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Colliding gravitational waves and singularities
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Abstract: We have investigated a model of colliding plain gravitational waves, proposed

by Szekeres, whose structure of singularities is determined. We have evaluated a total

energy of matter as a volume integral of the energy momentum tensor (EMT), whose

contributions arise only at these singularities. The total matter energy is conserved before

a collision of two plane gravitational waves but decreases during the collision and becomes

zero at the end of the collision. We thus interpret that this model of colliding plane

gravitational waves is a spacetime describing a pair annihilation of plan gravitational waves.

We have also calculated a matter conserved charge proposed by the present author and

his collaborators. The matter charge is indeed conserved but is zero due to a cancellation

between two plain gravitational waves. This seems natural since nothing remains after a

pair annihilation, and give a hint on a physical interpretation of the conserved charge, which

we call the gravitational charge. By modifying the space time for the pair annihilation,

we newly construct two types of a scattering plane gravitational wave and a pair creation

of plane gravitational waves, and combining all, a Minkowski vacuum bottle, a Minkowski

spacetime surrounded by two moving plane gravitational waves.
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1 Introduction

Is a total energy always conserved in general relativity ? To answer this question theo-

retically is rather non-trivial. Usually in a flat spacetime, as a consequence of Noether’s

(first) theorem for a global symmetry[1], a time translation symmetry of a system defines a

corresponding energy density as the time component of the Noether current, and also tells

us that a total energy given by a volume integral of the energy density is conserved. This

construction of a conserved energy does not work in general relativity, however, since a time

translational symmetry is a part of local symmetries, general coordinate transformations,

to which Noether’s first theorem can not be applied. Indeed, Noether’s second theorem[1]

tells us that, instead of dynamically conserved currents, there exist non-trivial constraints

in a theory with local symmetries such as Bianchi identity or Gauss law constraint. Re-

lated but not equivalent to this problem, a conservation of the energy momentum tensor

(EMT) in general relativity, ∇µ(
√
−gTµν) = 0 does not directly give a conserved energy

or momentum due to non-linear terms in covariant derivatives. There have been several
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proposals for a definition of energy in general relativity, which may be categorized into two

types. One is Einstein’s pseudo-tensor definition, and the other is a quasi-local definition

including Komar energy[2] or ADM energy[3]. Since both definitions correspond to some

constraints implied by Noether’s second theorem[4], it is easy to show that their current

densities are always conserved without using equations of motion, and moreover, the cor-

responding total energy can be always written as a surface integral rather than a volume

integral via Stoke’s theorem.

Recently, the present author, together with his collaborators, has proposed an alterna-

tive definition for energy in general relativity[5, 6] without using constraints from Noether’s

second theorem. In a case that a stationary Killing vector exists, the energy defined from

the EMT1 correctly reproduces the known mass of the Schwarzschild black hole, and the

mass and the angular momentum of the BTZ black hole[5]. For a spherically symmetric

compact star, on the other hand, the energy in our definition is different from the corre-

sponding ADM mass, and its difference may be interpreted as a positive contribution of

gravitational fields to the ADM mass. Even in the absence of the stationary Killing vec-

tor, the energy is shown to be conserved during some types of gravitational collapses[6, 8].

Since the energy is defined from the EMT of matters, we may call it a “matter energy”

hereafter. In general, however, the matter energy is not conserved, so that an answer to

the question in the beginning is “No.”. Although the matter energy is not conserved, one

can still define a more general conserved charge associated with the EMT in general rela-

tivity,2 which behaves like “entropy” for special cases such as homogeneous and isotropic

expanding universe[6].

In this paper, we apply the definition of matter energy and its generalization in general

relativity to a non-trivial dynamical processes that two plane gravitational waves collides

with each other and become a black hole-like object, which is a vacuum solution to the

Einstein equation except singularities. (See Refs. [10–13] for early analytic studies on this

type of processes.) We exclusively consider a model of colliding plane gravitational waves

proposed by Szekeres[10], which gives a simple analytic solution to the vacuum Einstein

equation with some singularities. Although it turns out that singularities after the collision

is not a black hole but something similar, this model is still suitable to check whether our

proposal for matter energy and its generalization works well even for this complicated

dynamical processes. In Sec. 2, we explain the model in detail and determine a spacetime

structure including singularities. We then calculate the total matter energy of the system

in Sec. 3, as a volume integral of the EMT, whose non-zero contributions comes form

its singularities. It turns out that the total matter energy is not conserved during the

collision, though it is conserved before the collision. On the other hand, the generalized

matter charge, which we call the gravitational charge, can be defined so as to be conserved

but is found to be zero by a cancellation between two contributions. Indeed a geometry of

the Szekeres’ model is found to describe a pair annihilation of two plane gravitation waves at

a certain time, when a total matter energy also becomes zero. The vanishing gravitational

1In this case, this energy agrees with the one proposed in Ref. [7].
2This definition is a generalization of the conserved charge proposed for a spherically symmetric space-

time in Ref. [9].
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charge is consistent with this geometry. In Sec. 4, modifying a geometry of the colliding two

gravitational waves, we construct several new spacetime geometries, which are two types of

a scattering plane gravitational wave, and a creation of two plane gravitational wave from

nothing. Combining all four, a pair creation of two plane gravitational wave, a scattering

of each plane gravitational wave, and a pair annihilation of them, we finally construct a

geometry, named “Minkowski vacuum bottle”, a Minkowski spacetime surrounded by two

plane gravitational waves. Our conclusions, together with some discussions, are given in

Sec. 5. In appendix A, we evaluate the generalized Komar integral as a representative of

quasi-local definitions of energy for the the Szekeres’ model for a comparison.

2 Colliding plane gravitational waves

2.1 Setup

We consider colliding plane gravitational waves, investigated by Szekeres[10], whose metric

is given by

ds2 = −2e−M(u,v)dudv + e−U(u,v)
(
eV (u,v)(dy1)2 + e−V (u,v)(dy2)2

)
, (2.1)

where u = (τ + z)/
√
2 and v = (τ − z)/

√
2 are light-cone coordinate. In a flat spacetime, τ

corresponds to a time, while (x, y, z) denotes a spacial position in the Cartesian coordinate.

