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A B S T R A C T   

The three-dimensional (3D) morphologies of many organs in organisms, such as the curved shapes of leaves and 
flowers, the branching structure of lungs, and the exoskeletal shape of insects, are formed through surface 
growth. Although differential growth, a mode of surface growth, has been qualitatively identified as 3D 
morphogenesis, a quantitative understanding of the mechanical contribution of differential growth is lacking. To 
address this, we developed a quantitative inference method to analyze the distribution of the area expansion rate, 
which governs the growth of surfaces into 3D morphology. To validate the accuracy of our method, we tested it 
on a basic 3D morphology that allowed for the theoretical derivation of the area expansion rate distribution, and 
then assessed the difference between the predicted outcome and the theoretical solution. We also applied this 
method to complex 3D shapes and evaluated its accuracy through numerical experiments. The findings of the 
study revealed a linear decrease in error on a log–log scale with an increase in the number of meshes in both 
evaluations. This affirmed the reliability of the predictions for meshes that are sufficiently refined. Moreover, we 
employed our methodology to analyze the developmental process of the Japanese rhinoceros beetle Trypoxylus 
dichotomus, which is characterized by differential growth regulating 3D morphogenesis. The results indicated a 
notably high rate of area expansion on the left and right edges of the horn primordium, which is consistent with 
the experimental evidence of a higher rate of cell division in these regions. Hence, these findings confirm the 
efficacy of the proposed method in analyzing biological systems.   

1. Introduction 

Surface growth contributes to the three-dimensional (3D) 
morphology of organs in many organisms. This includes the shape of 
leaves and flowers (Liang & Mahadevan, 2009, 2011; Nath et al., 2003), 
lung morphogenesis (Clément et al., 2012), and the shapes of diverse 
insect exoskeletons (Adachi et al., 2020a; Adachi et al., 2020b; Matsuda 
et al., 2017). One growth mode is known as differential growth, which 
refers to how the growth rate differs depending on the region. From a 
geometric perspective, differential growth is a deformation character-
ized by an isotropic expansion of the area at each point on a surface, with 
expansion rates that vary spatially. For example, the frilled and bowl- 
shaped forms seen in the leaves and flowers of plants are created 

through the growth of cell sheets. The former is formed by a higher 
frequency of cell proliferation at the margins of the sheet compared to 
the center, while the latter is formed by a higher frequency of cell pro-
liferation at the center of the sheet compared to the margins (Liang & 
Mahadevan, 2009, 2011; Nath et al., 2003). The shapes of diverse insect 
exoskeletons are also formed by the growth of epithelial cell sheets in 
their primordial shapes (Adachi et al., 2020b; Matsuda et al., 2017). In 
the horn primordia formation of the Japanese rhinoceros beetle Try-
poxylus dichotomus, a relationship was observed between the spatial 
distribution of cell division frequency during the formation of the horn 
primordium and the length of the branching of the post-pupal horn 
shape (Adachi et al., 2020a). 

Despite a qualitative insight into the significance of differential 
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growth in the 3D morphogenesis of various organisms, a quantitative 
understanding of the mechanical contribution of this growth mode to 3D 
morphogenesis is lacking. It is imperative to develop a quantitative 
approach to differential growth to determine if it is sufficient to explain 
the formation of 3D shapes, or if a combination of differential growth 
and other control mechanisms determines these shapes. Additionally, to 
what extent does differential growth contribute to the dynamics of shape 
formation in conjunction with other control mechanisms? In this study, 
we present an inference method for determining the spatial distribution 
of differential growth, specifically the area expansion rate distribution 
governing growth, from geometry data before and after surface growth. 
Our approach is validated through theoretical solutions, numerical ex-
periments, and its application to the horn primordia formation of Try-
poxylus dichotomus, the Japanese rhinoceros beetle. By identifying the 
area expansion rate distribution governing growth, we can investigate 
the role of differential growth in shaping 3D organ morphology across 
various organisms. Moreover, our approach can aid in determining the 
extent of differential growth’s contribution to shape formation dy-
namics, in conjunction with other control mechanisms. Overall, the 
inference method developed in this study holds the potential to provide 
novel insights into the mechanisms driving 3D morphogenesis in a broad 
range of organisms. 

2. Methods 

This section describes a method for inferring the distribution of the 
area expansion rates from the pre- and post-growth shape data of a 
surface, along with methods for validating the inferring method. 

2.1. Inference method for area expansion rate distribution 

From a geometric perspective, differential growth is a deformation 
characterized by an isotropic expansion of the area at each point on a 
surface, with expansion rates that vary spatially. Thus, it corresponds to 
a deformation wherein the pre- and post-growth shapes are related 
through a conformal map, which is a map that locally preserves angles. 
Accordingly, the objective was to construct a conformal map between 
the pre- and post-growth shapes (Fig. 1a). One well-established method 
for constructing conformal maps for surfaces is conformal parameteri-
zation, which involves the mapping of surfaces onto a planar domain 
(Cartade et al., 2013; Eck et al., 1995; Lévy et al., 2002; Sheffer et al., 
2005). On the other hand, in this study, we assumed that the pre- and 
post-growth shapes were both curved; thus, utilizing conformal 
parameterization alone was inadequate. We constructed a conformal 
map between curved surfaces via a planar domain, applying conformal 
parameterization. Conformal parameterization often utilizes triangular 
meshes as representations of surface shapes, which we align with in this 
study (Eck et al., 1995; Lévy et al., 2002; Sheffer et al., 2005). First, we 
performed conformal parameterization for the pre- and post-growth 
shapes, respectively. We then constructed a conformal map between 
the pre- and post-growth (curved) shapes through the conformal pa-
rameterizations (Fig. 1b) and computed the area expansion rate distri-
bution using the conformal map. 

