Assume that we have constructed a polynomial r such that
(2.5) DFo(r)(wo ) = 1 # 0 = D' (r)(wo,x,)

for every I € Np \ {ko}. Set p(z) = q(2)r(z). Since q(wox,) # 0 = D'(q)(wo x,) for
every | € N7, the Leibniz rule implies that D*(p)(wg k,) # 0 = D*(p)(wo x,) for every
k € Ny \ {ko}. Moreover, if (j, k) € I, then D'(q)(w; ) = 0 for every [ € N, and thus
the Leibniz rule implies that D*(p)(w; k) = 0. Hence p(z) satisfies the condition (2.4).
Now, it remains to construct a polynomial r satisfying the condition (2.5). It follows
from equality (2.1) that a polynomial r(z) = ag+ a2+ - -+ a, 2" satisfies the condition
(2.5) if and only if the coefficients of r satisfy the system of n + 1 linear equations

o (k = ]Co),

n i
ko]

E jPw? . a; =

=0 0ko™ 0 (otherwise).
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The system of linear equations has a solution (ag, ...,a,) € C"™!. Indeed, the deter-
minant
2 n
Lwo kg 2W3 g, -+ MWk, 111...1
2,2 2, n
OwokaZwoyko...n Wy &, e 012 ...n
3,,2 3,n nintl) 2 2
0wo i, 2 wo WG ko :wo’kg 012°...n
N2 N, M n n
0w07k02w07k0---n wo’k.o 012™...n

is non-zero, because the right-hand side of the above equality is a determinant of a
Vandermonde matrix whose columns are the geometric sequence with pairwise distinct
common ratios. Hence we can find a polynomial r satisfying the condition (2.5). The
proof is completed. O

Proposition 2.3.  Let kg € N{, let wy,,...,w, € T, and assume that wy, ¢
{wry+1,---,wn}. For each ¢ > 0 and each neighborhood V' of wy, in T, there exists a
polynomial p such that

(D ) < & (1 e Nfo~h),
| D% (p) |x = D¥o (p) (wi,) = kol
| D™ (p)|Im\v <€,

1D (p) ()] < € (1 €N} ),

where || D*(p)||\v is the supremum of |D¥(p)| on T\ V.

(2.6)

Proof. For each m € N, consider the polynomial

Prm{x i Tn+9 (J>(wk0 .

J=0

Let us show that the sequence {p,,}, has the following properties

)
1D (pm)lx = 0

(m — o),
1% (pun)lx = D¥ (p) (i) = 1 (Vi € N),
(m — o)
(m — o)

(2.7) )
| D¥ (pm)|lm\v — 0

[[D" (pm) (wiz)] = 0

m — 00),

m — 00

for every neighborhood V' of wy, in T, [; € Nko Vand I, € Ngo+1-
First, by equality (2.1), we have

. —j)ko—t 1 m i
D (pm)<2) = ( 2)m ZO (m—i—j)ko—l <j>(wkoz) *
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for every [ € NISO. In particular,

For each [ € NF° and w € T,
1« m 1< 1 (m 1
! —
[ D () (w S_mgo m+3 Y= l(j)SQ_mjgomko—l(j)_mko—l’

and thus | D!(p,,)||r < 1/m*o~!. This shows that ||D'(p,,)||T — 0 as m — oo for every
I € Nf°~!) and that || D% (p,,)||t < 1 for every m € N. Since D*(p,,)(wy,) = 1, we
obtain || D*(p,,)||lr = D*(p,,)(wk,) = 1. Let V be a neighborhood of wy, in T. Since

Wiy % + Wiy 2)?
2

sup <1,

z€T\V

we have ||D¥ (py,)||\v — 0 as m — oo.
Let us verify the rest of the property in (2.7). Let [ € N?_ko. By equality (2.2),

!
DFotl(p — Z ¢; (D™ (p)) 9 (2)27
J=1
where ¢y, ..., ¢ are constants independent of m. Thus, to show that Do+ (p,,)(z) — 0

as m — oo, it suffices to prove that (D (p,,))Y) (wr,11) — 0 as m — oo for every
j € N'. Fix jo € Ni. It is easy to see that for each positive integer m with jo < m, the
jo-th formal derivative of D*o(p,,) can be written as

Wiz + (Wi2)2 "’
DFo (Jo) J W2 0
(D" (g §jm o) (T2 ,

where q1,. .., g, are polynomials independent of m. By our hypothesis on wy,, we have
[Who Who+1 + (WhoWo+1)?|/2 < 1, and thus

; w_kowko+l + (w_kowk0+l)2 md
m q; (Wry+1) 5 -0 (m — o0)

for every j € NJ°, and thus (D (p,,))U0) (wp, 1) — 0 as m — oo, as desired.
Now, let € > 0, and let V' be a neighborhood of wy, in T. Choose m € N so large
that

ID™ (P )llzs D% (0 llmvvrs 1D (D) (wi,)| < 7 kol

for every [y € Nko Vand Iy € Ny, 1. Then p = ko!pp, satisfies the condition (2.6). O
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§2.2. Embedding of A"(D) into C(X)

Let X = T?"*! be the compact Hausdorff space endowed with the product topology.
We will write each element in X as z = (w,(), where w = (wy,...,w,) € T""! and
¢ =1((,...,¢y) € T". For simplicity of notation, we always assume (; = 1. For each
f € A"(D), define f:X = Chby

2.9 Fla) = fwo) + 32 DA )G = 3 1 DM )G
k=1 " k=0
for every = = (wog,...,wpn,(1,...,(,) € X. It is obvious that f is continuous on X.

