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The blow-up curve for a weakly coupled system of

semilinear wave equations with nonlinearities of

derivative-type

By

Takiko Sasaki ∗

Abstract

In this paper, we study a blow-up curve for a weakly coupled system of semilinear wave

equations with nonlinearities of derivative type in one space dimension. Employing the idea of

Caffarelli and Friedman [1], we prove the blow-up curve becomes Lipschitz continuous under

suitable initial conditions. Moreover, we show the blow-up rates of the solution of the wave

equations.

§ 1. Introduction

We consider the following weak coupled system of semilinear wave equations with

nonlinearities of derivative type:
∂2t u1 − c21∂

2
xu1 = 2p1(∂tu2)

p1 , x ∈ R, t > 0,

∂2t u2 − c22∂
2
xu2 = 2p2(∂tu1)

p2 , x ∈ R, t > 0,

u1(x, 0) = u1,1(x), ∂tu1(x, 0) = u1,2(x), x ∈ R,

u2(x, 0) = u2,1(x), ∂tu2(x, 0) = u2,2(x), x ∈ R,

(1.1)

where c1, c2 > 0, ui,j (i, j = 1, 2) are given smooth functions and

pi > 1 is a constant such that the function spi for s ≥ 0 is of class C4
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for i = 1, 2. Through this paper, we assume c1 ≥ c2.

We only consider (1.1) in the following time-space region. Let R∗ and T ∗ be positive

constants and set

KR∗,T∗,i =
⋃

x∈BR∗

K−,i(x, T
∗) (i = 1, 2)

where

Br = {x ∈ R | |x| < r} (r > 0),

K−,i(x0, t0) =
{
(x, t) ∈ R2 | |x− x0| < ci(t0 − t), t > 0

}
(i = 1, 2).

We are interested T (x), the maximal existence time of classical solutions of wave equa-

tions at x ∈ BR∗ . In the case of (1.1), T (x) satisfies

T (x) = sup {t ∈ (0, T ∗) | |∂t(u1 + u2)(x, t)| <∞} for x ∈ BR∗ .

In this paper, we call the set Γ = {(x, T (x)) | x ∈ BR∗} the blow-up curve. Below, we

identify Γ with T itself.

Before we proceed to our problem, we recall some previous results. We begin with

a single equation:

∂2t u− ∂2xu = F (u, ∂tu), x ∈ R, t > 0.

The pioneering study of this topic was done by Caffarelli and Friedman[1]. They showed

the blow-up curve T becomes continuously differentiable under suitable initial conditions

in the case of F = |u|p. Godin[2] verified such results for F = eu. Sasaki[3] proved the

blow-up curve also becomes continuously differentiable under suitable initial conditions

with F = |∂tu|p.
On the other hand, Uesaka[4] considered systems of semilinear wave equations with

nonlinearities which are not involved in the derivatives. He showed the blow-up curve

becomes a Lipschitz function under suitable initial conditions.

Our result in this paper is to prove that the blow-up curve becomes Lipschitz

continuous and the upper bounds of the Lipschitz constants depend on initial conditions

of (1.1). Moreover, we show the blow-up rates of the solution for (1.1).

The article is organized as follows. In Section 2, we state our main results. In

Section 3, we show that the monotonicity and the regularity of the solution of (1.1).

In Section 4, we give a proof of the Lipschitz continuity of the blow-up curve and the

blow-up rates of the solution for (1.1).
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§ 2. Main results

Let i′ = 3− i (i = 1, 2). We rewrite (1.1) as the following:
Di,−ϕi = (ϕi′ + ψi′)

pi , x ∈ R, t > 0,

Di,+ψi = (ϕi′ + ψi′)
pi , x ∈ R, t > 0,

ϕi(x, 0) = fi(x), ψi(x, 0) = gi(x), x ∈ R,

(2.1)

where ϕi and ψi are

ϕi = ∂tui + ci∂xui, ψi = ∂tui − ci∂xui (i = 1, 2).

whereDi,± = ∂t±ci∂x and fi(x) = ui,2(x)+ci∂xui,1(x), gi(x) = ui,2(x)−ci∂xui,1(x), (i =
1, 2).

To state our main results, we give some assumptions on initial data. We consider

the following system of ordinary equations:
dϕ̃

dt
= (ϕ̃+ ψ̃)p, t > 0,

dψ̃

dt
= (ϕ̃+ ψ̃)p, t > 0,

ϕ̃(0) = γϕ, ψ̃(0) = γψ,

where γϕ, γψ ≥ 1 and p = min {p1, p2}. We can easily see that there exists a positive

constant T̃ such that

(ϕ̃+ ψ̃)(t) → ∞ as t→ T̃ .

For i = 1, 2, we pose the following assumptions.

(A1) T̃ < T ∗.

(A2) fi ≥ γϕ, gi ≥ γψ in BR∗+c1T∗ .

(A3) fi, gi ∈ C4(BR∗+c1T∗).

(A4) There exits a positive constant ε0 such that

(γϕ + γψ)
pi ≥ c1(2 + ε0) (|∂xfi|+ |∂xgi|) in BR∗+c1T∗ .

Our main result in this paper is as follows.

Theorem 2.1. Let R∗ and T ∗ be positive constants and assume (A1)–(A4).

