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Solitonic Symmetry beyond Homotopy: Invertibility from Bordism and Noninvertibility
from Topological Quantum Field Theory
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Solitonic symmetry has been believed to follow the homotopy-group classification of topological
solitons. Here, we point out a more sophisticated algebraic structure when solitons of different dimensions
coexist in the spectrum. We uncover this phenomenon in a concrete quantum field theory, the 4D CP!
model. This model has two kinds of solitonic excitations—vortices and hopfions—which would follow two
U(1) solitonic symmetries according to homotopy groups. Nevertheless, we demonstrate the nonexistence
of the hopfion U(1) symmetry by evaluating the hopfion charge of vortex operators. We clarify that what
conserves hopfion numbers is a noninvertible symmetry generated by 3D spin topological quantum field
theories (TQFTs). Its invertible part is just Z,, which we recognize as a spin bordism invariant. Compared
with the 3D CP' model, our work suggests a unified description of solitonic symmetries and couplings to

topological phases.
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Introduction.—Solitons are nonperturbative excitations
in quantum field theories (QFTs), and they appear in
various areas of contemporary physics, especially almost
ubiquitous in high-energy and condensed-matter physics.
Their stability is protected by topological conservation laws
and summarized as solitonic symmetries. It is widely
accepted that these conservation laws are classified by
the homotopy groups of the target space [1-3]. In this
Letter, we revisit the solitonic conservation laws in QFTs
that allow more than one type of solitonic excitations. We
shall reveal that higher-dimensional solitons may contami-
nate the conservation law of lower-dimensional solitons,
destroy the simple solitonic symmetry predicted by homo-
topy groups, and lead us to a far more sophisticated
symmetry structure.

This phenomenon may be best exemplified by the
nonlinear sigma model with the target space CP'—i.e.,
§%—in the 4D spacetime. This model is also quite interest-
ing on its own, since it arises as an infrared effective
description of many condensed-matter and high-energy
systems resulting from the spontaneous breaking of an
SU(2) symmetry into U(1). There are two types of
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solitonic excitations according to the following homotopy
groups:
ﬂ](CPl)ﬁO, ﬂz(CP])ﬁZ, 7[3(CP1):Z. (1)
On the one hand, 73(CP!) classifies the solitons of
dimension 1—i.e., particle excitations—which are often
called hopfions (or Hopf solitons) [4,5]. The integer-valued
hopfion charge implies a U(1) hopfion symmetry as the
topological conservation law. On the other hand, 7,(CP!)
classifies the solitons of dimension 2—i.e., stringy exci-
tations—which we shall call vortices. Similarly, the integer-
valued vortex charge implies a U(1) vortex symmetry,
except that it is a 1-form symmetry [6].

As has been known for a long time, unlike the vortex
U(1) symmetry, the hopfion U(1) symmetry does not have
a local conserved current, although it is a continuous
symmetry, which has always confused physicists. As we
shall see, this hopfion U(1) is an illusion caused by the
homotopy group and does not exist at all. The authentic
hopfion symmetry is merely Z,, provided that we insist on
the reversibility of a symmetry transformation. This invert-
ible hopfion symmetry follows a bordism classification
instead of a homotopy group classification. The bordism
classification appears repetitively in contemporary physics,
and notable examples include the classification of invertible
topological phases, and thereby ’t Hooft anomalies [7-12].

However, this Z, hopfion symmetry provides only an
inadequate conservation law. To obtain a complete con-
servation law, we must give up the conventional doctrine on
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the invertibility of symmetry transformations. Such non-
invertible symmetries were recently noticed in 2D QFTs
(see Refs. [13—19]) and have also been recognized in higher
dimensions since last year (see, e.g., Refs. [20-30]). They
are found to provide additional selection rules and to
impose novel constraints on the dynamics. As we shall
see, the complete hopfion symmetry is indeed a non-
invertible symmetry.

