
1. Introduction
The population, motion, and distribution of energetic electrons (energies from a few keV to a few MeV) in 
the Earth's inner magnetosphere are strongly affected by wave-particle interactions (WPI), resulting in energy 
increasing/decreasing and pitch angle scattering of these electrons. The wave-driven energetic electron precipita-
tion can be led by EMIC waves, whistler mode waves, ULF waves, and the combination of the above waves (e.g., 
Artemyev et al., 2022; Bashir et al., 2022; Grach & Demekhov, 2020; Hsieh et al., 2022; Kubota & Omura, 2017; 
Rae et al., 2018; Zhang et al., 2019, 2022, and references therein). Whistler mode chorus emission, a right-hand 
polarized wave usually with rising or falling frequency variations, is one of the most significant electromagnetic 
waves that affect electron motions outside the Earth's plasmapause (e.g., Hsieh et al., 2020; Omura, 2021; Sazhin 
& Hayakawa, 1992; Thorne et al., 2005). Observations show that chorus WPI are reasons for electron precipi-
tation events such as pulsating aurora and microbursts, which is electron precipitation in short timescale (<1 s) 
and intense energy (tens keV to a few MeV) (A. Breneman et al., 2017; Kasahara et al., 2018; Kurita et al., 2016; 
Lorentzen et al., 2001; Nishimura et al., 2010; Ozaki et al., 2019). Several simulation studies confirm the detailed 
mechanisms of chorus wave-driven electron precipitation by test-particle simulations (Miyoshi et al., 2021; Tsai 
et al., 2022) and particle-in-cell simulations (Hikishima et al., 2010) under the parallel propagation assumption.

Chorus emissions with wave normal angles (WNAs, θ) greater than 10° are usually found in satellite observa-
tions. Statistic results of chorus WNAs observed by Cluster and THEMIS show that there are more oblique chorus 
emissions than parallel/quasi-parallel chorus emissions in the Earth's inner magnetosphere (A. W. Breneman 
et al., 2009; Li et al., 2011). In addition, chorus emissions with WNA very close to the resonance cone angle are 
often seen in observations (e.g., Ma et al., 2017; Mourenas et al., 2015). Therefore, to comprehensively under-
stand electron precipitation, we cannot simply assume parallel propagating waves and ignore the oblique prop-
agating effects. It is necessary to take the obliquely propagating waves into account. The most obvious different 
point between parallel WPI and oblique WPI is the number of resonances. In the parallel WPI only cyclotron 
resonance occurs, whereas in the oblique WPI there are cyclotron resonance, Landau resonance, and higher 
harmonic cyclotron resonances. Electrons have more chances to interact with an oblique chorus emission than 
with a parallel chorus emission.
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Long-term electron variations used to be interpreted by diffusion coefficients from the quasi-linear theory (e.g., 
Lyons et al., 1972; Mourenas et al., 2014; Shprits et al., 2008; Thorne et al., 2005, and references therein). However, 
the quasi-linear theory is not able to explain actual variations between waves and electrons and cannot describe 
immediate precipitation seen from observations since it does not solve the equations of motion of particles and 
ignores the second-order resonance condition. Furthermore, the quasi-linear theory only considers the cyclotron 
resonance; thus, the zeroth (Landau) and the higher harmonic cyclotron resonances are ignored. Strong  chorus 
wave-driven precipitation is caused by nonlinear resonant effects, especially through cyclotron resonance (Hsieh 
et al., 2022). Resonances occur when the parallel (with respect to the background magnetic field) velocity of 
an electron is close to a resonance velocity. The equation of resonance velocities with a harmonic number n is 
given  by

𝑉𝑉𝑅𝑅𝑅𝑅𝑅 =
1

𝑘𝑘‖

(
𝜔𝜔 −

𝑅𝑅Ω𝑒𝑒

𝛾𝛾

)
𝑅 (1)

where k‖ is the wave number parallel to the background magnetic field, ω is the wave frequency, Ωe is the 
electron gyro-frequency (here the value is positive), and γ is the Lorentz factor. Two processes belong to nonlin-
ear WPI and contribute to nonlinear pitch angle scattering: (a) nonlinear trapping (also called phase trapping) 
and (b) nonlinear scattering (also called phase bunching or nonlinear dislocation) (e.g., Bortnik et  al.,  2008; 
Omura, 2021; Saito et al., 2012). The processes that lower the equatorial pitch angle of electrons are the nonlinear 
scattering of the n ≥ 1 resonances and the nonlinear trapping of the n < 1 resonances. The nonlinear trapping via 
n = 1 cyclotron resonance also causes pitch angle decrease for electrons with large pitch angles (>70°) and high 
energies (>0.5 MeV) (Summers & Omura, 2007), but this kind of WPI does not contribute to electron precipita-
tion. Hence, we do not discuss the condition in this study.

Oblique chorus-driven electron precipitation due to nonlinear WPI has been the subject of several recent stud-
ies. For example, Zhang et al. (2022) reported the nonlinear process of precipitation caused by large amplitude 
and large WNA chorus waves using the CubeSat ELFIN observations, and Chen et  al.  (2021) simulated the 
nonducted chorus and the related electron precipitation of tens of keV electrons. Hsieh et al. (2022) confirmed 
by simulations that through the n = 0 Landau resonance oblique chorus emissions cause more energetic electron 
precipitation than purely parallel chorus emissions, especially for sub-relativistic/relativistic electrons. The study 
also revealed that a larger WNA causes more precipitation fluxes under the condition that the emissions have 
the same wave amplitudes. However, the study only investigates chorus emissions with WNA less than 40° at 
resonance regions. Electron precipitation by a very oblique chorus has not yet been studied by simulation with 
wide electron energies.

This study investigates electron precipitation for broad initial kinetic energies and equatorial pitch angles interact-
ing with a pair of chorus emissions around a L = 4.5 field line by utilizing test particle simulations and the Green's 
function method. We test lower-band chorus emissions with four WNA settings and three wave amplitudes. We 
calculate electron precipitation rates by integrating electrons below the loss cone angle (αeq = 4.56°) for each 
Green's function and compare the precipitation rates among all the wave models. We then theoretically derive the 
equatorial pitch angle change rates for each nth resonance to explain the precipitation processes.

2. Simulation Method and Green's Function Sets
Electron scattering through whistler mode chorus emissions can be traced by the Green's function method (Hsieh 
et al., 2022; Kubota & Omura, 2018; Omura et al., 2015), which collects possibilities of electron scattering in 
kinetic energy (K) and equatorial pitch angle (α) from results of test particle simulations with a large number of 
electrons. In this study we use the Green's function database to check energetic electron precipitation driven by 
whistler mode chorus.

2.1. Simulation Settings and Wave Models

Overall there are 12 Green's function sets in our database. We have three different wave amplitude sets and four 
various WNA sets. Figures 1 and 2 display wave models used in this study. Figure 1 shows the wave amplitudes 
and frequencies at the equator and at |Lat| = 2°, where is the terminal of the convective growth of wave ampli-
tudes (Omura et al., 2009). All of the wave models contain subpacket structures generated by chorus equations 
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(Equations 106 and 107 of Omura (2021)) at the equator. We turned the sign 
of Equation 107 of Omura  (2021) to negative when the wave amplitudes 
reach the optimum amplitude Bop (Equation 97 of Omura (2021)), which is 
an amplitude under the optimum condition for nonlinear wave growth (The 
Bop are plotted in pink in Figure 1.). Then, we made the sign positive again 
before the amplitudes reached the threshold amplitude (Equation 105 of 
Omura (2021)), which is the minimum amplitude to trigger nonlinear wave 
growth. To simulate the irregular size of subpackets, the timing of the sign 
switching from negative to positive is random. The irregular subpackets make 
the wave models closer to observed subpackets than regular subpackets.

The waves start from the equator at L = 4.5 and then propagate both north-
ward and southward with group velocities (Detailed group velocity equation 
is in Appendix A of Hsieh and Omura (2017)). We update spatial amplitude 
distributions by solving the advection equation every timestep as

𝜕𝜕𝜕𝜕𝑤𝑤

𝜕𝜕𝜕𝜕
+ 𝑉𝑉𝑔𝑔‖

𝜕𝜕𝜕𝜕𝑤𝑤

𝜕𝜕𝜕
= −

𝜇𝜇0𝑉𝑉𝑔𝑔‖

2
𝐽𝐽𝐸𝐸. (2)

The current JE is obtained by Equation 16 of Omura et al. (2009) and controls 
the convective growth of the wave amplitudes. We assume the convective 
growth only occurs at |Lat| ≤ 2°, and hence JE = 0 at |Lat| > 2°. For wave 
frequencies at |Lat| > 0°, we solve

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝑉𝑉𝑔𝑔‖

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕
= 0 (3)

to obtain the space-time variations. The maximum wave magnetic field 
amplitudes Bw,max are 2.1 nT, 307 pT, and 49.4 pT in Figures 1a–1c, respec-
tively, containing three different orders of wave amplitude. The amplitudes 
are referred to Li et al. (2011) for 50 and 300 pT, and Foster et al. (2017) for 
2.1 nT. Profiles of the wave amplitudes and the wave frequencies are shown 
in Supporting Information.

