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1 Introduction

The AdS/CFT correspondence [2, 3] relates a theory of gravity in AdS space to a conformal
field theory on the boundary. One consequence of the correspondence is that bulk quantum
fields can be expressed as CFT operators. In the large N limit the bulk fields are free and
can be written as smeared CF'T operators. The explicit construction, called the HKLL
(Hamilton, Kabat, Lifschytz, and Lowe) bulk reconstruction, was accomplished in a series
of papers [4-6]. In the simplest case a massive free scalar field operator ®(Y) is considered
in AdS4+1. The HKLL bulk reconstruction represents it in terms of the boundary CFT
primary of weight A, O(z), as

oY) = dz K(Y,z)O(x), (1.1)

Xy
where K(Y,x) is a smearing function, and the integration at the boundary should be
performed in a region Yy space-like separated from the bulk point Y. We refer to [7-9] for
recent reviews. See also [10] for an alternative derivation based on Gel’fand-Graev-Radon
transforms. Later the reconstruction has been extended to higher spins as well [6, 11-15].
After having constructed the free case the next step is to study bulk interactions [16]. An



elegant way to introduce interactions as well as to reproduce the bulk reconstruction for
free fields is the method based on space-like Green’s functions [5, 17].

In the original papers it was not explicitly stated that (1.1) holds only for A > d — 1,
due to the convergence for the integral. This restriction is not essential for applications of
the AdS/CFT correspondence in the case of supersymmetric gauge theories, in particular
in the prime example of the N' = 4 SUSY U(N) gauge theory in d = 4 dimensions, since the
conformal dimensions of physically relevant operators are typically (much) larger than this
lower bound A > d — 1. See however [18] for some explicit examples for small A primaries
in the AdS/CFT context. More importantly there exists an other family of models often
used in the AdS/CFT context, namely O(N) vector models and their holographic duals,
higher spin theories in the bulk [19, 20]. In the most interesting d = 3 case, the simplest
singlet operator has A =1 (d—2). Furthermore, its square, an operator which can be used
as a relevant deformation, has A =2 (d — 1). The HKLL formula (1.1) can not be used to
relate these singlet scalar operators in the free O(N) vector model to bulk operators.

It turned out [6] that for the special case A = d — 1 the smearing function in Poincare
coordinates is supported on the intersection of the light-cone of the bulk point and the
boundary. In [21] the range of allowed A values was extended down to A > d/2 by analytic
continuation. While the bulk-boundary relation remains linear, the smearing kernel in (1.1)
is replaced by a suitable distribution.

In [1] we found, in some special cases mainly concentrating on the (simpler) case of
even AdS spaces, a generalized HKLL formula for A values below the original lower bound
d — 1 by a direct derivation, without using analytic continuation. When we explicitly
evaluated the results of [21], we found that they precisely agree with the results of the
direct calculation in the range where they overlap. We also discussed the interesting special
cases A = d — s, where s is a positive integer only limited by the requirement that the
conformal weight satisfies the unitarity bound A > (d — 2)/2 (equality holds for the free
scalar theory). In these integer A cases the bulk operator ®(Y) is expressed in terms of
CFT operators living on 29 (boundary points light-like separated from Y).

In this paper we carefully re-analyse the HKLL bulk reconstruction, both for the case
of even and odd AdS spaces (odd and even boundary manifolds), paying special attention
to the range of conformal dimensions where the construction is valid (not emphasized in
the original HKLL papers).

After a setup for the HKLL bulk reconstruction in section 2, we consider the case of
even and odd AdS;4+1 (odd and even d) in sections 3 and 4, respectively and first recall the
very well-known HKLL bulk reconstruction [4, 5] for a massive free scalar boson field with
conformal weight A > d — 1 in each section. The purpose of this review is to introduce our
notations and conventions, which will be needed later in the paper when we extend the
validity of the construction to smaller values of A. We then recall some pertinent results
from [1] in both sections 3 and 4 before discussing explicit reconstruction formulas for the
regionsd—1> A >d—2and d—2 > A > d—3. Some detailed calculations and necessary
properties are summarized in several appendices. In addition, in appendices G and H, we
discuss the use of space-like Green’s functions in the bulk reconstruction. We demonstrate
that this alternative method correctly reproduces the same results but in the extended



range also the singular part of the Green’s function, omitted in the original paper [5], has
to be included.

2 Setup for the HKLL bulk reconstruction in AdSg,

The HKLL bulk reconstruction [4, 5] starts with a free scalar operator ®(¢,p,n) on the
d 4+ 1 dimensional global AdS spacetime, whose metric is given by

ds? = R%dp® — R? cosh? p dt® + R?sinh? p dn'dn’, (2.1)

where R is the AdS radius and Y = (¢,p,n') with n-n =1 (or Y = (t,p,Q)) are the
standard global coordinates of AdSg;1.
The value of ® at the middle of the AdS, Y, = (0,0, n), is expressed as (see appendix A)

®(Y,) = D(1) + Di(1), D(z) = i dp2",  Dy(z) = i di 2m, (2.2)
n=0 n=0

where d,, and d;rl are (rescaled) annihilation and creation operators, and A is related to
the mass of the free scalar m as m?R? = A(A — d). On the other hand, using the BDHM
relation

O(z) = lim (sinh p)2®(Z, p, 71), (2.3)

p—00

where O(z) is a CFT operator with conformal dimension A at the AdS boundary = = (¢, 7)
with 7 - 7 = 1, we have

c(f) = / AQO(L, Q) = e A B(—e %) 4 A By (—2ih), (2.4)
B(z) := i bp2", Bi(z) :== i bl 2", (2.5)
n=0 n=0

and by, bl are related to d,,,d], as

A P+
R )

P,(1+ )

d,, bl :=0Q
C T N PL(d)2)

di, (2.6)
where a := A —d/2, P,(z) :=I'(2 4+ n)/I'(z) is the Pochhammer symbol, and Q4 = 2n/%
is the volume of the d dimensional unit sphere.

The HKLL bulk reconstruction goes as follows. First a relation between ®(Y,) and
O(x) is derived, then ®(Y) is obtained using the AdS isometry g and associated unitary
operator U(g) as ®(Y) = UT(g)®(Y,)U(g), where Y = g~'Y, is a generic point in the AdS
space.

3 Bulk reconstruction for odd d

We first consider the bulk reconstruction for the odd d case.



3.1 Results of the original HKLL bulk reconstruction
In papers by HKLL [4, 5], a relation between ®(Y,) and O(x) has been derived for odd d
(see also appendix B)

o(Y,) = g/m ko(D)O(r/2 — DO + 7/2)0(x), (3.1)

where
1 T —d/2)I'(1+ «)
Ty T(v+1) ’

ko(u) := (2cosu)”, v:i=A—d, (3.2)

The convergence of the £ integral near ¢ = #+7/2 implies v > —1. Thus the condition
A > d — 1 is (implicitly) assumed for the original HKLL bulk reconstruction.
A relation at a generic point Y = (¢, p,n) was given as

DY) = ¢ / D I(Y, 2)T(Y, 2)0(x), (3.3)
where
I(Y, ) = 2[cosh(p) cos(t — £) — (sinh p)n‘i’] T(Y,z)=06(Ty —1)O(t - T1), (3.4)
where Th =t —w, Ty =t + w with w = arccos|(tanh p)n - 7] and 0 < w < 7. Note that
pl}r_l}lo I (Y, x) = ko(1), pgrgoT(Y, z) =0(r/2 —1)O(t + 7/2). (3.5)
3.2 Results of ref. [1] for smaller A

In our previous paper [1] we have derived (see appendix C)

_ " . T (R\C(F
DY) = 55 (Cn/2) + C=/D)] + ¢ /(SHb) af ko(DC (), (3.6)
where
(1 —-d/2)T(1+ «)
o T2(1+4v/2) (3.7)
and the subtracted integral is defined by
e . - T2 -
ELONGE omdtm 5@~ /2] + [ K@ [0 - /2], 69)

which converges for v > —2 thanks to subtractions. Thus (3.6) is valid for A > d — 2 and
it reduces to (3.1) for A > d — 1.
For A = d — s with an integer s, simple relations without integral have been given [1]:

[Ty { 2 + (2k — 12 i
k l{ge:l(d—Qk) }C+(t)|t:o’ g D (3.9)

20,
for A =d— (20+ 1), where Cy(t) =C(t + ) +C(t — 5), and
[Thoo { 27 +4k2}

b (d — 2k)
for A=d—2(¢+1), where C_(0) =C(t+ %) —C(t — F).

(I)(}/;)) = fo

(b(YO) = 50

0
&C‘ ®)],—o (3.10)



In the previous paper we have not derived a formula for ®(Y) at a generic point Y for
the whole extended range. Results at the special points A = d — 1 and d — 2 only were
given, which are as follows.

