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PREFACE

Analysis of the activities and properties of chemical compounds is one of the
important applications of intelligent computing. The problem of computational
prediction of chemical activities from their structural data has been studied for
several decades under the name of quantitative structure activity relationship
(QSAR). Also, inference of chemical structures with desired chemical activities
under some constraints is an important task not only for chemical science but also
for biological science because of its potential applications to drug design. This
problem has been studied under the name of inverse quantitative structure ac-
tivity relationship (inverse QSAR). However, most of the existing approaches for
this problem including many Artificial Neural Network (ANN)-based approaches

do not guarantee exact or optimal solutions due to inherent difficulties.

This research work aims to design a novel inverse QSAR method that can
(i) predict chemical activities and properties of chemical compounds from their
structural data (especially from their graph structure) with a good performance,
(ii) infer new chemical structures with desired chemical activities or properties
and guarantee the exact or optimal solutions or show that such a solution does
not exist by using mixed integer linear programming (MILP) to formulate the

problem, and (iii) generate many candidate solutions in a relatively short time.

We first extend one of the existing frameworks which was designed for the
restricted case such that the chemical compounds are represented by trees to the
case of “rank-2 chemical compounds”, where the graph rank is defined to be the
minimum number of edges whose removal makes the graph acyclic. We manage
to treat three kinds of different rank-2 polymer topologies together in one MILP
formulation. We show that the inverse problem can be solved efficiently with up

to 30 non-hydrogen atoms.

We then extend the framework to the case of any arbitrary graph topolo-
gies with at least one cycle when the abstract graph topology is given. Also, a
flexible way of specifying the topological structure of target chemical graphs is
introduced to allow the possibility to include domain knowledge in the way of
specifying graph structures. This entirely new mechanism of inferring chemical
graphs together with a new mechanism to enumerate chemical graphs conserv-
ing certain constraints can generate chemical graphs with up to 50 non-hydrogen

atoms in around 20 minutes, and later improved to around 20 times faster with



a more sophisticated MILP formulation.

Finally, to improve the learning performance of QSAR phase of the model,
we include not only ANN but also other machine learning methods like linear re-
gression, a newly-proposed method called adjustive linear regression, and multiple
linear regression by using quadratic terms with feature reduction. The inverse
problems of all those methods can be formulated as an MILP formulation and
thus be integrated into the framework of the two-layered model, an extended
MILP-based inverse QSAR model that can treat both the case of graph topolo-
gies of at least one cycle and the case of a tree. By applying these methods,
we improved the learning performance of QSAR drastically for some chemical
property datasets while the capable size of inferred chemical compounds and the
time efficiency of solving MILP formulation was preserved.

We believe that the work described in the thesis will help develop the related

fields in both theoretical and application aspects.

Kyoto, June 2023
Jianshen Zhu
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1 INTRODUCTION

Background In recent years, extensive studies have been done on the design of
novel molecules using various machine learning techniques [31, 50]. Computa-
tional molecular design has also a long history in the field of chemo-informatics,
and has been studied under the name of quantitative structure activity relationship
(QSAR) [10, 44], and inverse quantitative structure activity relationship (inverse
QSAR) [24, 33, 40]. Analysis of the activities and properties of chemical com-
pounds is important not only for chemical science but also for biological science
because chemical compounds play important roles in metabolic and many other

pathways.

The purpose of QSAR is to predict chemical activities from given chemical
structures [10]. In most of the existing QSAR studies, a chemical structure is
given as an undirected graph called chemical graphs, and represented as a vec-
tor of real numbers called descriptors and correspond to feature vectors in ma-
chine learning. A prediction function is usually obtained from existing structure-
activity relation data. To this end, various regression-based methods and machine
learning-based methods, including artificial neural network (ANN)-based meth-

ods, have been utilized recently [31, 50].

Conversely, the purpose of inverse QSAR is to predict chemical structures
from given chemical activities [24, 33, 40], where additional constraints may of-
ten be imposed to effectively restrict the possible structures. Inference of chemical
structures with desired chemical activities under some constraints is also impor-
tant because of its potential applications to drug design. Traditionally, a feature
vector is firstly computed by applying some optimization or sampling method to
the prediction method obtained by usual QSAR and then reconstruct the chem-
ical structures from the feature vector. However, the reconstruction itself is not
an easy task because the number of possible chemical graphs is huge [9]. For
example, the number of chemical graphs with up to 30 atoms (vertices) C, N,
0, and S may exceed 10 [9]. Indeed, the problem to infer a chemical graph
from a given feature vector is known as a computationally difficult problem (pre-
cisely, NP-hard) except for some simple cases [3]. Due to this inherent difficulty,
most existing methods employ heuristic methods for reconstructions of chemical

structures and thus do not guarantee the optimality or exactness of the solutions.



2 CHAPTER 1 INTRODUCTION

On the other hand, Artificial Neural Networks (ANN) and deep learning tech-
nologies have recently been applied to inverse QSAR because generative models
are available [16]. Furthermore, graph-structured data can be directly handled
by using graph convolutional networks [28]. Therefore, it is reasonable to try
to apply ANNs to inverse QSAR [55]. Indeed, various ANN-based models have
been proposed, which includes variational autoencoders [17], recurrent neural
networks [41, 57], grammar variational autoencoders [29], generative adversar-
ial networks [12], and invertible flow models [32, 42]. In these approaches, new
chemical graphs are generated by solving a kind of inverse problems on neural
networks, where neural networks are trained using known chemical compound
property datasets. However, two important expected properties of the solutions,
optimality, the quality of the solution for the inverse problem of the learning
method, or exactness, whether the solution admits a valid chemical graph, is not

yet guaranteed by these methods.

For example, recently Takeda et al. [47] proposed an approach for inverse
molecular design. They encoded every chemical compound into a feature vector
based on the frequencies of a variety of subgraphs, namely substructures, in the
corresponding chemical graph. They constructed one ANN for the QSAR phase
(namely encoder), and the inverse QSAR phase (namely decoder), respectively.
The output of the decoder is a feature vector, and they thus combinatorically
generated chemical graphs with such a feature vector based on a branching algo-
rithm. We note that, in this approach, neither the optimality of the solution, i.e.
whether the feature vector will obtain the desired property value when served
as the input for the encoder, nor the exactness, i.e. whether there exists a valid
chemical graph corresponding to the output feature vector from the decoder, is
guaranteed. Also, as mentioned above, the construction from a feature vector to
a chemical graph itself is a difficult problem. The computational experimental
results showed that it took an average of six minutes to generate one chemical

graph with around 10 non-hydrogen atoms, which was not very efficient.

There are many studies that do not utilize feature vectors but that deal with
the graph more directly. For example, Shi et al. [42] proposed GraphAF, a flow-
based autoregressive model to generate a chemical graph. In this approach, the
input of the encoder and output of the decoder are directly a chemical graph and
thus it is unnecessary to design a feature vector for a chemical compound. It
iteratively samples random variables to map them to atom/bond features during
the procedure of generating chemical graphs. However, the exactness of the
solution, here the validity of the output graph as a chemical graph, is still not

guaranteed theoretically. According to the experimental results shown by the
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Figure 1.1. (a) An acyclic chemical graph; (b) A monocyclic chemical graph.

authors, only around 70% of the generated graphs are valid when extra checks for
validity are not utilized. The optimality of the solutions is not guaranteed either.
Moreover, as a method that uses random sampling during the process, the same
chemical graph can be output for different trials of generating. Finally, because
of the complexity of this proposed model, it requires an expensive computation
environment and a huge running cost.

In order to guarantee the optimality for the inverse problem of ANNSs, a novel
approach has been proposed by Akutsu and Nagamochi [1] for ANNs with ReLU
activation functions and sigmoid activation functions. They manage to formulate
this inverse problem as a mixed integer linear programming (MILP) to guarantee
the optimality of the solution theoretically, by simulating the process of ANN
in the terms of linear constraints of some real and integer variables. In their
approach, activation functions on neurons are efficiently encoded as piece-wise
linear functions so as to represent ReLLU functions exactly and sigmoid functions
approximately. Based on this approach, several methods have been proposed [4,
11, 59, 60] based on an MILP formulation designed especially for acyclic chemical
compounds (see Figure 1.1(a) as an example). Afterward, Ito et al. [25] designed
a method of inferring monocyclic chemical graphs (chemical graphs with cycle
index or rank 1, see Figure 1.1(b) as an example) by formulating a new MILP

and using an efficient algorithm for enumerating monocyclic chemical graphs [46].

Contributions Although several methods have been proposed based on this
framework for the case of acyclic chemical compounds [4, 11, 59, 60] and mono-

cyclic chemical graphs [25], it is still far from being complete. The ratio of acyclic
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and monocyclic chemical graphs in the chemical database PubChem [27] is only
2.91% and 16.26%, respectively. Motivated by the existing methods and applica-
tions, we apply this framework to a broader range of chemical compounds, which
can cover most (nearly 97%) of the chemical graphs in PubChem.

The learning performance of the QSAR phase plays an important role in the
quality of the inferred chemical compounds, but ANN sometimes cannot give a
satisfactory performance because of its intrinsic complexity for finding a good lo-
cal optimum. The issue of overfitting is also a serious problem when using ANN
as the learning method for the QSAR [16], and one reason for this is that the
dataset size may be too small to apply an ANN for some chemical properties.
Considering this issue, we include the usage of several machine learning meth-
ods other than ANN inside this framework to manage to improve the learning
performance for various chemical property datasets.

The rest chapters are organized as follows:

e In Chapter 2, we define some basic notations and terminologies for graphs,

chemical graphs, and machine learning;

e In Chapter 3, we briefly review the framework for inferring chemical com-
pounds proposed in [4]. This framework is based on ANNs and MILPs, and

the optimality and exactness of the solutions are guaranteed.

e From Chapters 4 to 5, we extended the MILP-based approach in [4] for

broader classes of chemical graphs:
— Chapter 4: The class of “rank-2 chemical compounds” (chemical graphs
with cycle index or rank 2);
— Chapter 5: The class of arbitrary cyclic chemical compounds;

We note that the MILP formulations in Chapter 5 can be even improved

based on a characterization of a chemical acyclic graph [62].

e From Chapters 6 to 8, we apply machine learning methods other than ANN
into the recently proposed two-layered model [43], which is an extended
version of this MILP-based framework that can treat both the case of graph

topologies of at least one cycle and the case of a tree:

— Chapter 6: Lasso linear regression;

— Chapter 7: Adjustive linear regression, a newly-proposed machine learn-

ing method;



— Chapter 8: Multiple linear regression with quadratic descriptors where a
heuristic for feature reduction is applied, where we also utilize a method
called grid neighbor search [6] to systematically find more solutions of
the MILP formulation;

We note that some other machine learning methods like decision tree [49]

can also be applied into the two-layered model.
e In Chapter 9, we give some conclusion remarks.

While this study mainly takes the small chemical compounds called monomers
as the targets, we note that it is also possible to apply the framework to the kind
of molecules called polymers [23], which also have a wide range of applications in
both medical science and material science.

We put the detailed MILP formulations for Chapter 4 in Appendix A. Some
details for Chapter 7 can be found in Appendix B.

Most of the contents in Chapters 4 to 8 have appeared as [1, 2, 5, 6, 7] in List
of Author’s Work, respectively.






2 PRELIMINARIES

In this chapter, we give some notions and terminology that will be used through-
out Chapters 3 to 8.

Let R, Ry, Z and Z, denote the sets of reals, non-negative reals, integers
and non-negative integers, respectively. For two integers a and b, let [a, b] denote
the set of integers ¢ with a < ¢ < b. For a vector x € RP, the j-th entry of z is
denoted by z(j),j € [1,p].

2.1 Graphs

Graphs When using the term graph G, we will always assume G as a connected
simple graph. Given a graph G, let V(G) and E(G) denote the sets of vertices
and edges, respectively. For a subset V' C V(G) (resp., E' C E(G)) of a graph
G, let G — V' (resp., G — E') denote the graph obtained from G by removing
the vertices in V' (resp., the edges in E’), where we remove all edges incident
to a vertex in V' in G — V’. An edge subset £’ C E(G) in a connected graph
G is called separating (resp., non-separating) if G — E’ becomes disconnected
(resp., G — E' remains connected). The rank or cycle indez r(G) of a connected
graph G is defined to be the minimum |F'| of an edge subset F' C E(G) such
that G — F' contains no cycle, where r(G) = |E(G)| — |[V(G)| + 1. Observe that
r(G — E') = r(G) — |E’| holds for any non-separating edge subset E' C E(QG).
An edge e = ujuz € E(G) in a connected graph G is called a bridge if {e} is
separating, i.e., G — e consists of two connected graphs G; containing vertex u;,
i = 1,2. For a vertex v € V(G), the set of neighbors of v in G is denoted by
N¢g(v), and the degree degq(v) of v is defined to be the number of times an edge
in E(G) is incident to v; i.e., degq(v) = |[Ng(v)].

A vertex designated in a graph G is called a root. In this thesis, we designate
at most two vertices as roots, and denote by Rt(G) the set of roots of G. We call
a graph G rooted (resp., bi-rooted) if |[Rt(G)| = 1 (resp., |Rt(G)| = 2), where we
call G unrooted if Rt(G) = (. For a graph G possibly with roots, a leaf is defined
to be a non-root vertex v € V(G) \ Rt(G) with degree 1.

A rooted tree is defined to be a tree where a vertex is designated as the root.

The height ht(v) of a vertex v in a rooted tree T is defined to be the maximum



8 CHAPTER 2 PRELIMINARIES

(b) H

Figure 2.1. An illustration of rank-2 graphs H;, i = 1,2,3. Core vertices are
illustrated with white squares, non-core vertices with circles, where gray circles

depict 2-branches.

length of a path from v to a leaf u, and the height ht(7") of T' is defined to be
the height ht(r) of the root r. For positive integers a,b and ¢ with b > 2, let
T(a, b, c) denote the rooted tree such that the number of children of the root is
a, the number of children of each non-root internal vertex is b, and the distance
from the root to each leaf is c¢. In the rooted tree T(a, b, ¢), we denote the vertices
by v1,v2,...,v, (n=a(b®—1)/(b—1)+ 1) with a breadth-first-search order, and
denote the edge between a vertex v; with ¢ € [2,n] and its parent by e;. For each
non-leaf vertex v; in T(a, b, c), let Cld(i) denote the set of indices j such that v;
is a child of v; when i € [1,a(b*" —1)/(b—1) + 1], and for each non-root vertex
v; in T(a, b, c), let prt(i) denote the index j such that v; is the parent of v; when
i€[2,n)].
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Core in Cyclic Graphs Let H be a connected simple graph with rank at least
1. The core Cr(H) of H is defined to be an induced subgraph Cr(H) = (V< =
Vi U VJ, E°) such that V/ is the set of vertices in a cycle of H , Vj is the set of
vertices each of which is in a path between two vertices u,v € V{, and E is the
set of edges between vertices in V. A vertex (resp., an edge) in H is called a
core-vertex (resp., core-edge) if it is contained in the core Cr(H) and is called a
non-core-vertez (resp., non-core-edge) otherwise. The core size cs(H) is defined

to be the number of core-vertices in the core of H.

Let H — E°° denote the graph obtained from H by removing all core-edges.
We call a connected component 1" with at least one edge in H — E°° an exterior-
tree, which contains exactly one core-vertex v in Cr(H ), where T is regarded as
a rooted tree rooted at the core-vertex v. The core height ch(H) is defined to
be the maximum height ht(7") of an exterior-tree T' of H. Fig. 2.1 illustrates
three examples of rank-2 graphs H;, i = 1,2,3, where cs(H;) = 17, ch(H;) = 6,
cs(Hz) =12, ch(Hsz) = 3, cs(H3z) = 12 and ch(H3) = 5.

Branch-parameter Azam et al. [7] introduced “branch-parameter,” a positive

integer p to measure the “agglomeration degree” of trees.

A non-core vertex v is called a p-internal vertex (resp., a p-external vertex) if
ht(v) > p (resp., ht(v) < p). A non-core-edge e is called a p-internal edge if e is
not incident to any p-external vertex, and called a p-external edge otherwise. A
p-internal vertex v is called a p-branch if the number of p-internal edges incident
to v is not 2, and a p-branch v is called a leaf p-branch if ht(v) = p (i.e., the

number of p-internal edges incident to v is 1).

A p-fringe-tree is defined to be a maximal subtree 7" of an exterior-tree T'
such that the edge set of T” consists of p-external edges. The p-branch-leaf-number
bl,(H) of H is defined to be the number of leaf p-branches in H.

We call a graph H p-lean if the set of p-internal edges in each exterior-tree T’
forms a single path from its root to a leaf p-branch. For p = 2, nearly 97% of the
cyclic chemical compounds with up to 100 non-hydrogen atoms in PubChem [27]
are 2-lean. For the graph Hj in Fig. 2.1(a), u; and wuis are the leaf 2-branches,
and Hj is 2-lean. For the graph Hs in Fig. 2.1(b), u; and ugy are the two leaf
2-branches of the exterior tree rooted at vertex vy. There are two paths from the
root vertex vy to a leaf 2-branch, v7 to uq, and vy to ug, and therefore Hy is not
2-lean. For the graph Hj in Fig. 2.1(c), uy is a 2-branch that is not a 2-branch
leaf. Again, in the exterior tree rooted at vertex v3 there are two paths from the
root to a leaf 2-branch vertex, that are vs to us and vs to ug, and we see that Hj

is not 2-lean.
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2.2 Modeling of Chemical Compounds

Chemical Graphs We introduce a set of chemical elements such as H (hydrogen),
C (carbon), 0 (oxygen), N (nitrogen) and so on to represent a chemical compound.
To distinguish a chemical element a with multiple valences such as S (sulfur), we
denote a chemical element a with a valence i by a(;), where we do not use such a
suffix (7) for a chemical element a with a unique valence. Let A be a set of chemical
elements a(;). For example, A = {H,C,0,N,P,S(3),S4),S()}. Let val : A — [1,6]
be a valence function. For example, val(H) = 1, val(C) = 4, val(0) = 2, val(P) = 5,
val(S(p)) = 2, val(Sy)) = 4 and val(S)) = 6. For each chemical element a € A,
let mass(a) denote the mass of a.

To represent a chemical compound, a chemical graph is defined to be a tuple
C = (H,a,pB) of a simple, connected undirected graph H and functions « :
V(H) - Aand g : E(H) — [1,3]. The chemical element assigned to a vertex
v € V(H) is represented by «(v) and the bond-multiplicity between two adjacent
vertices u,v € V(H) is represented by (e) of the edge e = uwv € E(H). We say
that two tuples (H;, oy, 5;),1 = 1,2 are isomorphic if they admit an isomorphism
¢, i.e., a bijection ¢ : V(H;) — V(Hz) such that uv € E(Hy),01(u) = a,a1(v) =
b, fi(uv) =m < ¢(u)p(v) € E(Hz), as(dp(u)) = a,az(¢(v)) = b, B2(p(u)¢(v)) =
m. When H; is rooted at a vertex r;,i = 1,2, (H;, o, 5i),1 = 1,2 are rooted-
isomorphic (r-isomorphic) if they admit an isomorphism ¢ such that ¢(r1) = ro.

For a notational convenience, we use a function ¢ : V(H) — [0,12] for a
chemical graph C = (H, «, 3) such that Sc(u) means the sum of bond-multiplicities
of edges incident to a vertex wu; i.e.,

Be(w) = Y Blu)
weE(H)

for each vertex u € V(H). For each vertex u € V(H), define the electron-degree
eledegc(u) to be

eledeg(u) 2 Be(u) — val(a(u)).

For each vertex u € V(H), let dege(u) denote the number of vertices adjacent to
the vertex u in C.

For a chemical graph C = (H, «, /3), let V4(C), a € A denote the set of vertices
v € V(H) such that o(v) = a in C and define the hydrogen-suppressed chemical
graph (C) to be the graph obtained from H by removing all the vertices v € Vi(C).
We use a hydrogen-suppressed model because hydrogen atoms can be added at
the final stage.

We introduce a total order < over the elements in A and we write a < b for
chemical elements a,b € A. Choose a set '« of tuples v = (a,b, k) € A x A x[1, 3]
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such that a < b. For a tuple v = (a,b,k) € A x A x [1,3], let 7 denote the tuple
(b,a,k). Set I's = {7 | v eI}, T- = {(a,a,k) | a € Ak € [1,3]} and
I'=T.uUTl'~-. A pair of two atoms a and b joined with a bond of multiplicity &
is denoted by a tuple v = (a,b, k) € I, called the adjacency-configuration of the

atom pair.

2.3 Machine Learning

In most of existing QSAR studies, the problem of QSAR is usually formulated as
a machine learning problem, particularly, a regression problem between a set of
vectors of real numbers called descriptors or features that represents the chemical
compounds and the corresponding real property values [16].

For an integer K > 1, define a feature space R¥. Let X = {x1,72,..., 2}
be a set of feature vectors z; € R¥ and let a; € R be a real assigned to a feature
vector z;. Let A = {a; | i € [1,m]}. A function 1 : RX — R is called a prediction
function.

A regression problem is asked to find a prediction function 1 : R — R based
on a subset of {x1,x9,...,zn} so that n(x;) is closed to the value a; for many
indices ¢ € [1,m)].

Typically, for a prediction function 1 : R — R, we define an error function:

Err(n; X) £ ) (ai — n(a))?
i€[1,m]
and define the coefficient of determination:

. . P — i 2
Bu(ni &) __ | 2ieqm (@ n(waQ))) ERCEE
Zie[Lm}(“i —a) Zie[l,m] (a; — a) m

1€[1,m]

R2(777X) =1-

The coefficient of determination R?(n, X) is usually used to evaluate the perfor-

mance of the prediction function n on the dataset X.

Artificial Neural Networks A digraph G = (V, E) is called layered if it does
not contain any directed cycle and the length of any path from a source s € Vi,
to a sink ¢t € V,y is a constant, say k, where V' is partitioned into k£ + 1 disjoints
subsets Vo(= Vin), V1, Va, ..., Vi(= Vout) so that each edge (u,v) satisfies u € V;
and v € V4 for some i € [0,k — 1]. For each vertex v € V, a vertex u € V
with (u,v) € E is called an in-neighbor of v, and we let N~ (v) denote the set of
in-neighbors of v.

Artificial neural network (ANN) is one of the most frequently used tools in

machine learning. Following [1], we consider an ANN A to be a weight system
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(G,w, F') such that G is a layered digraph, where a function f, € F for each
vertex v € V\(Vin U Voue) is called an activation function. One example of the
activation function is the ReLU function, defined to be f(z) := max(z,0). The
weight function w is a function w : VU E — R on the digraph G, where we
call w(uv) the weight on directed edge (u,v) € E and w(v) the weight on vertex
veV.

Given a vector (ys)sev;, of reals, we calculate the values y, for v € V\V;, as

follows:

Yo = o Z w(uv)y, + w(v)).

ueN~(v)

The vector (y¢)iev,,, of reals is the output of this ANN.



3 A FRAMEWORK FOR THE INVERSE
QSAR

This chapter reviews the framework that solves the inverse QSAR by using
MILPs [4]. We will follow this framework in Chapters 4 and 5, and make a slight
necessary modification to include other machine learning methods in Chapters 6,
7 and 8.

3.1 A Framework for the Inverse QSAR

For a specified chemical property 7 such as boiling point, we denote by a(G) the

observed value of the property m for a chemical compound G.

3.1.1 Phase 1l

As the first phase, we solve (I) PREDICTION PROBLEM with the following three

stages.

Stage 1: Let DB be a set of chemical graphs. For a specified chemical property
m, choose a class G of graphs such as acyclic graphs or monocyclic graphs. Prepare
adataset D = {G; |i=1,2,...,m} C GNDB such that the value a(G;) of each
chemical graph G;, i = 1,2,...,m is available. See Figure 3.1 for an illustration
of Stage 1.

Stage 2: Introduce a feature function f : G — R for a positive integer k. We
call f(G) the feature vector of G € G, and call each entry of a vector f(G) a
descriptor of G. A vector x € RF is called admissible if there is a graph G € G
such that f(G) = = [4]. Let A denote the set of admissible vectors x € R*. We
use the range-based method to define an applicability domain (AD) [35] to our
inverse QSAR method. Set z; and T; to be the minimum and maximum values
of the j-th descriptor z; in RGZ) over all graphs G;, i = 1,2,...,m. Define our
AD D to be the set of vectors x € RF such that xz; < x; < T for the variable
x; of each j-th descriptor, j = 1,2,..., k. See Fign"e 3.2 for an illustration of
Stage 2.

Stage 3: Construct a prediction function 1y with an ANN A that, given a
vector in R¥, returns a real so that ¥ (f(G)) takes a value nearly equal to a(G)

13
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g : a class of chemical
graphs

DB

a: property
function

Figure 3.1. An illustration of Stage 1: A data set D, of chemical graphs G;,
i=1,2,...,m in a class G of graphs whose values a(G;) of a chemical property

7 are available.

g

f: feature
function

Figure 3.2. An illustration of Stage 2: Each chemical graph G € G is mapped

to a vector f(G) in a feature vector space RF for some positive integer k.

for many chemical graphs in D. See Figure 3.3 for an illustration of Stage 3.

3.1.2 Phase 2

As the second phase, we solve (II) INVERSE PROBLEM for the inverse QSAR by

treating the following inference problems.

(II-a) Inference of Vectors
Input: A real y* € [a,q].
Output: Vectors z* € AND and g* € R" such that y¥a(z*) = y* and g* forms
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Figure 3.3. An illustration of Stage 3: A prediction function s from the
feature vector space R¥ to R is constructed based on an ANN N

a chemical graph G* € G with f(G*) = z*.

(II-b) Inference of Graphs
Input: A vector z* € AND.
Output: All graphs G* € G such that f(G*) = z*.

To treat Problem (II-a), we use MILPs for inferring vectors in ANNs [1]. In
MILPs, we can easily impose additional linear constraints or fix some variables
to specified constants. We include into the MILP a linear constraint such that

x € D to obtain the next result.

Theorem 3.1 ([1]). Let N be an ANN with a piecewise-linear activation function
for an input vector x € R¥, ny denote the number of nodes in the architecture and
np denote the total number of break-points over all activation functions. Then
there is an MILP M(x,y;C1) that consists of variable vectors x € D (C R¥),
y € R, and an auziliary variable vector z € RP for some integer p = O(ng +np)
and a set C; of O(na+npg) constraints on these variables such that: Yy (z*) = y*
if and only if there is a vector (x*,y*) feasible to M(x,y;C1).

To attain the admissibility of inferred vector z*, we also introduce a variable
vector g € R? for some integer q and a set Co of constraints on x and g such that
x* € A holds in the following sense: (z*,g*) is feasible to the MILP M(x, g;Cs)
if and only if g* forms a chemical graph G* € G with f(G*) = x*.

The second phase consists of the next two stages.

Stage 4: Formulate Problem (II-a) as the above MILP M(x,y, g;C1,C2) based
on G and V. Find a set F* of vectors z* € AND such that (1 —¢e)y* < Yy (z*) <
(1 + ¢)y* for a tolerance ¢ set to be a small positive real. See Figure 3.4 for an

illustration of Stage 4.
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Figure 3.4. An illustration of Stage 4: Given a target value y* € R, solving
MILP M(z,y, g;C1,C2) either delivers a set F* of vectors z* € AN D such that
(1 —e)y* < Yw(x*) < (1+¢)y* or detects that no such vector x exists.

g

Figure 3.5. An illustration of Stage 5: For each vector z* € F*, all chemical
graphs G* € G such that f(G*) = z* are generated.

Stage 5: To solve Problem (II-b), enumerate all graphs G* € G such that
f(G*) = z* for each vector z* € F*. See Figure 3.5 for an illustration of Stage 5.



4 AN INVERSE QSAR METHOD FOR
RANK-2 CHEMICAL COMPOUNDS

4.1 Introduction

Recently, a new inverse QSAR framework has been proposed [4, 11, 59, 60] by
combining two previous approaches; efficient enumeration of tree-like graphs [15],
and MILP-based formulation of the inverse problem on ANNs [1]. Their meth-
ods were applicable only to acyclic chemical graphs (i.e., tree-structured chemical
graphs), where the ratio of acyclic chemical graphs in a major chemical database,
PubChem [27], is only 2.91%. Afterward, Ito et al. [25] designed a method of
inferring monocyclic chemical graphs (chemical graphs with rank 1) by formu-
lating a new MILP and using an efficient algorithm for enumerating monocyclic
chemical graphs [46]. This still leaves a big limitation because the ratio of acyclic
and monocyclic chemical graphs in PubChem [27] is only 16.26%.

To break this limitation, we significantly extend the MILP-based approach for
inverse QSAR so that “rank-2 chemical compounds” can be efficiently handled,
where the ratio of chemical graphs with rank at most 2 in the database Pub-
Chem is 44.5%. Note that there are three different topological structures, called
polymer-topologies over all rank-2 chemical compounds. In particular, we propose
a novel MILP formulation for (II-a) (see Section 3.1.2) along with a new set of
descriptors. One big advantage of this new formulation is that an MILP instance
has a solution if and only if there exists a rank-2 chemical graph satisfying given
constraints, which is useful to significantly reduce redundant search in (II-b). We
conducted computational experiments to infer rank-2 chemical compounds on
several chemical properties.

The rest of this chapter is organized as follows. Section 4.2 introduces some
notions on graphs, a modeling of chemical compounds, and a choice of descriptors.
Section 4.3 introduces a method of modeling rank-2 chemical graphs with differ-
ent cyclic structures in a unified way and proposes an MILP formulation that
represents a rank-2 chemical graph G of n vertices, where our MILP requires
only O(n) variables and constraints when the maximum height of subtrees in G
is constant. Section 4.4 reports the results on some computational experiments

conducted for chemical properties such as octanol/water partition coefficient,

17
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melting point, and boiling point. Section 4.5 makes some concluding remarks.

4.2 Preliminary

This section introduces some notions and terminology on graphs, a modeling of

chemical compounds, and our choice of descriptors.

4.2.1 Multigraphs and Graphs

Multigraphs A multigraph is defined to be a pair (V, E) of a vertex set V and
an edge set F such that each edge e € E joins two vertices u,v € V (possibly
u =wv) and the vertices u and v are called the end-vertices of the edge e, and let
V(e) denote the set of the end-vertices of an edge e € E, where an edge e with
|[V(e)] =1 is called a loop. We denote the vertex and edge sets of a multigraph
M by V(M) and E(M), respectively. A path with end-vertices u and v is called
a u, v-path, and the length of a path is defined to be the number of edges in the
path.

Let M be a multigraph. An edge e € E(M) is called multiple (to an edge
¢/ € E(M)) if there is another edge ¢’ € E(M) with V(e) = V(¢'). For a vertex
v € V(M), the degree degy,;(v) of v is defined to be the number of times an
edge in E(M) is incident to v; i.e., degy;(v) = {e € E(M) | v € V(e),|V(e)| =
2 +2{e € E(M) | v e V(e),|V(e)] = 1}|. A multigraph is called simple if it
has no loop and there is at most one edge between any two vertices. We observe
that the sum of the degrees over all vertices is twice the number of edges in any

multigraph M; i.e.,

AEM)|= ) degy(v).
veV (M)

For a subset X of vertices in M, let M — X denote the multigraph obtained
from M by removing the vertices in X and any edge incident to a vertex in
X. An operation of subdividing a non-loop edge (resp., loop) e € E(M) with
V(e) = {v1,v2} (resp., V(e) = {v1 = v2}) is to replace e with two new edges e;
and es such that each e; is incident to v; and a new vertex v.. An operation of
contracting a vertex u of degree 2 in M is to replace the two edges uv and uv’
incident to u with a single edge vv’ removing vertex u, where the resulting edge
is a loop when v = v'. The rank r(M) of a multigraph M is defined to be the
minimum number of edges to be removed to make the multigraph acyclic. We
call a multigraph M with r(M) = k a rank-k graph. Let Vyeg ;(M) denote the set
of vertices of degree i in M. The core Cr(M) of M is defined to be an induced
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(a) M, (b) M, (c) M3

Figure 4.1. An illustration of the three rank-2 polymer topologies My, Mo, M3 €
PT(2,4).

subgraph M* that is obtained from M’ := M by setting M’ := M’ — Vieg1(M')
repeatedly until M* contains at most two vertices or consists of vertices of degree
at least 2. The core M™ of a connected multigraph M consists of a single vertex
(resp., two vertices) if and only if M is a tree with an even (resp., odd) diameter.
A vertex (resp., an edge) in M is called a core vertex (resp., core edge) if it is
contained in the core of M and is called a non-core vertez (resp., non-core edge)
otherwise. The core size cs(M) is defined to be the number of core vertices of
M, and the core height ch(M) is defined to be the maximum length of a path
between a vertex v € V(M™*) to a leaf of M without passing through any core
edge. The set of non-core edges induces a collection of subtrees, each of which
we call a non-core component of M, where each non-core component C' contains
exactly one core vertex v and we regard C' as a tree rooted at vo. Let C be a
non-core component of M. The height height(v) of a vertex v in C' is defined to

be the maximum length of a path from v to a leaf v in the descendants of v.

A multigraph is called a polymer topology if it is connected and the degree of
every vertex is at least 3. Tezuka and Oike [51] pointed out that a classification of
polymer topologies will lay a foundation for elucidation of structural relationships
between different macro-chemical molecules and their synthetic pathways. For
integers » > 0 and d > 3, let PT(r,d) denote the set of all rank-r polymer
topologies with maximum degree at most d. Figure 4.1 illustrates the three rank-
2 polymer topologies in PT(2,4).

