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A g-analogue of the matrix fifth Painlevé system

By

Hiroshi KAWAKAMI*

Abstract

We consider a degeneration of the g-matrix sixth Painlevé system. As a result, we obtain
a system of non-linear g-difference equations, which describes a deformation of a certain “non-
Fuchsian” linear ¢-difference system. We define the spectral type for non-Fuchsian g¢-difference
systems and characterize the associated linear problem in terms of the spectral type. We also
consider a continuous limit of the non-linear g-difference system and show that the resulting
system of non-linear differential equations coincides with the matrix fifth Painlevé system.

§1. Introduction

The Painlevé equations are non-linear second order ordinary differential equations
that define novel transcendental functions. Historically, the Painlevé equations were
classified into six equations. We refer to them as P, Py, ..., Pyr. The sixth Painlevé
equation Pyp serves as the “source” from which all the other Painlevé equations can be
derived through degeneration processes.

Since the 1990s, various generalizations of the Painlevé equations have been pro-
posed in the literature, such as discretizations, higher-dimensional analogues, quantiza-
tions, and so on.

Recently, Painlevé-type differential equations with four-dimensional phase space
have been classified from the perspective of isomonodromic deformations of linear differ-
ential equations [4, 9, 10, 11]. This series of studies shows that, in the four-dimensional
case, there exist four “sources” as extensions of the sixth Painlevé equation. Namely,
they are
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e the Garnier system [3], which is a classically known multivariate extension of Pyr,

e the Fuji-Suzuki-Tsuda system [2, 22], which is an extension of Py with the affine
Weyl group symmetry of type A,

e the Sasano system [19], which is an extension of Pyj with the affine Weyl group
symmetry of type D,

e the matrix sixth Painlevé system [1, 4], which is a non-abelian extension of Pyr.

Note that each of the four equations has its extensions defined in arbitrary even dimen-
sions. These four families are expected to have an impact on fields such as integrable
systems, special functions, and so on.

On the other hand, Sakai [16] established an algebro-geometric theory which pro-
vides a comprehensive understanding of two-dimensional (or second order) Painlevé
equations. According to Sakai’s theory, when the phase spaces are two-dimensional, the
discrete Painlevé equations are more fundamental. Roughly speaking, by classifying a
certain kind of rational surfaces, 22 different surfaces are obtained. From the discrete
symmetry of each surface, a discrete dynamical system (a system of difference equa-
tions) is generated. The theory classifies these discrete Painlevé equations into three
types: additive difference, multiplicative difference (g-difference), and elliptic difference
equations. The Painlevé (differential) equations are understood through the continuous
limit of these discrete Painlevé equations. In this sense, we can say that the discrete
Painlevé equations are more fundamental than the Painlevé differential equations.

Our aim is, inspired by the two-dimensional case, to construct a unified framework
for discrete Painlevé-type equations in higher dimensions. However, it is difficult to
classify algebraic varieties when the phase spaces have four or more dimensions. In-
stead, from the standpoint of the classification theory (by Katz [7] and Oshima [15])
of linear differential equations and the isomonodromic/connection-preserving deforma-
tion theory, we would like to develop a framework for higher-dimensional Painlevé-type
equations that involves discrete Painlevé-type equations.

In [13], we have defined an equivalence relation between spectral types of linear
differential equations (that is, those can be transformed into each other by Mébius
transformations, the Harnad dual, or certain scalar gauge transformations are equiva-
lent) and shown that there is a tree structure among the equivalence classes including
differential equations without continuous deformations. The tree structure of equiva-
lence classes corresponds to the additive surfaces in Sakai’s list. As a next step, we
investigate multiplicative difference Painlevé-type equations in higher dimensions.

Among the four families mentioned above, g-analogues of the Garnier systems, the
Fuji-Suzuki-Tsuda systems, and the Sasano systems have been obtained and studied
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by several authors [17, 20, 21, 14]. Recently, a g-analogue of the matrix sixth Painlevé
system, which we call the g-matrix Py, has been obtained [12].