Then, there exists a unique Lipschitz function T such that 0 < T (x) < T ∗ (x ∈ BR∗)

and a unique (C3,1(Ω))4 solution (ϕ1, ψ1, ϕ2, ψ2) of (2.1) satisfying
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ϕi(x, t), ψi(x, t) → ∞ as t→ T (x) (i = 1, 2)

for any x ∈ BR∗+c1T∗ , where Ω =
{
(x, t) ∈ R2 | x ∈ BR∗ , 0 < t < T (x)

}
. Moreover,

there exist positive constants C1, C2 such that

C1(T (x)− t)−ri ≤ (ϕi + ψi)(x, t) ≤ C2(T (x)− t)−ri in Ω

where ri = (pi + 1)/(pipi′ − 1) (i = 1, 2).

Remark. We see that (2.1) is equivalent to (1.1). Let ui satisfy

ui(x, t) = ui,1(x) +
1

2

∫ t

0

(ϕi + ψi)(x, s)ds (i = 1, 2).

Then, ui satisfies (1.1). This fact implies that

∂tui(x, t) → ∞ as t→ T (x) (i = 1, 2).

§ 3. Preliminaries

For i = 1, 2, let {(ϕi,n, ψi,n)}n∈N∪{0} be a sequence ϕi,0 ≡ γϕ and ψi,0 ≡ γψ and
ϕi,n+1(x, t) = fi(x+ cit) +

∫ t

0

(ϕi′,n + ψi′,n)
pi(x+ ci(t− s), s)ds

ψi,n+1(x, t) = gi(x− cit) +

∫ t

0

(ϕi′,n + ψi′,n)
pi(x− ci(t− s), s)ds

for (x, t) ∈ KR∗,T∗,1,

ϕi,n+1(x, 0) = fi(x), ψi,n+1(x, 0) = gi(x) for x ∈ BR∗+c1T∗

for n ∈ N ∪ {0}. First we note the following fact.

Lemma 3.1. Assume (A2). Then, we have

ϕi,n+1 ≥ ϕi,n ≥ γϕ, and ψi,n+1 ≥ ψi,n ≥ γψ in KR∗,T∗,1 (i = 1, 2)

for n ∈ N ∪ {0}.

Proof. Since the proof is quite similar to the proof of Lemma 3.2, we omit the

proof.

The following Lemma plays an important role in the proof of the Lipschitz continuity

of the blow-up curve T .

Lemma 3.2. Assume (A2)–(A4). For i = 1, 2, we have

∂tϕi,n ≥ c1(1 + ε0)|∂xϕi,n|, ∂tψi,n ≥ c1(1 + ε0)|∂xψi,n| in KR∗,T∗,1(3.1)

for n ∈ N ∪ {0}.
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Proof. Let λ = c1(1 + ε0) and

J±
i,n = (∂t ± λ∂x)ϕi,n, L±

i,n = (∂t ± λ∂x)ψi,n (i = 1, 2).

for n ∈ N. We show

J±
i,n, L

±
i,n ≥ 0 in KR∗,T∗,1 (i = 1, 2).

for n ∈ N. First, since (A4) yields that

J±
i,1(x, 0) = (∂t ± λ∂x)ϕi,1(x, 0)

= (ci ± c1(1 + ε0))∂xϕi,1(x, 0) + (ϕi′,0 + ψi′,0)
pi(x, 0)

≥ −c1(2 + ε0)|∂xfi(x)|+ (γϕ + γψ)
pi ≥ 0 in BR∗+c1T∗ (i = 1, 2).

Moreover, we see that

Di,−J
±
i,1 = (∂t ± λ∂x)Di,−ϕi,1 = (∂t ± λ∂x)(ϕi′,0 + ψi′,0)

pi = 0 in KR∗,T∗,1

for i = 1, 2. Therefore, we have

J±
i,1 ≥ 0 in KR∗,T∗,1 (i = 1, 2).(3.2)

Similarly we obtain

L±
i,1 ≥ 0 in KR∗,T∗,1 (i = 1, 2).(3.3)

Next, we assume that (3.1) holds in the case of n = k. It follows from (A4) that

J±
i,k+1(x, 0) = (∂t ± λ∂x)ϕi,k+1(x, 0)

= (ci ± c1(1 + ε0))∂xϕi,k+1(x, 0) + (ϕi′,k + ψi′,k)
pi(x, 0)

≥ −c1(2 + ε0)|∂xfi(x)|+ (γϕ + γψ)
pi ≥ 0 in BR∗+c1T∗ (i = 1, 2).

Moreover, we have

Di,−J
±
i,k+1 = (∂t ± λ∂x)Di,−ϕi,k+1 = (∂t ± λ∂x)(ϕi′,k + ψi′,k)

pi

= pi(ϕi′,k + ψi′,k)
pi−1(J±

i′,k + L±
i′,k) ≥ 0 in KR∗,T∗,1 (i = 1, 2).

Hence we obtain

J±
i,k+1 ≥ 0 in KR∗,T∗,1 (i = 1, 2).(3.4)

By the same arguments, we also obtain that

L±
i,k+1 ≥ 0 in KR∗,T∗,1 (i = 1, 2).(3.5)
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It follows from (3.2), (3.3), (3.4) and (3.5) that (3.1) for all n ∈ N.