For a polymer topology M, the least simple graph S(M) of M is defined to
be a simple graph obtained from M by subdividing each loop in M with two new
vertices of degree 2 and subdividing all multiple edges (except for one) between

every two adjacent vertices in M.

The polymer topology Pt(M) of a multigraph M with r(M) > 2 is defined to
be a multigraph M’ of degree at least 3 that is obtained from the core Cr(M) by
contracting all vertices of degree 2. Note that r(Pt(M)) = r(M). Figures 4.2(a) to
(c) illustrate the least simple graph S(M) of each polymer topology M € PT(2,4)
in Figure 4.1, where Figure 4.2(d) illustrates a graph that contains all least simple
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Figure 4.2. An illustration of the least simple graphs of the rank-2 polymer
topologies M1, My, M3 € PT(2,4) in Figure 4.1 and a scheme graph (K,E&): (a)
S(My); (b) S(M2); (c) S(Ms); (d) ascheme graph (K = ({u1,ug,us,us4}, E),E =
(En, Ea, E3)) where each edge u;u; is directed from one end-vertex u; to the other
end-vertex u; with i < j, and Ey = {a1 = (u1,u4), a2 = (u2,us),a3 = (uz,us)},
E2 = {a4 = (u17u2),a5 = (U3,U4)} and E3 = {CLG = (ul,UQ),CW = (U3,U4)}, and
the edges in E; (resp., E2 and E3) are depicted with dashed (resp., dotted and

solid) lines.

graphs.

Graphs Let H = (V| E) be a graph with a set V' of vertices and a set E of edges.
Define the I-path connectivity r1(H) of H to be Y. 1/+/degy(u)degy (v).

Let H be a rank-2 connected graph such that the maximum degree is at most

4. We see that H contains two vertices v, and v such that either there are three
disjoint paths between v, and v, or H contains two edge disjoint cycles C' and C’,
which are joined with a path between v, and v, (possibly v, = vp). We introduce
the topological parameter §(H) of rank-2 connected graph H as follows. When
H has three disjoint paths between v, and v, define §(H) to be the minimum
number of edges along a path between v, and vy. When H contains two edge
disjoint cycles C' and C’, which are joined with a path P between v, and v,
(possibly v, = vp,), define 8(H) to be —|E(P)|.

4.2.2 Modeling of Chemical Compounds

Chemical Graphs In this chapter, a chemical graph over a set of chemical
elements A and a set of adjacency-configurations I' is defined to be a tuple G =
(H,a, B) of a graph H = (V, E), a function o : V. — A and a function 5 : F —
[1,3] such that
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(i)  H is connected,;
(i) > uer Buv) < val(a(u)) for each vertex v € V; and
(iii)  (a(u),a(v), B(uv)) € T for each edge uv € E.

Let G(A,T) denote the set of chemical graphs over A and T

Descriptors In our method, we use only graph-theoretical descriptors for defin-
ing a feature vector, which facilitates our designing an algorithm for constructing
graphs. Given a chemical graph G = (H, «a, 3), we define a feature vector f(QG)
that consists of the following 14 kinds of descriptors:

- n(G): the number of vertices in G;

- ¢s(@): the core size of G;

- ch(G): the core height of G;

- k1(G): the 1-path connectivity of G;

- dg;(G) (i € [1,4]): the number of vertices of degree ¢ in G;

- ce(G) (a € A): the number of core vertices with chemical element a € A;

- cel®(G) (a € A): the number of non-core vertices with chemical element
a€Al;

- mS(G): the average of mass™ of atoms in G;
- bf°(G) (k € [2,3]): the number of double and triple bonds in core edges;
- bp°(G) (k € [2,3]): the number of double and triple bonds in non-core edges;

- ac’(G) (v = (a,b,k) € I'): the number of adjacency-configurations (a,b, k)

of core edges;

- acy®(G) (v = (a,b, k) € I'): the number of adjacency-configurations (a,b, k)

of non-core edges;
- O(H): the topological parameter of H; and

- ng(G): the number of hydrogen atoms to be included in Gj i.e.,

nu(G) = Yaep val(a)na(G)
= 2aea val(@)na(G) = 2(n(G) + 1+ b5°(G) + b3°(G) + 205°(G) + 205°(G)).

The number k of descriptors in our feature vector x = f(G) is k = 2|A| +
2IT| + 13.
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4.3 Representing Rank-2 Chemical Graphs

This section introduces a method of modeling rank-2 chemical graphs with dif-
ferent cyclic structures in a unified way and proposes an MILP formulation that

represents a rank-2 chemical graph G of n vertices.

Scheme Graphs and Tree-Extensions

Given positive integers n* and p, a graph with n* vertices and p edges can be
represented as a subgraph of a complete graph K,» with n*(n* — 1)/2 edges.
However, formulating this as an MILP may require to prepare £2((n*)?) variables
and constraints. To reduce the number of variables and constraints in an MILP
that represents a rank-2 graph, we decompose a rank-2 graph G into the core
and non-core of GG so that the core is represented by one of the three rank-2
polymer topologies and the non-core is a collection of trees in which the height is
bounded by the core height of G. We do not specify how many subtrees will be
attached to each edge in the polymer topology in advance, since otherwise we
would need a different MILP for a distinct combination of such assignments of
subtrees. Instead we allow each edge in a polymer topology to collect a necessary
number of subtrees in our MILP (see the next section for more detail). In this
section, we introduce a “scheme graph” to represent three possible rank-2 polymer
topologies, an “extension” of the scheme graph to represent the core of a rank-2
graph and a “tree-extension” to represent a combination of the core and non-core
of a rank-2 graph, so that any of the three kinds of rank-2 polymer topologies

can be selected in a single MILP formulation.

Scheme Graphs Formally, we define the scheme graph for rank 2 to be a pair
(K, &) of amultigraph K and an ordered partition & = (FE1, Eq, E3) of the edge set
E(K). Figure 4.2(d) illustrates the scheme graph (K = ({u,u2,us,us}, F),E =
(E1, E9, E3)). An edge in Ej is called a semi-edge, an edge in Fj is called a virtual

edge and an edge in Fj3 is called a real edge.

Extensions of Scheme Graphs Based on the scheme graph (K, &), we con-
struct the core of a rank-2 graph H as an “extension,” which is defined as follows.
An extension of the scheme graph (K, £) is defined to be a simple graph obtained
from K by using each real edge e = uv € Fj3, by eliminating or replacing each
virtual edge e = uv € FEy (resp., semi-edge e = uv € Ej) with a u,v-path of
length at least two (resp., 1) in the core of H, where a u,v-path of length 1
means an edge uv. Figure 4.4(a) illustrates an extension Hgope of the scheme
graph (K, &) which is obtained by removing virtual edges a4,a5 € Fy and by

replacing semi-edge a; € Ey with a path (uj 1,v1,1,v21,u4,1), semi-edge az € Ey
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with a path (u2,1,v3,1,v4,1,05,1,u31) and by using semi-edge a3 € F; and real
edges ag, a7 € E3. The extension Hcope in Figure 4.4(a) is isomorphic to the core
of the rank-2 graph H in Figure 4.4(b). Observe that each of the least simple
graphs S(M;), i = 1,2,3 in Figure 4.2 is obtained as an extension of the scheme
graph (K, ) in Figure 4.2(d).

Tree-extensions Let s* = |V(K)| = 4 denote the number of vertices in the
scheme graph. For non-negative integers a, b and ¢, we consider a rank-2 graph
H such that cs(H) = s* +a = 4+ a, ch(H) = b and the maximum degree of
a core vertex is at most c. We define an “(a, b, ¢)-tree-extension” as a minimal
supergraph of all such rank-2 graphs H. Formally, the (a, b, ¢)-tree-extension (or
a tree-extension) is defined to be the graph obtained by augmenting the graph K

as follows:

(i)  For each vertex us € V(K), s € [1,s*], create a copy Ss of the rooted tree
T(c —2,¢—1,b). For each s € [1,s*], let the root of rooted tree Ss be
equal to the vertex us and denote by us; the copy of the i-th vertex of

T(c—2,¢—1,b) in S5 (see Figure 4.3(a)).

(ii)  Create a new path (v11,v21,...,04,1) With a vertices, where the edge be-
tween v;1 and viy1, is denoted by eqy1 (see Figure 4.3(c)). For each
t € [1,a], create a copy T; of the rooted tree T(c — 2,¢ — 1,b), let the
root of rooted tree T} be equal to the vertex vy, and denote by v.; the
copy of the i-th vertex of T'(¢ — 2,¢ — 1,b) in T} (see Figure 4.3(b)).

(iii)  For every pair (s,t) with s € [1,s*] and ¢ € [1, a], join vertices us 1 and vy

with an edge us1ve,1 (see Figure 4.3(c)).

Figure 4.3 illustrates the (3,2,4)-tree-extension of the scheme graph. We
show how a rank-2 graph can be constructed as a subgraph of a tree-extension
with some example. Figure 4.4(b) illustrates a rank-2 graph H with n(H) = 21,
cs(H) =9, ch(H) = 2 and #(H) = 1, where the maximum degree of a non-
core vertex is 3. To prepare a tree-extension so that the graph H can be a
subgraph of the tree-extension, we set cs* := cs(H), a := t* := cs* — s* = 5,
b:=ch* := ch(H) = 2 and ¢ := dpax := 3. Figure 4.4(c) illustrates a subgraph
H' of the (t* = 5,ch* = 2, dypax = 3)-tree-extension such that H' is isomorphic to
the rank-2 graph H.

MILPs for Rank-2 Chemical Graphs

We present an outline of our MILP M(x, g;C2) in Stage 4 of the framework. For
integers dpax,n*,cs*, ch*,0* € Z, let H(dmax,n*,cs*,ch*, 0*) denote the set of
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Figure 4.3. An illustration of a tree-extension, where the vertices in V(K) are
depicted with gray circles: (a) The structure of the rooted tree Ss rooted at a
vertex ug1; (b) the structure of the rooted tree T; rooted at a vertex ve1; (c)
the (a,b, c)-tree-extension of the scheme graph in Figure 4.2(d) for a = t* = 3,
b=ch* =2 and ¢ = dpax = 4.

Figure 4.4. (a) An example of an extension of the scheme graph; (b) an example
of a rank-2 graph H with n(H) =21, cs(H) =9, ch(H) = 2 and §(H) = 1, where
the labels of some vertices and edges indicate the corresponding vertices and
edges in the (t*,ch*, dpax)-tree-extension for cs* = cs(H), ch® = ch(H), s* = 4,
t* = cs* — s* and dmax = 3; (c) a subgraph H' of (t* = 5,ch* = 2, dyax = 3)-tree-

extension isomorphic to the rank-2 graph H in (b).

rank-2 graphs H such that the degree of each core vertex is at most 4, the degree
of each non-core vertex is at most dpax, n(H) = n*, cs(H) = c¢s*, ch(H) = ch”

and (H) = 0*. In this chapter, we obtain the following result.

Theorem 4.2. Let A be a set of chemical elements, I be a set of adjacency-
configurations, where |A| < |T'|, and k = 2|A| + 2|T'| + 13. Given integers dmax €
{3,4}, n* > 3, cs* > 3 ch™ > 0 and 6*, there is an MILP M(x, g;C2) that consists
of variable vectors x € R¥ and g € RY for some integer ¢ = O(|T|-cs* - (dmax—1)")
and a set Co of O(|T| +cs* - (dmax—1)"") constraints on these variables such that:

(x*, g*) is feasible to M(x,g;Ca) if and only if g* forms a rank-2 chemical graph



4.3 Representing Rank-2 Chemical Graphs 25

G* = (H,a,p) € G(A,T') such that H € H(dmax,n",cs*,ch*,0%) and f(G*) = x*.

Note that our MILP requires only O(n*) variables and constraints when the
maximum core height of a subtree in the non-core of G* and |I'| are constant.
We formulate an MILP in Theorem 4.2 so that such a graph H is selected as a
subgraph of the scheme graph.

We explain the basic idea of our MILP. Define

t* £ cs* — 5%,
o |E1 UEQ’ for (K,g = (El,EQ,Eg)),
Niree 2 142((dmax—1)" —1) / (dinax—2) and niy 2 142((dmax—1)" 1)/ (dmax—2),

where niree and ni, are the numbers of vertices and non-leaf vertices in the rooted
tree T(dmax — 2, dmax — 1,ch™), respectively. The MILP mainly consists of the

following three types of constraints.

1. Constraints for selecting a rank-2 graph H as a subgraph of the (t*, ch®, dyax )-
tree-extension of the scheme graph (K, &);

2. Constraints for assigning chemical elements to vertices and multiplicity to

edges to determine a chemical graph G = (H, «, 5);

3. Constraints for computing descriptors from the selected rank-2 chemical

graph G; and

4. Constraints for reducing the number of rank-2 chemical graphs that are

isomorphic to each other but can be represented by the above constraints.

In the constraints of 1, we treat each edge in the tree-extension as a directed
edge because describing some condition for H to belong to H(dmax, n*, cs*, ch™*, 6*)
becomes slightly easier than the case of undirected graphs. More formally we

prepare the following.

(i)  In the scheme graph (K, &), denote the edges in Fy U Ep U E3 by Ey =
{ar, a2, ... am, |}, B2 = {ajg |41, -, @} and B3 = {ac 41, . . ., am } (where
c* = |E1 U Es|), and regard each edge a; = usjuy 1 € E1 U EyU E3 as a
directed edge from one end-vertex us i to the other end-vertex uy ; with

s < §'. Let a(i) be a binary variable for each edge a;, i € [1,m].

/
8,7

(ii)  In each tree Sy (resp., T;) in the tree-extension, we regard each edge e
i > 2 in the rooted tree S, s € [1,s*] (resp., et;, @ > 2 in the rooted tree
Ty, t € [1,t7]) as a directed edge from vertex ug 4(;) to vertex us; (resp.,
from vertex vy ¢(;) to vertex wvg;). Let u(s,i) (vesp., v(t,i)) be a binary

variable for vertex us;, s € [1,s*] (resp., t € [1,t*]) and i € [1, Ntree];
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(iii)  In the path P+ consisting of the roots of trees T3, [t € 1,t*], we regard each

edge e, t € [2,t*] as a directed edge from vertex v;_1,1 to vertex vy 1; and

(iv)  We regard each edge us v for s € [1,s*] and ¢t € [1,t*] as two directed
edges, one directed from vertex us; to vertex vy and the other directed

oppositely. Let e(s,t) (resp., e(t,s)) be a binary variable of directed edge

(us,1,ve,1) (vesp., (ve,1,us1)).

Based on these, we include constraints with some more additional variables
so that a selected subgraph H is a connected rank-2 graph. See constraints
Equations (A.1.10) to (A.1.42) in Appendix A for the details.

In the constraints of 2, we prepare an integer variable a(u) for each vertex
u in the tree-extension that represents the chemical element a(u) € A if w is in
a selected graph H (or &(u) = 0 otherwise) and an integer variable 3(e) € [0, 3]
(resp., B(e) € [0,3]) for each edge e (resp., e = e(s,t) or e(t,s), s € [1,s*],
t € [1,t*]) in the tree-extension that represents the multiplicity 5(e) € [1,3] if e
is in a selected graph H (or B(e) or B(e) takes 0 otherwise). This determines a
chemical graph G = (H, «, ). Also we include constraints for a selected chemical
graph G to satisfy the valence condition (a(u),a(v),B(uv)) € T' for each edge
uv € E. See constraints Equations (A.1.43) to (A.1.61) in Appendix A for the
details.

In the constraints of 3, we introduce a variable for each descriptor and con-
straints with some more variables to compute the value of each descriptor in f(G)
for a selected chemical graph G. See constraints Equations (A.1.62) to (A.1.113)
in Appendix A for the details.

With constraints 1 to 3, our MILP formulation already represents a rank-2
chemical graph G and a feature vector z € R¥ so that z = f(G) holds. In the
constraints of 4, we include some additional constraints so that the search space
required for an MILP solver to solve an instance of our MILP problem is reduced.
For this, we consider a graph-isomorphism of rooted subtrees of each tree Ss or
T and define a canonical form among subtrees that are isomorphic to each other.
We try to eliminate a chemical graph G that has a subtree in S or T that is not a
canonical form. See constraints Equations (A.1.114) to (A.1.119) in Appendix A
for the details.

4.4 Experimental Results

We implemented our method of Stages 1 to 5 for inferring rank-2 chemical graphs

and conducted experiments to evaluate the computational efficiency for three
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chemical properties m: octanol/water partition coefficient (Kow), melting point
(Mp), and boiling point (BP). We executed the experiments on a PC with Intel
Core i5 1.6 GHz CPU and 8GB of RAM running under the Mac OS operating
system version 10.14.6. We show 2D drawings of some of the inferred chemical

graphs, where ChemDoodle version 10.2.0 is used for constructing the drawings.
Results on Phase 1.

Stage 1. We set a graph class G to be the set of all rank-2 chemical graphs.
For each property m € {Kow, MP, BP}, we select a set A of chemical elements
and collected a data set D, on rank-2 chemical graphs over A provided by HSDB
from PubChem. To construct the data set, we eliminated chemical compounds
that have at most three carbon atoms or contain a charged element such as N™
or an element a € A in which the valence is different from our setting of valence
function val.

Table 4.1 shows the size and range of data sets that we prepared for each

chemical property in Stage 1, where we denote the following;:

m: one of the chemical properties Kow, MP and Bp;

|Dr|: the size of data set D, for property ;

- A: the set of chemical elements over data set D, (hydrogen atoms are added
at the final stage); A is one of the following 2 datasets:
Ay = {C, N, O}’ Ap = {C7 N,0,8,P, Cl}

IT'|: the number of tuples in T';

- [n,m]: the minimum and maximum number n(G) of non-hydrogen atoms

over data set Dy;

- [cs, @8], [ch, ch]: the minimum and maximum core size and core height over

chemical compounds in D, respectively;

[0,0]: the minimum and maximum values of the topological parameter 8(G)

over data set D,; and
- la,a]: the minimum and maximum values of a(G) in 7 over data set Dy.

Stage 2. We used a feature function f that consists of the descriptors defined

in Section 4.2.

Stage 3. We used scikit-learn version 0.21.6 with Python 3.7.4 to construct
ANNs N where the tool and activation function are set to be MLPRegressor
and ReLU, respectively. We tested several different architectures of ANNs for
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Table 4.1. The results of Stage 1 in Phase 1.

n  |Dz| A |T| [n,m] [cs,cs] [ch,ch] [6,0] [a, a]
Kow 93 Ay 9 [9,31] [7,16] [0, 13] [-5,3] [-3.7, 12.2]
Mp 63 Ay 7 [9,31] [7,17] [0, 4] [—6, 3] [-80, 300]
Bp 45 Ay 9 9,25 [7,15] [0, 7] [—4, 3]  [155, 420]

Table 4.2. The results of Stages 2 and 3 in Phase 1.

m k Activation Architecture L-Time Test R? (ave.) (Best)

Kow 37 relu (37,10,1) 3.92 0.866 0.964
Mp 33 relu (33,10,1) 21.68 0.805 0.916
Bp 43 relu (43,10,1) 11.88 0.802 0.947

each chemical property. To evaluate the performance of the resulting prediction
function ns with cross-validation, we partition a given data set D, into five
subsets DI, i € [1,5] randomly, where D \ DY is used for a training set and
D7(Ti ) is used for a test set in five trials i € [1,5]. Table 4.2 shows the results on
Stages 2 and 3, where

- k: the number of descriptors for the chemical compounds in data set D, for

property ;
- Activation: the choice of activation function;

- Architecture: (a,b, 1) consists of an input layer with a nodes, a hidden layer
with b nodes, and an output layer with a single node, where a is equal to the

number of descriptors;
- L-time: the average time (sec.) to construct ANNs for each trial;

- test R? (ave.): the average of coefficient of determination over the five test

sets; and

- test R? (best): the largest value of coefficient of determination over the five

test sets.

For each chemical property 7, we selected the ANN N that attained the best
test R? score among the five ANNs to formulate an MILP M(z,y, z;C1) in the
second phase.

Results on Phase 2. We implemented Stages 4 and 5 in Phase 2 as follows.
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Stage 4. In this stage, we solve the MILP M(z,y, g;C1,C2) formulated based
on the ANN A obtained in Phase 1. To solve an MILP in Stage 4, we use CPLEX
version 12.10. In our experiment, we choose a target value y* € [a,a] and fix or

bound some descriptors in our feature vector as follows:

- Fix variable 0 that represents the polymer parameter 6(H ) to be each integer
in {-2,0,2};

- Set dmax to be each of 3 and 4;

- Fix n* to be some four integers in {15,19,20,25,30} for § € {—2,0} and
(15,19, 20,22, 25} for 6 = 2;

- Choose three integers from [7,16] and fix cs* to be each of the three integers;

- Fix ch* to be each of the four integers in [2, 5].

Based on the above setting, we generated 12 instances for each n*. We set
€ = 0.02 in Stage 4.

Tables 4.3-4.8 show the results of Stage 4 for dyna.x = 3 and 4, respectively,
where we denote the following:

- y*: a target value in [a,a] for a property 7;

- n*: a specified number of vertices in [n,71];

- |F*|/#I1: #I means the number of MILP instances in Stage 4 (where #1=12),
and |F*| means the size of set F* of vectors x* generated from all feasible

instances among the #I MILP instances in Stage 4;

IP-time: the average time (sec.) to solve one of the #I MILP instances to

find a set F™* of vectors x*.

Figure 4.5(a) to (c) illustrate some rank-2 chemical graphs G* with 6(G*) =
—2 constructed from the vector g* obtained by solving the MILP in Stage 4.

Figure 4.6(a) to (c) illustrate some rank-2 chemical graphs G* with §(G*) =0
constructed from the vector g* obtained by solving the MILP in Stage 4.

Figures 4.7(a) to (c) illustrate some rank-2 chemical graphs G* with 0(G*) = 2
constructed from the vector g* obtained by solving the MILP in Stage 4.

Stage 5. In this stage, we modified the algorithms proposed by Tamura et al. [48]
and Yamashita et al. [56] to enumerate all rank-2 graphs G* € G such that
f(G*) = x* for each z* € F*. We stop the execution when either the total num-
ber of graphs inferred over all vectors z* € F* exceeds 100 or the execution time
exceeds one hour.

Tables 4.3-4.8 show the results on Stage 5 for dy.x = 3 and 4, respectively,
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Table 4.3. Results of Stages 4 and 5 with dpax = 3 and 0 = —2.

™ yr n* |F*|/#I IP-Time #G* G-Time
Kow 15 12/12 9.96 100 2236.0
Kow 20 12/12 30.38 12 >1h
Kow 25 12/12 47.57 12 >1h
Kow 30 12/12 69.38 12 >1h
Mp 150 15 12/12 9.52 100 2069.0
Mp 150 20 12/12 22.79 12 >1h
Mp 150 25 12/12 47.20 12 >1h
Mp 150 30 12/12 66.90 12 >1h
Bre 250 15 11/12 9.50 100 103.5
Br 250 19 12/12 19.08 12 >1h
Br 250 22 12/12 25.78 12 >1h
Br 250 25 12/12 67.64 12 >1h

Table 4.4. Results of Stages 4 and 5 with dyax =4 and 0 = —2.

™ yr n* |[F*|/#I IP-Time #G* G-Time
Kow 15 11/12 31.84 100 413.8
Kow 20 12/12 69.65 12 >1h
Kow 25 12/12 144.20 11 >1h
Kow 30 12/12 352.01 12 >1h
Mp 150 15 9/12 20.68 100 947.4
Mp 150 20 11/12 73.73 11 >1h
Mp 150 25 9/12 140.09 9 >1h
Mp 150 30 12/12 304.04 12 >1h
Bre 250 15 7/12 28.51 100 232.7
Br 250 19 11/12 82.01 11 >1h
Br 250 22 12/12 150.55 12 >1h
Br 250 25 12/12 239.84 12 >1h

- #G*: the number of all (or up to 100) rank-2 chemical graphs G* that
are computed under 1 h time limit in Stage 5, where f(G*) = x* for some
x* € F*. (Note that |F™*| such graphs G* have been found in Stage 4, and
Figures 4.5-4.7 illustrate some of such graphs G*.);

- G-time: the running time (sec.) to execute Stage 5, where “>1 h” means
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Table 4.5. Results of Stages 4 and 5 with dpmax = 3 and 0 = 0.

™ yr n* |F*|/#I IP-Time #G* G-Time
Kow 15 12/12 11.00 100 121.1
Kow 20 12/12 25.64 12 >1h
Kow 25 12/12 38.79 12 >1h
Kow 30 12/12 49.65 12 >1h
Mp 150 15 12/12 8.45 100 373.4
Mp 150 20 12/12 18.94 12 >1h
Mp 150 25 12/12 37.13 12 >1h
Mp 150 30 12/12 44.745 4 >1h
Brp 250 15 9/12 8.450 100 74.2
Bp 250 19 11/12 16.31 11 >1h
Bp 250 22 12/12 21.71 12 >1h
Bp 250 25 12/12 45.80 12 >1h
Table 4.6. Results of Stages 4 and 5 with dpax = 4 and 0 = 0.

T yr n* |[F*|/#1 IP-Time #G* G-Time
Kow 15 9/12 36.33 100 23.2
Kow 20 12/12 82.01 12 >1h
Kow 25 12/12 138.96 12 >1h
Kow 30 12/12 292.79 12 >1h
Mp 150 15 9/12 19.89 100 557.6
Mp 150 20 11/12 63.62 11 >1h
Mp 150 25 12/12 112.49 12 >1h
Mp 150 30 12/12 171.11 12 >1h
Bp 250 15 3/12 34.60 100 11.2
Bp 250 19 6/12 203.65 6 >1h
Bp 250 22 9/12 218.07 9 >1h
Brp 250 25 11/12 783.80 11 >1h

that the execution time exceeds the limit.

We also conducted some additional experiments to demonstrate that our

MILP-based method is flexible to control conditions on the inference of chemical

graphs. In Stage 3, we constructed an ANN A for each of the three chemical

properties m € {Kow, MP, BP}, and formulated the inverse problem of each ANN
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Table 4.7. Results of Stages 4 and 5 with dpmax = 3 and 0 = 2.

™ yr n* |F*|/#I IP-Time #G* G-Time

Kow 5 15 12/12 11.64 100 1386.7

Kow 5 20 12/12 23.84 12 >1h
Kow 5 25 12/12 33.71 12 >1h
Kow 5 30 12/12 61.85 12 >1h
Mp 150 15 12/12 9.80 100 1614.3
Mp 150 20 12/12 20.15 12 >1h
Mp 150 25 12/12 36.42 12 >1h

Mp 150 30 12/12 40.58 12 >1h
Bp 250 15 11/12 10.25 100 1756.1

Br 250 19 12/12 16.02 12 >1h
Bp 250 22 12/12 23.63 12 >1h
Bp 250 25 12/12 63.84 12 >1h

Table 4.8. Results of Stages 4 and 5 with dy.x =4 and 6 = 2.

T y* n* |F*|/#] IP-Time #G* G-Time

Kow 5 15 11/12 28.15 100 20.3
Kow 5 20 12/12 71.90 12 >1h
Kow 5 25 12/12 112.71 12 >1h
Kow 5 30 12/12 267.21 12 >1h
Mp 150 15 9/12 22.53 100 2748.1
Mp 150 20 11/12 53.44 11 >1h
Mp 150 25 12/12 143.33 12 >1h
Mp 150 30 12/12 220.63 12 >1h
Bp 250 15 6/12 27.33 100 254.2
Brp 250 19 9/12 75.50 9 >1h
Be 250 22 11/12 133.01 11 >1h
Bp 250 25 12/12 228.75 12 >1h

N, as an MILP M,. Since the set of descriptors is common to all three prop-
erties Kow, MP, and BP, it is possible to infer a rank-2 chemical graph G* that
satisfies a target value y* for each of the three properties at the same time (if one
exists). We specify the size of graph so that n := 22, core size:=14, core height:=
3, 0 := =2 and dmnax := 3, and set target values with yj . := 5, yf\‘/lp := 150 and
ygp := 250 in an MILP that consists of the three MILPs Mxqyw, Mnip and Mpy,.
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(c) (d)

Figure 4.5. An illustration of inferred rank-2 chemical graphs G* with § = —2:
(@) Yow = 5, 0 = =2, n = 30, core size = 16, core height = 3, dmax = 4; (b)
Yarp = 150, 0 = =2, n = 30, core size = 16, core height = 2, dmax = 3; (c)
Ypp = 250, 0 = —2, n = 25, core size = 17, core height = 4, dmax = 3; (d)
Ykow = 95 yf\‘/[p = 150, ygp = 250, 0 = —2, n = 22, core size = 14, core height =
3, dmax = 3.

Figure 4.6. An illustration of inferred rank-2 chemical graphs G*: (a) vy, = 9,
0 = 0, n = 30, core size = 14, core height = 2, dypax = 3; (b) Yarp = 150, 0 =0,
n = 30, core size = 16, core height = 2, dyax = 4; (c) Ygp = 250, 0 =0, n = 25,

core size =17, core heigh t= 2, dy.x = 3.

The MILP was solved in 268.11 (sec) and we obtained a rank-2 chemical graph
G* illustrated in Figure 4.5(d).
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NH3

CHs

Figure 4.7. An illustration of inferred rank-2 chemical graphs G*: (a) vy, = 9,
0 = 2, n = 30, core size = 15, core height = 5, dynax = 4; (b) Yap = 150, 0 = 2,
n = 30, core size = 17, core height = 2, dyax = 3; (c) Ygp = 290, 0 =2, n =25,

core size = 17, core height = 3, dyax = 3.

4.5 Concluding Remarks

In this chapter, we proposed a new method for the inverse QSAR to rank-2
chemical graphs by significantly enhancing the framework for acyclic chemical
graphs due to Azam et al. [4] and Zhang et al. [59], and the framework for rank-
1 chemical graphs due Ito et al. [25], and implemented it for inferring rank-2
chemical graphs using the algorithms for enumerating rank-2 chemical graphs
due to Tamura et al. [48] and Yamashita et al. [56]. From the results on some
computational experiments, we observe that the proposed method runs efficiently
for an instance with n* < 30 non-hydrogen atoms up to Stage 4 and an instance
with n* < 15 non-hydrogen atoms up to Stage 5. Due to this development, the
ratio of chemical compounds covered in the PubChem database increased from
16.26% to 44.5%. It is left as future work to apply our new method for the
inverse QSAR to a wider class of graphs. The ratio of the number of chemical
graphs with rank at most 3 (resp., 4) to the number of all chemical graphs in
database PubChem is 68.8% (resp., 84.7%). Among rank-4 chemical compounds,
Remdesivir Co7H35Ng0sP, an antiviral medication, which is being studied as a
possible post-infection treatment for COVID-19, has a chemical graph G with
r1(G) = 4, n(G) = 42, cs(G) = 24, and ch(G) = 8. The number of polymer
topologies with rank 3 (resp., 4) such that the maximum degree is at most 4 is
12 (resp., 73). Our MILP formulation can be easily extended to the case of rank
3 or 4 by replacing the current set of constraints for the scheme graph with a
set of those for a new scheme graph that is designed for rank-3 or -4 polymer

topologies.



5) AN INVERSE METHOD FOR
ARBITRARY CycLic CHEMICAL
COMPOUNDS!

5.1 Introduction

In many of methods for inverse QSAR, inference or enumeration of graph struc-
tures from a given set of descriptors is a crucial subtask, and thus various methods
have been developed [15, 20, 30, 38]. However, enumeration in itself is a chal-
lenging task, since the number of molecules (i.e., chemical graphs) with up to 30
atoms (vertices) C, N, 0, and S, may exceed 10%0 [9]. Furthermore, enumeration
methods tended to be based on branching algorithms, where individual atoms
or substructures are iteratively appended to extend a certain structure. Such
a computation process quickly comes into a combinatorial explosion. Even for
moderately-sized target chemical graphs with around 20 non-hydrogen atoms, the
computation process might not produce even a single output after several hours.
Following the novel framework proposed by [4, 11, 59], Tto et al. [25] and Zhu
et al. [61] designed a method of inferring chemical graphs with rank 1 and 2, re-
spectively, where we presented the content of [61] (i.e. rank 2) in Chapter 4. Each
of them formulated a new MILP, and used an efficient algorithm for enumerating
chemical graphs with rank 1 [46] and rank 2 [48, 56]. The computational results
conducted with the above methods [25, 61] on instances with n non-hydrogen
atoms show that a feature vector x* can be inferred for up to around n = 40
whereas graphs G* can be enumerated for up to around n = 15. Note that for
each different graph class, an entirely new MILP formulation and graph enumer-
ation algorithm needed to be designed, which are themselves daunting tasks.
Recently Azam et al. [7] introduced a new characterization of acyclic graph

structure, called “branch-height” to define a class of acyclic graphs with a re-

1@©2021 IEEE. Reprinted, with permission, from J. Zhu, N. A. Azam, F. Zhang,
A. Shurbevski, K. Haraguchi, L. Zhao, H. Nagamochi, and T. Akutsu. A novel method for
inferring chemical compounds with prescribed topological substructures based on integer pro-
gramming. [EEE/ACM Transactions on Computational Biology and Bioinformatics, 19(6):
3233-3245, 2021.
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stricted structure that still covers most (99.46%) of the acyclic chemical com-
pounds in the PubChem database [27]. They also employed the dynamic pro-
gramming method to design a new algorithm for generating chemical acyclic

graphs which now works for instances with size up to n(G*) = 50.

