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Soft hair, dressed coordinates, and information loss paradox
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Understanding the dynamics of soft hair might shine some light on the information loss paradox. In this
paper, we introduce a new coordinate system, dressed coordinates, in order to analyze the quantum states of
Hawking radiation as a first step toward understanding the connection between soft hair and the
information paradox. Dressed coordinates can be introduced by an operator-dependent coordinate
transformation that makes the soft hair degrees of freedom apparently disappear from the metric. We
show that some results of previous studies, such as the angle-dependent Hawking temperature and the soft
graviton theorem, can be easily reproduced using these dressed coordinates. Finally, we discuss future
possible applications of dressed coordinates toward understanding the information loss paradox.
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I. INTRODUCTION

The infrared (IR) triangle is a universal relation between
three sectors of physics in the infrared of gravitational (or
gauge) theory, the Bondi-Metzner-Sachs (BMS) symmetry,
the memory effects, and the soft graviton theorem [1-4].
The BMS symmetry is a symmetry that preserves asymp-
totic structures at null infinity in asymptotically flat space-
times and can be written as a semidirect product of
supertranslation and Lorentz transformation [5,6]. The
supertranslation is an angle-dependent time translation at
null infinity, which is a large gauge symmetry of asymp-
totic regions.

The key consideration underlying this relationship is that
supertranslated spacetimes can be regarded as physically
different spacetimes from the original. Supertranslated
spacetimes are spacetimes with very low energy gravitons,
soft gravitons. In classical theory, this induces memory
effects, and in quantum theory, this leads to soft graviton
theorems.

In the case of black hole spacetimes, we can obtain a new
spacetime with soft gravitons by applying supertranslation
to the original Schwarzschild spacetime without soft
gravitons [7,8]. This new degree of freedom for black
holes due to soft gravitons is called soft hair. Since
supertranslation is a diffeomorphism map, supertranslated
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spacetimes are locally equivalent to the original spacetimes.
However, these diffeomorphic spacetimes are physically
different from the original spacetime, thus avoiding the no-
hair theorem. This feature is attracting attention as an
approach to problems in black holes, such as the micro
origin of entropy [9-12] and the information paradox
[13-17].

A possible clue to solve the information paradox with
soft hair was proposed by Hawking et al. [7,8,18], where it
is argued that the presence of infinite conserved quantities
can constrain Hawking radiation. This possibility is cur-
rently under debate as opposite results have been reported.
In Refs. [19,20] the authors argue that the dynamics of hard
particles (including Hawking quanta) cannot be influenced
by soft gravitons. Hence, the conservation of asymptotic
symmetry charges could only constrain soft particles. An
opposite conclusion is reached in Ref. [21], where a direct
computation obtains a result that seems to contradict this
statement. As a consequence, the possible relevance of soft
hair in the resolution of the information loss paradox is
unclear. As explained in [21], it is possible that the result of
[19,20] does not hold due to the use of nonindependent
coordinates to describe the phase space. On the other hand,
to show that these coordinates are not independent, we
must assume the continuity of some quantities when
approaching the asymptotic boundary. In Ref. [22] it is
discussed that this continuity is not ensured.’

Remaining, for the moment, agnostic to the resolution of
this debate, with the final goal to investigate the interplay
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between soft hair and the information loss problem, in this
paper we introduce the concept of “dressed coordinates,”
which are coordinates that depend on the degrees of
freedom of the soft hair.

In Sec. I we introduce the definition of dressed
coordinates, and in Sec. III we show the relevance of such
coordinates by providing an alternative derivation of well-
known results using them. Let us emphasize that similar
concepts are also introduced in [19,20] in a slightly
different way as we want to highlight the relevance of this
concept, and we explicitly clarify that this is simply a
choice of coordinates that makes the metric apparently soft
graviton free. Furthermore, we differentiate between soft
gravitons in the asymptotic region and horizon soft hair.

In Sec. IV, we calculate Hawking radiation of soft hair
black holes. The results are consistent with previous studies
[23]. As expected, Hawking radiation without backreaction
is not influenced by soft hair. The purpose of this work is to
introduce dressed coordinates that significantly simplify the
derivation of known results. Furthermore, we argue that in
the future the dressed coordinates might allow the compu-
tation of Hawking radiation including backreaction.

