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Contraction Analysis of Discrete-Time
Stochastic Systems

Yu Kawano

Abstract—In this article, we develop a novel contraction
framework for the stability analysis of discrete-time non-
linear systems with parameters following stochastic pro-
cesses. For general stochastic processes, we first provide
a sufficient condition for uniform incremental exponential
stability (UIES) in the first moment with respect to a Rie-
mannian metric. Then, focusing on the Euclidean distance,
we present a necessary and sufficient condition for UIES in
the second moment. By virtue of studying general stochas-
tic processes, we can readily derive UIES conditions for
special classes of processes, e.g., independent and iden-
tically distributed processes and Markov processes, which
are demonstrated as selected applications of our results.

Index Terms—Contraction, discrete-time systems, incre-
mental stability, nonlinear systems, stochastic systems.

[. INTRODUCTION

TARTING with a seminal paper [1], contraction theory

draws attention from the systems and control community as
anew differential geometric framework for the stability analysis
of nonlinear systems. Differently from the standard Lyapunov
analysis of an equilibrium point (e.g., [2] and [3]), incremental
stability (i.e., stability of a pair of trajectories) [4] is studied
by lifting the Lyapunov function to the tangent bundle [5].
Revisiting nonlinear control theory from this new angle has
resulted in so-called differential approaches to, for instance,
control design [6], [7], [8], [9], [10], observer design [11], [12],
[13], dissipativity theory [14], [15], [16], [17], and balancing
theory [18], [19]. Along with them, contraction (stability) anal-
ysis itself is in the middle of development in various problem
settings; see, e.g., [20], [21], [22], and [23] for monotone sys-
tems, e.g., [24] and [25] for switched systems, e.g., [26] and
[27] for systems under stochastic input noise, and, e.g., [28] for
stochastic switched impulsive systems, a kind of Markov jump
systems.
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In this article, we aim at newly developing contraction theory
for discrete-time nonlinear systems with parameters following
stochastic processes. None of the aforementioned papers deals
with this class of systems; most of them focus on continuous-
time deterministic systems. The aforementioned papers [26],
[27], [28] studying stochastic systems are also for continuous-
time systems. In the discrete-time case, the authors in [1],
[29], [30], and [31] have studied deterministic systems and
systems under stochastic input noise, respectively. Other than
input noise, randomness is not incorporated in the contraction
analysis of discrete-time systems. In other words, there is no
contraction framework to analyze discrete-time systems with
random parameters, such as the systems with white parame-
ters [32] and Markov jump systems [33]. This is in contrast to a
massive amount of researches on discrete-time Markov jump
linear/nonlinear systems in the history, e.g., [33], [34], [35],
[36] and recent rapid increase in the number of researches for
machine learning to construct stochastic models from discrete-
time empirical data, e.g., [37], [38], [39], [40]. When studying
stochastic systems, typically, we specify the class of stochastic
processes into, for instance, independent and identically dis-
tributed (i.i.d.) and Markovian, which can be viewed as ad hoc
approaches because depending on processes, different stabil-
ity conditions are obtained. For developing unified theory to
deal with each process simultaneously, recently, the paper [41]
gives second moment stability conditions for general stochastic
processes in the discrete-time linear case, which contains the
existing conditions for i.i.d. [42], [43] and Markovian [33], [44]
as special cases.

Inspired by [41], in this article, we deal with general stochastic
processes. To begin with contraction analysis of discrete-time
nonlinear stochastic systems, we introduce a new stability no-
tion, uniform incremental exponential stability (UIES), in the
pth moment with respect to the Riemannian metric, which
reduces to the standard pth moment stability [45], [46] when the
distance is Euclidean, and a trajectory is fixed on an equilibrium
point. As the first main result of this article, we provide a
sufficient condition for UIES in the first moment. Then, as the
second main contribution, focusing on the Euclidean distance,
we present a necessary and sufficient condition for UIES in
the second moment; second moment stability is stronger than
first moment stability. By virtue of developing unified the-
ory for general stochastic processes, we show that specifying
processes readily yields UIES conditions for i.i.d. processes
or Markov processes. Even UIES conditions in each special-
ized case are new contributions of this article on their own,
due to lack of contraction theory for discrete-time stochastic
systems.

© 2023 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
http://creativecommons.org/licenses/by/4.0/
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The rest of this article is organized as follows. To explain main
ideas of this article, we start with analysis of scalar systems
in Section II. Then, we consider n-dimensional systems with
general stochastic processes and present UIES conditions in
Section III. A proposed condition is tailored to i.i.d. processes
and Markov processes as special applications in Section IV.
Finally, Section V concludes this article.

Notations: The sets of real numbers and integers are denoted
by R and Z, respectively. Also, define R := R U {—o00, c0}.
Subsets of Z are defined by Zy,+ := Z N [ko, 00) and Zg,— :=
ZN (—OO, k‘o] for ko € 7Z. Also, Z[ko,k] =7ZN [k}o, k‘] for kg €
Z and k € Zy,y, where Zii, r,) := {ko}. The n x n identity
matrix is denoted by I,,. The set of n X n symmetric matrices
is denoted by S™*", and that of symmetric and positive (re-
spectively, semi) definite matrices is denoted by S”';™ (respec-
tively, SU'3™). For P,Q € R™", P = @ (respectively, P = Q)
means P — @ € S'(" (respectively, P — Q € S';"). The Eu-
clidean norm of a vector z € R" is denoted by |z|. A function
d:R"™ xR"™ — R is said to be a distance if the following
holds:

1) d(z,2’) > 0forall z,2’ € R";

2) d(z,2') = 0if and only if z = 2/ for all z, 2’ € R™,;

3) d(z,2") < d(z,2') + d(«',2") for all z, 2/, 2" € R".
An example of a distance is the Euclidean distance d(z,z') =
|z — a'].

Let (Q, F,P) be a complete probability space, where Q, F,
and P denote a sample space, a o-algebra, and a probabil-
ity measure, respectively. For the sake of notational simplic-
ity, an X'-valued random variable &, : (2, F) — (X, B(X)) is
described by & : Q@ — X, where B(X) denotes the Borel o-
algebraon X'. An X7 -valued stochastic process & := (£ )xe7 on
T C 7Z is defined as a mapping ¢ : Q(xF) — X7 (xB(&xT)).
For some kq € Z, subsequences of a stochastic process & :
Q — X% are denoted by £* = (&) rez,,, + @ — X%+ and
gho” = (& )rezy, : @ — X% . The support of gRo—1)= g
denoted by Zko-1=_ Let Fy be the o-algebra generated by
a subsequence &g, {ky+1, - - -, Sk Of a stochastic process & un-
der the initial condition £ ko~ = ¢(ko—1)= ¢ Z(ko=1)~ Then,
(Fk)kezy,, is a filtration on (2, F,P) for each glho-1)- ¢
Z(ko=1)= namely, an increasing family (]-'k)kezkoJr of sub-o-
algebras of F. For a stochastic process &, the time-shift op-
erator Sy, : X2+ — X%+ such that (°F = S.¢+7 is defined
by (o =&, and (3 = &k41,- .., Where (p is Fj-measurable.
Let ko~ — ¢(ko-1)~ ¢ Z(ko-1)~ Then, the conditional ex-
pectation of a function of &0t given ¢(Fo~1~ js denoted
by Eo[(-)] := E[(-)|¢ko~D~ = ¢(ho=1)=] "which is also called
the first moment of a function. Accordingly, its pth mo-
ment is defined by Eq[(-)?]. The conditional expectation of
a function of £¥+ given Fj, is denoted by Eo[(-)|F%]. Since
(Fr) keZy,, 18 a filtration, the conditional expectation satis-
fies Eo[Eo[(-)|Fky )| Fk,] = Eo[(-)|Fk,] foreach ky € Zy, 4 and
every ko € Z, +.

Il. SCALAR CASES FOR BRINGING MAIN IDEAS
A. System Description

In this section, we explain the main ideas of this article
through analysis of scalar systems. Let £ = (£;)gez : 2 — R%

be a stochastic process. Consider the following system:

Tpp1 = [(@r, &), k € Lot (D

where f(x,n) and Of(x,n)/0x are continuous with respect to
x € Rateach n € R, and f(x,&) and Of(x,&)/Ox are Fy-
measurable at each € R.

In this article, the initial time ko € Z and the initial state
Z, € R are both deterministic. Note that (ko,zx,) € Z x R
is not enough information to describe the behavior of the sys-
tem when dealing with a general stochastic process &. The
behavior of ¢ itself depends on its initial condition £(Fo—1)~ =
£ko—1)— ¢ =(ko~1)~ \yhich is the observation of an infinite past
sequence up to kg — 1 of £. In summary, the deterministic triplet
(ko,xko,é(ko’l)’) € Z x R x 2(o~D~ i the initial condition
of the system (1).

Various stochastic systems can be described in the form of (1).
For instance, we can deal with a system under an i.i.d. noise
by specifying &, into i.i.d. Another example is a Markov jump
system by specifying &, in a Markovian switching signal. These
are main subclasses of stochastic systems studied in systems
and control. Stability theory for each class has been developed
separately, mostly under the linearity assumption. In this ar-
ticle, we take a different approach for developing stochastic
contraction theory. We first derive contraction conditions for
a general stochastic system and then specify problem structures
in order to obtain conditions tailored to each problem. Taking
this approach, we can avoid developing contraction theory for
each case separately.

B. Stability Notion

In this article, we study stability of a pair of trajectories.
To make the considered property clearer, we use the auxiliary
system consisting of copies of the system (1)

z%ﬁ»l = f(x:]?7§k)

Thy1 = f(xk7§k)
where the initial condition (ko, (2,2} ),§%0 1) € Z x
(R x R) x 2(ko~D~ is again deterministic. For the auxiliary
system, the initial states x;m and x’,éo are allowed to be different,
but the others, including system vector field f and stochastic
process &, are the same.