Note that 1 is the constant function on X taking the value only 1. In this notation,
Proposition 2.2 is reformulated as follows:

Proposition 2.4.  Let kg € N, and let wy, ..., w,, € T""1. For j € NI, write

w; = (Wjo0,...,Wjn). Assume that the ko-th coordinate wo , of wo is distinct from
those of Wi, ..., Wy, namely, wo r, € {W1 kys-- - Wm. ko t- Lhen there exists f € A™(D)
such that

F(W0,¢) =Gy #0=f(W1,{) =+ = f(Wim, )
for all ¢ = (C1,--.,G¢a) € T™. In particular, if Cg,...,C,, € T", and if v; = (W;,(;),
then f can be chosen so that f(xo) =1#0= f(z1) == f(zm).

Proof. By Proposition 2.2, we can find f € A™"(D) such that D*(f)(wo,) # 0
and D*(f)(w; 1) = 0 for every (j,k) € (Ng* x N2) \ {(0,k)}. Multiplying a constant
if needed, we may assume that D*(f)(wgk,) = ko!. Then equality (2.8) shows that

f(wo,¢) = Gy and f(wi,¢) =+ = f(W,¢) =0 forall ¢ = (21, ...,Cn)
Assume that (g,...,(,, € T", and that x; = (w;,(;). Replacing f with the
product of f and the complex conjugate of the ky-th coordinate of ¢,, we have f (x0)

1£0=f(z1) = = f(zm). O
Let A" = {f: f € A"(D)}, and define U : A"(D) — A" by
(2.9) u)=5 (feA™D)).

Note that A" is a complex linear subspace of C(X), and hence A" is a normed space

with the supremum norm || - || x.

Lemma 2.5. The mapping U, defined by (2.9), is a surjective complex-linear
isometry from (A" (D), | - |ls) onto (A", ] - ||x)-
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Proof. By definition, it is obvious that U is surjective and complex-linear. To
show that U is an isometry, fix f € A"(D). For each x = (wo, ..., wn,(1,...,Cn) € X,

D) (k)G

"1
SZH\D’“ (wy, !<Z HD"’ e =11fl=,
k=0

and thus we obtain || f||x < ||f||s. On the other hand, for each k € NZ, choose wq ;, € T
so that |DE(f)(wo)| = | D*(f)| . For each k € N¥, we set

Cok f woo / ka
* | ‘Dk ka \

Here f(wo,0)/|f(wo,0)| and D*(f)(wor)/|D*(f)(wok)| read 1 if f(woo) = 0 and
D*(f)(wo 1) = 0, respectively. We also set (o0 = 1. Let 29 = (wo.1,---,W0.n,C0.1,-- -

Co.n) € X. Since D*(f)(wo x)Co.r has the same argument as f(wq,), we have

n 1 n
Iflle =) 1P ()l = Z | DM () (wo )] = F)(wo.k)Cok
k=0 il
= [f(zo)| < [Ifllx-
Therefore we obtain || f||x = || f||s, which proves that U is an isometry, as desired. [J

Lemma 2.6.  The subspace An of C(X) separates the points of X, that is, for
each pair of distinct points xo, 1 € X there exists a function f € A" such that f(xg) #

f(x1).

Proof. Let x9,z1 € X be distinct points, and write z; = (wj,0,..., Wjn, i1y - -,
Cjn) for j = 0,1. Assume that wox, 7# wik, for some ky € Nj. By Proposition 2.4,
there exists fo € A™(D) such that fo(zo) # 0= fo(z1).

Now, assume that wo ) = w; ) for every £ € N{. Then (o, # (1,5, for some

ki € N}. Set w = (wo,0,...,Won) = (W1,0,...,W1,,). By Proposition 2.4, there
exists f; € A™(D) such that fi(w,¢) = (G, for all ¢ = (¢1,...,¢,). Hence we have
fi(zo) = Cok, # Ciky, = fi(x1). The proof is completed. O

We have proved that A" is a uniformly closed subspace of C'(X) which separates
the points of X and contains the constant function 1. In the rest of this section, we
consider the set ext( (ﬁ)f) of all extreme points of the unit ball (ATL)T of the dual space
(A") of A™.

For each x € X, the point evaluation J, at x is a functional 9, : An — C defined by
85.(f) = f(z) for every f € A". By the Arens-Kelley theorem (see [3, Lemma V.8.6]),
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every extreme point of the unit ball (:471)’1‘ is of the form A\J, for some x € X and A € T.
Recall that the Choquet boundary of A™ is the set

Ch(A") = {z € X : 6, € ext((A™))}.
Then the set ext((A™)?) can be written as
(2.10) ext((A™)F) = {6, : A€ T, z € Ch(A")}.

Let x € X. Recall that a representing measure for 6, is a positive regular Borel
measure i on X such that

5.(f) = /X fdp

for every f € A™. Since 62]] = 0,(1) = 1, we see that every representing measure
must be a probability measure. Note also that there exists at least one representing
measure for J,, namely, the Dirac measure concentrated at x. The Choquet boundary

of A™ can be characterized in terms of representing measures.

