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The detrending moving average (DMA) analysis demonstrates excellent performance for the character-
ization of long-range correlations and fractal scaling and is performed in various research fields. The
conventional DMA with a simple moving average can remove linear trends embedded in the observed
time series. To improve the detrending ability of the DMA, higher-order DMA including a higher order
polynomial detrending was also introduced using the Savitzky-Golay filter and its fast implementation
algorithm was developed. However, the higher-order DMA applicable to higher dimensional data is yet
to be well established. As the data dimension increases, an increase in the computational cost becomes
a problem that needs to be resolved. Further, the implementation of the higher order DMA is a time-
consuming procedure. To resolve this problem, we here proposed a fast algorithm for multidimensional
DMA with higher order polynomial detrending. In the proposed algorithm, to reduce the computational
complexity, parallel translation and recurrence techniques are introduced. Monte Carlo experiments for
two-dimensional data show that the computational time of the proposed algorithm is approximately
proportional to the cubic of the data length, whereas the computational time of the conventional im-
plementation is approximately proportional to the quartic of the data length. Moreover, we evaluate the
estimation accuracy of the Hurst exponent of the proposed method. Finally, we demonstrate the possible
application of the proposed method by estimating the Hurst exponent of images.

© 2023 The Author(s). Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)
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1. Introduction

Long-range correlation and fractal scaling behavior are om-
nipresent in various systems, e.g., biological [1-4], economic [5-
7], and social systems [8,9]. To characterize such phenomena, vari-
ous scaling exponents have been proposed. For instance, the Hurst
exponent H is the parameter of fractional Brownian motion (fBm)
[10] with long-range correlated increments and is defined based
on the self-affine structure of the fBm. H has been proven use-
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ful in characterizing one-dimensional and higher dimensional data.
For example, in the one-dimensional case, the long-term heart-rate
variability (HRV) time series exhibiting a 1/ff-type power spec-
trum [11,12] can be characterized by H. The power-law exponent
B is also the scaling exponent and is linked with H as 8 = 2H + 1
(B > 1) [13]. In higher dimensional cases, H-based fractal concepts
are used to model and quantify isotropic and anisotropic fracture
surfaces [14,15].

To characterize fractal scaling behavior in one-dimensional and
higher dimensional cases, power spectral analysis method [16,17],
wavelet-transform-based analysis method [18-21], detrended fluc-
tuation analysis (DFA) [2,22], and detrending moving average
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(DMA) algorithms [6,23] have been proposed. Among these meth-
ods, DMA is one of the best methods to estimate H owing to its ac-
curate result and the easy implementation. However, the detrend-
ing ability of DMA is worse than higher order DFA because the
trend is estimated by simple moving average. This lack of detrend-
ing ability will affect the reliability of the estimated result and
cause the spurious detection of H.

Higher order DMA, which is based on higher order moving av-
erage polynomials, was proposed to improve the detrending ca-
pability [24]. This higher order approach shows better detrending
capability in terms of removing a higher order polynomial trend
[25]. Moreover, it has been confirmed that higher order DMA ex-
hibits better performance while performing long-range correlation
and characterizing fractal scaling behavior owing to its detrending
ability and stabilities, whereas the nonlinear filtering property of
DFA results in the instability of the scaling exponent estimation
[25,26]. However, such higher order DMA has just been established
in one-dimensional space, and the higher dimensional implemen-
tation of higher order DMA has not been established. Moreover, a
fast algorithm for one-dimensional higher order DMA has been de-
veloped because the conventional implementation of DMA based
on the convolutional operation is time-consuming [13]. As data
dimensions increase, the computational cost increases, and thus,
there is a demand for the development of fast algorithms.

In this study, we propose a multidimensional higher order de-
trending moving average approach to estimate the scaling expo-
nent corresponding to H. First, we introduce the general descrip-
tion of multidimensional DMA; next, we derive the second-order
and fourth-order DMA in 2D space. To reduce the computational
time, we propose their fast algorithms. To evaluate the accuracy
of our algorithm, we test our algorithm numerically with differ-
ent data sizes and H values. Moreover, we discuss the applicability
of the proposed method to biological image analysis to character-
ize the actin filament network behind the cell cortex. In the ap-
pendices, we demonstrate the detectable scaling exponent and de-
trending capability for removing the polynomial trend to show the
efficiency of the proposed method.