We are interested in the following stability property. Given
p € Zy4, there exista > 0 and A € (0, 1) such that

Eo[dP (z},, z})] < aPAPERo) P (o) 2 ) Yk € Zyy (3)

k€ Lyt )

for all (ko, (), 2} ),F0 D7) € Z x (R x R) x Elko-1~,
where d is a distance function mentioned in the notation part.
Note that the initial condition (z}, , 7, ) is deterministic, and
thus, the right-hand side is deterministic.

We call (3) UIES in the pth moment (with respect to d). This is
an integrated concept of 1) moment stability for stochastic sys-
tems and 2) UIES (with respect to d) for the contraction analysis
of nonlinear deterministic systems. For stochastic systems, mo-
ment stability is defined with respect to the Euclidean distance
by assuming that the origin is an equilibrium point. Specifying
d(o',2") = |2’ — 2"| and (2}, z}) = (x,0), k € Zy+, in (3)
yields

Eol|zx|P] < aPAPE=FRo) |z P VEk € Zy 4. 4)
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The left-hand side is nothing but the pth moment of |z, and
thus, this property is called exponential stability (ES) in the pth
moment. When p = 2, this property is also referred to as mean
square (exponential) stability [45], [46]. A similar concept is
mean stability [46], which studies Eq[xy] (without taking the
Euclidean norm) instead of the first moment Eo[|x]].

Next, we consider the deterministic case, i.e., f is independent
of &. Then, dP (), =) in the left-hand side becomes determin-
istic. Taking the pth roots of both sides yields

d(x), o)) < arfFod(a) 2l ) Vk € Ly ®)

This is a discrete-time version of UIES (with respect to d); see,
e.g., [5, Def. 1] for the definition in the continuous-time case.

In contraction analysis, it is standard to employ the distance
function d induced by a Riemannian metric (or more generally
Finsler metric [5]). Let I'(2/, ") denote the collection of class
C! paths 7 : [0,1] — R such that v(0) = 2’ and (1) = 2"
Then, the following function induced by a class C' Riemannian
metric 7(z) > 0, € R, is a distance function:

1 d 2
daay= it [ \/rms))( ) as©

An intuitive interpretation is that we consider a kind of the
weighted Euclidean distance with a weight r(z) depending
on z. When r is constant, this becomes a weighted Euclidean
distance, d,.(2', 2") = \/r|2’ — 2"|. As found in the Appendix,
the essence of the proof is the same for the general Riemannian
metric and the Euclidean distance, and thus, we consider the
distance (6).

C. Main Ideas for Stochastic Contraction Analysis

The main idea of contraction analysis is to study the time-
evolutions of a path v(s) and its derivative dv(s)/ds. This can
be proceeded via analysis of the prolongation of the system (1)

{xkﬂ = f(@k, &)

Of (zx,&x) Sk

keZ 7
(;xk_;’_l _ = ko+ ( )

where the second system is called a variational system whose
state is dxj. Again, the initial condition (ko, (Tk,,0%k,),
Eko-D=) € Z x (R x R) x E*o~D~ jg deterministic.

Let  (¢u(€* D7 ko,ary, €507V 7))kez,, . or  simply
(pp(EF1 Tk,))kezy,, denote a stochastic  process
(xk)kgzko . generated by the system (1) under the initial

condition (kg, zx,,EHF0 D7) € Z x R x E*o~1~ Then, it
follows that

Oro (EFO D72y ) =

Oro+1(EX 7 210) = F(Thg Ehg) s - - -

We consider the time-evolution of a path v € T'(z}, , 2 ),

namely, ¢ (%=1~ ~(s)). This is a class C'' path connecting
two stochastic processes, as confirmed by

ah = op(€F V7)) = o (65D 754(0))
zf = (€Dl ) = eV T7(0)).

(8a)
(8b)

To evaluate the distance (6), we also consider the partial
derivative of ¢y (¢*F~1~;~(s)) with respect to s, namely,
D¢, (€12 ~(s))/s. This satisfies, from the chain rule

Obr41(E757(s))

0s
_ Of(Pe(€F D 759(s)), &k)
- Os
~ Of(DR(EFTIT57(s)), ) Ok (EFD 7 4(s)) ©)
N 8@1@ Js
where
Of (D1 (XD 4(s)), &) _ Of(xr, &)
O, ' Ox zk:m(s("‘*”*w(S)).

Throughout this article, we use this kind of notations for partial
derivatives. Equation (9) implies that

(k=1)=. (g
(anobon) = (6D 7)), 2200

ke Zk0+, S € [0, 1}

(10)

satisfies the dynamics of the prolonged system (7) for each
v € (), , 2}, ) and every initial condition (ko, () ,Z}, ),
017y € Z x (R x R) x Eko=1)~,

Therefore, it is expected that if the prolonged system (7)
satisfies 7(z) (6x1)? — 0 as k — 0 in some sense, then for any
v € (), , 2%, ) and s € [0,1]

e (EFD719(s))
0s

Thus, d,(z},z}) — 0 as k — 0 is further expected from (6).
This interpretation can be formalized as follows.

Proposition 2.1: A scalar system (1) is UIES in the first mo-
ment [i.e., (3) for p = 1] if there exist & € (0,1)andr : R -+ R
of class C'! such that 7(z,) > 0 and

Eo [r(f(xko,éko)) (W) ] < Ar(ey)  (12)

2

) —~0. (11

H(or (€5 D 7(s)) (

for all (ko, 2y, EFo~D") € Z x R x Eo-1)~, <
Sketch of the proof: The main idea of the proof is to study
the time evolution of the left-hand side of (11) utilizing the
prolonged system (7).
It follows from (7) and (12) that

Eo[r(zro+1)(62ko41)°]
=Eg lf(f(ﬂ?ko’fko)) (Wﬁko) ]

< kzr(scko)(éscko)Q. (13)

Note that (z,,0xr,) is deterministic. The time-shift ko — &
leads to

Eo[r(wre1)(0xp 1) Froa] < A%r(2r)(6xx)?  as.

where recall that Eg[-| Fj,—1] is the conditional expectation given
Fr-1,and Eo[-] = Eo[|Fi,-1]. Since (Fi)kez,, , is afiltration,



KAWANO AND HOSOE: CONTRACTION ANALYSIS OF DISCRETE-TIME STOCHASTIC SYSTEMS 985

it follows that Eg[Eg[-|Fx—1]] = Eo[:] foreach k € Zy, . There-
fore, taking the conditional expectation Eg -] of both sides yields
Eolr(wk+1)(05+1)] < AEolr(wx)(0zx)?].

Recursively utilizing this inequality from & to k¢ leads to

Eor(zx) (0ax)?] < 22EF0)p (24, (2, ).

Again note that (zy,, 0z, ) is deterministic. Taking the square
roots of both sides and applying the Cauchy—Schwarz inequal-
ity [47, Corollary 3.1.12] yield

Eo {\/r(xk)(éxk 2} < VEo[r(

< Akko

(5$k) ]

r(xko)<5xko)2'

Now, we connect the analysis of the prolonged sys-
tem (7) with (14). As shown in (10), (2g41,0Tk41) =
(0r(EFD757(s)), 0w (EF1; 4(s)) /D) satisfies (7). Thus,
substituting this into (14) and taking the integration with respect

to s lead to
' Ao (EF—D=17(s)\?
[ = \/rwk(ew i) (2

eI %”( () (djl”)d

As shown in Appendix A, taking the conditional expectation and
the integral with respect to s is commutative. Also, recall that
or(F~17: 4(s)) is aclass C* path connecting between ’}, and
. Therefore, it follows from (6) that
2
7(s) > ds

Eold(z),, })] < Ak~ ko/ \/
0
xy, ). Finally, we have (3) by taking the

for any v € I'(z},,
infimum of v as in (6). |

Remark 2.2: In this article, we focus on UIES with respect
to the deterministic pair of initial states (), ,z} ). For random
(T}, T, ) being independent of &, our results are still applica-
ble because we guarantee (3) for all (z}, ,z} ) and, thus, can
take its conditional expectation with respect to (), ,z} ). For
obtaining less conservative conditions, one may expect to take
a conditional expectation of (12) with respect to xy,, but this
does not directly yield that of (13) because (zj,dz)) are not
independent by (10). <

Example 2.3: We apply Proposition 2.1 to an affine system
with respect to a random variable

Trr1 = g(wx) + h(wg)Ek, b € Lyt

where g, h : R — R are of class C', and Eo[¢x] = 0forall k €
Zy,+. We selectametric r as a constant. Namely, we consider the
Euclidean distance. According to Proposition 2.1, this system is
UIES in the first moment with respect to the Euclidean distance
if there exists A € (0, 1) such that

. [(agga 1 i) @”

- (end)" i) (2}

(14)

5)

for all (ko,xko,é(k“’l)’) €7 x R" x Zko=1)= " \where we
used Eo[&x,] = 0. If & is i.i.d. Gaussian noise with variance
o2 > 0, then the condition becomes

ag(xko) ? 0_2 ah(l'ko) : < )\2 VIk c R
ox ox - ©

Therefore, by our results, one can study UIES in the first
moment under i.i.d. Gaussian noise. In fact, utilizing a non-
constant r(zy,) leads to a necessary and sufficient condition
for UIES in the second moment; see Corollary 4.4 in the
following. <

D. Metrics Depending on Stochastic Processes

In Proposition 2.1, we employ (), which is independent of a
stochastic process (£x)xez. In fact, using such an r(x) restricts
the class of applications. To see this, we start this section by
reviewing stability analysis of a Markov jump linear system.

