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Abstract. We study theories of gravity including, in addition to the metric, several scalar
fields in the gravitational sector. The particularity of this work is that we allow for direct
couplings between these gravitating scalars and the matter sector, which can generally be
different for the source and the probe of gravity, in addition to the universal interactions
generated by the Jordan frame metric. The weak gravity regime of this theory, which would
describe solar-system experiments, is studied using the parametrized post-Newtonian (PPN)
formalism. We derive the expression of the ten parameters of this formalism. Among them,
ζ3 and ζ4 are modified with respect to their values in the theories without direct couplings.
This fact holds even after eliminating the direct couplings between the gravitating scalars
and the energy density of the source, by redefinition of the Jordan frame. All other PPN
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parameters are insensitive to the direct couplings once in the correctly identified Jordan
frame. When direct couplings are different for the source and the probe of gravity, they make
non-relativistic probes deviate from the geodesics of the PPN metric in this frame, already
at Newtonian order. Such couplings would thus be directly detectable and would have been
excluded by experiments. This shows that, contrary to the claims in the recent literature,
it is impossible to screen the presence of gravitating scalars relying only on a curved target
space and direct couplings to matter.

Keywords: modified gravity, particle physics - cosmology connection, axions, dark energy
theory
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1 Introduction

Massless or very light gravitating scalar fields naturally arise in various cosmological models
motivated by high-energy constructions. In theories with extra dimensions, such as string
theory, they are naturally related to the geometry of the extra-dimensional space and are
hence generally called geometric moduli, radions or yet dilatons. The historical prototypical
example of a theory coupling a dilaton to gravity is the Brans-Dicke theory [1]. In effective
theories descending from string theory, these scalar fields are usually associated with scale-
invariant structures at the leading order in perturbation theory [2–6] and are thus massless
at this level. Upon mechanisms breaking their no-scale structures, such as the inclusion
of quantum corrections, the scalars can acquire small masses stabilizing them to certain
vacuum expectation values. If such stabilization indeed happened in the far past history of
our Universe, at high energy scales, these scalars are not active anymore and should just be
included in the effective vacuum energy density.

On another side, scalars that remained massless or extremely light today, hence not
stabilised and cosmologically active, can have numerous applications in modified theories
of gravity used to construct dark energy or dark matter models. For instance, they can
lead to equivalent descriptions of higher-order theories of gravity [7] or be quintessence
candidates [8–12]. However, cosmologically active (almost-)massless scalars would necessarily
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mediate fifth forces for matter and if the scalars are universally coupled to matter, these
forces would typically be of gravitational strength [13]. These effects would then be accessible
in weak-gravity regions and observable in experiments constraining this regime, such as
solar-system experiments [14]. The latter indeed highly constrain metric theories of gravity
and show that deviations from general relativity have to be extremely small. This in turns
highly constrains the strength of universal couplings from gravitating scalars to matter, ruling
out their cosmological interest unless some screening mechanism takes place.

Numerous modifications of gravity prove successful at cosmological scales but dangerously
change physics at shorter length scales, in the Newtonian regime. Such theories cannot thus
be reasonably considered valid at any scale. One thus usually invokes screening mechanisms
hiding their features, such as the presence of very light scalars, in solar-system experiments.
Such mechanisms rely on non-linearities in the potential [15], couplings [16, 17] or kinetic
terms [18] of the scalar fields. See [19] for a review.

In recent papers [20, 21], the authors have studied the possibility of a mechanism that
could potentially hide the presence of cosmologically active scalars in the weak-field quasi-static
regime. The authors rely on direct couplings of scalar fields to matter fields, in addition to
the standard universal coupling through the metric. As such couplings violate the equivalence
principle, they should be small enough to remain undetectable by experiments testing this
principle on Earth. The studies mentioned above argue that even for very small couplings,
the weak gravity regime can be modified so to screen the presence of the very light gravitating
scalars. The authors have focused particularly on a model containing an axion and a dilaton,
with direct coupling between matter and the axion.

Motivated by this work, we investigate the weak gravity regime of general multi-scalar
theories with the inclusion of direct couplings in addition to the universal ones induced by
the Jordan frame metric. We thus study scalar-tensor theories including several massless
gravitating scalars, with direct matter couplings. The gravity sector, containing the metric and
gravitating scalars with curved scalar target space but no scalar potential, will be coupled to
matter through the Jordan frame metric and additional couplings. To study this theory in the
weak-field quasi-static regime, we will make use of the parametrized post-Newtonian (PPN)
formalism, which is a natural framework to compare theories of gravity in this regime and
has been developed gradually throughout the last century building on the early work of
Eddington [22–27].

The rest of the paper is organised as follows. In section 2 we present the framework
studied in the paper, by presenting the Lagrangian and associated equation of motions of the
gravitational theory under study, both in the Jordan and Einstein frames. For concreteness,
we show how the framework applies to the simple examples of the Brans-Dicke theory and
the axio-dilaton theory motivating this work. We then study in section 3 the quasi-static
weak-field regime of these theories, making use of the parametrized post-Newtonian formalism.
We derive the expression for the ten PPN parameters in multi-scalar theories with direct
couplings between gravitating scalars and matter fields. We then apply the obtained formulae
to the two aforementioned examples. Eventually, we study in section 4 if direct couplings
can change classical tests of theories of gravity giving access to the PPN metric, and thus
the PPN parameters. We present in section 5 a summary of our results and discuss possible
future directions along this work. The paper also includes appendix A which presents
definitions and identities related to the target-space functions and PPN functionals used in
the main body.
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2 Multi-scalar theory of gravity with direct coupling

Scalar-tensor theories of gravity have been studied extensively in the literature [7, 28]. In the
present work we study the case of massless gravitating scalars, hence coupled non-minimally
to gravity, in the presence of direct couplings between these scalars and the matter fields. In
this section, we first present the action and set notations for the theories we consider in the
rest of this work. We show how the presence of direct couplings modify field equations for the
gravitational fields and support our discussion by taking two simple examples.

2.1 Action with direct couplings and equations of motion
Jordan frame action. We study scalar-tensor theories of gravity containing N several
scalar fields ϕa, a = 1, . . . , N , with non-minimal coupling to gravity defined by a function F
and kinetic terms defined on a target space parametrized by a metric Gab. We thus consider
the following four-dimensional Jordan frame action

S = Sg + Sm = M2

2

∫
d4x
√
−g

[
F (ϕa)R− Gab(ϕc)∂µϕa∂νϕbgµν

]
+
∫
d4xLm(gµν , χ, ϕa).

(2.1)
This action is written using the Jordan frame metric gµν and in the matter Lagrangian Lm
matter fields are denoted by χ. As motivated in section 1, we allow for additional (weak)
couplings between the gravitating scalars and matter, as seen from the ϕa dependence of
Lm. The presence of these terms would violate the so-called universal coupling of matter to
gravitational fields. In the above action, M is a mass scale.

The scalar equations of motion derived from this action read

�ϕa + Γabc∂ϕb∂ϕc + 1
2F

aR+ 1
2M2C

a = 0. (2.2)

Partial derivatives with Latin indices are taken with respect to scalar fields, ∂a ≡ ∂/∂ϕa and
the metric Gab (inverse metric Gab) is used to lower (raise) scalar target-space indices. As in
the rest of the paper, we make use of the notations

Fa ≡ ∂aF = ∂F

∂ϕa
, Fab ≡ ∂abF, F b = GbaFa. (2.3)

In eq. (2.2) we used the Christoffel symbol Γabc defined as the Levi-Civita connection for the
target-space metric

Γabc = 1
2G

ad(∂bGcd + ∂cGbd − ∂dGbc), (2.4)

and omitted space-time summation in the scalar kinetic terms in eq. (2.2), as will be done
in the rest of the paper. One should thus read as usual ∂ϕb∂ϕc ≡ ∂σϕb∂σϕc. We have also
introduced the matter-scalar coupling functions, which will be the main ingredients of the
present work and are defined through

Ca ≡
2√
−g

δSm
δϕa

. (2.5)

