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WELL-POSEDNESS OF STOCHASTIC NONLINEAR HEAT AND WAVE
EQUATIONS DRIVEN BY SUBORDINATE CYLINDRICAL BROWNIAN
NOISES ON THE TWO-DIMENSIONAL TORUS

HIROTATSU NAGOJI

ABSTRACT. In [12], the author studied stochastic nonlinear heat equations and stochastic nonlinear
wave equations driven by subordinate cylindrical Brownian noises on the two-dimensional torus by
way of renormalization. More precisely, the author studied the local well-posedness of the renormal-
ized version of the equations. In this note, we make some remarks on the global well-posedness of
the stochastic nonlinear wave equation with a cubic nonlinearity after we briefly revisit the results
in [12].

1. INTRODUCTION

In [12], the author studied the local well-posedness of stochastic nonlinear heat equations and
stochastic nonlinear wave equations driven by subordinate cylindrical Brownian noises on the two-
dimensional torus. In this note, we briefly discuss the global well-posedness of the stochastic non-
linear wave equation with a cubic nonlinearity, which we omitted in [12].

First, we recall the setting and the main result of [12]. In that study, the author studied the
following Cauchy problems of the stochastic nonlinear heat equation and stochastic nonlinear wave
equation on the two-dimensional torus T? = (R/277Z)%:

_ .k
(1.1) {&u Au = \u® + 0, Wy,

u(0) = ug

(12) {B?u — Au = Xk + o, W,

(u, Ou)|t=0 = (uo,u1)

where k > 2 is an integer and A € R. The stochastic process W7, is called subordinate cylindrical
Brownian motion and defined as follows: Let W be a cylindrical Brownian motion on L?(T?) defined
on the probability space (21,P;) written by

(13) W)= 5= 3 A

lez?

where ¢)(z) = eV17 is the Fourier basis and (BY)1ez2 is an independent sequence of C-valued
Brownian motions conditioned with 3! = 37! and var(8'(t)) = t. We also consider the R, -valued
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stochastic process L with L(0) = 0, non-decreasing and cddlag sample paths defined on another
space (Q2,P2). Then, we define the process Wy, defined on (Q,P) := (O ® Q2,P; ® Py) by

(1.4) Wi(t) = % > B(L()er

lez?

Tt is well-known that when L is a Lévy process with non-decreasing paths, W7, is also a (distribution-
valued) Lévy process. See [2, Section 1.3.2] for the example of such subordinators L.

When the noise is given by space time white noise i.e. when L(¢) = ¢ in our setting, the equations
(1.1) and (1.2) are related to the problem of stochastic quantization and are studied by a lot of
researchers, sce [5, 8, 9, 4] and references therein. In these equations, some ill-defined products of
distributions appear in the equation because of the singularity of the noise, so we need to introduce
renormalization in order to give meaning to the products. This kind of equations are called singular
SPDEs and have attracted great attentions especially after the invention of the theory of regularity
structure [10] and the theory of paracontorolled calculus [7].

Similarly to these previous works, it turns out that we need to introduce renormalization to give
meaning to the nonlinearity. More precisely, we have to consider the following modified approxima-
tion of the equations:

(1.5) Luy = AH(un; Cn) + PNOWL
where £ = 0; — A or 8? — A, Py is the approximation operator defined by
(1.6) Pxf= Y f(he for feD/(T?,

€72 |I|<N

Hy is the k-th Hermite polynomial defined via

X Lk
: t
(1.7) el=30°" = Hi(a:0%)

and the renormalization constant Cy is defined by

t
N E / 62<87t)m2dL(s) when £ = 9; —
T
(1.8) On(t) = ez <N P

1 sin?((¢ — s)|1]) 2 _
o / |l|2 dL(s) when L = 0;

™
1€72 |I|<N

Note that C'y does not depend on the space variable z € T2 but depends on wy € Qs, so Cy is an
L-measurable stochastic process. Then, we decompose the solution uy as uy = vy + ®x where O
solves the linear equation

(1.9) LON = Pyo:Wp,

with initial condition 0, see Section 2 for more precise definition. This decomposition is called Da
Prato-Debussche trick in the context of singular SPDEs. Then, vy solves

Loy = AH(vy + Pn; Cn)

(1.10) AZ( ) CH (@ C)
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where we use the algebraic property of the Hermite polynomials
(1.11) Hyla + b c) = zk: (k> U H (b; 0)

k ) l:0 l l I,
In the argument of renormalization of singular SPDEs, we usually heavily use the Gaussianity of
the noises, so similar kind of argument cannot be made in the case of non-Gaussian noises. In our
setting (1.4), although W7y, itself is not a Gaussian process in general, it turns out that we can deploy
renormalization argument by exploiting the Gaussianity of W: We can show the convergence of the
random coefficients fb% = H(®n; Cn) of the equation (1.10), which are called the Wick powers,
see Proposition 2.2. And consequently, we can show the convergence of the solution vy (and wuy),
see Theorems 1.1 and 1.2 below.