2. Multidimensional scaling analysis using a higher order
moving polynomial function

2.1. Multidimensional scaling analysis using moving average

In this subsection, we review the multidimensional detrending
moving average method. To analyze high-dimensional fractals, a
generalized multidimensional detrending moving average method
has been proposed [23]. In d-dimensional space, the scale can be
represented by a subarray n = (n{, ny,...,ng). If we choose n; =
ny,=-.-=ny5=s(s>11is an odd positive integer), the generalized
variance at scale s is defined as:

pon= o et
0 )=—F—"""-— fxa) - fxa)| . (1
DMA ML (Ni—s+1) X=G-1)/2  xg=(s—1)/2

where x; = (x1,X2,...,X%;) and f(X;) denotes the d-dimensional
data, e.g., an fBm surface, and N; denotes the length of x; in the ith
dimension. f(xd) is the moving average function of f(x;), which
is defined by:

(s-1)/2 (s=1)/2

f(Xls--de):sj Do fa+Enx+E). (2)
Ei=—(s-1)/2  &=-(s-1)/2
If f(xq,X3,...,%4) has an fBm-surface-like structure, the ex-

pected relationship between the generalized variance and the scal-
ing exponent « is:

UDMA(S) ~ 5%, (3)
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Therefore, the log-log plot of opypa(s) verses s is a straight line
with slope «.

2.2. Multidimensional scaling analysis using a second-Order moving
polynomial function

To date, it has been reported that a high-order polynomial trend
in time series may cause spurious scaling behavior, which will
reduce the accuracy of the scaling exponent estimation [13,25].
Therefore, we introduce second-order moving average detrending
for the scaling analysis in d-dimensional space. In addition, the al-
gorithm of the fourth-order moving average method in 2D space is
mentioned in Appendix A. For any scale n that considers odd in-
teger values, we represent s by s = 2m + 1, where m is a positive
integer. Similar to the central DMA in 1D space [13], we introduce
a parallel translation technique to describe and implement multi-
dimensional higher order DMA. Figure 1 shows parallel translation
in 2D space, where s is 5 (m = 2).

Considering a d-dimensional data f(xq, X, ...,Xy), the trend es-
timated by the second-order polynomial function based on the
least-squares fit is as follows:

xd)—a(O)JrZa(”x +Za(2)x +ZZa(”>xxj (4)

i=1 j=i+1

fx1.%2, ...

Here, the least squares polynomial fit is performed over a re-
gion —-m <x; <m (i=1,...,d). This polynomial for trend estima-
tion is identical to the multldlmensmnal Sav1tzky-Golay filter [27-
29]. The coefficients {a®, a; U ,(2) DY in Eq. (4) are obtained

by minimizing the square error:

-3 Y e - Fe )

Xj=—m  Xg=—m

I({a®.a.a® . at"})

To minimize Eq. (5), we calculate the partial derivative with re-
spect to each coefficient and set all the partial derivatives to zero.
Using the parallel translation technique, the value of the polyno-
mial function at a certain data point is given by:

f,...,0)=a®, (6)
Therefore, the essential equation that provides a© is:
a©
(2)
- o) (p T ‘152) - b
> R(RY) =2 2 B, ()
Xj=—m  Xg=—m : Xij=—m  Xg=—m
2)
4
where
1
Xt
2
PP =X | (8)
X2

Finally, by solving Eq. (7), we obtain the general formula for the
second-order moving average polynomial function in d-dimension:

d
{(5d +4)ym? + (5d + 4)m — 3}S©@ (xs) — 15 S (x4)
i=1
. (9)

f(Xq) = (4m? +4m —3)2m + 1)d

where

SO (xg) = Z Z fGa+6&,...,
§i=—m  §g=—m

Xq + &) (10)
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Fig. 1. Parallel translation technique for s =5 (m = 2) in 2D space. Each square represents a data point in this 2D time series. The central point (the red square) is shifted
to (0,0), which converts the calculation interval into a symmetrical interval [-m, m] in each dimension. (For interpretation of the references to colour in this figure legend,

the reader is referred to the web version of this article.)