The Einstein equations derived from our action (2.1) read

F

(
Rµν −

1
2gµνR

)
= 1
M2Tµν + Gab

(
∂µϕ

a∂νϕ
b − 1

2gµν ∂ϕ
a∂ϕb

)
+ Fa (∇µ∂νϕa − gµν�ϕa) + Fab

(
∂µϕ

a∂νϕ
b − gµν∂ϕa∂ϕb

)
. (2.6)
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We introduced the usual stress-energy tensor

Tµν = 2√
−g

δSm
δgµν

, T = Tµνgµν . (2.7)

Taking the trace of eq. (2.6) leads to the following expression for the Ricci scalar

R = − 1
FM2T + 1

F
(Gab + 3Fab) ∂ϕa∂ϕb + 3Fa

F
�ϕa, (2.8)

which can be used in eqs. (2.2) and (2.6) to express the scalar equations and trace-reversed
Einstein equations as

�ϕa + 3
2
F a

F
Fb�ϕ

b +
[
Γabc + F a

2F (Gbc + 3Fbc)
]
∂ϕb∂ϕc = 1

2M2

(
F a

F
T − Ca

)
, (2.9)

FRµν − Fa
(
∇µ∂νϕa + 1

2gµν�ϕ
a
)

−1
2gµνFab∂ϕ

a∂ϕb − (Gab + Fab) ∂µϕa∂νϕb = 1
M2

(
Tµν −

1
2gµνT

)
. (2.10)

We recall that F , Fa, Fab, Gab, Γabc are target-space functions depending on the scalar fields ϕa.

Einstein frame action. One could also study the same theory in the Einstein frame, where
there is no prefactor in front of the Ricci scalar. Although the PPN formalism is expressed in
the Jordan frame, some theories are naturally obtained and easily interpreted in a frame with
the canonical Einstein-Hilbert term. As this is the case for the axio-dilaton example we study
later, we now detail the explicit relation between the two formulations. They are equivalent
to each other and can be related by using the Einstein frame metric gE defined through

gµν = 1
F (ϕa)g

E
µν . (2.11)

The action (2.1) can thus be written in the Einstein frame as

S = M2

2

∫
d4x

√
−gE

[
RE − GEab∂µϕa∂νϕbgE µν

]
+
∫
d4xLm

(
F−1gEµν , χ, ϕ

a
)
. (2.12)

The Einstein frame target-space metric GEab now includes new contributions coming from the
Weyl rescaling of the Ricci scalar, which schematically reads R = F (ϕa)RE + f(ϕa, ∂ϕa).
The relation between the two target-space metrics can be derived by expressing exactly the
additional terms of the Lagrangian appearing due to f(ϕa, ∂ϕa). Indeed, we shall have, up to
total derivatives:

√
−g

(
FR+ Gab∂µϕa∂νϕbgµν

)
=
√
−gE

(
RE + GEab∂µϕa∂νϕbgE µν

)
, (2.13)

which, using eq. (2.11) leads to(
FGEab − Gab

)
gE µν∂µϕ

a∂νϕ
b = FRE −R = 3

2
FaFb
F

∂µϕ
a∂νϕ

bgE µν . (2.14)

The last equality holds in d = 4 dimensions and up to total derivatives. This leads to the
simple relation:

GEab = 1
F
Gab + 3

2
FaFb
F 2 . (2.15)

– 4 –
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We again stress that eq. (2.12) is obtained after partial integration. The stress-energy tensor
TEµν is defined as in eq. (2.7), obtained by varying the matter action with respect to the
Einstein frame metric, reads

TE µν = 2√
−gE

δSm
δgEµν

= 1
F 3T

µν , TEµν = 1
F
Tµν , TE = gEµνT

E µν = 1
F 2T. (2.16)

The Einstein frame matter-scalar coupling functions CE a also differ from the ones in the
Jordan frame, not only due to the

√
−g factor in their definition eq. (2.5), but also due to the

fact that the universal coupling contains a term in the scalar fields. They indeed read

CEa = 2√
−gE

δSm(F−1gEµν , χ, ϕ
a)

δϕa
=
√
−g√
−gE

Ca + 2√
−gE

δSm
δgEµν

δgEµν
δgµν

δgµν
δϕa

=
√
−g√
−gE

Ca −
Fa
F
TE = 1

F 2

(
Ca −

Fa
F
T

)
. (2.17)

The equations of motion in the Einstein frame can be written in terms of these new quantities as

�Eϕa + ΓE abc∂ϕb∂ϕc = − 1
2M2C

E a, (2.18)

REµν − GEab∂µϕa∂νϕb = 1
M2

(
TEµν −

1
2gµνT

E
)
. (2.19)

They are simply derived from the Einstein frame action (2.12) but can also be induced from
eqs. (2.9) and (2.10) making use of relations (2.15) to (2.17). Although these field equations
seem simpler than the Jordan frame ones, PPN parameters are computed in this latter frame.
This is the case because the Jordan frame metric appears in matter field kinetic terms so that
particles follow geodesics of the Jordan frame metric.

2.2 Particular cases

We now apply the above generic notations for multi-scalar gravity to two particular examples,
the Brans-Dicke(-like) theory and the axio-dilaton theory. As it contains one single scalar field,
the first one is not even a multi-scalar but is nevertheless useful for the rest of the discussion.

Brans-Dicke scalar-tensor theory. We start with the study of the simple Brans-Dicke
theory [1], which contains only one scalar field with kinetic term parametrized by ω. Even
though in the original version of the theory a constant ω was studied, we relax this condition
as in the extended case studied by [29–31]. The theory is thus described by the Jordan frame
action

SBD = M2

2

∫
d4x
√
−g

[
φR− ω(φ)

φ
(∂φ)2

]
+
∫
d4xLm(gµν , χ). (2.20)

This action can be seen as a particular case of eq. (2.1) by taking schematically

ϕa = φ, Gab∂ϕa∂ϕb = ω(φ)
φ

(∂φ)2, F (ϕa) = φ, Ca = 0. (2.21)

These definitions lead to the following target-space functions

Fa ≡ ∂aF = 1, Fab ≡ ∂abF = 0, F a = GabFb = φ

ω
, Γabc = 1

2
φ

ω
∂φ

(
w

φ

)
, (2.22)
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which, according to eqs. (2.9) and (2.10), give the equations of motion

(3 + 2ω)�φ+ 1
2ω

dω

dφ
(∂φ)2 = T

M2 , (2.23)

φRµν −∇µ∂νφ−
1
2gµν�φ−

w

φ
∂µφ∂νφ = 1

M2

(
Tµν −

1
2gµνT

)
. (2.24)

The Brans-Dicke theory can also be expressed in the Einstein frame through the Weyl rescaling

gµν = 1
F (φ)g

E
µν = 1

φ
gEµν , (2.25)

which allows to rewrite the action (2.20) as

SBD = M2

2

∫
d4x

√
−gE

[
RE −

(3
2 + w(φ)

) 1
φ2 (∂φ)2

]
+
∫
d4xLm

( 1
φ
gEµν , χ

)
. (2.26)

In the case of constant w(φ) = w, one obtains the canonical scalar kinetic term by defining a
new variable φE so that

(∂φE)2 =
(3

2 + ω

) 1
φ2 (∂φ)2, (2.27)

and thus

φ = exp
(
±
√

2
3 + 2ωφ

E

)
= F. (2.28)

The action for this canonical scalar in the Einstein frame hence reduces to

SBD = M2

2

∫
d4x

√
−gE

[
RE − (∂φE)2

]
+ Lm

( 1
F (φ)g

E
µν , χ

)
. (2.29)

One can alternatively define Brans-Dicke theory starting from this last action, by choosing
the function F (φ(φE)) = exp(gφE). According to eq. (2.28) this corresponds to identifying

g2 = 2
3 + 2ω . (2.30)

The action (2.29) leads to the simple equations of motions

�φE ± g

M2T
E = 0, (2.31)

REµν − ∂µφE∂νφE = 1
M2

(
TEµν −

1
2g

E
µνT

E
)
, (2.32)

where TEµν = 1
F Tµν is the Einstein frame stress-energy tensor. These are equivalent to

eqs. (2.23) and (2.24) with constant w.

