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Uncertainty Relations Represented by 

Tracial or N on-Tracial Positive Linear Maps 

1 Introduction 

Kenjiro Yanagi 

Department of Mathematics 

Faculty of Science 
Josai University 

§:-j'-•~ffll:!wa"c'ti, §:-j'-~:f(~ ( density operator) p (J) ti t "c'!W)l:1§: (self-adjoint operator )A 
~lliU L, t;: t ~ (J),t/Hffil'Hi Tr(pA) "c'~~ n, :,f/f~ti Varp(A) := Tr(pA2 ) - (Tr(pA)) 2 "c'~ 
~ n 0 ::. t iJ 1~□ G n -C 1,' 0. §:-j'-~~ p (J) ti t 'c' 2 ~ (J)!W)J:_!1!:Ji: A, B t: 11 L, -C Heisenberg 
uncertainty relation ti{',X(J)~~~"c'l}?t.. Gn-c1,,0. 

1 
Varp(A)Varp(B) ~ 41Tr(p[A, B])l2 

~Gt: J: IJ 5j1,,~~~7'J1 Schrodinger t: J: 'J -C1~ G n-c1,, 0. 

1 
Varp(A)Varp(B) - IRe(Covp(A, B))l2 ~ 41Tr(p[A, B])l2, 

t;: ti l, [A, B] := AB - BA ti A, B (J) commutator "c' di:> IJ, covariance ti Cov p(A) := 

Tr(pAB)-Tr(pA)Tr(pB) "c'i}?t.. G Zt0. Yanagi-Furuichi-Kuriyama [12] Ii one parameter 
correlation t one parameter Wigner-Yanase skew information 7<r{',X(J) J: -5 t:JE~ L,t;:. 

a E [O, 1] /:j-;f l,-C 

Corr~(A,B) = Tr(pA*B) -Tr(p1-°'A*p°'B), 1;(A) = Corr~(A,A). 

~L,-c~G~~(J)J:-5~~~-~~~~7<rfflk. 

1;(A)I;(B) ~ IRe(Corr;(A, B)) 12 • 

a=½ (J) t ~ ti~Zt-'E'Zt correlation Corrp(A, B), Wiganer-Yanase skew information Ip(A) 
"c'di:>0. it;: Luo [10] ti~ftJE•t!7<r£R9§:t l,-C 

Up(A) = ✓varp(A) 2 - (Varp(A) - Ip(A)) 2 . 
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7cf:: ~A l,-C, Uµ(A) t: -:)\,,-C 0) Heisenberg ~O):;f~~O)f)t5N {r1~t::. 

1 
Uµ(A)Uµ(B) ~ 4pr(p[A, B])l2. 

Wigner-Yanase-Dyson skew information 0)8tl:1i, :lir1J"F'.frff-C~< r"~Jmt l,-Cl_f.:z 
G:ti,-c1,,f::iJ>°, Lieb [9] t:J:"J-Cru]:8}1~:tl,t::. =.:ti,ti cp(A,B) = TrAPK*B 1-PK -C;E'.~ 
~:tLt::21~ cp: Mn(CC) x Mn(CC)-+ c iJ>"['Pj~[l::f)-C&:>G =. t {f::~9=- tt:J:"J-C!iEfl}l~:tl, 
t::. t::ti. t., Mn(CC) Ii n x n complex marices O)~{,$:t t" Q. PJr =. O)f[H!r·-em1,, G:tL 
G!c%~7cr~A 9G. Mn,sa(CC) 7cr n x n self-adjoint matrices O)~,f,$:, Mn,+(CC) 7cr n x n 

positive semi-definite matrices O)~{,$:, Mn,+, 1 (CC) 7cf:: n x n density matrices O)~{,$: c'. 9 
G. A E Mn(CC) t:~t l, -C Tr[A] 1ii'XO)•t1:fl:i'. 7cf:: 'EJ-:)-:::. t t:tE § t" G. 
(1) Tr(AB) = Tr(BA) (2) A~ 0 ====} Tr(A) ~ 0 (3) Tr(A*) = Tr(A) 
(4) Tr(aA+f3B) = aTr(A)+/3Tr(B) for all a,/3 EC (5) Tr(A)Tr(B) = Tr(B)Tr(A) 