Input parameters for the amplitude sets are listed in Tables 1 and 2. In this 
paper, all the subscripts ‖ (⊥) stand for the parallel (perpendicular) compo-
nents of variables with respect to the background magnetic field B0. The 
duration of each subpacket in Figure 1 is about 10–20 ms, and the subpacket 
duration of the low frequency parts is longer than that of the higher frequency 
parts. These wave features agree with observations (i.e., Santolík et al., 2014; 
Foster et al., 2017). The duration of the waves with different amplitudes are 
not similar since we have to fit these wave features and the target ampli-
tudes (∼50 pT, ∼300 pT, and ∼2.1 nT.) by adjusting the input parameters in 
Table 2. Eventually, their wave duration becomes different. However, accord-
ing to observations (e.g., Shue et al., 2019), the wave duration of every case 
in this study is still reasonable.

We assume artificial distributions of WNAs in the simulations. WNAs of 
simulation wave models as functions of latitudes are illustrated in Figure 2. 

According to our background settings, the angles between the background magnetic field and the wave group 
velocities of lower-band chorus are always less than 30° (Hsieh & Omura, 2017). Therefore, we can assume the 
wave packet propagates approximately along the field line. Moreover, Agapitov et al. (2018) reported that the 
spatial extent of the chorus source is about 1 RE in the radial direction and about 1.2 hr of MLT in the azimuthal 
direction. The spatial extent and the group velocity direction indicate that an oblique lower-band chorus can exist 
near the field line. The blue line (θ1) represents purely parallel chorus waves, and the other 3 curves stand for 
oblique chorus waves. The oblique waves are generated at the equator with WNA = 0°, and their WNA increase 
with propagation. The green line (θ2) stands for slightly oblique chorus waves with a maximum WNA θmax = 20°, 

Figure 1. Wave magnetic field amplitudes and frequencies of lower-band 
chorus waves for the Green's function data sets. We have three different 
amplitudes sets (a–c). Their maximum amplitudes (Bw,max) are (a) 2.1 nT, 
(b) 307 pT, and (c) 49.4 pT. The black/blue solid lines are wave amplitudes/
frequencies at the equator (generation region). The gray/light blue thick 
lines are wave amplitudes/frequencies at |Lat| = 2°, which is the end of the 
convective growth. The waves start from the equator at L = 4.5 and then 
propagate both northward and southward with group velocity. At |Lat| > 2°, 
the wave amplitudes of wave packets do not change. The pink curves denote 
the optimum amplitude Bop for wave generation. The gray dashed lines indicate 
the frequency 0.5 Ωe0.
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the yellow line (θ3) is moderately oblique chorus waves with a θmax = 60°. For θ2 and θ3, at |Lat| ≤ 2° the WNA is 
0°, at |Lat| ≥ 45° the WNA is θmax, and at 2° < |Lat| < 45° the WNA is a linear function. The red curve (θ4) denotes 
very oblique chorus waves, whose WNA is 90% of the resonance cone angle (θres) for ω = 0.5Ωeq at |Lat| ≥ 10° 
and a liner function between 0° and 0.9θres at 2° ≤ |Lat| ≤ 10°.

2.2. Test Particle Simulations

We apply test particle simulations with the wave models described above to obtain the Green's function sets. For a 
Green's function, 3,600 electrons start at a specific energy and equatorial pitch angle with random initial gyroph-
ases and latitudes. The electron trajectories are obtained from the integration of the equation of motion given by

𝑚𝑚0

d(𝛾𝛾𝒗𝒗)

d𝑡𝑡
= 𝑞𝑞[𝐄𝐄w + 𝒗𝒗 × (𝐁𝐁0 + 𝐁𝐁w)], (4)

where m0 is the rest mass of an electron, v is the electron velocity, q is the electric charge, Ew is the wave electric 
field, B0 is the ambient magnetic field, and Bw is the wave magnetic field. A Green's function set gathers results 
of test particle simulations with one wave model described above. There are 51,000 Green functions in a Green's 
function set with initial energies from 10 keV to 6 MeV (interval 10 keV) and equatorial pitch angles from 5° to 
89° (interval 1°). According to L = 4.5, the loss cone angle θloss is 4.56° corresponding to an altitude of 100 km 
from the Earth's surface. After being affected by a pair of chorus emissions, electrons inside the loss cone are 
treated as loss electrons.

3. Simulated Precipitation Rates
The electron precipitation rates in this study are defined by the simulation input and the results. For a Green's 
function, electrons scatter in kinetic energies and equatorial pitch angles after interacting with a pair of the 

Figure 2. Latitude distributions of wave normal angles (WNAs) θ. We have 4 different settings of WNAs. The blue line 
shows the parallel case (θ1). The green line is the slightly oblique case (θ2) with θ = 0° at |Lat| < 2°, θ = 20° at |Lat| > 45°, 
and between |Lat| = 2° and 45° the θ is a linear function. The yellow line is the moderately oblique case with θ = 0° at 
|Lat| < 2°, θ = 60° at |Lat| > 45°, and between |Lat| = 2° and 45° the θ is a linear function. The red curve denotes the very 
oblique case with θ = 0° at |Lat| < 2°, at |Lat| > 2° the θ is 0.9 times resonance cone angle at ω = 0.5 Ωe0, and between 
|Lat| = 2° and 10° the θ is a linear function.

Parameters Normalized value Real value

L-shell (L) 4.5

Equatorial background magnetic field (B0eq) 342 nT

Equatorial electron gyrofrequency (Ωe0) 9.48 kHz

Electron plasma frequency (ωpe) 4 Ωe0 37.9 kHz

Cold electron density (ne) 18/cc

Wave frequency (ω) 0.25 − 0.5 Ωe0 2.37 − 4.74 kHz

Charge to mass ratio (q/m0) −1e/me −1.76 × 10 11 C/kg

Table 1 
General Input Parameters
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given emissions. The denominator of the electron precipitation rate is the 
number of the input electrons of a Green's function, and the numerator is 
the  number of electrons in the loss cone after the interactions. In other words, 
considering a group of electrons at a certain energy and an equatorial pitch 
angle, the precipitation rate estimates the percentage of the electrons being 
precipitated by a chorus wave packet. Figure 3 plots the precipitation rates 
for the Bwmax = 2.1 nT cases. Figures 3a–3d are respectively the precipitation 
rates of Cases θ1, θ2, θ3, and θ4. Figure 3e shows the precipitation rates for all 
equatorial pitch angles as functions of the initial kinetic energies. NL means 
the number of loss electrons of each initial energy, and Np is the number of 
the input electrons for each energy. The blue, green, violet, and dark orange 
curves stand for Cases θ1, θ2, θ3, and θ4, respectively.

Obviously, Figure  3e shows that larger WNA waves cause more electron 
precipitation at energy less than 500 keV. For energy greater than 500 keV, 
the Case θ4 still makes the most extensive precipitation, but the precipitation 

of the other cases is almost the same. For the parallel case (Figure 3a), the highest precipitation angles (HPA) for 
low energies are higher than the HPA for high energies. Namely, low-energy electrons (<100 keV) have more 
chances of being precipitated than high-energy electrons (∼MeV) have. It must be pointed out that there is a slot 
around K = tens of keV and αeq = 10°. This slot is probably due to the anomalous trapping mechanism introduced 
by Kitahara and Katoh (2019). A low equatorial pitch angle electron is trapped by a wave and its equatorial pitch 
angle becomes higher. The slot can be found in the other cases, but their sizes are much smaller than that of the 
parallel case, indicating that the multiple resonances effect in oblique WPI weakens the anomalous trapping. The 
anomalous trapping lowers precipitation rates of the parallel case at tens of keV. In Figure 3e, we find that the 
blue curve is much lower than the other curves at energies tens of keV.