The vacuum Einstein equation reads

Guu := Uuu +MuUu − 1

2
(U2

u + V 2
u ) = 0, (2.2)

Gvv := Uvv +MvUv −
1

2
(U2

v + V 2
v ) = 0, (2.3)

Guv := −Uuv + UuUv = 0, (2.4)

Gy1
y1 := eM

[
(M + U + V )uv −

1

2
(U + V )u(U + V )v

]
= 0, (2.5)

Gy2
y2 := eM

[
(M + U − V )uv −

1

2
(U − V )u(U − V )v

]
= 0, (2.6)

where subscript u, v represent derivatives with respect to them.

2.2 Solutions to the vacuum Einstein equation

Ref. [10] has solved the above Einstein equations in the 4 regions defined by

I. Minkowski spacetime at u < 0 and v < 0.

II. A left moving plane wave at u > 0 and v < 0.

III. A right moving plane wave at u < 0 and v > 0.

IV. Colliding two plane waves at u > 0 and v > 0.
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A class of the explicit solutions is given by[10]

U = − log t2, V = −k12
2

log t2 + k1 log(w + p) + k2 log(r + q),

M =
1

2

(
1− k212

4

)
log t2 +

k21
4

logw +
k22
4

log r +
k1k2
2

log(pq + rw), (2.7)

where

p =

√
1

2
− f, q =

√
1

2
− g, r =

√
1

2
+ f, w =

√
1

2
+ g, t =

√
f + g, (2.8)

f(u) =
1

2
− (au)n1θ(u), g(v) =

1

2
− (bv)n2θ(v), (2.9)

k12 := k1 + k2, and k1, k2 are related to even integers n1, n2 as

k2i
8

= 1− 1

ni
, i = 1, 2, (2.10)

These relations lead to

fuu
f2
u

= − k21
8p2

,
gvv
g2v

= − k22
8q2

. (2.11)

Thanks to θ functions in (2.9), these solutions hold in all regions. As a continuity of

the metric and its first derivative, the strongest requirements become

Vu(u) = k1(n1a)
(ua)n1/2−1

2r2
= 0 (2.12)

at the I-II boundary (u = 0), and

Vv(v) = k2(n2b)
(bv)n2/2−1

2w2
= 0 (2.13)

at the I-III boundary (v = 0), which leads to n1 > 2 and n2 > 2 for even integers n1, n2.

Other conditions that f = 1/2, M = V = W = fu = Mu = 0 at u = 0 and g = 1/2,

M = V = W = gv = Mv = 0 at v = 0 are automatically satisfied. Note that these

continuity conditions exclude two colliding impulse waves[11] and two colliding sandwich

plane waves[12, 13], both of which have n1 = n2 = 2.

2.3 Singularities

In the region IV, the Riemann curvature invariant shows a singular behavior at t2 = f+g =

0 as

RµναβR
µναβ ' 1

64

(
k212 − 4

)2 (
k212 + 12

)
(n1a)

2(n2b)
2pk

2
1qk

2
2(2pq)k1k2 × t−6−k212/2 (2.14)

' a2b2 ×


63(2pq)8t−14 (n1 = n2 = 2)

900(2pq)12t−18 (n1 = n2 = 4)

· · ·
(2.15)
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at t2 ' 0, while the invariant identically vanishes in other regions.

In regions II and III, Riemann tensors and Weyl tensors have singularities[10], which

are indeed physical, not coordinate singularities as shown below. In the region II, the

metric in (2.1) can be transformed to the Brinkmann coordinate[17] as

ds2 = −2dūdv̄ +Aijx
ixj(dū)2 +

∑
i=1

(dxi)2, (2.16)

through the coordinate transformation defined by

ū =

∫ u

e−M(u′)du′, v̄ = v +

2∑
i=1

1

2ei

dei
dū

(xi)2,

x1 = e1y
1, x2 = e2y

2, e1(u) := e−(U−V )/2, e2(u) := e−(U+V )/2, (2.17)

where

Aij = δij
e2M

ei

[
d2ei
du2

+Mu
dei
du

]
, (2.18)

and Rūiūj = −Aij are only non-zero components of the Riemann tensor in this coordinate.

Explicitly, we obtain

A11 = −A22 =
k1
8

(
1− 2

n1

)
n2
1a

2(au)n1/2−2

(t2)3−2/n1
, (2.19)

which is regular at u = 0 for n1 ≥ 4, but singular at t2(= 1 − (au)n1 = r2) = 0 as (t2)α

with 2 < α(= 3− 2
n1
) < 3. Similarly

A11 = −A22 =
k2
8

(
1− 2

n2

)
n2
2b

2(bv)n2/2−2

(t2)3−2/n2
(2.20)

in the region III. According to Ref. [18], singularities in (2.19) and (2.20) at t2 = 0 are

physical for plane waves in the regions II and III.

In summary, the metric in (2.1) has singularities at t2 = 0 in region II, III and IV.

2.4 Apparent horizon

Since there are singularities at t2 = 0, we determine locations of apparent horizons if exist.

For this purpose, we calculate an expansion Θ for an affinely parametrized null geodesic3 ,

defined by Θ := gµν∇νkµ, where kµ is the tangent vector of the affinely parametrized null

geodesic satisfying kν∇νk
µ = 0 and kµk

µ = 0. The apparent horizon (AH) is determined

by the condition that Θ changes its sign. Since it is easy to see that Θ = 0 in the region I

(flat spacetime), there is no AH in the region I as it should be.

In the region II, two tangent vectors for future directed null geodesics are given by

kµ+ = (eM(u), 0, 0, 0), kµ− = (0, eM(u), 0, 0). (2.21)

3We here use Θ instead of θ to represent the expansion, in order to avoid a confusion with the step

function θ(x).
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Corresponding expansions Θ± are calculated as

Θ+ = −eMUu = −n1a(au)
n1−1(t2)1/n1−3/2, Θ− = 0. (2.22)

Since Θ+ < 0 at u > 0 and Θ+ = 0 at u = 0, we identify a boundary between I and II at

u = 0 as the apparent horizon. Note that, even though Θ+ does not becomes positive but

stay zero at u < 0, we here extend a meaning of apparent horizon as a boundary between

Θ < 0 and Θ = 0 regions.

Similarly in the region III, we have

Θ+ = 0, Θ− = −eMUv = −n2b(bv)
n2−1(t2)1/n2−3/2, (2.23)

for kµ+ = (eM(v), 0, 0, 0) and kµ− = (0, eM(v), 0, 0), so that the apparent horizon appears at

v = 0 ( a boundary between I and III).