The above framework has been applied so far to the case of chemical com-
pounds with a rather abstract topological structure, such as acyclic or monocyclic
graphs, and graphs with a specified polymer topology with rank up to 2. When
there is a more specific requirement on some part of the graph structure and
the assignment of chemical elements in a chemical graph to be inferred, none
of the above-mentioned methods can be used directly. The main reason is that
generating chemical graphs from a given feature vector is a considerably hard
problem. In particular, an efficient algorithm needed to be newly designed for

each different class of graphs.

This chapter builds upon and extends the recently proposed framework for
inferring acyclic chemical graphs [4, 11, 59], and later extended to the cases of
mono-cyclic [25] and chemical graphs with cycle rank 2 [61]. We note that, to
the best of our knowledge, this framework is unique. First and foremost, it offers
an end-to-end system for chemical graph design that includes pattern recognition

from data and mathematical exactness.

A similar approach for inverse molecular design has been recently proposed
by Takeda et al. [47], however, the two approaches have significant differences.
Notably, the method of defining descriptors in a feature vector, reported in [47],
employs general substructure-based indices, whereas the work in this chapter uses
graph-theoretical descriptors, which preserve explainability. Then, for solving the
problem of reconstructing a feature vector once a regression function has been
constructed, Takeda et al. [47] report to use custom-implemented gradient search
method, which does not necessarily guarantee optimality of the obtained solution.
On the other hand, as a foundation in this chapter, we use an MILP formulation,
which comes with a definite guarantee for the optimality, or the level of deviation
of an obtained solution. Next, the method in [47] for combinatorially generating
chemical graphs is based on a branching algorithm, which necessitates computing
a canonical labeling of a graph, a step with exponential computational complexity,
and not suited for compounds with more than around 20 atoms. Furthermore,
the report of Takeda et al. [47] is of a commercial implementation that is not

available for experimental evaluation by the community.

Another report that resembles the framework that we build on is due to
Sumita et al. [45]. However, it includes a Monte-Carlo based search that takes

on the order of several days of computation time to uncover some chemical com-
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pounds with desired properties. As shall be seen from our computational experi-
ence in Section 5.6, an end-to-end application of our framework took on the order
of minutes, and at most few hours of computation time, to obtain a wealth of
chemical compounds, all within mathematically proven range of set desired target
properties as predicted by the regression function constructed in the framework.

In this chapter, we propose an entirely new mechanism of generating chemical

graphs. In particular, the contributions include:

e Our mechanism can be readily applied to any graph topology that contains
at least one cycle. Thereby, we dispense with the necessity of designing a
new algorithm for different graph classes. In particular, we no longer need to
design an MILP formulation anew for different graph classes, nor a specific-

purpose combinatorial graph generation algorithm.

e Introduce a flexible way of specifying the topological structure of target
chemical graphs. As such, certain substructures, such as benzene rings can
be included, while at the same time constraints on the global topological
structure of target graphs can be imposed. This allows for the possibility to

include domain knowledge in the way of specifying graph structures.

e We introduce a combinatorial graph construction algorithm based on the
dynamic programming paradigm, that can efficiently explore a huge space [9]

of possible chemical graphs with a given feature vector.

e We open the source code of our implementation of the proposed method/system,
available at GitHub
https://github.com/ku-dml/mol-infer/tree/master/Cyclic.

(Accessed: May 24, 2023.)

The rest of this chapter is organized as follows. Section 5.2 introduces some
notions on graphs, a convention for modeling chemical compounds as graphs, and
a choice of descriptors. Section 5.3 introduces a method of specifying topologi-
cal substructures of target chemical graphs to be inferred. Section 5.4 presents
an idea of a formulation of an MILP that can infer a chemical graph under a
given specification of the target chemical graphs. Section 5.5 describes a new
idea of generating chemical graphs G* that have the same feature vector as a
given chemical graph G. Section 5.6 reports the results on some computational
experiments conducted for some chemical properties. Section 5.7 makes some

concluding remarks.
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5.2 Preliminary

This section introduces some notation and terminology on a modeling of chemical

compounds, and our choice of descriptors.

5.2.1 Modeling of Chemical Compounds

We represent the graph structure of a chemical compound as a graph H with
labels on vertices and multiplicity on edges in a hydrogen-suppressed model. In
a cyclic graph H, we regard each non-core-edge uv € E as a directed edge (u,v)
from a vertex w to a child v of u in an exterior-tree of H in order to define a
descriptor that exploits the direction of non-core-edges.

We introduce “edge-configuration”, a refined notion of adjacency-configuration.
We call a pair (a,i) of a chemical element a and degree i a chemical symbol, writ-
ten as ai. Let Agg denote the set of all chemical symbols. We call a tuple
(ai,bj,m) with ai,bj € Aqe and m € [1,3] an edge-configuration. We choose a
branch-parameter p € Z,, two sets, Ag‘é and Agg, of chemical symbols, and three
sets, I'°, I and I'**, of edge-configurations.

Let e = uv be an edge in a chemical graph G such that a,b € A are assigned
to the vertices w and v, the degrees of u and v are 7 and j, respectively, and
the bond-multiplicity between them is m. When uv is a core-edge, the edge-
configuration 7(e) of edge e is defined to be (ai,bj,m) if ai < bj in a total
order over Aqg (or (bj,ai,m) otherwise). When wv is a non-core-edge which is
regarded as a directed edge (u,v) where u is the parent of v in some exterior-tree,
the edge-configuration 7(e) of a p-internal (resp., p-external) edge e is defined to
be (ai,bj,m) € I'" (resp., (ai,bj, m) € I'™¥).

A chemical cyclic graph is defined to be a tuple G = (H, a, 8) of a cyclic graph
H = (V,F) and functions a: V' — A and 5 : E — [1, 3], such that
(i) H is connected;

(i) > ,pep Bluv) < val(a(u)) for each vertex u € V; and
(iii) 7(e) € T, 7(e) € I'™ and 7(e) € I'** for each core-edge e € F, p-internal
edge e € E and p-external edge e € E, respectively.

We represent the graph structure of a chemical compound as a graph with
labels on vertices and multiplicity on edges in a hydrogen-suppressed model.

In our method, we use only graph-theoretical descriptors for defining a feature
vector. A feature vector f(G) of a chemical cyclic graph G = (H = (V, E), «, 3)

consists of the following 16 kinds of descriptors.

- n(@G): the number |V| of vertices;
cs(G): the core size of G;
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ch(G): the core height of G;
bl,(G): the p-branch-leaf-number of G;

- ms(G): the average mass of atoms in G;

nsy(G): the number of hydrogen atoms suppressed in Gj

dgi°(G), dgi“(G): the numbers of core-vertices and non-core-vertices of de-
gree i € [1,4] in G}

bd® (@), bd%(G), bd(G): the numbers of core-edges, p-internal edges and
p-external edges with bond multiplicity m € [1, 3] in G;

- us7(G), p € Ay, ns°(G), p € Ajg: the numbers of core-vertices and non-

core-vertices v with a(v) = a and degree i for p = ai; and

- ec(G), eci;l(G), ec5(G): the numbers of core-edges e € E such that 7(e) =
v € T°, p-internal edges e € E such that 7(e) = v € '™, and p-external

edges e € E such that 7(e) =~ € ' in G.

5.3 Specifying Target Chemical Graphs

This section presents a flexible way of specifying a topological structure of the core
and assignments of chemical elements and bond-multiplicities of a target chemical
graph. We define a target specification (Gc, Oco, One, 0ap) With a multigraph G¢
and sets 0co, One, and oqg, of lower and upper bounds on several descriptors.
The choice of descriptors in the target specification is aimed to allow flexibility
in our model to specify the structure of a chemical graph based on some intuition
of the graph structure. Below we describe in more detail the structure of a target

specification.

Seed Graphs A seed graph Gc = (Vi, Ec) is defined to be a multigraph with
no self-loops such that the edge set Ec consists of four sets E(>9), E(>1), E/1),
and E(_p. Fig. 5.1(a) illustrates an example of a seed graph. From a seed graph
G, the core of a cyclic graph will be constructed in the following way: Each
edge e = uv € E(>y) will be replaced with a u,v-path P of length at least 2;
Each edge e = uv € E(>1) will be replaced with a u,v-path P of length at least
1; Each edge e € E(g/q) is either used or discarded; and Each edge e € E_y) is

always used directly.

Core Specification The core of a target chemical graph is constructed from a

seed graph G¢ by a core specification o., that consists of the following:
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Figure 5.1. (a) A seed graph G¢; (b) A oco-extension C' with c¢s(C) = 22; (¢) A
(0co, One)-extension H with Cr(H) = C, n(H) = 43, ch(H) = 5, and bly(H) = 3;
(d) A (0cos One, 0ap)-extension G of G¢ in Fig. 5.1(a). (©)2021 IEEE.

- Lower and upper bound functions {1, fup : E(>2) U E(>1) — Z4; For nota-
tional convenience, set (1(e) := 0, fyg(e) := 1, e € E(g/1) and frp(e) := 1,
EUB(G) =1,e€ E(:l)‘

- Lower and upper bounds csyp, csyp € Z4 on the core size, where we assume

Example 1 of o,. A core specification oq, to Ge in Fig. 5.1(a) is given as
follows: cspg = 20, csyp = 28 and a sequence of ({1p(a;),fLB(a;)),? € [1,6] is
given by [(2,3),(2,4),(2,3),(3,5),(2,4), (1,4)].

A o.o-extension of a seed graph G is defined to be a graph C' with |V(C)| €
[csLB, csup| obtained by replacing each edge e = uv € E(>9) U E(>1) with a u,v-
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path P, of length ¢(P.) € [(1p(e), luB(e)]. Let C be a oco-extension of G¢, where
each edge e = uv € E(>9) U E(>) is replaced with a u,v-path P, (where possibly
P, is equal to e). For each edge e = uv € E(>9) U E(>1), let F(F.) denote the set
of trees T, rooted at internal vertices w of the u,v-path P, (where w # u,v).

Fig. 5.1(b) illustrates a oco-extension C of G¢ in Fig. 5.1(a) with core speci-
fication o¢, in Example 1, where the edge a7 € E(g/1) is discarded.

Non-core Specification We next construct a p-lean? cyclic graph H obtained
from a gco-extension C of G¢, by appending a tree T, with at most one leaf p-
branch at each vertex v € V(C), where possibly E(T,) = 0. We call the vertices
in C core-vertices of H and the newly added vertices non-core-vertices of H.
We specify the structure of the non-core part of such a graph H by a non-core

specification oy that consists of the following:

- Lower and upper bounds nyp,n* € Z; on the number of vertices, where

cspg < B < n¥

- An upper bound dgjp € Z+ on the number of non-core-vertices of degree
4;

- Lower and upper functions chyp,chyp : Vo — Z4 and chyp, chyp : E(>9) U
E(>1) = Z4 on the maximum height of trees rooted at a vertex v € V¢ or

at an internal vertex of a path P, with e € E(>9) U E(>1);
- A branch-parameter p € Z,;

- Lower and upper functions blyg, blyg : Vo — {0,1} on the number of leaf

p-branches in the tree rooted at a vertex v € Vi; and

- Lower and upper functions blyg, blyg : E>9) UE>1) — Z4 on the num-
ber of leaf p-branches in the trees rooted at internal vertices in a path P,

constructed for an edge € € E(>9) U E(>1).

Example 2 of o,.. A non-core specification oy, to G¢ in Fig. 5.1(a) is given as
follows:

nyg = 30, n* =50, p =

a sequence of (chrp(u;), chLB(uZ)), i € [1,12], is given by

[(0,1), (0,0), (0,0), (0,0), (1,3), (0,0), (0,1), (0,1), (0,0), (0,1), (0,2), (0,4)],

a sequence of (chyp(a;), chyp(a;)), i €
[(0,3),(1,3),(0,1),(4,6), (3,5), (0,2)],

a sequence of (blp(u;), blLp(u;)), € [1,12] is given by

[1,6], is given by

2See the definition in Chapter 2.
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[(0,1),(0,1),(0,1), (0,1),(0,1), (0,0), (0,0), (0,0, (0,0), (0,0, (0,0), (0, 0)]
and a sequence of (blyp(a;),blrg(as)),i € [1,6], is given by

[(0,1),(0,1),(0,0),(1,2),(1,1),(0,0)].
We call the above p-lean cyclic graph H a (0o, onc)-extension of G¢ if the

following conditions hold:
- n(H) € [nyp,n*|;
- dgi(H) < dgius;

For each vertex v € Vi, the tree T, attached to v satisfies ht(7},) € [chrp(v),
ChUB (’U)] N

For each edge e € E(>9)UE(>1), max{ht(T) | T'€ F(F)} € [chig(e), chyg(e)];

Each tree T, v € V(C), contains at most one leaf p-branch; and

For each edge e € E(EQ) UE(ZI); Z{blp(T) | T e .F(Pe)} € [blLB(G), blUB(e)].

Fig. 5.1(c) illustrates a (0co, Onc)-extension H of G¢ in Fig. 5.1(a) with the

specification (¢, opnc) from Examples 1 and 2.

Chemical Specification To infer a chemical graph G = (H, «, 8) from a (0¢o, Onc)-
extension H of G¢, we finally specify a way of assigning elements in A and bond-

multiplicities by a chemical specification 0,5 that consists of the following:

- Sets A, A" of chemical elements. For a chemical graph G, let na, (G) (resp.,
nal’(G) and nal’(G)) denote the number of vertices (resp., core-vertices and
non-core-vertices) in G assigned chemical element a € A (resp., a € A° and
a € A");

- Sets AP

g Ardlé of chemical symbols and I'°°, T T'°* of edge-configurations;

- Fix the following sets of adjacency-configurations:
10 = {ac(7) | 7 € %}, T i= {ac(y) | 7 € T},
I = {ac(y) | v € I}
Define the adjacency-configuration of a core-edge uv to be (a,b, 5(uv)) with
{a,b} = {a(u),a(v)} and the adjacency-configuration of a directed non-
core edge (u,v) to be (a(u),a(v),B(uwv)). Let ac®(G) (resp., ac®(G) and
acy*(G)) denote the number of core-edges (resp., directed p-internal edges
and directed p-external edges) in G assigned adjacency-configuration v € I'¢
(resp., v € Tl and v € T');

- Subsets A*(v), v € Vi, of elements that are allowed to be assigned to vertex
v € Ve
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- Lower and upper bound functions narg,nayg : A — [1,n*] and naf 5, naf;; :
t . t t LAt

A — [1,n*] (resp., nsyp,nsyp : Aqg — [1,n*] and nsjg,nsyp - Ay, —

[1,n*]), t € {co,nc} on the number of core-vertices and non-core-vertices,

respectively, assigned chemical element a (resp., chemical symbol p);

- Lower and upper bound functions ac} , act;p : I't, — Z4 (resp., eci, eclip
' — Zy), t € {co,in,ex} on the number of core-edges, directed p-internal
edges and directed p-external edges, respectively, assigned adjacency-configuration

v (resp., edge-configurations ~); and

- Lower and upper bound functions bd,, 1,8, bdm us : Ec = Zy, m € [2,3],
where bdg,LB(e) + bd3’LB(€) < éUB(e), e € F¢.

Example 3 of 0,3. A chemical specification o, to G¢ in Fig. 5.1(a) is given
by Table 5.1.

A (0co, One, 0ap)-€extension of G is a chemical graph G = (H,«,f3) for a
graph H € H(G¢, 0co, 0nc) such that:

L > wer Buv) < val(a(u)) for each vertex u € V(H);

2. 7(e) € T (resp., 7(e) € T'™ and 7(e) € I'™* ) for each core-edge (resp.,

p-internal edge and p-external edge) e;
3. a(v) € A*(v) for each vertex v € V¢; and
4. the specified lower and upper bounds are satisfied; i.e.,
e 1na,(G) € [narp(a),nayp(a)], a € A and nal(G) € [naly(a),nal;z(a)],
a€ A", t € {co,nc};

o 15,(G) € [narp(p), navs(p)], p € Agg, 1sy,(G) € [nspg(u), nsyg(p)],
JIRS Afig, t € {co,nc};

e acl(G) € [aci z(v),actz(v)], v € TE, t € {co,in, ex};

e ect(G) € [ecip(7), eci(7)], v € T, t € {co,in, ex}; and

o {¢' € E(F) | A(¢) = m}| € [bdm rp(e),bdm us(e)] for each edge
¢ € Ezz) U E).

Fig. 5.1(d) illustrates a (0co, One, 0ag)-extension G of G¢ in Fig. 5.1(a) with the

specifications from Examples 1 to 3.
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Table 5.1. Example 3 of a chemical specification o,45. (©)2021 IEEE.

| A={c,N0} || AL = {c2,c3,c4,N2,02} || AJS = {c1,C2,C3,C4,N1,N3,01,02} |

ree | vi°=(c,c,1),v5° = (C,C,2),v5° = (C,N, 1), v{° = (C,0,1)

rin | pin = (¢, c, 1), v = (C,C,2), v = (C,0,1)

res | s = (c,c, 1), 08¢ = (C,C, 3),v5¢ = (C,N, 1), v5* = (N, C, 1),
vEX = (C,0,1), v = (C,0,2), v = (0,C, 1)

e | 450 = (€2,€2,1),75° = (C2,C3,1),75° = (C2,C3,2),75° = (C2,C4,1),~° = (€3,C3,1),
750 = (C3,C3,2),75° = (C3,C4,1),~v5° = (C2,N2,1),75° = (C3,N2,1),~53 = (C3,02,1)

o | i = (€2,¢2,2),94 = (€3,€2,1), 72 = (€3,C3,1),v» = (€2,02,1),~ = (€3,02,1)

e | 4§% = (€3,C1,1),75* = (C2,CL, 3),75* = (€3,C3,1),75* = (C4,C1,1),7* = (C3,N1, 1),
7§ = (C3,N3,1),75 = (C3,01,2),75 = (02,C€2,1),75* = (02,C3,1), 75X = (N3,C1, 1)

A*(uy) = {N}, A*(ug) = {C,N}, A*(ug) = {C,0}, A*(u) = {C}, u € V& \ {u1, us,ug} ‘

Cc N O

Cc N O C N O

naLB()\) 27 1 1

nafy(A) [ 9 1 0| nafg(A) | 9 1 2

nayp(A) [ 37 4 8

na®%(\) [ 23 4 5 || naty(A) | 18 3 8

Cl ¢2 C3

C4 N1 N2 N3 01 02

nspp(p) | 6 7 12

0o o 0 o0 0 O

nsyp(p) | 10 11 18

2 2 2 2 5 5

C2 C3 C4 N2 N3 02 Cl C2 C3 C4 NI N2 N3 01 02
nsf%(w) |3 5 0 0 0 O |[nsP(w)[6 1 1 0 0O 0O O 0 O
ns{(p) [ 8 15 2 2 3 5 ||nsdw) |10 5 5 2 2 2 2 5 5
i 2 3 4 i |1 2 3
ac{h(v°) | 0 0 0 0 |[adh@™) |0 0 0
ac®y () [ 30 10 10 10 || acly(v™) |5 5 5
i 1 2 3 4 5 6 7T
ac(v) 0 0 0 0 0 0 0
acgS(veX) | 10 10 10 10 10 10 10
i |1 2 3 4 5 6 7 8 9 10
ecth(y°) |0 0 00 0 0 0 0 0 O
ecfig(5°) |4 15 4 4 10 5 4 4 6 4
i |1 2 3 45
eclh(y™) 10 0 0 0 0
eclo(vi) |3 3 3 3 3
i |1 2 3 45 6 7 8 9 10
ec(¥¥) [0 000 00O O 0 0 0
ecip(¥*) |8 4 4 4 4 4 6 4 4
i |1 2 3 45 6 7 8 9 10 11 12 13 14 15 16
bdarp(e;) [0 001 0 0 00O 0 0 1 0 0 0 O
bdeyg(a;) [1 1 0 2 2 0 0 00 0 0 1 0 0 0 O
bdsrp(e;) [0 00 0 0O OO OO 0 0 0 0 0 0 O
bdsug(e;) |0 O 0 001 0 00O O 0O 0O 0 0O 0 O
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Figure 5.2. An illustration of a scheme graph SG: (a) A seed graph G¢; (b) A
tree O, i € [1,tc] rooted at a core-vertex v%; o € Vi; (¢) A path Pr of length
tr —1; (d) A tree T;, i € [1,tr] rooted at a core-vertex v'; € Vr; (e) A path
Pr of length tp — 1; (f) A rooted tree F;, i € [1,tp] rooted at a p-internal vertex
vFi0 € V. (©2021 IEEE.

5.4 An MILP Formulation for Stage 4

In this section, we show an outline of an MILP M (z, g;C2) in Stage 4 for inferring
a chemical p-lean cyclic graph G € G(G¢, 0co, One, 0ap). The details of the MILP

can be found in [2].

Scheme Graph Our method first regards a given seed graph G¢ as a digraph and
then adds some more vertices and edges to construct a digraph, called a scheme
graph SG = (V, €) so that any (0o, onc)-extension H of G¢ can be chosen as a
subgraph of SG.

For a given specification (oo, opnc), define integers that determine the size of
a scheme graph SG as follows:
Amax = 3 if ng?UB = 0; dpax = 4 if dgE,CUB > 1, tc := |V, tr := csus — |V
and tp := n* — csyg. Let ng, nt and ng denote the number of “edges” in the
rooted tree T(dmax — 2, dmax — 1, p), T(2, dmax — 1, p) and T(dmax — 1, dmax — 1, p),
respectively.

Formally, the scheme graph SG = (V,€) is defined with a vertex set V =
VeU Ve UVRUVSFUVEXUVEX and an edge set £ = EcU ErUEr U Ect U EpcU
Ecp U ETr U EGCU EFX U EE-.

Construction of the core Cr(H) of a (0, 0nc)-extension H of G¢: De-
note the vertex set Vi and the edge set Fg in the seed graph G¢ by Vo =
{00 | i € [1,tc]} and Ec = {a; | i € [I,mc]}, respectively, where Vg is
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always included in Cr(H). For including additional core-vertices in Cr(H ), intro-
duce a path Py = (Vp = {UTL(),’UTZ(), A fuTtT,o},ET ={eTs,eT3, ... eTy.}) of
length t7 — 1 and a set Ecr (resp., Epc) of directed edges eCTi,j = (vcw, vTj,o)
(resp., eT¢; = (vT;0,0%0)) i € [L,tc], 7 € [L,t1]. In Cr(H), an edge ay =

(UCZ'70,UC7;/70) € E(>9) U E(>y) is allowed to be replaced with a path Py from

core-vertex vci’o to core-vertex vci/p that visits a set of consecutive vertices
T T T cr. . _ (,C T

V50,V j41,05- -5V jpo € Vrandedge e™; ; = (vVi0,v" j0) € Ect, then edges
T T T TC _ (,T C

e j41,€ j4+2,...,€ jyp € Er, and finally, edge ™~y 1, = (V" j4p0,v i 0) €

Erc. The vertices in Vp in the path will be core-vertices in Cr(H).

Construction of paths with p-internal edges in a (0¢, 0y )-€xtension H of

G¢: Introduce a path Pp = (VF = {UF170,UF270, ce, UFtFp}, FEr = {GFQ, €F3, ceey

e }) of length tp — 1, a set Ecp of directed edges eCFm- = (vcivo,vF‘j’o), 1€

[1,tc], 7 € [1,tp], and a set Erp of directed edges e1¥;; = (vT;0,0%;0), i €

[1,t1], 7 € [1,tp]. In H, a path P with p-internal edges that starts from a

C@o € Vo (resp., vTi,g € Vr) visits a set of consecutive vertices

F F F CF _ C F
V"0,V j4+1,05---50 j+p0 € Ve and edge e ihn = (1) i,0, U j,O) € Ecrp (resp.,

TF. . _ (T F F F F
e Vij = (vi0,v" j0) € Err) and edges e j11,€" j1a,...,€ j1p € Ep. In H, the

core-vertex v

edges and the vertices (except for vci,o) in the path P are regarded as p-internal

edges and p-internal vertices, respectively.

Construction of p-fringe-trees in a (o, opc)-extension H of G¢: In H,
the root of a p-fringe-tree can be any vertex in Vo U Vp U Ve, Let X € {C, T,F}.
Introduce a rooted tree X;, i € [1,tx] at each vertex in,O, where each C; is
isomorphic to T(dmax — 2, dmax — 1, p), each T; is isomorphic to T(2, dpax — 1, p)
and each Fj is isomorphic to T(dmax — 1, dmax — 1,p). The j-th vertex (resp.,
edge) in each rooted tree X; is denoted by vX; ; (resp., eX; ;). (See Fig. 5.2.) Let
VX and E$X denote the set of non-root vertices vX; ; and the set of edges eX; ;
over all rooted trees X, i € [1,tx]. In H, a p-fringe-tree is selected as a subtree
of Xj, i € [1,tx] with root UXz',o-

An MILP for Choosing a Chemical Graph from a Scheme Graph
Let K denote the dimension of a feature vector z = f(G) used in constructing
a prediction function 1) over a set of chemical graphs G. Based on the scheme

graph SG, we obtain the following MILP formulation.

Theorem 5.3. Let (0co,0nc,0ap) be a target specification and |I'| = [AQ] +
|Agg| + [Tl + [T + || for sets of chemical symbols and edge-configuration
in 0a8. Then there is an MILP M(x,g;Ca) that consists of variable vectors
r € RE and g € RY for an integer ¢ = O(csus(|Ec| + n*) + (|Ec| + [V)IT))
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and a set Co of O([csus(|Ec| + n*) + |V|||I'|) constraints on x and g such that:
(x*,g*) is feasible to M(x,g;C2) if and only if g* forms a chemical p-lean graph
G € G(Ge, Oco; Oney 0ap) such that f(G) = x*.

Note that our MILP requires only O(n*) variables and constraints when the
branch-parameter p, integers |Ec|, csyp and |I'| are constant. We explain the
basic idea of our MILP in Theorem 5.3. The MILP mainly consists of the following

three types of constraints.

C1. Constraints for selecting a p-lean graph H € H(Gc, 0co, 0nc) as a subgraph
of the scheme graph SG;

C2. Constraints for assigning chemical elements to vertices and multiplicity to

edges to determine a chemical graph G = (H, «, 3); and
C3. Constraints for computing descriptors from the selected chemical graph G.

In the constraints of C1, more formally, we prepare the following.
Variables:
A binary variable vX (i) € {0,1} for each vertex vX; € Vx, X € {C, T, F} so that
vX(i) = 1 & vertex v, is used in a graph H selected from SG;
a binary variable eX (i) € {0,1} (resp., (i) € {0,1}) for each edge eX; € ETUFEp
(resp., e = a; € E>9) U E>1y U E(g/1)) so that eX(i) = 1 & edge e, is used
in a graph H selected from SG. To save the number of variables in our MILP
formulation, we do not prepare a binary variable eX(i,7) € {0,1} for any edge
eXi,j € Ecr U Erc U Ecr U Epc, where we represent a choice of edges in these
sets by a set of O(n*|E¢|) variables (see [2] for the details);
Constraints:
Linear constraints so that each p-fringe-tree of a graph H from SG is selected as a
subtree of some of the rooted trees C;, i € [1,tc], Ti, @ € [1,t1] and F;, i € [1,tg];
linear constraints such that each edge ¢%; = a; € E(_1) is always used as a core-
edge in H and each edge ¢®; = a; € E(y/1) is used as a core-edge in H if necessary;
linear constraints such that for each edge az = (UCZ',’UCZ'/) S E(ZQ), vertex v°; €
Ve is connected to vertex vC; € Vo in H by a path Py that passes through some
core-vertices in Vp and edges eCTm,eTHl,eTjH, .. .,eTﬂp,eTCi/,jer for some
integers j and p;
linear constraints such that for each edge ap = (v<;,v ) € E(>1), either the
edge ay, is used as a core-edge in H or vertex v®; € V¢ is connected to vertex
vCy € Vo in H by a path P, as in the case of edges in E(>9;
CFi,j ( TF

linear constraints for selecting a path P with p-internal edges e ore-;j),

eFj+1, eFj+2, ey eFj+p for some integers j and p.
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In the constraints of C2, we prepare an integer variable a(i,j) for each
vertex UXZ'J‘ €V, X € {C,T,F} in the scheme graph that represents the chemical

element a(vX; ;) € A if v, ; is in a selected graph H (or a(v®

i,j) = 0 otherwise);
integer variables € : Ec — [0,3], 8T : Er — [0,3] and ¥ : Ep — [0,3] that
represent the bond-multiplicity of edges in EFc U Bt U Ep; and integer variables
BT, : Ez9)UE1) — [0,3] and B VoUVr — [0, 3] that represent the bond-
multiplicity of edges in Ecr U Eprc U Ecp U Erp. This determines a chemical
graph G = (H,«, ). Also we include constraints for a selected chemical graph
G to satisfy the valence condition at each vertex v with the edge-configurations
7(e) of the edges incident to v and the chemical specification o,gs.

In the constraints of C3, we introduce a variable for each descriptor and
constraints with some more variables to compute the value of each descriptor in
f(G) for a selected chemical graph G.

5.5 A New Mechanism for Stage 5

This section describes the idea of a new method for Stage 5. Execution of Stage 5
(i.e., generating chemical graphs G* that satisfy f(G*) = a* for a given feature
vector x* € Zf ) is a challenging issue for a relatively large instance with size
n(G*) > 20. There have been proposed algorithms for Stage 5 for classes of graphs
with rank 0 to 2 [15, 46, 48]. All of these are designed based on the branch-and-
bound method where an enormous number of chemical graphs are constructed by
repeatedly appending and removing a vertex one by one until a target chemical
graph is constructed. These algorithms can generate a target chemical graph G*
with size n(G*) < 20. To break this barrier, Azam et al. [7] recently employed the
dynamic programming method for designing a new algorithm in Stage 5 based
on “frequency vectors” (where the frequency vector consists of some descriptors
of the feature vector and the rest of the descriptors can be derived from the
frequency vector). They defined the frequency vector f(G) of a chemical graph
G to be the occurrence of each adjacency-configuration in G. Note that a single
frequency vector can represent a large number of chemical graphs. The search
space over frequency vectors is much more compact than that of over chemical
graphs. They also observed that most of the acyclic chemical compounds in
the PubChem database have at most three leaf 2-branches. Their algorithm
constructs the frequency vectors of some subtrees of such a chemical acyclic graph
G* without directly building subtrees of G*, until a required chemical acyclic
graph G* is constructed from a final set of frequency vectors. Given a vector

x, their algorithm generates chemical acyclic graphs G* with at most three leaf
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Figure 5.3. An illustration of a new mechanism to Stage 5, where a given
chemical graph GT is decomposed into chemical trees T;r, 1=1,2,...,m based on
aset Vg = {u1,ua} of core-vertices and a chemical tree T} such that f(T7*) = z is
constructed for each vector z} = f (T;r), before a new target graph G* is obtained
as a combination of 77, ..., T . (©2021 IEEE.

2-branches such that f(G*) = z for n(G*) < 50.

However, for a class of graphs with a different rank, we may need to design
again a new algorithm by the dynamic programming method. Moreover, algo-
rithms for higher ranks can be more complicated and do not run as fast as the

algorithm for acyclic graphs due to Azam et al. [7].

In this chapter, as a new mechanism of Stage 5, we adopt an idea of uti-
lizing the chemical graph G € G obtained as part of a feasible solution of an
MILP in Stage 4. The frequency vector f(G) is now set to be the occurrence
of each edge-configuration in G. In other words, we modify the chemical graph
G' to generate other chemical graphs G* that are “chemically isomorphic” to
G' in the sense that f(G*) = f(G') holds. Informally speaking, we reduce the
problem of finding such a graph G* into the problem of generating chemical
acyclic graphs with two 2-leaf branches, to which we have obtained an efficient
dynamic programming algorithm [7]. We first decompose G into a collection of
chemical trees TlT ,T2T N & Jl such that for a subset Vp of the core-vertices of
GT, any tree Tg contains at most two vertices in Vp, as illustrated in Fig. 5.3.
Let z; denote the feature vector f (T;r) For each index ¢, we generate chemi-
cal acyclic graphs T;" such that f(T;*) = z. Finally, we combine the generated
chemical trees 17,15, ..., T, to construct a chemical cyclic graph G* such that
f(G") =X ienm @i = f(GT). (See [2] for the details on the dynamic program-

ming algorithm.)
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5.6 Experimental Results

We implemented our method of Stages 1 to 5 for inferring chemical 2-lean graphs
and conducted experiments to evaluate the computational efficiency. We executed
the experiments on a PC with Processor: 3.0 GHz Core i7-9700, Memory: 16 GB
RAM DDR4. We used ChemDoodle version 10.2.0 for constructing 2D drawings
of chemical graphs.

To conduct experiments for Stages 1 to 5, we selected three chemical proper-
ties m: octanol/water partition coefficient (Kow), boiling point (BP) and melting
point (Mp).

Results on Phase 1.
We implemented Stages 1, 2, and 3, in Phase 1 as follows.

Stage 1. We set a graph class G to be the set of all chemical graphs with rank
at least 1, and set a branch-parameter p to be 2. For each property m € {Kow,
Bp, Mp}, we first select a set A of chemical elements and then collect a data set
D, on chemical cyclic graphs over the set A of chemical elements provided by
HSDB from PubChem [27].

Table 5.2 shows the size and range of data sets that we prepared for each

chemical property in Stage 1, where we denote the following:

- A: the set of selected chemical elements (hydrogen atoms are added at the
final stage); A is one of the following 2 datasets:
Ay ={C,N,0}, Ay = {C,0,N,S,C1}

|D|: the size of data set D, over A for property m;

- |Te|, [T, |T®*|: the number of different edge-configurations of core-edges,

2-internal edges and 2-external edges over the compounds in Dy;

- [n,7], [cs, s, [ch,ch], [bl,bl]: the minimum and maximum values of n(G),
cs(@), ch(G) and bla(G) over the compounds G in Dy; and

- la,a): the minimum and maximum values of a(G) in 7 over compounds G
in D,.