Compared with Figure  3a, Figures  3b and  3c  (oblique cases θ2 and θ3) show additional bulges around (K, 
α) = (150 keV, 20°). The bulges are due to the multiple resonances effect, particularly the n = 2 resonance. We 
will discuss the mechanism later in Section 4.

Figure  3d is the most special case with very large WNAs. There is a distinct precipitation pattern around 
K = 30–150 keV and α = 30°–50°, which makes the Case θ4 the strongest precipitation case. The HPA of the 

Bw,max Normalized Bw,max nh Vt‖ V⊥0 Q τ

2.1 nT 0.006 Ωe0 0.005 ne 0.15 c 0.3 c 0.5 0.5

307 pT 0.00088 Ωe0 0.0018 ne 0.2 c 0.4 c 0.5 0.5

49.4 pT 0.00015 Ωe0 0.001 ne 0.2 c 0.4 c 0.2 0.5

Note. Bw,max, Maximum wave magnetic field amplitude; nh, Source electron 
density; Vt‖, Parallel thermal velocity of source electrons; V⊥0, Averaged 
perpendicular velocity of source electrons; Q, Depth of an electron hole; τ, 
Nonlinear transition time to nonlinear trapping time ratio.

Table 2 
Input Parameters for Three Wave Sets

Figure 3. Precipitation rates for electrons interacting with a pair of chorus emissions shown in Figure 1a. (a–d) Electron precipitation rates as functions of initial 
kinetic energies and equatorial pitch angles with different wave normal angle settings Case θ1–Case θ4. The white lines denote the loss cone angle 4.56°. No electron 
precipitates from the black region. (e) Precipitation rate for all pitch angles as functions of kinetic energy. Blue, green, violet, and dark orange curves stand for Cases θ1, 
θ2, θ3, and θ4, respectively.
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Case θ4 is much higher than those of the other cases. Namely, electrons can precipitate from a high initial equa-
torial pitch angle when interacting with a very oblique chorus wave. Figure 3e shows that at K < 100 keV, the 
precipitation rates of the Case θ4 are about 1.5 times those of the Case θ1 and about 1.2 times those of the Case θ2 
and θ3. We check the detailed trajectories of electrons belonging to the distinct precipitation pattern and find that 
the precipitation is caused by nonlinear trapping of n = −1 cyclotron resonance. Figure 4 shows an example of 
precipitated electron starting at K = 100 keV and α = 35° in Figure 3d. In the other wave cases, electrons cannot 
be precipitated from these energy and equatorial pitch angle.

Figure 4a is a Lat–v‖ trajectory. The dotted lines and the dashed lines denote the resonance velocities VRn for 
ω = 0.25 and 0.5 Ωe0, respectively. The red, blue, green, and purple colors stand for harmonic numbers −1, 0, 1, 
and 2, respectively. Figures 4b and 4c respectively show the time variations of the kinetic energy and equatorial 
pitch angle of the electron. The inhomogeneity factors Sn for n = −1 to 2 are plotted in Figure 4d. The color order 
of the resonances in Figure 4d is the same as that in Figure 4a. The equation of Sn is given later in Equation 34. 
Checking these plots, we can easily find that the primary precipitation occurs in the light red area. The Lat–v‖ 
trajectory follows the VR−1 curve, and the |S−1| is less than 1, indicating that the nonlinear trapping via n = −1 
cyclotron resonance occurs in the light area and is the primary process contributing to the electron precipitation. 
The electron undergoes 2 more resonances, which are nonlinear scattering via n = 1 cyclotron resonance (light 
purple area) and nonlinear scattering via n = 2 cyclotron resonance (light green area), before the n = −1 cyclo-
tron resonance occurs. However, the n = 2 and n = 1 cyclotron resonances do not make critical decreasing of the 
electron pitch angle.

Figure 5 shows precipitation rates of the Bwmax = 307 and 49.4 pT cases. The figure configuration is similar to 
Figure 3. In Figure 5i, the solid and dotted curves stand for the Bwmax = 307 and 49.4 pT cases, respectively. 
Obviously, the precipitation rates in Figures  5a–5d are very similar, and the rates in Figures  5e–5h are also 
very close. The results signify that the nonlinear interactions of n ≠ 1 resonances are very weak for waves with 
amplitude around tens of pT to a few hundred pT. The figure also indicates that the HPA is highly affected by 
wave amplitudes. According to Figures 3 and 5, we have three general conclusions about chorus-induced electron 
precipitation: (a) The wave amplitude is the most critical parameter controlling the electron precipitation rate. A 
larger wave amplitude results in more electron precipitation. (b) The precipitation rates of tens of keV electrons 
are higher than those of hundreds of keV electrons, except for purely parallel waves with a large amplitude, in 
which the anomalous trapping is strong. (c) A rough tendency is that at low electron energy the HPA is high, and 
at high electron energy the HPA is low.

Figure 4. An example of a precipitated electron initially at K = 100 keV and α = 35°. (a) Electron trajectories in a Lat–v‖ phase space. Specific resonances can be 
recognized in this plot by checking the resonance velocities VRn with different n. (b) Time variations of the kinetic energy K. (c) Time variations of the equatorial pitch 
angle α. (d) Inhomogeneity factors for n = −1 (red), n = 0 (blue), n = 1 (purple), and n = 2 (green). Areas shaded with light purple, green, and red colors in each panel 
point out the periods when the electron undergoes n = 1, n = 2, and n = −1 resonances, respectively.
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4. Discussion
We theoretically calculate the time derivative of equatorial pitch angles of resonant electrons to verify the effects 
of different resonances on electrons. We check if the theoretical estimations agree with the simulation results in 
this section.

4.1. Theoretical Equatorial Pitch Angle Scattering Rates

Considering the field aligned coordinates, with electron parallel velocity v‖, electron perpendicular velocity v⊥, 
electron gyro-phase ϕ, wave phase ψ, the gradient of the ambient magnetic field dΩe/dh, left-handed polar-
ized wave magnetic field amplitude 𝐴𝐴 Ω𝐿𝐿 = 𝑒𝑒𝑒𝑒𝑤𝑤

𝐿𝐿
∕𝑚𝑚0 , right-handed polarized wave magnetic field amplitude 

𝐴𝐴 Ω𝑅𝑅 = 𝑒𝑒𝑒𝑒𝑤𝑤

𝑅𝑅
∕𝑚𝑚0 , parallel wave magnetic field 𝐴𝐴 𝐴𝐴𝑤𝑤

‖  , and parallel wave electric field amplitude 𝐴𝐴 𝐴𝐴𝑤𝑤

‖  , the equation of 
motion (Equation 4) is separated as (Nunn & Omura, 2015; Omura, 2021)

d(𝛾𝛾𝛾𝛾‖)

d𝑡𝑡
= Ω𝑅𝑅𝛾𝛾⟂sin(𝜙𝜙 − 𝜓𝜓) + Ω𝐿𝐿𝛾𝛾⟂sin(𝜙𝜙 + 𝜓𝜓) −

𝑒𝑒𝑒𝑒𝑤𝑤

‖

𝑚𝑚0

sin𝜙𝜙 −
𝛾𝛾𝛾𝛾2

⟂

2Ω𝑒𝑒

dΩe

dℎ
, (5)

d(𝛾𝛾𝛾𝛾⟂)

d𝑡𝑡
= Ω𝑅𝑅(𝑈𝑈𝑅𝑅 − 𝛾𝛾‖)sin(𝜙𝜙 − 𝜓𝜓) + Ω𝐿𝐿(𝑈𝑈𝐿𝐿 − 𝛾𝛾‖)sin(𝜙𝜙 + 𝜓𝜓) +

𝛾𝛾𝛾𝛾⟂𝛾𝛾‖

2Ω𝑒𝑒

dΩe

dℎ
, (6)