2 UR for N on-Tracial Positive Linear Maps 

J!lim'O) Trace O)f}t5NttJ:G'l1~ <p: Mn(CC)-+ Mm(CC) -C1X0)~{4:7cf:'.rr!!/f::9'60)7cf:'.~.:ZQ. 
(1) cp(AB) = cp(BA) (2) A~ 0 ====} cp(A) ~ 0 (3) cp(A*) = cp(A)* 
(4) cp(aA + f3B) = acp(A) + j3cp(B) for all a, /3 EC 
lr,yt: (1) iJ!p_x; IJ :s'z:t:: t.,::1, ,~~Ii Non-Tracial c: 1,, '.J. i'XO) Lemma iJ!m G :ti,-c 1,, Q. 

Lemma 2.1 A, B, X E Mn(CC) -C A> 0, B > 0 t T G. -:::. 0) t ~i'XO) (1)~(3) 1i!m{[l 
-c &:> Q. 

(2) A~ xB- 1x• 

Definition 2.1 A,B E Mn(CC), p E Mn,sa(CC) c'.9G. ¼.t:: h 7cf:'. p0)7--r:..!7 r-Jv7cf:'.~L' 
!RrdlJ::-CYE~ ~ :tl,Q real-valued function t t" Q c: ~, 1XO) J: '.J t:YE~t" Q. 

h 1 1 1 1 1 1 
Covp,<I>(A, B) = cp(h2A* Bh2) - cp(h2A*h2)cp-1cp(h2Bh2), 

tdi. L, h(p) ½ {r~~ L, -C h½, ¼. t:: cp(h(p) )-1 {r~~ L, -C cp-1 t ~ :ti,.::f:ti,-5 < =. t t: L, t::. 
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Proof. 

h½A*Bh½ 
h½B*Bh½ 

h½Bh½ 

<I> (J) three-positivity property J:: IJ, 

J:: -:J -c 

( 
<I>(h½A*h½)<I>-1<I>(h½Ah½) <I>(h½A•h½)<I>-1<I>(h½Bh½) ) 
<I>( h ½ B* h½ )<I>-1 <I>( h½ Ah½) <I>( h½ B* h½ )<I>-1 <I>( h ½ Bh 112 ) . 

□ 

Theorem 2.2 (Heisenberg Type) <I>(Mn(<C)) iJ!"aJ~(J) t ~, 9t~;bt, {f~(J) A, B E 

Mn(<C) t:xtG-C<I>(A)<I>(B) = <I>(B)<I>(A) iJ1JltlJ.V:-'Jt90. :_(J)t~{f~(J) A,B E 

Mn,sa(<C),{f~(J)p E Mn,sa(<C) BJ::rf p (J):J../'{-7 rJv~-€!i"V!RFai1:--cfl:'.~~ntdf~(J) 
positive real-valued continuous function h t:xtG-C?j{iJ!Jlt IJ .ll-'J. 
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Proofs of Theorem 2.2 and 2.3. 

Cov;,<I>(A, B) - Cov;,<I>(B, A) 

<I>(h½ABh½) - <I>(h½Ah½)<I>-1<I>(h½Bh½) - <I>(h½BAh½) + <I>(h½Bh½)<I>-1<I>(h½Ah½) 

<I>(h½ [A, B]h½) (<I>(Mn(<C)) (J) commutatiity ~J:§1.,, o) 

2ilm{ Cov;,<I>(A, B) }. 

Cov;,<I>(A, B) + Cov;,<I>(B, A)= 2Re{Cov;,<I>(A, B)} 

Theorem 2.1 J:. IJ 

Var;,<I>(A) ~ Cov;,<I>(A, B)Var;,<I>(B)- 1Cov;,<I>(B, A). 

2::. 2::. ""0 <I> ( Mn ( <C)) /j: commutative ""0 ~ o (J) ""0 

Var;,<I>(A) · Var;,<I>(B) ~ ICov;,<I>(A, B)l 2 = IRe{Cov;,<I>(A, B)}l 2 + il<I>(h½ [A, B]h½)l2. 