In Sec. V, we discuss the expectation of the effect of soft
hair on information paradox. We discuss what we could
expect to happen if we include backreaction and how
information needs to be transferred if the information loss
problem is to be solved by soft hair. Finally, we suggest
future directions.

II. SOFT HAIR AND DRESSED COORDINATE

In this section, we introduce the notion of dressed
coordinates. As mentioned above, we distinguish between
soft gravitons in asymptotic regions and horizon soft hairs.
The former can be probed with physical quantities in the
Hilbert space of the asymptotic region, while the latter can
only be probed with physical quantities in the horizon Hilbert
space. In this section, we clarify these distinctions and
introduce a simple way to describe soft hair by introducing
soft graviton dependent coordinates, the dressed coordinates.

A. Soft gravitons in asymptotic region

1. Soft graviton as Nambu-Goldstone boson

We introduce the soft graviton degrees of freedom as
Nambu-Goldstone (NG) bosons as Refs. [4,7,8]. In
retarded Bondi coordinates, which are the natural coor-
dinates used by observers in the null asymptotic future Z,
the Schwarzschild spacetime metric without soft graviton
can be written as follows:

g = =Vdu? = 2dudr + r’y,zd® 08, (2.1)
where V =1 — 27’” We introduce the degrees of freedom of
the soft graviton in this metric. Let us recall that, in the

retarded Bondi gauge, the vector generating supertransla-
tion to Z* in Schwarzschild spacetime can be written as
follows:

& = fo, 4 DA oy~ 3 Do, (22)
where A denote an index of angle. The radial and angular
components are O(1/r) and are gauge—dependent.2 The
retarded time component does not fall at infinity and is
gauge independent. Using this vector, we can obtain a
spacetime supertranslated with the parameter f by perform-
ing the coordinate transformation xfey -+ Céf- = x’éld,

D2
g= —<V—m 5 f)du2 —2dudr — dvd®“D,(2Vf + D*f)

r

+ (PPyag +2rDsDgf — ryagD?f)d®4dOB. (2.3)
Despite the fact that the two metrics (2.1) and (2.3) are
related by coordinates transformation, we should regard
these spacetimes as physically distinguishable as the latter
contains a soft graviton degree of freedom, i.e. super-
translation should not be regarded as a redundancy of the
description for physics [1—4]. Furthermore, the parameter f
characterizes the metric on which supertranslation sym-
metry is acted. It is broken on the Schwarzschild spacetime
and there is an NG boson. In order to incorporate the
degrees of freedom of this NG boson, it is necessary to
promote the parameter of the supertranslation f to a degree
of freedom C. Thus, this is a coordinate of the phase space
in classical theory and should be quantized in quantum
theory. This NG boson C corresponds to the degrees of
freedom of soft gravitons.

Thus, we obtain the following metric containing the
effects of soft hair.

D*C > >
g—_<v—m > )duz—2a’udr—DA(2VC+D2C)dud®A
r

+(rz}’AB+2}’DADBC—r]/ABDzé)d@Ad@B. (24)
We use the notation of attaching tildes for all soft graviton
dependent quantities.

2. Dressed coordinate

We now introduce new soft graviton dependent coor-
dinates, dressed coordinates, by defining # = x* + C.
Using these coordinates, the metric containing soft hairs
(2.4) is apparently the same as Schwarzschild spacetime
without soft graviton degrees of freedom (2.1).

2When we introduce the coordinate Q = 1 /r, the radial com-
ponent can be rewritten as 9, = —Q?dq. This coordinate Q has a
good behavior near the boundary.
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§ = —Vdi® + 2dudF + Py, d®" 68, (2.5)
where V =1 — 27’” However, this metric should be distin-
guished from the Schwarzschild spacetime without soft
graviton (2.1). In fact, while ordinary soft graviton indepen-
dent coordinates commute with any physical quantity as they
are constant in the phase space, dressed coordinates depend
on noncommutative quantities such as the supertranslation
charge. The introduction of the dressed coordinates physi-
cally means that moving the observer eliminates the “dis-
tortion” of spacetime caused by soft gravitons.