Proposition 2.7.  Assume that each representing measure p for o, is concen-
trated at x. Then 6, is an extreme point of (A™)3, that is, x € Ch(A"™).

Proof. Assume that 4, is written as §, = (1 — t)&; + t& for some &;1,& € (;lv")}‘
and t € (0,1). Then [£(1)],]62(1)] < 1, and that 1 = §,(1) = (1 — )&, (1) + t&a(1).
Since 1 is an extreme point of the closed unit disk D, we have &(1) = &(1) = 1.
It is well-known that the Dirac measure concentrated at z is the only representing

measure for J, if and only if §, is an extreme point of the weak x-compact convex set
{€ € (An)F : £(1) = 1} (see [2, Theorem 2.2.8]). Hence 6, = &, = &, that is, §, is an

extreme point of (A")}. O
Consider the subset Xg of X = T?"*! consisting of all those points (wo, ..., Wy,

C1,-.-,Cn) such that wy,...,w, are mutually distinct:

(211) XO:{(wO,,wn,Cl,,Cn)eij#wk (]75]{5)}

It is clear that X is dense in X. Let us show that every point in X is an extreme point of
the dual ball (;ﬁ)f To see this, fix an arbitrary point o = (wo,0, - - -, Wo,n, 0,1, - - - Co,n)
€ Xp. For simplicity of notation, we set (p o = 1. In view of Proposition 2.7, it suffices
to show that any representing measure p for d,, is concentrated at xo.

Lemma 2.8. Any representing measure p for Oy, is concentrated on the set

{wo,o} X X {wom} x T".
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Proof. Foreach k € NI, weset X(F) = TFx {wg p} x- - -x{wp,} xT™ and X " +1) =
X = T?"*!. Let us show that each representing measure u for d,, is concentrated on
X (ko) for every ko € NZ by induction. Fix an arbitrary representing measure y for &, .
If kg = n + 1, then p is concentrated on X (**+1) = T27+1 by definition. Assume that u
is concentrated on X (*o+1) for k, € N{; we will prove that it is concentrated on X (ko)
Let W be an arbitrary open neighborhood of wq g, in T, and set

Qw = TF x W x {wopor1} X -+ x {won} x T", and
Quwe = TF x W x {wo ke+1} % -+ x {won} x T,

where W€ = T\ W. Note that Q. is the complement of Qy in X *o+1)  Let us show
that u(Qw) = 1. To see this, choose £ with 0 < ¢ < 1/n arbitrarily. By Proposition

2.3, there exists fo € A™(D) such that

(|ID'(fo)llr < (LeNgeTh,
1Dk (fo)llr = DFo(f1)(wo k,) = ko,
D% (fo)llmw < &,

\|Dl(f0)(w0,l)| <e (I € Ng41)-

It follows from equality (2.8) that || foll xwe+n < ne + 1 and || follgwe < (n + 1)e. Also

we have
Lok
Z ED (fo)(wo,k)Cok| < ne < 1.
keNg\{ko}

Since u is a representing measure for §,, concentrated on X *o*+1)  we have

/ fodp = 64y (fo) = oo + Y %Dk(fo)(wo,k)Co,k,
X (ko+1) reng ik} ©
and thus
1 —ne < |6z, (fo)| = ‘/X%H) fod,u‘ < ‘/QW fodu‘ + ' fodu‘
< (ne + Dp(Qw) + (n + Dep(Qwe).

Since ¢ is arbitrary, we have 1 < pu(Qw) < u(X) =1, that is, u(Qw) = 1.
Now, let {W,, },, be a decreasing sequence of open neighborhoods of wq k, in T whose

Qwe

intersection is precisely the singleton {wg k,}. Then {Qw, } is a decreasing sequence of
sets of measure 1 with respect to p and (7", Qw, = X %), Therefore pu(X*0)) =1,
that is, u is concentrated on X (*0) . Consequently, we have proved that p is concentrated
on X(¥) for every k € NZ, in particular, it is concentrated on X = {wgo} x --- x
{wo n} x T". O
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Lemma 2.9.  Any representing measure [ for o, s concentrated at the point
xXo-.

Proof.  For simplicity, set X’ = {wp o} x- - -x{wp,} xT" and wog = (wo 0, - - -, Wo.n)-
Fix ko € N?. By Proposition 2.4, there exists f; € A"(D) such that fi (wo,¢) = Ck,
for every ¢ = ((1,...,¢,) € T™. Since, by lemma 2.8, the measure p concentrated on
{woo} x -+ x{w,} x T", we have

gO,ko = 6960 (fl) = fld,u = Ckod:u(w7 C)»
X’ X’

and thus
/ /(1 - CO,_kOCk;O)d,U(W, C) =0.

Since p is a positive measure, it follows that

/ - Re[Co, ko Chol ) dp(w, ¢) = 0.

Hence the measure of the set {(w, ) € X’ : Re[o k,Cko] # 1} with respect to g must be
zero. This proves that p is concentrated on {wg o} X - - - X {wo , } X T~ x { (o, } x T F0.
Since this holds for every kg € N7, it follows that p is concentrated at x. O

It now follows from Proposition 2.7 and Lemma 2.9 that X is contained in the
Choquet boundary Ch(A"™). Set

(2.12) B={\o,: AeT,ze X}

It is easy to see that B is a closed subset of the unit ball (;171)}‘ of the dual space of ;lvn,
and thus it is a compact Hausdorff space with respect to the relative weak x-topology.