In this paper we investigate a degeneration of the ¢g-matrix Py; with the aim of
constructing a degeneration scheme for higher dimensional g-difference Painlevé-type
equations. As a result, a system of non-linear ¢-difference equations is obtained, which
corresponds to the matrix fifth Painlevé system in the continuous limit. We tentatively
denote the non-linear system by the ¢g-matrix Pyy,. The g-matrix Py is expressed as a
deformation equation of a non-Fuchsian linear g¢-difference equation.

This paper is organized as follows. In Section 2 we describe how to construct formal
solutions to linear g-difference systems. We also give the definition of spectral types for
non-Fuchsian linear g-difference systems. In Section 3 we review the g-matrix Pyy. In
Section 4 we consider a degeneration of the g-matrix Pyj. In Section 5 we consider a
continuous limit of the ¢g-matrix Py obtained in Section 4. The appendix is devoted to
a brief description of the matrix fifth Painlevé system.
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§ 2. Linear g-difference systems

In this section, we collect some facts about linear g-difference systems. The formal
normal form is used to define the spectral type for non-Fuchsian systems.

§2.1. Formal normal form: Fuchsian case

Let ¢ be a complex number satisfying 0 < |g| < 1. Consider a linear g-difference
system with polynomial coefficients

(2.1) Y(qr) = A(2)Y (z), A(z)= Ao+ Az + -+ Ayz™

where A; € M,,(C) and Ap, Ay # O. If Ay and Ay are both invertible, then the
system (2.1) is said to be Fuchsian. For simplicity we assume that Ay and Ay are
diagonalizable. In this subsection we outline the procedure to transform the given
Fuchsian system into its formal normal forms at x = 0 and = = oo.

We use the following well-known fact from linear algebra. We denote the set of all
eigenvalues of a matrix A by Sp(A).

Proposition 2.1.  Let A € M,,(C) and B € M, (C). Then the linear map

(2.2) @t Mpn(C) = My n(€), 9(X) = AX — XB
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is an isomorphism of vector spaces if and only if Sp(A) N Sp(B) = 0.

The linear g-difference systems that will be treated mainly in this paper are those
with polynomial coefficients, while the process of constructing the formal normal form
involves systems with infinite series coefficients. Therefore, in Section 2.1 and 2.2, we
will discuss the linear g-difference systems of infinite series coefficients.

First we explain the formal normal form at x = 0. For the convenience of later
discussion, we consider a system of the following form:

(2.3) Y(gz) = A(z)Y (z), A(x)=2a"(Ap+ A1z + Agz® 4 --+)

where A(z) is an m x m formal power series. Here Ay is invertible and diagonalizable,
and r is a non-negative integer. Let the eigenvalues of Ay be 01, ...,0,,. We also assume
that the system is non-resonant, that is, for any 4, j

(2.4) 0;/0; ¢ ¢"=* ={q" | n € Zx1}.

Let P(z) = >..7 , P,x™ be an m x m formal power series with Py = I,,. The
substitution Y (z) = P(x)Z(x) yields

(2.5) Z(gz) = Plq) " Ax) P(2)Z(x).

We can choose the matrix P(z) so that

(2.6) P(qz) ' A(z)P(z) = 2" Ao.

The matrix P(z) can be constructed as follows. The equation (2.6) can be written as
(2.7) (Ag+ Az + Agz® +-- I+ Pz +Pox® +---) = (I, + Pz + > Pox® - - - ) Ay.

Equating the coefficients of ™ (n > 1) on both sides, we obtain

n—1
(2.8) AgPy = Po(q"Ag) = = Y Ap_i Py
k=0
If the coefficient matrices Py, ..., P,_1 are determined, then the equation (2.8) uniquely

determines P, by Proposition 2.1 and non-resonant condition. In this way, the matrix
P(z) is constructed inductively. Then the matrix " Ay is the formal normal form of
(2.3) in this case.