We shall construct a classical solution of (2.1). Fix (x, t) ∈ KR∗,T∗,1. Thanks to

Lemma 3.1, we can define ϕ and ψ as

ϕi(x, t) = lim
n→∞

ϕi,n(x, t) =

(
sup
n∈N

ϕi,n(x, t)

)
ψi(x, t) = lim

n→∞
ψi,n(x, t) =

(
sup
n∈N

ψi,n(x, t)

)
for i = 1, 2. Moreover, thanks to Lemma 3.2, we can define the following function:

T (x) = sup{t ∈ (0, T ∗) |
∑
i=1,2

(ϕi + ψi)(x, t) <∞} for x ∈ BR∗ .

Lemma 3.3. Assume (A2)–(A4). Then, (ϕ1, ψ1, ϕ2, ψ2) is a unique (C3,1Ω)4

solution of (2.1). Here, Ω =
{
(x, t) ∈ R2 | x ∈ BR∗ , 0 < t < T (x)

}
.

Proof. Through this proof, we fix (x0, t0) ∈ Ω and define Bi(t) as

Bi(t) = {x ∈ R | |x0 − x| < ci(t0 − t)} for (x0, t0) ∈ Ω (i = 1, 2).

First, we show that there exits a positive constant C0 such that∑
i=1,2

∥(ϕi + ψi)(·, t)∥L∞(B1(t)) ≤ C0 for 0 ≤ t ≤ t0(3.6)

by showing a contradiction. We assume that there exists t̃ such that

0 ≤ t̃ ≤ t0 and
∑
i=1,2

∥(ϕi′ + ψi′)(·, t̃)∥L∞(B1(t)) = ∞.(3.7)

Then, it follows from Lemma 3.2 and (3.7) that

∞ =
∑
i=1,2

(ϕi + ψi)(x0, t0) <∞.

This is a contradiction. Hence, we obtain (3.6). Next, we shall show that (ϕ1, ψ2, ϕ2, ψ2) ∈(
C3,1(K−,1(x0, t0))

)4
. For i = 1, 2, we notice that

|(ϕi,n+1 − ϕi,n)(x, t)|

=

∣∣∣∣f(x+ cit) +

∫ t

0

(ϕi′,n + ψi′,n)
pi(x+ ci(t− s), s)ds

− f(x+ cit)−
∫ t

0

(ϕi′,n−1 + ψi′,n−1)
pi(x+ ci(t− s), s)ds

∣∣∣∣
≤

∫ t

0

|(ϕi′,n + ψi′,n)
pi − (ϕi′,n−1 + ψi′,n−1)

pi | (x+ ci(t− s), s)ds

≤ pi

∫ t

0

((ϕi′,n + ψi′,n + θ(ϕi′,n−1 + ψi′,n−1))
pi−1

× |(ϕi′,n + ψi′,n)− (ϕi′,n−1 + ψi′,n−1)| (x+ ci(t− s), s)ds
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for some θ ∈ (0, 1). Hence, we have

|(ϕi,n+1 − ϕi,n)(x, t)|

≤ 2pi−1pi

∫ t

0

(
(ϕi′,n + ψi′,n)

pi−1 + (ϕi′,n−1 + ψi′,n−1)
pi−1

)
× |(ϕi′,n + ψi′,n)− (ϕi′,n−1 + ψi′,n−1)| (x+ ci(t− s), s)ds.

for i = 1, 2 In the same way, we have

|(ψi,n+1 − ψi,n)(x, t)|

≤ 2pi−1pi

∫ t

0

(
(ϕi′,n + ψi′,n)

pi−1 + (ϕi′,n−1 + ψi′,n−1)
pi−1

)
× |(ϕi′,n + ψi′,n)− (ϕi′,n−1 + ψi′,n−1)| (x− ci(t− s), s)ds

for i = 1, 2. Since (3.6) yields that∑
i=1,2

(
∥(ϕi,n+1 − ϕi,n)(·, t)∥L∞(B1(t))

+ ∥(ψi,n+1 − ψi,n)(·, t)∥L∞(B1(t))

)
≤

∑
i=1,2

2pipi

∫ t

0

(
∥(ϕi′,n + ψi′,n)(·, s1)∥pi−1

L∞(B1(s1))
+ ∥(ϕi′,n−1 + ψi′,n−1)(·, s1)∥pi−1

L∞(B1(s1))

)
×
(
∥(ϕi′,n − ϕi′,n−1) (·, s1)∥L∞(B1(s1))

+ ∥(ψi′,n − ψi′,n−1) (·, s1)∥L∞(B1(s1))

)
ds1

≤
∑
i=1,2

2pi+1piC
pi−1
0

∫ t

0

(
∥(ϕi′,n − ϕi′,n−1) (·, s1)∥L∞(B1(s1))

+ ∥(ψi′,n − ψi′,n−1) (·, s1)∥L∞(B1(s1))

)
ds1

...

≤
∑
i=1,2

(
2pi+1piC

pi−1
0

)n ∫ t

0

· · ·
∫ sn−1

0

(
∥(ϕi′,1 − ϕi′,0)(·, sn)∥L∞(B1(sn))

+ ∥(ψi′,1 − ψi′,0)(·, sn)∥L∞(B1(sn))

)
dsn · · · ds1

≤
∑
i=1,2

4C0
(2pi+1piC

pi−1
0 T ∗)n

n!
→ 0 as n→ ∞

for t ∈ [0, t0]. Moreover, we see that

Di,−Dθϕi,n+1 = Di,+Dθψi,n+1 = pi′(ϕi′,n + ψi′,n)
pi′−1(Dθϕi′,n +Dθψi′,n),

where Dθ = cos θ∂x + sin θ∂t. Let W (t) define by

W (t) = 2

(
1

c1
+ 1

)
Cp1+p20 exp

(
2(p1 + p2)C

p1+p2−1
0 t

)
.
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Then W (t) satisfies

W (t) = 2

(
1

c2
+ 1

)
Cp1+p20 +

∫ t

0

2(p1 + p2)C
p1+p2−1
0 W (s)ds.