Let T x X be the compact Hausdorff space endowed with the product topology. Define
h:Tx X — B by

(2.13) h(\, z) = \d, (\x)eTx X).
The proof of the following lemma is the same argument as [12, Lemma 2.7].

Lemma 2.10.  The mapping h : T x X — B is a homeomorphism from T x X
onto B. In particular, h(T x Ch(A")) = ext((A™)7).

Proof. By definition, h is surjective. Since An separates the points of X, and since
A" contains the constant function 1, we see that h is injective.
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To show that h is continuous, choose sequences {\,}, C T and {zx}r C X con-
verging to A € T and x € X, respectively. For each f e A,

h(A, @) (f) = Mef (2r) = Af(z) =h(\2)(f) (k= o0).

Thus the sequence {h(Ag, zx)}r converges to h(\, x) with respect to the relative weak
x-topology, which proves the continuity of h. Since h is a bijective continuous mapping
from the compact space T x X onto the Hausdorff space B, it must be a homeomor-
phism from T x X onto B. In particular, equality (2.10) shows that h(T x Ch(;l\?b)) =
ext((A")}). O

§3. Surjective real-linear isometries on (A", - ||x)

In this section, we will characterize the surjective real-linear isometries on the

Banach space (A™, || - ||x). Throughout this section, fix a surjective real-linear isometry
S:An — An. Define S, : (A")* — (A™)* by

S.()(f) = Re[€(S(f))] — i Re[(S(if))]

for every & € (:471)* and f € A, Note that S, is a well-defined surjective real-

—~

linear isometry on (A™)* with respect to the operator norm. In particular, we have
Si(ext((A™)7)) = ext((A™)}). Proof of the next lemma is the same as that of [12,
Lemma 2.8].

Lemma 3.1. Let B be the compact Hausdorff space defined by (2.12). Then
S.(B) = B.

Proof. Leth:Tx X — B be the mapping defined by (2.13). Then h(T x Ch(A"))
= ext((A")]) = S«(ext((A™)7)). Since Xy C Ch(A") C X, where X is the subset of
X = T?"*! defined by (2.11), we have

S.(h(T x Xp)) C S,(h(T x Ch(A"))) = S, (ext((A")}))
= h(T x Ch(4")) C h(T x X) = B.
Recall that the closure X, of X, coincides with X, since X is dense in X. It follows
from Lemma 2.10 that
B=h(T x X)=h(T x X,) = h(T x X),

where h(T x Xj) is the closure of h(T x Xj) in B with respect to the relative weal
x-topology. Since S, is a surjective real-linear isometry on (A")* with respect to the
operator norm, S, is a homeomorphism with respect to the weak *-topology, and thus

S.(B) = S. (h(']l‘ > Xo)) — 5.((T x X)) C B.
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Hence S.(B) C B. Applying the same argument to S; !, we see that S_!(B) C B. Thus
S«(B) = B. O

Definition 3.2. Let p; : Tx X — T and ps : T x X — X be the canonical
projections. Define a: Tx X - Tand ®: T x X — X by

a=pohtoS,0oh, and ®=pyoh oS, 0oh.

Note that o and ® are surjective continuous mappings. By definition, for each
(A\,z) € T x X, we have (S, o h)(A\,z) = h(a(\,z),®(\,x)), that is, S.(Ad;) =
(A, )0 (r,z)- Now for each A € T, let () = a(A, z). Then

S*()\(Sm) = Oz)\(l’)&p()\’m) (V()\,x) eT x X)

Lemma 3.3.  There exists so € {£1} such that a;(z) = isoa(x) for all x € X.

Proof.  First, let us show that for each x € X, a;(x) = iy (x) or a;(z) = —iay(x).
Fix x € X. For \g = 1\;%1 € T, the real-linearity of S, implies that

V20, (2)08(r0,2) = S:(V2h002) = S4(82) + 8.(is) = a1 (2)da(1,0) + i()da(i,0).

Hence we have v2a, (2)0a(5,,2) = @1 (2)00(1,0) + @i (2)00(i 2). Evaluating this equality
at 1, we obtain v2ay,(z) = a1(z) + a;(z). Since |ay, ()| = 1, we have

V2 = |ai(z) + a;(z)| = |1 4 a(z)an ()],
and thus o;(z)a;(x) € {xi}. Therefore oy (x) = iy (z) or ay(x) = —iaq(z).
Now, we set

Ky ={re X :qiz)=ia1(x)} and K_={ze X:ax)=—iar(z)}.

Then K, UK_ = X and Ky N K_ = (. The continuity of oy and «; implies that K
and K_ are closed in X. Since X = T?"*! is connected, K, = X or K_ = X. This
proves the existence of sop € {£1} such that a;(x) = ispa;(z) for every x € X. O

Lemma 3.4. For each A =r +it € T with r,t € R, and each x € X,
(3.1) A F(@(N,2)) = rf(D(1,2)) + isot f(®(i,x))
for every f € A,
Proof. Let A=r+it € T with r,t € R, and let x € X. Since S, is real-linear,

ax(T)dp(r,z) = S«(Ady) = 175x(62) + t5:(i0:) = ra1(z)de(1,2) + isotar(T)da (i),
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and thus a(2)ds( ) = a1(2)(rée(1,2) + i50tds(ir ). Evaluating this equality at 1, we
have a)(z) = a1 (z)(r+isot). Since A € T and sg € {1}, we have A* = r—+isot. Hence
ax(z) = A*°aq(x). This implies that A*°dg (5 2) = 7da(1,2) + 150t (i,z). Therefore we
obtain A% f(®(\, z)) = rf(®(1,z)) + iset f((i,z)) for every f € A, O

Definition 3.5. For j € N2, let ¢; : X = T?"*! — T be the j-th canonical
projection. Define ¢q, ..., ©n, X15---,Xn : T X X — T by

ork=qro® (keN}), and xp=¢guniro® (keN7),

that is, (N, z) = (o (A, ), ..., (A, 2), x1 (N, ), ..., Xn (A, x)) for every (A, z) € Tx X.
For simplicity of notation, we set xo(A, ) =1 for all (\,z) € T x X.