Example 2.4: Let & be stationary (its characteristic does not
depend on k € Z) and takes a value only in M := {1,..., M }.
Let us denote the transition probability from mode i € M to
JjEMby ;i i=P(pq1 = jl&k = i) > Oforeach k € Z. Ac-
cording to [33, Eq. (3.15)], a scalar Markov jump linear system
Zg+1 = a(i)zy is ES in the second moment if and only if there
exist A € (0,1) and 7y ; > 0,4 € M, such that

E 7T727”0]0/

JEM

) < A% Vie M. (16)

Therefore, even for Markov jump linear systems, we need
mode-dependent 7 ; to describe a necessary and sufficient
condition. <

As observed previously, we can derive a less conservative sta-
bility condition by taking r as a function of a stochastic process
(& ) ez in addition to xy, . When dealing with such r, its domain
needs to be considered carefully. For instance, let us consider
ro Rt s & andry : 0T s & 1. Then, one may expect

(f(k0+1)+) 71 (€Fo+). However, the left-hand side is not
well defined, since the domain of 7_ is RZ*o+, and £ Fo+1)+ pe-
longs to RZ(o+1)+ To resolve this issue, we utilize the time-shift
operator Sg, : £¥0F + (% mentioned in the notation part. For
mappings 7#_ : (°F + (o and 7, : (°F > (1, the compositions
of mappings are 7_ o S, : £%F 1 (y and 74 o Sy, : gkt
(1, respectively. Then, 7 (S, £Fo+D+) = ¢} is well defined
and satisfies 7 (Sy,&Fot1) ) = 7, (S, &Fot).

Now, we use 7(x, , Sk, £F0T) for contraction analysis. Since
Si,&*0* is a subsequence of a stochastic process, we uti-
lize its conditional expectation Eo[r(xy,, Sk,&*F)], and its
forward time-shift Eo [1 (2 (1, 1), S(o+1)EF0 T )| Fi] to de-
scribe conditions. In our analysis, to induces a distance function,
we require that the conditional expectation Eq[r (zy, , Sk, &*0F)]
is lower and upper bounded on a metric 7(xy,) > 0 depend-
ing on only zy,. Note that even if Eo[r(wx,, Sk,&F1)] is
bounded, (', , Sk, &¥0T) can be nonpositive or infinite at some
(Tky, SkoEFoF) (with measure zero). In fact, in the converse
analysis proceeded later, we only show the boundedness of
Eo[r(2,, Sk, £F0)]. Therefore, the range of 7 is taken as
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R =R U {—o0, 00} for the sake of formality. Noting this, we
generalize Proposition 2.1 as follows.

Proposition 2.5: A scalar system (1) is UIES in the first mo-
ment if there exist c1, co > 0,4 € (0,1),7 : R — Rofclass C!,
and 7 : R x R%+ — R such that 7(x,) > 0 and

1P (ry) < Eo[r(hy, Sk &™) < cof(w,) (17a)

EO lEO[T(f(xko7£ko)7 Sk0+1§(k0+1)+)|]:1€0]

2
(W) ] < WPEo[r(zry, Sk, 0 (1)

for all (kg, zp,, £FoD7) € Z x R x Zko-1)—, <

Example 2.6: Before mentioning the sketch of the proof, we
consider understanding the condition (17) by applying it to a
Markov jump linear system 21 = a(é)z) in Example 2.4.
Since &y, (respectively, &, +1) only depends on &, (respec-
tively, &, ), it follows that

Eo [ (k) Sko &™) = Elr (o, Skoho ) |Eko—1 = 1] = o
Eolr(f (ko » Eko) s Sko+1EFOTIT)| o]
= E[r(a(f) ke, Sko+18ko+1) €k = 3] = To,5-
Then, (17) reduces to 7o ; > 0,7 € M, and
E[fo,ja*(j)|€ky1 = i] < A%F0; Vie M.

Since the transition probability is given by ;;, the above-
mentioned inequality is equivalent to (16). Therefore, using
7(Tky, Sky&F0T), we can handle a Markov jump system. <

Sketch of the proof of Proposition 2.5: The proof procedure
is similar to that of Proposition 2.1. It follows from (7) and (17b)
that

Eo[Eo[r (ko +1, Sko+16*0T )| Fieg (0280 11)°]
< APEo[r(@hgs Sko&™ )] (62, )*.
The time-shift ky — k yields
Eo[Bo[r(wx11, Skr1E )| F) 0k 11)? | Fri]
< A2Eo[r(xg, SKEF )| Fru1](0z1)? as.

Thus, by taking the conditional expectation Eq[-] of both sides,
we have

Eo[Eo[r(wr+1, S1 €5 TDT) | Fi) (52411)°]
< APEo[Bolr(zx, Sk€")| Fra] (621)?).
Recursively utilizing this inequality from £ to kg leads to
Eo[Eo[r(ak, Sk&™ )| Fi—1)(81)?]
< 2RO R [ (2, 5 Sy 50 (62, )2
From (17a), we have

Eo[#(21) (621)?] < Z—jﬁ(’c*ﬂﬂxko)(axko)?

The rest is similar to the proof of Proposition 2.1. |

Remark 2.7: In our analysis, the partial differentiability re-
quirement of f with respect to x can slightly be weakened. Let
D C RbeaLebesgure measurable set with the Lebesgue density
1. Also, let f : R x R — Rbe both continuous and continuously
differentiable withrespectto x on D x R. Then, Propositions 2.1
and 2.5 can be generalized by replacing (0 f(zk,, &k, )/0)>
with

6f§ (ajk?() ) €k0)

= limsup
veER,h—0F

On D xR, we have Of2(wk,, k) = (Of (Thy,Eky)/OT)2.
Therefore, the difference is analysis on R \ D with the Lebesgue
density 0. <

(f(xko + ’Uhﬂgko) _ f(xkoagko))2
h

[ll. MAIN RESULTS

In this section, we develop stochastic contraction theory for
n-dimensional stochastic systems, which can be viewed as gen-
eralizations of the scalar case. First, we mention the considered
class of systems and define UIES in the pth moment. Then,
we derive UIES conditions. After that, we revisit the linear
stochastic case [41] and the nonlinear deterministic case [1],
[29] to show that our results contain results for these cases.

A. Incremental Stability in Moments

Let & := (&4)rez -  — (R™)% be a general stochastic pro-
cess. In the scalar case, f is assumed to be time invariant.
As a further generalization, we consider the time-varying case.
Namely, we consider a discrete-time nonlinear stochastic sys-
tem, described by

(18)

where fi(z,n) and Jfy(x,n)/0x are continuous with re-
spect to x € R™ at each (k,n) € ZxR™, and fi(x,&)
and Ofy(x, &) /0x are Fj-measurable at each (k,xz) € Z x
R™. As mentioned in Remark 2.7 for the scalar case, fi
and Ofy/Ox are allowed to be piecewise continuous, which
will be explained in Remark 3.5 later. The initial condi-
tion (ko, Tg,, EF0~D7) € Z x R™ x EFo~D~ is deterministic,
where ko, xr,, and é(ko’l)’, respectively, denote the initial
time, the initial state, and the initial condition of the stochastic
process & := (£x)pez : Q@ — (R™)Z, namely, £F0-D~ is the
observation of an infinite past sequence up to ko — 1 of £.

Recalling the distance function d in the notation part, we
extend the concept of UIES (3) in the pth moment to the
n-dimensional case. The difference from the scalar case is only
the dimensions of the variables ()., =) and .

Definition 3.1: The system (18) is said to be UIES in the pth
moment (with respect to distance d) if there exist a > 0 and
% € (0,1) such that

Tryr = [r(Tr, k), K € Ly

Eo[d? (x},, 2})] < aPAP*R)qp(z) oy ) Yk € Zy,y (19)

for each (o, (x%o,xzo),é(ko’l)’) €7Z x (R" x R") x
Z(ko—1)- <
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As mentioned in the scalar case, UIES in the pth moment is an
integrated concept of 1) ES in the pth moment (4) for stochastic
systems and 2) UIES (5) for contraction analysis of nonlinear
deterministic systems. On the other hand, our results provide
sufficient conditions even if (z}, ,x}, ) is random being inde-
pendent of & because (19) is preserved by taking its conditional
expectation with respect to (7}, , 7 ) in such a case.

In the n-dimensional case, a Riemannian metric is a class C*
matrix-valued function P : R™ — S"3"™. Let I'(z/, ") denote
the collection of class C paths  : [0, 1] — R" suchthaty(0) =
2’ and (1) = 2”. Then, the distance function induced by a
Riemannian metric P(z) is

T76) 5 dns)
(o //
dP(I 79: ’\/EF(ZE ') / \/ ds P ) ds ds.

(20)

We study UIES in the pth moment with respect to this distance.
If P is a constant matrix (that is symmetric and positive definite),
then this is a weighted Euclidean distance. Applying the Hopf-
Rinow theorem [48], [49], itis mentioned in [5] that for any given
e >0and (2/,2") € R"™ x R", there exists v* € T'(2/, ") such
that

[ D ) P s < (14 pap e a0
(21)

We use this path v* for our analysis.

B. Incremental Stability Conditions

In this section, we present UIES conditions for n-dimensional
nonlinear stochastic systems. First, we state a condition with re-
spect to the Riemannian metric, which is a natural generalization
of Proposition 2.5 for the scalar system.