We shall show

∥Dθϕi,n(·, t)∥L∞(B1(t)), ∥Dθψi,n(·, t)∥L∞(B1(t)) ≤W (t) (i = 1, 2)(3.8)

for n ∈ N ∪ {0} and t ∈ [0, t0]. In the case of n = 0, we see that

∥Dθϕi,0(·, t)∥L∞(B1(t)), ∥Dθψi,0(·, t)∥L∞(B1(t)) = 0 (i = 1, 2)

for t ∈ [0, t0]. It follows from (A4) that |∂xfi(x)| ≤ 1
2ci

(fi′ + gi′)
pi . Moreover, we notice

Di,−Dθϕi,n+1 = DθDi,−ϕi,n+1 = Dθ(ϕi′,n + ψi′,n)
pi

= pi(ϕi′,n + ψi′,n)
pi−1Dθ(ϕi′,n + ψi′,n) (i = 1, 2).

Assuming that (3.8) holds for n = k, one can estimate W (t) as follows.

∥Dθϕi,k+1(·, t)∥L∞(B1(t))

≤ ∥(cos θ + ci sin θ)∂xfi(·) + sin θ|(fi′ + gi′)|pi(·)∥L∞(B1(0))

+

∫ t

0

∥∥pi(ϕi′,k + ψi′,k)
pi−1(Dθϕi′,k +Dθψi′,k)(·, s)

∥∥
L∞(B1(t))

ds

≤ 2

(
1

ci
+ 1

)
∥(fi′ + gi′)(·)∥piL∞(B1(0))

+

∫ t

0

2piC
pi−1
0 W (s)ds

≤ 2

(
1

ci
+ 1

)
Cpi0 +

∫ t

0

2piC
pi−1
0 W (s)ds

≤ 2

(
1

c2
+ 1

)
Cp1+p20 +

∫ t

0

2(p1 + p2)C
p1+p2−1
0 W (s)ds =W (t) (i = 1, 2)

for t ∈ [0, t0]. Similarly, we can show ∥Dθψi,k+1∥L∞(B1(t))
≤ W (t) (i = 1, 2) for

t ∈ [0, t0]. Therefore we have (3.8) for n ∈ N. Let C1 =W (T ∗) satisfy

∥Dθϕi,n∥L∞(B1(t)) ≤ C1, ∥Dθψi,n∥L∞(B1(t)) ≤ C1 (i = 1, 2)
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for t ∈ (0, t0) and n ∈ N ∪ {0}. We notice that

|Dθϕi,n+1(x, t)−Dθϕi,n(x, t)|
= |(cos θ + ci sin θ)∂xfi(x+ cit) + sin θ(fi′ + gi′)

pi(x+ cit)

+

∫ t

0

pi(ϕi′,n + ψi′,n)
pi−1(Dθϕi′,n +Dθψi′,n)(x+ ci(t− s), s)ds

−(cos θ + ci sin θ)∂xfi(x+ cit)− sin θ(fi′ + gi′)
pi(x+ cit)

−
∫ t

0

pi(ϕi′,n−1 + ψi′,n−1)
pi−1(Dθϕi′,n−1 +Dθψi′,n−1)(x+ ci(t− s), s)ds

∣∣∣∣
≤

∫ t

0

pi |ϕi′,n + ψi′,n|pi−1 |Dθϕi′,n +Dθψi′,n −Dθϕi′,n−1 −Dθψi′,n−1| (x+ ci(t− s), s)ds

+

∫ t

0

pi |Dθϕi′,n−1 +Dθψi′,n−1|

× |(ϕi′,n + ψi′,n)
pi−1 − (ϕi′,n−1 + ψi′,n−1)

pi−1|(x+ ci(t− s), s)ds

≤
∫ t

0

pi |ϕi′,n + ψi′,n|pi−1

× (|Dθϕi′,n −Dθϕi′,n−1|+ |Dθψi′,n −Dθψi′,n−1|) (x+ ci(t− s), s)ds

+

∫ t

0

2pi−2pi(pi − 1) |Dθϕi′,n−1 +Dθψi′,n−1|
(
(ϕi′,n + ψi′,n)

pi−2 + (ϕi′,n−1 + ψi′,n−1)
pi−2

)
× (|ϕi′,n − ϕi′,n−1|+ |ψi′,n − ψi′,n−1|) (x+ ci(t− s), s)ds.

In the same way, we have

|Dθψi,n+1(x, t)−Dθψi,n(x, t)|

≤
∫ t

0

pi |ϕi′,n + ψi′,n|pi−1

× (|Dθϕi′,n −Dθϕi′,n−1|+ |Dθψi′,n −Dθψi′,n−1|) (x− ci(t− s), s)ds

+

∫ t

0

2pi−2pi(pi − 1) |Dθϕi′,n−1 +Dθψi′,n−1|
(
(ϕi′,n + ψi′,n)

pi−2 + (ϕi′,n−1 + ψi′,n−1)
pi−2

)
× (|ϕi′,n − ϕi′,n−1|+ |ψi′,n − ψi′,n−1|) (x− ci(t− s), s)ds.