Stage 2. We used a feature function f that consists of the descriptors defined

in Section 5.2.

Stage 3. We used scikit-learn version 0.23.2 with Python 3.8.5, MLPRegres-
sor and ReLU activation function to construct ANNs /. We evaluated the result-
ing prediction function s with cross-validation over five subsets D7(rl ), i€ [1,5]

of a given data set D,.
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Table 5.2. Data Sets for Stage 1 in Phase 1. (©)2021 IEEE.

™ A |Dg| [T T, T [n,7A]  [cs,c8] [ch,ch] [bl bl] la,a]

Kow Ay 424 23, 19, 41 5,58 [3,43] [0,19] [0,2] [-7.53, 13.45]
Kow Ay 580 27, 24, 59 [5,69] [3,43] [0,19] [0,5] [-7.53, 13.45]
Br A, 175 19, 13, 30 [5,30] [3,24] [0,12] [0,2] [31.5, 470.0]
Bp Ay 219 20, 14, 39 5,30] [3,24] [0,12] [0,2] [31.5, 470.0]
Mp A, 256 22, 15, 36 [4,122] [3,87] [0,28 [0,3] [-142.5, 300.0]
Mp Ay 340 25, 19, 48 [4,122] [3,87] [0,28 [0,3] [-142.5, 300.0]

Table 5.3. Results of Stages 2 and 3 in Phase 1. (©)2021 IEEE.

T A Architecture L-Time test RZave. best

Kow Ay (118,13,1) 0.55 0.952  0.961
Kow Ay (149,13,1) 0.64 0.932  0.948
Bp A, (97,11,1) 4.90 0.814  0.893
Bp A, (112,13,13,1)  3.42 0.722  0.871
Mp A; (108,42,10,1)  0.63 0.740  0.878
Mp Ay (130,64,1) 1.73 0.800  0.859

Table 5.3 shows the results on Stages 2 and 3, where we denote the following:
K: the number of descriptors for the chemical compounds in data set D, for
property m; A: the set of selected chemical elements (hydrogen atoms are added
at the final stage); Architecture: (K,a,1) (resp., (K,aj,a9,1)) consists of an
input layer with K nodes, a hidden layer with a nodes (resp., two hidden layers
with a; and ag nodes, respectively) and an output layer with a single node, where
K is equal to the number of descriptors in the feature vector; L-time: the average
time (sec.) to construct ANNs for each trial; and test R? (ave.), test R? (best):
the average value and the largest value of coefficient of determination over the
five tests.

From Table 5.3, we see that the execution of Stage 3 was considerably suc-
cessful, where the best of test R? is around 0.86 to 0.96 for all three chemical

properties.

Results on Phase 2.

We prepared the following instances (a)-(d) for conducting experiments of
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Figure 5.4. An illustration of seed graphs: (i) A monocyclic graph G¢; (ii) A
rank-2 cyclic graph G& with two vertex-disjoint cycles; (iii) A rank-2 cyclic graph
G3, with two disjoint cycles sharing a vertex; (iv) A rank-2 cyclic graph G¢, with
three cycles. (©)2021 IEEE.

Stages 4 and 5 in Phase 2.

(a) I, = (Gc,0c0,0nc, 0ap): The instance used in Section 5.3 to explain the

target specification.

(b) Il = ( ic,ago,o*flc,agﬁ), i = 1,2,3,4: An instance for inferring chemical
graphs with rank at most 2. Instance Ikl) is given by the monocyclic seed
graph G{, in Fig. 5.4(i) and Instances I}, i = 2,3, 4 are given by the rank-2
seed graph Gl, i = 2,3,4 in Fig. 5.4(ii)-(iv). See [2] for the details of the

specification (0¢y, 0c; 0g5)-

We define instances in (¢) and (d) in order to find chemical graphs that have
an intermediate structure of given two chemical 2-lean cyclic graphs G4 = (H4 =
(Va,Ea),a4,B4) and G = (Hp = (Vp, EB),aB, Bp). Let A} and A"} denote
the sets of chemical elements of the core-vertices and the non-core-vertices in G 4
and 'Y, Ffj&‘ and 'Y denote the sets of edge-configurations of the core-edges, the
2-internal edges and the 2-external edges in G 4, respectively. Analogously define
sets AR, AE, I'Y, Fijg and 'Y in Gp.

(c) I = (G, 0c05One; 0ap): An instance aimed to infer a chemical graph GT
such that the core of GT is equal to the core of G4 and the frequency of
each edge-configuration in the non-core of GT is equal to that of Gg. We use
chemical compounds CID 24822711 and CID 59170444 in Fig. 5.5(a) and (b)
for G 4 and G, respectively. Set a seed graph G¢ = (V¢, Ec = E(—y)) to be
the core Cy of G4; Set nip :=n* :=cs(Ga)+ (n(Gp) —cs(Ga)), A =AY,
A" = A and A*(v) := {aa(v)}, v € Vs Set ecf(v) = ec{ig(v) to be the
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Table 5.4. Features of test instances, where A = {C,0,N} for all instances.

©2021 IEEE.
ree i T nrp,n*  csup,up  chis,up  blLB,UB
I, 10, 5,10 30,50 20,28 4,6 2,10
I 98,46,74 38,38 6,6 1,5 0, 22

12 28,46,74 50,50 30, 30 1,5 0, 34
I3 28,46,74 50,50 30, 30 1,5 0, 34
I+ 28,46,74 50,50 30, 30 1,5 0, 34
I, 8, 3, 7 46,46 24,24 0, 4 0, 24
Iy 7, 4,11 40,45 18,18 0,5 0, 32

number of core-edges with v € I'®® in G4 and eclBy(y) = ecllz(v) (resp.,
ec’; = ec{iz(7)) to be the number of 2-internal edges (resp., 2-external

edges) in Gp with edge-configuration ~.

Iy = (Gé, Oco, One, 0ag): An instance aimed to infer a chemical monocyclic
graph G such that the frequency vector of edge-configurations in GT is a
vector obtained by merging those of G 4 and Gg. We use chemical monocyclic
compounds CID 10076784 and CID 44340250 in Fig. 5.5(c) and (d) for G4
and Gp, respectively. Set a seed graph to be the monocyclic seed graph Gé
in Fig. 5.4(i); Set nyp := min{n(Ga),n(Gp)}; n* := max{n(Ga),n(Gp)},
A = AQ UAE and A" := A’ U A%’ For each edge-configuration vy €
' (resp., v € '™, T'), let % (7y*°) (resp., z% (¥™), 2% (7)) denote the
number of core-edges (resp., 2-internal edges and 2-external edges) with ~;
Analogously, define z%;(7"), t € {co, in, ex}; For each edge-configuration * €
I', t € {co,in,ex}, let z%, (") := min{z’ (V") 25(y")} and 2%, (¥") =
max{z%, (7)), 2511 }; Set ectp(7) = [(3/4)7n (1) + (1/4)05n(1)],
ectip (1) = [(1/0)5 (1) + (3/)a5x(9)], 7 € T, t € {co, i, ex}.

Table 5.4 shows the features of the seven test instances, where we denote the

following: I'°, T T"°*: the number of different edge-configurations of core-edges,

2-external edges and 2-external edges for inferring a target graph; and nyg,n*,

¢sLB, cSUB, chyp, chyp, blpg, blyg: the lower and upper bounds on n(GT), cs(GT),
ch(GT) and bly(GT) for inferring a target graph GT.

To solve an MILP formulation in Stage 4, we used CPLEX version 12.10. Ta-

bles 5.5 to 5.7 show the results on Stages 4 and 5, where we denote the following:
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Figure 5.5. An illustration of chemical compounds: (a) G4: CID 24822711;
(b) Gp: CID 59170444; (c) G4: CID 10076784; (d) Gp: CID 44340250; (e) G'
inferred from I. with y* = 0.82 of Kow; (f) GT inferred from I with y* = 220 of
Bp. (©2021 IEEE.

y*: a target value in [a,@] for a property m; #v (resp., #c): the number of vari-

ables (resp., constraints) in the MILP M(z,y, g;C1,C2) in Stage 4; IP-time: the
time (sec.) to solve the MILP in Stage 4; n, cs, ch, bl: n(G"), cs(G1), ch(GT) and
bly(G') in the chemical 2-lean cyclic graph G inferred in Stage 4; DP-time: the
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Table 5.5. Results of Stages 4 and 5 for Kow. (©)2021 IEEE.

instance  y* #v #c  IP-time n cs ch bl ‘ DP-time G-LB #G

I, 3.00 13801 11356 441 47 22
Ik 2.80 43176 11202  561.2 38 6
I? 2.80 50565 16236 1523.4 50 30
I} 2.80 50634 16249 1214.1 50 30
It 2.80 50703 16260 1143.9 50 30
I, 0.82 10348 9746 19.8 46 24
I 0.50 13858 11259 3453 41 18

0.070 2 2
0.112 8 2
0.127 3.2x105 100
0.199 1.0 x10° 100
1.940 7.6 x 107 100
0.129 7 6
0.179 1.8 x10%® 100

RN S AR NG R \C TG B
W W o O O = W

Table 5.6. Results of Stages 4 and 5 for Bp. (©)2021 IEEE.

instance  y* #v #c IP-time n c¢cs ch bl ‘ DP-time G-LB #G

I, 682 13780 11293 271 43 23 4
I 220 43155 11139 6484 38 6
I? 220 50544 16173 120589 50 30
I3 220 50613 16186  7206.3 50 30
I} 220 50682 16197  4981.0 50 30
I, 630 10327 9683 2.39 46 24
I4 220 13837 11196  121.8 45 18

0.069 8
0.109 108 7
0.137 1296 48
0.160 1.5 x 107 100
0.008 6.0 x 10* 100
0.067 6 2
0.551 5.4 x10% 100

W kP, O O = W

=R R NN

running time (sec.) to execute the dynamic programming algorithm in Stage 5;
G-LB: a lower bound on the number of all chemical isomers G* of Gt; and #G:
the number of all (or up to 100) chemical isomers G* of G' generated in Stage 5.

Fig. 5.5(e) illustrates the chemical graph G' inferred from instance I. with
y* = 0.82 of Kow in Table 5.5.

Fig. 5.5(f) illustrates the chemical graph G inferred from instance Iy with
y* = 220 of Bp in Table 5.6.

Recall that Il (vesp., I}, i = 2,3,4) is an instance for inferring a chemi-
cal monocyclic graph (resp., a chemical rank-2 graph) GT where the sizes n(G),
cs(G), and ch(G) are specified. Ito et al. [25] and Zhu et al. [61] conducted sim-
ilar experiments for inferring chemical monocyclic and rank-2 chemical graphs
G', respectively, where their feature vector contains adjacency-configuration as a
descriptor, which is simpler than edge-configuration used as a descriptor in our

feature vector. They solved instances with up to n(GT) = 30. From Tables 5.5
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Table 5.7. Results of Stages 4 and 5 for Mp. (©)2021 IEEE.

instance  y* #v #c IP-time mn c¢s ch bl ‘ DP-time G-LB #G

I 284 13699 11119 107 49 23 4 4| 0.176 12 10
It 40 43074 10965 972 38 6 0.173 1200 40
I? 40 50463 15999 168.8 50 30 0.237  9.5x 105 100
5] 40 50532 16012 149.2 50 30 0.349  2.5x10% 100
Ié 40 50601 16023 61.5 50 30 1.730 2.0 x 105 100
I, 270 10246 9509 1.71 46 24 0.065 10 6
14 240 13756 11022 279 44 18 0.753 2.3 x 107 100

=R DD W Ot Ot
= W O N RO

to 5.7, we observed that our MILP formulation successfully inferred monocyclic
and rank-2 chemical graphs GT with up to n(GT) = 50 even for our new fea-
ture vector containing the edge-configuration descriptor. Furthermore, both Ito
et al. [25] and Zhu et al. [61] employed in Stage 5 a branching type algorithm
for graph enumeration, which failed to obtain graph structures for instances with
more than 15 non-hydrogen atoms. This is a foreseeable consequence of the com-
binatorial explosion that occurs with branching-type algorithms. On the other
hand, the dynamic-programming based algorithm that we employed in this work
could efficiently construct many graphs out of a huge possible number within well
less than a second of computation time.

Table 5.8 shows the results on Stage 4 when we change the target value y*

for instance I,, where we denote the following:

- y*: a target value for property MP, where we use values outside the range

[a,a] = [—142.5,300.0] in Table 5.2 to observe the computational behavior
of the MILP M(z,y, g;C1,C2);

- IP-time: the time (sec.) to solve an MILP in Stage 4;

- status: F means that the MILP was solved and a feasible solution Gt was
obtained; inF means that the MILP was solved and no feasible solution

existed; and

n: the number of non-hydrogen atoms in Gt when the status is F;

From Table 5.8, we see that the instance I, is infeasible for a target value y*
smaller than 0 or larger than 350, where the infeasibility indicated that I, admits
no chemical graph G such that ¥ (f(G')) = y*. We also observe that solving

an MILP takes a larger computation time for infeasible instances.
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Table 5.8. Results of Stage 4 for instance I, and property Mp. (©)2021 IEEE.

y* -150  -100 0 100 150 200 250 300 350 850 1000

IP-time 322.1 329.1 4325 &85.1 20.7 27.6 26.2 11.7 681 156.5 681.2
status inF inF inF F F F F F F inF inF
n - - - 41 38 48 48 49 49 - -

5.7 Concluding Remarks

In this chapter, we employed the new mechanism of utilizing a target chemical
graph G obtained in Stage 4 of the framework for inverse QSAR to generate
a larger number of target graphs G* in Stage 5. We showed that a family of
graphs G* that are chemically isomorphic to GT can be obtained by the dynamic
programming algorithm (see [2] for the details). Based on the new mechanism
of Stage 5, we proposed a target specification on a seed graph as a flexible way
of specifying a family of target chemical graphs. With this specification, we
can realize requirements on partial topological substructure of the core of graphs
and partial assignment of chemical elements and bond-multiplicity within the
framework for inverse QSAR by ANNs and MILPs.

We have implemented the proposed method to construct a system for inferring
chemical compounds with a prescribed topological substructure. The results
of computational experiments using such chemical properties as octanol/water
partition coefficient, boiling point, and melting point, suggest that the proposed
system can infer chemical graphs with 50 non-hydrogen atoms.

The current topological specification proposed in this chapter does not allow
to fix part of the non-core structure of a graph beyond the non-core specification
outlined in Section 5.3. We remark that it is not technically difficult to extend
the MILP formulation in Section 5.4 so that a more general specification for the

non-core structure can be handled.






§ TwO-LAYERED MODEL WITH
LINEAR REGRESSION

6.1 Introduction

After the model of Chapter 5 had been developed, Shi et al. [43] proposed a more
sophisticated model to deal with an arbitrary graph in the framework called a two-
layered model to represent the feature of a chemical graph. Also, the set of rules
for describing a topological specification was refined so that a prescribed structure
can be included in both of the acyclic and cyclic parts of a chemical graph C. In
this model, for a chemical graph C with an integer p > 1, we consider two parts,
namely, the exterior and the interior of the hydrogen-suppressed graph (C) that is
obtained by removing hydrogens from C. The exterior consists of maximal acyclic
induced subgraphs with height at most p in (C) and the interior is the connected
subgraph of (C) obtained by excluding the exterior. Shi et al. [43] also defined a
feature vector f(C) of a chemical graph C as a combination of the frequency of
adjacent atom pairs in the interior and the frequency of chemical acyclic graphs
among the set of chemical rooted trees T, rooted at interior-vertices u. Recently,
Tanaka et al. [49] extended the model in order to directly treat a chemical graph
with hydrogens so that the feature of the exterior can be represented with more

variety of chemical rooted trees.

The contribution of this chapter is consists of two parts. Firstly, we make a
slight modification to a model of chemical graphs proposed by Tanaka et al. [49]
so that we can treat a chemical element with multi-valence such as sulfur S and
a chemical graph with cations and anions. Second, we employ linear regression
as the learning method in Stage 3. One of the most important factors in the
framework is the quality of a prediction function n constructed in Stage 3. Also,
overfitting is pointed out as a major issue in ANN-based approaches for QSAR
because many parameters need to be optimized for ANNs [16]. In this chapter,
to construct a prediction function in Stage 3, we use linear regression instead
of ANNs or decision trees. A learning algorithm for an ANN may not find a
set of weights and biases that minimizes the error function since the algorithm

simply iterates modification of the current weights and biases until it terminates

99
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at a local minimum value, and linear regression is much simpler than ANNs and
decision trees and thereby we regard the performance of a prediction function
by linear regression as the basis for other more sophisticated machine learning
methods. In this chapter, we derive an MILP formulation M(z,y;C1) in Stage 4
to simulate the computation process of a prediction function by linear regression.
For an MILP formulation M(x, g;Ca) that represents a feature function f and a
specification ¢ in Stage 4, we can use the same formulation proposed by Tanaka
et al. [49] with a slight modification. In Stage 5, we can also use the dynamic
programming algorithm due to Azam et al. [5] with a slight modification to
generate target chemical graphs C* and the details are omitted.

We implemented the framework based on the refined two-layered model and
a prediction function by linear regression. The results of our computational
experiments reveal a set of chemical properties to which a prediction function
constructed by linear regression on our feature function performs well, in com-
parison with ANNs in our previous work. We also observe that chemical graphs
with up to 50 non-hydrogen atoms can be inferred by the proposed method.

The rest of this chapter is organized as follows. Section 6.2 reviews the two-
layered model and describes our modification. Section 6.3 reviews the idea of
linear regression and formulates an MILP M(x,y;C;) that simulates the com-
puting process of a prediction function constructed by linear regression. Sec-
tion 6.4 reports the results of some computational experiments conducted for 18
chemical properties such as vapor density and optical rotation. Section 6.5 gives

conclusions with future work. We refer [63] for the complete MILP formulations.

6.2 Two-layered Model

This section reviews the idea of the two-layered model introduced by Shi et al. [43],
and describes our modifications to the model.

Let C = (H,«, ) be a chemical graph and p > 1 be an integer, which is
called a branch-parameter.

A two-layered model of C introduced by Shi et al. [43] is a partition of the
hydrogen-suppressed chemical graph (C) into an “interior” and an “exterior” in
the following way. We call a vertex v € V((C)) (resp., an edge e € E((C)))
of G an exterior-vertex (resp., exterior-edge) if ht(v) < p (resp., e is incident
to an exterior-vertex) and denote the sets of exterior-vertices and exterior-edges
by V(C) and E®*(C), respectively and denote V"' (C) = V({C)) \ V**(C) and
E™(C) = E((C)) \ E*(C), respectively. We call a vertex in V(C) (resp.,

an edge in E™(C)) an interior-vertex (vesp., interior-edge). The set E°*(C) of
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Figure 6.1. An illustration of a hydrogen-suppressed chemical graph (C) ob-
tained from a chemical graph C with r(C) = 4 by removing all the hydrogens,
where for p =2, V(C) = {w; | i € [1,19]} and V"(C) = {u; | i € [1,28]}.

exterior-edges forms a collection of connected graphs each of which is regarded
as a rooted tree T rooted at the vertex v € V(T') with the maximum ht(v). Let
T((C)) denote the set of these chemical rooted trees in (C). The interior C'™®
of C is defined to be the subgraph (V(C), E™(C)) of (C).

Figure 6.1 illustrates an example of a hydrogen-suppressed chemical graph
(C). For a branch-parameter p = 2, the interior of the chemical graph (C) in
Figure 6.1 is obtained by removing the set of vertices with degree 1 p = 2 times;
i.e., first remove the set Vi = {w,wy, ..., w14} of vertices of degree 1 in (C) and
then remove the set Vo = {wi5,wie, ..., w19} of vertices of degree 1 in (C) — V7,
where the removed vertices become the exterior-vertices of (C).

For each interior-vertex u € V*(C), let T, € T((C)) denote the chemical
tree rooted at u (where possibly T, consists of vertex u) and define the p-fringe-
tree Clu] to be the chemical rooted tree obtained from T, by putting back the
hydrogens originally attached to T, in C. Let 7(C) denote the set of p-fringe-
trees Clu],u € V(C). Figure 6.2 illustrates the set 7(C) = {C[u;] | i € [1,28]}
of the 2-fringe-trees of the example C in Figure 6.1.

Feature Function We extend the feature function of a chemical graph C in-
troduced by Tanaka et al. [49].
For an integer K, a feature vector f(C) of a chemical graph C is defined by a
feature function f that consists of K descriptors. We call RE the feature space.
Tanaka et al. [49] defined a feature vector f(C) € RE to be a combination
of the frequency of edge-configurations of the interior-edges and the frequency
of chemical rooted trees among the set of chemical rooted trees Clu] over all

interior-vertices u. In this chapter, we introduce the rank and the adjacency-



62 CHAPTER 6 Two-LAYERED MODEL WITH LINEAR REGRESSION

3l
Clui] ﬁ{ f (f (? Clug] C [u7] ? Cluo] [U«II] IL
V4 Clua] Clus] Clua] (C[ 5] Vi (C[ug] V2 (C[ulo] (C[uls
W6

vl Ve Ve A Ve (C[ulz Vi u15]

[u14

ﬁ HH <Cu18] (i R \ ?
Cluis] Clurr] V1 Clwo] (C[u20] (C[uzz] (C[uzs (C[uzs] =
v Vi Ve o Wil (C[u21] Ve Ve
V23 © ®
(C[u23] (C[uz4] (C[u27] Cluas]
V26 W4 Va5 V30

Figure 6.2. The set T(C) of 2-fringe-trees Clu;],7 € [1,28] of the example C
in Figure 6.1, where the root of each tree is depicted with a gray circle and the

hydrogens attached to non-root vertices are omitted in the figure.

configuration of leaf-edges as new descriptors in a feature vector of a chemical

graph.

6.2.1 A Full Description of Descriptors

In Shi et al. [43], to represent a feature of the exterior of C, a chemical rooted tree
in 7(C) is called a fringe-configuration of C. In this chapter, we also represent
leaf-edges in the exterior of C. For a leaf-edge uv € E((C)) with degcy(u) = 1, we
define the adjacency-configuration of e to be an ordered tuple (a(u), a(v), f(uwv)).
Define

Fgc £ {(a,b,m) | a,b € A,m € [1, min{val(a), val(b)}]}

as a set of possible adjacency-configurations for leaf-edges.

Let 7 be a chemical property for which we will construct a prediction function
n from a feature vector f(C) of a chemical graph C to a predicted value y € R
for the chemical property of C.

We first choose a set A of chemical elements and then collect a data set D,
of chemical compounds C' whose chemical elements belong to A, where we regard
D, as a set of chemical graphs C that represent the chemical compounds C in
D;.. To define the interior/exterior of chemical graphs C € D,, we next choose a
branch-parameter p, where we recommend p = 2.

Let A™(D,) C A (resp., A*(D,) C A) denote the set of chemical elements
used in the set V™(C) of interior-vertices (resp., the set V(C) of exterior-
vertices) of C over all chemical graphs C € D,, and T'™(D,) denote the set of

edge-configurations used in the set E™(C) of interior-edges in C over all chemical
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graphs C € D;. Let F(D;) denote the set of chemical rooted trees 1) r-isomorphic
to a chemical rooted tree in 7 (C) over all chemical graphs C € D, where possibly
a chemical rooted tree ¢ € F(D;) consists of a single chemical element a € A\ {H}.

We define an integer encoding of a finite set A of elements to be a bijection
o: A —[1,|A]], where we denote by [A] the set [1,|A]|] of integers. Introduce an
integer coding of each of the sets A™(D,), A*(D,), I'"(D,) and F(D,). Let
[a]™* (resp., [a]®*) denote the coded integer of an element a € A (D,) (resp.,
a € A*(D,)), [y] denote the coded integer of an element v in T (D, ) and [¢)]
denote an element v in F(Dy).

Over 99% of chemical compounds C with up to 100 non-hydrogen atoms in
PubChem have degree at most 4 in the hydrogen-suppressed graph (C). We
assume that a chemical graph C treated in this chapter satisfies deg c, (v) <4in
the hydrogen-suppressed graph (C).

In our model, we use an integer mass*(a) = |10 - mass(a) |, for each a € A.

We define the feature vector f(C) of a chemical graph C = (H, «, 8) € D to
be a vector that consists of the following non-negative real descriptors dep;(C),
i € [1, K], where K = 14+ [A™(D,)| + |A™(Dy)| + [T (Dy)| + | F(Dx)| + [TE .

1. dep;(C): the number |V (H)| — |Vi| of non-hydrogen atoms in C.
2. depy(C): the rank r(C) of C.
3. dcp3(C): the number V™ (C)| of interior-vertices in C.

4. depy(C): the average ms(C) of mass™ over all atoms in C;

i.e., ms(C) = ﬁ > vev (i) mass™ (a(v)).

5. dep;(C), @
v e V(H)\ Vi of degree degcy(v) = d in the hydrogen-suppressed chemical
graph (C).

=4+d,d € [1,4]: the number dg’(C) of non-hydrogen vertices

6. dep;(C), i = 8 +d,d € [1,4]: the number dg’®(C) of interior-vertices of
interior-degree degcint(v) = d in the interior C'™ = (V"*(C), E™*(C)) of C.

7. dep;(C), i = 12+ m, m € [2,3]: the number bd"™(C) of interior-edges with
bond multiplicity m in C; i.e., bd2¥(C) £ {e € E™(C) | B(e) = m}.

8. dep;(C), i = 14 + [a]™, a € A(D,): the frequency nal®(C) = |V,(C) N

a
Vint(C)| of chemical element a in the set V™ (C) of interior-vertices in C.

9. dep;(C), i = 14 + |A(D,)| + [a]®, a € A(D;): the frequency na*(C) =
|Va(C) N V(C)| of chemical element a in the set V*(C) of exterior-vertices
in C.
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Figure 6.3. (a) An illustration of a seed graph G¢ with r(G¢) = 5 where the
vertices in V¢ are depicted with gray circles, the edges in E(>) are depicted with
dotted lines, the edges in E(>1) are depicted with dashed lines, the edges in Eg1)
are depicted with gray bold lines and the edges in F(_;) are depicted with black
solid lines; (b) A set F = {41,102, ...,%30} C F(D;) of 30 chemical rooted trees
i, € [1,30], where the root of each tree is depicted with a gray circle, where

the hydrogens attached to non-root vertices are omitted in the figure.

10. dep;(C), i = 14 + |AY(D,)| + |A™(D,)| + [7], v € T'™(D,): the frequency
ec,(C) of edge-configuration 7 in the set E'™(C) of interior-edges in C.

11. dep;(C), i = 14+ [A™(Dy)| + [A(Dx)| + [T (Dx)| + [¢], ¥ € F(Dy): the
frequency fcy,(C) of fringe-configuration 1 in the set of p-fringe-trees in C.

12. dep;(C), i = 14+ A (Dg) |+ A (Dx) |+ D" (Dr) | + | F(Dr) |+ [v], v € Ti:
the frequency aclf(C) of adjacency-configuration v in the set of leaf-edges in

(C).

6.2.2 Topological Specification

A topological specification is described as a set of the following rules proposed
by Shi et al. [43] and modified by Tanaka et al. [49]:
(i) a seed graph G as an abstract form of a target chemical graph C;

(ii) a set F of chemical rooted trees as candidates for a tree C[u] rooted at each
exterior-vertex v in C; and

(iii) lower and upper bounds on the number of components in a target chemi-
cal graph such as chemical elements, double/triple bounds and the interior-
vertices in C.

Figures 6.3(a) and (b) illustrate examples of a seed graph G¢ and a set F
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of chemical rooted trees, respectively. Given a seed graph G, the interior of a
target chemical graph C is constructed from G¢ by replacing some edges a = uv
with paths P, between the end-vertices u and v and by attaching new paths @, to
some vertices v. For example, a chemical graph (C) in Figure 6.1 is constructed
from the seed graph G¢ in Figure 6.3(a) as follows.

- First replace five edges a1 = ujusg, as = ujus, ag = uq7, aq = uou1 and as =
uiiuie in Go with new paths Py, = (u1,u13,u2), Pa, = (u1,u14,us3), P, =
(ug,u15,u16,u7), Pay = (10, u17, u18, w19, u11) and Py = (w11, u20, U1, 22, U12),
respectively to obtain a subgraph G of (C).

- Next attach to this graph G; three new paths Q.. = (us,u24), Quis =
(u1s, s, u2g, u27) and Qu,, = (u22,u2g) to obtain the interior of (C) in Fig-
ure 6.1.

- Finally attach to the interior 28 trees selected from the set F and assign
chemical elements and bond-multiplicities in the interior to obtain a chemical
graph C in Figure 6.1. In Figure 6.2, ¢); € F is selected for Clu,], i € {6,7,11}.
Similarly 19 for Clug], 14 for Clui], ¥ for Clu;], i € {3,4,5,10,19,22,25,26},
1/}8 for (C[u;;], 1/)11 for (C[ul], 1€ {2, 13, 16, 17, 20}, 1/115 for C[ulz], 1/)19 for (C[U15],
ag for Cluar], Paq for Cluag], o5 for Clugr], 1eg for Cluas), a7 for Clui4] and
30 for Cluag|.

Our definition of a topological specification is analogous with the one by
Tanaka et al. [49] except for a necessary modification due to the introduction
of multiple valences of chemical elements, cations and anions (see [63] for a full

description of topological specification).

6.3 Linear Regression

Let D be a data set of chemical graphs C with an observed value a(C) € R, where
we denote by a; = a(C;) for an indexed graph C,.

Let f be a feature function that maps a chemical graph C to a vector f(C) €
RX where we denote by x; = f(C;) for an indexed graph C;.

For a feature space RX, a hyperplane is denoted by a pair (w,b) of a vector
w € RX and a real b € R. Given a hyperplane (w,b) € RE*! a prediction
function 7, : RE — R is defined by setting

Mop() Zw-z+b= Y w(j)z(j)+b.
Jj€1,K]

We wish to find a hyperplane (w, b) that minimizes the error function Err(n,,4; D).
In many cases, a feature vector f contains descriptors that do not play an essential

role in constructing a good prediction function. When we solve the minimization
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problem, the entries w(j) for some descriptors j € [1, K] in the resulting hyper-
plane (w, b) become zero, which means that these descriptors were not necessarily
important for finding a prediction function 7,,;. It is proposed that solving the
minimization with an additional penalty term 7 to the error function often results
in more number of entries w(j) = 0, reducing a set of descriptors necessary for
defining a prediction function 7, ;. For an error function with such a penalty
term, a Ridge function ﬁErr(nmb;D) + AR ep, k] w(j)? + b?] [21, 22] and a
Lasso function ﬁETT(Uw,b;D) + A jen, k) lw(d)| + [b]] [52] are known, where
A € Ry is a given real number.

Given a prediction function 7,3, we can simulate a process of computing the
output 7y p(x) for an input @ € REX as an MILP M(z,y;Cy) in the framework.
By solving such an MILP for a specified target value y*, we can find a vector
z* € RE such that Nwp(z*) = y*. Instead of specifying a single target value y*,
we use lower and upper bounds y*,%* € R on the value a(C) of a chemical graph
C to be inferred. We can control the range between y* and y* for searching a
chemical graph C by setting y* and ¥* to be close or different values. A desired
MILP is formulated as follows.

M(z,y;C1): An MILP formulation for the inverse problem to predic-

tion function

constants:
- A hyperplane (w,b) with w € RX and b € R;
Real values y*,7* € R such that y* <7™;
A set Iz of indices j € [1, K] such that the j-th descriptor dep,(C) is always
an integer;
A set I of indices j € [1, K] such that the j-th descriptor dcp,;(C) is always

non-negative;
- 4(7),u(y) € R,j € [1, K]: lower and upper bounds on the j-th descriptor;
variables:

Non-negative integer variable z(j) € Zy,j € Iz N I;;
Integer variable x(j) € Z,j € Iz \ I1;

Non-negative real variable z(j) € Ry, j € I\ Iz;
Real variable z(j) € R,j € [1, K|\ (Iz U I1);

constraints:

0G) <x() <u@),je LK)y < Y wlz()+b <7,
J€lLK]
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objective function:

none.

The number of variables and constraints in the above MILP formulation is
O(K). Tt is not difficult to see that the above MILP is an NP-hard problem. The
entire MILP for Stage 4 consists of the two MILPs M (z,y;C;) and M(x, g;Cs)
with no objective function. The latter represents the computation process of our
feature function f and a given topological specification. See [63] for the details
of MILP M(x, g;Ca).

6.4 Experimental Results

We implemented our method of Stages 1 to 5 for inferring chemical graphs un-
der a given topological specification and conducted experiments to evaluate the
computational efficiency. We executed the experiments on a PC with Processor:
Core i17-9700 (3.0 GHz; 4.7 GHz at the maximum) and Memory: 16 GB RAM
DDRA.

Results on Phase 1.  We have conducted experiments of linear regression
for 37 chemical properties among which we report the following 18 properties to
which the test coefficient of determination R? attains at least 0.8: octanol /water
partition coefficient (Kow), heat of combustion (Hc), vapor density (VD), optical
rotation (OPTR), electron density on the most positive atom (EDPA), melting
point (MP), heat of atomization (HA), heat of formation (HF), internal energy
at OK (U0), energy of lowest unoccupied molecular orbital (LUMO), isotropic
polarizability (ALPHA), heat capacity at 298.15K (CV), solubility (SL), surface
tension (SFT'), viscosity (V1s), isobaric heat capacities in liquid phase (IHCLIQ),
isobaric heat capacities in solid phase (IHCSoOL) and lipophilicity (Lp).