In the region IV, we take kµ+ = (eM(u,v), 0, 0, 0) and kµ− = (0, eM(u,v), 0, 0), which lead

to

Θ+ = −eMUu =
eM

t2
(−n1a)(au)

n1−1, Θ− = −eMUv =
eM

t2
(−n2b)(bv)

n2−1, (2.24)

where

eM =
w

k21
4 r

k22
4 (pq + rw)

k1k2
2

(t2)
(k1+k2)

2

8
− 1

2

. (2.25)

Thus the AH appears at u = 0 (a boundary between II and IV) for Θ+ and at v = 0 (a

boundary between III and IV) for Θ−.

2.5 Global spacetime structure

Fig. 1 gives a rough sketch of a spacetime defined by the metric (2.1), which exist only at

t2 ≥ 0 and is bounded by singularities at t2 = 0 (a red line in the figure) as

(au)n1θ(u) + (bv)n2θ(v) ≤ 1, (2.26)

while apparent horizons appears at u = 0 with bv ≤ 1 and at v = 0 with au ≤ 1 (magenta

lines in the figure). This spacetime is very similar to the one for two colliding impulse

waves[11] except that δ function singularities in the curvature appear at u = 0 and v = 0

for two colliding impulse waves[11], instead of the apparent horizons mentioned above.

3 Matter energy and generalized matter conserved charge

3.1 Energy momentum tensor at singularities

A matter energy is evaluated by a volume integral of the EMT at a give τ as∫
d3x

√
−gT 0

0 =
1

2κ

∫
d3x

√
−gG0

0,
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Figure 1. A global spacetime structure in the u− v plane, made of 4 regions: I. Minkowski (u <

0, v < 0), II. Left moving plane wave (u > 0, v < 0), III. Right moving plane wave (u < 0, v > 0),

IV. Colliding two plane waves (u > 0, v > 0). A red solid line represent singularities at t2 = 0,

while magenta solid lines at u = 0 and v = 0 are apparent horizons. See the main text for more

details.

where κ = 4πG with Newton constant G. While R0
0 is zero except singularities, this

integral becomes non-zero due to contributions from singularities of R0
0. In order calculate

this type of the integral, it is convenient to express Tµ
ν or Rµ

ν in terms of delta functions,

which represent contributions from singularities to the integral, as in the case of black

holes[5, 14–16].

In order to evaluate a contribution of the EMT in the volume integral, we first regularize

singularities by modifying U, V,M in the metric as

Uε = − log T, Vε = −k12
2

log T + k1 log(W + p) + k2 log(R+ q),

Mε =
(4− k212)

8
log T +

k21
4

logW +
k22
4

logR+
k1k2
2

log(pq +RW ), (3.1)

where

T (t2) =
√
t4 + ε2, R2(r2) =

√
r4 + c2rε

2, W 2(w2) =
√
w4 + c2wε

2, (3.2)

with an infinitesimally small but non-zero real constant ε, and real constants cr, cw. In the

ε → 0 limit, we recover (2.7). The regularization of t2 makes all components of Riemann

tensor finite at t2 = 0, so that we can extend the space time to the t2 < 0 region. As a

result, there may appear other singularities at r2 = 0 or w2 = 0 in the region IV in the

t2 < 0 region. This is a reason why we also have to regularize r2 and w2 by R2 and W 2 for
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the extension of spacetime to the t2 < 0 region. Note that the integral of the EMT tensor

in the physical region does not depend on a choice of regularizations after the regularization

is removed, as will be seen later.

With non-zero ε, the metric is no more a vacuum solution, giving non-zero EMT as

Gu
u = Gv

v = −eMεfugv
T ′′

T
, (3.3)

Gv
u = eMεf2

u

[
T ′′

T
+∆Gv

u

]
, Gu

v = eMεg2v

[
T ′′

T
+∆Gu

v

]
, (3.4)

Gy1
y1 = −eMε

(2 + k12)
2

8

[
T ′′

T
+∆Gy1

y1

]
, (3.5)

Gy2
y2 = −eMε

(2− k12)
2

8

[
T ′′

T
+∆Gy2

y2

]
, (3.6)

where extra terms are evaluated for small ε as

∆Gv
u ' ε2

8T 2

[(
k1

p(p+ w)
+

k2
r(r + q)

)2

+O(ε2)

]
, (3.7)

∆Gu
v ' ε2

8T 2

[(
k2

q(q + r)
+

k1
w(w + p)

)2

+O(ε2)

]
, (3.8)

∆Gy1
y1 ' − ε2

T 2

[
k1

pw(w + p)2
+

k2
rq(r + q)2

+O(ε2)

]
, (3.9)

∆Gy2
y2 ' ε2

T 2

[
k1

pw(w + p)2
+

k2
rq(r + q)2

+O(ε2)

]
. (3.10)

Since

lim
ε→0

T ′′ = lim
ε→0

ε2

(t4 + ε2)3/2
=

{
0, t2 6= 0,

∞, t2 = 0,
(3.11)

and ∫ ∞

0
dt2 T ′′ =

∫ ∞

0
dt2

ε2

(t4 + ε2)3/2
=

∫ ∞

0
dy

1

(y + 1)3/2
=

∫ π/2

0
dθ cos θ = 1, (3.12)

we can write

lim
ε→0

T ′′ = lim
ε→0

ε2

(t4 + ε2)3/2
= δ(t2), (3.13)

in the physical region at t2 ≥ 0. Although the explicit form of T in (3.2) is used to derive

(3.13), one can obtain the same result from a different form of the regularization as long

as T satisfies (3.11) and (3.12):

lim
ε→0

T ′′(t2) =

{
0, t2 6= 0,

∞, t2 = 0,
lim
ε→0

∫ ∞

0
dt2 T ′′(t2) = 1. (3.14)
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A non-physical region at t2 < 0 beyond singularities gives an extra contribution in this

regularization as ∫ 0

−∞
dt2

ε2

(t4 + ε2)3/2
= 1, (3.15)

which does not affect the integral of the EMT in the physical region at t2 ≥ 0. An extra

contribution depends on how we extend the metric into the t2 < 0 region. For example, if

we take

T (t2) =

{√
t4 + ε2, t2 ≥ 0,

ε, t2 < 0,
, (3.16)

where T (0) and T ′(0) are continuous, an integral in each region becomes∫ ∞

0
dt2 T ′′(t2) = T ′(∞) = 1,

∫ 0

−∞
dt2 T ′′(t2) = −T ′(−∞) = 0, (3.17)

so that an extra contribution from the t2 < 0 region vanishes. More generally, if we take