The construction at x = oo is almost the same. Assume that

(29) A(I’) = ZL‘T(AO —+ Alx_l -+ A2$—2 + .. )

where Ay is invertible, r € Z>o. We can construct the transformation matrix P(z) =
S0 o Puz™™ at x = oo such that P(gz) ' A(z)P(z) = 2" Ap holds in a similar way.
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§ 2.2. Formal normal form: non-Fuchsian case

In the case that Ag or Ay of (2.1) is not invertible, the construction of the formal
normal form can be modified as follows. Consider at x =0

(2.10) Y(qr) = A(z)Y (z), A(x) =2"(Ag+ Az + Agx® +---).
Here we assume that

(2.11) Ao = diag(#y,...,05,0,...,0) = O & Opy—s,

where for any i, j

(2.12) 6,70, 0,/6¢ ",

Let P(x) = > oy Pyz™ be an m x m formal power series with Py = I,,. We have
Z(qx) = P(qx) tA(xz)P(x)Z(x) by the substitution Y (z) = P(x)Z(z). Set

(2.13) B(x) := P(qz) ' A(x)P(z) = = Zan

From the coefficients of 2° in A(z)P(z) = P(qz)B(x), we have By = Ag. Then the
coefficients of 2™ (n > 1) gives the following relation:

(2.14) B, =A, +Z (Apn_;Pj — ¢"P;B,_;) + Ao P, — Po(q" Ag).
7j=1

Set

C(n) C(”) n—1 )
(2'15) Cn = ( %111) %i) = A, + Z(An*jpj - qJPjBn*j)

C’21 C22 j=1
for simplicity. Here C’fl) is s x s, C’fz) is s X (m — s), Cgf) is (m —s) x s, and ng) is
(m —s) x (m —s). Then we have

Unlike the Fuchsian case, Sp(Ag)NSp(¢™Ag) # 0. Thus the equation (2.16) with respect
to P, does not necessarily have a solution. Instead, we partition P, conformably with
Cn

217 r= (H0 T
P21 P22
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and choose P, so that Pl(?) =0, Pz(g) =0, and

(n)
(2.18) B, =C, + < @) OP, )

-PiY(q"e) O

to be block-diagonal. More specifically, we set

(2.19) Py =-e7lcly, Py =g rcilet
Thus we have the following proposition.

Proposition 2.2.  For any system (2.10) with (2.11) and (2.12) there exists a
formal power series with matriz coefficients P(x) = > ", P,x™ where Pl(?) = O and
PQ(;l) = O such that the gauge transformation by P(x) is block-diagonal:

(2.20) Z(qx) = B(x)Z(z), B(z) = P(qz)” ' A(x)P(z) = (Blch) BQO a:)) '

Now we apply the above construction to a polynomial coefficient system
(2.21) Y(qz) = A(x)Y (2), A(z)= Ao+ Ayx +---+ Ay,

If Ay is of the form (2.11), then the constant term of Bi(z) of (2.20) is ©. Thus the
formal normal form of By (z) at z = 0 is ©. On the other hand, By (z) is of the following
form:

(2.22) By(z) = 2By + 2B + - -

where 75 is a positive integer. If By is similar to ©’ @& O where ©’ is diagonal, invertible,
and non-resonant (in particular we assume that B( is diagonalizable), then By(z) can
be block-diagonalized into the following form

(223) (mr;@/ ngz(x)> .

To summarize the above, a linear g-difference system (2.21) satisfying diagonaliz-
ability (of the first term of each direct summand) and the non-resonant condition can
be transformed into the following block diagonal form:

z" Bl

(224)  Z(qz) = B(x)Z(x), B(x)= P(qx)” ' Alx)P(x) =

z"k Bk;
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where B; € GL;,,(C). r;’s are non-negative integers satisfying ry =0 <ry <--- < rp.
Here the numbers r;’s and m;’s are uniquely determined only by the original system
(2.21). Moreover, if we require that any eigenvalue \ of B; satisfies |¢| < |A| < 1, then
the conjugacy class of B; is uniquely determined (for example see [5]). Then (2.24) is
the formal normal form of (2.21) at z = 0.

Similarly, the formal normal form of (2.21) at x = oo has the following form:

l,Nfsl Bi
(2.25)

xN*SEBé

where B} € GLyy, (C) and s1 =0 < s3 < --- < s4. The formal normal form at z = oo is
also unique in the same sense as above.