Axio-dilaton theory. We follow [20] and consider the axion-dilaton theory in the Einstein
frame as a case with Kähler target-space manifold. It can thus be described in terms of
a complex scalar field t = 1

2(τ + ia) and its complex conjugate t̄ = 1
2(τ − ia), with only

non-vanishing target-space metric and connection components reading

GEtt̄ = 3
(t+ t̄)2 = 3

τ2 , ΓE ttt = − 2
t+ t̄

= −2
τ
, ΓE t̄t̄t̄ = ΓE ttt. (2.33)

– 6 –
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The scalars are coupled to gravity and matter through the defining functions

F (t, t̄) = t+ t̄ = τ, Ct = C t̄ = 0, (2.34)

so that we simply get

∂t̄F = 1, ∂tF = GE tb∂bF = (t+ t̄)2

3 = τ2

3 , CE t = −F
t

F
TE = −τ3T

E . (2.35)

The Einstein frame action (2.12) thus reads:

S = M2

2

∫
d4x

√
−gE

[
RE − 6

τ2∂µt ∂ν t̄ g
E µν

]
+
∫
d4xLm

(
gEµν
τ
, χ, ϕa

)

= M2

2

∫
d4x

√
−gE

[
RE − 3

2τ2 (∂µτ ∂ντ + ∂µa ∂νa) gE µν
]

+
∫
d4xLm

(
gEµν
τ
, χ, ϕa

)
.

(2.36)

The scalar field equations (2.18) simply read

�Et− 2
t+ t̄

∂t∂t− t+ t̄

6M2T
E = 0, (2.37)

together with its complex conjugate, which contains the same informations. Their real and
imaginary parts lead to

�Eτ − 1
τ

[
∂τ∂τ − ∂a∂a

]
− τ

3M2T
E = 0, (2.38)

�Ea− 2
τ
∂τ∂a = 0. (2.39)

The theory can also be expressed ignoring the Kähler structure by considering directly the
scalar fields τ and a, with target-space functions

F (τ, a) = τ, GEττ = GEaa = 3
2τ2 , Cτ = Ca = 0,

ΓE aτa = −1
τ
, ΓE τaa = −ΓE τττ = 1

τ
, Fτ = 1, Fa = 0, F τ = 2τ2

3 , CE τ = −2τ
3 TE .

(2.40)

Applying eq. (2.18) with the above functions expressed in terms of the real scalars directly
gives back the equations of motion (2.38) and (2.39).

3 Parametrized post-Newtonian formalism and parameters

The parametrized post-Newtonian (PPN) formalism was developed to test predictions of
metric theories of gravity in the weak-field and slowly-varying regime, hence directly applicable
to solar-system experiments. This formalism allows one to compare metrics generated by
matter sources in different theories of gravity. To do so, one computes the metrics generated
by a perfect fluid matter source, by solving the field equations of the theory at post-Newtonian
order. Once the metric is expanded in the parametrized post-Newtonian form, the comparison

– 7 –
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from one theory of gravity to another is done by looking at the expansion coefficients, called
PPN parameters.

Metric theories of gravity postulate that matter and non-gravitational fields interact
with the space-time metric only, forbidding any direct couplings with the other gravitational
fields of the theory (which nevertheless play a role in the production of the metric). The goal
of the present work is specifically to study the consequences of a (small) violation of this
assumption, by introducing direct couplings between matter and gravitating scalar fields. One
might wonder if this rules out the use of the PPN formalism to study the quasi-stationary
weak-field regime. In the case where these direct couplings are strong, one certainly expects
that matter dynamics would be ruled by interactions with the additional gravitating fields,
rather than by the metric and hence the space-time geometry. Nevertheless, if these couplings
are small enough, this shall not be the case, and matter could only be sensitive to the metric.
In this latter case, it is thus of great interest to see how the presence of direct couplings
between matter and additional gravitational fields affect the metric generated by localized
matter sources. The PPN formalism is thus the ideal framework to study this question.

The goal of this section is to compute the PPN parameters in the presence of direct
couplings between gravitating scalars and matter fields and investigate how they differ from
the ones obtained without direct couplings. We will use the formalism and conventions
exposed in [32].

3.1 Parametrized post-Newtonian expansion of fields

The PPN formalism studies an isolated post-Newtonian system in a homogeneous isotropic
expanding universe. Matter sources of the system are modeled as perfect fluids. Each fluid
element of speed ~v is made of matter with rest-mass density ρ, under pressure p. To apply
the formalism, we will first perform the post-Newtonian expansion of the various fields of
the theory. This amounts to expand the different gravitating fields (metric, scalar fields)
generated by the matter source, in terms of the parameter:

ε ≡ v

c
. (3.1)

Here v2 = vivi is the velocity of the fluid in the local quasi-Cartesian coordinates, also called
standard post-Newtonian coordinates, which are asymptotically Minkowski. This coordinate
system is chosen so that regions far from the isolated PN system are free falling in the
cosmological model and at rest with respect to the Universe rest frame. One should thus
expect a FLRW asymptotic form for the metric. However, as the time scale of the expansion
of the Universe is today way smaller than the solar-system times scales, one can always use
coordinates which are asymptotically Minkowski during the period of the experiment. We
will thus generically denote the metric as:

gµν ≡ ηµν + hµν = ηµν +O(ε2), (3.2)

where ηµν is the Minkowski metric.

PPN parameters and coefficients. The idea of the PPN formalism is to expand the
fields of the theory in terms of functionals of the matter source, hence constructed from ρ(xµ),
p(xµ) or ~v(xµ), |~x− ~x′|. . . There is a priori an infinity of possible functionals even at first PN
order, hence at the ε2 or ε4 order. Nevertheless, the PPN formalism restricts the choice of
functionals. They should indeed satisfy various obvious conditions: they should vanish far
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from the source, they should have appropriate Lorentz transformations, they should not have
reference to any preferred spatio-temporal origins. The PPN formalism moreover imposes
slightly more arbitrary conditions: these functionals should not involve gradients of the matter
sources functions and they should be rather simple [32].

The appropriate functionals are called PPN potentials or PPN functionals. Definitions
and relations between some of these functionals are given in appendix A.2. The metric should
thus be expanded at first PN order in terms of the Newtonian potential U , post-Newtonian
potentials ΦW , Φ1, Φ2, Φ3, Φ4, A, B and functionals Vi, Wi. Once put in the so-called
post-Newtonian gauge, where the spatial components of the metric are diagonal and the
temporal component does not contain the B functional,1 it reads:

g00 = −1 + 2GU − 2βU2 − 2ξΦW + (2γ + 2 + α3 + ζ1 − 2ξ)Φ1

+ 2(3γ − 2β + 1 + ζ2 + ξ)Φ2 + 2(1 + ζ3)Φ3 + 2(3γ + 3ζ4 − 2ξ)Φ4 − (ζ1 − 2ξ)A, (3.3)

g0j = −1
2(4γ + 3 + α1 − α2 + ζ1 − 2ξ)Vj −

1
2(1 + α2 − ζ1 + 2ξ)Wj , (3.4)

gjk = (1 + 2γU)δjk. (3.5)

We see that the component of the post-Newtonian metric depends only on the value of the
Newton constant G and ten parameters γ, β, ξ, α1, α2, α3, ζ1, ζ2, ζ3, ζ4. This is why this
formalism is called parametrized post-Newtonian (PPN) formalism and the parameters are
called PPN parameters. Of course, the expansion of eqs. (3.3) to (3.5) directly gives the
corresponding one for hµν defined in eq. (3.2).

The Newton constant G is related, in a given theory, to a mass scale of the theory, e.g.
M in eq. (2.1), through the field equations. One often chooses the units with M = 1 or
the ones with G = 1. This last condition can be imposed today through the cosmological
matching conditions, explained below. Indeed, it will in general depend on the values of the
fields far from the PN source, as can be seen from eq. (3.24) below.

The γ and β parameters are already included in the Eddington-Robertson-Schiff (ERS)
formalism [22–24], while the other ones were defined in the full PPN formalism developed
in [25–27]. The parameter γ evaluates the quantity of space-time curvature produced by rest
masses while β accounts for non-linearities present in the superposition law for gravity. In
general relativity, both take unit values

γGR = βGR = 1. (3.6)

The other PPN parameters also have a meaning in the standard PPN gauge. The parameter
ξ evaluates preferred-location effects, αi evaluates preferred-frame effects, while α3 and ζi
indicate violations of conservation of total momentum. For a detailed discussion, see [32] and
the summary of table 4.3 therein. In our framework, we expect in advance non-vanishing
values for the PPN parameters indicating violations of momentum conservation. Indeed, as
will be explained around eq. (4.4), the presence of direct couplings generically introduces
terms in the divergence of the stress-energy tensor.