2.1.1. Harmonic parameterization 
Surface theory involves applying a conformal map from a surface 

that is homeomorphic to the disk onto the unit disk, and this conformal 
map is unique when the boundary is fixed (Riemann mapping theorem) 
(Ahlfors, 1978; Riemann, 1851). However, in the case of a polyhedron 
consisting of a triangular mesh (piecewise linear surface), there is no 
conformal map to the plane, i.e., no parameterization that preserves the 
interior angles of each triangle. Therefore, conformal parameterization 
must be an approximation, although one that corresponds to a solution 
as a surface theory does exist. Harmonic parameterization is one of the 
approximate methods for conformal parameterization that we used in 
this study (Eck et al., 1995). 

Harmonic parameterization is a method for constructing an 
approximate conformal map fc

param that maps a surface S represented by a 
triangular mesh onto a planar domain. The method is as follows: let Vbnd 

be the set of boundary vertices, Vint be the set of interior vertices of S, 
and ui = (ui, vi) = f c

param(xi) be the image of vertex i’s position xi =
(
xi, yi,

zi
)

in S. The condition for the image of vertex i ∈ Vint by f c
param to be in the 

polygon Ni consisting of the vertices adjacent to i (Fig. 1c) is as follows: 

ui =
∑

j∈Ni

cijuj,
∑

j∈Ni

cij = 1
(
cij > 0

)
. (1)  

Given a triangular mesh homeomorphic to the disk, if ui(i ∈ Vbnd) lies on 
a convex polygon and satisfies Eq. (1), then this is an injective (no self- 
intersection) parametrization (Tutte, 1960). The condition Eq. (1) can 
be rewritten as: 

0 =
∑

j
aijuj (2)  

with the following coefficient aij: 

aij

⎧
⎪⎨

⎪⎩

> 0 (if  j ∈ Ni)

= 0 (if  j ∕∈ Ni and  i ∕= j)
= −

∑

j∕=i

aij (if  i = j)
(3)  

Writing this separately for interior and boundary vertices, it becomes: 
∑

j∈Nint

aijuj = −
∑

j∈Nbnd

aijuj. (4)  

To determine the coefficient aij, we can utilize the discrete Lap-
lace–Beltrami operator on surface S: 

Fig. 1. Description of the method. (a) Problem description. (b) Method for 
constructing a conformal map from the post-growth shape to the pre-growth 
shape. (c) The polygon Ni consisting of the images of the vertices adjacent to 
i (the black dots). (d) The angles αi,j and βi,j of the two triangles sharing the edge 
eij and Voronoi area Ai. The black dots indicate the centroids of triangles and 
the white dots indicate the midpoints of edges. 
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aij =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1
2Ai

(
cotαi,j + cotβi,j

)
(if  j ∈ Ni)

0 (if  j ∕∈ Ni  and  i ∕= j)

−
∑

j∕=i

aij (if  i = j)

(5)  

By employing the discrete Laplace–Beltrami operator as the coefficient 
aij, the resulting map becomes an approximate conformal map (Eck 
et al., 1995). Here, αi,j and βi,j are the interior angles of the two triangles 
sharing the edge eij that connects the adjacent vertex j to vertex i, cor-
responding to the opposite angles of eij as shown in Fig. 1d. Ai is the 
Voronoi area for vertex i, which is computed as the sum of the fractional 
Voronoi areas around vertex i (Fig. 1d). The fractional Voronoi areas are 
calculated as follows: in the case of acute triangles, they correspond to 
the area of the quadrilateral composed of vertex i, midpoints of edges, 
and centroids; in the case of obtuse triangles, they correspond to the area 
of quadrilateral (when vertex i is the obtuse angle) or triangle (when a 
vertex other than i forms the obtuse angle) composed of vertex i and 
midpoints of edges. 

In this study, we set the image of the boundary vertices ui(i ∈ Vbnd)

on the unit circle. We obtain ui(i ∈ Vint) by solving Eq. (4) under this 
boundary condition. 

2.1.2. Inference of the area expansion rate distribution 
To construct a conformal map f c that maps the post-growth shape 

Spost to the pre-growth shape Spre, we first mapped each shape to the unit 
disk region on the plane by harmonic parameterization. We let f c

post and 
f c
pre be the map from Spost and Spre to the unit disk, respectively. They map 

the vertex position xi =
(
xi, yi, zi

)
on S, which represents either Spost or 

Spre in context, to the position ui = (ui, vi) on unit disk. The image u of a 
point x in a triangle on the surface, but not on the vertices, is determined 
by the following interpolation formula: 

u =
At1

A
ut1 +

At2

A
ut2 +

At3

A
ut3 , A = At1 + At2 + At3 , (6)  

where uti (i = 1,2, 3) is the image of the vertex position xti (i = 1, 2,3) of 
the triangle t and Ati (i = 1,2, 3) is the area of the three triangles ob-
tained by linking x with xti (i = 1,2,3). 