We used data sets provided by HSDB from PubChem [27] for Kow, Hc, VD
and OPTR, M. Jalali-Heravi and M. Fatemi [26] for EDPA, Roy and Saha [39] for
Mp, HA and HF, MoleculeNet [54] for U0, Lumo, ALPHA, Cv and SL, Goussard
et al. [19] for SFT and V1s, R. Naef [34] for IncLiq and IncSoL, and Figshare [53]
for Lp.

Properties U0, Lumo, ALPHA and Cv share a common original data set
D* with more than 130,000 compounds, and we used a set D, of 1,000 graphs
randomly selected from D* as a common data set of these four properties 7 in
this experiment.

Stages 1, 2 and 3 in Phase 1 are implemented as follows.

Stage 1. We set a graph class G to be the set of all chemical graphs with any
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graph structure, and set a branch-parameter p to be 2.

For each of the properties, we first select a set A of chemical elements and
then collect a data set D, on chemical graphs over the set A of chemical elements.
During construction of the data set D, chemical compounds that do not satisfy
one of the following are eliminated: the graph is connected, the number of non-
hydrogen neighbors of each atom is at most four, and the number of carbon atoms
is at least four.

Table 6.1 shows the size and range of data sets that we prepared for each
chemical property in Stage 1, where we denote the following:

- A: the set of elements used in the data set D,; A is one of the following 11 sets:
Ay = {H,C,0}; A2 = {H,C,0,N}; A3 = {H,C,U,S(g)}; Ay = {H,C,0,81}; A5 =
{H,C,0,N,C1,P(3),P5)}; Ag = {H,C,0,N,S(3),F}; A7 = {H,C,0,N,S(9),S(s),CL};
As = {H,C2),C(3). C(a), 0, N(2), N3y }; Ag = {H,C,0,N, 52,54, S5, CL}; A1g =
{8, C2): C(3): C0): C5), 0, M(1), N2, Nz), F; and
Ay = {H, C(g), C(g), C(4), 0, N2y, N3y, 8(2), S(4), S(6)7 Cl}, where (i) for a chemical
element e and an integer ¢ > 1 means that a chemical element e with valence
i.

- |Dy|: the size of data set D, over A for the property .

- n, n: the minimum and maximum values of the number n(C) of non-hydrogen
atoms in compounds C in D.

- a, @: the minimum and maximum values of a(C) for = over compounds C in
D;.

- |T'|: the number of different edge-configurations of interior-edges over the com-
pounds in D,.

- |F]: the number of non-isomorphic chemical rooted trees in the set of all
2-fringe-trees in the compounds in D;.

- K: the number of descriptors in a feature vector f(C).

Stage 2. The newly defined feature function in our chemical model without
suppressing hydrogen in Section 6.2 is used. We normalize the range of each
descriptor and the range {t € R | a <t < @} of property values a(C),C € D;.

Stage 3. For each chemical property 7, we select a penalty value A\, in the Lasso
function from 36 different values from 0 to 100 by conducting linear regression
as a preliminary experiment.

We conducted an experiment in Stage 3 to evaluate the performance of the
prediction function based on cross-validation. For a property m, an execution
of a cross-validation consists of five trials of constructing a prediction function
as follows. First partition the data set D into five subsets D), k e [1,5]
randomly. For each k € [1,5], the k-th trial constructs a prediction function nk)
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Table 6.1. Results in Phase 1.

™ A |Dz] n, 7@ a, a rr |Fl K Ar K'  test R?
Kow Ao 684 4,58 -7.5,15.6 25 166 223 6.4E-5 80.3 0.953
Kow Ag 899 4,69 -7.5,15.6 37 219 303 b5.5E-5 1121  0.927
Hc Ag 255 4,63  49.6,35099.6 17 106 154 1.9E—4 19.2  0.946
Hc A7 282 4,63  49.6,35099.6 21 118 177 19E—4 20.5 0.951
VD As 474 4,30 0.7,20.6 21 160 214 1.0E-3 3.6 0927
VD As 551 4,30 0.7,20.6 24 191 256 b5.5E—4 8.0 0.942
OpTR Ay 147 5,44 -117.0,165.0 21 55 107 4.6E—4  39.2 0.823
OrPTR  Ag 157 5,69 -117.0,165.0 25 62 123 7.3E—4 41.7 0.825
EDPA Ay 52 11,16 0.80,3.76 9 33 64 1.0E-4 109 0.999
Mp Ao 467 4,122 -185.33,300.0 23 142 197 3.7TE-5 82,5 0.817
Ha As 115 4,11 1100.6, 3009.6 83 115 3.7E-5 39.0 0.997
Hr A 82 4,16 30.2,94.8 50 74 1.0E—4 34.0 0.987
Uo Ao 977 4,9 -570.6,-272.8 59 190 297 1.0E-7 246.7 0.999
Lumo Ay 977 4,9 -0.11,0.10 59 190 297 6.4E-5 133.9 0.841
ALPHA Ay 977 4,9 50.9,99.6 59 190 297 1.0E-5 125.5 0.961
Cv Ao 977 4,9 19.2,44.0 59 190 297 1.0E-5 165.3 0.961
SL Ao 915 4,55 -11.6,1.11 42 207 300 7.3E-5 130.6 0.808
SFT Ay 247 5,33 12.3,45.1 11 91 128 6.4E—4 20.9 0.804
Vis Ay 282 5,36 -0.64,1.63 12 88 126 8.2E—4 16.3  0.893
IncLiq As 770 4,78  106.3,1956.1 23 200 256 1.9E-5 82.2 0.987
IncLiq Ar 865 4,78  106.3,1956.1 29 246 316 8.2E—6 139.1 0.986
IncSoL  Ag 581 5,70 67.4,1220.9 33 124 192 2.8E-5 75.9  0.985
IncSoL A;; 668 5,70 67.4,1220.9 40 140 228 2.8E-5 86.7  0.982
Lp Ao 615 6,60 -3.62,6.84 32 116 186 1.0E—4 98.5 0.856
Lp Ag 936 6,74 -3.62,6.84 44 136 231 6.4E-5 130.4 0.840

by conducting a linear regression with the penalty term A, using the set DW\D(]“)

as a training data set. We used scikit-learn version 0.23.2 with Python 3.8.5 for

executing linear regression with Lasso function. For each property, we executed

ten cross-validations and we show the median of test R2(n®), D)) k € [1, 5] over

all ten cross-validations. Recall that a subset of descriptors is selected in linear

regression with Lasso function and let K’ denote the average number of selected

descriptors over all 50 trials. The running time per trial in a cross-validation was

at most one second.

Table 6.1 shows the results on Stages 2 and 3, where we denote the following:

- Ar: the penalty value in the Lasso function selected for a property w, where
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Figure 6.4. An illustration of chemical rooted trees 1, ¥; and 3 that are se-
lected in Lasso linear regression for constructing a prediction function to property

VD, where the root is depicted with a gray circle.

aEb means a x 10°.

- K': the average of the number of descriptors selected in the linear regression
over all 50 trials in ten cross-validations.
- test R%: the median of test R? over all 50 trials in ten cross-validations.

Recall that the adjacency-configuration for leaf-edges was introduced as a new
descriptor in this chapter. Without including this new descriptor, the test R? for
property Vis was 0.790, that for LuMo was 0.799 and that for Mp was 0.796,
while the test R? for each of the other properties in Table 6.1 was almost the
same.

From Table 6.1, we observe that a relatively large number of properties ad-
mit a good prediction function based on linear regression. The number K’ of
descriptors used in linear regression is considerably small for some properties.
For example of property VD, the four descriptors most frequently selected in the
case of A = {H,0,C,N} are the number of non-hydrogen atoms; the number of
interior-vertices v with deggini(v) = 1; the number of fringe-trees r-isomorphic
to the chemical rooted tree 1 in Figure 6.4; and the number of leaf-edges with
adjacency-configuration (0, C,2). The eight descriptors most frequently selected
in the case of A = {H,0,C,N,C1, P(3), P(5)} are the number of non-hydrogen atoms;
the number of interior-vertices v with degcint(v) = 1; the number of exterior-
vertices v with a(v) = C1; the number of interior-edges with edge-configuration
vi,© = 1,2, where v; = (C2,C2,2) and 72 = (C3,C4, 1); and the number of fringe-
trees r-isomorphic to the chemical rooted tree ¥;,i = 1,2, 3 in Figure 6.4.

For the 18 properties listed in Table 6.1, we used ANN to construct prediction
functions. For this purpose, we used our newly proposed feature vector and the
experimental setup as explained in Tanaka et al. [49]. From these computation
experiments, we observe that for the properties Hc, VD, HA, HF, U0, ALPHA
and Cv, the test R? scores of the prediction functions obtained by Lasso linear
regression is at least 0.05 more than those obtained by ANN. For the properties
OPTR, SL and SFT, the test R? scores of the prediction functions obtained by

ANN is at least 0.05 more than those obtained by Lasso linear regression. For
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Figure 6.5. (i) Seed graph G, for I} and I4; (ii) Seed graph G% for IZ; (iii)
Seed graph G§, for I}; (iv) Seed graph G¢ for I}
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Figure 6.6. An illustration of chemical compounds for instances I, and Iy: (a)
Ca: CID 24822711; (b) Cp: CID 59170444; (c) C4: CID 10076784; (d) Cp:
CID 44340250, where hydrogens are omitted.

the other properties, the test R? scores obtained by Lasso linear regression and

ANN are comparable.

Results on Phase 2. We used a set of seven instances I, If),i € [1,4], I. and
I4 based on seed graphs prepared by Shi et al. [43] to execute Stages 4 and 5 in
Phase 2. We here present their seed graphs G¢ (see [63] for the details of instances
I, If),i € [1,4], I. and I3). The seed graph G¢ of instance I, is illustrated in
Figure 6.3(a). The seed graph G, (resp., G&,i = 2,3,4) of instances I} and Iy
(resp., I{ i = 2,3,4) is illustrated in Figure 6.5.

Instance I, has been introduced by Shi et al. [43] in order to infer a chemical
graph C' such that the core of C' is the same as the core of chemical graph C4:
CID 24822711 in Figure 6.6(a) and the frequency of each edge-configuration in
the non-core of C' is the same as that of chemical graph Cp: CID 59170444
illustrated in Figure 6.6(b). This means that the seed graph G¢ of I. is the core
of C4 which is indicated by a shaded area in Figure 6.6(a).

Instance I4 has been introduced by Shi et al. [43] in order to infer a monocyclic
chemical graph C' such that the frequency vector of edge-configurations in C' is
a vector obtained by merging those of two chemical graphs C4: CID 10076784
and Cp: CID 44340250 illustrated in Figure 6.6(c) and (d), respectively.

Stage 4. We executed Stage 4 for five properties 7 € {Hc, Vb, OpPTR, IHCLIQ,
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Table 6.2. Results of Stages 4 and 5 for HC using Lasso linear regression.

inst. Yy, 7" #v #c  Itime n 0™ p(f(Ch)) D-time C-LB #C
I, 5950, 6050 9902 9255 4.6 44 25 5977.9 0.068 1 1
Ié 5950, 6050 9404 6776 1.7 36 10 6007.1 0.048 6 6

I? 9950,6050 11729 9891 16.7 50 25 6043.7 38.7 2.4x10° 100
IS 5950,6050 11510 9894 16.3 47 25 60154 0.353 8724 100
I]f)1 5950,6050 11291 9897 9.0 49 26 5971.6 0.304 84 84
I. 13700,13800 6915 7278 0.7 50 33 13703.3 0.016 1 1
Iy 13700,13800 5535 6781 4.9 44 23 13704.7  0.564 4.3x10° 100

Vis}.

For the MILP formulation M(x,y;C;) in Section 6.3, we use the prediction
function 7,,; that attained the median test R? in Table 6.1. We used CPLEX ver-
sion 12.10 to solve an MILP in Stage 4. Tables 6.2 to 6.6 show the computational
results of the experiment in Stage 4 for the five properties, where we denote the
following:

- y*, ¥*: lower and upper bounds y*,7* € R on the value a(C) of a chemical
graph C to be inferred;
- #v (resp., #c): the number of variables (resp., constraints) in the MILP in

Stage 4;

- I-time: the time (sec.) to solve the MILP in Stage 4;

- n: the number n(C") of non-hydrogen atoms in the chemical graph C' inferred
in Stage 4; and

- ni": the number n™(CT) of interior-vertices in the chemical graph CT inferred

in Stage 4;

- n(f(CH)): the predicted property value n(f(C")) of the chemical graph C'

inferred in Stage 4.

From Tables 6.2 to 6.6, we observe that an instance with a large number of
variables and constraints takes more running time than those with a smaller size
in general. We solved all instances in this experiment with our MILP formulation
in a few seconds to around 30 seconds.

Figure 6.7(a)-(e) illustrate the chemical graphs C' inferred from I. with
(y*,7*) = (13700,13800) of He, IZ with (y*,7*) = (21,22) of VD, I} with
(y*,y*) = (70,71) of OPTR, I with (y*,7*) = (1190,1210) of IncLiq, and
Ig with (y*,7*) = (1.85,1.90) of VIs, respectively.

Similarly, we executed Stage 4 for these seven instances I,, I{;,i € [1,4],
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Table 6.3. Results of Stages 4 and 5 for VD using Lasso linear regression.

inst. y*, ¥ #v #c  Ttime n o™ p(f(CT) D-time C-LB #C
Yy, vy

I, 16,17 9481 9358 1.6 38 23 16.83 0.070 1 1

Ié 16,17 9928 6986 1.5 35 12 16.68 0.206 48 48
Iﬁ 21,22 12373 10101 10.0 48 25  21.62 0.104 20 20
IS 21,22 12159 10104 6.5 48 25 2195 3.65 8.6x10° 100
Ié 21,22 11945 10107 8.1 48 25 21.34 0.057 6 6
1. 21,22 7073 7438 0.7 50 34 2189 0.016 1 1
14 17,18 5693 6942 21 41 23 1794 0.161 216 100

Table 6.4. Results of Stages 4 and 5 for OPTR using Lasso linear regression.

inst.  y*, ¥ #v  #c Itime n n™ p(f(CH)) D-time CLB #C
I, 70,71 8962 9064 3.5 40 23  70.1 0.061 1 1
It 70,71 9432 6662 2.7 37 14 701 0.185 2622 100
I? 70,71 11818 9773 10.0 50 25  70.8 0.041 4 4
I3 70,71 11602 9776 10.2 50 25  70.2 0.241 60 60
I} 70,71 11386 9779 24.7 49 25 709 6.39 4.6x10° 100
I. -112,-111 6807 7170 1.8 50 32 -111.9  0.016 1 1

14 70,71 5427 6673 6.1 42 23 70.2 0.127 78768 100

Table 6.5. Results of Stages 4 and 5 for IHCL1Q using Lasso linear regression.

inst. v, T #v #c  Itime n  n™  p(f(CT) D-time C-LB #C
I, 1190,1210 10180 9538 3.9 48 26 1208.5 0.071 2 2
I& 1190,1210 10784 7191 2.4 35 14 1206.7 0.082 12 12
Ig 1190,1210 13482 10302 14.1 47 25 1206.7 0.11 12 12
Ig’ 1190,1210 13275 10301 9.0 49 27 1209.9 0.090 24 24
Ié 1190,1210 13128 10306 16.5 50 25 1208.4 0.424 2388 100
1. 1190,1210 7193 7560 0.8 50 33 1196.5 0.016 1 1

Iq  1190,1210 5813 7063 22 44 23 1198.8 5.63 5.2x10° 100

I. and I4 for five properties 7 € {Hc, VD, OpTR, IHCLIQ, Vis} by using
the prediction functions obtained by ANN. We list the running time to solve
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Table 6.6. Results of Stages 4 and 5 for VIS using Lasso linear regression.

inst.  y*, ¥ #v  #c Itime n ™ p(f(Ch) D-time C-LB #C

I, 1.25,1.30 6847 8906 1.3 38 22 1.295 0.042 2 2
Iﬁ 1.25,1.30 7270 6397 25 36 15 1.272 0.155 140 100
I? 1.85,1.90 8984 9512 89 45 25 1.879 0.149 288 100
Ig 1.85,1.90 8741 9515 16.2 45 26  1.880 0.137 4928 100
Ié 1.85,1.90 8498 9518 81 45 25  1.851 0.13 660 100
I. 275,280 6813 7162 1.0 50 33  2.763 0.025 4 4
Iy 1.85,1.90 5433 6665 2.7 41 23 1881 0.138 4608 100

@

Figure 6.7. (a) C' with n(f(C")) = 13703.3 inferred from I, with (y*,7*) =
(13700,13800) of Hc; (b) CT with n(f(CT)) = 21.62 inferred from I? with
(y*, ") = (21,22) of VD; (c) CT with n(f(C")) = 70.9 inferred from I} with
(y*,7*) = (70,71) of OPTR; (d) C with n(f(CT)) = 1198.8 inferred from Iy with
(y*,7") = (1190,1210) of IrcLiq; (e) CT with n(f(CT)) = 1.880 inferred from I3
with (y*,7*) = (1.85,1.90) of Vis; (f) CT inferred from I} with lower and upper
bounds on the predicted property value 7, (f(C')) of property = € {Kow, Lp,
SL} in Table 6.9.
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Table 6.7. Running time of Stage 4 for Hc, VD and OPTR using ANN.

Hc VD OrTR

* ok * ok

inst. ¥,y I-time|| inst. y*, ¥* I-time| inst. y*, ¥*  I-time

I, 13350,13450 24.7 | I, 18,19 181 | I, 62,63  35.6
It 9650,9750 135 || It 13,14 94 || I} 109,110 155
I} 16750,16850 70.4 || I? 15,16 40.9 | I? 23,24  192.6
P 12350,12450 87.0 || IP 20,21 463 | I} -2,-1 9364
I} 14250,14350 709 || L} 22,23 271 || L} 19,20  63.9
I 1040010500 31.3 | I 20,21 205| I 86,87  16.4
Iy 12500,12600 44.3 || Iy 18,19 6.1 Iy 30,31 318

Table 6.8. Running time of Stage 4 for IHCcL1Q and Vis using ANN.

IncLiq Vis

k=%

inst. v,y I-time|| inst. Y,y I-time

I,  980,1000 56.6 || I, 1.85,1.90 2.0
Il 1000,1020 404 || I} 1.95,2.00 3.5
I} 1130,1150 71.6 || I? 1.85,1.90 19.7
I3 1240,1260 45.0 || I?  2.35,2.40 26.0
I} 1240,1260 105.7 || I; 250,255 9.3
I. 810,830 9.7 || I. 3.90,3.95 1.8
Iq  1100,1120  25.8 || Ig 3.30,3.35 8.3

MILP formulation for each of these instances in Tables 6.7 and 6.8. From the
computation experiments, we observe that for many instances, the running time

is significantly faster than that of Stage 4 based on ANN.

Inferring a chemical graph with target values in multiple properties Once
we obtained prediction functions 7, for several properties 7, include MILP for-
mulations for these functions 7, into a single MILP M(x,y;C1) so as to infer a
chemical graph that satisfies given target values y* for these properties at the
same time. As an additional experiment in Stage 4, we inferred a chemical graph
that has a desired predicted value each of three properties Kow, LP and SL,
where we used the prediction function 7, for each property 7 € {Kow, Lp, SL}
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Table 6.9. Results of Stage 4 for instances I{;,i = 2,3,4 with specified target

values of three properties Kow, Lp and SL using Lasso linear regression.

inst. T v, Ur #v #c  Itime n 0™ g (f(CH)
Kow  -7.50,-7.40 741
Ig Lp  -1.40,-1.30 14574 11604 62.7 50 30 -1.33
St -11.6,-11.5 -11.52
Kow -7.40,-7.30 7.38
If;’ Lp  -2.90,-2.80 14370 11596 35.5 48 25 -2.81
S -11.6,-11.4 -11.52
Kow -7.50,-7.40 -7.48
Ié Lp  -0.70,-0.60 14166 11588 717 49 26 -0.63
S -11.4,-11.2 -11.39

constructed in Stage 3. Table 6.9 shows the result of Stage 4 for inferring a
chemical graph C' from instances I2, I} and I} with A = {H,C,N,0, S(2),S(6), C1},
where we denote the following:
- m: one of the three properties Kow, LP and SL used in the experiment;
- g;, yr: lower and upper bounds y:,ﬂ;kr € R on the predicted property value
n=(f(C")) of property m € {Kow, Lp, SL} for a chemical graph C! to be

inferred;

#v (resp., #c): the number of variables (resp., constraints) in the MILP in
Stage 4;
I-time: the time (sec.) to solve the MILP in Stage 4;

n: the number n(CT) of non-hydrogen atoms in the chemical graph C' inferred

in Stage 4;
- ni™: the number n™(CT) of interior-vertices in the chemical graph CT inferred
in Stage 4; and
nx(f(CH): the predicted property value n,(f(C")) of property = € {Kow,
Lp, SL} for the chemical graph C' inferred in Stage 4.

Figure 6.7(f) illustrates the chemical graph C' inferred from I with (gjn Umy) =
(—7.50, —7.40), (gj‘m,@fm) = (—0.70,—-0.60) and (Q:S,yfrs) = (—11.4,-11.2) for
w1 =Kow, mo =LP and 73 =SL, respectively.

Stage 5. We executed Stage 5 to generate more target chemical graphs C*,
where a chemical graph C* is called a chemical isomer of a target chemical graph
C' of a topological specification ¢ if f(C*) = f(C') and C* also satisfies the same
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topological specification 0. We computed chemical isomers C* of each target
chemical graph C' inferred in Stage 4. We executed an algorithm to generate
chemical isomers of C up to 100 when the number of all chemical isomers exceeds
100. We can obtain such an algorithm from the dynamic programming proposed
by Tanaka et al. [49] with a slight modification. The algorithm first decomposes
CT into a set of acyclic chemical graphs, next replaces each acyclic chemical graph
T with another acyclic chemical graph T’ that admits the same feature vector
as that of T', and finally assembles the resulting acyclic chemical graphs into a
chemical isomer C* of Cf. Also, a lower bound on the total number of all chemical
isomers of C' can be computed by the algorithm without generating all of them.

Tables 6.2 to 6.6 show the computational results of the experiment in Stage 5
for the five properties, where we denote the following:

- D-time: the running time (sec.) to execute the dynamic programming algo-
rithm in Stage 5 to compute a lower bound on the number of all chemical
isomers C* of C' and generate all (or up to 100) chemical isomers C*;

- C-LB: a lower bound on the number of all chemical isomers C* of C'; and

- #C: the number of all (or up to 100) chemical isomers C* of C' generated in
Stage 5.

From Tables 6.2 to 6.6, we observe that for many cases the running time for
generating up to 100 target chemical graphs in Stage 5 is less than 0.4 seconds.
For some chemical graph C', no chemical isomer was found by our algorithm.
This is because each acyclic chemical graph in the decomposition of C! has no
alternative acyclic chemical graph than the original one. On the other hand, some
chemical graph C' such as the one in Iy in Table 6.2 admits an extremely large
number of chemical isomers C*. Remember that we know such a lower bound

C-LB on the number of chemical isomers without generating all of them.

6.5 Concluding Remarks

In this chapter, we studied the problem of inferring chemical structures from
desired chemical properties and constraints, based on the framework proposed
and developed in [1, 4, 59]. In the previous applications of the framework of
inferring chemical graphs, artificial neural network (ANN) and decision tree have
been used for the machine learning of Stage 3. In this chapter, we used linear
regression in Stage 3 for the first time and derived an MILP formulation that
simulates the computation process of linear regression. We also extended a way
of specifying a target value y* in a property so that the predicted value n(f(C"))

of a target chemical graph C' is required to belong to an interval between two
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specified values y* and y*. Furthermore, we modified a model of chemical com-
pounds so that multi-valence chemical elements, cation and anion are treated,
and introduced the rank and the adjacency-configuration of leaf-edges as new
descriptors in a feature vector of a chemical graph.

We implemented the new system of the framework and conducted computa-
tional experiments for Stages 1 to 5. We found 18 properties for which linear
regression delivers a relatively good prediction function by using our feature vec-
tor based on the two-layered model. We also observed that an MILP formulation
for inferring a chemical graph in Stage 4 can be solved efficiently over different
types of test instances with complicated topological specifications. The exper-
imental result suggests that our method can infer chemical graphs with up to
50 non-hydrogen atoms. Therefore, combination of linear regression and integer
programming is a potentially useful approach to computational molecular design.

It is an interesting future work to use other learning methods such as graph
convolution networks, random forest and an ensemble method to construct a
prediction function and derive the corresponding MILP formulations in Stages 3

and 4 in the framework.



7 TwO-LAYERED MODEL WITH
ADJUSTIVE LINEAR REGRESSION!

7.1 Introduction

In this chapter, we develop a novel prediction function and its machine learning
method that can be used in the framework. Let us compare linear regression
and ANNs. The former uses a hyperplane to explain a given data set and the
latter can represent a more complex subspace than a hyperplane. Importantly
a best hyperplane that minimizes an error function can be found exactly in the
former whereas a local optimum solution to an error function is constructed by
an iterative procedure in the latter and different local optimum solutions often
appear depending on how we have tuned many parameters in ANNs. Linear
regression can be regarded as an ANN on an architecture with an input layer and
an output layer of a single node with a linear activation function. We consider an
ANN on the same architecture such that each node in the input and output layers
is equipped with a set of activation functions. Given a data set, we consider a
problem of minimizing an error function on the data set by choosing a weight of
each arc, a bias of the output node and a best activation function for each node
simultaneously. With some restriction on the set of activation functions and the
definition of an error function, we show that such an minimization problem can
be formulated as a linear program, which is much easier than an MILP to solve
exactly. We call this new method “adjustive linear regression” and implemented
it in the two phase framework. We compared adjustive linear regression with
Lasso linear regression in constructing prediction functions for several chemical
properties. From the results of our computational experiments, we observe that
a prediction function constructed by adjustive linear regression for some chemical
properties drastically outperforms that by Lasso linear regression.

The rest of this chapter is organized as follows. Section 7.2 reviews the idea

of prediction functions based on linear regression and ANNs and designs “ad-

1@)2022 SCITEPRESS. Reprinted, with permission, from J. Zhu, K. Haraguchi, H. Nag-
amochi, and T. Akutsu. Adjustive linear regression and its application to the inverse QSAR.
In Proceedings of the 15th International Joint Conference on Biomedical Engineering Systems
and Technologies - BIOINFORMATICS, pages 144-151. INSTICC, SciTePress, 2022.
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justive linear regression”, a new method for constructing a prediction function
by solving a linear program to optimize a choice of weights/bias together with
activation functions in an ANN with no hidden layers. Section 7.3 reports the
results on some computational experiments conducted for the framework of in-
ferring chemical graphs by using our new method of adjustive linear regression.
Section 7.4 makes some concluding remarks. We refer [64] for the complete MILP

formulations.
7.2 Constructing Prediction Functions

7.2.1 Linear Prediction Functions

For the feature space R¥, a hyperplane is defined to be a pair (w,b) of a vector
w € RX and a real b € R. A prediction function 7 is called linear if 1 is given by
Nwp(x) =w-z+bx € RX for a hyperplane (w,b). The linear regression is to
find a hyperplane (w,b) that minimizes Err(nu,p; X) = >_;cq (@i — (w- +b))2.

In many cases, a feature vector f contains descriptors that do not play an
essential role in constructing a good prediction function. When we solve the mini-
mization problem, the entries w(j) for some descriptors j € [1, K] in the resulting
hyperplane (w, b) become zero, which means that these descriptors were not nec-
essarily important for finding a prediction function 7,;. It is proposed that
solving the minimization with an additional penalty term to the error function
often results in a more number of entries w(j) = 0, reducing a set of descriptors
necessary for defining a prediction function 7, ;. For an error function with such
a penalty term, a Ridge function ﬁErr(nmb; X))+ )‘[Zje[l,K} w(f)? +b%] [21, 22]
and a Lasso function 5=Err(n,; X) + AR jen,x) lw(@)| + [b]] [52] are known,
where A € R is a given real number. As a hybridization of Ridge linear regression
and Lasso linear regression, a linear regression that minimizes an error function
defined to be 5-Err(n,, 5; X) + A D jen k) w(j)? +b?] M ep kW) + 0] is
called elastic net linear regression [68], where A;, A2 € R are given real numbers.

7.2.2 ANNSs for Linear Prediction Functions

It is not difficult to see that a linear prediction function 7 with a hyperplane (w, b)
can be represented by an ANN N with an input layer Ly, = {u1,us,...,ux} of
K input nodes and an output layer Lo, = {v} of a single output node v such
that the weight of an arc (uj,v) from an input node u; to the output node v is
given by w(j),j € [1, K]; the bias at node v is given by b; and the activation
function at node v is linear. See Figure 7.1(a) for an illustration of an ANN A

that represents a linear prediction function n with a hyperplane (w,b). Given a
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w(l)

¥:= 00(2(0))
-

() __20)= 0, 0))
=W

2(0):= 2 w(j)z()+b
JjelLK]
w(K)
2(K):= ¢x(x(K))
(b)

x(K)
-

Figure 7.1. An illustration of the process in ANNs with no hidden layers: (a) An
ANN N that represents a linear prediction function 7 with a hyperplane (w, b);
(b) an ANN N, with activation functions ¢;, j € [0, K| at all nodes.

vector z € RX | the ANN A outputs y := > e, w(i)z(d) +b.

We consider an ANN N, with the same architecture with the ANN A and
introduce activation functions ¢; at nodes u;, j € [1, K] and an activation function
¢o at node v. Given a vector z € RE, the ANN AN, outputs y := ¢(2(0)) for
2(0) = jepr) w0)2() + b and 2(j) == 65(2(5)), € [1, K.

In a standard method of a prediction function ny;, with the above ANN N,
we specify each activation function ¢; and determine weights w and a bias b by
executing an iterative procedure that tries to minimize an error function between

the real values a; and the predicted values n;, (z;).

7.2.3 Adjustive Linear Regression

In this chapter, we design a new method of constructing a prediction function
with the above ANN N, so that (i) not only weights w and a bias b but also
prediction functions ¢; are chosen so as to minimize an error function and (ii)
the minimization problem is formulated as a linear programming problem.

We introduce a class ®; of functions for a choice of each activation function
¢j,7 € [0,K]. When we choose a function ¢; € ®; for each j € [0, K] and a

hyperplane (w,b), we define a prediction function 7y ., 4 such that

N wp(@) & do( Y w(i)(@(x()) = b)

JELK]

for the set ¥ = {¢; | j € [0, K]} of the functions.
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In this chapter, we use a function £(t) = ct +t? + (1 - (t—1)}),0<t <1
for a function ¢;,j € [1, K] or the inverse ¢ ' of a function ¢o, where ¢, ¢’ and ¢”
are nonnegative constant constants with ¢+ ¢ + ¢’ = 1 which will be determined
for each j € [0, K] by our method. Note that, for a domain 0 < ¢ < 1, £(¢t) is
a monotone increasing function such that £(0) = 0 and £(1) = 1 and admits an
inverse function £71(¢).

We introduce a class ®; of functions in the following way.

1. Normalize the set {z;(j) | z; € X}, j € [1, K] and the set {a;(j) | z; € X} so

that the minimum and maximum in the set become 0 and 1.

2. For each index j € [0, K], define a class ®; of functions to be
©; = {ao(i)t +r(t* + ()1 = (= 1)%), 0 <t <1 ¢g(4) = 0,9 €[0,2],
> cli) =1} 4 € [LK],

qe [072]
and define

Do 2 {co(0)t + c1(0)2 4 c2(0)(1 — (£ —1)2), 0 <t < 1] ¢4(0) > 0,q € [0,2],
D cg(0) =1}, @ £ {¢71(1),0 <t < 1] (1) € Do}
g€[0,2]

To use linear programming, we measure an error of a prediction function 7 over
a data set X' by the sum of the absolute errors: SAE(n; X') £ Y eiex lai —n(xi)l.

Now our aim is to find a prediction function 7y, that minimizes the sum of
the absolute errors SAE(ny .5; X) over all functions ¢g € Do, ¢pj € Pj,jell, K]
and hyperplanes (w, b).

To formulate this minimization problem as a linear programming problem, we
predetermine the sign of w(j) for each descriptor j in a hyperplane (w, b) that we
will choose. Compute the correlation coefficient o(X;, A) between X; = {z;(j) |
i €[1,m]} and A ={a; |7 € [1,m]} and partition the set of descriptors into two
sets IT :={j € [1,K] | 0(X;,A) > 0} and I~ := {j € [1,K] | o(X;,A) < 0}
We impose an additional constraint that w(j) > 0,5 € I'T and w(j) <0,j € ™.
Then the objective function is described as follows, where we rewrite each term
w(j),j € I (vesp., —w(j),j € I") as w'(j):

D leo(0)a; + e1(0)af + ea(0)(1 = (ai=1)%) = Y [w'(§) (co(f)wi(4) + e1(f)wi(4)?
1€[1,m] jeIt+

+ea(5) (1= (2 () =1)2))] + D [w' () (coli)wi() + e1(f)wi(§)* +e2(f) (1 (wi(j)—

jel—
1)) = b].
We minimize this over all nonnegative reals ¢,(j), ¢ € [0,2],j € [1, K], nonneg-
ative reals w(j), j € [1, K] and areal b € R such that > )5 cq(j) = 1,7 € [1, K].
By introducing a penalty term for the weights w(j),j € [1, K|, we consider

the following problem which we call adjustive linear regression ALR(X, A), where
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w'(j)eq(d), g € [0,2] is rewritten as wg(7).

min: % S Jeo(0)ai+e1(0)a2+es(0)(1—(ai—1)?)

zE[lm]
> lwo(G)i () +wi ()i () +ws () (1~(@i(5) —1)*)]
jelt
1 [wo()i () w0 ()i () wa() (1~(wi () ~1)°)
jel—
"~ B+ A D wolf)+A]

jE€L,K]

subject to ¢(0) + ¢1(0) + c2(0) = 1. See Appendix B.1 for the details of the
formulation.