T (t2) =

{√
t4 + ε2, t2 ≥ 0,

Fε(t
2), t2 < 0,

, (3.18)

where a function Fε(t
2) satisfies

lim
t2→0−

Fε(t
2) = ε, lim

t2→0−
F ′
ε(t

2) = 0, (3.19)

the contribution from the non-physical region to the integral becomes∫ 0

−∞
T ′′(t2) = lim

t2→0−
F ′
ε(t

2)− F ′
ε(−∞) = −F ′

ε(−∞). (3.20)

Thus, after removing the regularization, the contribution from the non-physical region

becomes − limε→0 F
′
ε(−∞), which can be arbitrary by a freedom of Fε(t

2). Since the

physical spacetime at t2 ≥ 0 is separated from the non-physical one at t2 < 0 by singularities

at t2 = 0, this arbitrariness of the regularization at t2 < 0 does not affect integrals of the

EMT in the physical region at t2 ≥ 0.

We can also show that extra contributions form ∆Ga
b all vanish in the physical region

after the ε → 0 limit, since∫ ∞

0
dt2

ε2

t4 + ε2
= ε

∫ ∞

0

dy

y2 + 1
=

π

2
ε → 0. (3.21)

We then finally obtain

√
−g Gu

u =
√
−g Gv

v = −fugvδ(t
2),

√
−g Gv

u = f2
uδ(t

2),
√
−g Gu

v = g2vδ(t
2),

√
−g Gy1

y1 = −(k12 + 2)2

8
fugvδ(t

2),
√
−g Gy2

y2 = −(k12 − 2)2

8
fugvδ(t

2) (3.22)
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in the ε → 0 limit for the original spacetime at t2 ≥ 0.

In order to see that the same result (3.22) can be obtained by a simpler regularization

[5] as T (t2) = t2θ(t2), since

T ′′(t2) = 2δ(t2) + t2δ′(t2) = δ(t2), (3.23)

where we use θ′(x) = δ(x) and xδ(k)(x) = −kδ(k−1)(x). This agreement again demonstrates

that the result (3.22) is universal.

A relation Tµ
ν :=

1

2κ
Gµ

ν give an expression of the EMT in terms of delta functions.

While singularities are light-like in regions II and III, singularities in the region IV are

space-like, as in the case of the Schwarzschild blackhole.

3.2 Energy non-conservation
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Figure 2. Positions of singularities, zL(τ) and zR(τ) for several τ , together with τ0, τ1, τend, defined

in the main text.

Since the spacetime is uniform in x and y directions, we define the matter energy of

the system per unit 2-dimensional volume for a given τ from T τ
µξ

µ with ξµ = δµτ [5, 6] as

E(τ) =
1

V2

∫
τ
d3x

√
−gT τ

τ =
1

4κ

∫ zR(τ)

zL(τ)
dz e−M t2 (Gu

u +Gu
v +Gv

u +Gv
v)

=
1

4κ

∫ zR(τ)

zL(τ)
dz (fu − gv)

2δ(t2), (3.24)

where V2 :=
∫
dxdy is a 2-dimensional volume, which diverges in infinite 2-dimensional

extensions. The energy defined in the above depends on the choice of the time coordinate
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τ , as in the case of the flat Minkowski space time, where the energy also depends on the

choice of the time coordinate and it transforms as a vector under Poincare transformation.

In general, t2 = 0 has two solutions at a given τ in this spacetime, larger of which

is denoted by zR(τ) and smaller by zL(τ), so that dτ
dz < 0 at z = zR(τ) and dτ

dz > 0 at

z = zL(τ). Since

dτ

dz
=

gv − fu
fu + gv

, fu + gv = −n1a(au)
n1−1 − n2b(bv)

n2−1 < 0 at t2 = 0, (3.25)

gv − fu > 0 at z = zR(τ) while fu − gv > 0 at z = zL(τ). At a given τ , the z space exists

only in an interval [zL(τ), zR(τ)]. Positions of zR,L(τ) depend on a value of τ , as shown in

Fig. 2 for a > b and explained below.

1. τ ≤ τ0, where τ0 =
1√
2
min

(
1
a ,

1
b

)
. In this case, zR(τ) =

√
2
a − τ in the region II, while

at zL(τ) = −
√
2
b + τ in the region III. In Fig. 2, zR(τp) and zL(τp) belong to this case.

2. τ0 < τ ≤ τ1, where τ1 =
1√
2
max

(
1
a ,

1
b

)
. For a ≥ b, zR(τ) is a solution to f(u)+g(v) =

0 with f 6= 1
2 and g 6= 1

2 for a given τ in the region IV and zL(τ) = −
√
2
b + τ is a

solution of 1
2 + g(v) = 0 in the region III. In Fig. 2, zR(τ) and zL(τ) belong to this

case. On the other hand, for a < b, zR(τ) =
√
2
a − τ is a solution of f(u) + 1

2 = 0 in

the region II and zL(τ) is a solution to f(u)+ g(v) = 0 for a given τ in the region IV.

3. τ1 < τ ≤ τend, where τend is a solution to the following equations

f(u) + g(v) = 0,
dτ

dz
=

gv(v)− fu(u)

gv(v) + fu(u)
= 0. (3.26)

Thus gv(v) = fu(u). In a simple case that n1 = n2 = n, we have

τend =
1√
2ab

(
a

n
n−1 + b

n
n−1

)n−1
n

. (3.27)

In this range of τ , zR,L(τ) are two solutions to f(u) + g(v) = 0 in the region IV. In

Fig. 2, zR(τf ) and zL(τf ) belong to this case.

Using the above property, energy can be evaluated as follows. At τ ≤ τ0, we have

E(τ) =

√
2

4κ

(
f2
u

|fu|

∣∣∣∣
z=zR(τ)

+
g2v
|gv|

∣∣∣∣
z=zL(τ)

)
=

1

2κ

(n1a+ n2b)√
2

. (3.28)

At τ0 < τ ≤ τ1, we have

E(τ) =



1

2κ

(
gv − fu√

2

∣∣∣∣
z=zR(τ)

+
n2b√
2

)
, a ≥ b,

1

2κ

(
n1a√
2
+

fu − gv√
2

∣∣∣∣
z=zL(τ)

)
, a < b,

. (3.29)
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Since gv − fu < n1a for ua < 1, or fu − gv < n2b for vb < 1, E(τ) in (3.29) decreases from

(3.28). Thus the energy is not conserved in this spacetime.