YY) = go/dfz 73(11/95) [O(11,9) + 01, )] (3.11)

for A =d— 1, where R(Y,z) = \/cosh2 p — (n-n)2sinh? p, and

Y) :50/732%% 0T, Q) = O(T1,9) — cot w{O(T,2) + O(T1, D)} (3.12)

for A = d — 2, where £, := 2(_1)T and O(x) := 9;0(t, 7).

3.3 Bulk reconstruction for the extended range A > d — 3 for odd d

In this subsection we derive a bulk reconstruction formula for a generic bulk point for
d—1>A>d-3.

3.3.1 Formula at a generic point by partial integration

Since it is not easy to transform (3.6) to a generic bulk point by the AdS isometry, we take
a different strategy and we start from (3.3), which is first rewritten by partial integration as

oY) :nO(QCoshp)”/dQ {— / A 61 (DOt +1,9)
K (v, w) [O(TI, +O(T, Q) } (3.13)
where 7, :=T'(v+1)§ = F(;}‘iﬂ)r(l + a),
- /Oudmso(v), do(u) == (cosu — cosw)”, K1(v,w) = F?;(f)l). (3.14)

Since ¢1(u) ~ (w — |u|)?*! at u ~ +w, the # integral is convergent for v > —2.
Performing a second integration by parts, (3.13) becomes

®(Y) = 1o(2 cosh p)” /dQ{ +1/ dt g2 (H)O(t +1,9)
+ Ks(v,w) [O(T1,9) = O(T, Q)| + Ki(v,0) [O(T1,9) + O(T5, )|}, (3.15)

where

P2(w)

o (1) = /0" dvfu = 0)oo(r), G4(w) = dr(u),  Ko(nw) = ot s (3.16)

The ¢ integral in this expression is convergent for v > —3.



Although we do not need to go further for later analysis, we can repeat the procedure
to obtain

1k e i
B(Y) = 770(2coshp)”/dfl{riyi)1) /_w A o (HOP (¢ +7.0)

k
+ ; P?y‘f(j:)l) 0UD(Ty,0) + (-1)! 10 D(1,, )| } (3.17)

for an arbitrary positive integer k, where

1
(- 1)

o(u) = /0 Cdo (=)o), 00w, 0) = L 0(u, ). (3.18)

The  integral is convergent for v > —(k + 1).

3.3.2 Analytic continuation of K;(v,w)

While the # integral in (3.13) is convergent for v > —2, we must show that Kj(v,w) is
convergent for v > —2. Using a limiting case of (3.663-1) in the table of integrals by
Gradshteyn and Ryzhik, Kj(v,w) can be evaluated for v > —1 as

2v+1
w 1 11 3 w

K = /m2¥ | sin — ——— | =, =; Zisin? = ). 3.19
1(w) = (sz) T(v+3/2)° 1(2’2’”+2’Sm 2) (3.19)
Since the Gamma function in the denominator of (3.19) regularizes the hypergeometric
function, (3.19) can be analytically continued to all v. The integral part is convergent for
v > —2 and therefore (3.13) provides the analytic extension of the bulk reconstruction to
the range v > —2.

3.3.3 Analytic continuation of Ka(v,w)

Since the t integral in (3.15) is convergent for v > —3 and we have already seen that
K (v,w) is analytic for all v, we now concentrate on the integral

Ky(v,w) = wKi(v,w) — Ji1(v,w), (3.20)

where

1 w
Ji(v,w) = ] /0 duu(cosu — cosw)”, (3.21)

Fv+1
which, unfortunately, can not be found in integral tables.

In the absence of an explicit formula for (3.21) we have derived (see appendix F) a
recursion relation for J;(v,w), which can also be used for analytic continuation:

(1 — cosw)v*2 }
I'(v+3) '

(3.22)

The integrals related to the right hand side of (3.22) are convergent for ¥ > —2 and so

Jl(%w)* :

T {(V+2)2 Ji(v+2,w)+ 2v+3)cosw Ji(v+ 1,w) +

this relation can be used to extend the left hand side to v > —2 too. After this extension
the right hand side will be defined to v > —3 and it defines the left hand side also to



v > —3. In this way we can extend, step by step, Ji(v,w) for all v. Therefore, (3.20)
implies that K(v,w) is analytic for all v. Since the £ integral is convergent for v > —3,
and K 2(v,w) are analytic for all v, ®(Y') in (3.15) provides the analytic extension of the
bulk reconstruction to the range v > —3 (A > d — 3), as promised.

3.3.4 Comparisons with previous results

Since the starting formula in (3.3) is valid only for v > —1, results (3.13) for v > —2
and (3.15) for v > —3 are not regarded as direct derivations but should be considered as
analytic continuations to v > —2 and v > —3. Therefore, it is useful to compare (3.13)
and (3.15) for special cases with previous results obtained without using analytic continu-
ation.

For this purpose, using the hypergeometric identities 9 i (a, b; ¢; z) = (1—2) % F(a, c—
b;c;z/(z — 1)), we rewrite (3.19) as

(sin2)* ™ 1 1 3 w
K = /m2V—2 F ( Lv+o;—t 2) 3.23
v w) = /m cos ¥ T(v+3/2)%" 2’V+ g Aty ) (3.23)
which gives
Cosw
Ki(—1 = Ki(-2 = — . 3.24
1( 7(")) sinw’ 1( ,(,U) sin3 w0 ( )
To start the recursion of Ji(v,w) for a negative integer v, we calculate
w2 w w2
J1(0,w) = -5 J1(1,w) = / duu(cosu — cosw) = ——5 cosw +cosw +wsinw — 1,
0
(3.25)
which, through the recursion (3.22), lead to
w 1 W COS W
Ji(—1 = Ji(=2 = — . 3.26
1(=1w) sinw’ 1(=2w) sinw  sindw (3.26)
Thus, (3.20) leads to
1
Ko(—1 =0, Ksy(—2 = — . 3.27
2( 7w) ) 2( Jw) SiIl2 w ( )
Using these, (3.13) for v = —1 and (3.15) for v = —2 reduce to
B(Y)=¢ / a0 [0(11.2) + 0(13,0)| (3.28)
- &o R(Y7 x) 1 2 b .

®(Y) = 50/732?3%{[0@2’9) = O(T1,9)] - cotw[O(Th, Q) + O(T1, )]}, (3.29)

which reproduce our previous results from the direct evaluation, (3.11) and (3.12).
By applying a (backward) partial integration to the integral in (3.13), we obtain

1

(V) :”0(2C05hp)u/d9{p(yl+1)/ow du ¢(w)[O(t + u, Q) — O(Ty, Q)] + Nor)

X /_0 du qb(u)[O(t + u, Q) — O(Tl, Q)] + Kl(l/,w)[O(Tg, Q) + O(Tl, Q)]} (330)



For the middle point Y, this reduces to (3.6), which was obtained by direct calculation for
A>d-—2.

The above results show that the analytic continuation and the direct calculation with-
out analytic continuation lead to the same formula (at least in these special cases) for the
extended range of A.

4 Bulk reconstruction for even d

We now consider a more difficult task, the extension of the bulk reconstruction for even d
to smaller A.

4.1 Results of the original HKLL bulk reconstruction
For the even d case, the result at the middle point has been obtained by HKLL [4, 5]:

B B d/2+1
8(v,) =€ [ Do T ) (Yo IV )}0@). €= (<1) [ @)
Using transformation properties under the AdS isometry g
Ut(g)@(Y,)U(g) = @(97'Ys), U'(9)O(x)U(g) = H*(g~",2)0(g"'w),  (4.2)
® at a generic bulk point Y = ¢~'Y, becomes
(1Y) = € [ DyT(Vou )" (Vo ) Wl (Yo, )| HA (5™ )05~ 9)
= & [ Do (g Yo ) (g You ) T (g Yor ) H{g, )] O(0)
= LY + £8(g), (4.3)
where
PHKLL(yy — ¢ / Dz T(Y,z)I"(Y,z) In[I(Y,2)]O(x), (4.4)
b(9) = [ DaT(g™ Vo)1 (g You) Il H (g, ) O(a) (45)
In the above derivation we used results in appendix D ((D.7), (D.9), (D.14)) in the form
I(Yo,9)H(g " y) = 197 Yo, 07 1y), T(Yo,y) =T(g" ' Yo, 97 '), (4.6)
and
|

D(gx)H%(g™', gv) =Dz, H(g,x)= (4.7)

H(g!, gx)
It has been claimed in the HKLL papers [4, 5] that the bulk field at a generic point is

given by ®HKLL (V) which is true if
d(g)=0 (4.8)

for all group elements g. Note that from the derivation it follows that @(g) only depends
on Y = ¢g~'Y,. Although this was already discussed in appendix B of [5], an elementary
proof of (4.8) is presented in appendix E for the sake of completeness.