Note that the mappings g, ..., ©n, X1,-- -, Xn are surjective continuous mappings
for every k € N7. For each A € T and z € X, we set v x(z) = pr(\, x) and xpr(z) =
Xk(A, ). Then ®(\, z) = (wor(2), .-, nr(T), X1.2(T), ..., Xna(2)), and thus equality
(2.8) implies that

. "1
(3.2) (@A x)) = HDk(f)(cpk,x(x))xk,x(x)
k=0

for every f € A"(D) and (A, z) € T x X.

Lemma 3.6. Let k € Nj, and let A € T. Then gir(x) = pr1(x) for every
reX.

Proof. Fix x € X. Let us show that ¢ x(z) € {¢r.1(x), pri(z)} for every k € N
and every A € T. Suppose, on the contrary, that pr, (%) € {@k,1(x), Yk,,i(x)} for

some ko € Njj and \p € T. By Proposition 2.4, there exists fy € A™(D) such that

fo(@(No,2)) =14 0= fo(®(1,2)) = fo(®(i,z)).

Substituting these equalities into equality (3.1), we obtain Aj° = 0, which is a contra-
diction. Consequently, i x(x) € {¢k,1(2), pr,i(x)} for every k € Nj and A\ € T.

Now, we see that, for fixed x € X and k € N{j, the mapping A — ¢y, A(x) is a contin-
uous map from the connected space T onto {¢k 1(z), r.i(x)}. Hence {¢pr1(z), vrqi(x)}
must be a singleton, that is, @i A(z) = ¢k 1(x) for every k e N, A€ Tand x € X. O

Lemma 3.7.  For each k € N7, there exists s € {£1} such that xi.(x) =
SoSkXk,1(z) for every x € X.

Proof. Fix x € X and k € N}. Let us show that xx.(x) = xx,1(2) or xx.(z) =
—xk,1(2). Let Ao = T2 By Lemma 3.6, (11, 2) = (0,1(2), ..., ¥n,1(2), x1,u(2), .-,
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Xn,u(2)) for p = 1,4, Ng. Applying Proposition 2.4 with wo = (¢0,1(x), ..., ¢n,1(x)), we

can find f € A"(D) such that

f(QDO,l(x)v R Son,l(x)7C) - Ck

for every ¢ = ((1,...,¢n) € T, In particular, we have fo(®(u,2)) = Xk, (z) for every
p = 1,i,X\g. Substituting these equalities to equality (3.1), we have v2A\° X%, (7) =
Xk.1(Z) + isoxk,i(x). Since xx.a,(x) € T, we obtain

V2 = |xr1 (@) + isoxri (@) = |1+ isoxr.: () xw1(2)],

and thus isoxk,:(€)xk1(z) € {£i}. Hence xx.i(x) = Soxk,1() or xk.i(z) = —SoXk.1(2).
Now, we set

Lipy={r e X :xkix) =soxr1(x)} and Li_ ={xre€ X :xki(r) =—soxk1(z)}

Then Ly + ULy = X and Ly + N Ly, = (. The continuity of xx 1 and x, implies
that Ly 4 and Ly _ are closed sets in the connected space X = T?"*1 and thus we
obtain Ly y = X or L, _ = X. This guarantees the existence of s, € {£1} such that
Xk,i(T) = SoskXxk,1(x) for every z € X. O

In the rest of this paper, we use the following notation. If a,b € R and s € {£+1},
we denote a + isb by [a + ib]*, that is, for each A € C, [\]'! = A, and [\]7! = \. Clearly,
[Au]® = [A]®[u]® for all A, u € C. It is also clear that [A]®* = A\* whenever \ € T.

Lemma 3.8.  For ecach f € A"(D) and z € X,

(3.3 S(F)(@) = 3 iloa@) D () (0 ()i (@)

Proof. Let f € A"(D), and let z € X. By the definition of S,, we have Re[S, (¢)(f)]
= Re[g(S(f))] for every £ € (An)*. Taking £ = 6, and £ = id,, we derive that
] . .

Re[S(f)(z)] = Re[S,(0.)(f)] and Im[S(f)(z)] = — Re[S. (i, )(f)], respectively. There-
fore

(3-4) S(f)(@) = Re[S.(8:)(f)] — i Re[ S (i6:) (f)].