A remarkable feature of the complete hopfion symmetry
is that its symmetry operators are given by 3D topological
QFTs (TQFTs). Just as bordisms can describe invertible
topological phases (i.e., short-range entangled topological
phases), TQFTs can describe topological orders (i.e., long-
range entangled topological phases). If we reduce the CP!
model to 3D spacetime, hopfions become zero-dimensional
objects—i.e., instantons. The Z, invertible hopfion sym-
metry reduces to the discrete #-angles, and the full non-
invertible hopfion symmetry reduces to the couplings of the
3D CP! sigma model to topological orders [31,32].
Therefore, our work suggests that solitonic symmetry in
a higher-dimensional spacetime and couplings with topo-
logical phases in a lower-dimensional spacetime are
described by a unified language. Coupling a topological
phase might be phrased as coupling a “O-form background
gauge field” to the “(—1)-form solitonic symmetry.” Such
unification may pave the way for further insights into both
the solitonic symmetry and the topological phase, as well as
their interplay.

Operators and solitonic charges.—Hopfions are par-
ticles, and are thus created/annihilated by local operators.
We denote by B,,(x) an operator that creates m hopfions at
the location x in the spacetime. This hopfion operator
B,,(x) is characterized as the point defect such that the field
configuration on the infinitesimal S* that surrounds x
belongs to the deformation class m € 73(CP') ~Z.
Similarly, vortices are created/annihilated by line operators
because they have one more dimension than hopfions. We
denote by A,(M;) an operator that creates n vortices
bounded by the loop M;. This vortex operator A,(M)
is characterized as the line defect such that the field
configuration on an infinitesimal S? that links M, belongs
to n € m,(CP') ~Z.

We are going to look carefully into the solitonic charges
of these solitonic operators B,, and A,,. For our purpose, it
is convenient to describe the CP! target space using the unit
C? vector, Z = (z1,2,), with the U(1) gauge redundancy,
Z(x) ~e*™Z(x). We then introduce an auxiliary U(1)
gauge field,

a=izl-dz. (2)

Its properly normalized U(1) curvature da/2x is conserved
due to the Bianchi identity and integrates to an integer on
any closed 2-manifold M,:

da
. 2 eZ. (3)
This integral clearly measures the vortex charge 7,(CP'),
and da/2x gives the 2-form conserved current of the
vortex U(1) 1-form symmetry. We may construct a
vortex U(1) 1-form symmetry operator Vz(M,) on M,
through

d R
Vs(M,) = exp <iﬁA %), pe 37 (4)

If we link V; with the vortex operator A,, we will obtain
the phase exp(ifn).

How to measure the hopfion charge is less obvious.
73(CP') comes from 75(S?) after gauging out a U(1)
action, and the conserved current for 73(S?) is easy to find.
Via this trick, the hopfion charge is expressed as the integral
of a properly normalized Chern-Simons form [33-35],

ada
|amez (s)

which is called the Hopf invariant. [36] We may construct a
hopfion U(1) symmetry operator H,(S?) on S* through

3) = o [ e R
H,(S°) =exp <1oz/s3 4;:2)’ a€5 . (6)

If we link H,(S?) with the hopfion operator B,,, we will
obtain the phase exp(iam). From this observation, one
might be tempted to define the 3-form current for the
hopfion U(1) symmetry as the Chern-Simons form
ada/4x®. 1t is indeed a conserved current, since Eq. (2)
orders (da)? = 0. However, it is not gauge invariant and is
thus not a physically sensible current. As a result, its
integral on a general closed 3-manifold M3 may suffer from
gauge ambiguity.

One particularly interesting case is the hopfion charge of
the vortex operator A,(M,). As M, is a loop, we can
surround it by M5 ~ S? x S'. Let us parametrize the loop S'
by r € R/2zxZ and perform the large gauge transformation
7 — 7 = e7*7z with an integer k. Then, the auxiliary U(1)
gauge field a — @' = kdz + a. After this transformation,
the integral of the Chern-Simons form changes according to

a'da’ ada
/9sz1 4n? B észl 4—”2 = 2nk. (7)

Therefore, the hopfion charge of A, (M) is only well
defined modulo 2|n/,

ada
/S2x51 472 € Lo (8)
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and a gauge-invariant symmetry operator H,(M3) sur-
rounding A,.o(M,) has more restrictive coefficients:

Ha, (S? x S') = exp <iq/ ada)’ q € Zy- (9)

" n Js2xs! 4
It means a Z,|, symmetry instead of U(1).