4.2 Previous results for integer A =d — s

In [1] we have derived results at the middle point for A = d — s with a positive integer s,
which are summarized as

2
by = CUP I lim e 12} o (4.9)
7 1y 20 (d—2k) oAT ’ :
t=0,A=d—(20+1)
2
B(Y,) = (—1)4/2 H£:1 {% + 4k:2} 90 ® (4.10)
7w RS Nd-2k) OLOATT :
= t=0,A=d—2(¢+1)
4.3 New results for smaller A
4.3.1 Bulk reconstruction at the middle point
For even d, the bulk reconstruction at the middle point Y, is given by
d(Y,) =€ . di k1 (D)C(E) + €4 (v)[C(n/2) + C(—7/2)]. (4.11)
su
where
/2 r 1
Fi(u) = (2cosw)” In(2cosu),  g(v) = /0 du (2 cos ) = gm(:/;)l) (4.12)
Details of the derivation are presented in appendix C.
The derivative of the identity (C.30) with respect to v gives
[ aim@ed+ [ diko@esd
(sub) (sub)
+9' (W)[C(7/2) + C(=m/2)] + g(V)[Ca(7/2) + Ca(—7/2)] = 0, (4.13)
which leads to an alternative form of the bulk reconstruction as
B(Y,) = & b dEko(H)Ca(T) = Eg(v)[Ca(m/2) +Ca(—/2)], (4.14)
where we define 5
t) = —C(t 4.1
Calt) i= 7 <C(t) (415)

4.3.2 Analytic continuation

As in the odd d case, analytic continuation is employed to obtain the bulk reconstruction
at a generic point Y also for even d. We start with the formula ®(Y) = @KL (Y) in (4.4)
rewritten as

d(Y) =7(2 coshp)”/d(z H(t,w,Q), = (—i)dml I'(l+a), (4.16)
where . "
Htw.9) = 5 /W df g(E, )0 + 1, 9), (4.17)



with g(u,w) := (cosu — cosw)” In(cosu — cosw). A partial integration gives

1 w oo . ~
Htw.0) = ~fo g /w A gy (£,w)OE +£.0) + Pu(v.w) [O(T1.9) + O(T2,9)]
(4.18)
gl(UJ,OJ)
Tv+1)
The ¢ integral in (4.18) is convergent for v > —2. Although the integral defining

g1 (u,w) == /Ou dvg(v,w), Pi(r,w):= (4.19)

Py (v,w) is convergent only for v > —1, it can be analytically continued using the recursion

relation
1
P(r,w) = — {(21/ +3)coswPi (v + 1,w) + (v +2)* P (v + 2,w)
sin® w
K
—|—2cosz1(u+1,w)+(1/+2)K1(u+2,w)}—l(rlw), (4.20)
v

which is derived in appendix F. The right hand side of the recursion relation is defined for

v > —2 except a pole at v = —1, whose residue is given by
1
— Ky(—1 =— . 4.21
(Lw) =~ (421)

The recursion relation allows to extend P;(v,w) step by step to all v but there will be poles
for all negative integer values of v.

4.3.3 Comparison at the middle point for A =d — 1

While the presence of poles at negative integer v prevents us from extending ®(Y) to
v = —1 by analytic continuation, we can proceed for the special case Y =Y, (the middle
point) starting from
B(Y,) = 2" {_P(V1+1) _2 df g1 (E, g) ¢+ P <y, ;r) {c (g) +C (—gﬂ } .
(4.22)
We then explicitly evaluate the integral (convergent for v > —1)

51 (53) = 5o 00 = g pra P (24 0l 1)~ b2+ 1, (423)

2°2)  ov T HIT2(y)2 + 1)
giving
P <u ”) S_— ! (24w +1) —p(r/2+1)} (4.24)
"2 T 2 (/24 1) ' '
Since the digamma function in (4.24) has a pole at ¥ = —1 we see that
us 1
P - =- 1). 4.2
L (13) = =g +O) (4.25)

On the other hand, since C(f) in (2.4) is anti-periodic in # with a period 7 for an odd integer
A, we have

C<t+g> +C<t—g) = (w+1) {CA <t+g> +Ca <t—g>} +0((w+1)?)  (426)

~10 -



near A = d + 1 for even d. Thus we conclude that ®(Y}) is finite in the v — —1 limit as

B(Y,) = (—ﬂgzﬂ [CA (g) N (—gﬂ , (4.27)

which reproduce the previous result in (4.9) for £ = 0, obtained by a different method

without analytic continuation.

4.3.4 An alternative expression at a generic point

We can avoid difficulties arising from poles of Pj(v,w) by considering an alternative ex-
pression of ®.
We start from the fact that for even d and v > —1 (see (B.14))

/ Da 1" (Yo, 2)T (Yo, 2)O(z) = 0, (4.28)
which can be transformed to a generic point by the isometry transformation as
/ D I'(Y, 2)T(Y, 2)O(x) = 0. (4.29)

By taking its derivative with respect to v and comparing to (4.4), we arrive at an alternative
expression (valid for v > —1):

0

o(Y) = ~€ [ Do I"(V.a)T(Y.)0a (@), Oale) = 5

2 0(x). (4.30)

Applying the partial integration to this alternative expression, H in (4.16) becomes

H(t,w,Q) = r(y1+1) /_w A 61(D)0a (T +1,2) — K (v.0) [0a(T1,9) + O (T2, Q)]
(4.31)
Since the ¢ integral is convergent for v > —2 and K (v,w) is analytic for all v, ®(Y) can
be analytically continued to v > —2 as

DY) = ii(2 cos p)” / AQ H(t,w, Q) (4.32)

with H(t,w,Q) in (4.31). In particular for v = —1, we have

1)4/2

DY) = de R oA(Tl,QHoA(TQ,Q)}. (4.33)

For Y, this agrees with (4.27), and thus with (4.9) for £ = 0.
For Y,, but for generic v > —2 (4.32) reduces to

e(Y,) = —2"¢ dt (cos(#))"Ca(f) — 27K (v, m/2) [Ca(m/2) + Ca(—m/2)]

(sub)

=-¢ o) dfko(D)Ca(T) — Eg(v) [Ca(m/2) + Cal—n/2)], (4.34)

reproducing (4.14), which has been obtained without analytic continuation.
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A Fock space representation of the bulk and boundary fields

The construction of a massive bulk scalar field and the corresponding boundary field with
conformal weight A > d/2 — 1 was reviewed in [1]. Here we recall some formulas which
will be used in this paper.

A free bulk scalar field ® in terms of canonical creation and annihilation operators
Anem and Ay, is represented as

(A1)

(t,p, ) =)

ném

{unf )nm(Q)Aném eiwnét + unﬂ(p)}/ém( )A

nﬁm

where N is a normalization constant related to the free Lagrangian, R is the AdS radius,
Une = A+ £+ 2n is the eigenfrequency, une(p) is the radial wave function, and Yy, (§2) are
hyper-spherical harmonics for the d — 1 dimensional sphere parametrized alternatively by
the angular variables € or by the d dimensional unit vector n’. Note that for simplicity we
are using real hyper-spherical harmonics.
The field at the middle point, (2.2), can be expressed with the rescaled Fock space
operator,
;\/’R (_1)nPn(d'/2)Nn0 1
Uno n! VQq
The explicit value of the normalization constant N, is not needed in our calculation.
The BDHM relation [22] gives the boundary field O(Z, Q) of conformal weight A as

dy =

Anoo- (A.2)

-~ iV s P14+ « ~
O(t,Q) = plglgo (sinh p)2 d(t,p, Q Z > Z{ net (m)_/\/’neYém(Q)Anzm
ném n ’
P .
_|_ezun£t wannm(Q)Anfm} (A3)

The integrated boundary field (2.4) is given in terms of b,, Fock space operators
rescaled differently from d,:

_ [NR, ,Pul+a) o, Pr1+a)
by = o (=" o NooV Q4 Anoo = de- (A.4)
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B Reconstruction of the bulk field at the middle point

The relation (A.4) leads to the basic formula for bulk reconstruction:

D(w) = — deB(z)ZW<w)n— L Y B m(1,d/2:1 + asw)z)

2miQq J 2 = P(l+a) \z C2miQq S 2
= e R, d2: 1 4 as1)2) (B.1)
= QTFiQd > 241\, ) ) ) .

which is valid for an arbitrary physical A (except at 1 + a = 0). Starting with (B.1),
calculations go differently for odd and even d (even and odd AdS).

B.1 0Oddd

For odd d we can evaluate the integral (B.1) using the hypergeometric function identity
(valid for odd d)

d 1 200z d F1—Hr1+a) / 1\~
Bl oil4a- )= B1L1—o52— 2 —= 1—2)"
2 1<727 +a’2) 2_d2 1<7 Q 272>+ F(l/"‘l) ( > ( Z)?
(B.2)

where the first term is regular except for a cut starting at z = 1. Around the branch point

z = 1, its behavior is

regular + const. (1 — 2)". (B.3)

When calculating the integral of this first term in (B.1), we can shrink our contour so that
it becomes a very small circle around the branch point z = 1, and then, its contribution
vanishes for v > —1 (i.e. A > d — 1), because the value of the integral gets smaller and
smaller as our integral contour gets smaller and smaller.