§ 2.3. Spectral types of linear ¢-difference systems

First we recall the notion of spectral type of Fuchsian linear ¢-difference systems
[18]. Consider the following Fuchsian linear ¢-difference system of rank m:

(2.26) Y(gz) = A(2)Y (2), A(x)= Ao+ Az + -+ Aya™

where Ag and Ay are invertible. We assume that, for any a € C, A(a) # O. In addition,
we assume that Ag and Ay are diagonalizable for simplicity. Let the eigenvalues of Ag
be 6, (j = 1,...,k), and let their multiplicities be m; (j = 1,...,k). Also, let the
eigenvalues of Ay be k; (j =1,...,¢), and let their multiplicities be n; (j =1,...,¢):

(2.27) Aoy~ 011, & - ®Opl,, AN ~kKilp, & D kely,.
Then we define partitions Sy and S, of m as
(2.28) So=m1,...,mk, Sec =mn1,...,Ny.
Let Z 4 be the set of the zeros of det A(x):
(2.29) Za={aecCldetA(a) =0} ={ou,...,0p}.

We denote by d; (i = 1,...,m) the elementary divisors of A(z). Here we assume that
dit1|d;. For any o; € Z4, we denote by 7% the order of ; in dj. For each i, let {n; };
be the partition conjugate to {n}};. Then we define Sq;y as

1 1 P P
(2.30) Sdiv = N7 -+ Ny MY Ty

We call the triple [Sp; Seo; Saiv] the spectral type of the Fuchsian system (2.26).
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Example 2.3.  Consider a linear g-difference system Y (qz) = A(x)Y () with
A(I) = AO —I— All’ —|— AQI‘Q,

where Ay is similar to diag(6,,6,,61,602), Az is similar to diag(k1, K1, K2, Kk2), and the
Smith normal form of A(z) is

(z —a1)(z — a2)(z — a3)*(v — au)(z — as)
(x —o)(z — az)
1
1

Then the spectral type of the system is [3,1;2,2;2,2,11,1,1].
Spectral types can also be defined for non-Fuchsian systems. Taking the formal
ri-tuple ri-tuple

normal form (2.24) into account, we can define Spas So = (--- (A1) -+ ), ..., (- (Ag)-++)
where A; is the partition of m; determined by the multiplicities of the eigenvalues of
Bj;. For example, if the normal form of A(z) around = = 0 is (B;) @ (zB2) @ (2>Bj3)
and the partitions corresponding to B;’s are

(2.31) By:3,1 By:2,1 B3:2272

then Sp = 3,1, (2,1), (((2,2,2))).

s1-tuple s¢-tuple

7 N 7

Similarly, taking (2.25) into account, we define Sog a8 Soo = (-++(A]) -+ ), oo, (- (Ap) -+ )
where )} is the partition of m’ corresponding to B.

Saiv is the same as in the Fuchsian case. Then the triple [Sp; Seo; Saiv] is the
spectral type.

§3. g¢-matrix Py

In this section we review the g-matrix Pyy [12], which describes a connection-
preserving deformation of the Fuchsian linear ¢-difference system of spectral type [m, m;m, m—
1,1;m,m,m,m] (see [6, 12] for the connection-preserving deformation).

Consider a linear g-difference system of the following form:

(3.1) Y(qz) = A(2)Y (z), A(x)= Ao+ A1z + Axz®, A; € My, (C),

where

m—1
HIIm @) . Y umm N 91tIm O
3.2 Ay = K=d e Ag ~ .
( ) 2 < 0O K) ) 1ag(’i27 7’%27’{3)7 0 ( O 92tIm>
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Since Sgiv = m, m,m, m, the Smith normal form of the polynomial matrix A(z) is of
the following form:

(3.3 (Io L aM) |

That is, d1 = --- = d,, :H?ZI(x—ai), dmt1 = =dam =1, so we have n, =1 (i =
1,2,3,4, k=1,...,m).
We assume that a;’s depend on ¢ as follows:

(3.4) a; — {%‘t (j=1,2),
a;j (J=3,4).

