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abstract Locally o-minimal structures are some local adaptation from o-minimal
structures. They were investigated, e.g.in [1],[2]. We characterize types of definably
complete locally o-minimal structures. In particular, we argue about the Rudin-Keisler

order of them.

1. Introduction

At first we recall some definitions and fundamental facts.

Definition 1. Let M be a densely linearly ordered structure without endpoints.

M is o-minimal if every definable subset of M is a finite union of points and intervals.

M is locally o-minimal if for any element a € M and any definable subset X C M1, there
is an open interval I C M such that I 3 @ and I N X is a finite union of points and intervals.

M is definably complete if any definable subset X of M' has the supremum and infimum
in M U{£oc}.

Example 2. [1], 2]
(R,+,<,Z) where Z is the interpretation of a unary predicate, and (R, 4+, <,sin) are

definably complete locally o-minimal structures.
Fact 3. [1] Definably complete local o-minimality is preserved under elementary equivalence.

Thus we argue in a sufficiently large saturated model M and we assume that the theory T
is countable in this note.

We characterize locally o-minimal structures by means of behavior of 1-variable types. They
consider two kinds of 1-types by the way to cut linear orders of parameter sets, e.g. in [6].

Here we consider nonisolated types only.

Definition 4. Let M be a densely linearly ordered structure and A C M. And let p(x) €
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Si(A).

We say that p(z) is cut over A if for any a € A, if a < 2 € p(z), then there is b € A
such that ¢ < b < = € p(z), and similarly if * < a € p(x), then there is ¢ € A such that
x<c<aé€p(x).

We say that ¢(x) € S1(A) is noncut over A if ¢(z) is not a cut type.

Remark 5. Let M be a densely linearly ordered structure and A C M. And let p(z) € S1(A)
be noncut.

There are four kinds of noncut types ;

plz) ={b<z<a:b<acA} for some fized a, or {a <z <b:a<be A} for some

fized a.

Here we call these types bounded noncut types.

Andp(z) ={b<z : be A} or{x <b: be A}.

We call these types unbounded noncut types.

Forp(z) € S1(A), if p(x) | < F p(x), then we say that p(x) is order-complete or <-complete,
and otherwise, if p(z) | < ¥ p(x), then we say that p(z) is order-incomplete or <-incomplete.

(p(x) | < means the partial type restricted to the order relation. )

Fact 6. [4] Let M be a definably complete locally o-minimal structure and p(x) € Sy (M).

( Here we consider types over structures only. )

If p(z) is a bounded noncut type, then p(x) is <-complete and definable, and

If p(z) is an unbounded noncut type, then p(x) may be both <-complete and <-incomplete,
if p(x) is <-complete, then it is definable.

And if p(z) is a cut type, then p(x) may be both <-complete and <-incomplete, and p(x) is

not definable in general.

Apology : There is incorrect description in my proceeding [4] about fact above. It is pointed

out by M.Fujita. I apologize and correct it here.

We recall the next proposition which is used frequently in the argument. We call the fact

strong local monotonicity property.

Proposition 7. [3] Let M be a definably complete locally o-minimal structure.
And let I be an interval and f : I —> M be a definable function.
Then there is a definable partition of I = Xz U X. U X U X_ satisfying the following
conditions :
(1) Xy is discrete and closed,
(2) X is open and f is locally constant on X,

(3) X4 is open and f is locally strictly increasing and continuous on X4,



(4) X_ is open and f is locally strictly decreasing and continuous on X _.

2. Prime models of definably complete locally o-minimal theory

I referred to the next fact at RIMS meeting 2021 and wrote it in the proceeding [4].

Lemma 8. Let M be a definably complete locally o-minimal structure and A C M with
del(A) # 0.
Then the isolated types of Th(M,a)aca are dense.

After that I confirmed the next fact.

Proposition 9. Let M be a definably complete locally o-minimal structure.
Then for any A C M with dcl(A) # 0, there is a unique prime model over A up to isomor-

phism over A.

We recall the next lemma which I use in the following. This lemma proved by A.Tsuboi and

W.Komine first. By means of the fact, the proposition above is proved similarly in [5].

Lemma 10. Let M be a definably complete locally o-minimal structure and dcl(D) # 0.
Then for any a,b € M and A C M, if b € dcl(aA) \ del(A), then a € dcl(bA).

Sketch of proof ;

Let b € del(aA) \ del(A). We may assume that A is finite. Thus there is a definable function
f over A such that b = f(a). As there is a prime model over aA which has some definable
element, and by the strong monotonicity property and b ¢ dcl(A), there is an interval I = (¢, d)

such that ¢, d € dcl(A) and a € I, and f is monotone and continuous on I. Then a € dcl(bA).
]

3. Rudin-Keisler order of types in definably complete locally o-
minimal structures

We recall some definitions at first.