The mapping of the post-growth shape to the pre-growth shape is 
constructed as follows: first, the point x on the post-growth shape was 
mapped to upost on the plane by f c

post, and then it was mapped onto the 
pre-growth shape using the inverse function of fc

pre. That is, the 
conformal map f c was constructed as a composite function of f c

post and 
f c− 1
pre (Fig. 1b): 

f c = f c− 1
pre ◦f c

post (7)  

Since f c
post is an approximate conformal map from the surface Spost to the 

unit disk and f c− 1
pre is an approximate conformal map from the unit disk to 

the surface Spre, f − 1
pre ◦fpost is also an approximate conformal map. Here, by 

using the interpolation formula Eq. (6), the inverse map f c− 1
pre can be 

defined for any point on the unit disk. This means that the conformal 
map f c can handle cases in which the post-growth shape and the pre- 
growth shape have different mesh connectivity. 

Once the conformal map f c from the post-growth shape Spost to the 
pre-growth shape Spre was constructed as above, from the area Apost

t of 
each triangle t on Spost and the area of the image Apre

t , the area expansion 
rate distribution was computed as follows: 

Rt =
Apost

t

Apre
t

(t = 1, 2,⋯,NT), (8)  

where NT is the number of triangles in the mesh. 

3. Validation 

To assess the validity of the inference method, a comparison is made 
between the predicted area expansion rate distribution and the actual 
distribution. For simple shape data with available theoretical solutions 
for conformal maps, the inference result is compared to the area 
expansion rate distribution derived from the theoretical solution. 
However, for complex shapes where theoretical solutions are not readily 
available, the predicted area expansion rate distribution is compared to 
the actual distribution through numerical experiments. These experi-
ments involve generating shape data using the forward growth simula-
tion method that conforms to the given area expansion rate 
distributions, which serve as benchmarks for the comparison. 

This comparison approach enables the examination of the validity of 
the inference method, ensuring its accuracy for both simple and complex 
shapes. The evaluation metric for validity is based on the degree of 
agreement between the predicted and actual distributions. The forward 
growth simulation method employed in the numerical experiments al-
lows the generation of shape data that conforms to the given area 
expansion rate distributions, providing accurate benchmarks for the 
comparison. 

It is important to note that the accuracy of the predicted area 
expansion rate distribution needs to be evaluated through numerical 
experiments for complex shapes. In contrast, the theoretical solutions for 
conformal maps provide an accurate representation of the area expan-
sion rate distribution for simple shapes. Overall, this comparison-based 
evaluation approach ensures the reliability of the inference method, 
enabling the accurate prediction of area expansion rate distributions in a 
wide range of shapes. 

3.1. Evaluation metric for the validity of inference simulations 

Let NT be the number of triangles in the mesh, Rsim
t (t = 1, 2,⋯,NT) be 

the predicted area expansion rate distribution, and Rtrue
t (t = 1, 2,⋯,NT)

be the true area expansion rate distribution. As the evaluation metric for 
the validity of the inference, we used the mean squared error (MSE) of 
area expansion rate distributions: 

MSEaer =
1

NT

∑NT

i

(
Rsim

i − Rtrue
i

)2 (9)  

3.2. Forward growth simulation 

We used simulated annealing for the forward growth simulations 
(Kirkpatrick et al., 1983) and minimized the following energy function 
E: 

E = EArea +EIA +EDA, (10)  

EArea =
∑NT

t

1
2
kArea

(
At − Atgt

t
)2

Atgt
t ⋅Atgt

total
, Atgt

t = RtAinit
t , Atgt

total =
∑NT

t
Atgt

t , (11)  

EIA =
∑NT

t

1
2
kIA

∑3

j

(
θIA

t,j

θIA,tgt
t,j

− 1

)2

⋅
1
2

(
Ltgt

t,j,1 + Ltgt
t,j,2

)

Ptgt
total

, Ptgt
total =

∑NT

t
Ptgt

t ,

(12)  

EDA =
∑NE

e
kDA

3
(
Ltgt

e

)2

Atgt
e1
+ Atgt

e2

(

2tan
θDA

e

2
− 2tan

θDA,tgt
e

2

)2

,

Ltgt
e =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Re1 + Re2

2

√

Linit
e ,

(13)  

where EArea,EIA, and EDA are the energies to bring the area At, interior 
angle θIA

t,j (j = 1,2, 3) of triangle t, and dihedral angle θDA
e between the 

triangle e1 and e2 that share the edge e close to their target value Atgt
t ,
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θIA, tgt
t,j , and θDA, tgt

e , respectively (Grinspun et al., 2003; Tamstorf & 
Grinspun, 2013). The area expansion rate is represented by the variable 
Rt, and the target area of triangle t is defined as Rt times the initial area 
Ainit

t . Ltgt
t,j,k in the definition of EIA is the target length of edge k sharing the 

vertex j of triangle i, Ptgt
i is the target perimeter (sum of target edge 

lengths) of the triangle, θDA, tgt
e in the definition of EDA is the target 

dihedral angle between triangles sharing the edge e, Linit
e is the initial 

length of edge e, and NE is the number of inner edges of the surface. 
The procedure for simulated annealing is as follows: 
1. Randomly select vertex i and move its position virtually by a small 

distance Δr in a random direction. 
2. Calculate the energies E and E′ before and after the move, and 

calculate the difference ΔE = E′ − E. 
3. Accept the vertex move with the following probability according 

to the value of ΔE. 

P = min(1, exp( − βΔE) ), (14)  

where β is a parameter called inverse temperature that represents the 
strength of stochasticity. 