At τ1 < τ ≤ τend, we finally obtain

E(τ) =
1

2κ

(
gv − fu√

2

∣∣∣∣
z=zR(τ)

+
fu − gv√

2

∣∣∣∣
z=zL(τ)

)
, (3.30)

which is further decreasing, and vanishes at τ = τend when the space in the z direction

disappear as zR(τend) = zL(τend). Therefore the time τend is a moment for an end of the

universe, when all matters also should disappear to be consistent with E(τend) = 0.

3.3 Conserved charge

Even though the matter energy is not conserved, we can construct a non-trivial conserved

charge from a conserved current as Jµ := Tµ
νζ

ν , where a vector ζν must satisfy Tµ
ν∇µζ

ν =

0[4, 6]. In this construction, however, there are so many different choices for a direction

of the vector ζν . In this paper, we propose an unique method to determine ζν up to an

initial condition.

We first decompose the EMT as

√
−gTµ

ν = −eM

2κ
nµnνδ(t

2) + · · · , (3.31)

where ellipses represents x, y components, which we do not consider in this section, and

vectors nµ and nν are given by

nµ = (gv,−fu, 0, 0), nν := gνµn
µ = e−M (fu,−gv, 0, 0) (3.32)

in the (u, v, x, y) coordinate.

Our new proposal is to take ζµ ∝ nµ, which is determined by the EMT, thus is

coordinate independent. Explicitly, we take

ζµ = −κ
β(u, v)

fugv
nµ (3.33)

in the region IV, where fugv 6= 0. Then the conserved current density becomes

J µ :=
√
−gTµ

νζ
ν = (gv,−fu, 0, 0)β(u, v)δ(t

2), (3.34)

which can be used even in regions II and III.

Since we require
√
−g∇µT

µ
νζ

ν = ∂µJ µ = 0, β must satisfies

gv∂uβ − fu∂vβ = 0, (3.35)

whose general solution is given by

β(u, v) = β0(f + g), (3.36)

where β0(t
2) is an arbitrary differentiable function.
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The corresponding conserved charge per V2 is defined by

S(τ) :=
1

V2

∫
τ
d3x

√
−gT τ

νζ
ν =

1√
2

∫
τ
dz (J u + J v) =

1√
2

∫
τ
dz(gv − fu)β0(f + g)δ(f + g).

(3.37)

The conservation of S(τ) is derived from an integral of ∂µJ µ = 0 over a space-time region in

the z−τ plane surrounded by 4 boundaries, [(zL(τf ), τf ), (zR(τf ), τf )], [(zR(τf ), τf ), (zR(τp), τp)],

[(zR(τp), τp), (zL(τp), τp)], and [(zL(τp), τp), (zL(τf ), τf )], as shown in Fig. 2. Therefore, we

need to check that boundary contributions on [(zR(τf ), τf ), (zR(τp), τp)] and [(zL(τp), τp), (zL(τf ), τf )]

vanish to establish the conservation of S(τ). Since the (unnormalized) normal vector to

the singularity surface is given by nµ = ∂µt
2 = (fu, gv, 0, 0), integrands in boundary con-

tributions along the singularity surface always vanish as

nµJ µ ∝ (fu, gv, 0, 0)
T · (gv,−fu, 0, 0) = 0, (3.38)

so that S(τf ) = S(τp) for arbitrary τf , τp.

The charge S(τ) at all τ ≤ τend can be explicitly calculated as

S(τ) = β0(0)

[
gv − fu
|gv − fu|

∣∣∣∣
z=zR(τ)

+
gv − fu
|gv − fu|

∣∣∣∣
z=zL(τ)

]
= β0(0)[1− 1] = 0, (3.39)

which vanishes due to a cancelation between a contribution at zR(τ) and a contribution at

zL(τ), except τ = τend where a contribution identically vanishes at z = zR(τend) = zL(τend).

The charge S(τ) is indeed conserved.

We thus conclude that there exists a conserved charge S(τ) in the spacetime given by

(2.1), whose value is zero by the cancellation of two contributions. A fact that S(τ) = 0

in this spacetime seems natural, since the spacetime ceases to exist at τ = τend, when all

matters should disappear, so that S(τend) = E(τend) = 0. If S(τ) is conserved unlike energy

E(τ), S(τ) = 0 must hold for all τ .

In [4, 6], analysis for some particular spacetimes with matters described by a perfect

fluid indicated that a generic matter conserved charge S(τ) in general relativity may be

interpreted as a matter entropy. Since S(τ) can be locally negative in the metric (2.1),

however, we may need to reconsider a physical interpretation of the matter conserved

charge S(τ) once more. We may call S(τ) a gravitational charge, which is more general

and becomes the matter entropy only for special cases. The gravitational charge may be

locally negative in the special spacetime described by (2.1), which ceases to exist at τ = τend
and whose singularities in the region IV are superluminal. Further investigations will be

required to distinguish one possibility from the other.

4 Construction of new spacetimes

Motivated by the geometry of colliding plane gravitational waves, we construct other types

of the plane wave(s) in this section. Since n1 and n2 are even integers, f(u) = f0(u) and

g(v) = g0(v) in (2.7) and (2.8) satisfy the vacuum Einstein equation in all regions, where

f0(u) =
1

2
− (au)n1 = f0(−u), g0(v) =

1

2
− (bv)n2 = g0(−v). (4.1)
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We can construct new solutions by putting θ functions to appropriate places, in order to

satisfy boundary conditions at u = 0 and v = 0.

4.1 A scattering of the plane gravitational wave

I
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Figure 3. A global spacetime structure for a scattered plane gravitational wave. (Left) The left-

moving gravitational wave is scattered to be the right-moving one. (Right) From the right-moving

to the left-moving.

The first example is a scattering of the plane gravitational wave.

