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WELL-POSEDNESS OF STOCHASTIC NONLINEAR HEAT AND WAVE 
EQUATIONS DRIVEN BY SUBORDINATE CYLINDRICAL BROWNIAN 

NOISES ON THE TWO-DIMENSIONAL TORUS 

HIROTATSU NAGOJI 

ABSTRACT. In [12], the author studied stochastic nonlinear heat equations and stochastic nonlinear 
wave equations driven by subordinate cylindrical Brownian noises on the two-dimensional torus by 
way of renormalization. More precisely, the author studied the local well-posedness of the renormal
ized version of the equations. In this note, we make some remarks on the global well-posedness of 
the stochastic nonlinear wave equation with a cubic nonlinearity after we briefly revisit the results 
in [12]. 

1. INTRODUCTION 

In [12], the author studied the local well-posedness of stochastic nonlinear heat equations and 
stochastic nonlinear wave equations driven by subordinate cylindrical Brownian noises on the two
dimensional torus. In this note, we briefly discuss the global well-posedness of the stochastic non
linear wave equation with a cubic nonlinearity, which we omitted in [12]. 

First, we recall the setting and the main result of [12]. In that study, the author studied the 
following Cauchy problems of the stochastic nonlinear heat equation and stochastic nonlinear wave 
equation on the two-dimensional torus 11'2 = (JE./27rZ)2 : 

(1.1) 

(1.2) 

{
OtU - l::,,.u = >.uk + 8tWL 

u(O) = uo 

{
8;u -1::,,.u = >.uk + 8tWL 

(u,8tu)lt=O = (uo,u1) 

where k 2'. 2 is an integer and ).. E R The stochastic process WL is called subordinate cylindrical 
Brownian motion and defined as follows: Let W be a cylindrical Brownian motion on L2 (11'2 ) defined 
on the probability space (!11,ll"1) written by 

(1.3) 

where ez(x) = ev1=Il-x is the Fourier basis and (f31)zEZ2 is an independent sequence of C-valued 
Brownian motions conditioned with i§z = (3-l and var(f31(t)) = t. We also consider the lR+-valued 
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stochastic process L with L(O) = 0, non-decreasing and cadlag sample paths defined on another 
space (D2, lP'2)- Then, we define the process WL defined on (D, JP') := (D1 0 D2, lP'1 01P'2) by 

(1.4) WL(t) = J_ "(31(L(t))e1. 
21r L.,, 

lEZ2 

It is well-known that when L is a Levy process with non-decreasing paths, W L is also a ( distribution
valued) Levy process. See [2, Section 1.3.2] for the example of such subordinators L. 

When the noise is given by space time white noise i.e. when L(t) =tin our setting, the equations 
(1.1) and (1.2) are related to the problem of stochastic quantization and are studied by a lot of 
researchers, see [5, 8, 9, 4] and references therein. In these equations, some ill-defined products of 
distributions appear in the equation because of the singularity of the noise, so we need to introduce 
renormalization in order to give meaning to the products. This kind of equations are called singular 
SPDEs and have attracted great attentions especially after the invention of the theory of regularity 
structure [10] and the theory of paracontorolled calculus [7]. 

Similarly to these previous works, it turns out that we need to introduce renormalization to give 
meaning to the nonlinearity. More precisely, we have to consider the following modified approxima
tion of the equations: 

(1.5) 

where £, = 8t - ~ or 8; - ~, PN is the approximation operator defined by 

(1.6) PN f = L }(l)e1 for f E D' (11'2), 

lEZ2,lll<:N 

Hk is the k-th Hermite polynomial defined via 

(1.7) 
t 1 2t2 Loo tk 2 e x-2a = -H (x· u ) 

kl k ' 
k=O 

and the renormalization constant C N is defined by 

{ 
J_ L rt e2(s-t)lll2 dL(s) when£,= 8t - ~ 
21r la 

C ( ) . lEZ2,lll<:N 
N t -= 1 rt sin2((t - s)lll) 

