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Hardy-Sobolev inequalities in the half space 

Yoshihiro Mizuta and Tetsu Shimomura 

Abstract 

Our aim is to establish Hardy-Sobolev inequalities for Sobolev functions in Herz­
Morrey spaces, which extend the classical Hardy inequalities in the LP Lebesgue 
space. 

1 Introduction 

In the half space lHI = { x = ( x1 , ... , Xn-l, Xn) : Xn > 0}, the Hardy inequality says that 

for (3 < p - 1 and all u E C1 (IB.n) such that u = 0 on 81HI. Further, 

{ lu(x)IPx~-p dx::::; (/3 p )P { l(8u/8xn)(x)IPx~dx 
}'/ill -p+ 1 }'/ill 

for (3 > p - 1 and all u E CJ(IB.n); see e.g. [7], [9], [10], [11] and so on. 

(1) 

(2) 

In connection with the inequality in the book by Maz'ya [11, Theorem 1, p. 214], we 
have 

for (3 < p - 2 and all u E C 1 (IB_n) such that u = 0 on 81HI, and 

{ ( 1:(x)I 2 )P x~dx 
}'!ill ✓xn-l + Xn 

< (/3 -~ + 2Y l ( ✓(au/8xn-1) 2 + (8u/8xn) 2 r x~dx 
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(3) 

(4) 
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for /3 > p - 2 and all u E CJ(JRn). 
The proofs of those results are given by an elementary calculus with the aid of Minkowski's 

inequality and Holder's inequality. 
Our aim in this note is to extend those Hardy type inequalities in lJ' to the Herz-Morrey 

space MP,q,f3(JRn) (see §3.1). It is well known that Morrey spaces and Herz spaces play an 
important role in harmonic analysis and PDE. For fundamental properties of Herz-Morrey 
spaces, we refer the reader to [2], [3], [4], [5], [6], [8], [13], [14], [15], [17], etc. 

For 1 :::; m :::; n, write 

( ) ( 1 ") lT])n-m lT])m X= X1, ... ,Xn-m,Xn-m+1, ... ,Xn = X,X E.JN. X.JN.. 

As an extension of (1), we show the norm inequality: 

(5) 

for f3 < (p- m)/p and u E C1 (1Rn) such that u = 0 on {x = (x',x"): lx"I < 1}, where 
V"u = (8u/8xn-m+l, ... , 8u/8xn), which is an extension of (3). If u E CJ(iRn), then (5) 
holds for /3 > (p - m)/p, which is an extension of (2) and (4). 

The borderline case of (1) and (2), that is, the case f3 = p - 1 > 0, is treated in the 
following: 

for all u E C1 (1Rn) such that u = 0 on {x = (x',xn): Xn > 1} and 

11u(x)IPx:;;,1ilog(exn)l-pdx :::; (p~lr 11au/8xnlPx~-1dx (7) 

for all u E C1 (1Rn) such that u = 0 on {x = (x',xn): Xn < 1}. We extend (6) and (7) to 
the Herz-Morrey settings. 

Our final goal is to establish Hardy-Sobolev inequalities for Sobolev functions on lHI in 
the Herz-Morrey settings. 

2 The classical Hardy inequalities in the half space 

For 1 :::; m :::; n, write 

( ) ( 1 ") ll])n-m llllffi X= X1, ... ,Xn-m,Xn-m+l,···,Xn = X,X E.JN. X.JN.. 

We show Hardy type inequality similar to Maz'ya [11], as an extension of (3). 