The existence of a mod-2|n| Hopf invariant suggests that
the vortex charge does not completely constrain a vortex
operator; A, has 2|n| finer deformation classes [37]
which can be distinguished by the mod-2|»| Hopf invariant.
From now on, we shall write a vortex operator as A, ¢,
adding a new subscript £ € Z,, to label the finer defor-
mation classes. As an example, we now give an explicit
construction of A , with £ = 0, 1. In general, a line defect
on M, is characterized by the boundary condition of the
CP' field on the infinitesimal M5 ~ §? x S! that surrounds
M. We can view it as a family of CP' configurations on S?
parametrized by S'. For A; ,(M), this S'-parametrization
simply describes the rotation process of a 2-sphere. Recall
that 7, (SO(3)) =~ Z,, which implies there are two defor-
mation classes of such rotation processes. The untwisted
rotation process corresponds to A;, and the twisted
rotation process corresponds to A ;.

Invertible solitonic symmetry from bordism.—We have
encountered a strange situation. The range of the hopfion
charge depends on what operator it measures [see Eqgs. (5)
and (8)] and, accordingly, the structure of the hopfion
symmetry depends on what operator it acts on [see Egs. (6)
and (9)]. We point out that only the Z, symmetry generator,

H,(Ms) = exp <1/ %) Sl (10)
M

is always well-defined for all these cases. It is then natural
to guess that the true hopfion symmetry is Z, rather than
U(1). To demonstrate this statement, we now describe
some correlation functions that violate the U(1) selection
rule but are consistent with the Z, selection rule.

Let us evaluate (A ,(M;)B,,(x)). We put a line defect on
M, and a point defect at x in the (infrared-regularized)
spacetime S*. The spacetime with the singularities caused
by defects removed, denoted by M,, can be described as
follows. First, we consider a system of coordinates
(a, B, p,v) on C? via

71 = ae, 7, = fe. (11)
We require a, f > 0 and p,v € R/2zxZ. Then, we define a
subregion by the following inequalities:

a® + p* < (2¢)?, (a—c)*+p>>d> (12

N
5

QS ol wi= M= wiv Sy
N

NN

N

FIG. 1. The range of the coordinates a, f defined in Eq. (11)
and the function 6(a, ) defined in Eq. (13a). The solid quarter
arc describes the point defect, and the solid semicircle describes
the line defect. On the « axis and the f axis, @ is either O or 7z,
which ensures that the CP! configuration is regular and single-
valued.

where ¢ and d are constants such that 0 < d < c. The a-f
quadrant bounded by these inequalities is shown in Fig. 1.
The subregion in C? constrained by these inequalities is
exactly diffeomorphic to M,. We now write down a series
of concrete CP! configurations on M. For this purpose, we
take the standard spherical coordinates (6,¢) on CP!
(recall that 0 < 0 <z and ¢ € R/2xnZ). For each integer
m, we introduce a configuration ¢,,: M, — CP' defined

by d)m(av ﬂ? Hs l/) = (9((17 ﬂ), §0m(/4, U)), where

O(a, B) = Arg[(a +ip)* — 2], (13a)
O, V) = v+ my. (13b)
We plot O(a,f) in Fig. 1 for clarity. Our

Dl HR=(0) §3 > CP'—i.e., the configuration restric-
ted on the S* part of 9M ;—describes nothing but the point
defect B,,. Different ¢,,’s describe different deformation
classes of point defects. But this is not the case for line
defects, which are described by ¢m|(a_c)z AP §%x

S' > CP'. All the ¢,,](4—)21 po—p With even m give the
same deformation class A, g, and all the ¢,,| 4y p_p
with odd m give A ;, as a consequence of 7 (SO(3)) ~ Z,.
We can recognize this fact via the explicit description of
A, , we introduced before. Therefore, ¢,,’s provide us with
bordisms connecting A ,, noq2 and B,,, the presence of
which proves the following results:

(A1 o(M)B,,(x)) #0 for evenm,
(A1 (M)B,,(x)) #0 for odd m. (14)

These correlation functions show that A, emits/absorbs
any even number of hopfions, while A;; emits/absorbs
any odd number of hopfions. B, and B,_, have to
share the same hopfion charge, provided the invertibility.
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This intriguing phenomenon is consistent with the Z,
selection rule described by Eq. (10) but violates the
U(1) selection rule predicted by homotopy groups.