We also assume qo; # o (i # 7).
The linear ¢-difference systems satisfying the above conditions can be parametrized

as follows:
(3.5)
Alz) = WK {ki(xly — F)(xl, — a) + k1 G KWL WK(xl,, — F)
B ki(yz +&)W! K(zI,, — B8)(zI,, — F) + KG,
where
(3.6)
a= (k1 —K) " {01+ 0)tF ' — ki F'Gy — KGoF '+ K(F+ Gy 'FG1 + B1) }
(3.7)
B=(k1—K) " {=(0h + 0o )tF '+ ki F7'G1 + KGoF ' — k1 (F + Gy 'FGy + B1) }
(3.8)
¥ =K{G1+Ga+ Fa+BF + Ba— G (F? + B F + )G} K,
(3.9)

6 = k[ Ht?010,F 1 — k1 K(Go + BF)F (G + Fa)} K.
Here the auxiliary parameters ;’s are defined by

4 4
(3.10) 264_jzj = H(z — ;).
§=0

j=1

Also, the matrices G; and G4 satisfy
(311) G1G2 = (F — O,/llm)(F — Oéz[m)(F — agjm)(F — Oé4Im).
The relation (3.11) allows us to introduce a new variable G' by

(3.12) Gi=q 'w[HF —a1)(F— )G, Go = qr1G(F — as3)(F — ay).
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Then, from the assumption about the Smith normal form (3.3), F' and G must satisfy

the following commutation relation:

(3.13) FIGFG™ = pK, p= 122030401
01062
Since
4
(3.14) det A(x) = kT"KY 13 H(:E —a;)™,
i=1
we have
4
(3.15) /‘ilm/‘igm_lﬂg H aim = leegm.
i=1

Let us consider the connection-preserving deformation of the system (3.1). We
choose t as a deformation parameter. The parameters 0;, x;, and a;’s are independent
of t. In the following we write A(x,t) instead of A(x) when it is necessary to emphasize
that A(x) depends on t.

The connection-preserving deformation of (3.1) is given by

(3.16) Y(z,qt) = B(z,t)Y (z,t)
where
(3 17) B(.CE t) — x(‘TIQm + BO) By = B11 Bis

. , ('CE - qalt) (l’ - qa2t) ’ B21 B22

Here B;;’s are m x m matrices and given as follows:

(3.18) By =¢WK(I,, - GK)"'GK [K—lé‘l{F — (a1 + a2)t} + ﬁ} K'w—
(3.19) By =¢WK(,, - GK)™'G,
Bo1 = gk {q_l,‘ffl(ﬁ — qagt)@_l — qaqt +6} (I, — qr1G)™?
(3.20) x GK {K—lé‘l(F—agt) —a1t+6} K-lwt
= gk {q_lﬁl_l(F — qalt)é_l — qast —1—6} (I, — qr1G)7 1
(3.21) « CK {K—lé‘l(F—alt) —a2t+5} K=w,

(3.22)  Bay = [q_lf@fl{F —q(ar + ag)t}ail —I-E] qk1G (I — qrn G) L.

Here the overline denotes the g-shift with respect to t: f = f(qt) for f = f(t).
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Now we have the pair of linear ¢-difference systems:

Y(qx,t) = A(x,t)Y (x,1),
- (42,0) = A, O (2,1
Y(z,qt) = B(z,t)Y (x,t).
Then the compatibility condition of (3.23)
(3.24) A, qt)B(a,t) = Bz, ) A(x, )

reduces to a system of non-linear ¢-difference equations satisfied by F, G, and W.

Theorem 3.1 ([12]).  The compatibility condition A(x, qt)B(x,t) = B(qx,t)A(x,t)

1 equivalent to

(325)  GKG = ——(F — art)(F — ast)(F — az)~ (F — ag)"",

qki

0.0 aia aia 1\ ! 1
(3.26) FKp— % (a_t 1 2) (a_t 1 2) (@_—) @—p) ",

K1a1G9 0, 02 qr1

(3.27) WTIW = ¢k (G- K 1! <§ — q%) K1
1

We call the system (3.25) and (3.26) (with (3.13)) the g-matrix Py;. Although
this system appears to have eight parameters (6;’s, k;’s, and a;’s with a single relation
(3.15)), the number of parameters can be reduced to five by rescaling F', G, and t.