Theorem 3.2: A system (18) is UIES [with respect to dp
defined by (20)] in the first moment if there exist c1,c2 > 0,

€ (0,1), P:R" — SI'y™ of class C', and P:Z x R" x
(R™)%0+ — R™ " such that

1P (xk,) = EolP(ko, Ty, Seo€™ )] = 3P (21,

EO |:8Tfk0 (ngo ) fko)

Eo[P(ko + 1, fro (Th» Eko )s Sto+1EF0 TV Fio ]
O fro(Tho» ko)

(22a)

:l = AzEO[P(k07xk0?Sk0§kO+)] (22b)

Ox
for all (ko, zx,, EF0D7) € Z x R™ x 2Ro=D~_ where S}, is
the time-shift operator introduced in the notation part. <
Proof: The proof is provided in Appendix A. |

Next, we focus on the Euclidean distance, which corresponds
to specifying P in Theorem 3.2 into the identity matrix. In this
case, itis possible to obtain a UIES condition for second moment
stability, stronger than first moment stability because we can
avoid to apply the Cauchy—Schwarz inequality in contrast to the
general Rimmanian metric case; for more details, see the proof

in Appendix B. Moreover, we have the converse proof, stated in
the following.

Theorem 3.3: A system (18) is UIES in the second moment
with respect to the Euclidean distance if and only if there ex-
istcy,co > 0,1 € (0,1),and P : Z x R™ x (R™)%o+ — R"™"
such that

ciln < Eo[P(ko, a1y, Sko€™ M) 2 3L, (220)
and (22b) holds for all (kg,ak,,E%0 D7) e Z x R x
=(ko—1)—

Proof: The proof is provided in Appendix B. |

In the converse proof, we show that the conditional expec-
tation Eo [P (ko, T1,, Sk,&¥01)] is lower and upper bounded as
in (22¢). This holds even if an element of P is infinite at some
(ko, Tk, SkyEF0F) (with measure zero). Therefore, the range of

P is taken as R"™" in Theorems 3.2 and 3.3 for the sake of
formality.

Main ideas of the proofs of Theorems 3.2 and 3.3 are similar
to the scalar case. Namely, by using the inequality (22b), we
study the stability of the prolongation of the system (18)

fe(wr, &)

Th4+1 =
T afk(galjvfk)éxk

Then, we utilize (10) to connect analysis of the prolongation with
the time evolutions of a path and its partial derivative. Finally,
we take the integration of the obtained inequality with respect
to s as done in (15) to conclude UIES.

It is not always easy to verify the conditions in Theorems 3.2
and 3.3, since we need to deal with an infinite sequence of ran-
dom variables. These theorems are provided as a stepping stone
for developing stochastic contraction theory. Their usage is to
derive UIES conditions tailored to subclasses of the system (18)
by utilizing special structures of the subclasses. This is illustrated
in Section IV.

Remark 3.4: From the proofs of Theorems 3.2 and 3.3 in
Appendices A and B, one notices that a (nonuniform) incre-
mental exponential stability (IES) condition in the first or second
moment can readily be obtained by replacing ¢y, c2, A, and P
with those depending on k. By IES in the pth momentat ky € Z,
we mean that there exist a(kg) > 0 and A(ko) € (0, 1) such that

k€ Ly (23)

Eo[d” (2}, )] < a® (ko) WP * 40 (ko)dP (2, )V € Ziyo

for each ((x%o,zgo),é(ko’l)’) € (R™ x R") x Zho-1)~
On the other hand, Theorems 3.2 and 3.3 can be generalized
to incremental stability analysis on a convex subset D C R"
when fr: D xR™ — D, k € Z, because D is a (robustly)
positively invariant set for such fx. <
Remark 3.5: Remark 2.7 for the partial differentiability of fy
in the scalar case can be generalized to the n-dimensional case.

C. Linear Stochastic Cases

In this section, we show that our results contain results for
linear stochastic systems [41]. In the linear case, the system (18)
becomes
(24)

Tp1 = A(&k)Th, b € Ly +
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under the deterministic initial condition (ko, xko,é (”“0’1)’) €
7 x R™ x 2ko=1~ wwhere A : R™ — R™ ", Note that the sys-
tem (24) is general in the sense of that this covers the linear
system ;1 = Apzy, with random (Ag)gez : Q@ — (R™*™)%
because another representation of Ay is

€k71 gk,n

Ay = =: A(&).

é-k,n(nfl) gk,n2

A similar discussion holds in the nonlinear case. For instance, a
polynomial system with random coefficients can be represented
by (18). Since fj is time-varying, we can handle more wider
classes of systems.

In the linear case, O fi, (21, £ ) /0x = A(&) is independent of
2. Thus, P and P in Theorems 3.2 and 3.3 can be chosen to be
independent of x;. Then, the conditions of these two theorems
become the same, and thus, we only apply Theorem 3.3. Next,
for the linear system (24), UIES in the pth moment reduces to ES
in the pth moment (4) as mentioned in the scalar case. Therefore,
applying Theorem 3.3 to the linear system (24) recovers [41, Th.
3]. In other words, our results can be viewed as natural extensions
of the result for linear stochastic systems to nonlinear stochastic
systems.

Corollary 3.6: A linear stochastic system (24) is ES in the
second moment (i.e., (4) for p = 2) if and only if there exist
c1,¢0 > 0,4 € (0,1),and P : (R™)%o+ — R™™" such that

C%In j EO[P(Sk0§k0+)] j C%In

Eo [A" (ko )Eo[P(Sko11€HF0T) | Fig JA(ky) — 22 P(Skp€F0h)] <0

for all (ko, ko~D) € Z x Elko-1)~ 5

D. Nonlinear Deterministic Cases

In this section, we apply our results to nonlinear deterministic
systems, described by

Try1 = gk (Tk), K € Loy (25)

under the initial condition (ko,zk,) € Z x R", where gy, :
R™ — R"™ is of class C'! for each k € Z.

In the deterministic case, PP in Theorems 3.2 and 3.3 can be
chosen to be independent of &, as in the following corollaries.

Corollary 3.7: A nonlinear deterministic system is UIES (5)
[with respect to d 5 defined by (20)] if there exist ¢1,co > 0,1 €
(0,1), P:R™ — S"s" of class C', and P : Z x R" — S"3"
such that

1P (k) = P(ko, x1,) = 3P(x1,)

9" gry (z Og, (x
0] py 11, g s, ) 2208 <32y )
(26)
for all (ko,zy,) € Z x R™. <

Corollary 3.8: A nonlinear deterministic system is UIES
with respect to the Euclidean distance if and only if there
exist c1,c2 > 0, A € (0,1),and P : Z x R™ — S'3™ such that
31, = P(ko,xr,) = 31, and (26) hold for all (ko,zy,) €
Z x R™. <

Corollary 3.8 is equivalent to [29, Th. 15]. Corollary 3.7
is a new result of this article, which can be understood as a
discrete-time version of the UIES condition for continuous-time
systems; see, e.g., [5, Th. 1]. Therefore, our results can be viewed
as natural extensions of the results for nonlinear deterministic
systems to stochastic systems.

[V. APPLICATIONS

In the previous section, we have presented UIES conditions
for general stochastic systems (18). In this section, we illustrate
the utility of the obtained conditions by tailoring them to specific
classes of processes. In particular, we study cases where &
follows temporally independent processes or Markov processes.
In most of the literature of stochastic control, e.g., [35], [36],
[42], [44], stability conditions have been separately developed
for each special class of processes. By virtue of studying the
general stochastic process &, conditions for each special case
are provided simply by restricting the class of £ as in [41]
about linear systems. Due to the lack of contraction analysis for
stochastic systems, the obtained conditions in each special case
are new contribution of this article on their own. In this section,
we only tailor Theorem 3.3, but similar results corresponding to
Theorem 3.2 can readily be obtained.

A. Temporally Independent Processes

In this section, we consider ¢ satisfying the following assump-
tion. Such ¢ is called a temporally independent process.
Assumption4.1: For& = (&) kez, the random vectors &, k €
Z, are independently distributed. <
Under Assumption 4.1, conditions (22b) and (22c¢) in Theo-
rem 3.3 are independent of é (ko=1)~ for each k¢ € Z. Hence, the
conditional expectation can be replaced with the (standard) ex-
pectation. Then, we have the following corollary of Theorem 3.3
by defining:
P(ko, k) = E[P(ko, Tk, Sk €% )], (Ko, 21,) € Z x R™.
27
Corollary 4.2: Suppose that Assumption 4.1 holds. A sys-
tem (18) is UIES in the second moment with respect to the Eu-

clidean distance if and only if there exist ¢1,co > 0, A € (0, 1),
and P : Z x R"™ — SZ(" such that

C%In = P(k0,$k0) = cgln

0" fro (T Eko)
£ { ox

O fro (Thos ko)
ox
for all (ko, xx,) € Z x R". <

Proof: Substituting (27) into (22c¢) yields the firstinequalities.
Next, substituting (27) into (22b) leads to

]EO |:8Tfk0 (5::;0 ) éko)

O fro (Thos €k )
ox

P(ko + ]-7 fkg (Ikoagko))

] =< A2P(ko, 1)

EO[P(/‘JO + 1’fko(xk07£ko))|]:ko]

} < \2P(ko, xp,).
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Since Eg[-|F,] is the conditional expectation given Fy,, it
follows that

EO[P(kO + 17fk0($’€0>£k0))|]:k0] = p<k0 + 17fk0(ka€ko))'

Therefore, we obtain the last inequality. |
We further consider a stationary case, i.e., & and f are
independent of k.

Assumption 4.3: The stochastic process £ is stationary (in the
strict sense), i.e., none of the characteristics of £, changes with
time k. Moreover, none of f; changes with time k, i.e., fr = fo
forall k € Z. <

Note that the stochastic process satisfying Assumptions 4.1
and 4.3 is an i.i.d. process. Under Assumptions 4.1 and 4.3, P
in (27) can be chosen as a kyp-independent function. Namely, we
have the following corollary without the proof.