m

SP (%) = Y

E=—m

m

e Y B fa &L X+ E) (11)
§g=—m

Figure 2 shows the estimated trend of an fBm surface with
Hurst exponent H = 0.7 and detrending results. In this study, the
fBm surface was artificially generated based on the midpoint in-
terpolation method [30,31]. Based on Egs. (10) and (11), we ana-
lyze the time complexity of our algorithm. For example, given a 2D
time series with size S= N x N and scale n, the calculation step of
the summation of f(xq,xy) in Egs. (10) and (11) is n2(N —n + 1)2,
which is proportional to N2. With regard to the application of the
scaling analysis, n is defined by a seque,nce 1/1’1 n/z, . /n/L where L
is the total number of the scales and n; <n, <--. <n,. If the se-
quence {n;}lL:1 is defined by a geometric progression with a fixed

common ratio and n;’ is proportional to N, the sum of {n;} is pro-
portional to S. As a result, the summation step in Eqs. (10) and
(11) is proportional to N4. Thus, the computational complexity is
O(N*). This result implies that the computation time grows steeply
as the number of data points increase. It is important to note that
Eq. (9) is expressed in the form of convolution. As will be shown
in the next section, Eq. (9) is useful for the development of the fast
algorithm of multidimensional DMA.

3. Fast algorithm for second-order 2D DMA

As discussed in the aforementioned section, the calculation
time of the algorithm rapidly increases when the number of data
points increases. In this section, we propose a fast algorithm for
second-order 2D DMA. We developed two approaches to derive
the fast algorithm: First, we use the parallel translation technique
to describe the algorithm, as explained in Section 2. Second, we
calculate Eqs. (10) and (11) with a recurrence formula. The use of
the parallel translation technique will simplify the calculation of
the value of the polynomial function at a certain data point as
f 0) = a®, which implies that the calculation of other co-
efficients of the polynomial function is not necessary. In Eq. (9),

the calculation of S©@ and S® is time-consuming. Herein, we solve
this problem by using the recurrence formula of S and S®.
Based on Eq. (1), the generalized variance of a 2D time series
f(x1,xp) at scale n is defined as:

s
Ny—

z
|
S

, ~ 1
DMA®) = W s DM, s D)

[fCa, %) - f(Xl,Xz)]z-

(12)

Here, Ny and N, are the lengths in each dimension respectively.
According to Section 2, by replacing n with 2m+1, f(x1,xy) is
given by

fo%) = G e ammen —3on *x)
_ 15 (2,0)
GmTi2@mmen 3o K%
_ 15 (0,2)
where
m m
SO x2) = Y 3 fxi+ixa+ ), (14)
i=—m j=—m
m m
SEO(x) = Y Y Bf(q +ixa+ ). (15)
i=—m j=—m
S, x) = Y Y PG +ixg+ ). (16)

i=—m j=—m
Let us consider the general forms of Eqgs. (14)-(16), which is
denoted by SV (x;,x) =y YR i i x4 ) (k1=
0,1,2,...). In our algorithm, S,(,!,‘”)(xl,xz) is calculated for each

point of f(x1,x3), where m<x; <N;y—m and m<x, <N, —m.
The calculation for the next point is performed by incrementing
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(a) f(xl, X2)

b (©

‘f~(x1, X3) m = 32

-0.5
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Fig. 2. Example of two-dimensional second-order DMA for the analysis o~f a fBm surface with H = 0.7. (a) The 3D view of a fBm surface f(x;,x;) with H=0.7 and a size
of 1025 x1025 pixgls. (b-d) Results of the second-order moving average f(x;,x,) with a scale of n =17, 65, and 257 (m =8,32, and 128, respectively). (e-g) The detrending
results f(x1,X2) — f(x1,xy) using the moving average results shown in (b-d) respectively.

X1 or Xp. Specifically, it defines the calculation of S,(n"”)(xl +1,x%)
or S,(,’,‘")(x1,x2 + 1) using the recurrence formula:
k

SED G + 1) = 3 (D (DS (o x2)

h=0

m
+ 0 Hmfea +m+ 1,0+ )

Jj=—m

—(=m=D¥f(x; —m.x + j)}. (17)
l
S;(qf’l)(XLXz +1) = Z (Il1> (-=1)h Sgr’:{’h)(xhxﬁ

h=0
m

+ Y Mmfoa +ix+m+1)

i=—m
—(=m=1Df(x +i.xp—m)}. (18)
When two different scales s; =2m; +1 and sy =2my +1 (my >
my; and Am = m;, —my) are given, Sﬁ,’fz")(xl + Am, x, + Am) can be
calculated using S,(,’fl’l) (x1,xp) based on the recurrence formula:

ko1

h=0 u=0
my+Am my

+ Y Y (- amfG-am)
i=my+1 j=—m

fxi+ixa+ )

my, my+Am

+ ) > M+ Amtixg + ).