As we have just seen, the evaluation of the correlation
functions of defect operators is actually a bordism problem.
Our ¢,, precisely establishes a bordism between a con-
figuration on S® and another on S§%x S'. Actually,
the Z, generator [Eq. (10)] detects a reduced spin bordism

group,
QP (CPY) ~ 7, (15)

and thereby generates Homy(QF"(CP'),U(1)) ~ Z,.
Thus, the symmetry operator can be defined on any closed
spin 3-manifold. This bordism group also appears if we
lower one spacetime dimension [31,32]. In that context, our
symmetry operator in Eq. (10) precisely gives the only
invertible topological phase that can be coupled to the 3D
CP' model [31,32], (i.e., a Z, A-angle).

Noninvertible solitonic symmetry from TQFT.—The
collection of all operators including A, ,’s and B,,’s follow
the Z, selection rule. Nevertheless, if we look at a
subcollection of operators, we can see enhanced selection
rules larger than Z,. For example, if we consider the
collection of A, ,’s withn = 0 mod N, as well as B,,’s, we
shall see a Z,y selection rule. More drastically, if we
confine ourselves to the collection of mere B,,’s, the U(1)
seems to revive. If these selection rules are given by some
conserved charges, their algebraic structure cannot be a
conventional grouplike one. Such a generalized form of
symmetry is called noninvertible symmetry in the literature.

Let us try to construct operators that generate complete
hopfion symmetry. Such an operator has to be a bordism
covariant instead of a bordism invariant. We need an
“intelligent” functional H, (M) that yields different types
of hopfion symmetry [Eq. (6) or Eq. (9)] according to the
topology and the vortex charge of M;. Interestingly, for
special values of coefficients, @ € 7Q, the partition func-
tion of a v = a/x fractional quantum Hall state exactly
provides such an intelligent functional. Let us start with the
simplest case of @ = (z/N) for a positive integer N. Then a
symmetry operator can be defined as

Hﬁ(M3)E/Dbexp [—143 (%bdﬂ%bdaﬂ, (16)

where b is a U(1) gauge field defined only on M;. This
auxiliary U(1) gauge field is introduced just to define a
TQFT partition function and is integrated out in the path
integral [Eq. (16)]. This is the partition function of the
U(1)y spin Chern-Simons theory which describes a v =
1/N fractional quantum Hall state.

We now demonstrate that Eq. (16) has the desired
feature. Equation (16) is a quadratic integral, and thus
its phase is given by the classical action of the saddle.

Let M5 be an S* surrounding a B,,. Then the triviality of
U(1) bundles on S* allows us to recover Eq. (6)—i.e.,

He(S?) — exp (i(i/fzv) /53 ada) = exp (1%;11) (17)

which detects the integer Hopf invariant, and this obser-
vation justifies calling Eq. (16) the hopfion symmetry
generator. Now, let M5 be an S? x S' surrounding an
A, . Then, we must very carefully perform the b path
integral due to the nontrivial U(1) bundle caused by the
vortex charge. This path integral vanishes if the vortex
charge n is not divisible by N, since there is no saddle in
this case. When N divides n, Eq. (16) recovers to Eq. (9)
with ¢ = n/N. This leads us to the following result:

exp(ig?£), n=0modN

. (18)
0, n# 0 mod N

H%(SZ X S]) — {

This result is precisely invariant under the transformation
¢ — ¢ + 2n and thus detects the mod-2|n| Hopf invariant.
Therefore, the symmetry operator in Eq. (16) is intelligent
enough to yield different types of hopfion symmetry
according to different situations.