As for the metric, one shall also expand the gravitating scalar fields in terms of the ε
order parameter:

ϕa = ϕa0 + ϕa2 + ϕa4 +O(ε6), ϕa0 = cst, ϕa2 = O(ε2), ϕa4 = O(ε4). (3.7)
1For theories without time diffeomorphism invariance, such as Hořava gravity (in the unitary gauge), the

functional B should also be kept in the PPN metric [33].
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The ϕa0, ϕa2 and ϕa4 are respectively of order ε0, ε2 and ε4. The latter are thus expanded on
the PN potentials as

ϕa2 = 2γϕaU, (3.8)
ϕa4 = CaUUU

2 + CaWΦW + Ca1 Φ1 + Ca2 Φ2 + Ca3 Φ3 + Ca4 Φ4 + CaAA+ CaBB. (3.9)

Cosmological matching conditions. The order ε0 fields are determined by the cosmolog-
ical boundary conditions. Indeed, as the PN functionals vanish when the distance r from the
source goes to large values, the asymptotic values of the scalars are given by ϕa(r →∞) = ϕa0.
The constants ϕa0 shall thus be determined by the surrounding cosmological model, inde-
pendent of the PN system, and will constitute cosmological matching conditions. We also
recall that, as explained below eq. (3.1), the coordinate system is also chosen such that
the metric approaches a Minkowski metric far from the source. In an expanding Universe
this simply assumes that the typical time of gravitational experiments is small compared to
cosmological times.

Matter PN expansion. Finally, the matter sector should also be PN expanded. As already
stated, one considers the perfect fluid approximation for the matter source, the stress-energy
tensor of which thus reads:

Tµν = (ρ+ ρΠ + p)uµuν + pgµν , (3.10)

where again, ρ and p are is the rest-mass energy density and pressure, ρΠ the internal energy
density, and uµ = dxµ/dτ the 4-velocity of the fluid elements normalised so that uµuµ = −1.
In solar systems, velocities of gravitating bodies are related to the Newtonian potential U by
virial relations. What’s more, their pressures p and internal energies ρΠ are smaller than their
potential energy ρU . The PN orders of the various functions defining the source are thus:

U ∼ ρ ∼ v2 = O(ε2), p . ρU = O(ε4), Π . U = O(ε2),
ui = dt/dτdxi/dt = u0vi = O(ε). (3.11)

In the following perturbative study, we will use the fact that, in the quasi-static regime,
temporal derivatives are smaller than gradients. This amounts to consider the relation

∂

∂t
∼ ~v · ~∇ ∼ O(ε)× ∂

∂xi
, (3.12)

when evaluating the PN order of a expression. As can be seen from eqs. (3.3) to (3.5), at
lowest orders in ε the metric takes the form:

g00 = −1 + 2GU +O(ε4), g0j = 0 +O(ε4), gij = δij(1 + 2γU) +O(ε4). (3.13)

Using the normalisation condition for uµ, the stress-energy tensor can thus be expanded to
O(ε4) as

T 00 = ρ+ ρΠ + ρv2 + 2GρU +O(ε6), T ij = ρvivj + pδij +O(ε6). (3.14)

The coupling functions Ca must also be specified, for instance through their computation
from a concrete matter Lagrangian Lm, as well as PN expanded. Following the perfect fluid
form for the stress-energy tensor, we shall simply expand them in the following way:

Ca = caρ+ caΠ ρΠ + cav ρv
2 + caU ρU + cap p+O(ε6). (3.15)
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In general the coupling functions Ca and their expansion (3.15) can be different for the
source and the probe of gravity. As shown in subsection 3.4, one can eliminate one among the
three source coupling coefficients ca, caΠ, cap, by redefinition of the Jordan frame. Generally
one cannot eliminate more than one of these coefficients. At the moment, we however keep
all of them until we derive the formulae for the PPN parameters.

3.2 PPN expanded field equations
Once every field has been PN expanded as in the previous section, the PPN expansion
coefficients and the PPN parameters are to be computed through the field equations of the
theory. They will be related to the target space functions F , Gab and their derivatives. In
order to solve perturbatively the field equations (2.9) and (2.10), we must thus PN expand
them keeping track of the ε order of each term. To do so, we thus expand the target-space
functions, giving for instance:

F (ϕa) = F (ϕa0) + Fb(ϕa0)ϕb2 +O(ε4), Fa(ϕc) = Fa(ϕc0) + Fab(ϕc0)ϕb2 +O(ε4), (3.16)

as well as operators depending on the metric, such as the D’Alembertian operator � or the
(space-time) Levi-Civita connection:

�ϕa|2 = gµν0 ∂µ∂νϕ
a
2,

�ϕa|4 = (gµν∇µ∂νϕa)|4 = gµν2 (∇µ∂νϕa)|2 + gµν0 (∇µ∂νϕa)|4
= gµν2 ∂µ∂νϕ

a
2 + gµν0 ∂µ∂νϕ

a
4 − g

µν
0 (Γαµν)2∂αϕ

a
2, (3.17)

(Γαµν)2 = 1
2g

ασ
0 (∂µg2σν + ∂νg2σµ − ∂σg2µν). (3.18)

The scalar equations (2.9) are thus expanded as

O(ε2) : �ϕa|2+ 3
2A

a
b�ϕ

b|2 = 1
2M2 (BaT2−Ca2 ) , (3.19)

O(ε4) : �ϕa|4+ 3
2A

a
b�ϕ

b|4+Cabc∂µϕb2∂νϕc2g
µν
0 +∂cAabϕc2�ϕb|2 = ∂bB

a

2M2 ϕ
b
2T2+ 1

2M2 (BaT4−Ca4 ),
(3.20)

where we defined

Aab ≡
F aFb
F

= BaFb, Ba ≡ F a

F
, Cabc = Γabc + Ba

2 (Gbc + 3Fbc). (3.21)

When not specified, as in eqs. (3.19) and (3.20), the above target-space functions and their
derivatives are evaluated at ϕa0, being understood that the PN expansion of their variables
has already been performed.

The trace-reversed Einstein equation (2.10) is expanded as

O(ε2) : FR2µν−Fa
(
∂µ∂νϕ

a
2 + 1

2g0µν�ϕ
a|2
)

= 1
M2

(
T2µν−

1
2g0µνT2

)
, (3.22)

O(ε4) : FR4µν+Faϕa2R2µν−Fabϕb2
(
∂µ∂νϕ

a
2−

1
2g0µν�ϕ

a|2
)

−Fa
(
∇µ∂νϕa|4+ 1

2g2µν�ϕ
a|2+ 1

2g0µν�ϕ
a|4
)

− 1
2g0µνFab∂αϕ

a
2 ∂βϕ

b
2 g

αβ
0 −

(
Gab+Fab

)
∂µϕ

a
2∂νϕ

b
2 = 1

M2

(
T4µν−

1
2g2µνT2−

1
2g0µνT4

)
.

(3.23)
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3.3 Determining the PPN parameters: procedure and results

The metric PPN parameters and the PPN coefficients of the various gravitational fields can
be obtained by solving the field equations in a systematic way. We follow a procedure inspired
by [32], that we summarize hereafter.

The initial steps of the standard procedure of [32], corresponding to the determination
of the gravitating and matter variables, the definition of the cosmological matching conditions
and the PN expansion of the fields and equations of motion, have been explicitly showed
earlier. Our procedure thus follows the successive steps:

Step 1. Solve for h00 and ϕa2 at order O(ε2) using the O(ε2) field equations. According to
the expansions given in eqs. (3.3), (3.7) and (3.8), this will thus determine the value of
G and γϕa in terms of the cosmological matching parameters.

Step 2. Solve for hij at O(ε2). As can be seen from eq. (3.5), this immediately gives the
value of the γ parameter.

Step 3. Solve for h0i at O(ε3). From eq. (3.4), we see that, comparing the Vi and Wi

parameters in h0i, one obtains the value of α1.