The second term has a cut starting already at z = 0. The contour can be shrunken so
that it becomes just the unit circle, since the singularity around the second branch point

z = 1 is an integrable one for v > —1. After a change of integration variable z = —e ™2/
the integral along the unit circle becomes
1 T(1—d/2)L(1+a) /ﬂ/2 “oiu\ —iA
D = duB (— ) e (2 v, B.4
(w) = NOESY L (—we=2m) e~"A"(2cos u) (B.4)
Thus we obtain
/2 A .
D(1) =¢ / duc B (e [2 cos(u)]”, (B.5)
—7/2
where ¢ is given by (3.2). If we repeat the whole calculation for Dy, we have
/2 4 .
Di(1) =¢ / du e By (—e*™) [2cos(u))”. (B.6)
—7/2

We can simply add the two contributions to arrive at (3.1).
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B.2 Evend

For even d our strategy is to make the calculation for generic, non-integer dimension d and
take the limit d — even integer at the end of the calculation. The logic follows closely the
HKLL paper [5].

We will use again the hypergeometric identity (B.2), which is valid for d # even integer.
The first term on the right hand side satisfies the identity

o FY (1,1—&;2—3;2)2
Lot p (1,1 —a;1— ;1 )+r(2_g) P 4 o
|y 2471\, a3 3 < F(l—a)

Here we have to require that v # integer, but this restriction can be lifted soon. We will

(1-2)".

again establish a relation between D and B (and between D; and Bj).

The starting point is again (B.1). Using the identity (B.2) we notice again that the
first term has no singularity inside the unit circle and has a cut starting at 1 and therefore
for this term the integration contour can be shrunk to a small circle going around z = 1.
Using the second hypergeometric identity (B.7) we see that the integral along this small
contour of radius 7 is of the order O(r**1) and therefore for v > —1 it vanishes in the limit
r— 0.

Thus we are left with the second term in (B.2) and the relation (B.1) becomes

D(w) = 2T (1 - Z) %B(wz) <—i> O e m (B.8)
Similarly , . N
Di(w) = oT (1 - 2) < By (w2) <—z> (1—2). (B.9)

The above formulas are apparently divergent for even d because of the singular factor
['(1 — d/2) but we can observe that the integrals

—d./2 _
—B(wz) { —— (1-2)", —Bi(wz 1 e (1—2)" (B.10)
dz ( 1) o/ fiz (w3) ( ) o/

z z z

vanish for even d,. The reason is the same as above: in this case the integrand has no
singularity (or cut starting) at z = 0 and therefore the integration contour can again be
shrunk to a small circle around z = 1 and the integral vanishes for v > —1.

Using this observation we can proceed as follows. We write d = d, + ¢ and subtract
the vanishing integral from (B.8). Reducing the contour to the unit circle and using the
integration variable z = —e~2™_(B.8) can be written as

w/2

D(w) = kT'(1 — d/2)/ duB (—we*%“) e~ A (2 cos u)” (1 - eiw) (B.11)

—7/2

and a similar expression for Dj(w). Now the O(1/e) prefactors are compensated by the
fact that the integrals are O(e) and in the limit d — d, we get

2(—1)de/2 (/2 VRN |
P =@, 2 B (—we™™" ) e (2 cos u)" (— = A B.12
(w) T(d,/2) /_md“ ( we )6 (2cosu)™(—iu), v, d, (B.12)
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and

k(—1)de/2 pm/2 . .
D (w) = % /_W/Q duB (—wem”> €A (2 cos u) " (iu). (B.13)

Using integration along the unit circle, the vanishing first integral in (B.10) can be written
as the identity

/2 . .
0= / duB (—we*m“) e A (2 cos ). (B.14)
—7/2

Since this is true for all A for v, > —1, following HKLL [5], we take its derivative with
respect to A, which gives

/2 . .
0= / duB (—we_gw) e~ (2 cos u) " [In(2 cos u) — iul. (B.15)
—7/2

Using this identity and putting w = 1 we obtain from (B.12)

I(—1 do/2 /2 . .
_M / duB (—6_2“‘) e_“‘A(Q cosu)” In(2 cosu), (B.16)

PO == |

and similarly

_1\do/2 p7m/2 . .
Di(1) = _26(=1) / duBy (—62“‘) ™A (2 cos u) In(2 cos ). (B.17)

D(do/2)  J—r/2

Now the two terms can be simply added and we get the final result (4.1), where we dropped
the subscript o from the dimension d, which is from now on an even integer again.

C Bulk reconstruction for A > d — 2 (middle point)

In this appendix we give the details of the derivation of the bulk reconstruction formulas
for the middle point, both for the odd and even d cases, in the extended range A > d — 2.
To begin with, we rewrite (B.1) by adding and subtracting B(w) under the integral as

B(w) [dz d 1
D = —oFy(1,=:1 ;=
(’LU) 27TiQd f 2471 ( ; 2, + Q; Z)

z
1 dz d 1

C.1 Oddd

For odd d, using (C.1), the manipulations in section B.1 remain valid for the extended
range A > d —2 (v > —2) and we obtain

w ™/ ‘ .
D(w) = B(w) —1—5/ ’ dueﬂ“A[Q cos(u)]”{B(—wefmu) — B(w)}, (C.2)
Qq —7/2

where singularities near u = 7 of the integrand become integrable for v > —2 thanks to
the subtraction of B(w).
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We then separate the integrated boundary field C(t) into positive/negative frequency
parts C4(t)/C—(t), which are given by the two terms of (2.4). Using these definitions, we
have the identity

oI B2ty — e—z‘%&r(t —7/2) = ei%ar(t +7/2). (C.3)
Thus (C.2) leads to

D(1):Qie—"%” Ny  dul2eos(u){Cy (u) — /D¢, (—/2))

—T

¢ / uf2 cos(u)]{Cy (u) — e~ DAL, (x/2)), (C.4)

Next by adding and subtracting an integral proportional to k4 for the first integral and
k_ for the second integral, where

w/2 .
ki = §/ du(2 cos u)?[1 — eFiAW=T/2)] (C.5)
0

which are convergent for v > —2, we obtain

D) = {Qld te'2 Mk} e 20 (—/2)
vef OW/Q auf2cosu (€, ()~ Co(~n/2)} + € [ aul2eosul (€4 () — Ca(x/2)}
(C.6)
Analogously, repeating the calculation with D1 and C_, we have
A B (%) = o FC_(t — 1/2) = e P FC_(t + 7/2) (C.7)

and

1 — 1 AT TIAT
Dl(l) {Q +e 2 k++e QA ]ﬁ}e%C(—ﬂ'/2)

d

/2
—i—f/ u[2cosu]"{C_(u)—C (—77/2)}+£/ du[2cosu]”{C_(u)—C_(7/2)}.
0
(C.8)
These results can be further simplified by using the following two identities.

Clt—m/2) +Clt+7/2) = Cy(t —7/2) + C_(t — 7/2) + Co(t + 7/2) + C_(t + 7/2)

iAx (C.9)
C+(t—7r/2)+e e (t—7/2)},

w/2 B
/ du(2 cos u)? {cos 7% — cos Bu}
0

= QCosl{e

Bm
Cos 5~ 1

T+ A){rm +A/2) T+ 45851+ 458)

} (C.10)
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for A>—-2, B=A+d,d=3,5,7,---. Using the second identity we find

TAT 1A 7r/2 A 1 A
e%kur e Tk = 5/ du(ZCosu)Ad{Qcos7r - 2cosAu} = {ncosw - 1}.
0 2 Qq 2

(C.11)
Finally, adding D(1) and D;(1) we obtain the final result (3.6).

C.2 Evend

For the even d case by adding and subtracting a constant we rewrite the starting for-
mula (B.1) as

D(1) = ngi) + le,Qd f %Bo(z)(l )P (L2 4 as1/2) (C.12)

and similarly

B L e o - )R d/20 s 1)), (C.13)

Dy(1
1( ) Qd 27TiQd z

where we introduced the formally holomorphic fields B,(z), Bio(2) by
B(z) = B(z) — B(1) = (1 — 2)Bo(2), Bi(z) = Bi(z) — B1(1) = (1 — 2)B1o(2). (C.14)

We also introduce A, = A + 1 and note that A, > d — 1.

Now we can copy the results of our calculation valid for the original range (A > d—1)
with the following modifications: there is the extra constant term for both D(1) and D; (1),
the role of B(z) and Bj(z) is played by B,(z) and Bj,(2), respectively, and we put A, in
place of A. We obtain

P P —d/2
D) = ng) +oT(1 - df2) %Bo(z) (-i) (1—2)%  (C15)
wnd Bi(1) & dz 1\ %2
Di(1) = S5+ 501 - d2) § B (—Z> (1= 2)2od. (C.16)

At this point we still have to regularize the dimension as d = d, + €, where d,, is an even
integer. After carrying out the e — 0 limit and restoring B(z) and B (z) we find

D) =

1 -1 do/2 w/2 R . .
Béd) - 21‘;<(d0}2) /_W/2 du B (—6_21“) e~ A (2 cos u) In(2 cos u) (C.17)

and

. Bl(l) 2’%(_1)6[0/2 /2 > 2iu U Vo
Di(1) = 00 T2 /_ﬂ—/gdUBl (—e )e (2cosu)” In(2cosu). (C.18)

There are also identities of the form

—7/2 —7/2

/2 . N
du By (—62“”) A (2cosu)A 7% = (.