Then, we have∑
i=1,2

(
∥(Dθϕi,n+1 −Dθϕi,n)(·, t)∥L∞(B1(t))

+ ∥(Dθψi,n+1 −Dθψi,n)(·, t)∥L∞(B1(t))

)
≤

∑
i=1,2

C̃1

∫ t

0

(
∥(Dθϕi′,n −Dθϕi′,n−1)(·, s)∥L∞(B1(s))

+ ∥(Dθψi′,n −Dθψi′,n−1)(·, s)∥L∞(B1(s))

)
ds

+
∑
i=1,2

C̃2

∫ t

0

(
∥(ϕi′,n − ϕi′,n−1)(·, s)∥L∞(B1(s))

+ ∥(ψi′,n − ψi′,n−1)(·, s)∥L∞(B1(s))

)
ds
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Hence, we have∑
i=1,2

(
∥(Dθϕi,n+1 −Dθϕi,n)(·, t)∥L∞(B1(t))

+ ∥(Dθψi,n+1 −Dθψi,n)(·, t)∥L∞(B1(t))

)
≤

∑
i=1,2

(C̃1)
n

∫ t

0

· · ·
∫ sn−1

0

(
∥Dθϕi,1(·, sn)−Dθϕi,0(·, sn)∥L∞(B1(sn))

+ ∥Dθψi,1(·, sn)−Dθψi,0(·, sn)∥L∞(B1(sn))

)
dsn · · · ds1

+
∑
i=1,2

n−1∑
k=0

C̃k1 C̃2

∫ t

0

· · ·
∫ sk−1

0

4C0
(2pi+1piC

pi−1
0 T ∗)n−k

(n− k)!
dsk · · · ds1

≤ 8C0
(C̃1T )

n

n!
+ 2(pi+1)n+3C0C̃

n
1 C̃2(T

∗)n
n−1∑
k=0

1

k!(n− k)!
→ 0 as n→ ∞

for t ∈ [0, t0]. Here,

C̃1 = 2(p1 + p2)C
p1+p2−1
0 , C̃2 = 2p1+p2+1(p1 + p2)(p1 + p2 − 1)C1C

p1+p2−2
0 .

Thus, there exists (ϕ
(1)
1 , ψ

(1)
1 , ϕ

(1)
2 , ψ

(1)
1 ) ∈ (L∞(K−,1(x0, t0)))

4 such that

∥Dθϕi,n − ϕ(1)∥L∞(B1(t)) + ∥Dθψi,n − ψ(1)∥L∞(B1(t)) → 0 as n→ ∞ (i = 1, 2)

for t ∈ [0, t0]. Therefore we obtain that (ϕ1, ψ1, ϕ2, ψ2) ∈ (W 1,∞(K−,1(x0, t0)))
4. By

repeating this process, we obtain (ϕ1, ψ1, ϕ2, ψ2) ∈ (W 4,∞(K−,1(x0, t0)))
4. This means

that

(ϕ1, ψ1, ϕ2, ψ2) ∈ (C3,1(K−(x0, t0)))
4.

Finally, we shall show the uniqueness of solution of (2.1). We assume that

(ϕ∗1, ψ
∗
1 , ϕ

∗
2, ψ

∗
2), (ϕ

∗∗
1 , ψ

∗∗
1 , ϕ∗∗2 , ψ

∗∗
2 ) ∈ (W 4,∞(Ω̃))4

satisfy (2.1) where we set

Ω̃ =
{
(x, t) ∈ R2 | x ∈ BR∗ , 0 < t < min {T ∗(x), T ∗∗(x)}

}
and T ∗ and T ∗∗ be the blow-up curves of (ϕ∗1, ψ

∗
1 , ϕ

∗
2, ψ

∗
2) and (ϕ∗∗1 , ψ

∗∗
1 , ϕ∗∗2 , ψ

∗∗
2 ) re-

spectively.

Let us assume that (x0, t0) ∈ Ω̃. Then, there exits a positive constant C0 such that∥ϕ∗i (·, t)∥L∞(B1(t)), ∥ψ∗
i (·, t)∥L∞(B1(t)) ≤ C0

∥ϕ∗∗i (·, t)∥L∞(B1(t)), ∥ψ∗∗
i (·, t)∥L∞(B1(t)) ≤ C0

(i = 1, 2).
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for t ∈ [0, t0]. It follows from Lemma 3.2 that

sup
t∈[0,t0]

∑
i=1,2

(
∥(ϕ∗i − ϕ∗∗i )(·, t)∥L∞(B1(t))

+ ∥(ψ∗
i − ψ∗∗

i )(·, t)∥L∞(B1(t))

)
≤ sup
t∈[0,t0]

∑
i=1,2

∫ t

0

2 ∥((ϕ∗i′ + ψ∗
i′)
pi − (ϕ∗∗i′ + ψ∗∗

i′ )
pi) (·, s)∥L∞(B1(s))

ds

≤ sup
t∈[0,t0]

∑
i=1,2

∫ t

0

2pi+1piC
pi−1
0

(
∥(ϕ∗i′ − ϕ∗∗i′ ) (·, s)∥L∞(B1(s))

+ ∥(ψ∗
i′ − ψ∗∗

i′ ) (·, s)∥L∞(B1(s))

)
ds

≤ 2pi+1piC
pi−1
0 t sup

t∈[0,t0]