Step 4. Solve for ϕa4 using the scalar field equations eq. (3.20). According to eqs. (3.7)
and (3.9), this will give the CaUU , CaW , Cai , CaA, CaB coefficients in terms of the scalar
target-space functions and the expansion coefficients of the coupling Ca shown in
eq. (3.15).

Step 5. Solve for h00 at O(ε4) using the field equations at order O(ε4). This is the most
computationally expansive step. It leads to the obtention of the remaining PPN
coefficients, namely α2, α3, α4, β, ξ, ζ1, ζ2, ζ3.

In order to implement the above procedure, we transform the differential equations for
the fields into algebraic equations for the PPN coefficients. To this end, we first plug the
PPN expansions for the various fields into the field equations, then use the knowledge of
specific relations between the derivatives of the PN potentials. Some of the latter are given
in appendix A.2. In this manner, solving for the various fields at a certain PN order O(εn)
turns into solving the algebraic equations in terms of the PPN coefficients playing a role at
this order. We obtained, step by step, the following PPN parameters in terms of the target
space functions:

Step 1: G = (4Bc + cc)Fc + 2
F (3BcFc + 2) , (3.24)

γϕa = F

2 ×
2(Ba + ca)− 3(Bacc −Bcca)Fc

(4Bc + cc)Fc + 2

= 1
2G

2(Ba + ca)− 3(Bacc −Bcca)Fc
3BcFc + 2 . (3.25)

Step 2: γ = (2Bc − cc)Fc + 2
(4Bc + cc)Fc + 2 = 1− 2(Bc + cc)Fc

(4Bc + cc)Fc + 2 . (3.26)

Step 3: α1 = 0. (3.27)
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Step 4 & 5: α2 = 0, α3 = 0, ξ = 0, ζ1 = 0, (3.28)

ζ2 = 24(Bacc −Bcca)FcF bF̃ab
(3BcFc + 2)(4BcFc + ccFc + 2)2

+

(
2(Ba + ca)− 3(Bacc −Bcca)Fc

)
(F bFbca + FF b∇acb − FcbF̃ab)

(4BcFc + ccFc + 2)2 ,

(3.29)

ζ3 = (ccΠ − cc)Fc
4BcFc + ccFc + 2 , ζ4 =

(
1
3c
c
p + cc

)
Fc

4BcFc + ccFc + 2 , (3.30)

β = 1 + (Bc+cc)(Bd+cd)(FcFd − 2FF̃cd)
(3BcFc + 2)(4BcFc + ccFc + 2)2 , (3.31)

where in the expression for β and ζ2, we introduced the target space covariant tensor

F̃cd ≡ ∇cFd = ∇c∂dF = Fcd − ΓecdFe. (3.32)

In the above expressions, in which we set M ≡ 1, all the functions Fc, Bc, F , cc are evaluated
at the cosmological background values ϕa0 for the gravitating scalars. As mentioned in the
text below eq. (3.5) we thus see from eq. (3.24) that the value for the Newton constant G
depends on the values of the cosmological fields ϕa0.

The above expressions are thus the general expressions for the ten PPN parameters in
multi-scalar theories of gravity with direct coupling. The can be used for any theory once put
in the form of eq. (2.1). For multi-scalar theories of gravity without direct coupling, the β
and γ parameters were already computed in [28], although with different notations.

One can see from the above formulae that in the special case where Bc = −cc, the PPN
parameters are identical to those of general relativity. This is not a surprise, as going back to
the O(ε2) order expansion eq. (3.19) of the scalars field equations eq. (2.9), we see that this
corresponds to the case where the scalars decouple. This can also be seen easily from the
computation (2.17) of the direct couplings in the Einstein frame.

In other cases, the PPN parameters are different. For small direct couplings, i.e. for
ca � Ba, they differ only very slightly from the PPN parameters obtained in the corresponding
theory without direct couplings. This seems to go against the claim made in [20] for the
axio-dilaton theory. We come back to this specific case below.

3.4 Redefining the Jordan frame
We remark that, at the first PPN order, most of the PPN parameters obtained in eqs. (3.24)
to (3.31) depend on the direct couplings only through ca. We will show that a Weyl
transformation allows to go in a frame where this coefficient vanishes. Using eq. (3.14) we
first expand the trace of the stress-energy tensor:

T = Tµνgµν = −ρ− ρΠ + 3p+O(ε6), (3.33)

and use its expression to write the coupling Ca of eq. (3.15) as

Ca = −caT + (caΠ − ca)ρΠ + cavρv
2 + caUρU + (cap + 3ca)p+O(ε6). (3.34)

When can then apply a Weyl transformation on the initial action (2.1), similar to the one
used in eq. (2.11) to go to Einstein frame, but here with generic function f(ϕa). Defining the
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new metric ḡ through
gµν = 1

f(ϕa) ḡµν , (3.35)

the new target-space functions, stress-energy tensor and direct couplings read

F̄ = fF, Ḡab = fGab+ 3
2Ffafb+3Fafb, fa ≡

∂f

∂ϕa
, Fa ≡

∂F

∂ϕa
, (3.36)

T̄µν = f3Tµν , T̄ = f2T, C̄a = f2Ca+ffaT. (3.37)

From this last equality and from eq. (3.34), we deduce that by choosing

f(ϕa) = ecaϕ
a
, (3.38)

we can go in a frame with

C̄a = f2
{

(caΠ − ca)ρΠ + cavρv
2 + caUρU + (cap + 3ca)p

}
+O(ε6). (3.39)

In this frame, the new expansion parameters thus read

c̄a = 0, c̄aΠ = f2(caΠ − ca), c̄av = f2cav, c̄aU = f2caU , c̄ap = f2(cap + 3ca). (3.40)

As motivated above, we see that in this frame c̄a = 0 so that the PPN parameters of eqs. (3.24)
to (3.31) take the simpler form

G = 4B̄cF̄c + 2
F̄ (3B̄cF̄c + 2)

, (3.41)

γϕa = F̄ B̄a

4B̄cF̄c + 2
= 1
G

B̄a

3B̄cF̄c + 2
. (3.42)

γ = 2B̄cF̄c + 2
4B̄cF̄c + 2

= 1− 2B̄cF̄c

4B̄cF̄c + 2
. (3.43)

α1 = 0, α2 = 0, α3 = 0, ξ = 0, ζ1 = 0, ζ2 = 0 (3.44)

ζ3 = c̄cΠFc

4B̄cF̄c + 2
, ζ4 = 1

3
c̄cpF̄c

4B̄cF̄c + 2
, (3.45)

β = 1 + B̄cB̄d(F̄cF̄d − 2F̄ ˜̄Fcd)
(3B̄cF̄c + 2)(4B̄cF̄c + 2)2 . (3.46)

We see that these PPN parameters differ from the ones of the multi-scalar tensor theory
defined with F̄ , Ḡab only through ζ3 and ζ4. Hence, the Weyl transformation of eq. (3.38)
allows to go in a new Jordan frame, where the direct couplings between the gravitating
scalars and the source are at least of ε4 order, and the defining functions of the gravitating
part of the theory are given by eq. (3.36). Depending on the case, it might be easier to
extract the PPN parameters from the initial action eq. (2.1) through the formulae given in
eqs. (3.24) to (3.31), or perform first the above Weyl transformation and then use expressions
of eqs. (3.41) to (3.46).

3.5 The PPN parameters for particular cases
We now apply the above results for the PPN parameters to the two examples presented in
section 2.2. The first example can be seen as a consistency check of our formulae. On the
other hand, the second example is one of the motivations of this work.
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Brans-Dicke theory. The Brans-Dicke theories presented in section 2.2 correspond to the
target-space functions:

F (ϕa) = φ, Ca = 0, Fa = 1, Fab = ∂abF = 0, F a = GabFb = φ

ω
, (3.47)

F̃ab = −ΓcabFc = 1
2

( 1
φ
− ω′

ω

)
. (3.48)

We thus deduce the following expressions for the relevant terms

Ba = F a

F
= 1
ω
, BcFc = 1

ω
, 2BcBdFF̃cd = ω−2

(
1− φω

′

ω

)
(3.49)

appearing in expressions (3.24) to (3.31) for the PPN parameters. The non-vanishing PPN
parameters thus read

γφ = F

2 ×
Ba

2BcFc + 1 = φ0
2(ω + 2) , G = 4BcFc + 2

F (3BcFc + 2) = 4 + 2ω
φ0(3 + 2ω) , (3.50)

γ = BcFc + 1
2BcFc + 1 = 1 + ω

2 + ω
, β − 1 = BcBd(FcFd − 2FF̃cd)

4(3BcFc + 2)(2BcFc + 1)2 = φ0 ω
′

4(3 + 2ω)(2 + ω)2 .