Figure 5. Precipitation rates for electrons interacting with a pair of chorus emissions shown in Figures 1b and 1c. (a–h) Figure configurations are the same as in 
Figure 3. (i) Precipitation rate among all pitch angles as functions of kinetic energies. Blue, green, violet, and dark orange curves stand for Cases θ1, θ2, θ3, and θ4, 
respectively. The solid lines show the Bw,max = 307 pT cases, and the dotted lines show the Bw,max = 49.4 pT cases.
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d𝜙𝜙

d𝑡𝑡
=

Ω𝑒𝑒

𝛾𝛾
+

Ω𝑅𝑅

𝛾𝛾𝛾𝛾⟂
(𝑈𝑈𝑅𝑅 − 𝛾𝛾‖)cos(𝜙𝜙 − 𝜓𝜓) +

Ω𝐿𝐿

𝛾𝛾𝛾𝛾⟂
(𝑈𝑈𝐿𝐿 − 𝛾𝛾‖)cos(𝜙𝜙 + 𝜓𝜓) −

𝑒𝑒𝑒𝑒𝑤𝑤

‖

𝛾𝛾𝛾𝛾0

cos𝜓𝜓𝜓 (7)

where 𝐴𝐴 𝐴𝐴𝐿𝐿 = 𝐸𝐸𝑤𝑤

𝐿𝐿
∕𝐵𝐵𝑤𝑤

𝐿𝐿
 and 𝐴𝐴 𝐴𝐴𝑅𝑅 = 𝐸𝐸𝑤𝑤

𝑅𝑅
∕𝐵𝐵𝑤𝑤

𝑅𝑅
 are the left-handed and right-handed polarized electric field to magnetic 

field ratios, respectively. The last terms of Equations 5 and 6 are effects of gradient of the background magnetic 
field. The wave phase ψ observed by an electron with a gyrophase ϕ is written as

𝜓𝜓 = 𝜔𝜔𝜔𝜔 − 𝑘𝑘‖ℎ − 𝑘𝑘⟂𝑟𝑟𝑐𝑐sin𝜙𝜙 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝜔𝜔𝑐 = 𝜓𝜓𝐵𝐵 − 𝛽𝛽sin𝜙𝜙𝜙 (8)

where k‖ and k⊥ are respectively the parallel and perpendicular wave numbers, ψB is the wave phase at the electron 
guiding center, rc = γv⊥/Ωe is the gyro-radius, h is the distance from the equator along a field line, and β = rck⊥. 
We have the relation regarding the Bessel functions of the first kind Jn as

𝑒𝑒𝑖𝑖(𝜙𝜙−𝜓𝜓)
= 𝑒𝑒𝑖𝑖(𝜙𝜙−𝜓𝜓𝐵𝐵)𝑒𝑒𝑖𝑖𝑖𝑖sin𝜙𝜙 = 𝑒𝑒𝑖𝑖(𝜙𝜙−𝜓𝜓𝐵𝐵)

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝑖𝑖)𝑒𝑒
𝑖𝑖𝑛𝑛𝜙𝜙

=

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝑖𝑖)𝑒𝑒
𝑖𝑖[(𝑛𝑛+1)𝜙𝜙−𝜓𝜓𝐵𝐵]. (9)

Replacing n + 1 by n and n by n − 1 of Equation 9 and only taking the imaginary part, we obtain

sin(𝜙𝜙 − 𝜓𝜓) =

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛−1(𝛽𝛽)sin(𝑛𝑛𝜙𝜙 − 𝜓𝜓𝐵𝐵) =

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛−1(𝛽𝛽)sin 𝜁𝜁𝑛𝑛, (10)

where

𝜁𝜁𝑛𝑛 = 𝑛𝑛𝑛𝑛 − 𝜓𝜓𝐵𝐵. (11)

Similarly, we have

𝑒𝑒−𝑖𝑖(𝜙𝜙+𝜓𝜓)
= 𝑒𝑒−𝑖𝑖(𝜙𝜙+𝜓𝜓𝐵𝐵)𝑒𝑒𝑖𝑖𝑖𝑖sin𝜙𝜙 = 𝑒𝑒𝑖𝑖(𝜙𝜙+𝜓𝜓𝐵𝐵)

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝑖𝑖)𝑒𝑒
𝑖𝑖𝑛𝑛𝜙𝜙

=

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝑖𝑖)𝑒𝑒
𝑖𝑖[(𝑛𝑛−1)𝜙𝜙−𝜓𝜓𝐵𝐵], (12)

sin(𝜙𝜙 + 𝜓𝜓) = −

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛+1(𝛽𝛽)sin 𝜁𝜁𝑛𝑛, (13)

𝑒𝑒−𝑖𝑖𝑖𝑖 = 𝑒𝑒𝑖𝑖(𝛽𝛽sin𝜙𝜙−𝑖𝑖𝐵𝐵) = 𝑒𝑒−𝑖𝑖𝑖𝑖𝐵𝐵

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝛽𝛽)𝑒𝑒
𝑖𝑖𝑛𝑛𝜙𝜙

=

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝛽𝛽)𝑒𝑒
𝑖𝑖𝑖𝑖𝑛𝑛 , (14)

and

sin(𝜓𝜓) = −

∞∑

𝑛𝑛=−∞

𝐽𝐽𝑛𝑛(𝛽𝛽)sin 𝜁𝜁𝑛𝑛. (15)

Substituting Equations 10, 13, and 15 into Equations 5 and 6, we obtain

d(𝛾𝛾𝛾𝛾‖)

d𝑡𝑡
=

1

𝑘𝑘‖

∞∑

𝑛𝑛=−∞

𝜔𝜔2

𝑡𝑡𝑡𝑛𝑛sin 𝜁𝜁𝑛𝑛 −
𝛾𝛾𝛾𝛾2

⟂

2Ω𝑒𝑒

dΩe

dℎ
𝑡 (16)

d(𝛾𝛾𝛾𝛾⟂)

d𝑡𝑡
=

1

𝑘𝑘‖

∞∑

𝑛𝑛=−∞

𝜔𝜔2

𝑠𝑠𝑠𝑛𝑛sin 𝜁𝜁𝑛𝑛 +
𝛾𝛾𝛾𝛾⟂𝛾𝛾‖

2Ω𝑒𝑒

dΩe

dℎ
𝑠 (17)

where

𝜔𝜔2

𝑡𝑡𝑡𝑡𝑡 =
𝑒𝑒𝑒𝑒‖

𝑚𝑚0

[
𝐸𝐸𝑤𝑤

‖ 𝐽𝐽𝑡𝑡(𝛽𝛽) + 𝑣𝑣⟂𝐵𝐵
𝑤𝑤

𝑅𝑅
𝐽𝐽𝑡𝑡−1(𝛽𝛽) − 𝑣𝑣⟂𝐵𝐵

𝑤𝑤

𝐿𝐿
𝐽𝐽𝑡𝑡+1(𝛽𝛽)

]
𝑡 (18)

𝜔𝜔2

𝑠𝑠𝑠𝑠𝑠 =
𝑒𝑒𝑒𝑒‖

𝑚𝑚0

[
𝐵𝐵𝑤𝑤

𝑅𝑅
(𝑈𝑈𝑅𝑅 − 𝑣𝑣‖)𝐽𝐽𝑠𝑠−1(𝛽𝛽) − 𝐵𝐵𝑤𝑤

𝐿𝐿
(𝑈𝑈𝐿𝐿 − 𝑣𝑣‖)𝐽𝐽𝑠𝑠+1(𝛽𝛽)

]
. (19)

The time derivative of kinetic energy is
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d𝐾𝐾

d𝑡𝑡
=

d

d𝑡𝑡

[
𝑚𝑚0𝑐𝑐

2
(𝛾𝛾 − 1)

]
= −𝑒𝑒𝐄𝐄 ⋅ 𝒗𝒗 = −e

[
𝐸𝐸𝑤𝑤

‖ 𝑣𝑣‖sin𝜓𝜓 − 𝐸𝐸𝑤𝑤

𝑅𝑅
𝑣𝑣⟂sin(𝜙𝜙 − 𝜓𝜓) − 𝐸𝐸𝑤𝑤

𝐿𝐿
𝑣𝑣⟂sin(𝜙𝜙 − 𝜓𝜓)

]
. (20)

Hence, the time derivative of the Lorentz factor is written as

d𝛾𝛾

d𝑡𝑡
=

1

𝑐𝑐2

∞∑

𝑛𝑛=−∞

𝑊𝑊𝑛𝑛sin 𝜁𝜁𝑛𝑛, (21)

where

𝑊𝑊𝑛𝑛 =
𝑒𝑒

𝑚𝑚0

[
𝐸𝐸𝑤𝑤

‖ 𝑣𝑣‖𝐽𝐽𝑛𝑛(𝛽𝛽) + 𝐸𝐸𝑤𝑤

𝑅𝑅
𝑣𝑣⟂𝐽𝐽𝑛𝑛−1(𝛽𝛽) − 𝐸𝐸𝑤𝑤

𝐿𝐿
𝑣𝑣⟂𝐽𝐽𝑛𝑛+1(𝛽𝛽)

]
. (22)