i=—my j=my+1

(19)

Therefore, Egs. (14)-(16) can be calculated across x; and x, and
scale by substituting k and | with 0 or 2 in Egs. (17)-(19). As de-
scribed in Appendix A, the fast algorithm of fourth-order 2D DMA
can be derived from Egs. (17)-(19). To evaluate the efficiency of the
proposed fast algorithm, we estimate the computation time of 2D
DMA. Here, for a 2D time series with size S = N x N, the analyzed
scales {ny,n,,...,n,} are the odd integers nearest to the geomet-
ric progression with a common ratio of 2'/2 and less than N/10.
Thus, the number of the analyzed scales is approximately propor-
tional to logN. As shown in Fig. 3, the convolution-based imple-
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Fig. 3. Comparison of computation time. The computation time were averaged over
5 runs. The Comparison was conducted on a PC with Windows operating system
and Intel(R) Core (TM) i7-8086k CPU (4.00GHz).

mentation of second-order 2D DMA incurs a much higher compu-
tational cost that is approximately proportional to N*. In contrast,
the computation time of the proposed fast algorithm is approxi-
mately proportional to N3. Thus, the computational complexity is
O(N3). DFA is one of the most widely used method. As shown in
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[13], its computational complexity is comparable with that of the
fast implementation algorithm of DMA.

4. Accuracy of the scaling analysis of 2D DMA

In this section, we evaluate the accuracy of the Hurst exponent
estimation of 2D DMA. We conduct the experiment on fBm sur-
faces of different sizes (257 x 257, 1025 x 10225, and 4096 x 4097)
with different Hurst exponent.

4.1. 2D DMA gained higher accuracy on a larger size fbm surface

For a fixed Hurst exponent, as the size of the fBm surface ap-
proaches infinity, the estimated result will converge to the true
value with probability 1 according to the law of large numbers.
However,as the real fBm surface exhibits a finite size, the estima-
tion accuracy on the smaller fBm surface will be lower than that
on the larger surface. Table 1 lists these results, where the esti-
mated Hurst exponent gets closer to the true value with an in-
crease in the data size for a fixed Hurst exponent. Figure 4(b) and
(c) illustrate these results with sizes 4097 x 4097 and 257 x 257,
respectively; the Hurst exponent of each fBm surface is 0.9. The
black dash line represents the slop of 0.9.

We can see that the estimation on the surface with the size of
4097 x 4097 shows the slope much closer to 0.9 than that on the
surface with the size of 257 x 257. Finally, Fig. 4(d) summarizes the
estimation accuracy of the fBm surface with three different sizes
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=
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Fig. 4. Visualization of the estimation of the Hurst exponent. The result was obtained from the average of 100 samples. (a) Result of the fBm surface with a size of
4097 x 4097 pixels and a Hurst exponent of 0.1. The black dash line denotes the slope of 0.1. (b) Result of the fBm surface with a size of 4097 x 4097 pixels and a Hurst
exponent of 0.9. The black dash line denotes the slope of 0.9. (c) Result of the fBm surface with a size of 257 x 257 pixels and a Hurst exponent of 0.9. The black dash line
denotes the slope of 0.9. (d) Estimation results of the fBm surface with different sizes and different Hurst exponents.
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Fig. 5. (a) Actin filament network far away from lamellipodia. (b) Log-log plot of log,, s versus log;, opya(s) in (a) using zeroth-order, second-order, and fourth-order DMA.
The Hurst exponent is 0.53, which is calculated using the linear regression of data points in the log-log plot. (c) Actin filament network on lamellipodia. (d) Log-log plot
of log,y s versus log;, opuma(s) in (c) using zeroth-order, second-order, and fourth-order DMA. The Hurst exponent is 0.26, which is calculated using the linear regression of
data points in the log-log plot. (e) Change in the Hurst exponent of the actin filament network shown in (a) and (c) over time. The result suggests that the fiber density of
the actin filament network far away from lamellipodia was almost constant, whereas the fiber density of the actin filament network on lamellipodia changed frequently and

dramatically.

and Hurst exponents, where the black dash line implies that the
estimated Hurst exponent signifies the true value.