2 L Jn l2 dL(s) when£=8;-~. 
7f lEZ2,lll<:N O I I 

(1.8) 

Note that CN does not depend on the space variable x E 11'2 but depends on w2 E D2, so CN is an 
£-measurable stochastic process. Then, we decompose the solution UN as UN= VN+<PN where <PN 
solves the linear equation 

(1.9) 

with initial condition 0, see Section 2 for more precise definition. This decomposition is called Da 
Prato-Debussche trick in the context of singular SPDEs. Then, VN solves 

(1.10) 

£vN = >-.Hk(VN + <PN; CN) 
k 

= >-. L G)vt-1H1(<1?N; CN) 
l=O 
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where we use the algebraic property of the Hermite polynomials 

(1.11) Hk(a+b;c) = t e)ak-lH1(b;c). 
l=O 

In the argument of renormalization of singular SPDEs, we usually heavily use the Gaussianity of 
the noises, so similar kind of argument cannot be made in the case of non-Gaussian noises. In our 
setting (1.4), although WL itself is not a Gaussian process in general, it turns out that we can deploy 
renormalization argument by exploiting the Gaussianity of W: We can show the convergence of the 
random coefficients <P<j,1 := H1(<PN;CN) of the equation (1.10), which are called the Wick powers, 
see Proposition 2.2. And consequently, we can show the convergence of the solution VN (and UN), 
see Theorems 1.1 and 1.2 below. 

As the driving noises of SPDEs, Gaussian noises such as space-time white noise are considered 
to be the most important examples, but on the other hand, SPDEs driven by Levy noise (or jump 
noise) are also studied by a lot of researchers especially after publication of the monograph [14], see 
[1, 3, 11, 16, 18] and references therein. We also note that our setting of the noise (1.4) includes 
some intresting type of the noise such as stable noises [6, 15, 17] and compound Poisson noises. 
Now, we recall the local well-posedness result of the equations (1.1) and (1.2) in [12]. 

Theorem 1.1. (cf. [12, Theorem 1.1]) Let k = 2 and let VN be the mild solution of 

{
OtVN - D.vN = .X I:7=o (J)v';.;-1<P?} (1.12) 
v(O) = vo. 

Then for any given initial condition vo E B,;{'1;-\11'2), there exists T(w) > 0 such that VN converges 
to some v ff-almost-surely in 

L1' ([O, T]; E,;{1;-0 (11'2 )) n C([O, T]; B;;;,~00 (11'2)) 

for any 1 :_e < 1 < ~, 0 < 8 < ~ - E. Moreover the limit process v solves the equation 

{
OtV - D.v = .X I:7=o (J)vk-l;p◊l 

(1.13) 
v(O) = vo 

on the interval [O, T(w)] where ;p◊k are the Wick powers of <P defined in Proposition 2.2. 

Theorem 1.2. (cf. [12, Theorem 1.3]) Let k :::> 2 and let VN be the mild solution of 

(1.14) t VN - VN = 6l=O l VN N { 
02 t:,. A '\"k (k) k-l \[i◊l 

(v(0),8tv(O)) = (vo,v1). 

Then, for any given initial condition (vo,v1) E H 1-<(11'2 ) x H-<(11'2 ) with sufficiently small E > 0, 
there exists T(w) > 0 such that VN converges to some v ff-almost-surely in C([O, T]; H 1-<(11'2)) n 
C1 ([0,T];H-<(11'2)). Moreover the limit process v solves the equation 

(1.15) {
o'fv - D.v = .X I:7=o (7)vk-l\li◊l 
(v(0),8tv(O)) = (vo,v1) 

on the interval [O, T(w)], where \[i◊k are the Wick powers of \[i defined in Proposition 2.2. 