(C.19)
From now on we drop the subscript from d, and use the notation d for the dimension.
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The identities (C.19) take the form

/m du ko(u) {C (u) — BL)e ™2 ) :/

—7/2 —7/2

" ko(w) {C_(u) = Bi(1)e™2} =0, (C.20)

whereas D(1), D1(1) are given by

D(1) = Qd +§/W/2 du k() {Ci (u) = B(1)e ™) (C.21)
Dy(1) Bl +5/://22 duk (u) {C_(u) —31(1)61'%}. (C.22)

We recall that

N Ik (—1)4/2 1 1+d/2 (1
§= _26(=1)Y" — <_> M‘ (C.23)
I'(d/2) T I'v+1)
By adding and subtracting terms we can show that
/2 .
/ du k; (u) {C+(u) — B(l)e*’“A}
—7/2 o A (024)
= du k;(u)Cy (u) + 2B(1) / du k;i(u) (COS T2 cos uA)
(sub) 0 2
and similarly
/2 .
/ du ki(u) {C_(u) — Bi(1)e)
/2 (C.25)

/2 A
= du ki(u)C_(u) + 231(1)/ du ki(u) (cos 5~ cos uA) :
(sub) 0

Adding the two identities written in this form we get
w/2 TA
/ du ko(u)C(u) + 2 [B(1) + Bi(1)] / du ko(u) <cos — — cos uA) =0. (C.26)
(sub) 0
The bulk field at the middle point is given by

o(V,) =€ [ duki(u)C(u)

(sub)

(C.27)
1 _ (/2 TA
+[B(1)+Bl(1)]{—+2§/ du ki (u) ( cos — — cosuA }
Qq 0 2
To calculate the remaining integrals we will use
/2 A A 1+ A
/ du (2 cos u)? (cos 2T cos uA) = cos =~ g(A) T (1+4)
0 2 2 2F(1+ A)F 1+A+A>
(C.28)
which leads to /2 A A
/ du ko(u) (cos % — cos uA) = cos 77r g(v), (C.29)
0
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since the second term does not contribute in this case. Thus the final form of the identity
becomes

/(8ub) duko(u)C(u) + g(v) (C(7/2) + C(=7/2)) = 0. (C.30)

Next we calculate

w/2
/ du ky(u) <cos % — cos uA) = cos % Jd(v)
0

B w@( L1+ A) )
204\ (1 + %) r (1 + %) Aaa

(C.31)

For A=A—d—¢
! = T2 gyar o) (C.32)

r(1+432) 2
and so
/2 T T ™ v

/0 du ke () (cos % — cos uA> — cos % g (w)+ 4(—1)d/2r(d/2)£8103. (C.33)

Using this in (C.27) we see that the final result for the bulk field at the middle point
simplifies to (4.11).

D Symmetries

D.1 AdS isometry — boundary conformal transformation

Let us use coordinates (p, z) for a point Y in the AdS bulk and perform an AdS isometry
Y — gY ~ (p,z). In the large p limit, we write

p=p+o(g,z)+olp), z=gz+op), (D.1)

where o(p) vanishes in the p — oo limit and x — gz is the boundary conformal transfor-
mation. For the derivatives we have

9p _ 0p _ 9o(g,7) ozt _ ozt _ d(gz)”
(D.2)
which gives
MAS(Y) = MP™ () + o{p), (D.3)
where oY) 55
AdS _ g bound .\ _ ox
MAMS(Y) = det ( = ) , PO () = det ( Gx) . (D.4)

The AdS line element squared and the line element at the boundary are given by

(ds?)AdS = R2dp? — R? cosh? pdt? + R?sinh? pdn'dn’, (ds?)Pound — _q¢2 4 dn'dn’,
(D.5)
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respectively. For large p, a relation between measure factors, square root of corresponding
metric determinants, is given by

sty = s () ) )

Since MﬁdS(Y)q/AdS(gY) = yA945(Y) for an AdS isometry g, in the p — oo limit we obtain

d d ,}/bound (gx) —o(g,x) bound 1/d
H (gax) =J (g,:[;)'bed(:L‘)7 H(g,l’) =€ " J(g,l') = [Mg (.CI?)] : (D7)

From the group composition property J(gh,x) = J(g, ha)J(h,x) and a similar relation

H(gh,z) = H(g,hz)H (h,z), (D.8)
we have 1 1
J(g,x) = W, H(g,x) = m (D.9)

If g is a boundary isometry (shift of the time coordinate ¢, rotation of n), we have'
J4g,z)v(gr) = v(z), which leads to H(g,z) = 1.

D.2 BDHM formula

Let us reconsider the BDHM relation

O(z) = pli_}rgo(sinh p)2®(p, ). (D.10)

Using the Fock space transformation property of the bulk field, U(g)®(Y)UT(g) = ®(gY),
we find the transformation law

U@OW0N(0) = fim (sinh 005, 2) = tim (S0) b pP0(pr)
= e 200 (gz) = HA(g,2)0(gx).
D.3 Definition and properties of I(Y, x)
The AdS invariant S(Y7,Y) for two bulk points Y; and Y are given by
S(Y1,Y) = cosh py cosh pcos(t; —t) — sinh py sinh pnin’, (D.12)
which satisfies S(gY1,gY) = S(Y1,Y). Its bulk-boundary version is defined by?
I(Yy,7) = Jim 4e7PS(Y1,Y) = 2[cosh py cos(t; — t) — sinh py nin]. (D.13)
Its transformation property is as follows.
I(g¥1,92) = lim 4e778(gYi,9Y) = lim 4e 7SV, ¥) = Hlg, 0)I(¥i, ). (D.14)

'From now on we drop the superscript ‘bound’.
2In our usual coordinates I(Y,z) = 2[cosh pcos(t — ) — sinh pn‘n’].

—90 —



D.4 Definition and properties of T(Y, x)

Let us recall that a bulk point Y of AdS space and a boundary point x can be connected with
a past directed light-like geodesic if # = Ty with T} := t—w, where w := arccos|(tanh p) n-i]
and 0 < w < 7. Similarly, Y and x can be connected with a future directed light-like
geodesic if £ = Ty with Th := t + w. Finally, Y and z can be connected with a space-like
geodesic if T1 < t < Ty.

The function T(Y, ), defined by T(Y,x) = O(Ty — #)O(# — T}) is isometry invariant as
T(gY,gx) = T (Y, z), since the lightlike/spacelike nature of a curve in AdS space is isometry

invariant.

E Proof of $(g) =0

E.1 Transformation back

The transformation g appears in several places in the definition of @(g) but we can simplify
its expression by doing some steps backwards. Starting from the relation

JUg,y)v(gy)

~A

127, y) = 1874 (Yo, gy) H 2 (g,y) = T274(Y,, gy)
we write

d
blo) = [ A1 (Va,g0) "I 55 (7Y, ) Il (9, 1)]0) (B2

Y(y)
= [ty @) A o ) T Vo, ) HA (g7 ) W{H (9,97 IO ') (B3)
= — [ Dar® Y, ) T (Vo) Il H (g~ 2)U (9)O)Ulg) (E4)
= ~UT(g)¥(g~")U(9), (E.5)
where
Blg) = [ Do, )T (Yo, 2) In[H (g, 2)]O(a). (E.6)

From the group property (D.8) satisfied by H (g, z) it follows that
B (hg) = W (g) + / DaTAU(Y,, 2)T(Yy, ) n[H (h, g2)|0 (). (E.7)
Therefore if h is a boundary isometry (i.e. H(h,"y) = 1) then
U(hg) = U(g). (E.8)

E.2 The representation g = b=EF

In this subsection we will use the embedding coordinates for global AdS.

X' = Rsinhpn' (i=1,...,d), X% = Rcoshpcost, XP = —Rcoshpsint. (E.9)
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The embedding coordinates satisfy —(X°)2 — (XP)2+ XX’ = — R? and transform linearly
under the AdS isometry SO(d,2). The coordinates of the middle point (¢ = 0, p = 0) are

Y,: X‘=0(=1,...,d, X°=R, XP=o. (E.10)

For an arbitrary bulk point Y we will find a group element ¢ = b=F such that g~'Y, =Y.
In other words, we transform Y to Y, in three steps: EY = Y5, ZY5 = Y1, bY; =Y.

The first step (E) is a constant shift of the ¢ coordinate (SO(2) rotation in the (0, D)
plane) that brings t to zero. After this step we have

Yy: X'=Rsinhpn® (i=1,...,d), X°=Rcoshp, XP =o0. (E.11)

The next step (E) is an SO(d) rotation in the (1,...,d) space that rotates the unit vector
n’ so that it becomes parallel to the d axis. Then we have

Yi: X'=0(=1,...,d—1), X?=Rsinhp, X°=Rcoshp, XP=0. (E.12)

The last step (b) is a boost in the (0,d) plane by X¢ = X9cosh 8 — Xsinh 3, X0 =
X0 cosh B — X%sinh 3, which makes X4 =0, X° = R for 5 = p.