4.2. 2D DMA gained higher accuracy on the fBm surface with a
larger scaling exponent

For a fixed size, the estimation of the low Hurst exponent is
less accurate than that of the high Hurst exponent. As listed in

Table 1, for the same data size, the estimation error of the fBm
surface with a higher Hurst exponent is smaller than that with a
lower Hurst exponent. Fig. 4(a) illustrates the Hurst exponent esti-
mation of the fBm surface with the size of 4097 x 4097; the Hurst
exponent is 0.1, which implies that the slope is larger than 0.1.
Figure 4(d) shows this result as well, where we can observe that
the estimation shows a larger error when the Hurst exponent is
smaller than 0.2.
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Table 1

The Hurst exponent estimation result using 2D DMA. The experiment was con-
ducted on fBm surface with different size and different Hurst exponent, and each
result was obtained by averaging 100 samples.

Hurst Data Order

Exponent Size Zero Order Second Order  Forth Order
257 x 257 0.164+0.02  0.18 +£0.02 0.20+£0.01

H=0.1 1025 x 1025 0.14+£0.02 0.15+0.02 0.16 £ 0.01
4097 x 4097  0.13+0.01 0.13+0.01 0.14+0.01
257 x 257 0.86+£0.07 0.84+0.05 0.81+0.03

H=09 1025 x 1025 0.88+0.07 0.89+0.06 0.88 +0.05
4097 x 4097 0.894+0.04 0.90+0.03 0.90 +0.03

5. Application of the multidimensional DMA

To date, the Hurst exponent was used to quantify the diversity
of 3D landscape, and, thus may be extended to quantitatively de-
scribe the atomic-force-microscope (AFM) images of electrospun
nanofiber mats [32,33]. In this section, we show an application
of the proposed method that can be used as a tool to quantita-
tively describe the density of the actin filament network behind
the cell cortex. We assume that the fiber network with higher fiber
density will exhibit diversity with regard to the representation of
its image. If an image of a fiber network has a higher Hurst ex-
ponent, the diversity of the image surface is low, which implies
less content on the image and thus, the fiber density is low. Our
video data were imaged by fast-scanning atomic force microscopy
and represented the organization of the actin filament network dy-
namics behind the cell cortex in a living cell [34]. Two kinds of
the actin filament network were imaged: One is the actin filament
network on the cell surface far away from lamellipodia (Fig. 5(a)),
and the other is the actin filament network on the cell surface of
lamellipodia (Fig. 5(c)). These two images are two snapshots of two
videos with an image size of 640 x 480 pixels, respectively. We
used COS-7 cells that were derived from monkey kidney tissue.
Figure 5(b) and (d) show the results of the Hurst exponent esti-
mation of the actin filament network structure shown in Fig. 5(a)
and (c). The results show the power-law scaling between logys
and logo opwma (s), where the data points are approximately located
on a straight line, which suggests that the structure of the two
kinds of the actin filament network behave self-similarity proper-
ties. The estimated Hurst exponents of the actin filament network
on the cell surface far away from and of lamellipodia are 0.53
and 0.26, respectively, which implies that the fiber density of the
latter actin filament network is higher. These Hurst exponents are
obtained using the linear regression of data points in the log-log
plot. It is worth noticing that the result of the estimated Hurst
exponent is independent to the order of DMA, which means that
the estimated scaling exponent remains unchanged when the or-
der of DMA changes. Finally, we calculate the Hurst exponent of
the actin filament network shown in the frame of each video. The
change in the Hurst exponent versus time is shown in Fig. 5(e).
Figure 5(e) demonstrates that the Hurst exponent of the actin fila-
ment network far away from lamellipodia rarely changed, whereas
the Hurst exponent of the actin filament network on lamellipodia
dramatically changed. This result reveals that during the imaging
process, the fiber density of the actin filament network far away
from lamellipodia stayed around a constant, whereas the fiber den-
sity of the actin filament network on lamellipodia frequently and
dramatically changed. This is because the actin filament network
on lamellipodia plays the role of cell migration, and the genera-
tion and degeneration of actin filament happen frequently; thus,
its density changes frequently and dramatically. However, the actin
filament network far away from lamellipodia does not exhibit this
kind of behavior; therefore, its density almost remains constant.