Substituting Equation 21 into Equations 16 and 17, we get

d𝑣𝑣‖

d𝑡𝑡
=

1

𝛾𝛾𝛾𝛾‖

∞∑

𝑛𝑛=−∞

(
𝜔𝜔2

𝑡𝑡𝑡𝑛𝑛 −
𝑣𝑣‖𝛾𝛾‖𝑊𝑊𝑛𝑛

𝑐𝑐2

)
sin 𝜁𝜁𝑛𝑛 −

𝛾𝛾𝑣𝑣2
⟂

2Ω𝑒𝑒

dΩe

dℎ
𝑡 (23)

d𝑣𝑣⟂

d𝑡𝑡
=

1

𝛾𝛾𝛾𝛾‖

∞∑

𝑛𝑛=−∞

(
𝜔𝜔2

𝑠𝑠𝑠𝑛𝑛 −
𝑣𝑣⟂𝛾𝛾‖𝑊𝑊𝑛𝑛

𝑐𝑐2

)
sin 𝜁𝜁𝑛𝑛 +

𝛾𝛾𝑣𝑣⟂𝑣𝑣‖

2Ω𝑒𝑒

dΩe

dℎ
. (24)

Applying η = v⊥/v‖, the time derivative of the local pitch angle αh = tan −1(v⊥/v‖) is written as

d�ℎ
d�

= d�ℎ
d�

d�
d�

= 1
1 + �2

(

1
�
‖

d�⟂
d�

− �⟂
�2
‖

d�⟂
d�

)

.
 (25)

Since

1

1 + 𝜂𝜂2
=

𝑣𝑣2‖

𝑣𝑣2
, (26)

substituting Equations 23 and 24 into Equation 25, it yields

d�ℎ
d�

=
�2
‖

�2

{

1
�
‖

[

1
��

‖

∞
∑

�=−∞

(

�2
�,� −

�⟂�‖

��

�2

)

sin �� +
�⟂�‖
2Ω�

dΩe

dℎ

]

− �⟂
�2
‖

[

1
��

‖

∞
∑

�=−∞

(

�2
�,� −

�
‖

�
‖

��

�2

)

sin �� −
�2⟂
2Ω�

dΩe

dℎ

]}

=
∞
∑

�=−∞

(

�
‖

�2
�,� − �⟂�2

�,�

) sin ��
��

‖

�2
+ �⟂

2Ω�

dΩe

dℎ
.

 (27)

The first summation term of Equation 27 is the wave-driven term, and the second term is the magnetic field gradi-
ent contributed term. The relation between equatorial pitch angle α and local pitch angle αh is

𝛼𝛼 = sin
−1

(√
𝐵𝐵𝑒𝑒𝑒𝑒

𝐵𝐵ℎ

sin 𝛼𝛼ℎ

)
, (28)

where Bh is the magnitude of the local background magnetic field, and along the same field line, the magni-
tude of the equatorial magnetic field is Beq. Since the magnetic field gradient does not affect the variations of 
equatorial pitch angles, we ignore the dΩe/dh terms in the following derivations. Taking the wave-driven term of 
Equation 27 and a specific nth resonance into account, we obtain the equatorial pitch angle scattering rate of an 
electron undergoing nth resonance as

d�
d�

= d�
d�ℎ

d�ℎ
d�

=
(

�
‖

�2
�,� − �⟂�2

�,�

) sin ��
��

‖

�2

√

1 − �ℎ

���
sin2�

√

���

�ℎ

1
cos �

.
 (29)
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For a resonant electron,

𝑣𝑣‖ ≃ 𝑉𝑉𝑅𝑅𝑅𝑅𝑅. (30)

We have the relation
√

1 −
𝐵𝐵ℎ

𝐵𝐵𝑒𝑒𝑒𝑒

sin
2
𝛼𝛼 = cos 𝛼𝛼ℎ =

𝑣𝑣‖

𝑣𝑣
. (31)

Therefore, substituting Equations  30 and  31 into Equation  29, the equatorial pitch angle scattering rate is 
approximately

d𝛼𝛼

d𝑡𝑡
≃
(
𝑉𝑉𝑅𝑅𝑅𝑅𝑅𝜔𝜔

2

𝑠𝑠𝑅𝑅𝑅 − 𝑣𝑣⟂𝜔𝜔
2

𝑡𝑡𝑅𝑅𝑅

) 𝑉𝑉𝑅𝑅𝑅𝑅𝑅

𝛾𝛾𝛾𝛾‖𝑣𝑣3
sin 𝜁𝜁𝑅𝑅

cos 𝛼𝛼

√
𝐵𝐵𝑒𝑒𝑒𝑒

𝐵𝐵ℎ

. (32)

This paper discusses the theoretical equatorial pitch angle scattering rates in two conditions: nonlinearly trapped 
electrons and untrapped resonant electrons.

4.2. Nonlinearly Trapped Electrons

When an electron undergoes the nonlinear trapping, the second-order resonance condition should be satisfied 
(e.g., Nunn, 1974; Nunn & Omura, 2015). The second-order resonance condition is given by

sin 𝜁𝜁𝑛𝑛 = −𝑆𝑆𝑛𝑛. (33)

The inhomogeneity factor Sn is given by (See Appendix A for detailed derivations)

𝑆𝑆𝑛𝑛 =
1

Ω
2

𝑡𝑡𝑡𝑛𝑛

[(
2𝑉𝑉𝑅𝑅𝑡𝑛𝑛

𝑉𝑉𝑔𝑔‖
− 1

)
𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
+ 𝑉𝑉 2

𝑅𝑅𝑡𝑛𝑛

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕
+

(
𝑛𝑛

𝛾𝛾
𝑉𝑉𝑅𝑅𝑡𝑛𝑛 −

𝜕𝜕‖𝑣𝑣
2

⟂

2Ω𝑒𝑒

)
𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕

]
𝑡 (34)

where

Ω
2

𝑡𝑡𝑡𝑡𝑡 =
1

𝛾𝛾

(
𝜔𝜔2

𝑡𝑡𝑡𝑡𝑡 − 𝜔𝜔Ω𝑑𝑑𝑡𝑡𝑡

)
𝑡 (35)

and

Ω𝑑𝑑𝑑𝑑𝑑 =
𝑒𝑒

𝑚𝑚0𝑐𝑐2

[
𝑣𝑣‖𝐸𝐸

𝑤𝑤

‖ 𝐽𝐽𝑑𝑑(𝛽𝛽) + 𝑣𝑣⟂𝐸𝐸
𝑤𝑤

𝑅𝑅
𝐽𝐽𝑑𝑑−1(𝛽𝛽) − 𝑣𝑣⟂𝐸𝐸

𝑤𝑤

𝐿𝐿
𝐽𝐽𝑑𝑑+1(𝛽𝛽)

]
. (36)

The ∂ω/∂t in Equation 34 is the frequency sweep rate. The ∂k‖/∂h is the gradient of parallel wave numbers, a term 
containing the frequency sweep rates, the gradient of wave normal angels, and the gradient of background param-
eters such as magnetic field and plasma frequencies. It is not easy to obtain ∂k‖/∂h from in situ observations since 
satellites cannot orbit along a field line measuring these parameters and obtaining the gradient of the required 
parameters. If we assume the WNAs and the plasma frequencies do not change much along a field line, we can 
omit ∂θ/∂h and ∂ωpe/∂h terms in ∂k‖/∂h, and then the Sn can be described by the contribution of the frequency 
sweep rate ∂ω/∂t and the gradient of the background magnetic field ∂Ωe/∂h as

𝑆𝑆𝑛𝑛 =
1

Ω
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⎨
⎪
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𝛾𝛾
𝑉𝑉𝑅𝑅𝑡𝑛𝑛 −
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⟂
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−
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𝑅𝑅𝑡𝑛𝑛
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(𝜕𝜕𝑝𝑝𝑒𝑒

𝑐𝑐

)3
(
Ω𝑒𝑒

𝜕𝜕
cos 𝜃𝜃 − 1

)−
3

2 cos
2𝜃𝜃

𝜕𝜕

⎤
⎥
⎥⎦

𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕

⎫
⎪
⎬
⎪
⎭

. (37)

The derivation and the detailed explanation of Equation 37 are also shown in Appendix A. Omura et al. (2019) 
and Omura (2021) have reported the inhomogeneity factors for quasi-parallel chorus waves. However, they are 
not valid for oblique chorus waves since they applied the parallel chorus wave dispersion relation in the deri-
vations. We improve the derivation of the inhomogeneity factor Sn so that Equations 34 and 37 are suitable for 
whistler mode waves at any WNA.