4. Repeat procedures 1, 2, and 3 above with increasing β. 
In this study, we performed annealing by repeating n1 steps at β1, 

followed by n2 steps at β2(> β1), where one step involves performing the 
procedures 1, 2, and 3 once for all vertices, in a random order. Note that 
simulations using only the above energy function will often trap in the 
local energy minima, in spite of stochasticity. The reason is that once a 
surface with a folded shape is formed, a large energy barrier must be 
exceeded to eliminate the fold. To solve this problem, in addition to EArea,

EIA, and EDA, at the beginning of the simulation, the energy needed to 
increase the lumen volume V 

EVol =
1
2

kVol

(
V

V tgt − 1
)2

(15)  

is added to the energy function to prevent folding. EVol is removed after 
some steps, and E = EArea +EIA +EDA is minimized. It should be noted 
that EVol is introduced solely to avoid being trapped in local energy 
minima and does not represent a biologically grounded model involving 
the growth process of lumen volume. The target value Vtgt is set suffi-
ciently large through a trial-and-error process to prevent trapping in the 
local energy minima. 

It should also be noted that achieving exact realization of the given 
area expansion rate distribution and precise conformality during the 
growth simulation may not always be possible. In other words, both EArea 

and EIA are expected to be non-zero, unlike the case where exact reali-
zation of both is achieved. This discrepancy would introduce additional 
errors that are separated from the errors associated with our inference 
method. 

3.3. Materials and methods in the experiment 

In order to confirm the efficacy of our method in analyzing biological 
systems, we applied it to the actual process of forming the Japanese 
rhinoceros beetle horn primordium. Here, we describe the materials and 
methods of our experiments to obtain data on the beetle horn primo-
dium shape. 

Insects. Trypoxylus dichotomus larvae were purchased from Loiinne 
(Japan). The sex of the last instar larvae was determined following 
previous studies (Ito et al., 2013), and the larvae were then individually 
fed on humus in plastic containers, and kept at 10 ◦C until use. Larvae 
were moved to room temperature for at least 10 days and reared at 
28 ◦C. The sampling of horn primordia (24 and 48 h) followed previous 
studies (Morita et al., 2019). 

Micro-CT analysis. Male head tissue was fixed in Carnoy solution 
overnight at room temperature and washed in 70 % ethanol. The sample 

was rehydrated through a graded ethanol series, and stained with 25 % 
Lugol solution (Degenhardt et al., 2010; Metscher, 2009a, 2009b) for 7 
days. The stained sample was scanned using an X-ray micro-CT device 
(ScanXmate-E090S105, Comscantechno Co., Ltd., Japan) at a tube 
voltage peak of 85 kVp and a tube current of 90 μA. The sample was 
rotated 360 degrees in 0.24-degree increments, generating 1500 pro-
jection images of 992 × 992 pixels. The micro-CT data were recon-
structed at an isotropic resolution of 13.0 μm (pre-growth stage) and 
13.5 μm (post-growth stage) and converted into a 16-bit Dicom image 
dataset using coneCTexpress software (Comscantechno Co., Ltd., 
Japan). The epithelial sheet shape data were extracted by segmenting 
the Dicom image dataset using 3D Slicer software (Kikinis et al., 2014). 

3.3.1. Evaluation method for robustness against data noise 
We evaluated the robustness of our method against data noise by 

introducing random perturbations to the vertex positions of post-growth 
shape data. The magnitude of the noise was quantified using the MSE of 
the vertex positions: 

MSEvtx =
1

NV

∑NV

i

(
xnoise

i − xi
)2

Aref , (16)  

where NV is the total number of vertices in the mesh, xnoise
i represents the 

perturbed vertex position, xi represents the original vertex position, and 
Aref is the total area of the reference mesh. We compared the area 
expansion rate distributions obtained from the perturbed data and the 
original data using MSEaer (Eq. (9)) as a metric. 

4. Validation using synthetic data 

The validity of the proposed method in Section 2.1 was assessed in 
two steps. Firstly, the method’s predicted area expansion rate distribu-
tion was compared with the theoretical solution for spherical pre- and 
post-growth shapes where a theoretical solution was available. Next, 
numerical experiments were conducted to evaluate the method’s val-
idity for several shapes that lacked theoretical solutions. 

4.1. Validation through theoretical solutions 

We applied this method to infer the expansion rate distribution of the 
growth from a spherical cap to a hemisphere, as shown in Fig. 2a-c. For 
this case, the theoretical solution of the conformal map could be derived 
(Supplementary Text 1). We used the spherical cap cut from a sphere of 
radius R2 = 2.6 with height h = 0.2 as the pre-growth shape and the 
hemisphere of radius R1 = 1.0 as the post-growth shape. The number of 
triangles in both the pre- and post-growth shapes was 6,000. The area 
expansion rate distribution Rth

i obtained by theoretical solution and Rsim
i 

inferred by the proposed method are shown in Fig. 2d and e, respec-
tively. The area expansion rate distributions appeared to be almost 
identical. To quantitatively evaluate the discrepancy with the theoret-
ical solution, the MSE between the area expansion rate distributions was 
calculated. The calculation result was 7.73× 10− 5. This error from the 
theoretical solution is considered to be due to the fact that the surface is 
represented by a triangular mesh, and the mapping of the vertex posi-
tions is calculated by first-order interpolation (Eq. (6)). Therefore, the 
error from the theoretical solution changes depending on the mesh size. 
We conducted the same comparison for the same pre- and post-growth 
shapes with other numbers of triangles in a mesh. The error from the 
theoretical solution with respect to the number of triangles is shown in 
Fig. 2f. This result indicates that the order of accuracy of the inference 
method appeared to be O(NT). Therefore, it was confirmed that we 
would obtain the correct distribution by our inference method with a 
sufficient number of triangles in the mesh. 