Note that C acts on the state |¥) = [ DCP[C]|C) o
of the soft Hilbert space and |¥) represents a state of the
frame from the passive point of view. This is equivalent to
the active (ordinary) point of view that sees |¥) as a soft
graviton state. In the passive point of view, the coordinate u
indicates a different position depending on the state of the
frame |¥),s. However, coordinate # indicate the same
position independent of the state of frame |¥) 5. In this
sense, dressed coordinates are more natural than normal
coordinates. In the remaining of this paper, we provide
examples that show the usefulness of dressing coordinates.
Let us remark that similar concepts are also introduced in
[19,20].3 We differ from these works as we highlight the
relevance of this concept, and we explicitly clarify that this
is simply a coordinate choice that makes the metric
apparently soft graviton free.

So far, we have discussed dressed coordinates associated
with soft gravitons in ZT. Soft gravitons in Z~ and the
corresponding dressed coordinates can also be introduced
in a similar way.

B. Horizon soft hair

In this subsection, we introduce horizon soft hair
[7,8,24]. Horizon soft hair can be regarded as a degree
of freedom for perturbation by soft gravitons at the event
horizon. This degree of freedom can be introduced in the
same way as Z'.

First, we write the metric without soft hair using horizon
penetrating coordinates

g = =Vdvi + 2dvydpy + r'yapd®305.  (2.6)
These coordinates are convenient for discussing quantum
theory from the point of view of an observer passing
through the horizon. The subscript H is intended to make it
clear that this is different from the asymptotic observer’s
coordinate v. Physically, this is a reflection of the inde-
pendence of the motion of the observer on the horizon and
the observer in the asymptotic region.

When horizon supertranslation acts on the metric, we
obtain the following:

*Due to the notation, the sign of C is different.

g=—=Vdv} +2dvydpy + r’y ,5dO%408 + (fterm). (2.7)

Consider this f as a degree of freedom, and further promote
it to the horizon soft hair operator C; by quantum soft hair.
We use the notation of attaching a hat for each horizon soft
hair dependent quantity.

g = =Vdv}, + 2dvydpy + r*y,3d®40% + (Cy term).
(2.8)

Finally, we introduce dressed coordinates by absorbing soft

graviton modes Cy into coordinates as well as soft
gravitons in the asymptotic region case.

— U2 PPN Ks IAAAB

g = —=Vdiy + 2dbydpy + 7 4pdOrOy.  (2.9)

Now we note that Cj; term vanishes because it is nothing

more than an inverse transformation. The states in this can

be determined by free-falling observers passing through the
horizon.

III. REPRODUCING PREVIOUS RESEARCHES
USING DRESSED COORDINATE

A. Angle dependence of Hawking temperature
A previous work [23] shows that the temperature of an
evaporating classical black hole with soft hair is angle
dependent. To reproduce this result, we start considering a
Vaidya spacetime

g ==Vdv} + 2dvydry + riy,5d0*dO5, (3.1)

where V = 1 — 22 ang y, ,d0*dOP is the metric of the

"
unit 2-sphere. We act with a horizon supertranslation on
this metric. Namely we have to include hat in all quantities
in our notation.

§ = —Vdiy + 2dbydiy + 757 45d0"dOP. (3.2)
In this subsection, we provide a simple derivation of the
result of [23] assuming that the dynamical evolution is
adiabatic. If we think about classical soft hair, the coor-
dinates are classical quantities. In the adiabatic approxi-
mation, the temperature is given by the same expression of
the static case in terms of the surface gravity [25], as

T=

(3.3)
where following [26], the surface gravity & is defined
using the Kodama vector K* = 6’1‘H as [A(”V[DIA(M] = —RK,.
Obviously, this Hawking temperature in dressed coordi-
nates depends on time, but it is spherically symmetric.
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FIG. 1.

We now substitute 9 = vy + Cy to the expression of
the Hawking temperature and expand it up to the first order

in Cp;. We then obtain the following expression.