Corollary 4.4: Suppose that Assumptions 4.1 and 4.3 hold.
A system (18) is UIES in the second moment with respect to
the Euclidean distance if and only if there exist ¢;,co > 0, A €
(0,1), and Py : R™ — ST'5™ such that

C%In = ]50(330) =< c%[n

3" fo(wo, &)
ox

dfo(xo, o)

E
ox

Py(fo(zo,&0)) = 32 Py (o)
for all o € R™. <
Remark4.5: InCorollary 4.4, we consider the stationary case.
As a more general case, Corollary 4.2 can be specialized to
the periodic case where there exists a positive integer N such
that fun i = feairt =0,1,..., N — 1,k € Z, and none of the
characteristics of &, n44,¢ = 0,1,..., N — 1 changes with k €
Z. The generalized condition is described by using periodic P,
i =20,1,..., N — 1; for more details, see a similar discussion
in the linear case [41, Corollary 3]. <
Example 4.6: We apply Corollary 4.4 to a linear system (24)
with i.i.d. &. It is ES in the second moment if and only if there
exist A € (0,1) and Py € SP5™ such that E[AT (&) Py A(&)] =<

A2 P,. This condition is found in [43, Th. 2]. <

B. General Markov Processes

In this section, we consider the case where & is a general
Markov process.

Assumption 4.7: For each ©; C R™, every j € Z¢y1)+
and ¢ € Z, it follows that

P € ©4(6,&-1,...) =P(& € 6]&)

where IP(+|-) denotes the conditional probability. <
Assumption 4.7 implies that the conditional expectation Eg
can be simplified as

Eo[-] = E[|&ky-1 = &ko-1]
Eo[-|Fx] = E[|&k], k € Zy+

(28a)
(28b)

for each (ko,éko_l) € Z x Oy,_1, where note that ©,_1 is the

support of &x,—1. Then, for P in Theorem 3.3, there exists P :
Z x R™ x R™ — S§™ such that

Eo[P(ko, Try, Sko*0))]

= E[P(k()vxkov Skogko-i—)lgkofl = ékofl]

= P(ko, Thy)» Exo-1) (29)

for each (ko, xko,éko,l) € Z x R"™ x ©,_1. Now, we have the
following corollary of Theorem 3.3 for Markov processes.

Corollary 4.8: Suppose that Assumption 4.7 holds. A sys-
tem (18) is UIES in the second moment with respect to the Eu-
clidean distance if and only if there exist ¢y, co > 0, 2 € (0,1),
and P : 7Z x R™ x R™ — S"™ such that

AL, = Pko, Thy, Erg 1) = 21,

E [3Tfk0 (%ho s Eko)

5 P(ko-l—l,fko(kagko)agko)

O fry (T, . . R
W gko—l = £k0—1:| = k2p(’£07£kov§ko—1)
for all (ko, Zpy, Eky-1) € Z X R™ X O, 1. <

Proof: Substituting (29) into (22c¢) yields the first inequalities.
Next, substituting (29) into (22b) leads to

)
Eo [3”“ EolP(ko + 1, fuo (210 €20 ) Er0)|Fi]

ox

O fro (Tho» ko)

ox (30)

] < A2P(ko, Ty, Eko—1)-

Since Eo[:|Fk,] is the conditional expectation given Fy,, it
follows that

EO[P(kO + 1afk0(xk0>€ko)’§ko)|]:ko]
= p(ko + 1, fro (Tho» Eko )s ko )-

Substituting this into (30) and applying (28a) leads to the last
inequality. |

In the stationary case, again P can be chosen as a k-
independent function. Namely, we have the following corollary
without the proof.

Corollary 4.9: Suppose that Assumptions 4.3 and 4.7 hold.
A system (18) is UIES in the second moment with respect to
the Euclidean distance if and only if there exist ¢1,co > 0, A €
(0,1), and Py : R™ x R™ — S"s™ such that

C%In j pO(I()vé—l) j Cgln

T 3 ~ ~ 3 -~
E 9_fo(@o, bo) foéio’go)Po(fo(I(),50),50)7af0(;;)’€0) £ 5—1]
= )»2150(3007571)
for all (xo,é_ﬂ cR" x ©_;. <

Remark 4.10: Again Corollary 4.8 can be specialized to the
periodic case by using periodic P;, ¢ =0,1,..., N — 1. <
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C. Finite-Mode Markov Chains

In this section, we further consider the case where £ is a
finite-mode Markov chain, which is nonstationary (i.e., nonho-
mogeneous) unless the transition probability is time invariant.

Assumption 4.11: The process £ is given by a finite-mode
Markov chain defined on the mode set M := {1,..., M}, i.e.,
&, can take a value only in M at each k € Z. <

The process £ satisfying this assumption is a special case of the
general Markov process in Assumption 4.7, and the correspond-
ing system (18) can be seen as a stochastic switched nonlinear
system with the switching signal £ given by a finite-mode
Markov chain. Such a system is nothing but a standard Markov
jump nonlinear system, e.g., [35], [36]; also see, e.g., [34] for
Markov jump linear systems. This exemplifies the generality of
the system class dealt with in this article.

Let us denote the transition probability from mode 7 to j by

T = P(gr = & = 1) > 0

for each k € Z. By the definition, it satisfies

waﬂ.:l,kez

JEM

for all © € M. Then, by using the mode dependent function P,
1 € M, Corollaries 4.8 and 4.9 are further simplified as stated
in the following, where the latter is about the stationary (i.e.,
homogeneous) Markov chain.

Corollary 4.12: Suppose that Assumption 4.11 holds. A sys-
tem (18) is UIES in the second moment with respect to the Eu-
clidean distance if and only if there exist ¢y, co > 0, A € (0, 1),

and P, : Z x R™ — SE™, i € M, such that
Al < pi(k()a‘rkzo) <l
koa fku(xkoaj)

7TJZ o (]fO'i'1 fko(xkovj))
JEM
Ofro(Thys ]
fko(gmko ]) <X2 (kOaxko)
for all (ko, zy,,7) € Z x R™ x M. <

Corollary4.13: Suppose that Assumptions 4.3 and 4.11 hold.
A system (18) is UIES in the second moment with respect to
the Euclidean distance if and only if there exist c¢;,co > 0, A €
(0,1), and Py : R™ — S's™, i € M, such that

A1, < P i(wo) X 31,

Sy LI 7 0y, ) 2o0d)

ox
JEM

< A2 Py (o) 31
for all (zg,7) € R" x M. <

Remark 4.14: Again Corollary 4.12 can be specialized to the
periodic case by using periodic Isk,i, k=0,1,....N—-1. <«

Example 4.15: As a generalization of Examples 2.4 and 2.6,
we apply Corollary 4.13 to a linear system (24) when ¢ is given
by a finite-mode Markov chain. This system can be represented

by xx+1 = A(j)xg, and thus, (31) becomes 15071' = 0 and

D Al

JEM

POJA(j) = )&2150,1 Vi e M.

This is equivalent to [33, Eq. (3.15)]. By restricting classes of
the processes and systems, we finally establish the connection
between our results and the well-known condition for Markov
jump linear systems. <

D. Observer Design for Markov Jump Systems

In this section, we apply Corollary 4.13 to the observer design
of Markov jump systems, which is further utilized for the state
estimation of an epidemic model.

Consider the following Markov jump system:

Tpp1 = g(ag, i), 1 € M
yr = Cg,

P(Epr1 = jlér = 1) = 54 (32)

where the initial state at initial time kg = 0 is x¢g € R™. As
observer dynamics, we consider the following system:

Lf?kJrl = g(:%k,i) + HZ(ka - y) (33)

where the initial state at initial time kg = 0is o € R". Note that
if £g = wo, then Ty, = xy, forall k € Zg.. In other words, the set
of solutions & = & (&0, y, ) to (33) contains a solution z;, =
xk (o, 1) to (32) as a special case where &y = xo. Therefore,
the system (33) becomes an observer of (32) if (33) is IES in the
second moment with respect to the Euclidean distance uniformly
in x, i.e., if there exist a, A > 0 such that

E[|Zr — 4]%] < a®A2*|20 — &p|? Yk € Zoy

foreach (&g, p), x0) € (R™ x R™) x R".Infact, for &, = o,
IES implies that E[|2) — xx|?] — 0 as ¢ — oco. Note that, in
this discussion, the system (32) is not assumed to be IES. IES
uniformly in = can be verified by applying Corollary 4.13. In
general, Corollary 4.13 consists of an infinite family of linear
matrix inequalities (LMIs), which can be relaxed to a finite one
if 9g(z,14)/0x, i € M, is bounded. If dg(&,1)/dx is bounded,
there ex1stA( ) € R™" and 9“)( )>0,ieM,l=1,...,L,
such that

99(@,8) _ N~ 02y 4O yng S g0
) £) /A l £)
o = E 6, (2)A;” and E 0,7 (z)=1

(=1 (=1

(34)

for each & € R"™ and every i € M. Based on this, we have the
following corollary without the proof.

Corollary 4.16: There exist H;, i € M such that a sys-
tem (33) with bounded Jgo(&,4)/0x, i € M, is IES in the
second moment with respect to the Euclidean distance uniformly

in z if there exist 2 € (0, 1), }50 i € SE™, and H;,i € M, such
that
)\2.15071' * * *
~ (41) ~ ~
,/7T1,i(P0,1A +H1 C) P071 * *
! . =0 (33)
0 .. *

\/Trm,i(PO,mAgﬁM) +H,C) 0 0
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foralli € Mand/y,...,¢,, € {1,..., L}. Moreover, such H;,
1 € M, can be des1gned as H P 1H |

In Corollary 4.16, we specify Po,z, 1 € M, in constants in
order to obtain an LMI condition. This approach can be applied
other stochastic processes and may be generahzed to polynomial

(kg, Thos fko 1) with respect to x, and fko 1 based on the
sum-of-squares. In the polynomial case, Eo[P (o, Ty, Exy-1)]
is not a bounded function of zy,, and thus we need to apply
Theorem 3.2 instead of Theorem 3.3.