Remark 1.3. When L(t) = t, it is known that UN converges for any positive integer k both heat 
and wave cases, see [5, 8]. On the other hand, we have not been able to obtain the convergence 
result for k :::> 3 in the case of the heat equation for general L. This difference between the heat 
case and the wave case comes from the difference in the time integrability of the Wick powers, see 
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Proposition 2.2. This result ( and the argument in the proof of the result) suggests that the heat case 
behaves worse than the wave case when the singular noise is of jump-type, differently from the case 
of space-time white noise, see [13]. 

As we pointed out in [12], when k = 3, A < 0 and .C = 8'f - D., it is straightforward to extend 
the locally-in-time convergence of UN to the globally-in-time convergence by applying the argument 
with I-method in [9]. In Section 3, we will explain how to adjust their argument to our setting 
and we will prove the global well-posedness of the stochastic nonlinear wave equation with a cubic 
nonlinearity. 

2. LINEAR EQUATIONS 

In this section, we give the definition of the mild solution of the stochastic linear heat equation 

(2.1) {
8tq, - ,6.q, = 8tWL 

iJi(0) = 0, 

and the stochastic linear wave equation 

(2.2) { a'fw - D.W = 8tWL 

(iJJ(0), 8tiJJ(0)) = (0, 0). 

From the Duhamel principle, it is natural to define the solutions of these equations as the following 
stochastic convolutions: 

(2.3) 

and 

(2.4) iJJ(t) = l sin((tl~?v'I) dWL(s) = 2~ l~ l sin((tl; s)lll) df3i(s)ez 

where f3i(t) = (31(L(t)). Recall that WL is defined by (1.4). The integrals Ji eCs-t)lll 2 df3i(s) and 

Ji sin((t
1
~•Jlll)d/3i(s) can be understood as the Young integrals thanks to the following lemma. 

Lemma 2.1. (cf. [12, Lemma 3.1]) Let B = B(t) be a one-dimensional Brownian motion. Then, 
the sample paths of BL(t) = B(L(t)) have the finite p-variation on any interval [0, T] for any p > 2 
almost surely. 

Proof. Let P[0, T] = { D = {0 = to < t1 < · · · < tn = T}} be the set of all partitions of [0, T]. 
Because the sample paths of B is ~-Holder continuous almost surely for any p > 2, there holds 

N N 

sup L IBL(t;) - BL(t;-1)1P ;S sup L IL(t;) - L(t;-1)1Px~ = L(T) < oo. 
DEP[O,T] i=l DEP[O,T] i=l 

□ 

From this lemma and the theory of the Young integral, we can see that the finite sums 

(2.5) 
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and 

,T, () ·- p ff,() - ~ """' r sin((t- s)(l))d(3l ( ) 
"'N t .- N"' t - 27!" ~ lo (l) L s ez 

lll:,;N 0 

(2.6) 

are well-defined as stochastic processes. Then, from Proposition 2.2 below, we see that ii> N and '11 N 

converge as N-+ oo. 
Now, we recall the convergence result of the Wick powers of ii> N and '11 N defined by 

(2.7) 

and 

(2.8) 

which appear in the equation (1.10) where 

(2.9) cfJ := ~ L r e2(s-t)lll 2 dL(s) 
21r lo 

lEZ2,lll::;N 

and 

cW ·= ~ """' r sin2 ((t - s)lll) dL( ) 
N · 21r ~ lo 111 2 s · 

lEZ2,lll::;N O 

(2.10) 

Here we state the convergence result in [12]. 

Proposition 2.2. (cf. [12, Propositions 4.3 and 4.8]) Let k 2'. 1 be any positive integer and let 
T>O. 

(i) il><j/ converges to some ip◊k "IP-almost-surely in D'([O, T]; w-"',00 ('11'2)) for any a > 0 and 
0 < p < k_:_1 with ~ + a > k as N-+ oo. 

(ii) w?l converges to some w0 k "IP-almost-surely in C([O, T]; w-",00 ('11'2)) for any 8 > 0 as 
N-+oo. 