As the driving noises of SPDEs, Gaussian noises such as space-time white noise are considered
to be the most important examples, but on the other hand, SPDEs driven by Lévy noise (or jump
noise) are also studied by a lot of researchers especially after publication of the monograph [14], see
(1, 3, 11, 16, 18] and references therein. We also note that our setting of the noise (1.4) includes
some intresting type of the noise such as stable noises [6, 15, 17] and compound Poisson noises.
Now, we recall the local well-posedness result of the equations (1.1) and (1.2) in [12].

Theorem 1.1. (cf. [12, Theorem 1.1]) Let k = 2 and let vy be the mild solution of
(112) {8tvN — Avy = AZ;::O (}lg)vllifilq)%l
v(0) = vp.

Then for any given initial condition vy € Bgé:[;d(TQ), there exists T'(w) > 0 such that vy converges
to some v P-almost-surely in
L7(10,7]; B2 (T2) 0 C([0, T]; B (T?)
for any ﬁ << %, 0<d< % — €. Moreover the limit process v solves the equation
_ ko (kY kg0l
(113) Ov—Av =AY (PP e
v(0) = v

on the interval [0, T (w)] where ®°F are the Wick powers of ® defined in Proposition 2.2.
Theorem 1.2. (cf. [12, Theorem 1.3]) Let k > 2 and let vx be the mild solution of

ko (ky, k—l
(1.14) Ofun — vy = A0, 7)oy IR

(v(0), 0rv(0)) = (vo, v1)-

Then, for any given initial condition (vo,v1) € H'7(T?) x H~(T?) with sufficiently small € > 0,
there exists T(w) > 0 such that vy converges to some v P-almost-surely in C([0,T]; H~¢(T?)) N
CY([0,T]; H=¢(T?)). Moreover the limit process v solves the equation

v — Av= A7, (Foh—tw
(v(0), 9¢v(0)) = (vo,v1)
on the interval [0, T(w)], where UF are the Wick powers of U defined in Proposition 2.2.

(1.15)

Remark 1.3. When L(t) = t, it is known that un converges for any positive integer k both heat
and wave cases, see [5, 8]. On the other hand, we have not been able to obtain the convergence
result for k > 3 in the case of the heat equation for general L. This difference between the heat
case and the wave case comes from the difference in the time integrability of the Wick powers, see
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Proposition 2.2. This result (and the argument in the proof of the result) suggests that the heat case
behaves worse than the wave case when the singular noise is of jump-type, differently from the case
of space-time white noise, see [13].

As we pointed out in [12], when k = 3, A < 0 and £ = 92 — A, it is straightforward to extend
the locally-in-time convergence of uy to the globally-in-time convergence by applying the argument
with I-method in [9]. In Section 3, we will explain how to adjust their argument to our setting
and we will prove the global well-posedness of the stochastic nonlinear wave equation with a cubic
nonlinearity.

2. LINEAR EQUATIONS
In this section, we give the definition of the mild solution of the stochastic linear heat equation

{8@ ~AD = 9w,

(2.1) 5(0) =0,

and the stochastic linear wave equation

{aqu — AT =W,
(¥(0),0,¥(0)) = (0,0).

From the Duhamel principle, it is natural to define the solutions of these equations as the following
stochastic convolutions:

t
(2.3) D(t) = / E=)AqWp,(s) Z / (=Dl gl (s)e
0

(2.2)

T ez
and
B tsin((t — 5)|V]) sin( s)|l|) L(g)e
(2.4) (t) = /0 — N AW (s ZZZ; / ————dBL(s)e

where 8% (t) = B'(L(t)). Recall that Wy, is defined by (1.4). The integrals fot e(s_t””zd/ﬁlL(s) and
fg Wdﬁi(s) can be understood as the Young integrals thanks to the following lemma.

Lemma 2.1. (cf. [12, Lemma 3.1]) Let B = B(t) be a one-dimensional Brownian motion. Then,
the sample paths of Br(t) = B(L(t)) have the finite p-variation on any interval [0,T] for any p > 2
almost surely.