∑
i=1,2

(
∥(ϕ∗i′ − ϕ∗∗i′ ) (·, t)∥L∞(B1(t))

+ ∥(ψ∗
i′ − ψ∗∗

i′ ) (·, t)∥L∞(B1(t))

)
= 2pi+1piC

pi−1
0 t sup

t∈[0,t0]

∑
i=1,2

(
∥(ϕ∗i − ϕ∗∗i ) (·, t)∥L∞(B1(t))

+ ∥(ψ∗
i − ψ∗∗

i ) (·, t)∥L∞(B1(t))

)
for t ∈ [0, t0]. Hence we obtain∑

i=1,2

(
∥(ϕ∗i − ϕ∗∗i ) (·, t)∥L∞(B1(t))

+ ∥(ψ∗
i − ψ∗∗

i ) (·, t)∥L∞(B1(t))

)
= 0(3.9)

for t ∈

[
0,

1

2p1+p2+1(p1 + p2)C
p1+p2−1
0

]
. Since the constant

1

2p1+p2+1(p1 + p2)C
p1+p2−1
0

does not depend on t, we obtain that (3.9) for t ∈ [0, t0]. Therefore, we have that

(ϕ∗1, ψ
∗
1 , ϕ

∗
2, ψ

∗
2) = (ϕ∗∗1 , ψ

∗∗
1 , ϕ∗∗2 , ψ

∗∗
2 ) in Ω̃.

Moreover, this means that T ∗(x) = T ∗∗(x) for x ∈ BR∗ .

The following lemma guarantees that the solution of (2.1) blows-up in KR∗,T∗,1.

Lemma 3.4. Assume (A1)–(A4). Then, we have

T (x) ≤ T ∗ for x ∈ BR∗ .(3.10)

Proof. We consider {(ϕ̃n, ψ̃n)}n∈N∪{0} such that ϕ̃0 ≡ γϕ, ψ̃0 ≡ γψ and
dϕ̃n+1

dt
= (ϕ̃n + ψ̃n)

p, t > 0,

dψ̃n+1

dt
= (ϕ̃n + ψ̃n)

p, t > 0,

ϕ̃n+1(0) = γϕ, ψ̃n+1(0) = γψ,

for n ∈ N ∪ {0} . Thanks to (A1), it is enough to show that

ϕi,n(x, t) ≥ ϕ̃n(t)(≥ γϕ > 1) ψi,n(x, t) ≥ ψ̃n(t)(≥ γϕ > 1) (i = 1, 2)(3.11)
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for n ∈ N∪{0} . First, in the case of n = 0, we can easily confirm (3.11) holds. Assuming

that (3.11) holds for n = k, we obtain that

ϕi,k+1(x, t)− ϕ̃k+1(t) = fi(x+ cit)− γϕ

+

∫ t

0

{
(ϕi′,k + ψi′,k)

pi(x+ ci(t− s), s)− (ϕ̃i′,k + ψ̃i′,k)
p(s)

}
ds

≥ 0 for (x, t) ∈ KR∗,T∗,1 (i = 1, 2)

because of p = min{p1, p2}. By the same arguments, we have that

ψi,k+1(x, t)− ψ̃k+1(t) ≥ 0 for (x, t) ∈ KR∗,T∗,1 (i = 1, 2).

Therefore we have (3.11) for n ∈ N.

§ 4. Lipschitz continuity and the blow-up rates

This section is devoted to prove show that the blow-up rates of ϕi, ψi (i = 1, 2) and

the blow-up curve T is Lipschitz continuous in BR∗ .

Proposition 4.1. Assume (A1)–(A4). Then, there exist positive constants C1

and C2 which depend only on ci, pi, fi, gi (i = 1, 2) and ε0 such that

C1(T (x)− t)−ri ≤ (ϕi + ψi)(x, t) ≤ C2(T (x)− t)−ri for (x, t) ∈ Ω (i = 1, 2)

(4.1)

where ri = (pi + 1)/(pipi′ − 1).

Proof. First, we show that there exist positive constants C1 and C2 such that

C1(ϕi′,n + ψi′,n)
pi ≤ ∂tϕi,n, ∂tψi,n ≤ C2(ϕi′,n + ψi′,n)

pi in KR∗,T∗,1 (i = 1, 2).(4.2)

For n ∈ N ∪ {0}, we have that

Di,−∂tϕi,n+1 = ∂tDi,−ϕi,n+1 = ∂t(ϕi′,n + ψi′,n)
pi

= pi(ϕi′,n + ψi′,n)
pi−1(∂tϕi′,n + ∂tψi′,n) in KR∗,T∗,1 (i = 1, 2).(4.3)

By Lemma 3.2, we obtain

Di,−(ϕi′,n + ψi′,n)
pi

= pi(ϕi′,n + ψi′,n)
pi−1(∂tϕi′,n − ci∂xϕi′,n + ∂tψi′,n − ci∂xψi′,n)

≤ 2pi(ϕi′,n + ψi′,n)
pi−1(∂tϕi′,n + ∂tψi′,n) in KR∗,T∗,1 (i = 1, 2)(4.4)
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for n ∈ N ∪ {0}. We set