To obtain the dα/dt, we calculate electron parallel velocities v‖ along an L = 4.5 field line (the same as the simu-
lations described above) under the adiabatic motion for an electron with a specific equatorial pitch angle α and 
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kinetic energy K, and we also calculate the resonance velocity VR along the field line. Then, we find a position 
hr, where the resonance occurs (v‖ = VR). Figure 6 shows the dα/dt as functions of the initial kinetic energies and 
equatorial pitch angles of trapped electrons at hr with a wave amplitude 2.1 nT (0.6% of B0eq), a wave frequency 
0.25 Ωe0, a frequency sweep rate ∂ω/∂t = 0, and a constant WNA. We separate dα/dt into nth resonances for n 
from −1 to 2 and plot three different WNAs (θ = 10°, 30° and 0.9 × θres). We do not plot dα/dt of parallel waves 
(θ = 0°) because there are no n = −1, 0, and 2 resonances in parallel WPI, and the dα/dt with n = 1 and θ = 0° 
is almost the same as that with (n, θ) = (1, 10°). Here we set sin ζn = −Sn in Equation 32 representing nonline-
arly trapped electrons. Warm colors show increasing α after the resonances, and cold colors denote decreasing 
α. The white areas are positions where the electron v‖ cannot reach the VRn at all latitudes. The gray parts are 
|Sn| > 1, indicating that the nonlinear trapping cannot happen. The black solid lines denote the loss cone angle 
αloss = 4.56°. The green solid curves point out where dα/dt = 0, indicating the turning of increasing or decreasing 
α. Similar figure for ω = 0.4 Ωe0 is plotted in Figure 7.

Figures 6 and 7 tell that, generally, the nonlinear trapping via n ≥ 1 resonances causes increasing of α, except for 
high-energy and high-equatorial pitch angle electrons as shown in the right-top corner (the yellow parts righter 
than the green curves) of all subplots in the second rows (n = 1). This tendency agrees with relativistic turning 
acceleration (Omura et al., 2007) and ultra-relativistic acceleration (Summers & Omura, 2007), which slightly 
lower the α of trapped electrons. On the other hand, the n < 1 resonances cause decreasing of α, indicating that 
the trapped electrons move toward the loss cone.

Figure 6. Equatorial pitch angle scattering rates of nonlinearly trapped electrons for a total wave amplitude 2.1 nT and a wave frequency 0.25 Ωe0. The white area 
means equatorial pitch angle and energy ranges where the electron v‖ never reaches the resonance velocity VR,n hence the resonance does not occur. The gray area 
denotes where the absolute value of the inhomogeneous factor is greater than 1 (nonlinear trapping cannot happen). The green curves indicate dα/dt = 0.
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The most obvious parts in Figures 6 and 7 are the gray parts at low α in every sub-figure. For electrons with low α, 
v‖ ≃ VRn usually occurs at high latitudes, where the ∂Ω/∂h is too large to make |Sn| less than unity. Low-energy (< 
tens of keV) electrons with the n = 1 cyclotron resonance and the n = 0 Landau resonance are exceptions. Precipita-
tion implies that the equatorial pitch angle becomes smaller. For θ < 30° waves, precipitation is only caused by the 
n = 0 Landau resonance for electron <∼50 keV, which is consistent with our previous study (Hsieh et al., 2022).

For the very oblique cases (the rightest column of Figures 6 and 7), electrons can be precipitated by the n = 0 
Landau resonance at about 300 keV, which is higher than the other cases. Furthermore, the right-bottom plots of 
Figures 6 and 7 show that electrons have opportunities being pushed in to the loss cone by the n = −1 cyclotron 
resonance after interacting with a very oblique chorus wave. The n = −1 precipitation is much stronger than the 
n = 0 precipitation since the dα/dt of n = −1 resonance is much stronger than that of n = 0 resonance.

4.3. Untrapped Resonant Electrons

Figures  8 and  9 show dα/dt for nonlinearly scattered electrons with ω  =  0.25 Ωe0 and 0.4 Ωe0, respectively. 
Untrapped electrons with different ζn have different dα/dt. Here we plot the maximum dα/dt values. In the case 
with positive/negative Sn, we replace sin ζn with 1/−1, showing the different tendencies of equatorial pitch angle 
changes between nonlinearly scattered and nonlinearly trapped electrons.

Clearly, untrapped electrons via n = 0 and n = −1 resonances are not related to precipitation since the positive 
dα/dt. The strong blue parts in the second row of Figures 8 and 9 indicate that the n = 1 cyclotron resonance 
causes electron precipitation in every case. However, we should notice that the interaction period is very short for 

Figure 7. Equatorial pitch angle scattering rates of nonlinearly trapped electrons for a wave amplitude 2.1 nT and a wave frequency 0.4 Ωe0. The figure configuration is 
the same as in Figure 6.
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an untrapped electron, usually only a few ms. We can roughly calculate Δα, which is dα/dt times the interaction 
period, for an untrapped electron to check if the wave and electron conditions can cause effective precipitation. 
If we calculate Δα from the values of dα/dt in Figures 8 and 9, we will find that the results do not consist with 
Figure 3. The calculated Δα should be too large. That is because the wave amplitudes in the simulation are not 
always the maximum values, and the |sin ζn| of untrapped electrons should be less than 1. If we want to apply 
Equation 32 into other simulations or observations, we should be careful about the amplitude variations and the 
ζn. Nevertheless, the tendency dα/dt of n = 1 resonance is consistent with the HPA of Figure 3a (the parallel 
case), which shows that a higher dα/dt contribute to a higher HPA. Detailed comparisons between dα/dt and the 
simulated precipitation rates will be discussed later in Section 4.4.

4.4. Connections Between Simulated and Theoretical Electron Precipitation

In this section we compare the relation between simulation results shown in Section 3 and the dα/dt. We only 
discuss the Bw,max  =  2.1  nT cases since they show strong nonlinear effects. Electron precipitation is directly 
connected to negative dα/dt. Hence, we can say that the electron precipitation is caused by one or more of the 
following nonlinear processes:

1.  Nonlinear scattering via n = 1 cyclotron resonance.
2.  Nonlinear scattering via n ≥ 2 resonance.
3.  Nonlinear trapping via n = 0 Landau resonance.
4.  Nonlinear trapping via n = −1 cyclotron resonance.

Figure 8. The maximum equatorial pitch angle scattering rates of untrapped electrons for a wave amplitude 2.1 nT and a wave frequency 0.25 Ωe0. The figure 
configuration is the same as in Figure 6.
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Note that the nonlinear trapping via n = 1 cyclotron resonance also results in negative dα/dt at high energies and 
high equatorial pitch angles (RTA and URA processes, usually occur around the equator), but the dα/dt is too 
small to let the electron drop into the loss cone from the high equatorial pitch angles. Therefore, precipitation 
done by the nonlinear trapping via n = 1 cyclotron resonance is impossible in a regular dipole magnetic field. 
Nonlinear trapping via n < −1 resonances is difficult to happen since the large |Sn|, so we do not discuss them in 
this study.

First, as mentioned in Section 4.3, the equatorial pitch angle scattering rates dα/dt of untrapped electrons agree 
with the majority of the precipitation rates in Figures 3a–3d (red parts). Figure 3e shows that the precipitation 
rates at energy K < 30 keV is lower than those at energy K = 50–100 keV. At these energy ranges, the nonlinear 
trapping effect, which scatters electrons to higher equatorial pitch angles, is also very strong (see the left-bottom 
part of the second row of Figures 6 and 7).

Second, about the bulges around (K, α) = (150 keV, 20°) in Figures 3b and 3c and the extended cyan parts at 
K > 300 keV in Figures 3b–3d, they should be contributed by the n = 2 cyclotron resonance. The reasons are: (a) 
The dα/dt of the n = 1 resonance is almost the same in these 3 wave conditions, so there should be an additional 
process other than the n = 1 cyclotron resonance causing the bulges. (b) They are not caused by the nonlinear 
trapping via the n = 0 Landau resonance and the n = −1 cyclotron resonance because at these parts nonlinear 
trapping of n < 1 resonances can not occur (See Figures 6 and 7). (c) In Figures 8 and 9, the left boundaries of the 
n = 2 resonance parts agree with the energy of the precipitation bulges, supporting the conjecture that the n = 2 
resonance contributes to the precipitation bulges (See the green dotted ovals in Figure 10).