THEOREM 2.1. Let p 2'. 1 and /3 < p - m. Then there exists a constant C > 0 such that 

( { (~)p x/3 dx) i/p:::; P ( { IV"u(x)IPxf3 dx) i/p 
Jrill lx"I n P - m - /3 }fill n 

for u E C1 (JRN) such that u = 0 on 81HI. 
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Proof. Let u be a function in C1 (JB;n) such that u = 0 on 8IHI. Then, for x E IHI note that 

(1d 
u(x) = Jo dr u(x', rx") dr, 

so that 

lx"l-1 lu(x)I::; fo1 
IV"u(x', rx")I dr. (8) 

By Minkowski's inequality gives 

(l (lx"l-1 lu(x)IY x~dx) l/p < (11 (l (IV"u(x', rx")lx~fpr dx) l/p) dr 

< (l (IV"u(y)lx~fpr dy) I/p fo\-/3/p-m/pdr 

:=; p ( r (lv(y)IIY"lf3/prdy) 11p, 
p- m- f3 I~n 

as required. □ 

Set 
H(r) = {x = (x',xn) E ffi;n-l X 1B;: lxnl :=; r}. 

The borderline case of Theorem 2.1 is treated as follows. 

THEOREM 2.2. Letp > 1. Ifu is a function in C 1 (JB;n) such that u = 0 on JB;n\H(l), then 

(l C~l~~I r x~-ml log(e/xn)l-p dx r/p :=; p ~ l (l IV"u(x)IPx~-m dx r/p. 

Proof. Let u be a function in C 1 (JB;n) such that u = 0 on ffi;n \ H(l). Then, for x E IHI note 
that 

J,00 d 
u(x) = -

1 
dr u(x', rx") dr, 

so that 

lx"l-1 lu(x)I::; 100 
IV"u(x', rx")I dr. (9) 

By Holder's equality, we have for x = (x', x") E IHI 

lx"1-11u(x)I ::; (100 (r 11P'(log(e/rxn)tlV"u(x',rx")lr dr) I/p 

( 
oo ) 1/p' 

X 1 (log(e/rxn))-ap'r- 1 dr 

< ( [ 1"" ( rW (log( e/ rx,.) )"IV" u( x'' ex") Ir dr) 'Ir 

X - 1- (log(e/xn))-a+l/p' ( ) 
1/p' 

1- ap' 
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when 1 - ap' > 0. Consequently, Minkowski's inequality gives 

L llx"l-1u(x)IPx~-ml log(e/xn)I-Pdx 

< (i _\p, r/p' 100 rP!P' (L IV"u(x', rx")IPx~-ml log(e/rxn)lapl log(e/xn)1-ap-1dx) dr 

< ( 1 _
1 ap') p/p' 100 rP!P'-p (L IV"u(y)IPY~-ml log(e/yn)lapl log(er/yn)l-ap-ldy) dr 

< (i _\p' r/p' L IV"u(y)IPifn-ml log(e/yn)lap (ll/yn I log(er/yn)l-ap-lr- 1 dr) dy 

p/p' 
< (-1 l ,) _!_ f IV"u(y)IPY~-mdy. 

- ap ap }p;, 

Here we see that (-1-)p/p' _!_ has the minimum Cp at a= 1/(p + p'). 
1- ap' ap □ 

Next we give extensions of (4) and (7). 

THEOREM 2.3. Let p;:::: 1 and /3 > p - m. Then there exists a constant C > 0 such that 

for u E CJ(JRN). 

Proof. By (9) Minkowski's inequality gives 

as required. □ 

THEOREM 2.4. Let p > 1. If u is a function in C1 (1Rn) such that u = 0 on H(l), then 
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Proof. By (8) and Holder's equality, we have for x = (x', x") 

lx"l-1 lu(x)I ~ (11 (r1fp' (log(erxnWlv'"u(x', rx")IY dr) l/p 

X (J,1 (log(erxn))-ap' r-1 dr) l/p' 
1/xn 

< (11 (r1!P' (log(erxnWlv'"u(x', rx")IY dr) l/p 

X - 1- (log(exn))-a+l/p' ( ) 
1/p' 

1-ap' 

when 1 - ap' > 0. Consequently, Minkowski's inequality gives 

l llx"l-1u(x)IPx~-ml log(exn)I-Pdx 

< C _\p, r/p' 11 rP!P' (l 1v"u(x', rx")IPx~-ml log(erxn)lapl log(exn)1-ap-1dx) dr 