Signal Processing 208 (2023) 108997
6. Summary and discussion

In this study, we proposed a multidimensional higher order de-
trending moving average algorithm for fractal analysis in higher di-
mensional space; moreover, we analytically derived its formula and
fast algorithm in 2D space. The experiments showed that the pro-
posed fast algorithm can reduce the computational time compared
with the conventional convolution-based implementation and re-
vealed that the proposed method can gain higher estimation ac-
curacy on a larger fBm surface or with a higher Hurst exponent.
Moreover, we demonstrate the application of the proposed method
as a tool to quantitatively describe the density of the actin filament
network behind the cell cortex. According to the previous study,
higher dimensional DFA was widely applied to image analysis [35-
37], whereas higher dimensional DMA [23] was rarely used. Thus,
our study can facilitate the application of higher order DMA to var-
ious investigations, e.g., the multifractal [22] and scaling analysis of
time series in higher dimensional space.
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Appendix A. 2D DMA using the fourth-order moving
polynomial function

In the case of 2D DMA, using the fourth-order moving polyno-
mial function, the fourth-order polynomial trend can be defined
as:

Fx1.x)=a® +a{Vx; + a0V % + a2 + a5 2 + al'yV x1x,

+a 3 + a0 %3 + 0V xy + al'y?) %123
a8+ a1 a8 + o

1.3
+ai's) x1x3.

(A1)

Similar coefficients of Eq. (5) can be obtained by minimizing
the loss function

Idah= Y 3 [feux) - fxx)] (A2)

Xy=—MXy=—m
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Here, a is a vector that contains all the coefficients of Eq. (A1).
By setting the derivative of Eq. (A2) with respect to a to zero, we
can obtain the essential equation that provides a(®:

a©
a®
m m T a§2) m m
> X RE)| a0 - X 3 RS
Xi=—m  Xq=—m a§4) Xj=—m  Xgq=—m
a5
(A3)
where
1
X
P = 2 (A4)
X3
Xix3

By solving Eq. (A3), we can obtain the formula of the fourth-
order moving average polynomial function:
f(x1,x0)= [(1944m6 +5832m° — 1674m* — 13068m3 — 3150m?
+4356m — 540)S0 (x;, x3)
—(5400m* + 10800m> — 8550m* — 13950m + 4725)
(S5 (x1,%2) + Si2 (%1, X2))
+945(4m? + 4m - 3) (S ® (x1.%2) + S5 Y (x1.%2))
+900(4m? + 4m — 15)S7?) (x1,x2)|/D.
(A5)
where
D = 4(4m? + 4m — 15)(8m? + 12m? — 2m — 3)". (A6)

The fast algorithm for Eq. (A6) that calculates across x; and x,
and scale can be obtained from Eqs. (17)-(19).

Appendix B. Detrending capability of 2D DMA

One advantage of higher order DMA is its improved detrending
performance, which plays a vital role in improving the estimation
accuracy of the scaling exponent. To show this, we analyzed the
2D data array generated by the superposition of the fBm surface
with Hurst exponent H=0.7 and the higher order polynomial trend
(Fig. 6).

(a) fBm surface

(b) Second-order polynomial trend
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As shown in Fig. 7, we analyzed the fBm surface with the su-
perposition of second-, fourth-, fifth-, and sixth-order polynomial
trends. The plot shows spurious scaling behavior at a large scale,
as suggested by the slope much steeper than 0.7 at a large value
of s. The steep slope is caused by the adverse effect of the deter-
ministic higher order two-dimensional polynomial pattern. How-
ever, the result illustrated in Fig. 7 suggests that as the order of
DMA increases, the spurious scaling behavior will be attenuated
or even disappear. For example, spurious scaling behavior has not
occurred in fourth-order DMA while analyzing time series with
second-, fourth-, and fifth-order trends; it occurs at the zeroth-
order DMA. Moreover, this numerical study shows that mth order
2D DMA can accurately perform the scaling analysis of a fBm sur-
face with the m + 1 order trend, which coincides with the result of
1D DMA [13,25].

Here, we analytically show that the second-order 2D DMA can
remove deterministic patterns described by the cubic polynomial
surface. When we consider the summation of two uncorrelated
data fA(x,y) and fB(x,y), the superposition law of the mean
square deviation in DMA holds [38]:

2 2 2

(A+B) _ (A) (B)
(o5MA®) = (o5a®) + (oBra®) - (B1)
where o,;AM;B)(s), oé%(s) and o,;BM)A(s)denote the root-mean-

square deviation corresponding to {fA(x,y) + fE(x. )}, {fAx.»},
and { fB(x, y)}, respectively. Therefore, if a data array is defined by
the summation of a stochastic pattern and a polynomial surface,
the additive law of mean-square deviations holds. Therefore, we
can study the separate effects of the polynomial surface. To sim-
plify the calculation, we assume a cubic polynomial surface S3(x, y)
defined in the region —m < x <m, —m <y < m, where the scale is
given by s = 2m + 1)2:
S?(X,y) = Co0+ C1.0X + Co1Y + C2.0X* + Co2y* + C3.0X° + C21X%Y
+C1.2XY% + 03> (B2)
By employing parallel translation, an arbitrary situation while
analyzing the cubic polynomial surface can be described in the
aforementioned form. To calculate f2(x,y) at (x,y) = (0, 0) on the

moving polynomial surface, we obtain the coefficients {a; ;} of the
least-square polynomial surface by minimizing

(o)) = Y

Xj=—my=-m

m

(5D (x1.%) - P(x.p)’. (B3)

where

f2(X,y) = @00 + a1,0X + Ao 1Y + a2,0%% + Q1 1XY + g 2Y>. (B4)

(c) fBm surface with trend

N W s oo

Fig. 6. (a) fBm surface with a size of 1025 x 1025 pixels and H=0.7. (b) 2D polynomial trend. (c) The superposition of the fBm surface and the second-order polynomial

trend are shown in (a) and (b), respectively.
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Fig. 7. Results of the detrending capability of 2D mth-order DMA. (a, b, ¢, and d) are the estimation results of the fBm surface (H is 0.7 and size is 1025 x 1025 pixels). q is
the order of the polynomial trend. The results are obtained by averaging 100 samples. The black dashed line denotes the slope of 0.7.

Thus, we solve the following equations:

01({ais})
- (B5)

Equation defined by Eq. (B4) for a pair of even numbers of i and
j results in

m m 1 x2 y2 Co,0 — Qo,0 0
oY 1 X x| oo |=]|0] (B6)
x=—my=—m | y*  x*y?>  y* |[Co2—0o2 0

AS m is a positive integer, the matrix in Eq. (B6) is regular. Thus,
we can obtain

Qo0 = Co,0
a0 = C20
Qp2 = Cp2 (B7)

In this case, the moving average point at (x,y) = (0,0) on the
polynomial surface f@ (x,y) is given by

F@(0,0) = ag 0 = cop. (B8)

Therefore, the square deviation based on the cubic polynomial sur-
face S®)(x, y) is calculated as

(2@ -TPen)’| = (o0’ =0, (B9)

x=0,y=l

This result demonstrates that o[Z)M A(s) = 0 when a polynomial
surface with degree q < 3 is analyzed by second-order 2D DMA.

In contrast, it is possible to demonstrate that zeroth-order 2D
DMA can remove flat surface patterns described by SM(x,y) =
0.0 + Co.0X + Co,1y. Furthermore, when a quadratic polynomial sur-
face (elliptical paraboloid), S (x,y) = SM (x,y) + ¢ 0X* + €1.1XY +
Co.2y?, is analyzed using zeroth-order 2D DMA, we obtain

2
(C2,0+Co2)

GIZDMA(S): 144 (5_1)2,

(B10)
where s = (2m + 1)2. Therefore, as shown in Fig. 7(a), the spurious
scaling behavior with a steeper slope is observed.

Appendix C. Limitation of the detectable scaling exponent

As reported in the study of the one-dimensional higher order
DMA, the limitation of the detectable scaling exponent exists and
depends on the order of DMA [13,25]. In 1D mth order DMA, the
upper limit of the detectable scale of the artificially generated time
series with a power-law power spectral density S(f) ~ f~# (f is
the frequency) is given by m+2 [25]. By conducting numerical
experiments, we show that higher order 2D DMA has this limita-
tion as well. As shown in Fig. 8, the result that has been obtained
by the average of 100 generated samples suggests that the limita-
tion of the detectable scaling exponent is determined by the or-
der of DMA. The largest scaling exponents, which zeroth-, second-,
and fourth-order DMA can detect, are 2, 4, and 6, respec-
tively. This result suggests that the upper limit of the detectable
scale is m + 2, and this limited detection ability is identical to 1D
DMA.
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Fig. 8. The plot of the relationship between the true scaling exponent and the
estimated scaling exponent using 2D zeroth-order, second-order, and fourth-order
DMA. The black dash line implies that the estimated Hurst exponent signifies the
true value. The results are obtained by averaging 100 samples with a size of 1025
x 1025 pixels.
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