The left-moving gravitational wave in the region II is scattered in the region IV, and

then it appears as the right-moving gravitational wave in the region III, as shown in Fig. 3

(Left), while the right-moving gravitational wave in the region III, scattered in the region

IV, goes into the region II as the left-moving wave, as shown in Fig. 3 (Right). Solutions

for both cases are given by (2.7) with

f(u) = f−(u) :=
1

2
− (−au)n1θ(−u), g(v) = g+(v) :=

1

2
− (bv)n2θ(v) (4.2)

for the left-to-right scattering, and

f(u) = f+(u) :=
1

2
− (au)n1θ(u), g(v) = g−(v) :=

1

2
− (−bv)n2θ(−v) (4.3)

for the right-to-left scattering. Note that singularities at t2 = 0 (red line) are either time-

like in the region IV or light-like in regions II and III.

Let us calculate the matter energy using the definition as

E(τ) =
1

4κ

∫
τ
dz(fu − gv)

2δ(t2). (4.4)

The matter energy for the left-to-right scattering in Fig. 3 (Left) becomes

E(τ) =
1

4κ

∫ +∞

zL(τ)
dzf2

uδ(q
2) =

√
2

4κ

f2
u

|fu|

∣∣∣∣
z=zL(τ)

=
1

2κ

n1a√
2

(4.5)
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at τ ≤ τ−a := − 1√
2a

(the region II), and

E(τ) =
1

2κ

n2b√
2

(4.6)

at τ+b :=
1√
2b

≤ τ (the region III). In the region IV at τ−a < τ < τ+b , we have

E(τ) =
1

2κ

fu − gv√
2

∣∣∣∣
z=zL(τ)

. (4.7)

Therefore the matter energy E(τ) is constant in the region II as well as the region III, while

E(τ) is decreasing or increasing in the region IV if n1a > n2b or n1a < n2b, respectively.

Similarly, the matter energy for the right-to-left scattering in Fig. 3 (Right) is given

by

E(τ) =
1

2
√
2κ

×



n2b, τ ≤ τ−b ,

(gv − fu)|z=zR(τ), τ
−
b < τ < τ+a ,

n1a, τ+a ≤ τ,

(4.8)

where τ−b := − 1√
2b

and τ+a :=
1√
2a

. Again the matter energy E(τ) is constant in the

regions III and II, while E(τ) is decreasing or increasing in the region IV for n1a < n2b or

n1a > n2b, respectively.

We next consider the matter conserved charged, given by

S(τ) =
β0(0)√

2

∫
dz (gv − fu)δ(t

2). (4.9)

In the case of the left-to-right scattering, we obtain

S(τ) = βLR
0

gv − fu
|fu − gv|

= −βLR
0 , βRL

0 := β0(0), (4.10)

while we have

S(τ) = βRL
0 , βRL

0 := β0(0), (4.11)

for the right-to-left scattering, where βLR
0 and βRL

0 are arbitrary constants given by β0(0).

Therefore the matter conserved charge is non-zero and conserved for these scatterings.

4.2 Pair creation of gravitational waves

As a time reversal process to the colliding plane gravitational waves, we consider a creation

of left and right moving plane gravitational waves, as illustrated in Fig. 4, where a pair

creation occurs at τ = τbegin in the region IV.
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Figure 4. A global spacetime structure for a pair creation of plane gravitational waves.

With functions f(u) = f−(u) and g(v) = g−(v), τbegin is determined from u and v

which satisfy

t2 = f(u) + g(v) = 0, fu(u) = gv(v). (4.12)

For a special case that n1 = n2 = n, we obtain

τbegin = − 1√
2ab

(
a

n
n−1 + b

n
n−1

)n−1
n

. (4.13)

At τbegin ≤ τ < τ−1 := min
(
τ−a , τ−b

)
, the matter energy at τ in this range is given by

E(τ) =
1

2
√
2κ

[
(fu − gv)|z=zL(τ) + (gv − fu)|z=zR(τ)

]
, (4.14)

which increases from E(τbegin) = 0 as τ increases, where zL(τ) and zR(τ) are smaller and

larger solutions to t2 = 0 in the region IV, respectively.

At τ−1 ≤ τ < τ−0 := max
(
τ−a , τ−b

)
, we have

E(τ) =
1

2
√
2κ

×


[
n1a+ (gv − fu)|z=zR(τ)

]
, a ≤ b

[
(fu − gv)|z=zL(τ) + n2b

]
, a > b

, (4.15)

which is still increasing, since (fu − gv)|z=zL(τ) ≤ n1a and (gv − fu)|z=zR(τ) ≤ n2b.

Finally the matter energy becomes largest at τ = τ−0 , and stays constant at τ ≥ τ−0 as

E(τ) =
1

2
√
2κ

[n1a+ n2b] . (4.16)
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As in the case of the colliding plane gravitational wave, the matter conserved charge

S(τ) at all τ ≥ τbegin vanishes as

S(τ) =
β0(0)√

2

∫ zR(τ)

zL(τ)
dz (gv − fu)δ(f + g) = β0(0)

[
gv − fu
|fu − gv|

∣∣∣∣
z=zL(τ)

+
gv − fu
|fu − gv|

∣∣∣∣
z=zR(τ)

]
= β0(0) [−1 + 1] = 0. (4.17)

4.3 Minkowski vacuum bottle
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⌧�a

<latexit sha1_base64="WnvOEeduEneQZrVLEd1kKC6Cv14="></latexit>

⌧+a

<latexit sha1_base64="4SZtdLrp7rLyEmBGKWzF5bzRUtA="></latexit>

⌧+b

<latexit sha1_base64="NcDYCL3AxuVaxN6hsC4hwQEJKDE="></latexit>�L

<latexit sha1_base64="8LIlHNCmA8R3+4xCRN0qAa0NJmM="></latexit>

L

<latexit sha1_base64="itxu5NhyZ2lniR/yyTJDuThV6tc="></latexit>

⌧+a + L
<latexit sha1_base64="tol/EHI6W2G5GuLoDGMHHNga018="></latexit>

⌧+b + L

<latexit sha1_base64="C92jSZ3M23HllGvp53fEYZ0LCek="></latexit>⌧end

<latexit sha1_base64="0wzNfLN/2ytVHRVyfkzN6fZystw="></latexit>⌧begin

<latexit sha1_base64="1X4jnaD9+cKQabu9RwXoxQXnUbQ="></latexit>

t2 = 0
<latexit sha1_base64="8LIlHNCmA8R3+4xCRN0qAa0NJmM="></latexit>

L
<latexit sha1_base64="NcDYCL3AxuVaxN6hsC4hwQEJKDE="></latexit>�L

Figure 5. A global spacetime structure for a Minkowski vacuum bottle. Some time coordinates

such as τ±a and τ±b are explicitly written in the figure.