"= et (=)

(3.4)

This is the temperature of the apparent horizon as seen by
observers at infinity, which depends on the angle. This is
because this coordinate is not synchronized, so observers in
the coordinate vy observe the temperature at “different
time” 9y on the horizon.

B. Ward identity

In this subsection; we discuss a Ward identity already
introduced in Refs. [1,2] that can be obtained in a different
way using dressed coordinates. Let us consider a scattering
amplitude of n particles to m particles in position space
represented as a state of a frame |C = 0), where C is a
parameter of supertranslated spacetimes as follows:

A= <C = O|SOfl ® <0|hard¢(ulv ZI) o '¢(um Zn)
X Sql)(vl’ZnJrl) o '¢(vm’ Zn+m)|0>hard ® |C = O>soft’
(3.5)

where ¢(x) is local operator, |0) is vacuum of the hard
Hilbert space and |C = 0) is a state of the soft Hilbert space

such that C|C = 0) = 0. In addition, we use the fact that
the soft modes of initial and final states are identical
because of antipodal frame matching conditions [1].

Clz: = Clz-. (3.6)

In a frame supertranslated with the parameter C = D, the
above amplitude (3.5) can be written as follows.

AD = <C = Dlsoft ® <0|hard¢(ﬁ17zl) e ¢(ﬁn’zn)
S S¢(@17Zn+l> o '¢(1~}m’zn+m)|0>hard ® |C = D>soft'
(3.7)

From the discussion in the previous section, it is obvious
that the position of u in the frame of |C =0).y is
equivalent to the position of # = u + D in the frame of
|C = D). Since A and Ap, are the same except for the

® |C=D)

The Ward identity that relates scattering amplitudes before and after performing a supertranslation.

difference of frames, they are connected by the following
Ward identity (see Fig. 1).

A= Ap. (3.8)
Here, since {|C)},.y is a complete set of eigenstates of C,
(3.8) can be extended for any superposition state |¥).g
as follows:

A= Ay, (3.9)

where

Ay = (lon ® (Olpara (@1, 21) -+ Pity, 2,)
X S¢(Z~)l ’ Zn+l) e ¢(1~)m’ Zn+m)|0>hard ® |q1>soft'
(3.10)

Now, we note that off-diagonal components of the soft part
vanish because of the antipodal matching condition. This is
the expression of the Ward identity of supertranslation
using dressed coordinates.

C. Factorization of soft graviton dynamics
and dressing hard particles dynamics

The equation (3.9) implies that the scattering amplitude
using the dressed coordinates is independent of the soft
sector of the state. This means that correlation functions of
dressed particles ¢(it, z) are same no matter what the state
of soft graviton |¥),y is. This reproduces the fact that the
dynamics of particles produced by the dressed operator is
independent of the motion of soft gravitons [19,20] in a
simpler way.

D. Reproducing soft theorem

Let us check that the Ward identity (3.8) reproduces the
soft theorem. Now, we can define an operator I1 conjugate
to C. (see e.g. [19])

[(z), C(w)] = id(z —w). (3.11)

It is known that IT can be written in terms of Bondi news as
follows:

yzZ(DgNZZ )’

w=0

(3.12)

- 812G
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where N2, is zero frequency mode of Bondi news.
Therefore |C =€) can be constructed from |C = 0),.4
as follows:

i zzze
1€ = €)p = €' TC = 0)

_ (1 + i/cﬂzen) € = 0} + O(2).

(3.13)
|

<C = 0‘%0&

- [

<O|hmd¢(El’Zl) T

where :-: is time ordered product, 5, = +1/—1 if
particle k is outgoing/incoming and
I1
PW—/dzz . (3.16)
—w

This equation is consistent with the result of [1,2].

IV. HAWKING RADIATION FROM BLACK HOLE
WITH SOFT HAIR

In this section, we will see how Hawking radiation is
modified when soft hair is taken into account. The
introduction of dressed coordinates allows us to treat the
problem following the standard description of the Unruh
effect [27]. For simplicity, we ignore backscattering, i.e.,
we consider the case where Hawking radiation originating
in the vicinity of the horizon is freely propagating to Z* and
the hair is ever-present rather than implanted dynamically.
We also assume the adiabatic approximation, meaning that
the evaporation process is slow enough such that at any
time the static Schwarzschild spacetime is a good approxi-
mation. We also include a massless free scalar particle
as matter.