Jϕi,n+1 = 2∂tϕi,n+1 − (ϕi′,n + ψi′,n)
pi

for n ∈ N ∪ {0}. By (4.3) and (4.4), we have

Di,−Jϕi,n+1 ≥ 0 in KR∗,T∗,1 (i = 1, 2)(4.5)

for n ∈ N ∪ {0}. It follows from (A4) that

Jϕi,n+1(x, 0) = 2∂tϕi,n+1(x, 0)− (ϕi′,n + ψi′,n)
pi(x, 0)

= 2ci∂xϕi,n+1(x, 0) + (ϕi′,n + ψi′,n)
pi(x, 0)

≥
(
−2c1|∂xfi(x)|+ (γϕ + γψ)

pi
)
≥ 0 in BR∗+c1T∗ (i = 1, 2)(4.6)

for n ∈ N ∪ {0}. Since (4.5) and (4.6) yields that

Jϕi,n ≥ 0 in KR∗,T∗,1 (i = 1, 2)(4.7)

for n ∈ N. It follows from Lemma 3.2 that

∂tϕi,n+1 = ci∂xϕi,n+1 + (ϕi′,n + ψi′,n)
pi

≤ 1

1 + ε0
∂tϕi,n+1 + (ϕi′,n + ψi′,n)

pi in KR∗,T∗,1 (i = 1, 2).

for n ∈ N. Hence we have that

∂tϕi,n+1 ≤ 1 + ε0
ε0

(ϕi′,n + ψi′,n)
pi in KR∗,T∗,1 (i = 1, 2).(4.8)

It follows from (4.7) and (4.8) that

1

2
(ϕi′,n + ψi′,n)

pi ≤ ∂tϕi,n+1 ≤ 1 + ε0
ε0

(ϕi′,n + ψi′,n)
pi in KR∗,T∗,1 (i = 1, 2)

for n ∈ N ∪ {0}. Similarly, we can prove

1

2
(ϕi′,n + ψi′,n)

pi ≤ ∂tψi,n ≤ 1 + ε0
ε0

(ϕi′,n + ψi′,n)
pi in KR∗,T∗,1 (i = 1, 2).(4.9)

Therefore we obtain

C1(ϕi′ + ψi′)
pi ≤ ∂tϕi, ∂tψi ≤ C2(ϕi′ + ψi′)

pi in Ω (i = 1, 2).(4.10)

Next, we show that there exist positive constants C3 and C4 such that

C3(ϕi + ψi)
1+r−1

i ≤ ∂tϕi, ∂tψi ≤ C4(ϕi + ψi)
1+r−1

i in Ω (i = 1, 2),(4.11)
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where ri = (pi+1)/(pipi′ − 1). By (4.10), there exist positive constants C,C ′ such that

C(ϕi′ + ψi′)
pi ≤ ∂(ϕi + ψi)

∂t
≤ C ′(ϕi′ + ψi′)

pi in Ω (i = 1, 2).

Hence, there exist positive constants C ′′ such that∫ (ϕi+ψi)(x,t)

(ϕi+ψi)(x,0)

spi′ds ≤ C ′′
∫ (ϕi′+ψi′ )(x,t)

(ϕi′+ψi′ )(x,0)

spids for (x, t) ∈ Ω (i = 1, 2).

Thus, there exists a positive constant C ′′′ such that

(ϕi + ψi)
pi′ (x, t)

≤ C ′′′(ϕi′ + ψi′)
(pi+1)pi′/(pi′+1)(x, t)

×
(
1 +

(ϕi + ψi)
pi′+1(x, 0)− (ϕi′ + ψi′)

pi+1(x, 0)

(ϕi′ + ψi′)pi+1(x, t)

)pi′/(pi′+1)

for (x, t) ∈ Ω (i = 1, 2).

It follows from Lemma 3.2 that there exists a positive constant C̄ such that

0 ≤ 1 +
(ϕi + ψi)

pi′+1(x, 0)− (ϕi′ + ψi′)
pi+1(x, 0)

(ϕi′ + ψi′)pi+1(x, t)
≤ C̄ for (x, t) ∈ Ω (i = 1, 2).

Therefore we have

(ϕi + ψi)(x, t) ≤ (C ′′′)1/pi′ C̄(ϕi′ + ψi′)
(pi+1)/(pi′+1)(x, t) for (x, t) ∈ Ω (i = 1, 2).

Hence it follows from (4.10) that we obtain (4.11).

Finally, we shall show (4.1). We notice that it follows from Lemma 3.4 that∑
i=1,2

(ϕi + ψi)(x, t) → ∞ as t→ T (x) for (x ∈ BR∗).

Let x0 ∈ BR∗ and assume

(ϕ1 + ψ1)(x0, t) → ∞ as t→ T (x0).

Then,

∂tϕ1(x0, t), ∂tψ1(x0, t) → ∞ as t→ T (x0).

It follows from (4.10) that

(ϕ2 + ψ2)(x0, t) → ∞ as t→ T (x0).

Similarly, we can prove

(ϕ1 + ψ1)(x0, t) → ∞ as t→ T (x0)
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when we assume

(ϕ2 + ψ2)(x0, t) → ∞ as t→ T (x0).

Hence, we see that(ϕ1 + ψ1)(x0, t) → ∞
(ϕ2 + ψ2)(x0, t) → ∞

as t→ T (x) for x ∈ BR∗ .

It follows from (4.11) that there exist positive constants C,C ′ such that

C

∫ (ϕi+ψi)(x0,T (x0)−ε)

(ϕi+ψi)(x0,t)

z−1−r−1
i dz ≤ T (x0)− ε− t ≤ C ′

∫ (ϕi+ψi)(x0,T (x0)−ε)

(ϕi+ψi)(x0,t)

z−1−r−1
i dz.