§4. Degeneration of ¢g-matrix Py

Now we consider a degeneration of the g-matrix Py; which corresponds to the limit
K1 to 0.

§4.1. From g-matrix Py to g-matrix Py

Consider the following transformation:

t=et, F=e¢F, G=e¢G, W=¢cW,

(4.1)
as = —€as, Q4 = —6_1/%1, K1 =€, Kg= 5_11%2, K3 = 6_1/%3.
m—1
> N oo N 15
We set K = diag(Ro,...,R2,Rk3) so that we have K = ¢7'K. The other parameters

a1,as and 61,605 are not changed. This transformation is compatible with the commu-
tation relation (3.13), that is, F~'GFG~' = K holds where p = %. From the
relation (3.15), we have

(4.2) I%lml%zm_lfigalmagmdgm = 01m92m.
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Substituting (4.1) into (3.25), we have

(4.3) eGKG = g(ﬁ — a1t)(F — aot)(F + as) 1 (e2F + &)~ L.
Letting ¢ — 0, we obtain
= 1 - . -
(4.4) GKG = q?(F —a1t)(F — agt)(F +as) ™t
1

Similarly, from the equation (3.26) we have

=~ (9192 = ~a10a9 = ~a10a9 275 1 -1 = - -1
4, FKF = - - _ = _ _
(45) e e (G " )(G g )(e G q) (G p>

Letting € — 0, we obtain

=~ ~ 9102 = ~1a2 = ~A1a2 = - -1
4.6 FKF = — G-t G-t G — .
( ) qa1a2 < 91 ) ( 92 ) ( p)
From the equation (3.27) we have
~ — —= ~ —= 1 ~
(4.7) WW =q(G - K1)t (82G - 5) Kt
Letting ¢ — 0, we obtain
(4.8) WIW = —(KG — Ln) .
Omitting the tilde, we obtain the following system of non-linear g-difference equa-
tions
— 1
(49) GKG = qT(F — alt)(F — CLQi)(F + a3>_1,
1
— 0192 — aja9 — aja9 — -1
4.10 FKF =— G-t G-t G —
(4.10) i (G- (G- %) @)
(4.11) W=W = (I, - KG)™*.

The associated linear system (3.1) can also be degenerated in the same manner as
above. Set x = ¢2. Notice that
(4.12)
a=—ke '+0(1), B=0(), vy=0(1), §=0(), Gi=0(), Gy=O0(?.

We set
5 B = .0 =~ . Gy

(4.13) pB:= gl_rf(l)g, = gl_r}(l)'y, d:= gl_I%g, Gy = ;%Gl, Gy = ;1_{%6—2
Then it is easy to see that
(4.14)
i VR {7 (51 — F) + Gy} VR, - F
A(Z) := lime "A(z) = WE{R (& " N)%:C_:i} w - Wi (:f ~)

e—0 ¥z + o)W K(zI,, — B)(@Il, — F
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Remark.  The multiplication of A(z) by ™! can be realized by a simple gauge
transformation of the linear system. For example, consider the transformation ¥ =
zloge/102ay" or use the ratio of theta functions (5.12) instead of z!°8¢/1°84. Then we
have Y (qz) = e 'A(z)Y (2).

Thus we obtain (by omitting the tilde)

Alr) = WEK{ki(xlyp — F)+ G} K *W1 WK(zl,, — F)
B (yz + W1 K(zI,, — B8)(zI,, — F) + KG5
(415) = A() + All‘ + AQ.I‘Z,
where
(4.16) B=K (O +0)tF ' —F'G) — KGoF ' + K1},
(417) Y = K{Gl — /€1(F + ﬁ + GFG_l — (a1 + a2)t + ag)}K_l,
(4.18) 0= F_l(Gl — /€1F — (91t)(G1 — HlF — 02t)K_1.

From the determinant of (4.15) we have
3
(4.19) Hlm/ﬁgm_llﬁg H aim = leegm.

=1

The matrices G; and G5 are given by

(4.20) Gi1=q YF —at)(F —ast)G™', Gy = qr1G(F + as3)
and satisfy

(4.21) G1Gy = k1 (F — a1t)(F — ast)(F + a3).