A. Near horizon dressed coordinate

We begin by analyzing the near horizon region. The
metric can be written as follows:

§ = =Vdi} + 2dbydpy + 745dO% 65

~ =2kppdi? + 2ddydpy + PapdOhdO.  (4.1)

We now introduce the tortoise coordinate X just inside the
horizon as

¢(En7 Zn) :PwS:gb(EnJr]?ZnJrl) e

Also,

¢(u+C.2) = p(u.z) + Co,p(u.z) + O(C?).  (3.14)

Substituting these equations (3.13) (3.14), e = 1/(z —w)
and considering in the momentum space (9, — iE;,
0, — —iE}), we obtain the soft theorem as follows

¢(En+m’ Zn+m)|0>hard ® |C = O>sofl

:| C O‘QOft <O|hard¢(El7 Zl) e ¢(En’ Zn)8¢(En+l’ ZnJrl) e ¢(En+m7 Zn+m)|0>hard ® |C = 0>soft’

(3.15)
Py = ——e 4.2
PH 2 (4.2)
Then we have the following form of the metric.
G~ e X (dDY 4 2diydR) 4+ 4MP745dO4dOL.  (4.3)

In addition, we introduce the following retarded coordinate
ity just inside the horizon,

iy = by — 2X%. (4.4)
We then obtain the following form of the metric.
g~ —e™diyddy + AM*) 2dzpdZy. (4.5)

Focusing on the vicinity of the north pole || < 1, this
metric becomes

g~ —e®diiydy + 4AM*dzydZy

= — =) dfy dpy, + 2dEdE, (4.6)
where 8 = \/2M3%,,. If we take the plane approximation, the
longitudinal mode becomes a plane wave solution. On the
other hand, if we do not take the plane approximation, we
can simply use spherical harmonic functions. In addition,
by introducing coordinates for the free-falling observer,

U=—=e*u, V == extn, 4.7
¢ - (4.7)

the metric can be written as
g~ —dUdV + 2d2dZ. (4.8)

which represents the ordinary Minkowski spacetime.

044034-5
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B. Thermofield double state for black hole

In this section, we study Hawking radiation in the
presence of soft hair. So far, as we have seen, this
discussion is basically the same as the usual discussion
of the Unruh effect in our notation using dressed coor-
dinates. However, we will discuss it to clarify which
quantities depend on soft gravitons. Also, since ingoing
and outgoing modes are factorized, we only consider the
part of the wave that depends on the retarded coordinate.

1. Dressed modes for free falling observer
First, we construct the natural mode for a free-falling
observer. Natural coordinates for free-falling observers are
U , V. Near the north pole of the horizon, the equation of
motion in terms of these coordinates is
O¢ =0« (—20;0¢ + agaz)gb =0. (4.9)
Now, we turn our attention to modes that have finite
frequencies when redshifted to be measured at the future
null infinity. Therefore, we only need to focus on modes
with high frequencies measured by the coordinate U, so we
ignore derivatives along transverse direction,
00y = 0. (4.10)
We take the following as a dressed mode ]A”t- that satisfies
this equation of motion.
fix el ik iR E (4.11)

The creation operator &' associated with this mode is
defined as follows.

¢=> fit;+cc. (4.12)

This is essentially the same as the one introduced in a
different way in e.g. [19].

We consider the vacuum state for free-falling observers
which is annihilated by the operators a;.

2. Dressed modes for asymptotic observer

Next, we construct modes for the asymptotic observer.
The dressed coordinate made of observable quantities for
the asymptotic observer is #i. The equations of motion
written in this coordinate are

(=200, + eK<vH—u>a@aZ)¢ =0, (4.13)
where ity = ii. We are interested in the modes with finite

frequencies as measured by the asymptotic observer. In this
case, because of the blue-shift, taking the near horizon limit

Dy — it — 0, only the first term remains. Thus, the equation
of motion becomes

auaA ¢ - 0

Dy

(4.14)

Take the following as a dressed mode p; that satisfies this
equation of motion.