Example 4.17: We consider the observer design of a network
susceptible-infected-susceptible (SIS) model with two popula-
tions. Let 5 > 0 and v > 0 be the infection rate and recovery
rate, respectively. Then, population [’s fraction of infected indi-
viduals x; 1, is described by

Tl g1 = Tk — Y1k + BE(1 — 1 1) T2k
T g1 = To ) — Y2k + BE(1 — 2o 1)1k
Yk = T1,k

k€ Zoy

where &, =i € {0, 1} represents an edge-Markovian dynamic
graph [50], which represents the existence of the contact between
the populations. Since ; ;, = 0 and x; ;, = 1, respectively, mean
disease free and all infected, D = [0, 1]? is positively invariant
in practice.

We consider a scenario where population 1 estimates the
fraction of infected individuals in population 2, i.e., 2 ;. This is
an observer design problem, and we can apply Corollary 4.16.

On D, there exist 91@ () >0,i€{0,1},£=1,...,4,suchthat
(34) holds for

A=A =1 -, t=1,....4

1

AV = A4 ap 0 JAY = A+ aB 0]

AP = a1 01 LAY = A+ ap 011.
Then, (35) becomes

)\2150,2' * *
,/Tl,i(p0,1A+ﬁ1 C) I:)071 * EO

\/772,1‘(150,214&& +Hy,C) 0 Pyo

i=1,20=1,...,4 (36)

where C = [1 0}. Let o = 1, B = 0.01, v = 0.001, 711 =

1/3, 2,1 = 2/3, 1,2 = 1/4, 2,2 = 3/4, and A = \/0.9. USiI’lg
a set of solutions to (36) with }50,1- > 0,7 = 1,2, an observer gain
at each mode can be designed as

L 2.02
 Hy=FoyHa = [1 29] '

—0.940

Hy =Py {H = [ 0

V. CONCLUSION

In this article, we have studied moment UIES for discrete-time
nonlinear stochastic systems in the contraction framework. In
particular, we have presented a sufficient condition for UIES
in the first moment with respect to the Riemannian metric and

a necessary and sufficient condition for UIES in the second
moment with respect to the Euclidean distance. Then, the second
moment UIES condition has been tailored to i.i.d. processes
and Markov processes as specialized applications. The proposed
approach can also be applied to hidden Markov models. Tai-
loring the proposed UIES conditions to different subclasses of
stochastic systems is included in future work.

As mentioned in this article, our results can be understood
as a generalization of the results for linear stochastic systems.
The results of the linear case have been applied to networked
control systems with randomly time-varying communication
delays [51]. Furthermore, their practical usefulness has already
been validated by remote control experiments of actual vehi-
cles [52]. Due to the linearity assumption, the vehicle velocities
have been assumed to be constants. Applying the results of this
article, we are interested in remote control experiments of actual
vehicles including their velocity control.

From theoretical viewpoints, other possible research direc-
tions are to deal with random initial conditions and to study
incremental versions of different stability properties, such as
almost sure convergence, stochastic convergence, convergence
in law, and recurrence; a Lyapunov framework for recurrence
analysis is referred to as Foster—Lyapunov analysis [53], [54].
The proposed framework can be expected as a first step for
enlarging applications of contraction theory to various problems
involving randomness.

APPENDIX A
PROOF OF THEOREM 3.2

Before providing the proof, we proceed with auxiliary
analysis for the prolonged system (23). To emphasize that
(xk)kezk0+ Q — (R™)%ro+ is a stochastic process under the
initial condition (ko, z,, E#0~1 ") € Z x R™ x 2(*o-1~ this
is also denoted by (¢ (€5 ko, 2y, E*0 D)) ez, or

simply (¢4 (£%7Y7)) ez, . - Namely, it follows that

zy, = ¢V (37)
Ore1(€°7) = fulon(€D7),60), k € Ziyr (38
for each (ko,xko,f ko-1)-) ¢ ZxR"x= ko1~ where Ory =

L -
Then, the solution to the variational system can be described
as

6Ik = q)k’(é.(kil)i; kOaxkoaé(k071)7)5xkoa ke Zko-‘r (39)

or simply oz = @5 (£FV)oxy,, k € Zy, 4, for each (ko,
(Zhy, 0y ), EFOD7) € Z x (R™ x R™) x E(ko=D= " where
using the solution ¢y, (€1~ to the system (18), @, is defined
and computed by

P,
&vko
(I)k: (f(kil)i; k07 Lko s é(k071)7)

6‘fk 1(Pe—1(€H27), &1)
Odp—1

(I)k =

0 -

=1, (40)
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O fro+1(Pro+1(8ko)s Eko+1) Ofko (Phos Eko) 0Pk

OPry11 0Pk, Oy,
O (€D ko, ERo—1)
_ Ol 20:D0s S Tt
Lk

where ¢y, = x,, (38), and the chain rule is used.

Remark 1.1: Note that ¢y, k € Zy,4+, is a composition
function of f;, i =kg,...,k — 1. From the assumption for
e both ¢ (€FD7) and 6z, = @y (EF~V7) by, are Fj1-
measurable functions for each (ko, (zx,, 0z, ), EFoD7) e
Z x (R" x R") x Z(ko-1)- <

Remark 1.2: The notations ¢y, (6D ko, zp,, EFo~1D7)
and @4 (D7 kg, 2, EFD7) (or (D7) and
@, (6*D7) in shorthand) are used to emphasize that
they are stochastic processes. When they are considered
as mappings ¢y : R x (R™)Zko.x-11 — R™ and @} : R" x
(R™)Ziko:k-11 — R™ ™ the notations ¢y (zr,,n* D" ko)
and @k(xko,n(k’l)’; ko) with 7 (or ¢ and @y in shorthand)
are used, respectively. Note that as the mappings ¢;, and Py
satisfy the counterparts of (38), (39), and (41), i.e.,

Ort1(Tho, 1 5 ko) = fr(dn(@rg, 1V ko)) (42)
oxp = (I)k(irko,n(kil)i; ko)&cko, ke Zk0+ 43)
(kfl)f.k
(Dk(xko’n(kfl)f;ko) _ a¢k($ko»77 ) O)
al‘ko
k€ Ly (@)

for each (ko, (Thy, 0Tky ), n" ) € Z x (R™ x R™)
(R™)Zix0.41, respectively. <
Now, we are ready to prove Theorem 3.2.
Proof: (Step 1) The quadratic forms of both sides in (22a)
with respect to (the deterministic) dzy, € R™ satisfy

cf&vgop(xko)&vko S (SI'ECFOE()[P(]{(),:C}CO,Skofk0+)}(5$ko

< cgdargoﬁ(xko)da:ko 45)

for each (ko,(zg, 02k, ),EF ) € Zx (R™ x R™) x 2(ko-1)-,
Since (ko, (2k,, 02k, ), €Fo~17) is arbitrary in (45), and both
o (€* D) and 6z, = Oy (£F1) )52y, are Fj,_;-measurable
as mentioned in Remark 1.1, the time-shift ky — k, k € Zj, 1,
of the first inequality yields

cidaf P(or (€% 7))oy,
< Sxf Bo[P(k, ¢ (€% D7), Sp€¥ )| Fr_1]dwy as.
Vk‘ G Zk()“l‘

for each (ko,(Zk, 02, ),EF0" D7) € Zx (R™ x R™) x Z(ko=1)~
Taking the conditional expectations Eq[-] of both sides leads to

AEBo[dz), Pk (6% 17)) o2

< Eo[ox, Eo[P(k, d1 (€5 7D7), Sk )| Fr1]oas]
Vk € Zy,y (46)

for each (Ko, (21,025, ),EF0 D7) € Zx (R x R™) x Zho=1)~

(Step 2) The quadratic forms of both sides in (22b) with
respect to (the deterministic) 0z, € R" satisfy

0" fro (Tho > ko)
T 0 07 Sko
EO 5xk0—8xk0

Eo[P (ko + 1, fio (ko Ekg) s Sko+ 1€ FO TV Fio]

O fro (Tho » Eko)

6xk0 6:lik

< )‘-Q(Sx;croEO [P(k07 Tkq s SkogkUJr)}(sxkO

for each (ko,(Zx,02k, ),£ 0" D7) € Zx (R" xR™) x Z(ko= 1)~
The time-shift kg — k, k € Zy, 4, yields

O fr(dn (€ D7), &)
0ok

Eo[P(k + 1, fi(dr (€% D7), &), Sk €5 D) Fy]

O fi(dr(E*17), &) ]_-k_ll

ol
< A2z Eo [Pk, ¢ (€5 717), k€M) | Fioi]day, as.