Remark 2.3. When L(t) = t, it is well-known that both <!>'fl and w?/ converge in the space 
C([O, T]; w-6,00 ('11'2)) for any 8 > 0 as N-+ oo, see [5, 8] for example. 

Remark 2.4. Because the noise is jump-type, we cannot expect the time-continuity for the heat 
case ii>. But by working on D'-space with respect to time variable, we can construct the Wick powers 
of ii>. Note that when O < p < l, LP-space is not a norm space but a complete metric space. On 
the other hand, we can show the time-continuity for the wave case '11 even when subordinator L has 
jumps. 

3. GLOBAL WELL-POSEDNESS OF THE STOCHASTIC NONLINEAR WAVE EQUATION WITH A CUBIC 

NONLINEARITY 

In this section, we prove the global well-posedness of the stochastic nonlinear wave equation with 
a cubic nonlinearity by applying the globalization argument with I-method in [9]. 

First, we briefly recall their argument. They considered the case when k = 3, >.. < 0, ,C = 8'/: - ~ 
and L(t) = t in our setting. In view of Theorem 1.2, it suffices to consider the following equation: 

(3.1) { a;v - ~v = >..Lf=o (Dv3-lw◊l 
(v(0),8tv(0)) = (vo,v1) 
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where.>.< 0 is a negative constant. Let L(t) = t for a while. In order to prove the existence of the 
global solution of this kind of wave equation, one ( or only one perhaps) known method is to utilize 
the formal conservation of the energy 

(3.2) 

However, in this setting, the solution (v,Btv) of (3.1) lies in the space H 8 (11'2 ) x H 8 - 1(11'2) with 
s < l due to the low regularity of the Wick powers q,Ol, so the value of E( v) is expected to be 
infinite. To avoid this problem, they consider the following mollified energy 

(3.3) EI (v) := E(Iv) = ! r (Iv) 2dx + ! r (8tiv) 2dx + ! r IVIvl 2dx - ~ r (Iv) 4dx 2h. 2h. 2h. 4h. 
where I= IN is called I-operator and defined as follows. For fixed O < s < l and given N 2: 1, we 
define the operator I= IN on V'(11'2) by 

1 ""'"' A IN f = - ~ mN(l)f (l)ez 
21r 

lEZ" 

(3.4) 

where J is the Fourier transformation of f and mN E C00 (1R+; [0, 1]) is a rotationally invariant 
function such that 

(3.5) 
when l~I :SN 

when 1~1 2: 2N 

and mN(~) is non-decreasing with respect to 1~1- Then, they successfully controlled the growth of 
mollified energy EI (v) by the Gronwall-type argument and proved the global well-posedness of the 
equation (3.1). In that process, we need a more careful observation of the behavior of \jf than we need 
in the proof of the local well-posedness. More precisely, the fact that q,Ok E C([0, T]; w-0,00 (11'2)) 
for any ,5 > 0, which we saw in Proposition 2.2, is not enough to prove the global well-posedness 
and we need to use the fact that the following quantities are finite for W: For given 3 = (31, 32, 33), 
we define V = V(3) and R = R(3) by 

(3.6) 
1 OO 1 

ev:1 := Le-0jeV;(B)ll 

j=O 

and 

(3.7) R :=ff e-0jlogN rj r elINB1(t,x)ldxdt 
N=l j=l lo Ir• 

where Vj(3) := max1~k:S3 ll3kll£oo([i,j+l];W-8,oo) and 8, 0 > 0. Note that the definition of V above is 
slightly different from the one in [9] but this does not cause any problem in the argument below. 
Then, it turns out that V(w, w02, w03) and R(w, w02 , w03) are finite almost surely. In [9], they 
essentially proved the following theorem which is purely deterministic result and by applying this 
to the equation (3.1) pathwisely, they obtained the desired result. 