We observe that adjustive linear regression is an extension of the Lasso linear
regression except that the error function is the sum of absolute errors in the former
and the sum of square errors in the latter. It is not difficult to see that the above
minimization can be formulated as a linear program with O(m + K) variables
and constraints. In our experiment, we also penalize each weight w,(j), ¢ € [1,2]
with the same constant A in a similar fashion to Lasso linear regression..

We solve the above minimization problem to construct a prediction function
Nwwp Let ¢;(0),q € [0,2], wy(4),q € [0,2],j € [1, K] and b* denote the values of
variables ¢4(0), ¢ € [0,2], wy(j),q € [0,2],j € [1, K] and b in an optimal solution,
respectively. Let K’ denote the number of descriptors j € [1, K] with wg(j) > 0
and I denote the set of j € [1, K] with w((j) > 0. Then we set
w*(j):=0,7 € [1, K] with w;(j) =0,

w*(7) = () (wi(5) + wi ) + wi(i)), 3 € I+ N I
w () == () (i () () w3 (), 5 € TN,
¢;(7)=wi()/w (7). q € [0,2], € Iier and

w* = (wi (1), w§(2), ..., wi(K)) € RE,

For a set U* of selected functions ¢;(t) = ci(j)t+ci(j)t2+c5(5)(1—-(t—1)?),j €
I with and ¢o(t) with ¢g'(t) = ¢5(0)t + c;(0)t? + ¢5(0)(1 — (t — 1)) and a
hyperplane (w*,b*), we construct a prediction function 7y« 4« p=.

We propose the following scheme of executing ALR for constructing a predic-

tion function and evaluating the performance.

1. Given a data set X = {x; € R¥ | i € [1,m]} of normalized feature vectors
and a set A = {a; € R | ¢ € [1,m]} of normalized observed values, we
choose a real A > 0 possibly from a set of candidates for A > 0 so that
the performance of a prediction function 7y« .+ p= obtained from an optimal
solution (¥*, w*,b*) to the ALR (X, \) attains a criterion, where we may
use cross-validation and the test coefficient of determination to know the

performance.
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2. With the real A determined in 1, we evaluate the performance of a prediction
function obtained with ALR based on cross-validation. We divide the entire
set X into five subsets X(*) k € [1,5]. For each k € [1,5], we use the set
X\X (k) as a training data to construct a prediction function v w,p With ALR
(X \ X*) \) and compute the coefficient of determination R2(ny 4,5, X*)).

7.2.4 MILP Formulation for the Inverse Problem

This section introduces an MILP that simulates the computation process of a
prediction function constructed with adjustive linear regression.

Let z = (2(1),2(2), ...,z(K)) € RX denote the feature function f(C) of
a chemical graph C. Let cmin(j) (resp., ¢max(j)) denote the minimum (resp.,
maximum) values of the j-th descriptor in a data set D, for a chemical property
m. Let atmpp € Z, (resp., atmyp € Z4) be a lower bound (resp., an upper
bound) on the number of atoms in a chemical graph C to be inferred. Let mass(a)
denote the observed mass of a chemical element a € A, and define mass*(a) =
|10 - mass(a)|. Let Msyg € Z4 (resp., Msyp € Z4) be a lower bound (resp., an
upper bound) on the sum ﬁ >_vev () mass™(a(v)) in a chemical graph C to
be inferred. Let jys denote the index j € [1, K] such that the j-th descriptor
dep;(C) is the average mass ms(C) = \V 1 ZvGV () mass™(a(v)). Assume that
all other descriptors dcp,(C),j € [1, K]\ {jms} are integers.

Let 0w, be a prediction function obtained by adjustive linear regression,
where ¥ = {¢; | j € [0, K]} and (w, ) is a hyperplane.

We first normalize each of the sets of descriptors x(j),j € [1, K] and the
set of observed values a(C) before we apply the prediction function to compute a
predicted value 7y , ,(f(C)) of a chemical graph C, where the set {a; | i € [1,m]}
) i€

[1,m]}, where a (resp., @) denotes the minimum (resp., maximum) value of a(C)

ai—a
a—ga

of observed values in the data set D, is converted into a set {¢, L

over the chemical graphs C € D,.
Let y* and y* be lower and upper bounds on the predicted value 1y ., (f(C))
of a target chemical graph C, respectively.

We first converted them into ¢y’ (% v *) and ¢5'(£=2) . We denote by

;(t) the function ¢;((t — cmin(J))/(cmax(j) — cmin(4)))- We pre-compute the
)s Cmax()], 7 € [1, K]\ {Jms} (resp.,
Djans ( 5/i—Cmin (Jm) )) for all integers s € [Mspp, Msyp] and i € [atmyp, atmyp])

Cmax ]ms) Cmm(]ms

values v;(s) for all integers s € [cmin(J

as constants.

An MILP that simulates the computation process of a prediction function

Nw,w,p is described as follows.
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M(z,y;Cq):
constants:
- A hyperplane (w,b) with w € RX and b € R;
- Activation functions ¢; : R — R, j € [0, KJ;
- Real values y*,7* € R such that y* < 7*; Set y** := gbal(%:f) and 7** =
=

- cmin(J), cmax(j4) € R, j € [1, K|: the minimum and maximum values of the j-th

descriptor in the data set D;, respectively;

- Reals A(j,s) € R,j € [1, K]\ {jms} 5 € [cmin(]), Cmax(f)]: A, cmin(f)) =
¥j(cmin(7)) and A(f, s) := ¥;(s) — hj(s — 1), s € [emin(J) + 1, cmax(5)];

- atmpp,atmyp € Z4: lower and upper bounds on the number of atoms in a
chemical graph C to be inferred; Set atmrp := nyp + narp(H) and atmyp :=
n* + nayp(H);

- Mspg, Msug € Z4: lower and upper bounds on the sum }°, oy mass™(a(v));
For example, set Msyp := |min{mass*([a]) | a € A,val(a) = 1} - (3nLp/4) +
min{mass*([a]) | a € A, val(a) > 2}-(nr,5/4)+mass*([H])narp(H) | and Msyp :=
n* max{mass*([a]) | a € A} + mass*([H])nayp(H);

- M € Ry: an upper bound on ((z(jms)); For example, set M := 2¢;_ (1);

- Define ((s,1) = qﬁjms(cmi/;m:;“r;g:ﬁms)), s € [Msyp, Msyg], i € [atmpp, atmyg],
where v, (s/i) = ((s,1);

- Reals Ayis(s, i) € R, s € [Msyp, Msyg|,i € [atmpp, atmyg]: Ams(Msip, ) :=
((Mspp, i) and Awms(s, i) == ((s,i) — ((s — 1,i),s € [MsLp + 1,Msygl,i €
[atmyp, atmyp];

- Areale(j) > 0,7 € [1, K]: atolerance. For example, set e(j) i= 155 min{A(j, s) |
5 € [emin (1), cmax ()]}, 5 € [1, K]\ {jms} and €(jms) = 355 min{Anss(s,9) | s €

[MSLB, MSUB], 1€ [atmLB, athB]}:

variables:

- Real variables Z(j) € R, j € [1, K]: Z(j) represents 1, (x(j));

- Integer variables z(j) € [cmin(7); cmax(4)],J € [1, K] \ {Jms}: x(j) represents
the j-th descriptor in an MILP M(x, g; C2);

- A real variable z(jms) € Ry with cmin(Jms) < 2(Jms) < Cmax(Jms): Z(Jms)
represents the average mass ms(C) in an MILP M(x, g;C2);

- Binary variables §(j, s) € [0,1],7 € [1, K]\{Jms}+ S € [cmin(]); cmax(j)]: 6(J,5) =
1 e x(j) >s;

- Binary variables d,4m(2) € [0,1],7 € [atmpp, atmyg]: datm(i) =1 < |[V(H)| =
i;

- Binary variables dys(s [O, 1], s € [Msyp, Msyp| dms(i) =1 <

) €
> vev(m) mass™(a(v)) = s
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constraints:

S 85, 8) + ennld) — 1= x(j),

5€[cmin(J),cmax(j)]

6(j,s) > 6(j4,s+ 1), 8 € [emin(J); Cmax(4) —

(7.2.1)

1],

> A9 s) — (i) <B() < > AU ) +€l),

5€[cmin (§)scmax (5)] 5€[cmin (5),cmax (4)]

J € [1, K\ {jms},

Z 5atm(i) = 17

1€ [atmLB ,athB}

Z i 5atm(i) =ng + Haex([H}eX)v

i€ [atmLB ,athB}

Zmass*(a) -na([a]) = Z oms(s) +Mspp — 1,

acA SG[MSLB,MSUB]

onms(s) > Oms(s + 1), s € [Mspp, Msyp — 1],

Y Auis(s,)0ms(s) = M - (1-6atm (1)) — €(jms) < Z(jms) <

s€[Msyg,Msyg]

ST Auls)vis(s) + M - (1St (6)) + i),

sE€ [MSLB 7N[SUB}

1€ [atmLB, athB].

7.3 Experimental Results

(7.2.2)

(7.2.3)

(7.2.4)

(7.2.5)

We implemented our method of Stages 1 to 5 for inferring chemical graphs un-

der a given topological specification and conducted experiments to evaluate the

computational efficiency. We executed the experiments on a PC with Processor:
Core i7-9700 (3.0GHz; 4.7 GHz at the maximum) and Memory: 16 GB RAM
DDR4. We used scikit-learn version 0.23.2 with Python 3.8.5 for executing linear
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regression with Lasso function or constructing an ANN. To solve an LP or MILP

instance, we used CPLEX version 12.10.

Results on Phase 1 We implemented Stages 1, 2 and 3 in Phase 1 as follows.

We have conducted experiments of adjustive linear regression and for 37 chem-
ical properties of monomers (resp., ten chemical properties of polymers) and
we found that the test coefficient of determination R? of ALR exceeds 0.6 for
28 properties of monomers: isotropic polarizability (ALPHA) and boiling point
(Bp), critical pressure (CP); critical temperature (CT); heat capacity at 298.15K
(Cv); dissociation constants (Dc); electron density on the most positive atom
(EDPA); flash point (Fp); energy difference between the highest and lowest
unoccupied molecular orbitals (GAP); heat of atomization (HA); heat of com-
bustion (Hc); heat of formation (HF); energy of highest occupied molecular
orbital (HoMO); heat of vaporization (HV); isobaric heat capacities in liquid
phase (IHCL); isobaric heat capacities in solid phase (IHCS); Kovéats retention
index (KVI); octanol/water partition coefficient (Kow); lipophilicity (Lp); en-
ergy of lowest unoccupied molecular orbital (LUMO); melting point (MP); optical
rotation (OPTR); refractive index (RF); solubility (Sr); surface tension (SFT);
internal energy at 0K (UO0); viscosity (VIs); and vapor density (VD) and that
the test coefficient of determination R? of ALR exceeds 0.8 for eight properties of
polymers: experimental amorphous density (AMD); characteristic ratio (CHAR);
dielectric constant(DEC); heat capacity liquid (HcL); heat capacity solid (HcS);
mol volume (MLV); refractive index (RFID); and glass transition (TG), where we
include the result of property permittivity (PRM) for a comparison with Lasso

linear regression and ANN.

We used data sets are provided by HSDB from PubChem [27] for Cp, CT,
Dc, Fp, Hc, Hv, Kow, OpPTR, RF and VD M. Jalali-Heravi and M. Fatemi [26]
for EDPA and KvI, Roy and Saha [39] for Bp, HA, HF and Mp, Ramakrish-
nan et al. [37] for ALpHA, Cv, LuMo and U0, Goussard et al. [18] for SFT,
Goussard et al. [19] for Vis, R. Naef [34] for IHCL and IncS, Xiao [53] for Lp
and Delaney [54] for SL. Properties ALPHA, Cv, HoMO, LuMoO and UO share a
common original data set D* with more than 130,000 compounds, and we used
a set Dy of 1,000 compounds randomly selected from D* as a common data set

of these four properties 7 in this experiment.

We used data sets of polymers provided by Bicerano [8], where we did not
include any polymer whose chemical formula could not be found by its name in
the book. For property CHAR (resp., RFID), we remove the following polymer
as an outlier from the original data set:

ethyleneTerephthalate, oxy(2-methyl-6-phenyl-1_4-phenylene) and N-vinylCarbazole
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(resp., 2-decyl-1_4-butadiene).

Stage 1 We set a graph class G to be the set of all chemical graphs with any
graph structure, and set a branch-parameter p to be 2.
For each of the properties, we first select a set A of chemical elements and
then collect a data set D, on chemical graphs over the set A of chemical elements.
Table 7.1 shows the size and range of data sets that we prepared for each
chemical property in Stage 1, where we denote the following: |A|: the size |A| of
A used in the data set Dyr; |Dy|: the size of data set D, over A for the property

m; and K: the number of descriptors in a feature vector f(C).

Stage 2 We used the feature function defined in our chemical model without
suppressing hydrogen. We standardize the range of each descriptor and the range

of property values a(C),C € D,.

Stage 3 For each chemical property 7, we select a penalty value A, for a constant
A in ALR(X, \) by conducting linear regression as a preliminary experiment.

We conducted an experiment in Stage 3 to evaluate the performance of the
prediction function based on cross-validation. For a property m, an execution of
a cross-validation consists of five trials of constructing a prediction function as
follows.

Tables 7.1 and 7.2 show the results on Stages 2 and 3 for the properties on
monomers and polymers, respectively, where we denote the following: time: the
average time (sec.) to construct a prediction function with ALR by solving an
LP with O(|D| + K) variables and constraints over all 50 trials in ten cross-
validations; ALR: the median of test R? over all 50 trials in ten cross-validations
for prediction functions constructed with ALR; LLR: the median of test R? over
all 50 trials in ten cross-validations for prediction functions constructed with
Lasso linear regression; and ANN: the median of test R? over all 50 trials in
ten cross-validations for prediction functions constructed with ANNs (see Ap-
pendix B.2 for the details of constructing a prediction function with ANNs).

From Tables 7.1 and 7.2, we see that ALR performs well for most of the
properties in our experiments, The performance by ALR is inferior to that by
LLR or ANN for some properities such as GAp, Homo, Lumo, OpTR, SL, SFT
and PRM, whereas ALR outperforms LLR and ANN for properties Bp, CT,
Hv, Kvl, VD, CHAR, RFID and Ta. It should be noted that ALR drastically

improves the result for properties CT and Hv.

Results on Phase 2 To execute Stages 4 and 5 in Phase 2, we used a set of
seven instances I, Iﬁ,i € [1,4], I. and Iy based on the seed graphs prepared
in [43].



7.3 Experimental Results

89

Table 7.1. Results in Phase 1 for monomers.

m |Al |D;] K time ALR LLR ANN
ALPHA 10 977 297 3.00 0.953 0.961 0.888
Bp 4 370 184 142 0.816 0.599 0.765
Bp 7 444 230 202 0.832 0.663 0.720
Cp 4 125 112 0.5 0.650 0.445 0.694
Cp 6 131 119 012 0.690 0555 0.727
CT 4 125 113 024 0.900 0.037 0.357
Cr 6 132 121 0.28 0.895 0.048 0.356
Cv 10 977 297 457 0.966 0.970 0.911
Do 7 161 130 0.35 0.602 0574 0.622
EDPA 3 52 64 006 0999 0999 0.992
Fp 4 36 183 1.31 0.719 0.589 0.746
Fp 7 424 229 192 0.684 0571 0.745
Gap 10 977 297 A77 0.755 0.784 0.795
Ha 4 115 115 029 0.998 0.997 0.926
Ho 4 255 154 0.74 0.986 0.946 0.848
Hc 7 282 177 084 0986 0.951 0.903
HF 3 82 74 005 0982 0987 0.928
Homo 10 977 297 4.95 0.689 0.841 0.689
Hv 4 95 105 019 0626 -13.7 -8.44
ImcL. 4 770 256 3.24 0.987 0.986 0.974
ImcL. 7 865 316 1.98 0.989 0.985 0.971
ImcS 7 581 192 1.72 0.971 0985 0.971
IncS 11 668 228 221 0974 0.982 0.968
KvI 3 52 64 005 0.838 0.677 0.727
Kow 4 684 223 3.13 0964 0.953 0.952
Kow 8 899 303 4.95 0.952 0927 0.937
Lp 4 615 186 1.81 0.844 0.856 0.867
Lp 8 936 231 3.37 0.807 0.840 0.859
LumMo 10 977 297 275 0.833 0.841 0.860
Mp 4 467 197 1.78 0.831 0.810 0.799
Mp 8 577 255 2.99 0.807 0.810 0.820
OpTR 4 147 107 0.24 0.876 0.825 0.919
OpTR 6 157 123 0.27 0.870 0.825 0.878
RF 4 166 142 024 0.685 0.619 0.521
SL 4 673 217 1.21 0.784 0.808 0.848
SL 8 915 300 2.33 0.828 0.808 0.861
SFT 4 247 128 0.67 0.847 0.927 0.859
U0 10 977 297 240 0.995 0.999 0.890
Vis 4 282 126 0.37 0911 0.893 0.929
VD 4 474 214 224 0985 0927 0.912
VD 7 551 256 228 0.980 0.942 0.889
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Table 7.2. Results in Phase 1 for polymers.

m |A| |Ds] K time ALR LLR ANN

AmMD 4 86 83 0.09 0933 0.914 0.885
AmMD 7 93 94 0.10 0917 0.918 0.823
CuHAR 3 24 56 0.02 0904 0.650 0.616
CuHAR 4 27 67 0.03 0835 0431 0.641
DeC 7 37 72 0.04 0918 0.761 0.641
HcL 4 52 67 0.06 0.996 0.990 0.969
HcL 7 55 81 0.05 0.992 0.987 0.970
HcS 4 54 75 0.07 0.963 0.968 0.893
HcS 7 99 92 0.09 0.983 0.961 0.880
MLV 4 86 83 0.10 0.998 0.996 0.931
MLV 7 93 94 0.09 0997 0.994 0.894
PrMm 4 112 69 0.09 0.505 0.801 0.801
PrMm 5 131 73 0.09 0489 0.784 0.735
RrID ) 91 96 0.15 0953 0.852 0.871
RrID 7 124 124 0.21 0956 0.832 0.891

Ta 4 204 101 0.23 0.923 0.902 0.883

Ta 7 232 118 0.54 0927 0.894 0.881

Stage 4 We executed Stage 4 for heat of vaporization (Hv). Table 7.3 shows
the computational results of the experiment in Stage 4 for the two properties,
where we denote the following: y*, ¥*: lower and upper bounds y*,7* € R on the
value a(C) of a chemical graph C to be inferred; I-time: the time (sec.) to solve
the MILP in Stage 4; and n: the number n(C") of non-hydrogen atoms in the
chemical graph C' inferred in Stage 4. The result suggests that ALR is useful to
infer relatively large size chemical graphs from given chemical properties. Note
that hydrogen atoms can be recovered after getting hydrogen-suppressed chemical
graphs.

Stage 5 We executed Stage 5 to generate a more number of target chemical
graphs C*, where we call a chemical graph C* a chemical isomer of a target
chemical graph C' of a topological specification ¢ if f(C*) = f(C') and C* also
satisfies the same topological specification o. We computed chemical isomers C*
of each target chemical graph C' inferred in Stage 4. We execute the algorithm
due to [43] to generate chemical isomers of C' up to 100 when the number of all
chemical isomers exceeds 100. The algorithm can compute a lower bound on the

total number of all chemical isomers C' without generating all of them.
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Table 7.3. Results of Stages 4 and 5 for Hv.

inst.  y*, y* I-time n  D-time C-LB #C

I, 145,150 249 37 0.0632 2 2
I 190,195 146.6 35  0.121 30 30
I 290,295 188.8 46  0.154 604 100
I3 165,170 1167.2 45  36.8 7.5x10% 100
I 250,255 313.7 50  0.166 2208 100
I, 285,290 1025 50  0.016 11

Iy 245,250 3519 40 553 3.9x10° 100

Table 7.3 shows the computational results of the experiment in Stage 5 for
property Hv, where we denote the following: D-time: the running time (sec.)
to execute the dynamic programming algorithm in Stage 5 to compute a lower
bound on the number of all chemical isomers C* of C! and generate all (or up
to 100) chemical isomers C*; C-LB: a lower bound on the number of all chemical
isomers C* of CT; and #C: the number of all (or up to 100) chemical isomers C*
of C generated in Stage 5. The result suggests that ALR is useful not only for

inference of chemical graphs but also for enumeration of chemical graphs.

7.4 Concluding Remarks

In this chapter, we proposed a new machine learning method, adjustive linear
regression (ALR), which has the following feature: (i) ALR is an extension of the
Lasso linear regression except for the definition of error functions; (ii) ALR is a
special case of an ANN except that a choice of activation functions is also opti-
mized differently from the standard ANNs and the definition of error functions;
and (iii) ALR can be executed exactly by solving the equivalent linear program
with O(m + K) variables and constraints for a set of m data with K descriptors.
Even though ALR is a special case of an ANN with non-linear activation func-
tions, we still can read the relationship between cause and effect from a prediction
function due to the simple structure of ALR.

In this chapter, we used a quadratic function for a set ¥ of activation func-
tions ¢. We can use many different functions such as sigmoid function and
ramp functions, where the non-linearity of a function does not affect to de-
rive a linear program for ALR. The proposed method/system is available at
GitHub https://github. com/ku-dml/mol-infer/tree/master/ALR (Accessed:
May 24, 2023).
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(QUADRATIC DESCRIPTORS

8.1 Introduction

A novel framework for inferring chemical graphs has been developed [6, 23, 43, 66]
based on an idea of formulating as a mixed integer linear programming (MILP)
the computation process of a prediction function constructed by a machine learn-
ing method. Given a prediction function 7 and a topology specification o,
the task of the second phase is to infer chemical graphs C* € G, such that
y* <n(f(C*)) <y*. For this, we formulate an MILP M(z, g;C2) that represents
(i) the computation process of z := f(C) from a chemical graph C in the feature
function f; (ii) that of y := n(x) from a vector z € R¥ in the prediction function
n; and (iii) the constraint C € G,. Given an interval with y*,7* € R, we solve the
MILP My, » to find a feature vector z* € RX and a chemical graph C' € G, such
that f(C') = 2* and y* < n(z*) < ¥* (where if the MILP instance is infeasible
then this suggests that G, does not contain such a desired chemical graph). In
the second phase, we next generate some other desired chemical graphs based on
the solution CT. For this, the following two methods have been designed.

The first method constructs isomers of C' without solving any new MILP.
In this method, we first decompose the chemical graph C' into a set of chemical
acyclic graphs TlJr ,TQJf yees ,TqT , and next construct a set 7; of isomers T of each

tree T;r such that f(77) = f (Tj) by a dynamic programming algorithm due to

Azam et al. [7]. Finally we choose an isomer T € 7; for each i = 1,2,...,¢ and
assemble them into an isomer C* € G, of C such that f(C*) = z* = f(C%).
The first method generates such isomers C7,C3, ... which we call recombination

solutions of CT.

The second method constructs new solutions by solving the MILP M(z, g; C2)
with an additional set © of new linear constraints [6]. We first prepare arbitrary
Pdim linear functions 6; : RE 5 R,j =1,2,...,pdim and consider a neighbor of
C' defined by a set of chemical graphs C* that satisfy linear constraints k§ <
10;(f(C*) — 0;(F(C))| < (k+1)5,7 = 1,2,...,pdim for a small real § > 0

and an integer k > 1. By changing the integer k systematically, we can search

93
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for new solutions (CI,(C;, ... € G5 of MILP M(x,g;Cs) with constraint © such
that the feature vectors z* = f(C'),z% = f((CD,w§ = f(C;), ... are all slightly
different. We call these chemical graphs Ci, (C;, ... neighbor solutions of CT, where

a neighbor solution is not an isomer of CT.

The main reason why the framework can infer a chemical compound with 50
non-hydrogen atoms is that the descriptors of a chemical graph are defined on
local graph structures in the two-layered model and thereby an MILP necessary
to represent a chemical graph can be formulated as a considerably compact form

that is efficiently solvable by a standard solver.

In the framework, all descriptors z(1),x(2),...,2(K) in the feature vector
x = f(C) are mainly the frequencies of local graph structures based on the two-
layered model by which a chemical graph C is regarded as a pair of interior and
exterior structures (see Section 6.2 for details). To derive a compact MILP for-
mulation to infer a chemical graph, it is important to use the current definition
of descriptors. However, there are some chemical properties for which the perfor-
mance of a prediction function constructed with the feature function f remains
rather low. To improve the learning performance with the same two-layered
model, we add as a new descriptor the product z(i)z(j) (or z(i)(1 — x(j)) of two
descriptors (where each descriptor is assumed to be normalized within 0 and 1)
and call such a new descriptor a quadratic descriptor. This drastically increases
the number of descriptors, which would take extra running time in learning or
cause overfitting to the data set. Moreover, computing quadratic descriptors can-
not be directly formulated as a set of linear constraints in the original MILP. For
this, we introduce a method of reducing a set of descriptors into a smaller set
that delivers a prediction function with a higher performance. We also design
an MILP formulation for representing a quadratic term x(z)z(j). Based on the
same MILP M(z, g; C2) formulation proposed by Zhu et al. [66], we implemented
the framework to treat the feature function with quadratic descriptors. From
the results of our computational experiments on over 40 chemical properties,
we observe that our new method of utilizing quadratic descriptors improved the

performance of a prediction function for many chemical properties.

The rest of this chapter is organized as follows. Section 8.2 introduces the
quadratic descriptors and a heuristic to reduce the size of descriptors. Section 8.3
introduces a formulation for computing a quadratic descriptor in an MILP. Sec-
tion 8.4 reports the results on computational experiments conducted for 42 chem-
ical properties such as critical pressure, dissociation constants and lipophilicity
for monomers and characteristic ratio and refractive index for polymers. Sec-

tion 8.5 makes some concluding remarks. We refer [65] for the complete MILP
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formulations.

8.2 Quadratic Descriptors

In the framework with the two-layered model, the feature vector f mainly consists
of the frequency of edge-configurations of the interior-edges and the frequency of
chemical rooted trees among the set of chemical rooted trees Clu] over all interior-
vertices u. See Section 6.2.1 for all these descriptors x(1),x(2),...,z(K;), which
are called linear descriptors.

In the framework for polymers [23], a polymer is treated as a chemical graph
of its repeating unit, where we call an edge e a link-edge when it lays on any path
between the two joint-points of the repeating unit, and call the end-vertices of
a link-edge connecting-vertices. The set of descriptors for a polymer is defined
analogously with the above set for a monomer except for dep,(C) is replaced with
the number of link-edges and the following two kinds of descriptors are added:
the frequency ec,(C) of edge-configuration ~ of link-edges; and the frequency of
chemical symbols of connecting-vertices (see [23] for the details).

We denote by DY = {z(k) | k € [1, K]} the set of descriptors constructed
over a data set for a property w. In this chapter, we also use a quadratic term
z(i)z(j) (or z(i)(1 —x(j))), 1 < i < j < K; as a new descriptor, where we
assume that each x(7) is normalized between 0 and 1. We call such a term
xz(i)z(j) (or z(i)(1 —z(j))), 1 <i < j < K a quadratic descriptor and denote by
DY = {x(a(j) |1 <i<j< K }U{z@)(1—x(j)) | 1<i,j< K} the set of
quadratic descriptors.

To construct a prediction function, we use the union D7(T1) U D7(TQ). This set
of descriptors is usually excessive in constructing a prediction function, and we
reduce it to a smaller set of descriptors to construct a feature function f : REX —
R, where K is the number of resulting descriptors. See Section 8.2.1 for methods

of reducing descriptors.

8.2.1 Methods for Reducing Descriptors

Let C be a set of chemical compounds, D be a set of all descriptors and K* €
[1,|D]|] be a number of descriptors we want to choose from D.

Given a data set C, a set D of descriptors and a real A > 0, let Des-set-
LLR(C, D, ) denote the set S of descriptors d € D such that w(d) = 0 for the
hyperplane (w, b) output by LLR(C, D, \) (where we numerically treat w(d) with

|w(d)] <1075 as 0 in our experiment).
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A method based on Lasso linear regression

Since the Lasso linear regression finds some number of descriptors d € D with
w(d) = 0 in the output hyperplane (w, b), we can reduce a given set of descriptors
by applying the Lasso linear regression repeatedly. Choose parameters c¢pax and
dmax so that LLR(C, D, \) can be executed in a reasonable running time when
IC| < max and |D| < dpay. Let K € [1,|D|] be an integer for the number of
descriptors that we choose from a given set D of descriptors. The method is
described in Algorithm 1.

Algorithm 1 LLR-Reduce(C, D)
Input: A data set C and a set D of descriptors;
Output: A subset D C D with [D| = K.
1: Initialize D’ := D;
2: while |D’'| > K do
3: Partition D’ randomly into disjoint subsets Di, Ds,..., D, such that
|D;| < dpax for each i;

4 for each i =1,2,...,p do

5 Choose a subset C; with |C;| = min{cmax, |C|} of C randomly;
6: D! :=Des-set-LLR(C;, D;, A) for some A > 0

7 end for

8: D':=DiuUDyU---UD,

9: end while

10: Output D := D’ after adding to D’ extra K — |D'| descriptors from the
previous set D’ when |D’| < K by using the K-best method.

Here, we set cpax := 200, dmax = 200 and K := 5000 in our computational

experiment.

A method based on backward stepwise procedure

A backward stepwise procedure [13] reduces the number of descriptors one by
one choosing the one removal of which maximizes the learning performance and
outputs a subset with the maximum learning performance among all subsets
during the reduction iteration.

For a subset S C D and a positive integer p, let RQCVMLR(C,S, p) denote
RZ./(C, S, p) for constructing a prediction function 7, by MLR(C, S). We define
a performance evaluation function g, : 2D 5 R for an integer p > 1 such that
gp(S) = R%V’MLR(C ,9,p). The backward stepwise procedure with this function
gp is described in Algorithm 2.
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Algorithm 2 BS-Reduce(C, D, p)

Input: A data set C, a set D of descriptors, an integer p > 1 and a performance

evaluation function gy, : 2P — R defined above;
Output: A subset D* C D.
1: Compute lhest := gp(D); Initialize Dyest := D' := D;
2: while D’ # () do
3: Compute ¢(d) := g,(D" \ {d}) for each descriptor d € D',
Set d* € D' to be a descriptor that maximizes ¢(d) over all d € D’;
Update D’ := D'\ {d*};
if £(d*) > lpesy then
Update Dyest := D’ and lpest := £(d*)
8: end if
9: end while
10: Output D* := Dyegt-

Based on the Lasso linear regression and the backward stepwise procedure,
we design the following method described in Algorithm 3 for choosing a subset
D* of a given set D of descriptors. We are given a give set A of 17 real numbers
and a set B(a) of 16 real numbers close to each number a € A. The method
first choose a best parameter Apest € A to construct a prediction function by
LLR and then choose a subset D; C D for each \; € B(Apest) by the backward
stepwise procedure. The procedure takes O(|D|?) iterations which may take a
large amount of running time. We introduce an upper bound sy on the size of
an input descriptor D for the backward stepwise procedure. Let p1, ps and p3 be
integer parameters that control the number of executions of cross-validations to

evaluate the learning performance in the method.

Algorithm 3 Select-Des-set(C, D)

Input: A data set C, a set D of descriptors, a set A = {0,1076,1075,107%,1073,
0.01,0.05,0.1,0.5,0.75,1, 2,5, 10, 25,50, 100}, and a set B(A) of 16 real num-
bers close to each A € A;

Output: A subset D* of D.

: for each A € A do
Compute D) :=Des-set-LLR(C, D, \) and /) := R%V’MLR(C, Dy,p1)

end for

: Set Apest to be a A € A that maximizes £ ;

: Denote B(Apest) by {A1, A2, ..., A16};

: for each i € [1,16] do

Compute D; := Des-set-LLR(C, D, \;) and let (w,b),w € RIPI,b € R be

e I~ N O N
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10:
11:

12:
13:
14:
15:
16:

the hyperplane obtained by this LLR;
if |D;| < Smax then
D! := D;
else
Let D] consist of smax descriptors d € D; that have the syax largest
absolute values |w(d)| in the weight sets {w(d) | d € D;} of the hyperplane
(w,b)
end if
D;r :=BS-Reduce(C, D, p2);
li = R2CV,MLR(Cv D;f,p?))
end for
Set D* to be a set DI that maximizes ¢;,i € [1,16].

In our computational experiment in this chapter, we set p1 := po := p3 ;=5

and spax := 150 4+ 10*/(|C| + 200).

8.3 Compute a Quadratic Term in an MILP

This section introduces an MILP formulation for computing the product of two

descriptors in an MILP.

Given two real values x and y with 0 < <1 and 0 <y < 1, the computing

process of the product z = xy can be approximately formulated as the following

MILP. First regard (2P*! — 1)z as an integer with a binary expression of p + 1
bits, where 2U) [0, 1] denotes the value of the j-th bit. Then compute ¥ - 29
which becomes the j-th bit z() of (2711 — 1)z,

constants:

- x,y: reals with 0 < z,y < 1;

- p: a positive integer;

variables:

-z, 20) 5 €[0,p]: reals with 0 < z,20) < 1;

= [0,1],7 € [0,p]: binary variables;
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constraints:

S 20 1<t —es Y 2l
2 < x(j), J€10,p]
y—(1—29)) <20 <y4(1—20)), J €10,p],

1 . .