P it gikd pikE (4.15)
We suppose that this mode has support only in the region
where the coordinate 7 is defined, i.e., outside the horizon.

The creation operator b, associated with this mode is
defined as follows

¢=> pib;+cc. (4.16)

The region inside the horizon can be considered in the
same way, defining the dressed mode ¢g; as follows.

q; eminit ik gikE, (4.17)

This mode has support only inside the horizon. The
creation operator 6‘} is then introduced as follows.

¢ = it +cc. (4.18)

3. Thermofield double state

By combining these modes p;, g;, we can create new
modes for a free-falling observer as follows.

fo; =

~ _Poi 2 N _Poi =
pite s g; +e 7 p3, (4.19)

where f = 27” is the inverse temperature of the black hole,
and the bar for the subscript indicates the parity trans-
formation i = {w;, —k;}. The following two sets of oper-
ators can be defined in relation to these modes.

7 _Poi A _Poi g
bj—e2¢:, c;i—e 7D
1 1

(4.20)

The state we are now considering is the vacuum for a free-
falling observer that is annihilated by these two sets of
annihilation operators. Such a state can be written as a soft
graviton-dependent thermofield double (TFD) state as follows

Po;

X Pl u bl
0= e’ P(Ze P i)

< O30} © |Ca) Y

(4.21)

The dependence of the soft hair state on the c-number of soft
hair operators is made explicit by expanding them in the
eigenstate basis as

044034-6
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‘ CH soft ‘ C> soft

soft Z g CH ’

C.Cy

(4.22)

Tracing out the black hole degrees of freedom, we then obtain
the density matrix of Hawking radiation

p= ZP )pun(C

where P(C) is the probability of asymptotic soft hair C
observed as C, and

® |C>boft<c|soft’ (423)

~ e—[H:I © e—ﬂnw, ~ _
Pn=—7>== @; Z |72 hard (72 | hara (4.24)
Here, H is the Hamiltonian,
i
and Z and Z; are partition functions of free bosons,
1

4. Changing Hawking radiation by soft gravitons
in asymptotic region
Now we see how Hawking radiation is modified by soft
graviton in the asymptotic region. To do so, we would like
to focus on undressed modes and creation operators that
correspond to observers associated with the u coordinate,

J

To describe the Hawking radiation as measured by the
observer, the relationship between dressed and undressed
quantities can be written in terms of soft graviton dependent
Bogoliubov coefficients as

Pi= ZAiij’
J

(4.27)

(4.28)

where

A= /dgdfexp(ikié ik;¢ + iw;C + c.c.)8(w; — ;).
(4.29)

Here, the Bogoliubov coefficient is evaluated at Z+, v — oo
as it is independent of the Cauchy surface on which it is
evaluated.

The relationship between the creation operators can be
written in terms of the Bogoliubov coefficients as

by = Ayb.

i

(4.30)

From this, it is possible to rewrite the Hamiltonian A that
characterizes the mixed state representing Hawking radi-
ation as follows;

H=Y wA;Ayblb,. (4.31)

ijk

Therefore, it is clear that as long as we observe the dressed
mode 13, the Hawking radiation is unaltered. This is
consistent with the assertion of Refs. [19,20] that the
dynamics of the dressed mode do not depend on the state
of soft gravitons.

V. DISCUSSION

In this paper, we have introduced the notion of dressed
coordinates and demonstrated the relevance of such a
definition by reproducing some known results in the
literature in a simplified way. In particular, we reproduce
the result of factorization of soft graviton dynamics [19].
This result appears to contradict [21]. The physical reason
for the incompatibility with [21] is not clear because it uses
subtleties of infinite dimensional phase space, while our
result uses only fundamental facts of coordinate trans-
formation and invariance of physics in a straightforward
way. Future studies addressing the reasons for these
seemingly contradictory results will lead to a more
essential understanding of the physics at play. We also
computed Hawking radiation for a black hole with soft hair
and showed that the physical observables are unchanged if
we consider the dressed modes. We could therefore be
tempted to conclude that soft modes cannot have any
relevance for the resolution of the information loss paradox.