Figure 9. The maximum equatorial pitch angle scattering rates of untrapped electrons for a wave amplitude 2.1 nT and a wave frequency 0.25 Ωe0. The figure 
configuration is the same as in Figure 6.
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Third, the nonlinear trapping of the n = −1 cyclotron resonance is the key process resulting in the distinct precip-
itation pattern around K = 30–150 keV and α = 30°–50° in Figure 3d (the very oblique case). Examining the  
dα/dt plots (Figures 6–9) we can find that the strong negative dα/dt at these K and α for trapped electrons undergo-
ing the n = −1 cyclotron resonance only occurs with large wave amplitudes and very large WNAs. The precipita-
tion can be the combined effect of multiple resonances, but without the n = −1 cyclotron resonance the electrons 
cannot precipitate from the equatorial pitch angles α > 40° (See the magenta dotted ovals in Figure 10).

Fourth, Figure 3e shows that the electron precipitation done by the oblique chorus emissions is higher than that 
done by the purely parallel chorus emissions at kinetic energies K < 400 keV. Three reasons contribute to this 
result: (a) The nonlinear trapping via the n = 0 Landau resonance slightly pushes low α electrons into the loss 
cone. (b) The nonlinear scattering via the n = 2 resonance also lower the equatorial pitch angles α of resonant 
electrons in this energy range. (c) The anomalous trapping of the n = 1 cyclotron resonance in the oblique WPI is 
weaker than that in the parallel WPI. The multiple resonances effect (including the n = 0 Landau resonance and 
the higher harmonic cyclotron resonances) reduces the number of low K and low α particles being transferred to 
high α. The above connections are shown as the purple dotted ovals in Figure 10. In addition, the precipitation 
rates of the very oblique chorus waves are higher than those of the parallel and the quasi-parallel chorus waves 
because of the strong n = 0 and n = −1 nonlinear trapping effects.

Consequently, we can say that electron precipitation induced by oblique chorus is more than that induced by 
parallel chorus if they have similar wave amplitudes and the amplitudes are large enough. Finding the threshold 
amplitude of effective precipitation by Landau resonance, and higher harmonic resonances remains as a future 
work.

4.5. Equatorial Pitch Angle Scattering Rates for Bw = 307 pT

We plot dα/dt for wave with Bw  =  307  pT and ω  =  0.4 Ωe0 in Figure  11 (trapped electrons) and Figure  12 
(untrapped resonant electrons). Comparing Figure 7 with Figure 11, the gray areas are larger in the 307 pT cases 
than in the 2.1 nT cases, indicating that it is more difficult to have nonlinear trapping in the 307 pT cases. Values 
of dα/dt are much smaller in the 307 pT cases than in the 2.1 nT cases. Precipitation induced by the n = −1 cyclo-
tron resonance is impossible, and that induced by the n = 0 Landau resonance is also very difficult. Also, values 
of dα/dt in Figure 12 are much smaller than in Figure 9. The maximum equatorial scattering rates of untrapped 

Figure 10. Connection of simulated precipitation rates (left panel) and theoretical dα/dt (right panel). The panels are from Figures 3 and 6–9.
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resonant electrons are approximately proportional to the wave amplitudes. This comparison explains that the 
precipitation rates shown in Figure 5 have no apparent difference among different WNAs.

4.6. Efficiency of Electron Acceleration and Precipitation by Chorus Emissions

The precipitation rates among all pitch angles (Figure 3e) indicate that even if with large amplitudes, the largest 
precipitation rate is about 6%, which is much less than electrons trapped in the Earth's magnetic field. Hsieh 
et al.  (2020, 2022) have demonstrated that oblique chorus emissions contribute to more accelerated electrons 
than precipitated electrons. Hence, we know that chorus emissions are not a good object to reduce the relativistic 
electrons in the radiation belts. EMIC waves, which does not cause electron energy changes during WPI, could 
work much effectively than chorus emissions in radiation belt electron losses (e.g., Kubota & Omura, 2017). 
Comparing the electron precipitation rates between chorus emissions and EMIC waves should worth checking 
as a future work.

5. Conclusions
In this study, we investigated the precipitation rates for electrons with energies 10–6,000 keV and equatorial pitch 
angles above the loss cone angles interacting with a pair of chorus emissions at an L = 4.5 field line. We applied 
12 wave models with different wave amplitudes and WNAs. The electron precipitation rates are obtained from the 
Green's functions calculated by the test-particle simulations. We theoretically derived the equatorial pitch angle 

Figure 11. Equatorial pitch angle scattering rates of nonlinearly trapped electrons for a wave amplitude 300 pT and a wave frequency 0.4 Ωe0. The figure configuration 
is the same as Figure 6.
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scattering rates of resonant electrons and analyzed them in different wave amplitudes, wave frequencies, WNAs, 
and nth resonances. The physical findings are itemized as follows:

1.  Wave amplitudes are the most important factor affecting energetic electron precipitation.
2.  Under the same wave condition, in general, the precipitation rates of low-energy electrons are higher than 

those of high-energy electrons because the pitch angle scattering rates of the n = 1 cyclotron resonance is 
higher for low-energy electrons than for high-energy electrons.

3.  For large amplitude waves, the precipitation rates of the very oblique chorus waves are about 1.5 times greater 
than those of the parallel waves and about 1.2 times greater than those of the slightly oblique waves. It is 
because of active nonlinear trapping (n = 0 and n = −1 resonances) and nonlinear scattering (n = 2 resonance).

4.  In the large amplitude and very oblique case, electrons can precipitate from the initial equatorial pitch angles 
>40° around 100 keV because of the strong nonlinear trapping via the n = −1 cyclotron resonance.

5.  The anomalous trapping effect is much weaker in the oblique cases than in the parallel cases.

When we observe a chorus event in the inner magnetosphere or in the outer radiation belt, we can obtain wave 
amplitudes, wave frequencies, WNAs, duration of wave subpackets, electron energies, electron pitch angles, the 
background magnetic field, and the equatorial background magnetic field. With these parameters, we can esti-
mate the electron precipitation rates of the event by integrating Equation 32 over time. Then, the precipitation 
rates are helpful for determining whether the chorus event contributes to effective electron precipitation or not. 
This study only discussed the lower-band chorus emissions and did not take any upper-band chorus emissions 

Figure 12. The maximum equatorial pitch angle scattering rates of untrapped electrons for a wave amplitude 307 pT and a wave frequency 0.4 Ωe0. The figure 
configuration is the same as Figure 8.
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into account. Upper-band chorus emissions usually have larger WNAs and smaller wave amplitudes than lower-
band chorus. We leave the upper-band chorus issue to future works.

Acronyms
WPI Wave-particle interaction
WNA Wave normal angle
HPA Highest precipitation angles

Appendix A: Inhomogeneity Factor for Oblique Whistler Mode Wave-Particle 
Interactions
Omura et al. (2019) has already provided the equation inhomogeneity factor Sn for different nth resonances, but 
it assumed a small WNA and applied parallel dispersion relation in the derivation. Therefore, it is not available 
for all oblique chorus emissions. Here we directly use the dispersion relation of oblique whistler mode waves to 
derive the inhomogeneity factor.

Derivation of the inhomogeneity factor starts from equations of motion (Equations 5–7). With the Bessel function 
expansions, the equations of motion can be written as

d𝑣𝑣‖

d𝑡𝑡
=

1

𝛾𝛾𝛾𝛾‖

∞∑

𝑛𝑛=−∞
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𝑛𝑛=−∞

𝜔𝜔𝑓𝑓𝑓𝑛𝑛cos 𝜁𝜁𝑛𝑛𝑓 (A3)

where

𝜔𝜔𝑓𝑓𝑓𝑓𝑓 =
Ω𝑅𝑅

𝑣𝑣⟂
(𝑈𝑈𝑅𝑅 − 𝑣𝑣‖)𝐽𝐽𝑓𝑓−1(𝛽𝛽) +

Ω𝐿𝐿

𝑣𝑣⟂
(𝑈𝑈𝐿𝐿 − 𝑣𝑣‖)𝐽𝐽𝑓𝑓+1(𝛽𝛽) − Ω‖𝐽𝐽𝑓𝑓(𝛽𝛽). (A4)

Time derivative of the wave phase at guiding center is

d𝜙𝜙𝐵𝐵

d𝑡𝑡
= 𝜔𝜔 − 𝑘𝑘‖𝑣𝑣‖. (A5)

Then, time derivative of ζn is written as

d��
d�

= �
d�
d�

−
d��

d�
= �

‖
(�

‖

− ��,�) +
�
�

∞
∑

�=−∞
��,�cos ��.