_ - (4)

v Z 93 ,(4) (8.3.1)
J€[0,p]

Note that the necessary number of integer variables for computing xy for
one pair of  and y is p. In this chapter, we set p := 6 in our computational
experiment. The relative error by p = 6 in the above method is at most %%_1 =
1/127, which is around 0.8%.

8.4 Experimental Results

With our new method of choosing descriptors and formulating an MILP to treat
quadratic descriptors in the two-layered model, we implemented the framework
for inferring chemical graphs and conducted experiments to evaluate the compu-
tational efficiency. We executed the experiments on a PC with Processor: Core
i7-9700 (3.0GHz; 4.7 GHz at the maximum) and Memory: 16 GB RAM DDRA4.
To construct a prediction function by LLR, MLR or ANN, we used scikit-learn
version 1.0.2 with Python 3.8.12;, MLPRegressor and ReLLU activation function
for ANN, Lasso function for LLR, and LinearRegression function for MLR.

8.4.1 Results on the First Phase of the Framework

Chemical properties We implemented the first phase for the following 32
chemical properties of monomers and ten chemical properties of polymers.

For monomers, we used the following data sets:

e biological half life (BHL), boiling point (BP), critical temperature (CT),
critical pressure (CP), dissociation constants (Dc), flash point in closed cup
(FP), heat of combustion (Hc), heat of vaporization (Hv), octanol/water
partition coefficient (Kow), melting point (MP), optical rotation (OPTR),
refractive index of trees (RFIDT), vapor density (VD) and vapor pressure
(VP), provided by HSDB from PubChem [27];

e clectron density on the most positive atom (EDPA) and Kovats retention
index (Kov) by M. Jalali-Heravi and M. Fatemi [26];



100 CHAPTER 8 TWwO-LAYERED MODEL WITH QUADRATIC DESCRIPTORS

e entropy (ET) by P. Duchowicz et al. [14];

e heat of atomization (HA) and heat of formation (HF) by K. Roy and A. Saha [39];
e surface tension (SFT') by V. Goussard et al. [18];

e viscosity (Vis) by V. Goussard et al. [19];

e isobaric heat capacities liquid (LHCL) and isobaric heat capacities solid
(LHCS) by R. Naef [34];

e lipophilicity (LP) by N. Xiao [53];
e flammable limits lower of organics (FLMLO) by S. Yuan et al. [58];
e molar refraction at 20 degree (MR) by Y. M. Ponce [36]; and

e solubility (SL) by ESOL [54], energy of highest occupied molecular orbital
(Homo), energy of lowest unoccupied molecular orbital (Lumo), the en-
ergy difference between HoMO and LuMoO (GAP), isotropic polarizability
(ALPHA), heat capacity at 298.15K (CV), internal energy at 0K (U0) and
electric dipole moment (MU) provided by ESOL [54], where the properties
from HOMO to MU are based on a common data set QMO9.

The data set QM9 contains more than 130,000 compounds. In our experiment,
we use a set of 1,000 compounds randomly selected from the data set. For
property Hv, we remove the chemical compound with CID=7947 as an outlier
from the original data set.

For polymers, we used the following data provided by J. Bicerano [8]:

e experimental amorphous density (AMD), characteristic ratio (CHAR), di-
electric constant (DIEC), dissipation factor (DISF), heat capacity in lig-
uid (HcL), heat capacity in solid (HCS), mol volume (MLV), permittivity
(PrM), refractive index of polymers (RFIDP) and glass transition (T'G),

where we excluded from our test data set every polymer whose chemical formula
could not be found by its name in the book [8]. We remark that the previous
learning experiments for 7 € {CHAR, RFIDP} based on the two-layered model
due to Azam et al. [6] and Zhu et al. [67] excluded some number of polymers as
outliers. In our experiments, we do not exclude any polymer from the original

data set as outliers for these properties.

Setting data sets For each property m, we first select a set A of chemical ele-

ments and then collect a data set C; on chemical graphs over the set A of chemical
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Table 8.1. Results of setting data sets for monomers.
7r A ICr| n, W a, a Tl |Fl K
BHL Ay 514 5,36 0.03,732.99 26 101 166
Bp Ao 370 4,67 -11.7,470.0 22 130 184
Bp Ar 444 4,67 -11.7,470.0 26 163 230
Cp As 131 4,63 4.7x1076 5.52 8 79 119
Cr Ao 125 4,63 56.1,3607.5 8 76 113
Cr As 132 4,63 56.1,3607.5 81 121
Dc Ao 141 5,44 0.5,17.11 20 62 111
Dc Ay 161 5,44 0.5,17.11 25 69 130
ET Ay 17 5,12 64.34,96.21 5 17 53
Fp Ao 368 4,67 -82.99, 300.0 20 131 183
Fp Ar 424 4,67 -82.99, 300.0 25 161 229
FLMLO A 1046 1,49 0.185,4.3 34 282 376
Hv Ao 94 4,16 19.12,210.3 12 63 105
Kov A 52 11,16  1422.0,1919.0 9 33 064
Kow Ao 684 4,58 -7.5,15.6 25 166 223
Kow Ag 899 4,69 -7.5,15.6 37 219 303
Lp Ao 615 6,60 -3.62,6.84 32 116 186
Lp Ag 936 6,74 -3.62,6.84 44 136 231
Mp Ao 467 4,122 -185.33,300.0 23 142 197
Mp Ag 577 4,122 -185.33,300.0 32 176 255
OrTR Ao 147 5,44 -117.0,165.0 21 55 107
OpTR A4 157 5,69 -117.0,165.0 25 62 123
RrIDT  Ayg 191 4,26 0.919,1.613 17 115 168
SL Ao 673 4,55 -9.332,1.11 27 154 217
SL Ag 915 4,55 -11.6,1.11 42 207 300
SFT As 247 5,33 12.3,45.1 11 91 128
Vis As 282 5,36 -0.64,1.63 12 88 126
HoMo  Ag 977 6,9 -0.3335, -0.1583 59 190 297
LuMo Ay 977 6,9 -0.1144,0.1026 59 190 297
Gap Ag 977 6,9 0.1324,0.4117 59 190 297
ALPHA Ay 977 6,9 50.9,99.6 59 190 297
Cv Ag 977 6,9 19.2,44.0 59 190 297
MU Ag 977 6,9 0.04,6.897 59 190 297
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Table 8.2. Results of setting data sets for polymers.

T A |Cx] n, T a, a T |Fl K
AMD Ay 86 4,45  0.838,1.34 16 25 83
AMD Az 93 4,45 0.838,1.45 18 30 94
CHAR Ay 30 4,18 3.7,15.9 15 17 68
CHAR A 32 4,18 3.7,15.9 15 18 71
CHAR  Ag 35 4,18 3.7,15.9 18 21 83
DeiC A;p 36 4,22 2.13,34 11 18 67
DisF Az 132 4,45 7x107°,0.07 15 18 78

PrM Ay 112 4,45 2.23,4.91 14 15 69
PrM Az 132 4,45 2.23,4.91 15 18 78
RrIDP  Aq 92 4,29 0.4899,1.683 15 35 96
RrIDP Ayy 125 4,29 0.4899,1.683 19 50 124
RrFIDP A5 135 4,29 0.4899,1.71 23 56 144
Ta Ay 204 4,58 171,673 19 36 101
Ta A7 232 4,58 171,673 21 43 118

elements. To construct the data set C,;, we eliminated chemical compounds that
do not satisfy one of the following: the graph is connected, the number of carbon
atoms is at least four, and the number of non-hydrogen neighbors of each atom
is at most 4.

We set a branch-parameter p to be 2, introduce linear descriptors defined
by the two-layered graph in the chemical model without suppressing hydrogen
and use the set D7(r1) U D7(r2) of linear and quadratic descriptors (see Section 8.2
for the details). We normalize the range of each linear descriptor and the range
{t e R |a <t <a} of property values a(C),C € C.

We compare the following four methods of constructing a prediction function.

(i) LLR: use Lasso linear regression on the set the DY of linear descriptors

(see [66] for the detail of the implementation);

(i) ANN: use ANN on the set the DY of linear descriptors (see [66] for the
detail of the implementation);

(iii) ALR: use adjustive linear regression on the set the D,(rl) of linear descriptors

(see Chapter 7 for the detail of the implementation); and

(iv) R-MLR: apply our method (see Section 8.2.1) of reducing descriptors to
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the set DS}’ U D7(T2) of linear and quadratic descriptors and use multi-linear

regression for the resulting set of descriptors.

Among the above properties, we found that the median of test coefficient of
determination R? of the prediction function constructed by LLR. [66] or ALR. [67]
exceeds 0.98 for the following nine properties of monomers (resp., three properties
of polymers): EDPA, Hc, HA, HF, LucL, LucS, MR, VD and UO (resp., HcL,
HcS and MLV). We excluded the above properties in the following experiment,
and used the rest of 23 chemical properties of monomers and seven chemical
properties of polymers to compare the four methods (i)-(iv).

Tables 8.1 and 8.2 show the size and range of data sets that we prepared for
each chemical property to construct a prediction function, where we denote the
following:

- 7: the name of a chemical property used in the experiment.
- A: a set of selected elements used in the data set C; A is one of the following

19 sets:

Ay = {H,C,0}; Ay = {H,C,0,N}; A3 = {H,C,0,Si(4}; Ay = {H,C,0,N,S(y),F};

As = {H,C,0,N,C1,Pb}; Ag = {H,C,0,N, Si(y,C1,Br}; A7 = {H,C,0,N, S, S(), C1};

Ag = {H, C,0,N, S(Q), S(4), S(6)7 Cl}; Ag = {H, C(Q), C(3), C(4), C(5), 0, N(1), N2y, Ng), F};

A1o = {H,C,0,N,P(2),P(5),C1}; A1 = {H,C,0(1),02),N}; A12 = {H,C,0,N,C1};

A1z = {H,C,0,N,C1, S }; A1g = {H,C,0(1y,0(2),N,C1, Si(y), F};

A5 = {H,C, 0(1),0¢2), N, 81(4), C1, F, S(2), 5(6); Br};

Aig = {H, C, 0(2), N, C1, P(3),P(5), S(Q), 5(4), S(6)7 Si(4) ,Br, I}, where a) for a chem-

ical element a and an integer ¢ > 1 means that a chemical element a with

valence 1.

- |Cx|: the size of data set C; over A for the property .
- n, n: the minimum and maximum values of the number 7(C) of non-hydrogen

atoms in the compounds C in C;.

- a, a: the minimum and maximum values of a(C) for 7 over the compounds C
in Cy.

- |T'|: the number of different edge-configurations of interior-edges over the com-
pounds in C.

- |F]: the number of non-isomorphic chemical rooted trees in the set of all

2-fringe-trees in the compounds in C;.

- K;: the size |D7(r1)] of a set DY of linear descriptors, where \D%2)| = (3(K1)*+

K1)/2 holds.

Constructing prediction functions For each chemical property m, we con-
struct a prediction function by one of the four methods (i)-(iv).

For methods (i)-(iii), we used the same implementation due to Zhu et al. [66,
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67] and omit the details.

In method (iv), we use our new procedures LLR-Reduce and Select-Des-set for
reducing the number of descriptors (see Appendix 8.2.1 for the details). Method
(iv) for property 7 is implemented as follows. If 7w is a monomer property and
\D7(r1) U Df)] > 5000 then first execute LLR—Reduce(Cﬂ,Dgrl) U D7(r2)) to find a
subset D of D7(rl) U D7(T2) with 5000 descriptors. Otherwise set D= D7(r1) U D7(r2).
Next execute Select-Des-set(Cy, D) to obtain a subset D* of D. Construct a
prediction function by MLR on the selected descriptor set D*.

Tables 8.3 and 8.4 show the results on constructing prediction functions, where

we denote the following;:

- m: the name of a chemical property used in the experiment.

- A: the set of elements selected from the data set Cj.

- LLR: the median of test R? in ten 5-fold cross-validations for prediction func-
tions constructed by method (i).

- ANN: the median of test R? in ten 5-fold cross-validations for prediction func-
tions constructed by method (ii).

- ALR: the median of test R? in ten 5-fold cross-validations for prediction func-
tions constructed by method (iii).

- R-MLR: the median of test R? in ten 5-fold cross-validations for prediction
functions constructed by method (iv).

- the score of LLR, ANN, ALR or R-MLR marked with “*” indicates the best
performance among the four methods for the property m;

- Ki, K3: the numbers K7 and K3 of linear and quadratic descriptors, respec-
tively in the set D* selected by our method (iv) from the set DV UDY before

a prediction function is constructed by MLR in (iv).

The running time of choosing a descriptor set D* in method (iv) was around from
80 to 4 x 10* seconds and the time for constructing a prediction function to D*
is around 0.03 to 0.46 second.

There are 47 instances for constructing prediction functions in Tables 8.3 and
8.4. From these tables, we observe that method (iv) using quadratic descriptors
performs better than methods (i)-(iii) with linear descriptors only in 43 out of
the 47 instances. The averages of the median test R? of the method (i)-(iv) over
the 47 instances are 0.634, 0.733, 0.764 and 0.913, respectively. In particular,
method (iv) considerably improved the performance for 7 € {Bp, Cp, Dc, ET,
Fp, Hv, Kov, Lp, RFIDT, GAP, CHAR, DisF, PrM, RFIDP}. We also see that

most descriptors in the resulting descriptor set D* in R-MLR are quadratic.
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Table 8.3. Results of constructing prediction functions for monomers.

n A LLR ANN ALR R-MLR K} K

BHL Ay 0.483 0.622 0.265  *0.659 0,27
Bp Ao 0.599 0.765 0.816  *0.935 1,59
Bp Ay 0.663 0.720 0.832  *0.899 0,38
Cp As 0.555 0.727  0.690  *0.841 0,67
Cr Ao 0.037 0.357 0.900  *0.937 1,47
Cr As 0.048 0.357 *0.895 0.860 0,13
Dc Ay 0.489 0.651 0.488  *0.908 0,58
Dc A7 0.574 0.622 0.602  *0.829 0,26
ET Ay 0.132 0.479 0.464  *0.996 0,13
Fp Ao 0.589 0.746  0.719  *0.899 0,42
Fpr Ay 0.571 0.745 0.684  *0.846 0,32

FLMLO A 0.819 0.928  0.604  *0.949 0,77
Hv Ao 0.864 0.778 0.816  *0.970 0,22

Kov Ay 0.677 0.727  0.838  *0.953 2,19

Kow  As 0.953 0.952 0964  *0.967 0,55

Kow  Ag 0.927 0.937 *0.952 0.950 0,64
Lp Ao 0.856 0.867 0.844  *0.928 0,89
Lp Ag 0.840 0.859 0.807 *0.914 0,109
Mp Ay 0.810 0.800 0.831  *0.873 0,51
Mp Ag 0.810 0.820 0.807  *0.898 0,58

OprTR Ao 0.825 0.918 0.876  *0.970 0,85
OpTR A4 0.825 0.878 0.870  *0.970 0,69
RrIDT Ajp  0.000 0.453 0.425  *0.775 0,43
SL Ao 0.808 0.848 0.784  *0.894 0,82
SL Ag 0.808 0.861 0.828  *0.897 0,74

SFT As 0.927 0.859 0.847  *0.941 0,36

Vis As 0.893 0.929 0911  *0.973 0,43
Homo A9 *0.841 0.689  0.689 0.804 0,87
Lumo Ay 0.841 0.860 0.833  *0.920 0,102

Gap Ag 0.784 0.795 0.755  *0.876 0,83
ALPHA Ay 0.961 0.888 0.953  *0.980 0,104

Cv Ag 0.970 0.911 0.966  *0.978 0,83

MU Ag 0.367 0.409  0.403  *0.645 0,112
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Table 8.4. Results of constructing prediction functions for polymers.

T A LLR ANN ALR R-MLR K}, K;

AMD Ay 0.914 0.885 *0.933 0.906 0,5

AMD Ay3 0918 0.824  0.917  *0.953 0,6
CHaR Ay 0.210 0.642 0.863  *0.938 0,10

CuaR A2 0.088 0.640 0.835  *0.924 0,9
CHaAR A¢ -0.073 0.527 0.766  *0.950 0,12
DEIC A2 0.761 0.641 0918  *0.956 3,41
DisF A3 0.623 0.801 0.308  *0.906 1,23
PrM  As 0.801 0.801 0.505  *0.967 0,26
PrM A3 0.784 0.735  0.489  *0.977 0,34
RFIDP A;;  0.104 0423  0.853  *0.962 2,52
RrIDP  Aj4 0373 0.560 0.848  *0.953 2,43
RrIDP A5 0.346 0.492  0.883  *0.947 9,93
TG Ao 0.902 0.883 0.923  *0.958 1,33
TG A7 0.894 0.860 0.927  *0.957 0,32

8.4.2 Results on the Second Phase of the Framework

To execute the second phase, we used a set of seven instances I, If),z' € [1,4], I,

and I3 based on the seed graphs prepared by Zhu et al. [66].

Solving an MILP for the inverse problem We executed the stage of solving
an MILP to infer a chemical graph for two properties 7 € {Bp, Dc}.
For the MILP formulation My, ,, we use the prediction function » for each
7 € {Bp, Dc} by method (iv), R-MLR that attained the median test R? in
Table 8.3. To solve an MILP with the formulation, we used CPLEX version 12.10.
Tables 8.5 and 8.6 show the computational results of the experiment in this stage
for the two properties, where we denote the following:
- nyp: alower bound on the number of non-hydrogen atoms in a chemical graph
C to be inferred;
- y*, ¥*: lower and upper bounds y*,7* € R on the value a(C) of a chemical
graph C to be inferred;
#v (resp., #c): the number of variables (resp., constraints) in the MILP;
- I-time: the time (sec.) to solve the MILP;
- n: the number n(C') of non-hydrogen atoms in the chemical graph C' inferred
by solving the MILP;
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Table 8.5. Results of inferring a chemical graph C' and generating recombina-

tion solutions for BP with Ar.

inst. nig Y, U #v  #c  Itime n 0™ n D-time C-LB #C
I, 30 225,235 10502 10240 4.29 49 26 233.92 0.072 3 3
Il 35 285,295 10507 7793 227 35 10 286.52 0.034 6 6
I2 45 365,375 13000 10913 11.9 49 25 370.70 0.14 3202 100
I} 45 305,315 12788 10920 7.07 48 25 309.39 0.22 6304 100
It 45 260,270 12576 10928  10.7 49 27 266.26 0.17 376 100
I. 50 340,350 7515 8270 0.867 50 33 344.98 0.019 2 2
Ip 40 320,330 6135 7773 822 45 23 329.85 8.3 6733440 100

Table 8.6. Results of inferring a chemical graph C! and generating recombina-

tion solutions for Dc with A~.

inst. nip g*, g* #v #c Ltime n 1"t n D-time C-LB #C
I, 30 0.55,0.60 10194 9787 3.91 41 25 0.558 0.069 2 2
Ié 35 1.10,1.15 10415 7368 4.73 35 11 1.104 0.10 16 16
Ig 45 6.00,6.05 12976 10481 57.4 45 25 6.04 0.12 2040 100
Ig 45 1.45,1.50 2767 10488 39.7 49 26 1.488 0.28 21600 100
Ié 45 6.10,6.15 12558 10494 26.4 46 25 6.10 0.027 2 2
1. 50 12.35,12.40 7207 7819 1.75 50 34 12.38 0.020 2 2
Iy 40 3.15,3.20 5827 7325 149 41 23 3.199 0.079 18952 100

- n'™: the number n™(CT) of interior-vertices in the chemical graph CT; and
- 1: the predicted property value n(f(C')) of the chemical graph CT.

Figure 8.1(a) illustrates the chemical graph C' inferred from I, with (y*,7*) =
(340, 350) of Bp in Table 8.5.

Figure 8.1(b) (resp., Figure 8.1(c)) illustrates the chemical graph C' inferred
from I, with (y*,%*) = (0.55,0.60) (resp., Iq with (y*,7*) = (3.15,3.20)) of Dc
in Table 8.6.

In this experiment, we prepared several different types of instances: instances
I, and I. have restricted seed graphs, the other instances have abstract seed
graphs and instances I. and I5 have restricted set of fringe-trees. From Ta-
bles 8.5 and 8.6, we observe that an instance with a large number of variables
and constraints takes more running time than those with a smaller size in general.
All instances in this experiment are solved in a few seconds to around 60 seconds
with our MILP formulation.
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Figure 8.1. (a) C' with n(f(C")) = 344.98 inferred from I, with (y*,7*) =
(340, 350) of Bp; (b) CT with n(f(C')) = 0.558 inferred from I, with (y*,y*) =
(0.55,0.60) of Dc; and (c) C' with n(f(C")) = 3.199 inferred from Iy with
(v*,7*) = (3.15,3.20) of Dc.

Generating recombination solutions. Let C' be a chemical graph obtained
by solving the MILP M, , for the inverse problem. We here execute a stage of
generating recombination solutions C* € G, of CI such that f(C*) = 2* = f(C').

We execute an algorithm for generating chemical isomers of C' up to 100
when the number of all chemical isomers exceeds 100. For this, we use a dynamic
programming algorithm [66]. The algorithm first decomposes C' into a set of
acyclic chemical graphs, next replaces each acyclic chemical graph 7" with another
acyclic chemical graph 7" that admits the same feature vector as that of T" and
finally assembles the resulting acyclic chemical graphs into a chemical isomer C*
of C'. The algorithm can compute a lower bound on the total number of all
chemical isomers CT without generating all of them.

Tables 8.5 and 8.6 show the computational results of the experiment in this
stage for the two properties m € {Bp, Dc}, where we denote the following:

- D-time: the running time (sec.) to execute the dynamic programming algo-
rithm to compute a lower bound on the number of all chemical isomers C* of
C' and generate all (or up to 100) chemical isomers C*;

- C-LB: a lower bound on the number of all chemical isomers C* of C'; and

- #C: the number of all (or up to 100) chemical isomers C* of C' generated in
this stage.

From Tables 8.5 and 8.6, we observe the running time and the number of
generated recombination solutions in this stage.

The chemical graph C' in Ig, If;’ and Iy admits a large number of chemical
isomers C* in some cases, where a lower bound C-LB on the number of chemical

isomers is derived without generating all of them. For the other instances, the
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running time for generating up to 100 target chemical graphs in this stage is less
than 0.03 second. For some chemical graph CT, the number of chemical isomers
found by our algorithm was small. This is because some of acyclic chemical graphs
in the decomposition of C' has no alternative acyclic chemical graph other than

the original one.

Generating neighbor solutions Let C' be a chemical graph obtained by solv-
ing the MILP M, ., for the inverse problem. We executed a stage of generating
neighbor solutions of CF.

We select an MILP for the inverse problem with a prediction function n such
that a solution C! of the MILP admits only two isomers C* in the stage of
generating recombination solutions; i.e., instance I. for property Bp with A7 and
instances I, Iﬁ and I. for property DC with A7.

In this experiment, we add to the MILP My, , an additional set © of two
linear constraints on linear and quadratic descriptors as follows. For the two con-
straints, we use the prediction functions 7, constructed by R-MLR for properties
7 € {Lp, SL} with Ag in Table 8.3.

Let D} denote the set of descriptors selected in the construction of prediction
function for properties 7 € {Bp,Dc} with A7 and 7 € {Lp, SL} with Ag in
Table 8.3 and let D" 7 € {Bp, Dc} denote the union D} U D}, U D. We
regard each of 7, and 7y, as a function from RIPF"" t6 R for 7 € {Bp, Dc}. We
set paim := 2 and let © consist of two linear constraints 61 := 7, and 0y := 7q,.
We set § := 0.1 or 0.05 which defines a two-dimensional grid space where C' is
mapped to the origin (see [6] for the detail on the neighbors). We choose a set Ny
of 48 neighbors of the origin C' in the grid search space. For each instance, we
check the feasibility of neighbors in Vy. in a non-decreasing order of the distance
between the neighbor and the origin. For each feasible neighbor z € Ny, output
a feasible solution (C,Tz of the augmented MILP instance. We set a time limit for
checking the feasibility of a neighbor to be 300 seconds, and we skip a neighbor
when the corresponding MILP is not solved within the time limit. We also ignore
any neighbor z € Ny without testing the feasibility of z if we find an infeasible
neighbor 2z’ € Ny such that 2’ is closer to the origin than z is.

Table 8.7 shows the computational results of the experiment for the three

instances, where we denote the following:

(inst., 7): topological specification I and property 7;

n: the number of non-hydrogen atoms in the tested instance;

- §: the size of a sub-region in the grid search space;

#sol: the number of new chemical graphs obtained from the neighbor set Ny;

#infs: the number of neighbors in Ny that are found to be infeasible during
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Table 8.7. Results of generating neighbor solutions of CT.

(inst., 7) n §  #sol #infs Hign #TO

(I.,Bp) 50 0.1 5 1 3 39
(I,,Dc) 30 0.1 40 1 0 7
(It,Dc) 45 0.1 2 0 0 46
(I.,Dc) 40 0.05 0 0 48

the search procedure;

- #ign: the number of neighbors in Ny that are ignored during the search pro-
cedure;

- #TO: the number of neighbors in Ny such that the time for feasibility check
exceeds the time limit of 300 seconds during the search procedure.

The branch-and-bound method for solving an MILP sometimes takes an ex-
tremely large execution time for the same size of instances. We introduce a time
limit to bound an entire running time to skip such instances during an execution
of testing the feasibility of neighbors in Ny. From Table 8.7, we observe that
some number of neighbor solutions of the solution C! to the MILP M #m,0 could

be generated for each of the four instances.

8.5 Concluding Remarks

In the framework of inferring chemical graphs, the descriptors of a prediction
function were mainly defined to be the frequencies of local graph structures in the
two-layered model and such definition was important to derive a compact MILP
formulation for inferring a desired chemical graph. To improve the performance
of prediction functions in the framework, this chapter introduced a multiple of
two of these descriptors as a new descriptor and examined the effectiveness of the
new set of descriptors. For this, we designed a method for reducing the size of
a descriptor set not to lose the learning performance in constructing prediction
functions and gave a compact formulation to compute a product of two values in
an MILP. From the results of our computational experiments, we observe that a
prediction function constructed by our new method performs considerably better
than the previous prediction functions for many chemical properties. We also
found that the modified MILP in the second phase of the framework still can

infer a chemical graph with around 50 non-hydrogen atoms.
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In this thesis, we mainly focused on applying the mixed integer linear program-
ming (MILP)-based framework for the inverse QSAR problem. We formulated
both the inverse problem of machine learning and the necessary constraints for
constructing a valid chemical graph with a given feature vector and an abstract
graph topology into an integrated MILP together, to guarantee the exactness and
optimality of the inferred chemical compounds, which is not realized by most of

the existing methods.

Following the works in [4, 11, 59, 60|, we extended the existing framework
and proposed MILP formulations for certain classes of chemical graphs (rank-2
chemical graphs in Chapter 4, and arbitrary cyclic chemical graphs in Chapter 5,
respectively), which contained nearly 97% of the registered chemical compounds
in PubChem [27]. Since in this approach, we use only graph-theoretical descrip-
tors to define a feature vector for tractability in MILP, it also becomes possible
to specify a prescribed topological substructure of the inferred chemical com-
pound, which allows the possibility to include domain knowledge in the way of
specifying graph structures, which can be of importance for drug discovery. We
also employed a new mechanism to generate a large number of target chemical
graphs with a DP-based graph enumeration algorithms. The experimental results
showed that the proposed approach is available to infer a chemical graph with
around 50 non-hydrogen atoms in a reasonably short time. Both the capable size
of the inferred chemical compounds and the time efficiency drastically improved

when compared to the existing methods.

Since the learning performance of the QSAR phase contributes much to the
quality of the inferred chemical compounds, we then proposed several more ma-
chine learning methods whose inverse problems can be formulated into a MILP
formulation (Lasso linear regression in Chapter 6, adjustive linear regression in
Chapter 7, and multiple linear regression with quadratic descriptors in Chapter 8,
respectively) and thus can be applied to this framework instead of ANN. From
the results of our computational experiments, we observe that these methods are
available to improve the learning performance of the QSAR phase a lot for most
of the chemical property datasets we have while the capable size of the inferred

chemical compounds and time efficiency is preserved.

111
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It is left as an interesting future work for the following points:

e Find more graph-theoretical descriptors that can be employed in the frame-
work. Using more descriptors usually means extracting more information
from the chemical graph, and has the possibility to improve the learning
performance in the QSAR phase. We note that the descriptors are necessary
to be available to be expressed as variables and constraints in MILP formu-
lations in our proposed methods, and also the graph enumeration algorithms
may need to be modified. These make finding new descriptors a challenging
task.

e Use other machine learning methods to construct a prediction function that
can obtain a good learning performance and derive the corresponding MILP
formulation in the framework. Graph neural networks (GNN) [28], a learn-
ing model that does not require designing a feature vector, but directly uses
the graph as the input and can extract the intrinsic features from the graph
structure itself, is a promising method for the framework. It has the po-
tential to achieve higher learning performance and the inverse problem can
be written down as an MILP formulation. Also, an ensemble method, such
as random forests, is another kind of possible method for the framework,

because the MILP formulations can be derived relatively easily.

e Find new ways of feature selection during the learning process. Since the
time to solve an MILP formulation depends on its number of variables and
constraints, it will be desirable to use less number of descriptors in the con-
structed prediction function. Just as the Lasso linear regression introduced
in Chapter 6 has the ability to select a subset of descriptors, it will be in-
teresting to design some heuristics to reduce the size of the descriptor set
while keeping or even improving the learning performance for some learning
methods. It will also be interesting to use some clustering methods to se-
lect some representative features and chemical compounds from a dataset to

reduce the computation cost for the learning stage.

e Improve the MILP formulations, especially by reducing the size of variables
and constraints. Just as the MILP formulations in Chapter 5 can be im-
proved based on a characterization of a chemical acyclic graph [62], it is very
possible that there is still space for our MILP formulations to improve, by in-
troducing a more compact way for the constraints and removing unnecessary

variables.

e Try to include 3D information on the chemical compounds. The model of
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chemical graphs used in this work completely disregards the 3D information
of the corresponding chemical compounds, such as the chirality and the cis-
trans isomerism of the double bond. These pieces of information sometimes
play an important role in drug design and biochemical properties. Modifying
the model to include the 3D information of chemical compounds and the
corresponding MILP formulations will be a challenging future task for this

study.

e Finally, develop a completely new model to describe the chemical compound,

to meet the more sophisticated need in practice.

We hope that the results obtained in this study will be useful in future research
and development in computational chemo-informatics, bioinformatics, machine

learning, and other related fields.
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Appendix A APPENDIX FOR
CHAPTER 4

A.1 All Constraints in an MILP Formulation for Rank-
2 Chemical Graphs

To formulate an MILP that represents a chemical graph G = (H,a, ), we
distinguish a tuple (a,b,k) from a tuple (b,a, k). For a tuple v = (a,b, k) €
A x A x {1,2,3}, let ¥ denote the tuple (b,a, k). Let T £ {7 | v € I's}. We call
a tuple v = (a,b, k) € A x A x {1,2,3} proper if

k < min{val(a), val(b)} and k < max{val(a),val(b)} — 1,

where the latter is assumed because otherwise G must consist of two atoms of
a =b. Assume that each tuple v € I' is proper. Let ¢ be a fictitious chemical
element that represents null, call a tuple (a,b,0) with a,b € AU{e} fictitious, and
define T’y to be the set of all fictitious tuples; i.e., I'g = {(a,b,0) | a,b € AU{e}}.
To represent chemical elements e € AU {e} UT in an MILP, we encode these
elements e into some integers denoted by [e]. Assume that, for each element

a € A, [a] is a positive integer and that [¢] = 0.

A.1.1 Applicability Domain

We use the range-based method to define an applicability domain for our method.
For this, we find the range (the minimum and maximum) of each descriptor
over all relevant chemical compounds and represent each range as a set of linear
constraints in the constraint set C; of our MILP formulation. Recall that D,
stands for a set of chemical graphs used for constructing a prediction function.
However, the number of examples in D, may not be large enough to capture a
general feature on the structure of chemical graphs. For this, we also use some
data set from the whole set DB of chemical graphs in a database. Let DB(gi)
denote the set of chemical graphs G € DBNG such that n(G) = i for each integer

1 > 1. Formally the set of variables and constraints is given as follows.