Let us now turn to general rational coefficients. The
U(1)y Chern-Simons theory we just used belongs to a
family called the spin-minimal Abelian TQFTs [39] (they
were first studied in Ref. [40]; see also Refs. [41,42]). A
member of this family is denoted by AM-? for a positive
integer N and a mod-N integer p such that ged(N, p) = 1.
We can characterize A"-? as the minimal 3D spin TQFT
that has a Zy 1-form symmetry whose 't Hooft anomaly is
labeled by p. Every AN-? can be expressed as an Abelian
Chern-Simons theory due to its Abelian nature and
describes a v = (p/N) fractional quantum Hall state. We
couple da/N as the 2-form gauge field of their Z 1-form
symmetry. Then the hopfion symmetry operators are given
by their partition functions—i.e., [43]

Hrn(M3) = AVP[M;3,da/N], (19a)

Hio e (Ms) = Ho(Ms)H,(M5), (19D)
where H,(M3) has been defined in Eq. (10).

AN-P was recently used to furnish the construction of
chiral symmetry in 4D QED [28,29]. As clarified there,
once we accept TQFTs as operators, we indeed obtain
noninvertible symmetry and need to abandon the group-
like fusion rule. As a remarkable example, let us consider
the fusion of H(,/n)(M3) and its seemingly inverse
Hop—(ayn)(M3) = 7-[("” N) (M3). Then we obtain the follow-
ing result instead of the identity:

Hz(M3) X Hypz(M3) = C(M3), (20)
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where C(M3) is the condensation operator (see, e.g.,
Refs. [24,44]) defined via gauging the Z, subgroup of
the vortex U(1) l-form symmetry only on M;. We
emphasize that the right-hand side of Eq. (20) cannot be
the identity operator, because the left-hand side acts on
vortex operators nontrivially, as we can readily deduce
from Eq. (18). This clarifies the noninvertible nature of the
algebraic structure for the hopfion symmetry. The Z,
symmetry we found before generated by H,(M3) is the
invertible part of this complete hopfion symmetry.

Like the invertible Z, symmetry operators, the non-
invertible symmetry operators [Eq. (19)] also appear in
the 3D spacetime. In that context, they just describe the
couplings of the 3D CP! model to A"'?. The particular case
of Eq. (16) was discussed in Ref. [31]. Due to the minimal
nature of AV?, the coupling to any topological order must
factor through A"-?. Therefore, Eq. (19) actually classifies
all the possible couplings of the 3D CP' model to topo-
logical orders. We thus arrive at a unified description of
different phenomena in different spacetime dimensions: The
solitonic symmetry in a higher-dimensional spacetime
exactly classifies the couplings with topological phases in
a lower-dimensional spacetime. In particular, the invertible
solitonic symmetry corresponds to invertible phases, while
the noninvertible solitonic symmetry corresponds to topo-
logical orders. A coupling to a topological phase might
be phrased as a “O-form background gauge field” of the
“(—1)-form solitonic symmetry”.

Summary and outlook.—We clarified that hopfions in the
4D CP' model follow an unexpected sophisticated con-
servation law as a noninvertible symmetry instead of U(1)
predicted by 73(CP!) ~ Z. The symmetry is generated by
spin TQFTs and, in particular, its invertible part Z, is
generated by spin bordism invariant. This spin nature of the
hopfion symmetry signifies hopfions’ capability of being
fermions [45].

We would like to convey two messages via this work.
First, the homotopy groups might not correctly capture the
solitonic symmetry when the spectrum includes solitonic
excitations of different dimensions. Second, two prominent
topological phenomena, the solitonic symmetry and the
topological phase, are perhaps supposed to be treated in a
unified scheme. We hope these messages will lead us to
further insights into the topological phenomena in con-
temporary physics. The complete algebraic structure of the
solitonic charge/symmetry, something like a “generalized
(co)homology with TQFT coefficients,” awaits to be
explored by physicists/mathematicians.
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