< C _\p, r/p' 11 rPfp'-p (l lv'"u(y)IP71n-m1 log(eyn)lapl log(eyn/r)l-ap-ldy) dr 

< C-\p' r/p' l lv'"u(y)IPY~-ml log(eyn)lap (11
11og(eyn/r)1-ap-lr-1 dr) dy 

( )
p/p' 

< -1 1 / ~ r lv'"u(y)IPY~-mdy. 
- ap ap Jill 

( 
1 )p/p' 1 

Here we see that -- - has the minimum cP at a = 1 / (p + p'). 
1- ap' ap 

3 Herz-Morrey space 

3.1 Herz-Morrey space 

For 1 ~ m ~ n, write 

( ) ( 1 ") lTl)n-m lTllffi X= X1, ... ,Xn-m,Xn-m+l,···,Xn = X,X Em.. Xm.. 

and set 
Hm(r) = {x = (x',x") E lR.n-m X lR.m: lx"I ~ r} 

□ 

and Am(r) = Hm(2r) \ Hm(r). To extend the Hardy inequality in the half space, for p :2': 1, 
q > 0, a weight wand an open set G c lR.n, we consider the Herz-Morrey space 

where 
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in case q < oo; in case q = oo, set 

IIJIIM;:;00 ,w(G) = sup w(r)IIJIILP(GnAm(r))· 
r>O 

When w(r) = rf>, we write M~q,f>(G) for M~q,w(G). For fundamental properties of Herz­
Morrey spaces, we refer the reader to [2], [3], [4], [5], [6], [8], [13], [14], [15], [17], etc. 

3.2 Hardy inequalities for Herz-Morrey space 

Let us begin with the Hardy inequality in the setting of Herz-Morrey space in the half 
space. 

THEOREM 3.1. Let p ~land /3 < (p-m)/p. Then for 1 ~ k ~ m there exists a constant 
C > 0 such that 

II lx"1-1ullMf'q,/3(JW.n) ~ GIi IV"ul 11M,,q,/3(JW.n) 

for u E C1 (lRn) such that u = 0 on Hk(l), where V"u = (8u/8xn-m+l, ... , 8u/8xn)­

THEOREM 3.2. Let p ~ l and /3 > (p- m) /p. Then for 1 ~ k ~ m there exists a constant 
C > 0 such that 

3.3 Corollaries to Theorem 3.1 

Set 
lHI = {x = (x',xn): Xn > O}. 

As easy consequences of Theorem 3.1, we give the following. 

COROLLARY 3.3. Let p ~ l and /3 < (p - l)/p. Then there exists a constant C > 0 such 
that 

llul1Mf'q,-i+/3(IHI) ~ Cll8u/8xnl1Mf'q,/3(IHI) 

for u E C1 (1Rn) such that u = 0 on 8lHI. 

COROLLARY 3.4. Let p ~ l and /3 < (p- m)/p. Then there exists a constant C > 0 such 
that 

II lx"l-1ul1Mf'q,/3(IHI) ~ CII IV"ul 11Mf'q,/3(IHI) 

for u E C1 (1Rn) such that u = 0 on H1 (1). 
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3.4 Corollaries to Theorem 3.2 

COROLLARY 3.5. Let p 2'. 1 and fJ > (p - l)/p. Then there exists a constant C > 0 such 
that 

for U E CJ(~n). 

COROLLARY 3.6. Let p 2'. 1 and fJ > (p- m)/p. Then there exists a constant C > 0 such 
that 

3.5 The borderline case of Theorem 3.2 

THEOREM 3.7. Let p > m 2: 1 and set w(r) = r(p-m)/pl log(e/r)l-1 , where 

{ ,= 1 
,=l-l/p+l/q 

when q 2'. p; 
when O < q < p. 

Then for 1 ::; k :=; m there exists a constant C > 0 such that 

II lx"1-1ullMl,''q,w(Rn) ::; OIi IV"ul IIMl,''q,(p-m)/p(Rn) 

for u E C 1 (~n) such that u = 0 on ~n \ Hk(l). 