Proof. Let P[0,T] = {D = {0 =ty < t; < -+ < t, = T}} be the set of all partitions of [0,7].
Because the sample paths of B is %—Hblder continuous almost surely for any p > 2, there holds

N N

1
sup |BL(t:) = Bo(tic)P S sup Y |L(t:) — L(tio1) "% = L(T) < oo.
DeP0,T] ;5 DeP[0,T] 5,

From this lemma and the theory of the Young integral, we can see that the finite sums

(2.5) ‘I)N(t) = PN<I>(t) = 2i Z /t s—t)(l) dﬂl ( )

™
<N
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and
(2.0 () = Pxu() = 5= Y / sinlt =)0 g, (5)e,
™=~

are well-defined as stochastic processes. Then, from Proposition 2.2 below, we see that @y and ¥y
converge as N — oo.
Now, we recall the convergence result of the Wick powers of ® and ¥ defined by

(2.7) O = Hy(on; CH)
and
(2.8) TF = Hp(Ty; CV).
which appear in the equation (1.10) where
1 ¢ :
(2.9) cll = Py Z ez(s_t)l”zdL(s)
tez2 |ij<n 70
and
1 sin? )|
(2.10) oV = o > / |l|2 )| l)dL( ).
€72 I|<N

Here we state the convergence result in [12].

Proposition 2.2. (cf. [12, Propositions 4.3 and 4.8]) Let k > 1 be any positive integer and let
T >0.
(1) ®RF converges to some ®°F P-almost-surely in LP([0,T); W=%(T?)) for any o > 0 and
O<p<% with%+a>k as N — oo.
(i) TSP converges to some WOF P-almost-surely in C([0,T]; W2°(T2)) for any § > 0 as
N — oo.

Remark 2.3. When L(t) = t, it is well-known that both ORF and USF converge in the space
C([0,T); W=9°°(T2)) for any > 0 as N — oo, see [5, 8] for example.

Remark 2.4. Because the noise is jump-type, we cannot expect the time-continuity for the heat
case ©. But by working on LP-space with respect to time variable, we can construct the Wick powers
of ®. Note that when 0 < p < 1, LP-space is not a norm space but a complete metric space. On
the other hand, we can show the time-continuity for the wave case ¥V even when subordinator L has
Jjumps.

3. GLOBAL WELL-POSEDNESS OF THE STOCHASTIC NONLINEAR WAVE EQUATION WITH A CUBIC
NONLINEARITY

In this section, we prove the global well-posedness of the stochastic nonlinear wave equation with
a cubic nonlinearity by applying the globalization argument with I-method in [9].

First, we briefly recall their argument. They considered the case when k =3, A < 0, £ = 97 —
and L(t) =t in our setting. In view of Theorem 1.2, it suffices to consider the following equation:

Rv—Av=AY3 o (o et
(3.1) {(v(o),atv(o)) = (vo, v1)
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where A < 0 is a negative constant. Let L(t) =t for a while. In order to prove the existence of the
global solution of this kind of wave equation, one (or only one perhaps) known method is to utilize
the formal conservation of the energy

(3.2) E()(t) = %/]1‘2 v(t)2dx + % /Tz(atv(t))Zd.r + %/11‘2 [Vo(t)[2dx — %/TZ o(t)Ada.

However, in this setting, the solution (v,dv) of (3.1) lies in the space H*(T?) x H*~!(T?) with
s < 1 due to the low regularity of the Wick powers ¥, so the value of E (v) is expected to be
infinite. To avoid this problem, they consider the following mollified energy

33)  El(v) = B(Iv) =+ / (T0)?da + / (OIv)2de + - / IV To[2de — 2 / (Iv)'da
2 2 2 ']1‘2 2 ']1‘2 4 ']I‘Q

T!
where I = Iy is called I-operator and defined as follows. For fixed 0 < s < 1 and given N > 1, we
define the operator I = Iy on D'(T?) by

1 ~
(3.4) Inf= o Z my (1) f(Der
lez?
where f is the Fourier transformation of f and my € C*®(R4;[0,1]) is a rotationally invariant
function such that