Our method was based on the capacity to express differential growth 
through a conformal map. We found that the area expansion rate dis-
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tribution obtained through the conformal map can effectively represent 
the growth from pre-growth to post-growth shapes. Thus, the forward 
growth simulation was performed using both the distributions obtained 
through the theoretical solution and the inference. The model parame-
ters for the simulation are listed in Table 1, and the number of steps were 
n1 = 15 × 104 and n2 = 3× 105. The simulation result is shown in 
Fig. 2g and h and Supplementary Video 1, while the energy behavior in 
the simulations and the computation times are shown in Supplementary 
Text 2. To quantitatively evaluate the discrepancy between the growth 

simulation results and the original post-growth shape, the MSE of vertex 
positions was calculated. MSEvtx between the shape in Fig. 2g and the 
original shape was 1.64× 10− 6, and MSEvtx between the shape in Fig. 2h 
and the original shape was 6.20× 10− 6. These results confirmed that the 
area expansion rate distribution obtained through the conformal map 
could govern the growth of the hemisphere. 

Fig. 2. Validation by the theoretical solution. (a) Problem description. The pre-growth shape shown by the blue mesh grows into the post-growth shape shown by the 
red mesh. (b) Pre-growth shape. Side view from the y-axis and top view from the z-axis. (c) Post-growth shape. (d) Area expansion rate distribution obtained by 
theoretical solution. (e) Predicted area expansion rate distribution. (f) MSE with theoretical solutions for the number of triangles in the mesh. The dashed line 
(MSE∝10− NT ) is used as a reference slope equal to − 1. (g) Forward simulation result based on the area expansion rate distribution shown in (d). (h) Forward 
simulation result based on the area expansion rate distribution shown in (e). (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.) 
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4.2. Validation through numerical experiments 

We utilized the spherical cap as the pre-growth shape, which cor-
responds to the shape employed in Section 3.1. For the post-growth 
shape, we employed a variety of shapes shown in Fig. 3a, which were 
obtained through the forward growth simulations based on the area 
expansion rate distributions shown in Fig. 3b. The total number of tri-
angles in all post-growth shapes was 6,000. The parameters in the for-
ward simulations were employed with the same values as in Section 3.1 
(Table 1), except for kVol and Vtgt. The parameters for volume energy and 
the steps for n1 and n2 are listed in Table 2. The energy behavior in the 
simulations and the computation times are shown in Supplementary 
Text 2. In these growth simulations, it was not possible to achieve exact 
conformal growth as desired. Consequently, the area energy EArea and 
the interior angle energy EIA retained non-zero values, even in the final 
state. The specific values varied depending on the shape under consid-
eration. Fig. 3d shows the EArea and EIA of each shape in its final state, 
respectively. The results revealed that the clover-like shape (the middle 
of Fig. 3a) and the overhang shape (the rightmost side of Fig. 3a) 
exhibited significant non-zero values for both EArea and EIA. For the post- 
growth shape shown in Fig. 3a, we inferred the area expansion rate 
distribution using the proposed method (Fig. 3c). The results show that 
the predicted area expansion rate distribution appeared to be almost the 
same as the correct distributions given as the benchmark (Fig. 3b and c). 
As in Section 3.1, we also inferred the area expansion rate distribution 
for these shapes by varying the number of triangles and compared it with 
the benchmark (Fig. 3e). These results suggest that the order of accuracy 
of the inference method appeared to be the same as in the case of the 
hemisphere (Section 3.1). Therefore, we have confirmed that our 
inference method can obtain the correct distribution for a variety of 
shapes with an adequate number of triangles. 

5. Applications to real data 

We applied our method to the actual process of forming the Japanese 
rhinoceros beetle horn primordium to further confirm its validity. 
Furthermore, we evaluated the robustness of our method against noise 
using both synthetic and real data. 

5.1. Application to the beetle horn primordium formation process 

The horn primordium of the Japanese rhinoceros beetle is formed 
through the growth of an epithelial sheet inside the head capsule of the 
larvae (Matsuda et al., 2017). This process takes place over approxi-
mately 120 h during the prepupal stage (Morita et al., 2019). At the 
beginning of the prepupal stage, the epithelial sheet has a simple shape 
attached on the inside of the head capsule, and after approximately 48 h, 
it grows to form a mushroom-like shape. After approximately 120 h, fine 
wrinkles form on the mushroom-shaped surface, completing the horn 
primordium. The wrinkled mushroom shape then unfolds to form the 

pupal horn shape. 
We applied our inference method to the analysis of the mushroom- 

shape formation process. The surface shapes of the epithelial sheets, 
including the horn primordia, were extracted from the CT data (Fig. 4a). 
The post-growth shape had dimensions of 8.6 mm (x), 6.5 mm (y), and 
2.1 mm (z), with 6,000 triangles and an average edge length of 0.19 mm 
for each triangle in the mesh. The number of triangles in the pre-growth 
mesh was 3,000. These are the regions of the epithelial sheets inside the 
head capsules that are as extensive as feasible, including the horn 
primordia. After applying our method to these areas, we also examined 
the regions that were considered most likely to be involved in the for-
mation of the horn primordium. 