Recall that S, (6;) = a1(7)de(1,5) and S, (id,) = isoa1(2)0p(; ). Substituting these
equalities into equality (3.4), we obtain

(3.5) S(f)(z) = Re[o f(®(1,z))] + i Im sy (@) f (D (i, z))].
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It follows from Lemmas 3.6 and 3.7 that

O(1,z) = (wo,1(x), ..., on1(x),x1.1(2), ..., Xn,1(x)) and

(3.6)
<I>(z', 90) = (800,1@), R Son,l(x)7 5081X1,1(~”C)7 <y SOSan,1(95))'

Keeping in mind that s = 1, equalities (3.2), (3.5) and (3.6) imply that

S(f)(z) = Re

aq (z Z k,Dk @k,l(x))Xk,l(x)]

n

1

Kl

+¢Im [al(x)
k=0

—D (f)(@k,l(x))Slec,l(ﬂ?)]

- Z H[O‘l(x)Dk(f)(S%,l(93))Xk,1(:)3)]s’“.

This completes the proof. O

For simplicity, we may write i (x) = @i 1(z) and xx(z) = xk,1(x) for every x € X.
Then equality (3.3) is reduced to

(3.7) S(N(x) =Y 1l (@)D (F)(on () xu ()]
for every f € A"(D) and = € X.

§4. Proof of the main theorem

Let T : A"(D) — A"(D) be a surjective, not necessarily linear, isometry on the
Banach space (A"(D), || - ||g). Define Tp : A*(D) — A"(D) by

for every f € A"(D). By the Mazur-Ulam theorem (see [5, Theorem 1.3.5]), Tp is
a surjective real-linear isometry on (A"(D),|| - ||g). Let So : A® — A" be defined
by U oTyo U™, where U is defined by (2.9). Since U is a surjective complex-linear
isometry from A™(D) onto EL, Sp is a surjective real-linear isometry on A", Note that
So( f ) = m for every f € A"(D). Replacing S by Sy in equality (3.7), we obtain

n

@) S DI )G = 3 e @) DR (e e @)
k=0 k=0

for every f € A"(D) and = = (wo, ..., Wn,C1,...,() € X. To prove the next lemma,
we need the following elementary proposition.
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Proposition 4.1.  Let A\g,..., A\, € C, let M > 0, and assume that

(4.2) =M

Mo+ > M
k=1

for every ¢ = (C1,...,Cn) € T™. Then there exists kg € N such that |\g,| = M and
A = 0 for every k € Ni \ {ko}.

Proof. If M = 0, then the proposition is clearly true. Assume that M # 0.
Dividing (4.2) by M, we may assume that M = 1. Multiplying Ao, ..., A, by a suitable
constant with modulus 1, we may also assume that \g is non-negative. Note that at
least one Ay is non-zero. Assume A, # 0. Choose (3,...,(, € T so that A\ = | Ak
for every k € Njj. By assumption, we have

Miol = D Rl = ot Akelre + D EMG| =1
kENZ\{ko} keNT\{ko}

Set 3 = ZkeNg\{ko} |Ak|. Since |A,| and S are non-negative numbers, the above equal-
ities imply that |Ag,| + 8 = 1, and that either 8 — [Ag,| = 1 or |Ag,| — 5 = 1. If we
had B — |Ag,| = 1, then, subtracting this equality from |\, | + 8 = 1, we would ob-
tain 2|Ag| = 0, which contradicts A9 # 0. Hence we have |\, | — = 1. Subtracting
this equality from |\, | + 8 = 1, we obtain 8 = 0, which shows that Ay = 0 for all
ke N2\ {ko}. O

Lemma 4.2.  There exists a constant ¢ € T such that a1(z) = ¢ for all x € X
and that Ty(1) = ¢®©.

Proof. Replacing f to the constant function 1 in equality (4.1), we have
n 1 .
(4.3) > DH (Do) (we)Ge = [ (@)]
k=0
for every z = (w,¢) € X. If we had Ty(1) = 0, then D*(Ty(1)) = 0 for all k € N3, and

hence equality (4.3) would imply that 0 = [y (x)]®°, which contradicts |[a1(z)]*°| = 1.
Thus there exists wo o € T such that To(1)(we,0) # 0. By equality (4.3),

To(1)(wo0) + 3 37 DM (To (1) (we)Ge| =1
k=1

for every wy,...,w, € T and (y,...,(, € T. It follows from Proposition 4.1 that
DF(Ty(1)) = 0 for every k € N?. Hence Ty(1) is constant on T, and equality (4.3)
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shows that Ty(1)(wo) = [aq(x)]®° for all x = (wo, ..., wn,(1,...,(,) € X. In particular,
ay : X — T is constant. Let ¢ = a1 (x). Then ¢ € T and Tp(1)(wg) = [¢]®° = ¢*° for all
wo € T. O

By Lemma 4.2, equality (4.1) is reduced to

(4.4) Z k'D"“ To(f Z

for every f € A"(D) and every = = (wo, ..., Wy, C1,...,C) € X.

i () xk ()]

Wlp—k

Lemma 4.3. Let k € N7, and let (w,{) € X, where w = (wo, . ..,w,) € T"!
and ¢ = (C1,--.,Cn) € T™. Then the value pi(w, ) is independent of €.

Proof. Fix ko,k € Njj. Let us prove that the value pg,(w, () is independent of
the k-th coordinate (j, of ¢. To see this, fix w = (wo, ..., w,) € T and (; € T for
[ e N?\ {k}.