 (A6)

The first term of Equation A6 is the nth resonance term and the second term is anomalous trapping term, which is 
important when the local equatorial pitch angle is very small or the wave amplitude is large. Ignoring the anom-
alous trapping term, the time derivative of Equation A6 is

d2��
d�2

= d
d�

(

�
‖

�
‖

− � + �Ω�

�

)

= �
‖

dv
‖

d�
+ �

‖

�
‖

d�
− d�

��
+ �

�
dΩe

d�
− �Ω�

�2
d�
d�

.
 (A7)

Time derivatives of ω, k‖, and Ωe are given by

d𝜔𝜔

d𝑡𝑡
≃

𝜕𝜕𝜔𝜔

𝜕𝜕𝑡𝑡
+ 𝑣𝑣‖

𝜕𝜕𝜔𝜔

𝜕𝜕𝜕
=

(
1 −

𝑣𝑣‖

𝑉𝑉𝑔𝑔‖

)
𝜕𝜕𝜔𝜔

𝜕𝜕𝑡𝑡
, (A8)
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d𝑘𝑘‖

d𝑡𝑡
≃

𝜕𝜕𝑘𝑘‖

𝜕𝜕𝑡𝑡
+ 𝑣𝑣‖

𝜕𝜕𝑘𝑘‖

𝜕𝜕𝜕
=

1

𝑉𝑉𝑔𝑔‖

𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
+ 𝑣𝑣‖

𝜕𝜕𝑘𝑘‖

𝜕𝜕𝜕
, (A9)

dΩe

d𝑡𝑡
= 𝑣𝑣‖

𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕
. (A10)

Substituting Equations 21–24 and A8–A10 into Equation A7, and only consider the nth resonance, we obtain

d2��
dt2

= 1
�

[

�2
�,� −

(

�
‖

�
‖

− �Ω�

�

)

Ω�,�

]

sin �� +
(

2�
‖

��‖
− 1

)

��
��

+ �2
‖

��
‖

�ℎ
+

(

�
�
�
‖

−
�
‖

�2⟂
2Ω�

)

�Ω�

�ℎ

= Ω2
�,�(sin �� + ��).

 (A11)

According to Equation A11, we know that

Ω
2

𝑡𝑡𝑡𝑡𝑡 =
1

𝛾𝛾

[
𝜔𝜔2

𝑡𝑡𝑡𝑡𝑡 −

(
𝑘𝑘‖𝑣𝑣‖ −

𝑡𝑡Ω𝑒𝑒

𝛾𝛾

)
Ω𝑑𝑑𝑡𝑡𝑡

]
𝑡 (A12)

𝑆𝑆𝑛𝑛 =
1

Ω
2

𝑡𝑡𝑡𝑛𝑛

[(
2𝑣𝑣‖

𝑉𝑉𝑔𝑔‖
− 1

)
𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
+ 𝑣𝑣2‖

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕
+

(
𝑛𝑛

𝛾𝛾
𝑣𝑣‖ −

𝜕𝜕‖𝑣𝑣
2

⟂

2Ω𝑒𝑒

)
𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕

]
𝑡 (A13)

which is the nth inhomogeneity factor for any electrons. The frequency sweep rate affects the first and second 
terms in the square brackets, and the gradient of the background contributes to the second and third terms. The 
second term is also affected by spatial distribution of plasma frequency and WNA.

If v‖ ≃ VR,n, we have the values for resonant electrons as

Ω
2

𝑡𝑡𝑡𝑡𝑡 =
1

𝛾𝛾

(
𝜔𝜔2

𝑡𝑡𝑡𝑡𝑡 − 𝜔𝜔Ω𝑑𝑑𝑡𝑡𝑡

)
𝑡 (A14)

𝑆𝑆𝑛𝑛 =
1

Ω
2

𝑡𝑡𝑡𝑛𝑛

[(
2𝑉𝑉𝑅𝑅𝑡𝑛𝑛

𝑉𝑉𝑔𝑔‖
− 1

)
𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
+ 𝑉𝑉 2

𝑅𝑅𝑡𝑛𝑛

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕
+

(
𝑛𝑛

𝛾𝛾
𝑉𝑉𝑅𝑅𝑡𝑛𝑛 −

𝜕𝜕‖𝑣𝑣
2

⟂

2Ω𝑒𝑒

)
𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕

]
. (A15)

For observations, it is difficult to obtain ∂k‖/∂h for a rising tone or falling tone chorus emission, but we can obtain 
∂Ωe/∂h and ∂ωpe/∂h from models of the background magnetic and plasma density. Therefore, assuming WNA 
θ, electron plasma frequency ωpe, and the background magnetic field are only functions of position h, we have

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕
=

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕
+

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕
+

𝜕𝜕𝜕𝜕‖

𝜕𝜕𝜕𝜕𝑝𝑝𝑝𝑝

𝜕𝜕𝜕𝜕𝑝𝑝𝑝𝑝

𝜕𝜕𝜕
+

𝜕𝜕𝜕𝜕‖

𝜕𝜕Ω𝑝𝑝

𝜕𝜕Ω𝑝𝑝

𝜕𝜕𝜕
 (A16)

=
1

𝑉𝑉 2

𝑔𝑔‖

(
−
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)
+

𝜕𝜕𝜕𝜕‖,𝑐𝑐

𝜕𝜕𝜕
, (A17)

where 𝐴𝐴 𝐴𝐴𝐴𝐴‖,𝑐𝑐∕𝐴𝐴𝜕 =
𝐴𝐴𝐴𝐴‖
𝐴𝐴𝜕𝜕

𝐴𝐴𝜕𝜕

𝐴𝐴𝜕
+

𝐴𝐴𝐴𝐴‖
𝐴𝐴𝜕𝜕𝑝𝑝𝑝𝑝

𝐴𝐴𝜕𝜕𝑝𝑝𝑝𝑝

𝐴𝐴𝜕
+

𝐴𝐴𝐴𝐴‖
𝐴𝐴Ω𝑝𝑝

𝐴𝐴Ω𝑝𝑝

𝐴𝐴𝜕
 is derived from the background models with the oblique whistler 

mode dispersion relation (Hsieh & Omura,  2017) and a constant wave frequency ω. Then, Equation  A15 is 
rewritten as

𝑆𝑆𝑛𝑛 =
1

Ω
2

𝑡𝑡𝑡𝑛𝑛

[
−

(
𝑉𝑉𝑅𝑅𝑡𝑛𝑛

𝑉𝑉𝑔𝑔‖
− 1

)2

𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
+ 𝑉𝑉 2

𝑅𝑅𝑡𝑛𝑛

𝜕𝜕𝜕𝜕‖𝑡𝑐𝑐

𝜕𝜕𝜕
+

(
𝑛𝑛

𝛾𝛾
𝑉𝑉𝑅𝑅𝑡𝑛𝑛 −

𝜕𝜕‖𝑣𝑣
2

⟂

2Ω𝑒𝑒

)
𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕

]
. (A18)

If we ignore the gradient of WNAs and the gradient of plasma frequencies and apply the quasi-longitudinal 
approximation

𝑐𝑐2𝑘𝑘2

𝜔𝜔2
=

(𝜔𝜔𝑝𝑝𝑝𝑝∕𝜔𝜔)
2

Ω𝑝𝑝

𝜔𝜔
cos 𝜃𝜃 − 1

 (A19)

into the dispersion relation, Sn can be simply written as a function of the frequency sweep rate and the background 
magnetic field gradient as
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𝑆𝑆𝑛𝑛 =
1

Ω
2

𝑡𝑡𝑡𝑛𝑛

⎧
⎪
⎨
⎪
⎩

−

(
𝑉𝑉𝑅𝑅𝑡𝑛𝑛

𝑉𝑉𝑔𝑔‖
− 1

)2

𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
+

⎡
⎢
⎢⎣

𝑛𝑛

𝛾𝛾
𝑉𝑉𝑅𝑅𝑡𝑛𝑛 −

𝑘𝑘‖𝑣𝑣
2

⟂

2Ω𝑒𝑒

−

𝑉𝑉 2

𝑅𝑅𝑡𝑛𝑛

2

(𝜕𝜕𝑝𝑝𝑒𝑒

𝑐𝑐

)3
(
Ω𝑒𝑒

𝜕𝜕
cos 𝜃𝜃 − 1

)−
3

2 cos
2𝜃𝜃

𝜕𝜕

⎤
⎥
⎥⎦

𝜕𝜕Ω𝑒𝑒

𝜕𝜕𝜕

⎫
⎪
⎬
⎪
⎭

𝑡 (A20)

which is useful for roughly estimating Sn in observations.

Data Availability Statement
The simulation data used in this paper are obtained from numerical integration of Equation  4 by the 
Buneman-Boris method. Simulation data (Hsieh,  2022) is accessible at repository https://doi.org/10.5281/
zenodo.7475801.
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