The inference result of applying our inference method to the shapes 
shown in Fig. 4a suggests that the predicted area expansion rate distri-
bution is characterized by a locally concentrated expansion region 
(circular region in Fig. 4b), with particularly large expansion rates at the 
left and right edges within that expansion region (arrowhead in Fig. 4b). 
We also performed a forward growth simulation based on this area 
expansion rate distribution with n1 = 9 × 105 and n2 = 9 × 105 steps, 
using the parameters listed in Table 1, and parameters for volume en-
ergy were set as kVol = 9.68 × 103 and Vtgt = 1.0 × 102 for the first n1 
steps. The energy behavior in the simulations and the computation times 
are shown in Supplementary Text 2. The results show that the obtained 
shape is close to the shape of the real data (Fig. 4a and c). This confirms 
that the predicted area expansion rate distribution possibly accounts for 
the mushroom-shape formation of the horn primordium. 

Notably, this method requires that the domains used as pre-growth 
and post-growth shapes are equivalent. In other words, the area 
expansion rate distribution is computed on the premise that the entire 
post-growth shape is formed by the area expansion of the entire pre- 
growth shape. However, as these data were extracted from CT data 
and encompass as extensive a domain as feasible, the pre- and post- 
growth domains shown in Fig. 4a may not be selected to correspond 
with one another. Observations suggest that in the formation of beetle 
horn primordia, the domains involved in formation appear to be pri-
marily concentrated in the frons region (Fig. 4d), particularly corre-
sponding to the lower part (Morita et al., 2019; Ohde et al., 2018). 
Nevertheless, it is uncertain which domains specifically correspond to 
the horn primordia. Thus, we also performed simulations assuming 
various correspondence of the domains (Fig. 4d). The results indicated 
that the shape of the expansion region could range from circular to 
elliptical, depending on how the corresponding domain was selected. In 
all cases, the regions with particularly high expansion rates were located 
at the left and right edges of the region (Fig. 4e). 

Furthermore, to assess the adequacy of the mesh resolution, we made 
inferences of the area expansion rate distribution for the cases where the 
number of triangles was reduced, comparing them to the case with 6,000 
triangles using the MSE. The results showed that when the number of 
triangles fell below 2,000, differences of approximately 10− 1 or higher 
were observed, whereas when the number exceeded 2,000, the differ-
ences decreased to approximately 10− 2 or lower (Fig. 5). Therefore, it is 
considered that with NT = 6, 000, the results have sufficiently 
converged. 

5.2. Robustness evaluation 

We performed a robustness evaluation on both the synthetic data 
(Fig. 2c, 3a) and the real data (Fig. 4a), assessing the impact of vertex 
position perturbations on the accuracy of the estimated area expansion 
rate distributions. Each of these meshes consists of 6,000 triangles, and 
the evaluation results are shown in Fig. 6. This result revealed that the 
MSE of the area expansion rate distribution (MSEaer) increased linearly 
on a logarithmic scale as the MSE of vertex positions (MSEvtx) increased 
(Fig. 6a). Fig. 6b presents the inference results for the most significant 
shape noise in each shape, and despite the large errors, the predicted 

Table 1 
Parameters for the forward growth simulation.  

Symbol Value Description 

β1 1.0× 103 Inverse temperature for the first n1 steps 
β2 1.0× 106 Inverse temperature for the first n2 steps 
kArea 1.0× 104 Constant of area energy 
kIA 1.0× 105 Constant of interior angle energy 
kDA 

{
2.0 × 10− 2

2.0 × 10− 3 
Constant of dihedral angle energy for the first n1 steps 
Constant of dihedral angle energy for the second n2 steps 

kVol 
{

9.68 × 103

0.0 
Constant of volume energy for the first n1 steps 
Constant of volume energy for the second n2 steps 

Vtgt 2.2 Target value of volume 
θIA, tgt

t,j θIA, init
t,j 

Target values of interior angles (set to their initial value) 

θDA,tgt
e 0.0 Target values of dihedral angles (set to their flat state)  
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Fig. 3. Validation by numerical experiments. (a) Post-growth shape data obtained through forward-growth simulations. (b) The given area expansion rate distri-
butions. (c) Predicted area expansion rate distributions. (d) EArea and EIA of each shape in its final state. (e) MSE between the given area expansion rate distributions 
and the predicted area expansion distributions. The dashed line (MSE∝10− NT ) is used as a reference slope equal to − 1. 
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area expansion rate distributions retained the qualitative shape of the 
original distributions. 

6. Discussion 

In this study, we developed a method to infer the area expansion rate 
distribution by constructing a conformal map between pre- and post- 
growth surface shapes. Although our method uses an approximate 
conformal map twice, the evaluations examined in Sections 3.1 and 3.2 
confirm that the inferred results converge toward the correct solution 
when the number of triangles in the mesh increases. 

In the numerical experiments explored in Section 3.2, some of the 
results exhibited relatively high MSE, particularly the clover-like shape 
(the middle of Fig. 3a) and the overhang shape (the rightmost side of 
Fig. 3a). There are two possible reasons for this. First, it could be 
attributed to the fact that the post-growth shapes employed in the tests 
were created by forward simulations. In these forward simulations, 
minimum energy states are sought through thermal fluctuation, 
imposing energy that preserves the inner angles of the triangle to ensure 
conformality. As such, it cannot be an exact conformal growth, as shown 
in Fig. 3d. Second, there is no exact conformal growth corresponding to 
the area expansion rate distribution given as a benchmark for triangle 
meshes. The degree of deviation from the exact conformal map depends 
on the area expansion rate distribution itself. In the forward simulation, 
if the area expansion strictly follows the given distribution, the 
discrepancy of conformality increases, whereas if the conformality is 
strictly maintained, the discrepancy of the area expansion rate increases. 
Therefore, it is not possible to minimize these residuals simultaneously. 
This constitutes a limitation of the forward simulation conducted to 
verify the accuracy of the inference and is not an issue for the inference 
method proposed in this study. 