However, this conclusion might change if the hair is
implanted dynamically, for example, by the backreaction of
Hawking radiation. To develop a physical intuition, let us
consider the memory effect. The memory effect consists of
a permanent displacement due to the passage of a gravi-
tational perturbation [28]. If we consider a detector in flat
spacetime, before and after the passage of gravitational
waves the metric is described by the flat Minkowski metric
written in different coordinates. It is therefore impossible to
detect the memory effect unless the detector is set up before
the passage of the gravitational waves. This would fix the
gauge and we would no longer be allowed to change
coordinates, making the memory effect observable at least
in principle.

For the soft hair to be relevant, something similar should
happen. As we have shown, we can always remove the
effect of soft hair unless we fix the detector before
implanting the hair. To study this possibility, we would
need to investigate how Hawking radiation can implant soft
hair. Specifically, we can expect soft hair (soft gravitons in

044034-7
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FIG. 2. The green dashed arrow indicates negative energy flux
which flows into the horizon. And the red solid arrow indicates
positive energy flux which flows out toward the future null
infinity. It is expected that horizon soft hair and soft gravitons in
asymptotic region will be affected by their backreaction.

the asymptotic region) to change as the energy flux passes
through the horizon (asymptotic region), see Fig. 2.

The following quantum gravitational effects, which
cannot be taken into account by merely including a semi-
classical backreaction, are necessary to contribute to the
information paradox. First, the information of the Hawking
partner needs to be transferred to soft hair. This is not just
the entanglement of Hawking partners with soft hair. An
outside observer must be able to regard the Hawking
partner’s degrees of freedom as soft hair degrees of free-
dom. If we think of soft hair as the origin of Bekenstein-
Hawking entropy, this argument must be correct. Second,
soft hairs which have Hawking partner’s information must
be returned to the asymptotic region. The Hawking process
is inevitable if we require that the vicinity of the horizon be
a vacuum for the falling observer. Also, if unitarity is
required, the entanglement partner of the early Hawking
radiation must be returned to the asymptotic region to
purify the early Hawking radiation. From these two
requirements, in addition to the Hawking process, the
process of soft hair returning to the asymptotic region is
necessary. This new process inevitably violates the laws of
semiclassical general relativity.4 If this occurs in the time
scale known as Page time [31,32] then it may correspond to
the formation of islands in the island prescription [33,34].

“In the context of quantum teleportation [29], the amount of
such violation may in principle be significantly reduced [30].
However, the transfer of the classical channel still requires
violation of the laws of semiclassical general relativity.

On the other hand, if semiclassical general relativity is a
valid description of the system before reaching the final
stage of the black hole evaporation then the information
returning process may be possible only in the Planckian
regime [35]. It is important to study this issue to see if
which is the case, taking into account the backreaction and
the quantum gravity effects.

The study of the effects of the backreaction that we leave
for future investigation are expected to be technically difficult
in 4 spacetime dimensions. It might be possible to extract
some information about them considering a simplified setup
of 2-dimensional gravity such as the Jackiw—Teitelboim (JT)
theory of gravity. Soft hair is a phenomenon in which
nonphysical degrees of freedom that should be gauge
redundancy become physical (edge modes) due to the
existence of a boundary on the Cauchy surface when a null
hypersurface such as a horizon or a null infinity in an
asymptotically flat spacetime is taken as (a portion of) a
Cauchy surface. The simplification is possible because edge
modes also existin JT gravity and actually there are only edge
mode degrees of freedom due to the absence of gravita-
tional waves.

As a final comment, let us note that the noncommutative
nature of the soft-hair operators (supertranslation charge)
did not show up in the concrete calculations in the present
paper. Hence there was virtually no difference between
classical and quantum theory due to the upgrading of the
coordinates to operators. On the other hand, in future works
we hope to incorporate the backreaction of the Hawking
radiation to spacetime (and hopefully the quantum gravity
effects discussed above). In this case, the dressed coor-
dinates and noncommutative operators introduced in this
paper may play nontrivial roles. We then hope that this may
allow us to see if soft hair can provide clues toward the
resolution of the information loss paradox as proposed by
Hawking et al. [7,8,18].
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