Ld::-IJL:J-C 

Var;,<I>(A) 

> (!Re{ Cov;,<I>(A, B)}l 2 + i l<I>(h½ [A, B]h½) 1
2) (V ar;,<I>(B))-1 

((Re{Cov;,<I>(A,B)})2 -i(<I>(h½[A,B]h½))2) (Var;,<I>(B))- 1 

(<I>(h½[A,B]h½)* = -<I>(h½[A,B]h½) ~J=l:Jl.,'o) 

( Re{Cov;,<I>(A, B)} + ~<I>(h½ [A, B]h½)) * (Var;,<I>(B))- 1 

( Re{ Cov;,q;(A, B)} - ~<I>(h½ [A, B]h½)) . 

(<I>(Mn(<C)) (J) commutativity ~ffl\,,'o) 

1-p;;t_/:: 

( Var;,<I>(A) Re{Cov;,<I>(A, B)t + ½<I>(h½[A, B]h½) ) > 0. 
Re{Cov;,<I>(A,B)}-½<I>(h½[A,B]h½) Varp,<I>(B) -

2::.:tl,J:. IJ Theorem 2.3 -IJ{j_f-~:tl,t::. ;Id:: Theorem 2.1 J:. IJ 

M = ( Varj,q;(A) -Cov;i,,q;(B, A) ) ~ O. 
-Covp,'P(A, B) Varp,'P(B) 
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<I>(Mn(C)) Ii commutative "c'if:> 0 OY-c-

N _ ( Var;,<1>(A) Cov;,h(A, B) ) > O. 
- Cov;,<1>(B,A) Varp,<1>(B) -

< -( 2Var;,<1>(A) <I>(h½[A,B]h½)) 
O _ M +N - _ih(h½[A,B]h½) h ( ) . 

'±' 2Varp,il> B 

□ 

3 UR for Tracial positive Linear Maps 

f, g ~ p E Mn,sa(C) 0) A~ -:7 1- Jv l: C';E~ ~ :ht:: real valued functions t 9 0. .::. 0) t 
~ f, g ii1JZ 0) ~{ff: ~ tlM/ t:: 9 c:'. ~ monotone pair C' if> 0 c:'. \,' "J . {f: !&: 0) x, y E D /: Xt l, --C 
(f(x) - f(y))(g(x) - g(y));:::,: 0. ([2, 7]) 

Definition 3.1 A, B E Mn(C), p E Mn,sa(C) /:xt G--C, {'}ZO) J:: -5 /:JE~9 0. 

If,'£(A) = <I>(f(p)g(p)A*A) - <I>(f(p)A*g(p)A), 

Corrt:t(A, B) = <I>(f(p)g(p)A* B) - <I>(f(p)A*g(p)B). 

Theorem 3.1 A E Mn(C) /:xt G--C If,'£(A) + lf,'£(A*) ;:::,: 0. /f','f /:, A E Mn,sa(C) /:xt L, 

--C ti lf,'£(A) ;:::,: 0. 

n 

Proof. Let p = L >..iEi ~ p 0) 7--~ -:7 1- Jv:fr)W t 9 0. .::. 0) t ~ 
i=l 

f(p)g(p)A2 

L J(>..i)g(>..i)EiA2 = L J(>..i)g(>..i)EiAEjA 
i,j 

i<j i>j 

i<j i<j 

<I>(f(p)g(p)A2 ) = <I>(L J(>..i)g(>..i)EiA2 ) 

<I>(L J(>..i)g(>..i)EiAEiA) + <I>(L J(>..i)g(>..i)EiAEjA + L J(>..j)g(>..j)EjAEiA) 
i<j i<j 
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i<j 

i<j 

<I>(f(p)Ag(p)A). □ 

Definition 3.2 A, B E Mn(C), p E Mn,sa(C) t:::J,t G --C.?'XOJ J: :> t:::;:E'.~9 Q. 