As demonstrated in Section 4.1, our method can be applied to real 
data. One biological interpretation of the area expansion rate distribu-
tion is the distribution of cell proliferation frequency. Experimentally, it 
has been observed that cell proliferation frequency is non-uniformly 
distributed during the beetle horn primordium formation process 
(Adachi et al., 2020a). This observation suggests that, at a certain point 
in the mushroom-shaped formation process of the horn primordium, cell 
proliferation is particularly high at the left and right edges of the cell 
proliferation region, not the center. This distribution is correlated with 
the length of the branching of the pupal horn shape. This finding is 
consistent with the inference results from Section 4.1, indicating that 
regions with particularly high area expansion rates are present at the left 
and right edges of the expansion region. Additionally, the results indi-
cate that the spatial distribution of cell division frequency may control 
the length of branching as well as the overall mushroom-shaped for-
mation. It is important to note that our approach does not distinguish 
between surface deformations caused by mass-increasing growth, such 
as cell proliferation, and surface deformations caused by elastic 
stretching due to changes in lumen volume or other physical constraints. 
As a result, what we refer to as growth in this study may include the 
possibility of elastic deformation. To determine whether the mapping 
between the pre- and post-growth shapes includes elastic deformations, 

further mechanical analysis is required, considering not only the effects 
of area growth, but also reasonable settings for lumen volume change, 
physical constraints by the surrounding head capsule, and so on. Such 
analytical methods include forward simulations that take into account 
surface and bulk growth based on nonlinear elasticity in continua 
(Goriely, 2017; Taber, 2020). As an initial step in such examinations, the 
insights obtained by our method are valuable, providing a foundation 
for a more comprehensive analysis in future research. 

As noted in Section 4.1, our method relies on the assumption that the 
domains of pre- and post-growth shapes are consistent. However, our 
method did not directly identify the correspondence between the pre- 
and post-growth domains. Nevertheless, the correspondence of the do-
mains can still be investigated through a process of trial and error, with 
the help of experimental insights. For instance, by testing potential 
combinations of pre- and post-growth shapes, common features may 
emerge across these combinations, as shown in this study. These com-
mon features form the basis for working hypotheses for future 
experiments. 

In this study, the quantitative validity of our inference method was 
verified for artificial shape data with quantitatively correct distribu-
tions. However, for real data, the verification was qualitative and did not 
extend to a quantitative experimental verification, as described above. 
To conduct such a quantitative validation, it would be necessary to track 
the process of area expansion through time-lapse imaging, which would 
enable us to obtain the correct distribution of area expansion rates. 
However, time-lapse imaging presents substantial experimental chal-
lenges, especially for tracking complex morphological changes during 
late-stage development of non-model organisms, such as beetle horns. 
Feasible time-lapse imaging could extend our method to encompass the 
correspondence within the domains of pre- and post-growth shapes. This 
aspect remains an intriguing research topic and a future challenge. 

The accuracy of our inference method depends on the number of 
triangles in the mesh. In practical applications using real data, the 
number of triangles depends on the measuring device. In this study, a 
triangular mesh with an average edge length of approximately 0.19 mm 
allowed for accurate triangulation in regions of about 8 mm in scale, as 
demonstrated in Section 4.1. In many experimental setups, a similar 
level of precision in triangulation can be achieved. 

In our robustness evaluation presented in Section 4.2, we observed a 
first-order power-law dependence of the difference in MSE of the area 
expansion rate distribution on the magnitude of shape noise. Therefore, 
as the magnitude of shape noise increases, inference accuracy decreases 
accordingly. However, it is important to note that, even in the presence 
of noise, the qualitative inference of the area expansion rate distribution 
remains consistent. Specifically, the ring-like area expansion rate dis-
tribution could be obtained even in the presence of noise for the clover- 
like shape in the middle of Fig. 3a. This ability to infer non-intuitive 
features demonstrates the effectiveness of our proposed method. 

For the sake of mathematical tractability, our method assumes 
locally isotropic growth (conformality) as an initial approximation of 
morphological change through area expansion. Therefore, it cannot be 
applied in cases where anisotropic mechanisms, such as anisotropic 
elongation resulting from the orientation of the cell division axis or cell 

Table 2 
Parameters for volume energy and number of steps in the forward-growth simulations.  

Symbol Given area expansion rate distribution Description 

kVol 
{

4.5
0.0 

{
0.0
0.0 

{
0.0
0.0 

{
3.92
0.0 

{
3.125
0.0 

Constant of volume energy for the first n1 steps (103)

Constant of volume energy for the second n2 steps 
Vtgt 2.2 − − 1.4 1.25 Target value of volume 
n1 3 9 9 3 3 Number of the first steps for annealing (105)

n2 9 9 18 9 15 Number of the second steps for annealing (105)
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Fig. 4. Application of the beetle to the horn primordium morphogenesis, Trypoxylus dichotomus. (a) The pre- and post-growth shape CT data. (b) Predicted area 
expansion rate distribution of beetle horn primordium morphogenesis. There is a locally concentrated area expansion region (dotted circle), and in the expansion 
region, the expansion rate on the left and right sides (arrowhead) is particularly large. (c) Forward growth simulation results. The colors correspond to the colors in 
(b). (d) Taking the domains of the pre- and post-growth shapes into account, the region corresponding to horn primordium is considered to be limited to the frons 
region (Morita et al., 2019; Ohde et al., 2018). (e) Predicted area expansion rate distribution of beetle horn primordium morphogenesis for various domain 
configurations. 
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Fig. 5. The MSE between the predicted area expansion rate distributions for the case with 6,000 triangles and for the cases where the number of triangles was 
reduced. The dashed line (MSE∝10− NT ) is used as a reference slope equal to − 1. 