Eo |f5$()£

5l‘k

Vk € Zij,+
or equivalently, from (23) and (38),
Eo[d2f 1 Eo[P(k + 1, ¢ps1(6), Sepr €I Fi)

0z k41| Fr-1]
< 226x{ Eo[P(k, dr(6FV7), SpeF )| Fi_1]dxy ass.
VEk € Zgy+
for each (ko,(zx, 02, ),EF0 D7) € Zx (R" x R™) x 2(ko-1)~
Recall that (Fg)gez,,, is a filtration on (2, F,P) for

each (o1~ ¢ =(ko—1)~ Then, taking the conditional expecta-
tions [E -] of both sides of the abovementioned inequality yields

Eo[6z4 41 Eo[P(k + 1, ¢per1(€57), Sepr €5 D) | Fil 62 41]
< AZEo[6x, Eo[P(k, d1 (€% D7), Sp* )| Froi1]dws]
Vk € Zk0+

for each  (ko, (xr,, 0k, ), EF0D7) € Z x (R™ x R™) x

=(ko—1)~ A recursive use of this from k to ko leads to
Eo[d2f Eo[P(k, ¢ (€% D7), Su")| Fr1]omy]
< A2ER) 5 Bo[P(ko, Tho s Sko &™) 0xk, Wk € Ly
(47)

for each  (ko, (xr,, 0, ), EF0 D7) € Z x (R™ x R™) x

=(ko—1)—

In summary, the second inequality of (45)—(47) leads to

Eoldzy P(¢ (€% 17))0xy,]
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2
C ~
< 2a2Eko)gy ) P(ay, )k, Yk € Ly (48)

1
for each (ko,(Zx, 02, ),EF0~ D7) € Zx (R™ x R™) x Eko=1)~
Taking the square roots of both sides and applying the Cauchy—
Schwarz inequality [47, Corollary 3.1.12] (with P(Q2) = 1) to
the left-hand side yield

B [\3aT Plon(e) 0]

C
< ﬁkk*ko
C1

(SLL'k ($k0)§xko Vk € Zk;OJr 49)
for each (ko,(2k,,0 5, ),EFo~ D7) € Zx (R™ x R™) x Eko=1)~

(Step 3) Here, we consider ¢, and ®; as the map-
pings ér(zr,, 1D ko) and By (ak,,n* 5 kg); recall
Remark 1.2. For each pair (z} ,z} ) € R" x R", let v* €
F(Jc’ko,x’,éo) be the geodesic with respect to P, ie., a path
satisfying (21); note that +* is independent of ko and n(*~1—,
Let (xg,, 0z, ) = (v*(s),dy*(s)/ds), s € [0,1], be the initial
states of ¢ (xx,, 7" 1" ko) and @y (g, 7% 1" ko). Then,
it follows from (42) and the chain rule that

i1 (v (s),n" s ko)
0s
_ 3fk(¢k:(7*(3)»U(k_l)_§k0)a77k)
B Os
_ Ofu(@n(r (), 0™ D ko) i) 96 (v7 (), 0™V ko)
Vk € Ziyy  (50)

for each (ko,(x}, 2z}, ),n" ") €Zx (R" xR™) x (R™)% ko4 and
every s € [0, 1]. This implies that ¢y (v*(s), n* "D~ ko) /s
satisfies (44) for (xy,, 0z, ) = (v*(s),dvy*(s)/ds), s € [0, 1].
In this case, (43) becomes

O (v (5), 11 ko)
0s

= 04 (v"(5),n* V7 ko)

dy*(s)

ds
for each (ko,(x’ko,x%o),n(k’l)’)GZx (R™xR™) x (R™)Ztko -1
and every s € [0, 1].

(Step 4) Now, we consider stochastic processes. The equal-
ity (50) implies that d¢y, (€F 13 kg, v*(s), E*o-1D=) /ds, k €
Zy+, 1s a solution to the varlatlonal system (23) and satisfies
the counterpart of (51), i.e.,

a(bk(g(k_l)_; ko, 'Y*(S)’ é(ko—l)—)

Vk € Zpyy  (51)

ds
@ (€5 ko, (). 60 ) ) vy e
(52)
under the initial state (z,,d0xk,) = (Y*(s),dvy*(s)/ds) for

each (kOa (x;govxgo)vg(k()il)i) S Z X (Rn X Rn) X é<k071)7

and every s € [0, 1].

Substituting  (zy,, dzk,) = (7*(s),
into (49) and applying (52) lead to

E0l<d 2;8( )(I)T(f(k 1) )

c(s)\ /2
(g(k—n_)dVdi ))

dv*(s)/ds), se€]0,1],

Pop(EFD7)) @y,

< Z—jxk*’fo \/dT’V*(S) P(v(s)) dvy*(s)

ke Z 53
ds ds Yk € Lot (33)

for each (ko,(}, .2 ), *0 D7) €Zx (R xR") x ko1~
and every s € [0, 1], where in the left-hand side, the argu-
ment (ko,v*(s), E*0-D=) is dropped from ¢y, (¢*~D~) and
Py, (D7),

(Step 5) We consider integrating both sides of (53) with
respect to s in [0, 1]. In (20) and (21), the Riemann integrals are
used. For the sake of formality, they need to be replaced with the
Lebesgue integrals. To this end, we introduce a measurable space
corresponding to s. Let (R, B(R), 1) be the measurable space,
where 1 is the Lebesgue measure. Note that both (R, B(R), 1)
and (2, F, P) are complete and o-finite. Then, the product mea-
surable space naturally induced by the Cartesian product R x 2,
denoted by (R x €, £, 1), is complete and o-finite [47, Th. 5.1.2
and Remark 5.1.2].

To take the Lebesgue integrals for (53), we introduce the
following functions:

L — “(s),dv*(s)/ds), se&|0,1
(37(5), 97(s)) = {(7()<o,70§,)/ ! seJ[R\][o,l].

(54)

Since 7" is of class C'* on [0,1], (7, ) is piecewise contin-
uous on R. In (53), (v*(s),dy*(s)/ds) can be replaced with
(7(s), 07(s)), and the corresponding inequality holds for all s €
R instead of s € [0, 1]. That is, we have

B[ (37 (2% )
P(m(é’“”»@k(ék”)%(s))m]

Ak ko\/@’y (s) 5))07(s)

for each (ko,(xkn,xko),g(kofl)’)er(R”xR")xé(’W’l)’
and every s € R, where in the left-hand side, the argu-
ment (ko,7(s), E*Fo=D) is dropped from ¢ (¢*+1~) and
Py (D7),

Now, we consider the left-hand side of (55). A
piecewise continuous function is measurable, and the
composition of measurable functions is again measur-
able [47, Prop. 2.1.1]. Then, according to Remark 1.1
and the continuity of fi(z,n) and Ofx(z,n)/0x with
respect to z € R" at each (k,n) € Z x R™, the function
@7 ()2 (€417) P9 (64 D)) i (€7)B(s)) /2,
k € Zy,y, is L-measurable at each (ko, (vk,, 7}, )) €
Z x (R" x R™).

Vk € Zpyy  (55)
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Taking the p-integrations for both sides of (55) yield
7T _ _
5| (@ @eit)

P Wf"”)>><I>k<§<’“>>6v<s>>l/2] an

IN

€2, ko / VT () P(3()57 (s)dp
C1 R

ek [ ATY(S) 5, LAY (s)
= 2y /0 \/dsP('y () as

1
- %jg)x’f-’%dﬁ(x;m,x’,go) Vk € Zpy s

(56)

for each (ko,(z}, .2 ), Fo D7) €Zx (R xR™) xEko-1~
where the first equality follows from (54) and the fact that the
Lebesgue and Riemann integrals coincide with each other when

\/ % P(v*(s))d%gs) is bounded and Riemann integrable
with respect to s on [0, 1] at each (x}%, x’,éo) € R™ x R"™ (see,
e.g., [47, Th. 2.4.1]); the last equality follows from (21).

In (56), the most right-hand side is bounded for
each (Ko, (2}, 2%, ) € Z x (R™ x R™). This im-
plies that the most Ileft-hand side is p-integrable at
each (ko, (z},, 7}, ),E*0~V7) € Z x (R™ x R") x Zlko=~,
Therefore, form the Fubini-Tonelli theorem [47, Sec. 5.2], the
order of the integrals in the most left-hand side is commutative;
recall that (R x Q, £, 1) is complete and o-finite. Namely, it
follows that

5| (3 @it

f’wk@’“”))@k@“”)aw(s))lﬂ] dy
e [/ (97 ()@l Ec*1)

Plonle )l )35() " du]

B 1 8T¢k(f(k71)7)
-m| [ (F25

~ (k=1)—y\ /2
Pl T ]

0s
Z ]EO [dﬁ(¢k (5(1’6*1)*; k07 xlkov g(k071)7)a

¢k(£<k71)7; k07 xlléov é(k071)7))] Vk € Zk0+
(57)

for each (ko,(z}, @, ). *0~ D7) €Zx (R xR") xElko=D~,
where the first equality follows from the Fubini—Tonelli theorem;
the second one follows from (52), (54), and the fact that the
Lebesgue and Riemann integrals coincide with each other by a
similar reasoning as mentioned for (56); the last inequality fol-
lows from (20) and the fact that ¢ (€51~ kg, y*(s), EFo—1)7)

is a path connecting ¢ (€FD; ko, 7*(0), E*o=D=) 4*(0) =

Tho» 10 G (€5 D75 kg, (1), €R017), 44 (1) = af, .
From (56) and (57), we obtain

IE0 [dﬁ(¢k (g(kil)i; kOa x/k()v é(k071)7)a
d)k (g(kil)i; kOv 1./1207 é(k071)7))]

1
< e(lte) c+ J) )\k’k"dls(x}%,x/,éo) Vk € Zgy+
1
for each (ko, (z},, 7}, )) € Z x (R™ x R™). This implies that
the system is UIES in the first moment. |
APPENDIX B

PROOF OF THEOREM 3.3

When P = I, solving the corresponding Euler—Lagrange
equation [48, Eq. (5.3.2)] gives
1

2

A()|” 4 (58)

ds

= inf

|x/ _ m//|2

and the geodesic is the line segment v*(s) = (1 — s)z}, +
333%0. That is, when P=1 , we can directly use (48) for the
sufficiency proof, but this is not true for general P. Utilizing (58),

we prove Theorem 3.3 in the following.
Proof: (Sufficiency) If P is identity, (48) reduces to

2
Eo [|62]2] < %gﬂ’“’m)wmkoﬁ Vk € Zpy s
1

for each (ko,(xr, 02k, ),EF0 D7) € Zx (R™ x R™) x Z(ko~1)~
Substituting (zy,, 0k, ) = (Y*(8),dy*(s)/ds) with v*(s) =
(1 = s)zy, + sz, (and consequently dy*(s)/ds = xj, — x}, )
into this and taking the pu-integration as in the proof of Theo-
rem 3.2 yield

~ 2
1 k—. * (ko—1)—
]EO / 8¢k(§ 1k07’y (5)76 ) ds
0 88
~ 2
k—. = (ko—1)—
5, | [ [t d D,
R S
~ 2
0 k= ko, 7(s), ko)~
N AR EX alh !
R S
< éﬂk-ko)\x’ —z} > VkeZ
— C% ko ko ko+

for each (ko,(z}, @, ). k0" D7)€Zx (R xR™) x Eko~D~
where 7% is defined in (54). From (58) and the fact
that ¢y (€D ko, v*(s),HF~D=) is a path connect-
ing G (EFD ko, v7(0), 600707, 47(0) =, to
(€D ko, (1), €R0°D7), A7 (1) =, the  system
is UIES in the second moment with respect to the Euclidean
distance.