AD constraints in C;:

constants:

123
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Integers cs* > 3 and ch* > 1;
An integer dmax € {3,4};
An integer n* € [cs* 4 1, ¢s* - (dpax— 1) ];

variables for descriptors in z:

A real variable k1 > 0: k1 represents k1 (H);

dg(i) € [0,n*] (i € [1,4]): dg(i) represents the number of vertices of degree i in
H;

Mass € Z: Mass represents ) . mass*(a(v));

ce“(a) € [0,n*], a € A: ce®(a) represents the number of vertices of chemical
element a in the core of H;

ce™(a) € [0,n*], a € A: ce™(a) represents the number of vertices of chemical
element a in the non-core of H;

b (k) € [0,2n*], k € [1,3]: b®(k) represents the number of k-bonds in the core
of H;

b"¢(k) € [0,2n*], k € [1, 3]: b"(k) represents the number of k-bonds in the non-
core of H;

ac®(y) € [0,n*], y € T UT=: ac®(y) represents the number of core edges in H
that are assigned tuple v € I';

ac™(y) € [0,n*], v € T« UT=: ac™(y) represents the number of non-core edges

in H that are assigned tuple v € I';

constraints:
G G
n* min ri(G) <k <n* max il ), (A.1.1)
Gep by G) Gep by G)
dg, (G de. (G
n* min 8i(G) <dg(i) <n*  max M, i€ 1,4,
Gep,upBy) MG) Gep,upB(”) MG)
(A.1.2)
n* min ~ mWS(G) < Mass <n* max msS(G), (A.1.3)
GeDUDBS"" GeD,UDBY"")
(¢fe] G (¢fe] G
n* min ce’(@) < ce“(a) <n* max M, acA,
GeD,UDBY"") n(G) GeD-UDBY"") n(G)
(A.1.4)
nc G nc G
n* min cea(G) < ce™(a) <n* max cea’ (@) acAl,

Gep by (G) cep,uppy MG)

(A.L5)
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) b°(G) b2 (G)
(n*+1) min Rl <bO(k) < (nf4+1) max A k€23,
Gep,upB) M(G)+1 Gep,upB”) MG)+1
(A.1.6)
b (G (G
(n*+1) min BifG) <Db™(k) < (n*+1)  max M, ke [2,3],
Gep,uppy”) M(G)+1 Gep,uppy”) M(G)+1
(A.1.7)
acs’(G) acs’(G)
(n*+1) min —TI 2 < ac®™(y) < (n*+1) max —r ~verT,
Gep uppy) T(G)+1 Gepyuppy) TM(G)+1
(A.1.8)
aci(Q) ach(Q)
(n*+1) min —T =~ <ac™(y) < (n*+1) max I ~verl.
GepyupBy) M(G)+1 Gep,upBy) M(G)+1
(A.1.9)

In the following, we derive an MILP M(x, g;C2) that satisfies the condition
in Theorem 4.2. Let dpax € {3,4}, n* > 3, ¢s* > 3 ch®™ > 0 and 6* be given

integers. We describe the set Co with several sets of constraints.

A.1.2 Construction of Scheme Graph and Tree-Extension

We infer a subgraph H such that the maximum degree is dyax € {3,4}, n(H) =
n*, cs(H) = cs* and ch(H) = ch*. For this, we first construct the (¢*,ch*, dpax)-
tree-extension of the scheme graph (K = (Vg = {u1,...,us },Ex = {a1,a9,...,am}),
E = (Eh, Eq, E3)). We use the following notations: For j € [1,3] and s € [1, s*], let
E;r(s) (resp., £ (s)) denote the set of indices i of edges a; € E; such that the tail
(resp., head) of a; is us1. Let Ejk(s) £ Ej*(s)UE,j(s)7 E.(s) S B (s)UE (s),
E;(s) = E;L(s) UE; (s) and Ejk(s) £ Fj(s) U Eg(s).

As described in Section 4.3, some edge a(i) € E; U Es may be replaced
with a subpath P; of (v1,1,v1,2,...,v1), which consists of the roots of trees
11,15, ..., Ti+. We assign color i to the vertices in such a subpath P; by setting
a variable x(t) of each vertex v,; € V(P;) to be i. For each edge usivi1, we
prepare a binary variable e(s,t) to denote that edge wus v, is used (resp., not
used) in a selected graph H when e(s,t) =1 (resp., e(s,t) = 0). We also include
constraints necessary for the variables to satisfy a degree condition at each of the

vertices ug 1, s € [1,s*] and vy 1, t € [1,¢].

constants:
Integers s* = |Vk|, ¢* = |E1 U Es|, cs* (> s*), n* (> ¢s*) and ch* > 0;
d"(s), s € [1,s*]: a lower bound on the out-degree of vertex us; in H;

d™(s), s € [1,s*]: alower bound on the in-degree of vertex us; in H;
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+(s), s € [1,s*]: an upper bound on the out-degree of vertex us; in H;

SURRSY

(s), s € [1,s*]: an upper bound on the in-degree of vertex us in H;

variables:

a(i) € {0,1}, i € E1 U E3: a(i) represents edge a; € E1 U E3 (a(i) =1, € Ey)
(a(i) =1 < edge a; is used in H);

e(s,t),e(t,s) € {0,1}, s € [1,s*], t € [1,t*]: e(s,t) (resp., e(t, s)) represents
direction (us 1, ve1) (resp., (ve1,us,1)), where e(s,t) =1 (resp., e(t,s) =1) <
edge us 1,0, is used in H and direction (us 1, v 1) (resp., (ve1,us,1)) is assigned
to edge us,1,v4,1;

x(t) € [1,¢*], t € [1,t*]: x(t) represents the color assigned to vertex v

(x(t) = ¢ & vertex vy is assigned color ¢);

clr(e) € [0,n* — s*], c € [1,¢*]: the number of vertices v;; with color ¢;

de gC°+( ) € [1,4], s € [1,s*]: the out-degree of vertex us; in the core of H;

g (s) € [1,4], s € [1,s*]: the in-degree of vertex us; in the core of H;
dr(t, c) € {0,1}, t € [1,t*], c € [1,¢*] (dar(t,c) =1 < x(t) = ¢);
constraints:
> banltie) =1, te[l,t*], (A.1.10)
c€[l,c*]
D> e den(te) = x(b), te1,t*], (A.1.11)
c€[l,c*]
> Garlt,c) = clr(c), cell,¢!], (A.1.12)
te[1,t%]
e(s,t) +e(t,s) <1, sell,s",te[l,t"], (A.1.13)
> e(t,s) <1—0dap(t,c), ce[l, ], te[l,t*], (A.1.14)

s€[1,s*]\{head(c)}

> e(s,t) <1 —6ap(t,e), ce[l,c|,te[1,t*], (A.1.15)
s€[l,s*]\{tail(c)}

Z a(i) + Z e(t,s) = deg® (s), sell,s*], (A.1.16)
i€E] 4(s) te[l,t*]

D7 oa(i)+ Y e(s,t) =deg®*(s), sell,s"], (A.117)
i€ET 4(s) te[l,t*]

dt(s) < deg®t(s) < d (s), sell,s*], (A.1.18)

d(5) < deg®™ (s) <d (s), se(l,s*]. (A.1.19)
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A.1.3 Specification for Chemical Graphs with Rank 2

To generate any of the three rank-2 polymer topologies in PT(2,4), we use the
scheme graph (K = (Vi = {u1, ug,us,us}, Fxc), € = (E1, B2, E3)) in Figure 4.2d,
where s* = |[V(K)| = 4, ¢* = |[E4UEy| =5, By = {a1 = (u1,u4),a

(u2,u3),a3 = (ug,ua)}, Eo = {as = (u1,u2),a5 = (u3,uq)} and E3 = {Gﬁ =
(u1,uz),a7 = (us,uq)}. Recall that each color i € [1,c*] is assigned to edge
a; € E1 U Es. We impose some more constraints on the degree of each of the
vertices us 1, s € [1,s*] and vy, t € [1,t*] so that the core of a selected graph
H satisfies one of the three least simple graphs in Figure 4.2a—c. We also let a

variable 6 mean the topological parameter §(H) of a selected subgraph H.

constants:

s*=4,c" =5,

Er(1) =0, By (1) =0, By (1) =0, B (1) = {1}, Ef (1) = {4}, Ef (1) = {6},
E7(2) =0, By (2) = {4}, B3 (2) = {6}, Bf (2) = {2,3}, E5 (2) = 0, Ef(2) =0,
Ey(3)={2}, By (3) =0, E5 (3) =0, E{ (3) =0, E5 (3) = {5}, Ef (3) = {7},
By (4) = {1,3}, By (4) = {5}, B3 (4) = {7}, Ef (4) = 0, E5 (4) = 0, Ef (4) =0,
d(1)=0,d (1)=0,d"(1)=2,d" (1) =2,

d@2)=1,d (2)=2,d"(2)=1,d"(2) =2,

d(3)=1,d (3)=1,d"3)=1,d"3) =2,

d(4)=2,d (4)=3,d"(4)=0,d (4) =0,

variables:

0 € [-n*,n*]: The topology-parameter §(H) for rank 2;

constraints:
a(2) + clr(2) > 1, (A.1.20)
a(3) +clr(3) +clr(4) > 1, (A.1.21)
clr(4) > clr(5), (A.1.22)
clr(3) <clr(2) + 1, (A.1.23)
clr(3) <clr(1) + 1 +n*(3 — deg®™ (4)), (A.1.24)
—0 <1+ clr(2) + n*(2 — deg™*(3)), (A.1.25)
—0 > 1+clr(2) — n*(2 — deg®™(3)), (A.1.26)
0 < n*(4 —deg®t(2) — deg® (2)), (A.1.27)
0 > —n*(4 — deg®t(2) — deg®(2)), (A.1.28)
6 <1+clr(3) +n*(3—deg®™ (4)), (A.1.29)
0>1+clr(3) —n"(3 —deg® (4)). (A.1.30)
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A.1.4 Selecting A Subgraph

We prepare a binary variable u(s, i) (resp., v(t, 7)) for each vertex us; in tree Sy
(resp., v; in tree T;). We include constraints so that the path (v11,v12,..., v 1)
is partitioned into subpaths P., ¢ € [1, ¢*|, where possibly some P, is empty, and
the resulting subgraph H becomes a connected rank-2 graph with n(H) = n*,
cs(H) = cs*, ch(H) = ch* and (H) = 0*.

constants:

Integers dpax € {3,4}, ch* > 0;

Prepare the set Cld(7) of the indices of children of a vertex v;
the index prt(7) of the parent of a non-root vertex v;, and

the set Dst(h) of indices i such that the height of a vertex v; is h
in the rooted tree T'(2, dpax — 1,ch*);

variables:

u(s,i) € {0,1}, s € [1,5%], i € [1, ngree): u(s,1) represents vertex g ;

(u(s,i) = 1 < vertex us; is used in H and edge € ; (i > 2) is used in H);
v(t, i) € {0,1}, t € [1,t*], © € [1, ngree]: v(¢,7) represents vertex vy

(v(t,i) =1 < vertex vy, is used in H and edge e;; (i > 2) is used in H);
e(t) € {0,1}, t € [1,t* + 1]: e(t) represents edge e; = v¢—1,10t,

where e;; and 41,1 are fictitious edges (e(t) =1 < edge e; is used in H);

constraints:
u(s, 1) =1, s €l,s"],
(A.1.31)
o - u(t, i) > Y u(t,j), t€[1es™],i € [2,nul,
FECIA(i)
(A.1.32)
v(t,1) =1, te[1,t7],
(A.1.33)
Qo - v(t,8) = > w(t,j), t€[les™]i € [2,mil,
JECIA(i)
(A.1.34)
Z u(s, ) + Z v(t, i) =n*, (A.1.35)
s€[1,5*],3€[1,ntree) te[1,t%],i€[1,neree]

> u(s,i) + > o(t,i) > 1, (A.1.36)

s€[1,s*],i€Dst(ch*) te[1,t*],5€Dst(ch™)
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e(l)y=e(t"+1) =0, (A.1.37)
e(t+1)+ Y elt,s)=1, te 1t (A.1.38)
s€[1,s%]
e(t)+ Y e(s,t)=1, te[1,t7], (A.1.39)
s€[1,s*]
" 2x(1) 2 x((2) = 2 x(t") =2 1, (A.1.40)
e(t+1) > 14+ x(t+1)—x(t), tel,t"—1], (A.1.41)
¢ (1—e(t41)) > x(t) — x(t+1), te 1t —1]. (A.1.42)

A.1.5 Assigning Multiplicity

We prepare an integer variable 3(e) or B(e) for each edge e in the (t*, ch*, dyax)-
tree-extension of the scheme graph to denote the multiplicity of e in a selected

graph H and include necessary constraints for the variables to satisfy in H.

variables:
E(z) €1[0,3],7 € E1 U Ejs: E(z) represents the multiplicity of edge a;,
where 3(i) = 0 if edge a; is not in H;

B(p,i) € [0,3], p € [L,cs"], i € [2,n40ee]: B(p,i) with p < s* (vesp., p > s%)
represents the multiplicity of edge e;m (resp., ep—si);

g(t, 1) €10,3], t € [1,t* + 1]: B(t, 1) represents the multiplicity of edge ey;

B(s,t) € [0,3], s € [1,s*], t € [1,t*]: B(s,t) represents the multiplicity of edge

Us,1Vt,15
constraints:
CL(’l) = 1, 1€ E37
(A.1.43)
a(i) < B(i) < 3a(i), i € By U E;,
(A.1.44)
u(s,i) < B(s,i) < 3u(s,i), s€[l,s%],i€ [2, Niree),
(A.1.45)
v(t, i) < B(s* +t,4) < 3u(t, i), te[1,t,i € [2, Niree
(A.1.46)
e(t) < B(t,1) < 3e(t), tel,t"+1],
(A.1.47)
e(s,t) +e(t,s) < B(s,t) < 3e(s,t) + 3e(t, s), se[l,s"],te[l,t7]

(A.1.48)
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A.1.6 Assigning Chemical Elements and Valence Condition

We include constraints so that each vertex v in a selected graph H satisfies the
valence condition; i.e., -, ep B(uv) < val(a(u)). With these constraints,
a rank-2 chemical graph G = (H,«, ) on a selected subgraph H will be con-

structed.

constants:

A set AU {e} of chemical elements, where € denotes null;

A coding [a], a € AU {e} such that [e] =0; [a] > 1, a € A; and [a] # [b] if a # b;
Let [A] and [A U {e}] denote {[a] | a € A} and {[a] | a € AU {e}}, respectively;
A valence function: val : A — [1,4];

variables:

a(p,i) € [AU{e}], p € [1,cs"], i € [1, Npree):

a(p,i) with p < s* (resp., p > s*) represents a(up,;) (resp., a(vp—si));
da(p,i,a) € {0,1}, p € [1,¢8%], i € [1, Ntree), 2 € AU {e}:

da(p,isa) =1 & a(up,;) = a for p < s* and a(v,—g ;) = a for p > s*;
55(i,k) € {0,1}, p € [1,es, i € By U Es, k € [0, 3):
65(1, k) =1 < the multiplicity of edge a; in H is k;
65(p,i k) € {0,1}, p € [1,¢5%], 7 € [2, nuree], K € [0, 3]:
55(p k) = 1 < the multiplicity of edge ezlv,i’ p < s* (or ep_g i, p > s*) in H is
k;
05(t,1,k) € {0,1}, t € [1,¢" + 1], k € [0,3]:
55(t, 1,k) = 1 < the multiplicity of edge e; in H is k;
d5(s,t, k) € {0,1}, s € [1,s7], t € [L, "], k € [0, 3]:
53(3,1&, k) =1 < the multiplicity of edge us v in H is k;
constraints:
> dalpia) =1, pe[l,cs*],i € [1, Nrec), (A.1.49)
acAU{e}
> (2] balp,isa) = alp, i), pe[l,cs],i € [1, Nireo), (A.1.50)
acAU{e}
> o5ik) =1, i€ By U FEs, (A.1.51)
ke[0,3]
> ko5 k) = B(3), i€ EyU FEs, (A.1.52)

ke(1,3]
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> S5p,ik) =1, p e [l,es],i € [2, Niree), (A.1.53)
k€[0,3]
> ko5 k) = Bp,d), pE€[1,e57],i € [2, Ntrec], (A.1.54)
ke[1,3]
> 05(t,1,k) = 1, te 1t +1], (A.1.55)
k€l0,3]
> keo5(t,1,k) = B(t, 1), te 1t +1], (A.1.56)
ke[1,3]
Y dgsit k) =1, s €[1,s%,t€[1,t7], (A.1.57)
k€[0,3]
> kdg(s,t,k) = B(s,t), se 1,5t e1,t], (A.1.58)
k€[0,3]
Yo B+ D Bls.t)
1€F1 3(s) te[1,t*]
+ Z (s,7) <Zval da(s,1,2), s €l,s"],
jeCld(1) a€A
(A.1.59)

Z B(s,t)+ B(t, 1) + Bt +1,1)

€[l,s

+ > B(sTHt)) <D val(a)-da(sT +1,1,a), teE[Lt],
jECId(1) acA
(A.1.60)
B(p,i) + Z (p,j) < Zval da(p,i,a), pe€l,cs™],i€ [2, Nree)-
jeCid(i) acA
(A.1.61)

A.1.7 Descriptors for Mass, the Numbers of Elements and Bonds

We include constraints to compute descriptors ms(G) ce®(G), ced®(G) (a € A),
br(G) (k € [2,3]) and nyx(G) according to the definitions in Section 4.2.2.

constants:

A function mass* : A — Z; Let mass(a) denote the observed mass of a chemical
element a € A, and

define mass*(a) = |10 - mass(a)|;

variables:
ce®(a) € [0,n*], a € A;
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ce™(a) € [0,n*], a € A;

Mass € Z;

b (k) € [0,2n*], k € [1, 3];

b (k) € [0,2n*], k € [1,3];

ng € [0,4n*]: the number of hydrogen atoms to be included in G;

constraints:

Z da(p,1,a) = ce®(a), acA, (A.1.62)
pE[1,cs8*]

> da(p,i,a) = ce™(a), acA, (A.1.63)

pe [LCS*} 7ie [27ntree}

Z mass™(a)(ce®(a) + ce"(a)) = Mass, (A.1.64)
acA
> Sk + Y dg(sitk)
1€F1UE3 s€[1,s*],t€[1,t*]
+ Y S5t 1,k) =b(k), ke[1,3], (A.1.65)
te[2,t*]

> 05(p,i k) = b*(k), k€ [1,3], (A.1.66)
pE[1,c5*]i€[2,Ntree]
Z val(a)(ce®(a) + ce™(a))
acA
—2(n* 4+ 14 b®(2) + b"*(2) + 2b*°(3) + 2b"°(3)) = ng. (A.1.67)

A.1.8 Descriptor for the Number of Specified Degree

We include constraints to compute descriptors dg;(G) (i € [1,4]) according to
the definitions in Section 4.2.2. We also add constraints so that the maximum
degree of a non-core vertex in H is at most 3 (resp., equal to 4) when dmax = 3
(resp., dmax = 4).

variables:

deg(p,i) € [0,4], p € [1,cs*], i € [1, Ngree]:

deg(p, i) represents degy(up;) for p < s* or degy(vp—g ;) for p > s*;

Sdeg (P, i, d) € {0,1}, p € [1,¢8%], i € [1, Npree), d € [0,4]:

Odeg(p; 1, d) = 1 < deg(p,i) = d;

dg(d) € [0,n*], d € [1,4];
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constraints:
Yo oal)+ Y (els,t) +e(t,s))
1€E1,3(s) te(1,t*]
+ Z (s,7) = deg(s,1),
j€CId(1)

u(s, i) + Z u(s, j) = deg(s,1),

FECId(i)

24 Z v(t,j) = deg(s* +t,1),
JECIA(1)

v(t, i) + Z v(t,j) = deg(s* + t,1),

JECIA(4)

Z 5deg(paiad) =1,

del0,4]

Z d- 5deg(p7i7 d) = deg(pa 1)7

def1,4]

Z 5deg(p7iad) = dg(d)>

pe [LCS*] ME [17ntree]

Z 5dcg(p7i74) Z 1 (I'eSp., = 0)

pE[l,cs*],i€[2,ntree]

€ [1,s%],

(A.1.68)

S [1,8*],i S [2,ntree]7

(A.1.69)
te[l,t],

(A.1.70)

€ [17t*]7i € [27ntree]7

(A.1.71)

€ [1,c8%],i € [1, Ngree),

(A.1.72)

€ [1,cs™],i € [1, Ngree],

(A.1.73)
de[1,4],

(A.1.74)

when dpmax = 4 (resp., = 3).

(A.1.75)

A.1.9 Descriptor for the Number of Adjacency-Configurations

We include constraints to compute descriptors acS®(G) and aci®(G) (v = (a, b, k) €

I') according to the definitions in Section 4.2.2.

constants:

Aset =T UT_UTs of proper tuples (a,b,k) € A x A x [1,3];

The set I'o = {(a,b,0) | a,b € AU {e}};
variables:
o-(i,7) € {0,1},i€ E4UEs, y e TUT:

0:(i,7) = 1 < edge q; is assigned tuple v; i.e., v =

6-(t,1,7) € {0,1}, t € [2,t*],y e TU T

i),1), &(head(q), 1), B());
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d:(t,1,7) = 1 & edge e; is assigned tuple v; i.e., v = (a(s* +t —1,1), a(s* +
t,1),8(t, 1));

6-(t,i,v) € {0,1}, p € [1,¢8*], i € [2, Ntree], ¥ € T UTy:

d:(t,i,7) =1 < edge epz, p < s* (or ep_g+4, p > s*) is assigned tuple 7; i.e.,

v = (@(p, prt(4)), a(p, i), B(p, i));

d7(s,t,7) = 1 < edge us vy is assigned tuple v; ie., v = (a(s,1),a(s* +
t, 1) (s t));

()6{07 ]7€F<UF=;
c"(y) €0,n*], y €T« UT-;
constraints:
Y (i) =1, i€ EyU FEs, (A.1.76)
yel'Ul'g
> [2]o-(i, (a,b, k) = dtail(i), 1), i € By U FEs, (A.1.77)
(a,b,k)el’UTy
> [blo-(i, (a,b, k) = d(head(i), 1), i€ By U E;, (A.1.78)
(a,b,k)€T’UTg
> k-o.(i,(a,b, k) = B(i), i € By U E;, (A.1.79)
(a,b,k)el’'Uly
> bt 1) =1, te (2,17, (A.1.80)
yel'Ul'g
Y [alde(t 1, (a b, k) =a(s* +t - 1,1), tel2,t, (A.1.81)
(a,b,k)eT’UTg
> [blos(t, 1, (b, k) = a(s* +t, 1), te 2t (A.1.82)
(a,b,k)eTUT'g
> kot 1 (ab k) =B(t1),  te[2,t], (A.1.83)

(a,b,k)eT’UTy

Z 5T(p7i7'7) = 17 JAS [LCS*Li € [27ntree]7
vel'Ul'g

(A.1.84)
> [alor(p,i, (a,b, k) = a(p,pri(i)),  p € [1,¢8%],4 € [2, murec],
(a,b,k)eT’UTg
(A.1.85)
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> bl-(pi(a,b k) = alp,i), pE (L es*]i € [2,Niree],

(a,b,k)€TUTg

> kbi(pi,(ab k) = B(p,i), pEles*] i € [2, nirec),

(a,b,k)eTUTg

Y ba(sity) =1, seL s te Lt
Z [a]d=(s,t, (a,b, k) = a(s, 1), se[l,s%],te[l,t],

(a,b,k)eTUTg

> [Blos(s,t (ab k) =a(s +1,1), se L5 te[l,t],

(a,b,k)€T’UTg

Y7 kda(sit (b k) = B(s,t), se[l s te Lt

(a,b,k)el’'UTg

> (6:06,7) + 6-(1,7))

1€EF1UE3

+ Z (5?(5>ta7) +5?(57ta7))

s€[l,s*],te[1,t*]

+ > (061,79 +6-(51,7) =ac™(7),  yeTx,
t€2t*
Yooslim+ D dxsit)
1€EF1UE3 s€[1,s*],te[1,t%]
+ ) 6t 1,9) =ac®(y),  yeTl-,
te[2,t%]

> (i) + 0 (pi7) =ac™(y), vy el

pe [1705*]7i€ [27ntree]

Z 57-(17; 7'77) = acnc(,y)7 QA r-.

pe [LCS*] 71'6 [27ntrcc}

A.1.10 Descriptor for 1-Path Connectivity

(A.1.86)

(A.1.87)

(A.1.88)
(A.1.89)
(A.1.90)

(A.1.91)

(A.1.92)

(A.1.93)
(A.1.94)

(A.1.95)

We include constraints to compute descriptor x1(G) according to the definition.

variables:

A real variable k1 > 0;

dad(i,d,d',p) € {0,1},i € By UEs, d,d € [0,4], u € {0,1}:
dad(i,d,d's 1) = 1 & degp (utail(i)) = d and degy (uncad(i)) = ',
where a; is in H if and only if p = 1;

5dd(t7 1,d, d/,u) S {0, 1}, t e [Q,t*], d, d e [0,4]2 5dd(t7 1,d, dl,u) =1¢&

degy(vi—11) = d and degp(v,1) = d’ where e, is in H if and only if u = 1;
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daa(p,i,d,d' u) € {0,1}, p € [1,¢8%], @ € [2, Ntree), d,d € [0,4]: daa(p,i,d,d', 1) =
1<

deg gy (Up pri(s)) = d and degp (up;) = d’ for p < s*

(or degpy (Vp—s= prii)) = d and degy(vp—g+ ;) = d’ for p > s¥),

where edge e, ; or e,_s«; is in H if and only if u = 1;

ogy(s,t,d,d', ) € {0,1}, s € [1,8*], t € [1,¢*], d,d’ € [0,4], p € {0,1}:
og(s,t,d,d',1) =1 & degy(us1) = d and degy(vi1) = d',

where ug 1vy1 is in H if and only if p = 1;

constraints:

Z (de(i,d,d,,,u) =1, i€ F1UZEs,
d,d’'€[0,4],u€{0,1}
(A.1.96)

> - 0aa(iyd,d'\ p) = a(i), i€ Ey U FEs,
d,d'€[0,4],n€{0,1}

(A.1.97)
> d-6qq(i,d,d', i) = deg(tail(i),1), i€ By U Ej,
de(1,4],d’'€[0,4],u€4{0,1}
(A.1.98)
> d' - baq(i,d,d', ) = deg(head(i), 1), i€ E;U Es,
de(0,4],d'€[1,4],n€{0,1}
(A.1.99)

> Saa(t,1,d,d', p) =1, te (2,1,
d,d'€[0,4],1€{0,1}
(A.1.100)

> - 0aa(t,1,d,d', ) = e(t), te 2t
d,d'€[0,4],n€{0,1}

(A.1.101)
Z d-baa(t,1,d,d',u) = deg(s* +t—1,1), te[2,t"],
de(1,4],d'€[0,4],p€{0,1}
(A.1.102)
> d - b4a(t,1,d,d, p) = deg(s* +t,1), te 2t

del0,4],d’€[1,4],u€{0,1}
(A.1.103)
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2.

d,d’'€[0,4],p€{0,1}

2

d,d’€[0,4],n€{0,1}

2.

d.d'€[0,4],pe{0,1}

>

de(1,4],d’'€[0,4],ne{0,1}

2.

del0,4],d'€[1,4],1€{0,1}

Sad(p, i, d,d', ) =1,

M- 5dd(87 iv d7 d/,,U/) = ’LL(S, 7’)7

we 5dd(s* + t? ia da d,’ :u) = U(t’ 7’)7

d- 5dd(p7 Z.7 d? dlv M) = deg(p7 prt(z)),

d, : 6dd(t7 ia d7 dlv /J) = deg(pa Z)a

>

d.d'€[1,4],pe{0,1}

(Saa(s,t, d,d, ) =1,

>

d.d'€[1,4],pe{0,1}

2.

de[1,4].d'€[0,4],ue{0,1}

>

de0,4],d'€[1,4],ue{0,1}

(1 —f)lﬁ:l < (5dd(i,d, d/, 1)/\/@

D

i€E1UE3,d,d'€[1,4]
+ Z 5dd(t517d7 dl? 1)/@
te[2,t*],d,d’ €[1,4]

DS

pE[L,cs*],i€[2,ntree],
d,d’'€[1,4]

>

s€(l,s*],te[1,t*],
d,d'€[1,4]

Saa(p,i,d,d',1)/Vdd'

p S [17CS*]7i S [Q,Tltree],

(A.1.104)

s € [175*]72‘ € [27ntree]a

(A.1.105)

te [1,t*],i S [2,ntree]a

(A.1.106)

p S [1708*]7i S [2antree]a

(A.1.107)

pE [LCS*]’i € [27ntree],

(A.1.108)
sel,s,te1,t],

(A.1.109)

f-S(s tod,d' ) = e(s, ) + et s),s € [1,s"],t € [1,17],

(A.1.110)

d-053(s,t,d,d ) = deg(s,1),s € [1,5"],t € [1,17],

(A.1.111)

d/ : 5&8(Sat7da dlaﬂ) = deg(S* +1, 1)78 € [173*]7t € [17t*]7

(A.1.112)

doy(s,t,d,d'\ 1) /Vdd < (14 &),

(A.1.113)



138 CHAPTER A APPENDIX FOR CHAPTER 4

where a tolerance ¢ is set to be 0.001.

A.1.11 Constraints for Left-Heavy Trees

To reduce the number of rank-2 chemical graphs G that are isomorphic to each
other, we include in Cs some additional constraints so that each subtree T” selected

from tree S, or T; satisfies the following property:

for any two siblings u(p,j1) and u(p, j2), j1 < jo in T’, the number of
descendants of u(p, j1) is not smaller than that of u(p, jo2).

For this, we define dsn(p,7) to be the number of descendants of a vertex
up,; (or vp_s+ ;) in a selected graph H and n(p,i) = 21|A|dsn(p, i) + 20a(p,4) +
4deg(p, i)+§(p, i), p € [1,cs], 1 € [2,Ntree]- We include constraints that compute

the values of dsn recursively.
variables:
dsn(p,i) € [1, Nree), p € [1,¢8%], 7 € [1, Nree): the number of descendants of vertex

Up,i
in tree S, for p < s* and vertex vp_s; in tree Tj,_4« for p > s™;

constraints:
dsn(s,i) > Z dsn(s, j) + u(s, ), s € [1,5%],i € [1, Ngree),
jeCId(d)
(A.1.114)
dsn(s* +t,i) > Z dsn(s* +t,j) +v(t,i), tels"+1,c5%],i€ [, Nireel,
FECId(4)
(A.1.115)
> dsn(p,1) < n, (A.1.116)
pE[1,cs*]

77(197]1) > U(P7j2)a pe [1768*]7jlaj2 € Cld(l)ajl < j27
(A.1.117)

77(177]1) > n(pan)a pe []‘aCS*]ui € [27nin]7j17j2 € Cld(l)v

J1 < jo, for dpax = 3,
(A.1.118)

77(10,]1) > 77(29,]2) > n(paj?))a pE [LCS*]?Z. € [27nin],j1,j2,j3 € Cld(Z),
g1 < j2 < Js, for dpax = 4.
(A.1.119)
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B.1 An LP formulation for Adjustive Linear Regres-

sion

We formulate a linear programming problem LP(X,\) to the adjustive linear
regression ALR(X, ).

LP(X,\):
constants:

- Aset X = {z; € RE | i € [1,m]} of feature vectors and a set A = {a; € R |
i € [1,m]} of observed values. Assume that each of the sets X; = {z;(j) | i €
[1,m]}, j € [1, K] and A is standardized;

- A positive real A € R: a coefficient for the penalty term;

variables:

- Nonnegative reals ¢,(0) € R, q € [0, 2[;

- Nonnegative vectors w, € RE g € [0,2] and a real b € R;

- Nonnegative real b € R;

- Nonnegative reals A; > 0,7 € [1,m];

constraints:

60(0) + 61(0) + CQ(O) =1, (B.l.l)

A; > co(0)a; + c1(0)a? 4 c2(0)(1 — (a;—1)%)
— Z [wo ()i (5) + w1 (5)zi(§)? + w2 (5) (1 — (25(4)—1))]

jer+
+ > lwo()ai() + wi (i) + wa()(1 = (wi(j)—1)*)] —b> =4, i€ [1,m],
jeI—
(B.1.2)
b>b> b, (B.1.3)
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objective function:

Minimiz =S A; j b.
" om iEHZm} " );6[072]7;6[171(] HreAn

We see that the numbers of variables and constraints in the linear program
LP(X, \) are both O(m + K).

Let wy(j),q € [0,2],j € [1, K] and b* denote the values of variables wy(j), ¢ €
[0,2],7 € [1, K] and b in an optimal solution to linear program LP (X, \), respec-
tively. Let K’ denote the number of descriptors j € [1, K| with w(j) > 0 and
Ik denote the set of j € [1, K] with wi(j) > 0. Then we obtain an optimal
solution to the adjustive linear regression by setting
w () 1= W)/ (Wi (7) + wi () + w3 (i), j € I+ N I,

W () = —wi()/ (W) +wi(j) +w§(7)), ] € I~ N Icr, and
&) = wi () w* () q € [1,2)] € I

B.2 A Procedure for Constructing a Prediction Func-
tion with ANNs

For each of the properties, we first select a set A of chemical elements and then

collect a data set D, on chemical graphs over the set A of chemical elements.
For each chemical property 7w, we conducted a preliminary experiment to

choose the following: a subset S; of the original set of K descriptors; an archi-

tecture A, with at most five hidden layers; a nonnegative real p?rtp < 1; and an

stp

. st .
St where we will use px " and itel'™ as parameters to execute an early

integer ite
stopping in constructing a prediction function with a training data set. Let f,
denote the feature vector that consists of the descriptors in the set S.

For each property w, we conducted ten 5-fold cross-validations. In a 5-fold
cross-validation, we construct five prediction functions n®), k € [1,5] as follows.
Partition a data set D, into five subsets D,(,’“), k € [1,5] randomly. For each
k € [1,5], use the set Diyain := Dr \ Dgrk) as a training set and construct an ANN
on the selected architecture A, with the feature vector f; by the MLPRegressor of
scikit-learn, where we stop updating weights/biases on A, during an execution
of the iterative algorithm when the coefficient of determination R?(7, Diyain) of
the prediction function n by the current weights/biases exceeds pfrtp (where we
terminate the execution when the number of iterations exceeds 1.5 x ite'? even if
R?(71, Dirain) does not reach pirtp). Set n*®) to be the prediction function 1 by the
resulting weights/biases on A;. We evaluate the performance of the prediction
function n(k) with the coefficient R? (n(k), Dyest) of determination for the test set

Dyest = D7(Tk)
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