1 when || < N
(35) =) (2
€l

and mpy (&) is non-decreasing with respect to |€]. Then, they successfully controlled the growth of
mollified energy E!(v) by the Gronwall-type argument and proved the global well-posedness of the
equation (3.1). In that process, we need a more careful observation of the behavior of ¥ than we need
in the proof of the local well-posedness. More precisely, the fact that W% € C([0,T]; W—%°(T?))
for any 0 > 0, which we saw in Proposition 2.2, is not enough to prove the global well-posedness
and we need to use the fact that the following quantities are finite for ¥: For given = = (£, 2, E3),

we define V =V (2) and R = R(Z) by

1-s
) when [¢| > 2N

1 ad 1
(3.6) eV? = 2679*76‘/1(3)3
=0
and
(3.7) R Yo Soee [ ] el
N=1j=1 0 Jr?

where V;(Z) = maxi<k<s |2kl oo ([ j41;w-000) and 6,0 > 0. Note that the definition of V" above is
slightly different from the one in [9] but this does not cause any problem in the argument below.
Then, it turns out that V (¥, U°2 ¥°3) and R(¥, T2 T°3) are finite almost surely. In [9], they
essentially proved the following theorem which is purely deterministic result and by applying this
to the equation (3.1) pathwisely, they obtained the desired result.

Theorem 3.1. (cf. [9]) Let s > %. Assume that = = (21, 22, 23) satisfies V(E) < oo and R(E) < oo
for some 6 > 0 and sufficiently small § > 0. Then, the equation
{8,% —Av=X 3+ A, (‘?)US_ZEI

(3-8) (v(0), 9,v(0)) = (vo, v1)

217
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has a unique mild solution in the space
C([0,T); H*(T*)) N CY([0,T]; H*(T?))
for any given (vo,v1) € H*(T?)) x H*"Y(T?)) and T > 0.

Now, we go back to the original setting i.e. let L be any cddlag and non-decreasing stochastic
process with L(0) = 0. Then, unfortunately, (¥, T2 %) does not satisfy the assumption of
Theorem 3.1. However, it turns out that we can easily overcome this problem: Fix 7" > 0. We
define WoF(t) = UOF(t A T). Then, we can prove that (Ur, U$2 U23) satisfies the assumption of
Theorem 3.1:

Lemma 3.2. For any T >0, § > 0 and way € Qo, there exists some 0 = O(wa,T) > 0 such that the
values of V(Up, UL U3 and R(Ur, U2, W93 are finite Py-almost surely.

Before the proof we recall the following lemma.
Lemma 3.3. (cf. [12, Lemma 4.1]) Let f and g be smooth deterministic functions on [0,T]. Then,
for any 1,1' € 72,

T T T
(3.9) /0 F(t)ash (1) /O g(t>d5%<t>}:a,4 /0 (gL ().

Proof of Lemma 3.2. Because

02 ;03 Ok Ok
Vi(Up, U7, Up”) = [2ax IO Loe (g g4 1w =800y < oz 17" Loo ((0,77;w—5.00) < 00

uniformly in j € N from Proposition 2.2, we can see that

vi Zoo 05V, (W, W32, WE3)
eV’ = e_]e](TaTaT)‘<Oo

J=0

for any 0 > 0. Next, we check that R(¥r) is finite. We write Uy = PyUr + Pﬁ V7. From Lemma
3.3,

\INPN\I/T(a:,t)\Q] —E™ [\PN\I/T(M)F]
1 INT st((t—s)\l\)
- > e

€22 |I|<N
S L(T)log N

and

P, U[NPﬁ\I/T(x,t)‘Q} % > mN(l)Q/OMdeL()

1€72,)l|>N

> Ex L) . < L(T).

‘l|2723 |l‘2 ~
1€72 |I|>N

N

Therefore, for any fixed we € Qo, INUp(x,t) is a centered Gaussian random variable on (Qq,P)
with
P DIN\I/T(% t)ﬂ < CoL(T)log N
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where Cy > 0 is a positive constant which is independent of ¢ € Ry and & € T2. Thus, we can
calculate as

ElP’l [R(\I/ ]E]P’l Z Z 670] logN/ / [INTp( fr)\dz,dt

N=1j=1

Z 670] logN/ / CoL(T)log Ndl'dt

N=1j=1

co oo
5 Z Z —0]logN€C0L(T)logN X j
1j=1

=Y Y NUNOED) x j < oo
N=1j=1
)-

=
Il

3
3

if @ is sufficiently larger than L(T |

From Theorem 3.1 and Lemma 3.2, we can see that the global well-posedness of the following
equation holds.

02v — Av = \? +)\Zl, ( Yot wg!
(v(0),8:v(0)) = (vo,v1)-

Here, the solutions of (3.1) and (3.10) coincide on the interval [0, 77 if the same initial value (vo, v1)
is given. Therefore, we obtain the global well-posedness of the original equation (3.1).

(3.10)
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