Definition 11. Let p(Z), ¢(Z) € Sn(M) for some model M of a complete theory T'.
We say that p(Z) is greater than or equal to ¢(Z) for the Rudin — Keisler ordering, and
we write ¢ <rg p, if ¢(Z) is realized in M(p) where M (p) is a prime model over M U {a} for

some realization a of p(Z).
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In general, for types p, q, the lengths of variables may be different. We consider the RK-
ordering for 1-types of definably complete locally o-minimal structures.

In the following, M is a definably complete locally o-minimal structure and we assume that
del(D) # O for the sake of simplicity.

The next proposition is proved similarly in [6]. But we must use the strong monotonicity
property instead of the ordinary monotonicity theorem in o-minimal structures.

We consider three kinds of types ; bounded noncut, unbounded noncut and cut ------ ()

Proposition 12. Let p(z), q(z) € S1(M) and these be different kinds of types in (x).
Then p(z) £rK q(z) and ¢(z) £rK p(z).

And we can prove the next fact.

Proposition 13. Let p(z), g(x) € S1(M) and let p(x) be <-complete and q(z) be <-incom-
plete.
Then p(z) £ri q(z) and q(z) LR p(z).

Lemma 14. Let p(z), q(z) € S1(M) and both types be <-complete.

Then p(x) <grk q(x) is an equivalence relation.

Sketch of proof ;
Let a = p(x) and b = q(z). If b € M(a) where M(a) is a prime model over Ma, then there
is a realization ¢ of q(x) such that ¢ € dcl(Ma). By the exchange of acl, a € dcl(Mec). |

Lemma 15.  Let p(z), q(z) € S1(M) and both types be <-incomplete.

Suppose that q(x) <gpk p(x) by some a = p(x) and b = q(x).
Then if b ¢ dcl(aM), then there is a definable function f over M such that ;
for intervals I = (a,c) or (c,a) and J = (d,e) with b € (d,e), and c,d,e € del(Ma),

f I — J is monotone and continuous, and I and J generate complete types over Ma.
We try to characterize the RK-order of types along the argument in w-stable case.

Lemma 16. Let p(z), g(xz) € S1(M) be either bounded noncut types or <-complete un-
bounded noncut types.

For any M’ with M < M’, let p'(z), ¢'(x) € S1(M') be their heirs over M.

If p(z) <mrm q(z), then p'(z) <rm ¢'(2).

In the next proposition, M is not a locally o-minimal structure. This fact is well known.

Proposition 17.  Let T be w-stable and let p(Z), ¢(T) € S, (M) be RK-minimal.
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Then the following conditions are equivalent ;
(1) p(Z) is orthogonal to q(T).
(2) p(Z) is almost orthogonal to q(T).
(3) p(Z) and q(Z) are not RK-equivalent.

For the parallel argument in local o-minimality context, we must modify some definitions

in the proposition above.

Definition 18. Let p(Z), ¢(7) € S(M) be invariant types.
We define the type p(Z) @ q(y) € Szz(M) as tp(ab/M) where b |= g and @ = p|Mb.
Two invariant types p(Z) and q(7) commute if p(Z) ® ¢(7) = q(7) @ p(T).
Let p(Z), q(7) € S(A).
p(Z) and ¢(§) are weakly orthogonal if p(T) U q(y) implies a complete type over A.
p(Z) and ¢(y) are orthogonal if they are weakly orthogonal as global types (when A = M).

Lemma 19. Let p(z), q(y) € S1(M), and both p(x) and q(y) be definable types.

Assume that q(y) £rx p(x).

Then for the definable extensions p'(z), ¢'(y) € S1(M) of p(z) and q(y) are commute over
M, that is, p'(z) @ ¢'(y) [m = ¢'(y) @ () |nr-

Sketch of proof ;

Let qly) ={b<y<m :b<me M} for some fized b € M. (Other cases are proved
similarly. ) And let ¢'(y) @ p'(z)|pm F ¢(x,y,m) where m € M. For ¢(x,y,m), there is
the definition d,¢(y,m') over M of p/'(x). Let a = p'(x). Thus ¢'(z) | Ma + ¢(a,y,m) A
dpp(y,m')" forn=0,1 (where according to n, it means affirmation or negation ). Let 6(y) =
o(a,y, m)ANdpp(y, m’')". So there is bg € M(a) such that for any ¢ withb < ¢ < by, |= 0(c). As
q(y) £rK p(x), there is m"” € M such that b < m” < bg. Thus = ¢(a,m”,m) Adyp(m”,m')".
That is, ¢(xz,m",m) € p(x) and dpd(y,m') € q(y). Then for any b’ = ¢'(y), ¢(z,b',m) €
P (z) | MY |

4. Further problems

In w-stable context, the RK-order is characterized by strongly regular types. They have the
minimal Morley rank and degree = 1. Can we have analogous argument by means of dp-rank
and so on 7

And the RK-order is extended to the domination order of types over R -saturated models.

Can we generalize the argument in the same way (to a certain extent ) ?
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