3.6 The borderline case of Theorem 3.1 

In the same manner we treat the borderline case of Theorem 3.1, as an extension of (5). 

THEOREM 3.8. Let p > m 2: 1 and set w(r) = r(p-m)/pl log(er)l-1 , where I is the constant 
appearing in Theorem 3. 7. Then for 1 ::; k :=; m there exists a constant C > 0 such that 

II lx"1-1ullMl,'·q,w(Rn) ::; CII IV"ul IIMl,''q,(p-m)/p(Rn) 

for u E C1 (~n) such that u = 0 on Hk(l). 

4 Hardy-Sobolev inequalities for Sobolev functions 

4.1 Hardy-Sobolev inequality for Sobolev functions 

Our aim in this section is to give Hardy-Sobolev inequalities for Sobolev functions on lHI. 
We write Mf'q,w(JHI) for Mf'q,w(~n) whose functions are considered on lHI. We also write M 
and H for M1 and H1, respectively. 

THEOREM 4.1. Let p 2'. 1 and fJ =/- (p - l)/p. For O ::; ,\ ::; 1, set l/p;. = l/p - >./n > 0. 
Then there exists a constant C > 0 such that 

for u E CJ (lHI) . 



69

When q = p, we have the weighted inequality for Sobolev functions. 

COROLLARY 4.2. Let p::::: 1, /3-/- (p - 1)/p, 0 ~ .\ ~ 1 and 1/P>. = 1/p- .\/n. Then there 
exists a constant C > 0 such that 

l lu(x)IP,\x~>--I+f)P,\ dx ~ C 

for all u E CJ(IHI) such that _l lVu(x)IPx~P dx ~ 1. 

(10) 

This gives Sobolev's inequality when.\= 1, and Hardy's inequality (no account of the 
best constant) when .\ = 0. 

To show Theorem 4.1, we prepare the following two lemmas. 

LEMMA 4.3 (Sobolev's inequality (see e.g. [1], [11], [12])). Let p ::::: 1 and 1/p* = 1/p -
1/n > 0. Then there is a constant C > 0 such that 

for VE CJ(~n). 

Let A(r) = H(4r) \ H(r/2). 

LEMMA 4.4. Let p::::: 1 and 1/p* = 1/p - 1/n > 0. Then there is a constant C > 0 such 
that 

llullLP*(A(r)) ~ C{r-1 llull£P(A(r)) + IIIVulllLP(A(r))} 

for u E CJ(~n) and r > 0. 

For this, take r.p E CJ(A(l)) such that r.p = 1 on A(l) and IVr.pl ~ 2, and apply Lemma 
4.3 with v(x) = r.p(xn/r)u(x). 

4.2 The borderline case of Theorem 4.1 

In the borderline case /3 = (p-1)/p, we establish the following results by using Theorems 
3.7 and 3.8. 

THEOREM 4.5. Let p > 1. For 0 ~ .\ ~ 1, set 1/P>. = 1/p - .\/n and w(r) = 
r>--l+(p-l)/pl log(e/r)I-,, where I is the constant appearing in Theorem 3. 7. Then there 
exists a constant C > 0 such that 

llullMP,\,q,w(lHI) ~ CII IVul IIMp,q,(p-l}/p(lHI) 

for all u E CJ(IHI) such that u = 0 on IHI\ H(l). 

THEOREM 4.6. Let p > 1 and set w(r) = r>--l+(p-l)/pl log(er)I-,, where I is the constant 
appearing in Theorem 3. 7. Then there exists a constant C > 0 such that 

llullMP,\,q,w(lHI) ~ CIIIVulllMP,q,(p-1)/p(lHI) 

for u E CJ(IHI) such that u = 0 on H(l). 
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4.3 Corollaries 

When q = p, we have the weighted inequalities for Sobolev functions. 

COROLLARY 4.7. Let p > l, 0 :S: .A :S: 1 and 1/p>.. = l/p - >.jn. Then 

i lu(x)IP>- (x~-l+(p-l)/pl log(e/xnW1l>- dx :S: C (11) 

for all u E CJ(IHI) such that u = 0 on IHI\ H(l) and lllv'ulllHP,P,CP-1)/P(lHI) :S: 1. 