(3.51)

As should be clear from the discussion on the PPN formalism, in these results the values
for the target-space functions are evaluated for the cosmological background. One should
thus read ω = ω(φ0) and ω′ = ω′(φ0). From the standard results above, we see that for a
given function ω(φ), namely a given Brans-Dicke theory, constraints on the PPN parameters
directly fix the maximal possible strength of coupling between matter and the scalar field φ0.

Axio-dilaton theory. This case was defined in eq. (2.33) in the Einstein frame following
the study of [20]. The PPN parameters being computed in the Jordan frame, one has to go
from the target-space metric in the Einstein frame to the one in the Jordan frame in order
to apply the above formulas. Inverting eq. (2.15) the Jordan frame target-space metric is
expressed through the Einstein frame one by:

Gab = FGEab −
3
2
FaFb
F

. (3.52)

Note that when going to Jordan frame, the Kähler structure might not be preserved. Hence
it is necessary to work with real scalars. We thus deduce the Jordan frame target-space
functions of the axio-dilaton case from eq. (2.40):

F (τ, a) = τ Fτ = 1, Fa = 0, (3.53)

Gττ = τGEττ −
3
2τ = 0, Gaa = τGEaa = 3

2τ . (3.54)

Here, the subscript a refers to the axion field a(xµ), as shall be clear to the reader. From
eq. (3.54) we see that this case is slightly degenerate because of the vanishing of the dilaton
part of the target-space metric, i.e the absence of dilaton kinetic term in the Jordan frame.
The action (2.36) is indeed written in the Jordan frame as

S = M2

2

∫
d4x
√
−g

[
τR− 3

2τ ∂
µa∂µa

]
+
∫
d4xLm(gµν , χ), (3.55)
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the dilaton part of which corresponds to a Brans-Dicke scalar with vanishing function ω(τ) = 0.
The PPN parameters can be obtained by taking formally the limit Bτ = GττFτ →∞ in

eq. (3.24) to (3.31):

γ = 1
2 , β = 1, α1 = α2 = α3 = ξ = ζ1 = ζ2 = ζ3 = ζ4 = 0. (3.56)

This result naturally agrees with the Brans-Dicke case with ω = 0.
The degeneracy of the Jordan frame action (3.55) comes from the fact that the Einstein

frame kinetic terms for the dilaton (and axion) are exactly the ones generated by the change in
Ricci scalar under the Weyl transformation. Note that vanishing kinetic terms in the Jordan
frame are harmless, as opposite to vanishing kinetic terms in the Einstein frame, which reveal
strongly coupled dynamics. In order to obtain non-degenerate Jordan target-space functions,
one could nevertheless consider slightly different normalization of the Einstein frame kinetic
terms, while keeping the same gravity coupling function F (τ, a) = τ . For instance, one might
parametrize kinetic terms for the dilaton τ through a small parameter ετ , by adding to the
action (3.55) a term of the form

Sετ = M2

2

∫
d4x
√
−g

[
ετ
2τ ∂

µτ∂µτ

]
. (3.57)

The target-space metric (3.54) would then contain terms proportional to ετ , in particular a
non-vanishing Gττ . By first applying the PPN formulae (3.24) to (3.31), then taking the limit
ετ → 0, one obtains back the results of eq. (3.56).

Axio-dilaton with direct coupling. The authors of [20] introduced a direct coupling to
matter for the axion field a(xµ). It is defined in the Einstein frame as

A ≡ 2√
−gE

δSm
δa

. (3.58)

The coupling A should agree with the Einstein frame coupling CEa . The latter were obtained
through eq. (2.17) from Ca, the Jordan frame couplings defined in eq. (2.5). According to
eq. (3.53), in the present case we have Fa = 0 for the axion, so that A is here identical to the
Einstein frame coupling

A ≡ 2√
−gE

δSm
δa

=
√
−g√
−gE

Ca = CEa , (3.59)

as should be. The last equality is obtained by applying eq. (2.17) with ϕa = a being the axion
field. In order to evaluate the expressions for PPN coefficients derived in section 3.3, we have
to identify the Jordan frame couplings Cc and their PPN expansion. They would thus read

Ca =
√
−gE√
−g
A = τ2A, Cτ = 0 Ca = GaaCa = 2τ3

3 A, Cτ = 0. (3.60)

Following the initial work [20], we consider the simplest coupling expansion for non-relativistic
sources, taking the form

A = εcpl.ρ, (3.61)
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for constant εcpl. coupling coefficient. The cumbersome subscript is used to avoid confusion
with the PN expansion parameter ε. According to eqs. (3.15) and (3.60) the above coupling
corresponds to

ca = τ2εcpl., ca = 2
3 τ

3εcpl., cτ = 0, cτ = 0. (3.62)

All the other coefficients of the PN expansion eq. (3.15), such as caΠ or cap, vanish in this case.
In eq. (3.62), we should obtain cτ by raising the index with the inverse metric Gττ . Whereas
the latter is ill defined, as Gττ vanishes, it is still natural to take cτ = 0. To be convinced,
one could go to the non-degenerate case by adding the term ετ term of eq. (3.57) to the
action. One would then obtain a non-vanishing target-space metric element Gττ , finite Gττ ,
and indeed get cτ = 0.

Now that we identified the coupling functions and their expansion parameters, we can
use the expression found in section 3.3 for the PPN parameters in the presence of direct
couplings. From eq. (3.26) it appears that the γ parameter is unchanged compared to the case
without the direct couplings, as ccFc = caFa + cτFτ = 0. Moreover, the β parameter is also
unchanged, because the direct couplings cc have no effect when taking the limit BcFc →∞.
We thus obtain the same PPN parameters as in the case without the direct axion coupling:

γ = 1
2 , β = 1, α1 = α2 = α3 = ξ = ζ1 = ζ2 = ζ3 = ζ4 = 0. (3.63)

More generally, we remark that when the function F ({ϕa}) and direct couplings Cb
depend on sets of scalar fields {ϕa} and {ϕb} containing no common element, the parameter
γ is unaffected by the direct couplings since ccFc = 0. This is a priori not the case for the
parameter β since there is a term in F̃ab containing the connection term ΓeabFe which can mix
the indices.

Remark on the computation of [20]. By computing the first terms of the metric
expansion in a spherically symmetric case, the authors of this previous work derived formulae
for PPN parameters, valid in the limit εcpl. → 0 where the axion direct coupling (3.61) is
small. According to (3.46) and (3.47) of [20] they read

γ = 3− εcpl.β tanh δ
3 + εcpl.β tanh δ , β = 1 +

ε2cpl.β
2

9
(
cosh δ + 1

3εcpl.β sinh δ
)2 , (3.64)

where δ and β are related to boundary conditions of the solutions, namely the asymptotic
values of the field. Indeed, in their formulae ((3.37), (3.38) and (3.40) of [20]), the authors
of [20] give the following relations:

γb.c. = −2εcpl.GM
3 , α γb.c. ≈

−2GM
3 , (3.65)

a∞ = α− β tanh δ, τ∞ = β

cosh δ . (3.66)

From eq. (3.65) we directly deduce that

α = 1
εcpl.

. (3.67)
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The values of the axion and dilaton profiles far from the source, i.e. a∞ and τ∞, have to be
finite and are fixed by the cosmological matching conditions even in the εcpl. → 0 limit. One
can thus rewrite the first equality in (3.66) as

β tanh δ = 1
εcpl.
− a∞, (3.68)

so that the two PPN parameters of eq. (3.64) can be expanded

γ = 2− εcpl. a∞
4 + εcpl.a∞

= 1
2 +O(εcpl.), (3.69)

β − 1 =
ε2cpl.β

2

9 cosh2 δ
(
1 + 1

3εcpl.β tanh δ
)2 =

ε2cpl.β
2

cosh2 δ(4− εcpl.a∞)2 =
ε2cpl.τ

2
∞

(4− εcpl.a∞)2 = O(ε2cpl.).