This representation is useful because both E and = are boundary isometries and
by (E.8) we have

A

V(g H=UE1TzH)=00). (E.13)
Hence the problem is reduced to the calculation of \i/(bfl), where b~! is the AdS isometry
X' =X X%=X%oshf+ X"sinh 3, X=X cosh 3+ X%sinh 3, XP = XP. (E.14)

Introducing polar coordinates 6,w as n® = cosf, n' = sinfm’(w) (i = 1,...,d — 1),
where w are d — 1 dimensional polar angles and m’ is a d — 1 dimensional unit vector, the
transformation is given by
sinh psinf = sinh psin 6
B sinh pcos@ = sinh p cos 6 cosh 3 + cosh p cos t sinh 3
Ww=uw, _ (E.15)
coshpcost = cosh pcostcosh B + sinh pcos8sinh g

cosh psint = coshpsint
Consistency of the first two transformations determines p:
sinh? p = sinh? psin? @ 4 (sinh p cos 6 cosh 3 + cosh p cos ¢ sinh 3)%. (E.16)

(Consistency of the second pair of transformations can also be used to determine p, but
this is equivalent.) We obtain p = p + o in the p — oo limit

%% = [cosh 3 + sinh § cos(t — #)][cosh B + sinh /3 cos(t + 6)]. (E.17)

Using the convergent power series

In(l +u) = i Hk):k_lu’“ (E.18)
k=1
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we have

In[H(b !, 2)] =Ine? = —In[cosh 8] + i tanhﬁ —— Ex(t,0), (E.19)

where

1
Ey(t,0) = 5 [cos” (¢ + 0) + cos” (t - 0)] . (E.20)
The first few coeflicients are

FE1(t,0) = cosfcost, Fy(t,0) = cos’fcos®t + sin® fsin? t,

E3(t,0) = cos®fcos®t + 3 cos 0 cost sin® f sin? ¢. (E.21)
The final result is .
A = (— tanh .
Vg hH=> (kp)xlfk, (E.22)
where
by — / DaTA~ (Y., 2)T(Yy, #) En(t, 0)O(x). (E.23)

E.3 Calculation of the first few terms

(A.3) gives the expansion of the boundary field:
Ot Q) = 3 [e7 ™" Bum + ' Bl | Yim (), (E.24)

ném

where v,y = A+ +2n, n=0,1,..., £ =0,1,... and By, is the rescaled Fock space

operator
R P,(1
anm = N M/\/’nﬂftn&m (E25)
= 2Upyp n! -

Using the coordinate system 2 = (#, w) in the previous subsection and dQ2 = sin??* §dfdw

with @ = —1 + d/2, we can write the d dimensional spherical harmonics in terms of d — 1
dimensional ones and Gegenbauer polynomials as

Vi (Q) = Yonm (0, w) = Kong C8)(cos 0) sin 0 Yy (w), (E.26)

where the multi-index m is decomposed as A1, Ky)z are some normalization constants to
ensure orthonormality, and the orthogonality of Gegenbauer polynomial is given by

/ df sin?* § C¢(cos 0)Cg (cos ) = e (E.27)
0
With this choice we have
= > Ko [ B + €7 Bl Ci (cos ) sin* 0 Vam (@), (B.28)
néAm

Putting this expansion into (E.23) we obtain

/2 . .
Uy, = Z Kg/\m/ dt(2cost)> 4 {e_“’"‘{tBng)@ + e"’”‘ftl’)’;&@}

né\m /2

(E.29)
X / d6 sin®® 6 C¢ 1) (cos 0) sin O Ey(t, ) / dwYym (w).
A i
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The last integral simply gives /€2q_1x00 - i where Q4_1 is the d — 1 dimensional volume
element. The formula further simplifies with boe = K 000V $2d—1B,05 as

Z/ P t(2cost)>~ d[ ~waetp g—i—ewn‘v’th / df sin®* § C¢ (cos 0) Ey(t, 6).

(E.30)
We then write \le = \ifznn + (@ZHH)T with
dz
gamn — 2)#2(1 = 2)27 1 By(2) P E.31
Z f S B P, (£.31)
where z = —e™ 2% and
(10€ Pry(2) / dfsin?* 0 C¢(cos 0) Ey(t,0), By(z) : W Z be(—2)".  (E.32)

Note that Pge(z) =0 if k + £ is odd.
Let us calculate the first few terms. For this we need the Gegenbauer polynomials and

their inverse relations® such as
Co(w) =1, Cy(w) = 2aw, Co(w) = a[2(a + Dw? — 1], (E.33)
1 ) 1 1
= — = |- 1 E.34
w=g-Cifuw), R i G D
to obtain
1—2 1+ 22 1 a 1
P = P =— P =4+ — - . E.
1(2) 4a ’ 22(2) da(a + 1)’ 0(2) 2 + 4(a+1) <Z + z> (E.35)
Using these results we see that
J,ann 1 dz d/2 A—d
Gy = — ?{ (=2 2(1 = 2B ()1 - 2) =0, (E.36)

because the integrand is analytic inside the unit circle. Similarly

Tann dZ - 1 +Z2 ! . : -
B = § L ()20 o) {Bz<z>4a<a+1> #5005+ g (53] } -
(E.37)

since the 1/z pole coming from Py is compensated by the factor %(—z)d/ 2 for even integer

a

d > 2. In general, Pyy(z) cannot be more singular than z7%, as we will see.

E.4 General proof
Using

1 & (kN
E(t,0) = o5 > <T> e'2r=h)t cos(2r — k)0, (E.38)
r=0

3From here on we drop the superscript a.
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Pio(z) in (E.32) is evaluated as

k
Pr(z) = ikz ( ) 2r—k— e)t/ df cos(2r — k)6 sin®* §C¢(cos 6)

k
ik Z ( ) o) o), (.39)

1
I,

1
I,
where

n 1 T 3
Ilg ) — 3 /_7r dge™? sin%* CY (cos ). (E.40)

Since sin?? §C¢(cos ) can be written as a Laurent polynomial in e? of maximal degree
2a + ¢,

I =0 for n>2+¢ (E.41)
which implies that Pye(z) cannot be more singular than 27 as
11 ¢ k (t=2m) ko
Pz @ k—0+2n+1 —2)"I , = —. E.42
()= 2.3 n;a )(J_n>( )1 5 (E.42)
F Recursion relations
F.1 Recursion relation for J;(v,w)
Using the simple identity
a(cosu—i—usinu) =u cosu (F.1)

we can perform a partial integration in the definition of J; (v, w) as follows. Here we require
that v > 1 so that all subsequent manipulations are well-defined.

1 w
J1 (v, w :7/ du(ucosu — ucosw)(cosu — cosw)?
_cosw (cosu — cosw)?~t
= Jilv—1,w) —
v —1Lw) T(v+1)
1/—1
+ du(cosu + usinu)(cosu — cosw)’ 2 sinu
F(V+1)/0 ( I )
1— v—1 -1 w
= Coijl(l/—l w) — ( F(fjoiwf) +FE/V+1)/0 du{usin® u(cosu — cosw)” 2}
ol [Cau cosu( s (F2)
- u cosu(cosu — cosw sin u. )
F(l/—i—l) 0

2 2

In the next to last line the integral, using sin“u = 1 — cos“ u, can be represented as

I'(v—1)sin®wJi(v —2,w) = T(v+1)J1(v,w) — 2coswI'(v)J1 (v — 1,w) (F.3)

The integral in the last line can be done explicitly and gives

cos
“ (1 —cosw)”*

1
—(1 —cosw)” +
v v—

(F.4)

— 95—



Putting everything together, after some simplifications we get

sin? wJi (v —2,w) = v2J;(v,w) + (2v —1) coswJi (v —1,w) + (I—-cosw)”. (F.5)

F'(v+1)

Making the shift v — v 4+ 2 (so that the result is now valid for v > —1), we finally arrive
at the recursion (3.22).

F.2 Recursion relation for P;(v,w)

Using integration by parts we obtain

1 w
P (v,w) = T 1) /0 du (cosu — cosw)(cosu — cosw)” ! In(cos u — cosw)
w in2
= _Coijl(u —lw)+ /0 du %{(u — 1)(cosu — cosw)” 2 In(cos u — cosw)
+ (cosu — cosw)”d}, (F.6)

and use the identity

sin?u = sin? w — 2 cosw(cosu — cosw) — (cosu — cosw)? (F.7)
to get
Cosw .9 [Pilv—2,w) Ki(v—2,w)
P (v,w) =— Pi(v—1,w) +sin“w +
v v(v—1)
2cosw
- [(V - 1)P1(V - 17("')) + KI(V - 17("'))} - (V - 1)P1<V7w) - Kl(va)'
(F.8)
We here again assume v > 1. After some rearrangements we obtain
sinw Py (v — 2,w) = (2v — 1) coswPy (v — 1,w) + V?Pi (v, w)
o2 (F.9)
+2coswKi(v — 1,w) + vKi(r,w) — > cle(y —2,w).
V J—

Finally we make the shift v — v + 2 (so that the recursion is valid for v > —1) to
obtain (4.20).