(Necessity) (Step 1) In fact, (52) holds for an arbi-
trary path vy € I'(zg,,2),). As for the sufficiency proof,
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we choose v(s) = (1 — s)zy, + sz}, (and, thus, dy(s)/ds =
ac’ko — 2, )- Then, it follows from fundamental theorem of cal-

culus, (37), and (52) that

), — T
= or(€* sk, £
— dr(€ kil)*; ko, g, EFo~D7)
/1 Oy, (5 ko, (1 — 8)xg, + Sx’kwé(kf)*l)*)
N ds
0 0s
= [ 1 b s )
0

(Thy — Ty )ds Yk € Ly

for each (ko,(wy,a},),E*0 D7) €Zx (R xR™) x 2o~
Substituting this into the definition (19) of the UIES in the second
moment with respect to the Euclidean distance yields

|

1
/ fbk(g(kfl)*; ko, (1 — 8)xk, + 5%0’5(1«071)7)
0

(35;@0 — g, )ds

2
] < a2l

Vk € Zgy s

for each (ko,(zp,.a), ). F0" D7) €Zx (R xR™) x Elko=1)~,
Since z}, € R" is arbitrary, we choose 7} = xy, + hv with
h € Rand v € R™. Substituting this yields

2]

2]
for each (ko,(Tp,,a), ), Fo D7) €Zx (R xR™) x Zlko=1)~,

Note that this holds for an arbitrary h € R, which implies
2]

(59)

1
E, /@k(g(k-l)-;ko,xkg+shv,§(k0—1>—)vds

0

< a?a2kko) |y Yk € Ty

The change of the variables § = sh leads to

1 h
2o [, awie
0

< a?22=k0) |y)2 Yk € Zy, o

" ko, Tk, + Sv, é(kﬂfl)f)vdE

1 h
lim inf E, U/ B (£F V7 kg, + 50, EFOD 7Yy ds
h—0 h 0

< a?22=ko)|y2 Yk € Zy, o

for each (ko, (21, ,v),E*0~D7) € Zx (R™ x R™) x E(Fo~1) = Ap-

plying Fatou’s lemma [47, Th. 2.3.7] to the left-hand side yields

2

lim inf ]
h—0

1 h
L[ ot
hJo

< lim inf Eg
h—0

1 h
- / By (P D )ds

‘ 0

2
‘| Vk € Zk‘g +
(60)

for each (ko,(1,,v),EFo" D7) €Z x (R" x R"™) x Eho~ 1)~

We consider the left-hand side of (60). Here, we
take ¢p and @, as the mappings ¢ (zx,, 7" ko)
and @y (g, 717 ko ); recall Remark 1.2. Applying product
and sum rules of the limit and fundamental theorem of calculus
in order lead to
2

1 h
li — O]
lim h/o & (zk, + S0, nt* "5 ko)vds
1 [h :
= limf/ Dy (21, + 50,7* V7 ko)vds
h—0 0

— ‘@k(mko,n(k_l)_;ko)vr Vk € Lyt (61)
for each (ko,(wxy,v),n* D7) €Zx (R™ xR™) x (R™)%tko k11,
These equalities imply the existence of the limit in the most
left-hand side. Therefore, the limit inferior of the left-hand side
of (60) is equivalent to the limit. Combining (59)—(61) leads to,
for stochastic processes,

N 2
Eg U‘Pk(f(kl);ko,kaﬁ(kol))v‘ } < a?p2 ko) |y

Vk € Zk0+

for each (ko, zx,, E*Fo~D7) € Z x R™ x EFo-D~and v € R™.

Since v € R™ is arbitrary, it holds that
Eo {0’2 (‘Pk(f(k*l)*; ko,xko,f(kofl)f)” < 22 (k=ko)
Vk € Ly (62)

for each (ko, zy,,EF0 D7) € Z x R x EFo=1~ where o(-)
denotes the largest singular value (more precisely, valued func-
tion).

(Step 2) Here, we again consider ¢ and ®j; as the map-
pings ¢ (x,, 175 ko) and @y, (wr,, nF 1) ko); recall Re-
mark 1.2. Let us take A; such that A < Ay <1, and de-
fine the K'-dependent matrix-valued mapping Pk : Z x R™ x
(R™)Zko+ — ST'6™, K € Zy,+, such that

PK(k07 Lk Skonk0+)
K
1 1 1)
=3 Wq)T(xkoan(k D75 ko)
T h—ko A
(g, n* V75 ko), K € Zpyy (63)

for each (ko,zg,,n ") € Z x R™ x (R™)%Z++. Note that
(Pg (ko, Tk, Skonk0+))K€Zko+ is an increasing sequence with
respect to the relation < for each (ko, zx,, 7% ") € Z x R™ x
(R™)Zko+, and thus, P (ko, Tk, , Sk,n ") has the (pointwise
convergence) limit

P(ko, Ty, Sion™ ™)
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= lim Pg(ko, g, Sk, ™) € R™™"

K—o0

(64)

for each (ko, Tk, , n"F) € Z x R"™ x (R™)Zko+.

Now, we consider stochastic processes. According to Re-
mark 1.1, 5 (E*~D7), k € Zy, o, and @y (EFD7) k€ Zy, 4,
are both Fj_j-measurable for each (ko,xko,é(ko’l)’) € Z x
R" x 2(*Fo=D=_and thus, Pk (ko,Zk,, Sko&1), K € Zyy s,
is F-measurable for each (ko,xy,,E*0 D7) e Z x R" x
Z(ko~1)~_Since the limit of a sequence of measurable functions
is again measurable [47, Prop. 2.1.5], P(kq, 2, , Sk, &*0F) is F-
measurable for each (ko, z,,EFo 1)) € Z x R" x 2ko-1)—
Therefore, the monotone convergence theorem [47, Th. 2.3.4]
is applicable for P(kq, z,, Sk,&*0T), namely

IE:0 [P(k(b Lk s Sk0€k0+)]

= lim Eg [Pk (ko, ko, Sko1)] (65)
K—o0

for each (ko, zp,,EHF0D7) € Z x R™ x 2(*o~1)~_ Note that

these conditional expectations are not necessarily to be finite.
(Step 3) From (40) and (63), it follows that

1
X—%In < Pr(ko, Try, Sk0T) a8. VK € Zy, +

for each (ko,zr,,EF0 ") € Z x R™ x E*o~1~_ This in-
equality is preserved under taking the conditional expecta-
tions Eq[-] of both sides. From (62) and (63), the conditional
expectation Eo[Px (ko, T1,, Sk, &¥01)] is also upper bounded.
That is, it holds that

i1, < Eo[Prc(ko, Thyy Sk )] < 31, VK € L,y (66)

for each (kg,zy,, R0 D )eZxR"xEHFo-D~ where ¢, :=
1/x1 and

Note that ¢z is a kg-independent positive constant because of A <
A1. Since (66) holds for an arbitrary K € Zy, -, taking K — oo
and using (65) yield

&I, < Eqg [P(ko, Try, Sk < 3L, VK € Ziyy
for each (ko,xp,, %0 D7) € Z x R™ x Eko~1~_ This is
nothing but (22c¢).

(Step 4) Here, we again consider ¢, and ®j; as the map-
pings ¢ Tk, , 7% 175 ko) and @y (wx,, 1) ko ); recall Re-
mark 1.2. From (63), Pg (ko, T, , Sk,n™° 1) satisfies

A2 Pg (ko, Txy s Skon™ ™)

0" g (ko ko)
a.%'ko

PK(kO +1, fko (xkoa 77k‘o)a Sk0+1n(k0+1)+; nko)

O [ (Thog s M)

= I’I’L
8xk0

VK € Ty v (67)

for each (kg,wk,,n %) € Z x R™ x (R™)%*o+, where the
equality

O fro (Tho s Mk
q)kro-i-l(xkroankro; kO) = %}:UO)
0

following from (42), (44), and ¢, = zy, is used. Note that Py
in the second term of the left-hand side of (67) depends on 7y, .
From (67), the corresponding stochastic processes satisfy

O fro (Tho s Eko)
al’ko

afko (‘rko b gk‘o)
8xko

Prc (ko + 1, fro (ko » Eko )5 Sk 1€ F0TDT)

=< M2 Pr (Ko, Ty s Sko &™) a8 VK € Zigy 1

for each (ko, zx,, £FoD7) € Z x R™ x 2Fo-1)~_ Taking the
conditional expectations of Eg[-|F,] and Eg[-] in order for
both sides and using the fact that (]:k)keZko . is a filtration on

(Q, F,P) for each £Fo~1)~ ¢ Z(Fo=1)~ for the right-hand side,
it follows that

O fro (Tho s Eko)
EO |: 8Ik0
Eo[Px (ko + 1, fro (Th» Eko )s Sko+16F0 TV Fi, ]

afko(m’m’fko)} < )»%EO[PK(kO,$kO7SkO§kO+)]

8xk0
VE € Ziys
foreach (ko, xp,,EF017) € Z x R™ x Z(*o~1)~_Finally, tak-
ing K — oo with (65) yields (22b). n
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