(3.70)

We see that in the limit εcpl. → 0 of validity of these expressions, they simply lead to the
Brans-Dicke PPN parameters with ω(τ) = 0, as we found in eq. (3.63). In a more recent
work [21] the same authors study the possibility to evade this fact by considering non-linear
coupling for the axion, hence relaxing the condition eq. (3.61).

4 Observational constraints on the PPN parameters

In this section, we tackle the question of classical constraints on the PPN parameters in the
presence of direct couplings. In order to obtain the equations for classical tests of gravity,
and thus constrain the PPN parameters, the full approach should study the post-Newtonian
equations of motion for a system of massive bodies constituted of a PN source and a probe,
such as the Sun and a planet. In general, this must be done by treating the massive bodies
as gravitating clusters of massive particles and obtaining the equations of motion for their
centers of mass. This study is not straightforward in the presence of direct couplings, as
the definition of mass densities is not obvious in the PPN formalism. Indeed, neither the
rest-mass density nor the mass-energy density are conserved. However, by averaging on
internal dynamical timescales, which is justified by the fact that the time scales of the changes
on the internal structures of the Sun and planets are way shorter than the typical orbital times,
the final equations of motions can be obtained without such precise considerations [32]. The
obtention of the equation for the acceleration of massive bodies, depending on the ten PPN
parameters, is nevertheless not immediate. In the present case, the intermediate steps using
continuity equations and conservation law integrals should take into account the presence of
direct couplings.

Another approach is to consider the PPN metric generated by the PN source and looking
at the test probe simply as a massive point particle. In this approach, the massive source
and massive probe are treated differently in general. For instance, while a point particle is
structureless, some of the post-Newtonian gravitational effects included in the PPN metric
can be generated from rotation or non-sphericity of the source. Furthermore, in general the
source and the probe of gravity may have different properties so that the coupling functions
Ca and their expansion (3.15) can be different for the source and the probe. In particular,
although in subsection 3.4 we have set ca = 0 for the source by redefinition of the Jordan
frame, ca for the probe in this frame may be non-zero in general. In section 4.1 we evaluate
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the possible modifications from geodesic motion of a test point particles, due to the presence
of direct couplings responsible for additional forces.

If one simply wishes to access the γ and β parameters, it can be sufficient to obtain
the equation of motions of point particles in the presence of a background generated by a
spherical static matter source, as in the formalism developed by Eddington, Robertson and
Schiff [22–24]. In section 4.2 we show that one can access the γ and β parameters through
the classical experiments on massive bodies, such as the measurement of the perihelion shift
of Mercury, even in the presence of small direct couplings. In fact, these experiments can be
seen as constraints on the strength of these couplings.

Finally, in section 4.3 we motivate that photon dynamics also allow to access the γ
parameter, even in the presence of direct couplings, through classical tests measuring the
time delay or deviation of light.

4.1 Direct coupling in the point-particle Lagrangian

Divergence of the stress-energy tensor in field theory. We shall see below that the
forces exerted on point particles are related to the divergence of the stress-energy tensor.
Towards this goal, as a warm up, let us briefly review a well-known identity involving
the divergence of the stress-energy tensor in field theory. For this purpose, we consider a
diffeomorphism-invariant action of the form Sm[χ(x), ϕa(x), gµν(x)], where χ(x), ϕa(x) and
gµν(x) represent the matter fields, the gravitational scalars and the metric, respectively. Under
a generic change of coordinates xµ → xµ + ξµ, they transform as follows:

gµν → gµν−∇µξν−∇νξµ, ϕa → ϕa−ξµ∂µϕa, χ→ χ−Lξχ = χ−ξµ∇µχ+dνµ∇νξµ. (4.1)

The first two transformations are imposed by the transformation properties of the metric
and the scalars while the last one is kept generic. The vanishing (up to a total derivative) of
the variation of the matter action under such a diffeomorphism leads to the usual identity
involving the divergence of the stress-energy tensor. It reads:

∇νT νµ = 1
2Ca∂µϕ

a + 1
2Eχ∇µχ+ 1

2∇ν(dνµEχ), (4.2)

where we used the definition given in eq. (2.5) and

Eχ ≡
2√
−g

δSm
δχ

. (4.3)

When Ca = 0, the right-hand side of eq. (4.2) vanishes on-shell, i.e. upon using the equation
of motion Eχ = 0, leading to the conservation of the stress-energy tensor. In our case, only
the last two terms vanish once we incorporate the matter equations of motion Eχ = 0. Hence,
the stress-energy tensor equation (4.2) reduces to:

∇νT νµ = 1
2Ca∂µϕ

a. (4.4)

Divergence of the point particle stress-energy tensor. Let us now derive an identity
similar to (4.2) for a point particle action of the form SP [xµP (λ), ϕa(x), gµν(x)], where xµP (λ)
denotes the worldline of the particle parametrized by the parameter λ, ϕa(x) the gravitational
scalars and gµν(x) the metric. Under the infinitesimal diffeomorphism transformation xµ →
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xµ + ξµ(x) we have, in addition to the first two transformations rules of (4.1), the following
one for the xµP (λ) worldline:

xµP (λ)→ xµP (λ) + ξµ(xP (λ)). (4.5)

Hence, the action varies under an infinitesimal diffeomorphism as

δSP =
∫
dλ

δSP
δxµP (λ)ξ

µ(xP (λ)) +
∫
d4x
√
−g

[
−1

2Ca∂µϕ
a +∇νTµν

]
ξµ. (4.6)

By requiring the diffeomorphism invariance of the action, i.e. by setting this variation to zero
for arbitrary ξµ(x) parameter, one obtains the following identity

∇νTµν = 1
2Ca∂µϕ

a −
∫
dλ

δSP
δxµP (λ)

δ4(x− xP (λ))√
−g

. (4.7)

Upon using the equation of motion δSP /δxµP (λ) = 0 for xµP (λ), we again obtain

∇νT νµ = 1
2Ca∂µϕ

a. (4.8)

We can find another identity from the invariance of the action SP [xµP (λ), ϕa(x), gµν(x)]
under reparametrizations of the worldline parameter λ → λ + ζ(λ). The functions xµP (λ)
transform as

xµP (λ)→ xµP (λ)− ζ(λ)eµP (λ), (4.9)

where eµP is defined as the first worldline derivative

eµP (λ) ≡ dxµP (λ)
dλ

. (4.10)

The action thus transforms under worldline reparametrization eq. (4.9) as

δSP = −
∫
dλ

δSP
δxµP (λ)e

µ
P (λ)ζ(λ). (4.11)

By requiring this expression to vanish for arbitrary ζ(λ), one obtains

δSP
δxµP (λ)e

µ
P (λ) = 0, (4.12)

as an identity holding even without considering the particle equation of motion.

Variations of the point particle action. For simplicity, we now assume that the point
particle action depends on the particle position xµP (λ) only through its first derivative
eµP (λ) ≡ dxµP (λ)/dλ so that the action is invariant under a constant shift of xµP (λ) and that
the corresponding equations of motion are second order. We also assume that the action
does not depend on second or higher derivatives of the gravitational scalars ϕa(x) and any
derivatives of the metric gµν(x). In this case, the action is of the form

SP [xµP (λ), ϕa(x), gµν(x)] =
∫
d4x

∫
dλ L

(
eµP (λ), ϕa(x), ∂µϕa(x), gµν(x)

)
δ4(x− xP (λ)),

(4.13)
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so that one can easily compute its variations as follows:

δSP
δxµP (λ) = − d

dλ

 ∂L
∂eµP

∣∣∣∣∣
xP (λ)

+ ∂L
∂ϕa

∂µϕ
a

∣∣∣∣
xP (λ)

+ ∂L
∂(∂νϕa)

∂µ∂νϕ
a

∣∣∣∣
xP (λ)

+ ∂L
∂gµν

∂µgµν

∣∣∣∣∣
xP (λ)

,

Ca(x) = 2√
−g

δSP
δϕa(x) = 2

∫
dλ

[
∂L
∂ϕa

− ∂µ

(
∂L

∂(∂µϕa)