For each triple (o x,C1 kG2 € T, let z; = (W, C1yov oy Gy -+ -5 G) for j = 0,1, 2,
and let Gk, = {©r, (%0), ko (T1), Pk, (x2)}. First, let us show that Gy, contains at most
two points. Suppose, on the contrary, that g, (zo), Yk, (1) and ¢k, (z2) are mutually
distinct. Then so are (o x, (1.5 and (2 5. By Proposition 2.2, there exists fo € A™(D)
such that D*o(fo)(pk, (70)) # 0 and that D'(fy)(¢i(x;)) = 0 for every (j,1) € N3 x Np.
Multiplying fo by a suitable constant, we may assume that D (fo)(pk,(70)) = ko!. By
equality (4.4), we have

1 1
— D*(To(fo)) (wi) Gk + = DN (T (fo)) (wi) G =
k;' (To(fo))(wr)Cj k lEN%\:{k} T (To(fo)) (wi)G 0 G=1,2).

Since (1 x # C2.x, the above equalities imply that D*(Ty(fo))(wr) = 0, and then

> D) )G =0

lENg\{k}

Hence 0 = [exk, (20)]**0, which is a contradiction. Therefore Gy, contains at most two
points.

Since @, is continuous on X, the mapping Cx — @k, (W,1,...,Ck, .., () is con-
tinuous on T. Thus its image Hy, = {@k, (W, (1, Cky---5Cn) : & € T} is a connected
set in T. The previous paragraph implies that the above set contains at most two points,
and thus the connectedness of Hj, shows that the set Hy, must be a singleton. This
proves that the value ¢y, (w, ¢) is independent of the k-th coordinate (i of ¢. Since this
holds for every k € N7, it follows therefore that the value ¢y, (w, ) is independent of
¢eTm. O
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By Lemma 4.3, we may write ¢r(w) = pr(w, ) for every (w,{) € X and every
k € Nj. Then we can rewrite equality (4.4) as

n

@5) S DMT) )G = D DM () on(w)xe(w, Ol

k=0 k=0 "
for every f € A"(D) and (w,¢) € X, where w = (wy,...,w,) € T and ¢ =
(C1y.vyCn) €T

Lemma 4.4. Let ko, k € N?, and let w = (wo, ..., w,) € T, Assume that
Xko (W, C) depends on the k-th coordinate (i, of ¢ = (C1,...,(n) € T™. Then

[Xko (W, C)]Sko = [Xko (W? 1..., 1)]Sk0 Ck

for every ¢ = (C1,...,¢y) € T™.

Proof. Assume that x, (w, ) depends on the k-th coordinate (i of { = ((1,...,(n)
€ T". Fix w = (wo, . ..,w,) € T"T1. By Proposition 2.2, there exists fy € A"(D) such
that D*(fo)(¢r,(W)) # 0 and D!(fo)(¢1(w)) = 0 for every | € N# \ {ko}. Multiplying
fo by a suitable constant, we may assume D*0(fo) (o, (W)) = ¢~ tko!. By equality (4.5),

we have
Z Zl'Dl (To(fo))(wl)Cl = [Xko (Wv C)]Sko
=0

for all ¢ = ((1,...,Cn) € T™. By Proposition 4.1, there is a unique number [y € Nj such

that D' (Ty(fo))(wi,) # 0, and thus (1/1o!) - D' (To(fo)) (wie)Ge = [Xe (W, €)]**0 for all
¢=(1,.--,¢n) € T Since xx, (W, ) depends on (i, the number [y must be k, that is,

1

EDk(TO(fO))(wk)Ck = [Xko (W, C)]sko

for all ¢ = ((1,...,¢n) € T™. This shows that the value x,(w, ) depends only on (k.
Thus we have

1

EDK(TO(fO))(wk) = [Xko (W, 1,...,1)]%%0

Hence we obtain

(o~ D)) _ b (w0
F DR D) (wr) D (WL D]
which implies that [xg,(W,{)]**0 = [xko(W,1,...,1)]%%0( for all { = ((1,...,(n) €

. 0




104 Y. ENAMI AND T. MIURA

Lemma 4.5. Let w € T""'. For each k € Ny, there exist a number o(k) € N§
with 0(0) =0 and a constant v (w) € T such that

,Yk(W)Ck = [ch(k) (W7C)]Sg(k)

for every ¢ = (C1,-..,Cn) € T™. Moreover, the mapping o : N — N is bijective.

Proof. Fix w = (wo,...,w,) € T""1. Recall that we set (y = 1 and yo(w,¢{) =1
for all ¢ = ((1,...,¢n) € T™. Let 0(0) = 0 and yo(w) = [c]*°. Then we have yo(w) € T
and 70(w)Co = [cXo(o) (W, O+ for all ¢ = (C1, .., y) € T,

Let [ € Nij. We now assume that we have already constructed mutually distinct
numbers (0),...,0(l — 1) with ¢(0) = 0 and constants vo(w),...,v—1(w) € T such
that ve(W)C = [eXo k) (W, ¢)]*® for all ¢ = (Ciy-..,¢n) € T and every k € Ny .
Let us construct o(l) and 7;(w). By Proposition 2.4, there exists g; € A"(D) such
that g;(w,{) = ¢ for all ¢ = (¢1,...,¢n) € T™. The surjectiveity of Ty guarantees the
existence of f; € A"(D) such that g; = Ty(/f;), and thus