Corr'f,9 (A B) = ~{Corr1·9 (A B)+Corr1•9 (B* A*)} l 1•9 (A) = ~{J1•9 (A)+J1•9 (A*)}. 
p,ifJ ' 2 p,ifJ ' p,ifJ ' ' p,ifJ 2 p,ifJ p,ifJ 

Theorem 3.2 A, BE Mn,sa(C) t:::J,t G--C.?'Xii~ tJ }'z:--:J. 

( 1t:£(A) Corr;,i(A, B) ) _ ( 1t:£(A) Re{Corr;;t(A, B)} ) > O 
Corr;,i(B,A) 1t:£(B) - Re{Corr;;t(B,A)} 1t:£(B) - . 

Proof. W: M2n(C) -t M2m(<C) 7cr?'XOJ J: "? t:::;:E'.~9 Q. 

w( ( ~ ~ } = ( ½(<I>(A): <I>(D)) ~ ) · 

,:_ 0) t ! W ti tracial positive linear map -C- ab Q . A E Mn ( C), p E Mn,sa ( C) I:: :ti" G --C. 

( 1. i) , ( ~ : ) E M2n,sa(C). 

( <I>(f(p)g(p)A* A); <I>(f(p)g(p)AA*) ~ ) 

2 '11( ( f(pi(p) f(p~g(p) ) ( 1. : ) ( 1. : } 
> 2'11( ( f~) f~p) ) ( 1. : ) ( g~) g~) ) ( 1. : ) ) 

( <I>(f(p)A*g(p)A); <I>(f(p)Ag(p)A*) ~ ) . 

11> x. r:::?'X 1crf~Q. 

<I>(f(p)g(p)A*A) + <I>(f(p)g(p)AA*) ~ <I>(f(p)A*g(p)A) + <I>(f(p)Ag(p)A*). 

I 1'9 (A) + I 1'9 (A*) > 0. p,ifJ p,ifJ -

□ 
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Corollary 3.1 <P(Mn(C)) iJ;-ey~ O)t_ ~. A,B E Mn,sa(C) t::x,tL,-O~iJ;JJtl).t[-:). 

IRe{Corr!;l(A, B)}l 2 :::; 1:::(A)It::(B). 

Theorem 3.3 A E Mn(C) t::x,f VC, 1~iJ;µx; I) .t[-:). 

1 
2{<P(f(p)A*g(p)A) + <P(f(p)Ag(p)A*)} > <P(f(p)lf2g(p)lf2 A* f(p)lf2g(p)lf2 A) 

> <P(f (p )A* g(p) )<P(f (p )g(p) )-1<P(f (p )Ag(p) ). 

L,t=.iJL:;-C AEMn,sa(q f::xtL,-c, {~iJ{JJtl).t[-:). 

1f,9 (A) < Iffg,ffg(A) < Varf9 (A). 
p,iI> - p,iI> - p,iI> 

Proof. p = '£7=1 >.iEi ~ p 0) 7-J"- -7 r Jv)j-~ t 9 o. t=. ti L, >.i : i = 1, 2, · · ·, n Ii 
real numbers, Ei,: i = 1, 2, · · ·, n Ii ortogonal projections -C- '£7=1 Ei = I ~ mt=. 9. 
J(>.i), g(>.j) ~~;ti,.:f;ti,Ji, gj tamil:!90. :::.O)t~1~nrJJt1J.tz:-:). 

( <P(f(p)g(p)A2) W ) 
W <P(f(p)g(p)B2) 

t=. ti L, W = <P(f (p)g(p)AB) + <P(f(p)g(p)BA), 

( '£7=1 figi<P(EiA2) '£7=1 figi<P(EiAB) ) 
'£7=1 figi<P(EiBA) '£7=1 figi<P(EiB 2 ) 

+ ( '£7=1 figi<P(EiA2) '£7=1 figi<P(EiAB) ) 
'£7=1 figi<P(EiAB) '£7=1 figi<P(EiB2) 

( '£7=1 fig;<P(EiA('£J= 1 Ei)A) '£7=1 figi<P(E;A('£J= 1 Ei)B) ) 
'£7=1 fig;<P(E;B('£J= 1 Ei)A) '£7=1 f;g;<P(EiB('£J= 1 Ei)B) 