G AdS Green’s functions

In this appendix we construct the space-like Green’s function in AdS space, which will be
useful (see appendix H) in an alternative method [5, 17] of the bulk reconstruction. Here,
for simplicity, we will restrict our considerations to the range A > d — 2 only.

A Green’s function of the massive scalar wave equation satisfies

(D —m2)G(Y,Y") = 1|g|5(y, V), D= \/%’am/@gaﬁag), (G.1)
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where the Laplacian D acts on Y, and the mass is parametrized as m? = A(A—d) (from now
on we are using units where the AdS radius is unity). The metric g, (and its determinant
g and inverse g®?) in Lorentzian AdS is encoded by the line element ds? as

ds? = (dp)? — cosh? p (dt)? + sinh? p dn’dn’ (G.2)

in global coordinates, or

2 _ 2 2 y'y’ i v j
in flat coordinates, where y* = n’sinh p and y := /3%y’ = sinh p.
In the Green’s function method the AdS invariant (D.12)

o(Y,Y’) = cos(t — ') cosh p cosh p’ — n - n' sinh p sinh p’ (G.4)

will play an important role, where n, n’ are d-dimensional vectors. If we are looking for a o-
dependent Green’s function G(Y,Y”’) = g(o(Y,Y”)), then g(o) has to satisfy the differential

equation
1
(6% = 1)g'(0) + Do/ () + Ald = A)g(e) = =8V, (G5)
g
If Y =Y,, we can take the more general ansatz in flat coordinates as G(Y,Y,) = H(t,y),

which should satisfy

— m2H(t,y) — 1jy28t27-[(t7y) + 0; lzg(l + y2)8y7-[(t,y) =4(t)0(y). (G.6)

The delta function normalization of this Green’s function becomes more transparent in
terms of its Fourier transform

H(w,y) = /_ Z dt e 4 (t, y). (G.7)

We have to require

2

y >0: i 5+ Ad — A)]H(w, y) + 0 y—(l + y2)8yH(w,y)] =0,
1+y Y
o (G.8)
) ~__Y
y—0: Hw,y) =~ TEDIR

G.1 Hypergeometric o-dependent solutions

A particular (properly normalized) solution of (G.5) is given by the hypergeometric solution
(see [23])

F(o) =

T(A) A A+l 1>’ ©9)

—-A
9AFId20(1 4 o) 2 < 3 g T H
which is the scalar two-point correlation function in AdS space. This solution is singular
for 0 — 1 and is properly normalized as
d—1 I'(D/2)

F(0) ~ dea™, =S do=-
(o) ~ d T (D —2)(2m)P/?

(G.10)
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for x — 0 with 0 = 1 + z. A solution of the homogeneous part of (G.5) can also be
given [24] in terms of a hypergeometric function:

Ad-Adrl —02>. (G.11)

=oF | —,——— 1
J(O-) 21(27 9 3 2 )

This solution is regular at o = 1: J(1) = 1.

Although the solution of the problem is completely given [5, 17] (see also [25]) in terms
of these two special functions, it is nevertheless more transparent if we write the Green’s
function in an expanded form using the variable x = ¢ — 1. We take the ansatz

oo
9(0) = P(x) = Y dnpqga™* (G.12)
n=0
and expand the homogeneous part of the equation written as

x(x + 2)¢"(z) + D(z + 1) (z) + A(d — A)yp(x) = 0. (G.13)

The regular solution corresponds to the choice ¢ = 0 and we write
oo
J(o) = h(z) = Z ez, (G.14)
n=0

where the expansion coefficients are given recursively as

 (n+A)ntd—A)
T T i D@+ d+ 1)

Cn n=0,1,... co = 1. (G.15)

The singular solution corresponds to ¢ = —a and proper normalization requires d_, = d.
Higher coefficients are determined from the recursion

dnan—a+A)(n—a+d—A)+2dp_qri(n+1)(n+1—-a)=0, n=01,.... (G.16)

For even d (when a is half-integer), all higher d,_, coefficients are obtained recursively
from d_, = d.. On the other hand, for odd d (when a is integer), we first determine
the coefficients d_g41,...,d—1 from d_, using (G.16), which are all non-zero in the range
A > d— 2. Arriving at n = a — 1 in the recursion (G.16), we find a contradiction unless
A = d — 1. In this case it is consistent to put d, =0, n=0,1,... .

For generic A # d—1 and odd d, there is no singular solution within the ansatz (G.12).
We therefore take a different ansatz,

g(o) =Y(x) =¢(x) + clnz h(x), (G.17)

which satisfies (G.13) with the coefficients d_g,...,d_1 as before. Then the n = a — 1

equation leads to
dq

d—1

(A—1)(A—d+1), (G.18)
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and the higher coefficients can be calculated from the recursion
1
n+1)2n+d+1

dni1 = = ){(n+A)(n+d—A)dn

(G.19)
+clen(2n+d) + cpp1(dn+d + 3)]}, n=0,1,...

(By convention) we fix dyp = 0 and the general o-dependent solution is then given by
9(o) +pJ(0), (G-20)

where p is an arbitrary constant.

G.2 Feynman propagator

By analogy to the Minkowski case, we define the Feynman propagator in Lorentzian AdS

space as
G(o) = Re{ig(o +ie)}. (G.21)
G.2.1 Oddd
By using
Re{i(z +ie)"} =0, n >0,
i i (DR (G.22)
Re{m—i-ie} = (), Re{(m—l—ie)kﬂ} k! o @),
we can write a contribution to the Feynman propagator coming from ¢ (x) as
& (=1
Gs(a;) = l;) fch (x), fk = Ll d,(kJrl), k= 0, e, — 1, (G.23)

where contributions from non-singular terms vanish. For later use we rewrite the recursion
relations in terms of the fj coefficients as

(k+1-A)k+1+A—d)fy+(d—2k—1)fr1=0, k=1,...,a—1, (G.24)

fa—1 = %, e = e IZ(A 1_ d+1) fo- (G.25)
9 —

Using the relation

In(x + i€) h(x + i€) = {(m +h11n$|z()$(x) i i 8 , (G.26)
we have
Re [iln(z + ie)h(x + i€)] = —mwh(z)O(—x). (G.27)
Thus the full Feynman propagator (for odd d in the Lorentzian AdS) becomes
G(o) = Gs(z) — emh(z)O(—x). (G.28)
In the next section we will need the space-like Green’s function, constructed as
gV, Y") = G(o) + med (o) = Gs(z) + erh(x)O(x). (G.29)

This Green’s function vanishes in the time-like region (o < 1, equivalently, z < 0), since
Gs(z) =0 for = # 0.
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G.2.2 Evend

In this case the expansion is in half-integer powers and the Feynman propagator is

0 x>0

G(o) = Re{ig(o +ie)} = {—\/szo:o 4. an=df2 4 < (G.30)

Since the half-integer powers cannot be cancelled by adding a term of the form pJ(o) we
conclude that there is no o-dependent space-like Green’s function for even d.

H Green’s function method

The starting point here is the identity involving the Green’s function G(Y,Y”) and a massive
free scalar field ®(Y):

0u(v/=99"0,G - ® — /—9g"3,® - G) = \/—g(DG - & — D - G)

- O , (H.1)
V=9(D=m*)G-®— (D —m")®-G) =6(Y,Y)O(Y).

Integrating the above relation with respect to Y and using Stokes’ theorem, we obtain
B(Y') = / APy 9, X" = f dn,XF, XP =\ g¢"(0,G-®— 0,8-G),  (H2)

where the surface integral in (H.2) must include the bulk point Y in its interior. We now
choose the space-like Green’s function G = G for Y’ = Y, and furthermore the surface is
chosen to be a cylinder with symmetry axis parallel to the ¢ coordinate axis and radius
p = R. The top and bottom bases of the cylinder are at ¢ = &t;, where § > t; > t, and

cost, = ——. The two bases of the cylinder at ¢ = ¢; and ¢ = —¢; do not contribute to
cosh R

the integral, since ¢ < 1 uniformly there and the space-like Green’s function G vanishes.
Therefore we can write

131 _ _
®(Y,) = cosh R(sinh R)*! / dt / d0[9,G - & — 9,3 - G). (H.3)
—t1
Since G(Y,Y,) depends only on ¢ and p, the angular integration leads to

i1 _ _
®(Y,) = cosh R(sinh R)4 ! dt[0,G(t,R) - D(t,R) — 0,D(t,R) - G(t, R)], (H.4)
—t1
where D(t,p) := /dQ D(t, p, Q) is the S-wave part of the scalar field. For large R, it sat-

isfies the BDHM relation D(t, R) ~ (sinh R)~2C(t), where C(t) is the S-wave component
of the boundary conformal field. Thus the bulk reconstruction formula simplifies to

t1

®(Y,) = lim (coshR)™ [ dtC(t)[9,G(t, R) + AG(t, R)]. (IL.5)