—~——

G =To(f)(w, €)= 3 2 DH(To () ()G
k=0

for all ¢ = ((1,...,Cn) € T™. By equality (4.5) and the induction hypothesis, we have

n n

G= Y DM T )G = 3 1D () (on(w) e (w, €]
k=0 k=0
[—1

- %k)[DUW(fnm(k)(w)]wwk(w)@k
k=0

FY D WO

k#c(0),...,0(l—1)
for all { = (¢1,...,¢,) € T™. It follows that xi(w,¢) depends on (; for some k €
Ng \ {¢(0),...,0(l =1)}. Choose o(l) € Nj \ {(0),...,0(l —1)} so that x,u)(w,()
depends on (;. Then Lemma 4.4 implies that
[Xa(l) (W7 1., ]-)]So(l)CZ = [XU(l) (W7 C)]SU(Z)

for all ¢ = (C1,...,¢n) € T". Let (W) = [exoq)(W,1,...,1)]°**®. Then we have

Yi(w) € T and 7(wW)G = [exo) (W, ¢)]*® for all ¢ = (C1,..., (o) € T™
Now, we have proved the first part of the lemma. By construction, the mapping
o : N — Nj is injective. Since Nj is a finite set, the mapping o must be bijective. [J

Lemma 4.6. Let f € A"(D). Then

(4.6) To(f)(wo) = [ef (po(w))]*
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and
Lok Ly S
(4.7) HD (To(f))(wy) = W[D () (o r) (W))]7® vy (W)
for every w = (wo, . .., wy,) € TL. In particular, the value @o(wo, ..., w,) is indepen-
dent of wy,...,w, € T.

Proof. Fix f € A"(D) and w = (wy,...,w,) € T". By Lemma 4.5 and equality
(4.5),

1

_— _pok) So —
O oty (D7) ) G =0
for every ((1,...,(,) € T™. Applying Proposition 4.1 with M = 0, we obtain equalities
(4.6) and (4.7), as desired. O

By Lemma 4.6, we may write ¢(z) = ¢o(z,w1,...,wy,). Then ¢ : T — T is a
surjective continuous mapping. Moreover, equality (4.6) is now reduced to

(4.8) To(f)(z) = [cf(p(2))]"  (Vf € A"(D),Vz €T).

Proof of Theorem 1.1. Let ¢+ € A"(D) be the function defined by u(z) = 2
for every z € D. Let 7 = ¢ *Ty(t) € A"(D). Then equality (4.8) shows that
c*or(z) = To(t)(2) = [cp(z)]?° for every z € T, and thus ¢(z) = [r(z)]*° for every
z € T. Substituting this into equality (4.8), we have

(4.9) To(f)(z) = lef([r()I)*  (Vf € A"(D),Vz €T).
Since T is the Shilov boundary of the disk algebra A(D), equality (4.9) holds for every
z € D. Note that 7 € A*(D) and |7(2)| = |¢(2)] = 1 for every z € T. It follows from
the maximum modulus principle that 7(D) C D.

Since T, * is also a surjective real-linear isometry on (A™(D), | - ||s), applying the
above argument to Ty !, there exist ¢ € T, p € A*(D) with p(D) ¢ D, and s) € {£1}
such that

(4.10) Ty (9)(2) = [g(lp()])]* (Vg € A"(D), ¥z € T).
Substituting g = Tp(1) into equality (4.10), we have 1 = [¢/Ty(1)([p(2)]*0)]%0. Since
To(1) = ¢, we obtain 1 = [¢/¢*]%. Substituting g = Tp(¢) into (4.10), we have

2 =Ty H(To())(2) = [€To()([p(2)]0)]%0 = [ cor([p(2)]%0)]%

’

= [d'e*]*0[r([p(2)]%0)]*0 = [r([p(z)]*0)]%
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for every z € T. This proves that D C 7(D). Consequently 7(D) = D.
Let us show that 7 : D — D is injective. Choose z1,2s € D, and assume that

7(21) = 7(22). Let go = T '(¢). Then

z1 = To(g0)(21) = [ego([T(20)]**)]** = [ego([7(22)]*)]" = To(g90)(22) = 22

Hence 7 is injective.
We have proved that 7 is a continuous bijection on the compact Hausdorff space
D, and thus it is a homeomorphism on D. Since ¢ maps T onto T, so is 7. Hence
T|p : D — D is a homeomorphism. It is well-known that such a function must be of the
form
z—a

T(z)z)\l_az (z €D)

for some A € T and a € D (see [15, Theorem 12.6]).
Finally, let us show that a = 0. Note that 7 is analytic in the open set containing
D. Since Ty(1)(2) = c*07(z) for every z € T, the chain rule implies that

1—|al?

DY(To(1))(2) = ic*7'(2)z = icsox\zm

for every z € T, where 7’ is the derivative as a function of one complex variable. Thus
1 —laf* = DY (To(1))(2)] - |1 —az]?

for every z € T. On the other hand, by equality (4.7), we see that |[D*(Tp(¢))(w)| = =4
Hence we have

(D! (1 [a?) = |1 —azP

for every z € T. By Proposition 4.1, we obtain a = 0.
Now we have 7(z) = Az for every z € D. Equality (4.9) is now reduced to

To(f)(2) = [ef(M]™)*  (Vf € A*(D),V= € D).
Therefore we obtain
T(f)(z) =T(0)(2) + cf(A\z) (Vf € A"(D),Vz € D), or
(0)(2) +c¢f(Xz)  (Vf e A"(D),Vz € D),

=
=
O
I
S

as desired. O
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