The matrices F' and G satisfy the following commutation relation:

ajaza3ki

(4.22) F'GFG™! = pK,
0105

The system in ¢-direction (3.16) can also be degenerated in the same manner. As
a result, we have (by omitting the tilde)

(4.23) (1) Boy Boy

z(zl2m + Bo) Bi1 B2
(x — qait)(x — qagt)’
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where B;;’s are m x m matrices given by

(4.24) Bi1 = qgWK(I, —GK) " {F — (&1 + ax)t + GKB} K 'W ™,
(4.25) Biy = WK (I, - GK)™'G,

(426) B21 = {(F - qagt)G ! - qm} (F - agt - alt@K —|—§K,6) K_1W_1

(4.27) = {(F - qat)G ' - qm} (F —ait — astGK + GKB) K~ 'W ™1,
G.

(4.28) Bys = F — q(ay + az)t — qry
We obtain the following theorem by a direct calculation.

Theorem 4.1.  The compatibility condition A(x, qt)B(z,t) = B(qx,t)A(zx,t) with
(4.15) and (4.23) is equivalent to

_ 1
(4.29) GKG = %(F —a1t)(F — agt)(F +a3) ™!,
1
— 9192 — ajag — ajas — -1
4. FKF = — —t —t —
(4.31) W'W = —(KG - I,,)"".

We call the system (4.29) and (4.30) (with (4.22)) the g-matrix fifth Painlevé system
(g-matrix Py). Although this system appears to have seven parameters (6;’s, k;’s, and
a;’s with a single relation (4.19)), the number of parameters can be reduced to four by
rescaling F', G, and t.

§4.2. Characterization of the linear system

The matrix (4.15) satisfies
(C1): Ag is similar to 01t1,, @ Ostl,,.
(C2): The formal normal form of A(z) at z = oo is

2
(132 (o o)

(C3): The Smith normal form of A(z) is

I, )
(433) 3 (061 = alt, Qo = CLQt, a3 = —ag).

O [T (@ — ;) Im
Conversely, it can be shown that a polynomial matrix A(z) satisfying the above three
conditions can be written (generically) in the form (4.15). Thus the linear system
associated with the g-matrix Py is characterized by the conditions (C1), (C2), and (C3).
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From the definition given in Section 2.3, the spectral type of the system is written as
[m, m; m — 1,1, (m); m,m, m].

§ 5. Continuous limit of g-matrix Py

The system (4.29) and (4.30) can be viewed as a g-analogue of the matrix Py
(Appendix A.6). That is, taking the limit ¢ — 1, one can obtain (Appendix A.6) from
(4.29) and (4.30). In fact, let us define the parameter € by ¢ =1 — . We set

0;=1—0,(i=1,2), K1 =-1—me, ki =c(l+me)(i=2,3),

(5.1) | 1
ai:1+Ci5(Z:172)7 a3 =¢€ -,
m—1
and M = diag(ua,. .., p2, u3). Moreover, we introduce new dependent variables @) and

P which are related to ' and G by

(5.2) F=—(P+e ) (¢ — Q) 'Q, G=(P+ett)(¢1— Q) !,

(5.3) ¢1=8_1—1—C1—C2_01—502, ¢2:€—1_C1;C2’
(54) Q:%—@l’P=tﬁ©=%m@+@‘@;m—wé+@;@}

(55) Q=g'Qg, P=g'Pg.

Here g = t™, which is a solution to %g_l =1M.

Then, taking the limit ¢ — 0, we find that ) and P satisfy the following equations:

(5.6)

92— Q@ - )P+ +PQ-1Q (G~ &)Q 1) + (01— m)Q.