Theorem 3.1. (cf. [9]) Lets> !- Assume that 3 = (31, 32, 33) satisfies V(3) < oo and R(3) < oo 
for some 0 > 0 and sufficiently small ,5 > 0. Then, the equation 

{
a;v - ~v = >.v3 + A Lr=l (r)v3- 13z 

(3.8) 
( v(0), Btv(0)) = ( vo, v1) 
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has a unique mild solution in the space 

C([0, T]; H 8 (1!'2)) n C1([0, T]; H•-1 (11'2)) 

for any given (va,v1) E H 8 (11'2 )) x H•-1 (11'2)) and T > 0. 

Now, we go back to the original setting i.e. let L be any cadlag and non-decreasing stochastic 
process with L(O) = 0. Then, unfortunately, (i:Ji, i:Ji02 , i:Ji03 ) does not satisfy the assumption of 
Theorem 3.1. However, it turns out that we can easily overcome this problem: Fix T > 0. We 
define i:Ji~k(t) = i:Ji◊k(t I\ T). Then, we can prove that (i:Jir, i:Ji~2, i:Ji~3) satisfies the assumption of 
Theorem 3.1: 

Lemma 3.2. For any T > 0, 8 > 0 and w2 E S12, there exists some 0 = 0(w2, T) > 0 such that the 
values of V(i:Jir, i:Ji~2, i:Ji~3) and R(i:Jir, i:Ji~2, i:Ji~3) are finite lP'i -almost surely. 

Before the proof we recall the following lemma. 

Lemma 3.3. (cf. [12, Lemma 4.1]) Let f and g be smooth deterministic functions on [0, T]. Then, 
for any l,l' E Z2 , 

(3.9) 

Proof of Lemma 3.2. Because 

V1(Wr, i:Ji~2, i:Ji~3) = max 11w~kll£oo([i1•+1]·w-o,oo)::::: max lli:Ji~kll£oo([OT]·W-O,oo) < CX) 
1:Sk:S3 ' ' 1:Sk::;3 ' ' 

uniformly in j E N from Proposition 2.2, we can see that 

1 00 . ◊2 03 1 
evz = Le-0JeVJ("1r ,"1r •"'r )3' < oo 

j=O 

for any 0 > 0. Next, we check that R(i:Jir) is finite. We write \Jir = PNiJJT + PJ\Jir. From Lemma 
3.3, 

and 

IBl1 [IINPN\Jir(x, t)l 2] = lEll'1 [IPNi:Jir(x, t)l 2] 

= _!_ ~ 1tAT sin2((t- s)lll) dL(s) 
21r ~ 1112 

lEZ2,lll:SN O 

;S L(T) log N 

lEll'1 [IINPjj\Jir(x,t)l2] = 2~ L mN(l)2 [11Tsin2((\~s)lll)dL(s) 

lEZ2,lll>N O I I 
N2-2s L(T) 

;S L 1z12-2s X w ;S L(T). 
lEZ2,lll>N 

Therefore, for any fixed w2 E S12, IN\Jir(x,t) is a centered Gaussian random variable on (S11 ,1P'1) 
with 
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where Co > 0 is a positive constant which is independent of t E IR+ and x E 11'2. Thus, we can 
calculate as 

E'' [R( Wr)] ~ E'' [ ~ ~ ,-,, ""N J.' J,., ,IMr(•,,JI dxdl] 

::,; ff e-0jlogN t { eGoL(T)logNdxdt 

N=l j=l lo Ir2 
00 00 ;SL Le-0jlogNeG0 L(T)logN X j 

N=lj=l 

00 00 

= L L N-0j NGoL(T) X j < oo 

N=lj=l 

if 0 is sufficiently larger than L(T). □ 

From Theorem 3.1 and Lemma 3.2, we can see that the global well-posedness of the following 
equation holds. 

(3.10) 

Here, the solutions of (3.1) and (3.10) coincide on the interval [O, T] if the same initial value ( vo, v1) 
is given. Therefore, we obtain the global well-posedness of the original equation (3.1). 
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