+ ( '£7=1 figi<P(EiA('£7=l E;)A) '£7=1 f;gi<P(EiB('£7=l Ei)A) ) 
'£7=1 figi<P(EiA('£J= 1 Ei)B) '£7=1 figi<P(EiB('£J= 1 Ei)B) 

n 

CL Ej = I J:: I) ) 
j=l 

2 ( '£~=1 figi<P(EiAEiA) '£~=1 figi<P(EiBE;A) ) 
Li=l figi<P(EiAE;B) Li=l figi<P(E;BEiB) 

+ ( 2 Li<i figi<P(EiAEiA) '£7=1 (figi + figi)<P(EiAEiB) ) 
Li<j fjgj<P(EjBE;A) 2 Li<j f;g;<P(E;BEjB) 

+ ( 2 Li<j figj<P(EjAEiA) Li<j(figi + fjgj)<P(EiBEjA) ) 
Li<j figi<P(EiAEjB) 2 Li<j figj<P(EjBEiB) 
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2 ( I:[=i f;g;<I>(E;AE;A) L~<i f;g;<I>(E;BE;A) ) 
Li=l f;g;<I>(E;AE;B) Li=l f;g;<I>(E;BE;B) 

+ ( 2 Li<j O;/I>(E;AEjA) Li<j O;jD..ij ) 
Li<j O;jD..ij 2 Li<j O;/I>(E;BEjB) 

( <I> t;J: tracial J: IJ ) , 

td!. L, O;i = f;g; + figi, D..;i = <I>(E;AEiB) + <I>(EiAE;B) 

2 ( I:;1 f;g;<I>(E;AE;A) I:[=i f;g;<I>(E;BE;A) ) 
Li=l f;g;<I>(E;AE;B) Li=l f;g;<I>(E;BE;B) 

+" ( O;j O ) ( 2<I>(E;AEiA) D..;i ) 
L O o- 6..-. 2<I>(EBE-B) i<j tJ tJ i J 

> 2 ( I:[=t f;g;<I>(E;AE;A) I:[=t f;g;<I>(E;BE;A) ) 
Li=l f;g;<I>(E;AE;B) Li=l f;g;<I>(E;BE;B) 

l., t~ iJ{--:J l. 

+ L ( ~ij O ) ( 2<I>(E;AEjA) D,.ij ) 
. . 0 lii D..;j 2<I>(E;BEiB) 
i<J 

(f, g t;J: monotone pair J: I'.) ) , 

t~ ti l., fo = f;gj + fig; 

( L~=l I:7=1 f;gj<I>(E;AEjA) L~=l I:7=1 f;gj<I>(E;BEjA) ) 
L~=l I:7=1 f;gj<I>(E;AEjB) L~=l I:7=1 f;gj<I>(E;BEjB) 

+ ( I::1 I:7=1 f;gj<I>(E;AEjA) L~=l I:7=1 f;gj<I>(E;AEjB) ) 
L~=l I:7=1 f;gj<I>(E;BEjA) L~=l I:7=1 f;gj<I>(E;BEjB) 

( 
2<I>(f(p)g(p)A) V ) 

V 2<I>(f(p)Bg(p)A) ' 

t~ti. l., V = <I>(f(p)Ag(p)B) + <I>(f(p)Bg(p)A). 

( <I>(f(p)g(p)A2 ) ½W ) > ( <I>(f(p)Ag(p)A) ½V ) 
½W <I>(f(p)g(p)B2 ) - ½V <I>(f(p)Bg(p)B) ' 

l'p ;z t: {'~ ~ f!§LQ • 

( 
1f,g(A) Re{Corrf,g(A B)}) p,<P p,<P ' > 0. 

Re{Corrf,g(A B)} Jf•g(B) -p,<P ' p,<P 

Corollary 3.2 p E Mn,+((C), A E Mn,sa(C) f:xt l,-C., i'~iJ{p_x; I'.) fi."'J. 

1;,<P(A) :S 1;:;(A) :S Varµ,<P(A). 

□ 
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