(5.7)
dP
t% = —(Q— 1)P(P—|—t) - (P—f—t)PQ— (CQ _Cl + 01 —O'Q)P— (C2+C4+0'1)t.
These equations coincide with (Appendix A.6) by the following correspondence of the
parameters:
(58) 0'1—0'221907 (1—@:01, Mi+§2+0’2:9?0 (121,2,3)

Expanding (4.22) with respect to the small parameter € and taking the coefficient

1

of ¢, we have the commutation relation between P and Q:

(5.9) PQ—QP = (1 + ¢ +G+or+o2)lym+ M
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The linear system (4.15) also admits the continuous limit in a similar way. To see
this, we first change the dependent variable Y to Z: Y (z) = f(z)Z(x), where f(z) is a
solution of the following ¢-difference equation

(5.10) flgz) = —=(x = 1) f(x).

For example, we can take

_ Ug(x/t)
(5.11) f(z) = @/t )da(@)’
where
(512)  (@:@)e = [[(X—ag™), Vgx)=[]Q-q"™)A+2g")1+2" g").
n=0 n=0

Then we have

(5.13) 2e) = 2lgr) _ 1 {12m _ %A(:{;)} Z(x).

(1—-q)z ex x—t

Set W = tU~!. Define matrices Ag, A1, and A, by

(5.14) lim L {IQm - _(;A(x)} = % + a +A..

e—0 ex x —t) x—t

It can be shown that the matrices Ag, A1, and A, (almost) coincide with (Appendix A.2).
More precisely, performing suitable scalar gauge transformations (in other words, adding

suitable scalar matrices to Ag, A;, and Ay), performing the gauge transformation by

o I,
- - (05)

and setting x = tx, we have

(5.16)
h=Y(Ag — oolom)h = Ao, h7 1AL — Glopm)h = A1, A (tAs — tom)h = A

Thus the resulting system of linear differential equations

dZ (A A .
(5.17) g—(?‘}‘j_l'FAoo)Z

coincides with the z-direction of (Appendix A.1).
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§ Appendix A. The matrix fifth Painlevé system

In this appendix, we review the matrix fifth Painlevé system (matrix Py) [8, 11].
The matrix Py is derived from the isomonodromic deformation of a certain linear dif-
ferential system. There are several Lax pairs for the matrix Py, one of them is the

following:

)4

= (G Ay
A dix A.1 B
(Appendix ) ot

E = (—EQ X Iml' + Bl)Y,

where
(Appendix A.2)
Ae = (In & U) " Ae(In & U)  (£=0,1),
A QP + 6° + 05°

A = (Q — 1,)PQ +t$0 +07°)Q + 01) (Im, %{(Im QP -6 — 9?:}) 7

A — O O, B — 00 e- 03° 1,1 |
Oy —t1,n, 01 03°

Furthermore, the matrix By is given by

) 3 Om [Ao-h‘il]lz
(Appendlx A'3) B = (Im @ U) 1 ([/\o-l—flﬂm Ot (Im v U>7
n m

where [Ag + Aj];; is the (i,7)-block of the matrix Ay + A;. The Fuchs-Hukuhara
relation is written as m(6° + 6! 4 07°) + (m — 1)05° + 65° = 0. P and Q satisfy [P, Q] =
(0° + 61 4 03°)1,, + ©. The system in z-direction of (Appendix A.1) is characterized by
the spectral type (m)(m — 11), mm,mm.

The compatibility condition (in other words, isomonodromic deformation equation)
for (Appendix A.1) has two descriptions, which are mutually equivalent. One is the
Hamiltonian form and the other is the “non-abelian” form. The Hamiltonian is given
by

—09% — 91 — 60,09 — 9!
Appendix A.4)  tHy™" L Q, P
(Appendix ) A% (91,904‘914‘9?0"‘950’ 1@,
=tr[P(P+1)Q(Q — 1) + (0° — 0)PQ + 0* P + (6° + 6°)tQ).
Then the compatibility condition can be written as follows:

dQ' ) aHMat,m dp ) aHMat,m
Appendix A. ' o=V
( bpendix 5) dt 8])3‘,‘ ’ dt aq]‘i




18

HirosHI KAWAKAMI

On the other hand, the non-abelian description is given as follows [11]:

(Appendix A.6)

[
2]

3]

iQ
t% =
t‘;—f = —(Q—1)P(P+t)—P(P+1)Q — (0° — 0" )P — (0° + 65°)t.

QQ-1)(P+1t)+PQQ—1)+ (0°—6")Q + 6",
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