Fig. 6. (a) The relationship between the MSE of vertex positions and the MSE of area expansion rate distribution. The noisy hemisphere shapes above the graph are 
the shapes with corresponding MSEvtx values of 2.66× 10− 6, 2.62× 10− 5, and 3.15 × 10− 4 from left to right. The dashed line (MSEaer∝10MSEvtx ) is used as a reference 
slope equal to 1. (b) The post-growth shapes and the predicted area expansion rate distributions for the most shape-noisy cases. Noise-free cases are shown in Fig. 2e, 
3c and 4b for the predicted area expansion rate distributions. 
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rearrangement, play a role (Keller et al., 1992; Mao et al., 2011; Mor-
ishita et al., 2017; Shindo et al., 2019; Tada & Heisenberg, 2012). 
Nonetheless, it can serve as a null hypothesis to initiate research in such 
cases. In traditional biological studies that employ physical simulations, 
simulations are feasible only after a working hypothesis is derived from 
significant experimental observations, and the hypothesis is subse-
quently tested theoretically (Inoue et al., 2016; Okamoto et al., 2013; 
Shindo et al., 2019; Shinoda et al., 2018). Our method in this study 
enables the acquisition of information on area expansion rate distribu-
tion, which is essential for forward simulations, even when significant 
experimental observations have not yet been conducted. This allows us 
to examine whether morphogenesis is governed solely by the differential 
growth mechanism explained by the area expansion rate distribution or 
if other underlying mechanisms, such as cellular activities (e.g., apical 
contraction, orientation of cell division, and cell migration), boundary 
conditions (e.g., lumen pressure), and constraints from surrounding 
tissues, are at play. This examination can be conducted before estab-
lishing an experimental system (Inoue et al., 2016; Keller et al., 1992; 
Mao et al., 2011; Milner et al., 1984; Shindo et al., 2019; Tada & Hei-
senberg, 2012). Moreover, our method holds the potential to be 
extended for inferring growth modes, including anisotropy. While such 
an extension might face challenges—since solutions may no longer be 
unique with anisotropy—experimental insights into the nature of 
anisotropic growth could guide an improvement of the method to obtain 
appropriate solutions. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Acknowledgements 

We would like to acknowledge the helpful discussions from the 
perspective of continuum mechanics with Dr. Hironori Takeda. We 
would like to thank Editage (www.editage.com) for English language 
editing. 

Funding 

This work was supported by MEXT KAKENHI (Grant Nos. 20H05947 
and 20H05944), JSPS KAKENHI (Grant No. 21K15135), NIG-JOINT 
(42A2019 and 35A2020), and JST SPRING (Grant No. JPMJSP2110). 

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.jtbi.2023.111650. 

References 

Adachi, H., Matsuda, K., Niimi, T., Kondo, S., Gotoh, H., 2020a. Genetical control of 2D 
pattern and depth of the primordial furrow that prefigures 3D shape of the 
rhinoceros beetle horn. Sci. Rep. 10 (1), 18687. https://doi.org/10.1038/s41598- 
020-75709-y. 

Adachi, H., Matsuda, K., Nishida, K., Hanson, P., Kondo, S., Gotoh, H., 2020b. Structure 
and development of the complex helmet of treehoppers (Insecta: Hemiptera: 
Membracidae). Zool. Lett. 6 (1), 3. https://doi.org/10.1186/s40851-020-00155-7. 

Ahlfors, L.V., 1978. Complex analysis, 3rd ed. McGraw-Hill. 
Cartade, C., Mercat, C., Malgouyres, R., Samir, C., 2013. Mesh parameterization with 

generalized discrete conformal maps. J. Math. Imaging Vision 46 (1), 1–11. https:// 
doi.org/10.1007/s10851-012-0362-y. 

Clément, R., Blanc, P., Mauroy, B., Sapin, V., Douady, S., 2012. Shape self-regulation in 
early lung morphogenesis. PLoS One 7 (5), e36925. 

Degenhardt, K., Wright, A.C., Horng, D., Padmanabhan, A., Epstein, J.A., 2010. Rapid 3D 
phenotyping of cardiovascular development in mouse embryos by micro-CT with 
iodine staining. Circulation. Cardiovasc. Imag. 3 (3), 314–322. https://doi.org/ 
10.1161/CIRCIMAGING.109.918482. 

Eck, M., DeRose, T., Duchamp, T., Hoppe, H., Lounsbery, M., & Stuetzle, W., 1995. 
Multiresolution analysis of arbitrary meshes. Proceedings of the 22nd Annual 
Conference on Computer Graphics and Interactive Techniques - SIGGRAPH, ’95, 
173–182. https://doi.org/10.1145/218380.218440. 

Goriely, A., 2017. The Mathematics and Mechanics of Biological Growth. Springer. 
https://doi.org/10.1007/978-0-387-87710-5. 

Grinspun, E., Hirani, A. N., Desbrun, M., & Schröder, P., 2003. Discrete shells. In 
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