Hence we obtain (4.1) by letting ε→ 0.

Lemma 3.2 yields that the blow-up curve T is Lipschitz continuous.

Lemma 4.2. Assume (A1)–(A4). Then, we have

|T (x)− T (x′)| ≤ 1

c1(1 + ε0)
|x− x′| for x, x′ ∈ BR∗ .(4.12)

Proof. This proof is based on the Implicit Function Theorem. Let ε be a suf-

ficiently small positive constant such that T (x) − ε > 0. For Mε = supx∈BR∗ (ϕ1 +

ψ1)(x, T (x)− ε), there exists an implicit function Eε ∈ C1(BR∗) such that

(ϕ1 + ψ1)(x,Eε(x)) =Mε for x ∈ BR∗ .

For x1, x2 ∈ BR∗ , let k = Eε(x1)− Eε(x2) and consider H ∈ C1(0, 1) such that

H(ξ) = (ϕ1 + ψ1)(x1 + ξ(x2 − x1), t+ ξk).

We notice that H satisfies that

H(0) = (ϕ1 + ψ1)(x1, t),

H(1) = (ϕ1 + ψ1)(x2, t+ k) = (ϕ1 + ψ1)(x2, t+ Eε(x2)− Eε(x1)).

Then, we have H(0) = H(1) =Mε where we set t = Eε(x1). By using Rolle’s Theorem,

there exists ξ′ ∈ (0, 1) such that

H ′(ξ′) =(x2 − x1)∂x(ϕ1 + ψ1)(x1 + ξ′(x2 − x1), Eε(x1) + ξ′k)

+ k∂t(ϕ1 + ψ1)(x1 + ξ′(x2 − x1), Eε(x1) + ξ′k) = 0.(4.13)
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Since Lemma 3.2 and (4.13) yield that

|Eε(x1)− Eε(x2)| = |k| =
∣∣∣∣−∂x(ϕ1 + ψ1)(x1 + ξ′(x2 − x1), Eε(x1) + ξ′k)

∂t(ϕ1 + ψ1)(x1 + ξ′(x2 − x1), Eε(x1) + ξ′k)

∣∣∣∣ |x1 − x2|

≤ 1

c1(1 + ε0)
|x1 − x2|.

Thus, Eε is Lipschitz continuous. Finally, we will prove Lipschitz continuity of T in

BR∗ . By using the definition of Mε, we have

|T (x1)− T (x2)| ≤ |T (x1)− Eε(x1)|+ |Eε(x1)− Eε(x2)|+ |Eε(x2)− T (x2)|

≤ 2ε+
1

c1(1 + ε0)
|x1 − x2| for x1, x2 ∈ BR∗ .

Since we let ε > 0 take an arbitrary value, this completes the proof.

By d(x, t), we denote the distance from a point (x, t) in Ω to Γ = {(x, T (x)) | x ∈
BR∗}. It follows from Lemma 4.2 that we obtain the following results.

c1(T (x)− t)√
1 + c21

≤ d(x, t) ≤ T (x)− t.

𝑡

𝑥

𝑡 = 𝑇(𝑥)

(𝑥, 𝑡)

(𝑥, 𝑇(𝑥))

(𝑥 + 𝑐!(𝑇 𝑥 − 𝑥)), 𝑡)

𝑇 𝑥 − 𝑥

𝑐! 𝑇 𝑥 − 𝑡

1 + 𝑐!"

By replacing T (x)− t by d(x, t) in Proposition 4.1, we obtain the following Corollary.

Corollary 4.3. Assume (A1)–(A4). Then, there exist positive constants C1 and

C2 which depend only on ci, pi, fi, gi (i = 1, 2) and ε0 such thatC1(T (x)− t)−ri ≤ ϕi(x, t) ≤ C2(T (x)− t)−ri

C1(T (x)− t)−ri ≤ ψi(x, t) ≤ C2(T (x)− t)−ri
for (x, t) ∈ Ω (i = 1, 2),(4.14)

where ri = (pi + 1)/(pipi′ − 1).

Proof. It follows from Proposition 4.1 that there exist positive constants C,C ′

such that

Cd−ri(x, t) ≤ (ϕi + ψi)(x, t) ≤ C ′d−ri(x, t) for (x, t) ∈ Ω (i = 1, 2).
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Therefore, there exists a positive constant C ′′, C ′′′ we have

ϕi(x, T (x)− ε) = fi(x+ c1(T (x)− ε))

+

∫ T (x)−ε

0

(ϕi′ + ψi′)
pi(x+ ci(T (x)− ε− s), s)ds

≥
∫ T (x)−ε

T (x)−2ε

(ϕi′ + ψi′)
pi(x+ ci(T (x)− ε− s), s)ds

≥ C ′′ε inf
T (x)−2ε≤s≤T (x)−ε

d(x+ ci(T (x)− ε− s), s)−ri′pi

≥ C ′′′ε · ε−ri′pi = C ′′′ε−ri for (x, t) ∈ Ω (i = 1, 2).

By the same arguments, we can show that there exist positive constants C1, C2 such

that  ϕi(x, T (x)− ε) ≤ C2ε
−ri

C1ε
−ri ≤ ψi(x, T (x)− ε) ≤ C2ε

−ri
for (x, t) ∈ Ω (i = 1, 2).
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