COROLLARY 4.8. Let p > l, 0 :S: A :S: 1 and l/P>.. = l/p - >.jn. Then 

i lu(x)IP>- (x~-l+(p-l)/pl log(exn)l-il>- dx:::; C (12) 

for all u E CJ(IHI) such that u = 0 on H(l) and lllv'ulllHP,P,CP-1)/P(lHI) :S: 1. 

Our results here give (weighted) Sobolev's inequality when>.= 1, and Hardy's inequal­
ity (no account of the best constant) when>.= 0. 

References 

[1] D. R. Adams and L. I. Hedberg, Function Spaces and Potential Theory, Springer, 
1996. 

[2] D. R. Adams and J. Xiao, Morrey spaces in harmonic analysis, Ark. Mat. 50 (2012), 
no. 2, 201-230. 

[3] V. I. Burenkov, A. Gogatishvili, V. S. Guliyev and R. Ch. Mustafayev, Boundedness 
of the Riesz potential in local Morrey-type spaces, Potential Anal. 35 (2011), no. 1, 
67-87. 

[4] V. I. Burenkov and V. S. Guliyev, Necessary and sufficient conditions for the bound­
edness of the Riesz potential in local Morrey-type spaces, Potential Anal. 30 (2009), 
no. 3, 211-249. 

[5] H. G. Feichtinger and F. Weisz, Herz spaces and summability of Fourier transforms, 
Math. Nachr. 281 (2008), 309-324. 

[6] J. Garcfa-Cuerva and M. J. L. Herrero, A theory of Hardy spaces associated to the 
Herz spaces, Proc. London Math. Soc. 69 (1994), 605-628. 

[7] G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities. 2d ed. Cambridge, at the 
University Press, 1952. xii+324 pp. 

[8] C. Herz, Lipschitz spaces and Bernstein's theorem on absolutely convergent Fourier 
transforms, J. Math. Mech. 18 (1968), 283-324. 

[9] A. Kufner and B. Opie, Hardy-type inequalities, Pitman Research Notes in Mathe­
matics Series, vol. 219, Longman Group UK Limited, London, 1990. 



71

[10] A. Kufner and L.-E. Persson, Weighted Inequalities of Hardy Type, World Scientific, 
Singapore, 2003. 

[11] V.G. Maz'ya, Sobolev Spaces, Springer, Heidelberg, 2011. 

[12] Y. Mizuta, Potential theory in Euclidean spaces, Gakkotosho, Tokyo, 1996. 

[13] Y. Mizuta and T. Ohno, Sobolev's theorem and duality for Herz-Morrey spaces of 
variable exponent, Ann. Acad. Sci. Fenn. Math. 39 (2014), 389-416. 

[14] Y. Mizuta and T. Ohno, Herz-Morrey spaces of variable exponent, Riesz potential 
operator and duality, Complex Var. Elliptic Equ. 60 (2015), no. 2, 211-240. 

[15] Y. Mizuta, T. Ohno and T. Shimomura, Weak estimates for the maximal and Riesz 
potential operators in non-homogeneous central Herz-Morrey spaces, Complex Var. 
Elliptic Equ. 64 (2019), 1437-1456. 

[16] Y. Mizuta and T. Shimomura, Hardy and Sobolev inequality in the half space, Acta 
Math. Hungar. 161 (2020), 230-244. 

[17] C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, 
Trans. Amer. Math. Soc. 43 (1938), 126-166. 

Department of Mathematics 
Graduate School of Advanced Science and Engineering 

Hiroshima University 
Higashi-Hiroshima 739-8521, Japan 

E-mail : yomizuta@hiroshima-u.ac.jp 
and 

Department of Mathematics 
Graduate School of Humanities and Social Sciences 

Hiroshima University 
Higashi-Hiroshima 739-8524, Japan 
E-mail : tshimo@hiroshima-u.ac.jp 