We can assemble all four spacetimes: two gravitational waves are created at τ = τbegin,

then the left-moving wave is scattered to the right-moving and vice versa, and two waves

collides and finally annihilate at τ = τend, as illustrated in Fig. 5, where there are 9 regions

denoted by I, II±, III±, IV±± and IV±∓.

To specify these regions, we need 4 functions, f±(u) and g±(v), defined by

f±(u) = h(u±, a±, n
±
1 ), g±(v) = h(v±, b

±, n±
2 ), (4.18)

where

h(x, a, n) =
1

2
− (ax)n, u± = ±τ ∓ L+ z√

2
, v± = ±τ ∓ L− z√

2
, (4.19)
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and 2L is a diagonal length of the squire region I in the middle, whose center is (z, τ) =

(0, 0). A function fα corresponds to a region IIα, while gβ corresponds to a region IIIβ.

On the other hand, a pair of function (fα, gβ) are used to specify a region IVαβ.

During the time evolution, the matter energy E(τ) first increase from E(τbegin) = 0 ,

then decreases and vanishes at τ = τend, where τbegin and τend satisfies f−
u (u) = g−v (v) with

f−(u) + g−(v) = 0 and f+
u (u) = g+v (v) with f+(u) + g+(v) = 0, respectively. Note that

energy sometimes stays constant for a while during this process.

Explicitly we have E(τ) = ELR(τ) + ERL(τ), where ELR(τ) and ERL(τ) are energies

of the left-to-right moving wave and the right-to-left moving one, respectively, which are

given by

ELR(τ) =
1

2
√
2κ

×



(f−
u − g−v )|z=z−−

L (τ), τbegin ≤ τ < τ−a − L

n−
1 a−, τ−a − L ≤ τ < τ−a ,

(f−
u − g+v )|z=z−+

L (τ), τ−a ≤ τ < τ+b ,

n+
2 b+, τ+b ≤ τ < τ+b + L,

(f+
u − g+v )|z=z++

L (τ), τ+b + L ≤ τ ≤ τend,

, (4.20)

ERL(τ) =
1

2
√
2κ

×



−(f−
u − g−v )|z=z−−

R (τ), τbegin ≤ τ < τ−b − L

n−
2 b−, τ−b − L ≤ τ < τ−b ,

−(f+
u − g−v )|z=z+−

R (τ), τ−b ≤ τ < τ+a ,

n+
1 a+, τ+a ≤ τ < τ+a + L,

−(f+
u − g+v )|z=z++

R (τ), τ+a + L ≤ τ ≤ τend,

. (4.21)

Here zαβL (τ) and zαβR (τ) are smaller and larger solutions to fα(u) + gβ(v) = 0 at a given τ

for α, β take ±. See some time coordinates in Fig. 5.

The matter conserved charge S(τ) is always zero by a cancellation between the left-

to-right moving wave and the right-to-left moving wave, as seen from (3.39), (4.17), and

(4.10) + (4.11) with βLR
0 = βRL

0 = β0(0).

It is interesting to see that the Minkowski vacuum appears in the center of this space-

time ( the region I in magenta) surrounded by two moving plane gravitational waves with

matters at singularities. Thus we call this spacetime a ”Minkowski vacuum bottle”. The

region I is separated from others by apparent horizons, and begins at τ = −L, expands

until τ = 0, then contracts and finally disappears at τ = L.
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5 Conclusions and Discussions

In this paper, we have analyzed a model of colliding plain gravitational waves, proposed

by Szekeres [10]. A structure of singularities in the spacetime is determined, and then

contributions from the energy momentum tensor (EMT) at these singularities are deter-

mined through the Einstein equation. We have evaluated the total energy of the matter

as a volume integral of the EMT[5, 6], which is conserved before the collision of two plane

gravitational waves but decreases during the collision and becomes zero at the end of the

collision. Thus the model of colliding plain gravitational waves can be regarded as a space-

time describing a pair annihilation of plain gravitational waves. We have also evaluated the

gravitational charge as the generalized matter conserved charge proposed in Ref. [6]. The

gravitational charge is indeed conserved but is zero due to a cancellation of contributions

between two plain gravitational waves. The vanishing conserved charge seems natural since

nothing remains after a pair annihilation of plain gravitational waves. While the gravita-

tional charge can be interpreted as the entropy in Ref. [6] for special cases, our result in this

paper that it can become locally negative may suggest that the gravitational charge is more

general than the entropy. We leave this problem to future studies. It is also interesting to

apply the analysis in this paper to other models of colliding gravitational waves such as

[20, 21], for example.

By modifying the spacetime for a pair annihilation of plain gravitational waves, we

construct two types of a scattering plane gravitational wave as well as a pair creation of plain

gravitational waves. Combining all, we also create a Minkowski vacuum bottle, a Minkowski

spacetime surrounded by two moving plane gravitational waves with singularities. The

total matter energy as well as the conserved gravitational charge are calculated in each

case. As expected, while the matter energy is not conserved, the gravitational charge is

indeed conserved.

According to the proposal in Ref. [5, 6], an answer to the question in the beginning

of the introduction that ”Is a total energy always conserved in general relativity ? ” may

be answered as follow. In general relativity, the total energy of the matter can be defined

but is not conserved in general. However there always exists a conserved gravitational

charged as a matter conserved charge. In this paper we have shown that these statements

hold for the colliding plain gravitational waves and their variants. The above answer,

however, seems unsatisfactory, since one may hope that the total energy including both

matter energy and gravitational energy is conserved in general relativity. Unfortunately, it

is not easy to define the gravitational energy and thus the conserved total energy in general

relativity. One may say that the conserved current of the Noether’s 2nd theorem can be

used to define the total energy in general relativity. This, however, may not be the final

answer since the conservation via the Noether’s 2nd theorem is not dynamical[1, 4, 19]. As

an evidence to support this statement, we show in appendix A that the generalized Komar

integral[2], which is a generic conserved charge from the Noether’s 2nd theorem and is

regarded as a representative for the quasi-local energy, is not conserved for the colliding

plane gravitational waves. This suggests that the generalized Komar integral is physically

an improper definition of “energy”, as has been pointed out before[22]. To find a conserved
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total energy including contributions from gravitational fields will be the next important

task in our future studies, even though such a concept may not exist in general relativity.
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A Generalized Komar integral for colliding plane gravitational waves

In this appendix, we evaluate a Komar-type integral[2] for the colliding plane gravitational

waves, since it, together with its variants, covers large varieties of quasi-local definitions of

“energy” in general relativity.