R—o0 —t1

Further simplification occurs for an odd d, because, as we have seen in appendix G, G
only depends on ¢ in this case. Therefore,

8,G(0) = costsinh RG (0) =~ oG (0) (H.6)
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for large R, and we can write
t . _
®(Y,) = lim (coshR)™” ' dtC(t)[UG/(O') + AG(0)]. (H.7)

R—o0 —t1

Let us now separate the delta function and theta function parts of the representation
n (H.7) as

B(Y;) = Jim (2 + @) (H.5)
where "
®g = (coshR)™" 9 dtC(t)[oGL(x) + AGs(z) + mcd ()] (H.9)
with h(0) = J(1) =1, and
&y = me(cosh R) ™" t: dtC(t)[oJ (o) + AJ(0)]. (H.10)

The range of the ¢ integral becomes [—t,,1,] due to ©(z), and we introduce t, = § — &,
where sine, = 1/ cosh R — 0 for large R.
For technical reasons, we will now divide ®; into two parts, ®; = &1, + P13, where

w/2—¢€
@y, = me(cosh R) ™ /_ﬂ/2+6 dtC(t)[oJ (o) + AJ(0)], (H.11)

and
®q;, = me(cosh R)”{ /Wﬂ_ao dtC(t)[oJ (o) + AJ(0)]
m/2e (H.12)

—7/2+¢€
4 / dtC (¢ aJ’(a)—i—AJ(a)]}.
w/2+e0

Here ¢ is a small but fixed parameter, while ¢, tends to zero as R — co. We will let € — 0
at the end of the calculation.

H.1 Calculation of ®4,

As discussed in appendix I, J(o) has a power-law behaviour for large o if we restrict our
considerations to A > d/2, which is relevant only for d = 3 with an odd d since A > d — 2.
Using the asymptotics (see appendix I)

o' (0) + AJ(0) = (v + A)Goo” (H.13)

for 0 > sine cosh R — oo, we have

w/2—e w/2—e

dt C(t)(costcosh R)” = 2”5/ dt C(t)(cost)”.

w/2+e
(H.14)
In the following we will continue the calculation for the cases: v> -1, @ v=-—1,
—1 > v > —2, separately. For the simplest case,

1, ~ 7eGy(20)(cosh R) ™ /
—7/2+e€

/2
‘I’la’fﬁé/ ) dt C(t)(2cost)”, (H.15)
—7/2
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since the integral is convergent for € — 0 in this range, while @ ®1, = 0, since ¢ vanishes
in this spacial case. In the most complicated case we use a partial integration and obtain
w/2—e
D, = —2%¢ dtC(t)gr(t )+ 27¢[C(n/2 —e) + C(—7/2+¢€)|g1(m/2 — €)

7r/2 €

~ —2Y¢ / 2 dt C(t)gi(t) + 2V€C, () /:/2 du(sinu),

(H.16)
where ¢ (t) is the primitive function
t
= / du(cosu)”. (H.17)
0
The last integral can be evaluated as (see appendix I)
/2 /2 1 a\v+tl v+l v+l
i V= i VY — - ~ g — . H.1
/6 du(sinu) /6 dul(sinu)” —u ]+1/+1 <2> paal (H.18)
Putting elements of this calculation together, we finally obtain
€V+1
&y, = dt (2 cost) _ov £ H.1
1o =¢ ) (2cost)” C(t) + 29 90, G+(6) = 2760 (e) (H.19)

where the first term is written in terms of the subtracted integral, defined in (3.8), by
reversing the partial integration.

H.2 Calculation of ®;
As a first step, we simplify ®1; as follows:

do
V/(cosh R)? — o2
where the upper limit M = sine cosh R is large. Next using

1 1

1___o° T cose
(cosh R)?

=o' (o) + AJ(0)], (H.20)

@1bzzwcc;(oxcoﬂLR)—vj/

—1=0(? (H.21)

we can further approximate ®q; as

M
By, ~ meCy (e)(cosh R) ™+ F(sine cosh R), F(M) := / do[oJ' (o) + AJ(0)].
1

(H.22)
Using the asymptotic formula J(o) ~ G,0” again, we obtain
2
F (M)~ (v+A)GM" — F(M) ~ fl MY 4 const. (H.23)
v

with which ®q; is evaluated case by case as before. In the first case the constant term is
subleading and we obtain

v

~ 2€
CI)leV—Fl

(sine)”™1C(e) = 0, (H.24)
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while @ ®y, = 0 (¢ = 0) for the next case. For the last case, the constant term
dominates and the M**! contribution is subleading, so that we obtain

v

2
Dy~ +§1 (sin )" C4 (0) + 7eC (0)(cosh R)~ ¥V F(oc), (H.25)

where the results in appendix I give

d—1

Floo) = —1 4 (A — 1)/1 doJ() = 1= . (H.26)
We can now add up the contributions ®, and ®q; and find
w/2
Oy = ¢ / dEC(8)(2 cost)”, (H.27)
—7/2
[B] @1=0, (H.28)
By = ¢ / AHC(t)(2c058)” + SIC.(0) + meC'y (0)F(00) (cosh R)~FV. (H.29)
(sub) d
H.3 Calculation of ®(
Using the delta function identity z0()(z) = —k§*~1)(z), ®y can be rewritten as
t1 a—1
o = (cosh R)™ [ C(t){fa15(“) () + D [femt + (A =k = 1) f]0®)(x)
—h k=1 (H.30)
FI(A = o+ ) .
Using the relations
t d\* C(t) dt 1
dtC (t)6™ (z) = (=1)k (> L
0 (03 (@) =(=1) do (cosh R)%2—o? oy do (cosh R)2—o2
’ (H.31)
and
0 d\* C(t) dt 1
AtC () 0™ (z) = (~1)* <) i
—t 0 (@) =(=1) do (cosh R)? —o? et ot do (cosh R)? —o?
’ (H.32)

we can evaluate (H.30) term by term. Starting with & = 0, the sum of the delta function
integrals (H.31) and (H.32) give

C(to) + C(_to)

(k=0) SR (H.33)
(k‘ _ 2) C”(tos)i;;lg';(_to) _ 3[Cl(t:i)n;4cl;(_to)] + C(tos)i;;lg]gb_to) + 3[C(t:3n_£56;_t0)]7
(H.35)
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and so on. We see that the leading contribution is given by (H.33) and all higher contri-
butions are subleading (of order (sinh R)~(*+1). After this simplification, we find

Do ~ (cosh R)~ DL (0)[(A — 1) fo + 7c], (H.36)

which, using the results in appendix I, gives

lim @) =0, (H.37)
_ T Gt O _ (=1

8] c=0 (A-Dfo="35- B ="55-C4(0), (HL38)

®¢ ~ (cosh R)“ 1, (0)er {1 + ‘Vl;i} . (H.39)

The final result of the bulk reconstruction by the Green’s function method is given as

x/
B(Y,) :’5/7r/22 dEC(1)(2cost)” = (3.1),

B] @Y, = (;éiac;(()) = (3.9) [for £ = 0], (H.40)

B(Y,) :g/(sub) dt C(t)(2cost)” + Zigdm(m — (3.6).

These Green’s function results are in complete agreement with those in the main text
obtained by different methods, as shown in the last equalities.

I Useful relations

In this appendix we list some results which will be used in the Green’s function method.
e From the asymptotics of hypergeometric functions we see that for large argument o
J(0) = Goo”, (I.1)

which is valid for A > d/2 only. Since we consider the range A > d — 2 in this paper,
this restriction is only relevant for d = 3. The coefficient in (I.1) is given by

G, = QA—lr(%/?(rA()a ). (1.2)

o The integral of the hypergeometric solution J(o) can be calculated with the help of
the following two hypergeometric identities:

(1 —2)*™"%Fy(a,b;¢;2) = o F1(c — a, ¢ — b; ¢; 2), (1.3)

c—1 d
gFl(a,b;c;z):magFl(a—l,b—l;c—l;z). (1.4)

With the substitution ¢ = /1 4 z the integral is calculated to be

© 1 /> dz A d—A d+1 d—1
/1 d(7'<](0')—2‘/0 ﬁgFl <2,2,2,—Z>——(U_'_1)(A_1). (15)
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e For the parameter range v > —2, v # —1 the constant §; given below is well-defined
and is given by

e L (my T _vE D)
g1 —/0 dul(sinu)” — u”] + 1 <2> = R

(1.6)

o From the recursion (G.24) and (G.25), we can calculate the value of the coefficients

d F(A B 1)(_1)aﬁ e = 2—d F(A)(_l)aﬁ (17)

— 2" , - .
. r (% [(v + 2)md/2 ‘ 2rn9/20(D/2)T (v + 1)

o Using the above result, we have

7eGo(2A — d) = 2V€. (L.8)
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