The Komar current4 is given by

Kµ[ξ] :=
1

2κ
∇νK

µν [ξ], Kµν [ξ] := ∇[µξν], (A.1)

whose covariant divergence identically vanishes as ∇µK
µ[ξ] = 0 for an arbitrary vector ξµ

without using equations of motion, as a consequence of Noether’s 2nd theorem[4]. Therefore

an identity,

0 =

∫
d4x

√
−g∇µK

µ[ξ] =

∫
∂V

[d3x]µK
µ[ξ], (A.2)

holds for an arbitrary space-time region V with a boundary ∂V . Taking a region in the

τ − z plane surrounded by 4 boundaries, [zL(τp), zR(τp)], [zR(τp), zR(τf )], [zR(τf ), zL(τf )]

and [zL(τf ), zL(τp)] (See an example in Fig. 2), we obtain a relation that

EK(τf )− EK(τp) = SR(τf , τp)− SL(τf , τp), (A.3)

where

EK(τ) :=
1

V2

∫ zR(τ)

zL(τ)
[d3x]µK

µ[ξ], SH(τf , τp) :=
1

V2

∫ zH(τf )

zH(τp)
[d3x]µK

µ[ξ], H = R,L.(A.4)

Therefore, the generalized Komar integral EK(τ) is τ -independent (i.e. conserved), if

SR(τf , τp)− SL(τf , τp) = 0 for ∀τf ,
∀ τp.

Using the Stokes theorem and performing trivial x, y integrals, we write

EK(τ) =
1

2κ

√
−gKvu[ξ]

∣∣∣∣zR(τ)

zL(τ)

, SH(τf , τp) =
1

2κ

√
−gKvu[ξ]

∣∣∣∣zH(τf )

zH(τp)

, (A.5)

4The Komar energy is originally defined by Kµ[ξ] in the case that ξ is a time-like Killing vector. Since

Kµ[ξ] is always conserved, we here define the Komar energy for an arbitrary vector ξµ, which we call the

generalized Komar integral.

– 20 –



where

Kvu[ξ] = gvu(∂uξ
u + Γu

uuξ
u)− guv(∂vξ

v + Γv
vvξ

v). (A.6)

In the following analysis, we take ξu = h1(v) and ξv = h2(u), so that

√
−g Kvu[ξ] = [Muh1(v)−Mvh2(u)] , (A.7)

where

Mu = fu

[
1− k212

4
+O(t2)

]
, Mv = fv

[
1− k212

4
+O(t2)

]
, (A.8)

at t2 ' 0. We thus obtain

EK(τ) =
1

4κ

(
1− k212

4

)
(fuh1 − gvh2)

∣∣∣∣zR(τ)

zL(τ)

, (A.9)

SH(τf , τp) =
1

4κ

(
1− k212

4

)
(fuh1 − gvh2)

∣∣∣∣zH(τf )

zH(τp)

, (A.10)

both of which vanish for h1(v) = gv(v) and h2(u) = fu(u), so that the generalized Komar

integral is conserved trivially and becomes zero in this case.

We thus consider a more non-trivial case that h1(v) = c1 and h2(u) = c2 with constants

c1, c2, and take τp < τ0 =
1√
2
min(1/a, 1/b), at which we have

EK(τp) = − 1

4κ

(
1− k212

4

)
[c1n1a+ c2n2b] . (A.11)

Note that EK(τp) agrees with the energy of two plane gravitational waves before collision,

eq. (3.28), if we take c1 = c2 = −
√
2

1− k212/4
.

Let us consider the following 3 cases for τf separately.

1. τf ≤ τ0: In this case, the energy is conserved as EK(τf ) = EK(τp). Indeed we also

confirm SR(τf , τp) = SL(τf , τp) = 0.

2. τ0 < τf ≤ τ1 =
1√
2
max(1/a, 1/b): In this case

E(τf ) =
1

4κ

(
1− k212

4

)
×


c1fu(uR)− c2{gv(vR)) + n2b}, a ≥ b,

c2gv(vL)− c1{fu(uL)) + n1a}, a < b,

, (A.12)

where uH = 1√
2
(τf +zH(τf ) and vH = 1√

2
(τf −zH(τf ) for H = R,L. Since EK(τf ) 6=

EK(τp), the generalized Komar integral is not conserved. Indeed EK(τf )−EK(τp) =

SR(τf , τp)− SL(τf , τp) 6= 0 is satisfied, where

SR(τf , τp) = θ(a− b)
1

4κ

(
1− k212

4

)
[c1{f(uR) + n1a} − c2gv(vR)] , (A.13)

SL(τf , τp) = θ(b− a)
1

4κ

(
1− k212

4

)
[−c2{gv(vL) + n2b}+ c1fu(uL)] . (A.14)
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3. τ1 < τf ≤ τend: In this case

E(τf ) =
1

4κ

(
1− k212

4

)
[c1{fu(uR)− fu(uL)} − c2{gv(vR)− gv(vL)}] . (A.15)

The generalized Komar integral is not conserved as E(τf ) − E(τp) = SR(τf , τp) −
SL(τf , τp) 6= 0, where

SR(τf , τp) =
1

4κ

(
1− k212

4

)
[c1{f(uR) + n1a} − c2gv(vR)] , (A.16)

SL(τf , τp) =
1

4κ

(
1− k212

4

)
[−c2{gv(vL) + n2b}+ c1fu(uL)] . (A.17)

Note that E(τend) = 0 since uR = uL and vR = vL.

Let us conclude that, while the Komar current Kµ[ξ] is always conserved locally, the

generalized Komar integral EK(τ) is not conserved in general, due to non-zero contributions

from integrals on other boundaries, SR(τf , τp)− SL(τf , τp).

It is worth mentioning that, as discussed in the main text, integrals of Tµ
νζ

ν on

boundaries at t2 = 0 are always zero, since [d3x]µT
µ
ν = 0 on these boundaries. This is

not an accidental, as any matters never flow into regions outside the defined spacetime.

If some matter exists, the corresponding spacetime must also exist according to Einstein

equation. On the other hand, this argument can not be applied to the Komar current since

it does not have such a physical meaning, so that a conservation of the generalized Komar

integral is not automatically guaranteed in general, as seen in this appendix.
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