)]
δ4(x− xP (λ))√

−g
,

Tµν(x) = 2√
−g

δSP
δgµν(x) = 2

∫
dλ

∂L
∂gµν

δ4(x− xP (λ))√
−g

. (4.14)

One can easily see that Ca and Tµν are covariant. On the other hand, it is less obvious that
δSP /δx

µ
P (λ) is also covariant. In order to show the covariance of δSP /δxµP (λ) explicitly, we

define the quantities

Xab(x) ≡ gµν(x)∂µϕa(x)∂νϕb(x),
Y a(x, λ) ≡ eµP (λ)∂µϕa(x),
Z(x, λ) ≡ gµν(x)eµP (λ)eνP (λ),

(4.15)

and use them to rewrite L as

L = L(Xab(x), Y a(x, λ), Z(x, λ), ϕa(x)). (4.16)

It is then straighforward to show that

δSP
δxµP (λ) = ∂L̄

∂X̄ab
∂µX

ab
∣∣∣
xP (λ)

− d

dλ

(
∂L̄
∂Ȳ a

)
∂µϕ

a|xP (λ)

− 2 d

dλ

(
∂L̄
∂Z̄

)
ePµ − 2∂L̄

∂Z̄

Deµ
Dλ

+ ∂L̄
∂ϕ̄a

∂µϕ
a|xP (λ) , (4.17)

where the overlines denote quantities evaluated on the particle worldline, namely

X̄ab ≡ Xab(xP (λ)), Ȳ a ≡ Y a(xP (λ), λ), Z̄ ≡ Z(xP (λ), λ), ϕ̄a ≡ ϕa(xP (λ)), (4.18)
L̄ ≡ L(X̄ab, Ȳ a, Z̄, ϕ̄a). (4.19)

Finally the down index vector ePµ and its derivative are naturally expressed from eµP of
eq. (4.10) through

ePµ ≡ gµν(xP (λ))eνP (λ),
DePµ
Dλ

≡
dePµ
dλ
− ΓρµνeνP ePρ , (4.20)

where Γρµν are the space-time Christoffel symbols. The variation (4.17) is now manifestly
covariant.

Massive point particle. As a concrete point particle action that respects the diffeomor-
phism and reparametrization invariance, let us consider the following action with a field
dependent mass and a Lorentz-type coupling:

SP =
∫
d4x

∫
dλ

−m(ϕ)

√
−gµν

dxµP
dλ

dxνP
dλ

+ ha(ϕ)dx
µ
P

dλ
∂µϕ

a

 δ4(x− xP (λ))dλ, (4.21)
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wherem(ϕ) and ha(ϕ) are functions of the gravitational scalars ϕ = {ϕa}. This corresponds to

L̄ = −m(ϕ̄)
√
−Z̄ + ha(ϕ̄)Ȳ a, (4.22)

leading to the equations of motion for xµP (λ) of the form

1√
−Z̄

D

Dλ

(
m(ϕ̄)ePµ√
−Z̄

)
= Fµ, (4.23)

where

Fµ ≡
[
−∂m(ϕ̄)

∂ϕ̄a
+
(
∂hb(ϕ̄)
∂ϕ̄a

− ∂ha(ϕ̄)
∂ϕ̄b

)
Ȳ b√
−Z̄

]
∂µϕ

a|xP (λ) . (4.24)

This equation is a extended version of the one obtained in [34, 35] in the case of a varying
mass only. On defining the 4-velocity uµ of the particle and its acceleration Duµ/Dτ as

uµ ≡ eµP√
−Z̄

= dxµP
dτ

,
Duµ

Dτ
≡ duµ

dτ
+ uρuσΓµρσ|xP (τ), dτ =

√
−Z̄dλ, (4.25)

and using the identity (4.12), the equation of motion for xµP can be rewritten as

m(ϕ̄)Du
ν

Dτ
= Fµγ

µν |xP (τ), Fµ =
[
−∂am+ (∂ahb − ∂bha)uα∂αϕb

]
∂µϕ

a|xP (τ), (4.26)

where
γµν ≡ gµν + uµuν (4.27)

projects spacetime indices onto the spatial section orthogonal to the worldline.
On the other hand, the variation of the action with respect to ϕa gives

Ca = 2
∫
dτ
[
−∂am+ (∂ahb − ∂bha)uα∂αϕb

] δ4(x− xP (τ))√
−g

. (4.28)

Using equation (4.8) it implies that

∇νTµν = 1
2Ca∂µϕ

a =
∫
dτFµ(λ)δ

4(x− xP (τ))√
−g

. (4.29)

By comparing eq. (4.26) or eq. (4.23) to equation (4.29), one can see that the divergence of the
stress-energy tensor is directly related to the force applied on the point particle. Put another
way, the direct couplings are responsible for forces expected to deviate the point particle from
the metric geodesics. The next subsection is devoted to the study of the consequences of
such forces.

4.2 Massive body dynamics

As we have just seen in the previous subsection, the coupling Ca is related to the point particle
equation of motion. As motivated in the introduction of the current section, the constraint on
the β parameter coming from massive test bodies dynamics can be sketched in the simplified
Eddington-Robertson-Schiff (ERS) formalism. In this part we thus derive the massive body
particle equation of motion at this level of approximation.
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Order of the point-particle direct couplings. We start by expanding the couplings Ca
appearing in the equation of motions, in the case of a point particle Lagrangian depending
on gravitating scalars as in eq. (4.21). Their expressions are given in eq. (4.28). With use
of the PPN expansion for the different background fields gµν and ϕa given from eqs. (3.3)
to (3.5), (3.8) and (3.9). The couplings, and so the terms appearing in the equation of motion
eq. (4.26), are thus expanded as:

Ca = 2√
−g

∫
dτ
{
−∂am+ (∂ahb − ∂bha)uα∂αϕb

}
δ(4)(x− xP (τ))

= 2√
−g

∫
dτ
{
−∂am(ϕb0)− ∂abm(ϕc0)ϕb2 +

(
∂ahb(ϕc0)− ∂bha(ϕc0)

)
uα∂αϕ

b
2

}
× δ(4)(x− xP (τ)

)
+O(ε4). (4.30)

We see that, at the lowest order, this amounts to take a coupling of the form:

Ca = − 2√
−g

∫
∂am(ϕb0)δ(4)(x− xP (τ))dτ +O(ε2). (4.31)

When this coupling is not vanishing, one can safely ignore the Lorentz-type coupling ha in
eq. (4.21). Nevertheless, when this dominant coupling vanishes, namely for non-varying mass
∂am ≡ 0, the Lorentz-type couplings provides the leading contribution to Ca.

We could expand the point particle coupling obtained above in the same way as for the
source, given by eq. (3.15). In the point particle case at the lowest order, it simply reads

Ca = − 2√
−g

∫
camδ4(x− xP (τ)) dτ +O(ε2), (4.32)

with the trivial identification
ca = −2sa +O(ε2), (4.33)

where we defined the “sensitivity” in a way similar to [34]:

sa ≡ ∂a lnm(ϕ0). (4.34)

Equation of dynamics. At the lowest non-trivial PPN order, the point particle equation
of motion of eq. (4.26) reduces to:

d2xµP
dτ2 + Γµσρ

dxσP
dτ

dxρP
dτ

= −
[
∂νϕa∂a lnm+O(ε4)

]
γµν |xP (τ)

= −2saγϕa
[
U ,ν +O(ε4)

]
γµν |xP (τ), (4.35)

where in the last line we expanded the scalars according to eq. (3.8). The time component of
eq. (4.35) reads:

dt2

dτ2 + Γ0
σρ

dxσP
dτ

dxρP
dτ

= −2saγϕaU,j
dxjP
dτ

dt

dτ
+O(ε4), (4.36)

where γµν has projected out the seemingly leading term containing U ,0. To study the spatial
components of eq. (4.35) we can switch from τ derivatives to t derivatives by decomposing

d2xiP
dτ2 = dxiP

dt

dt2

dτ2 + d2xiP
dt2

(
dt

dτ

)2
. (4.37)
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Hence we obtain the following equality:

− Γiσρ
dxσP
dτ

dxρP
dτ
− 2saγϕa

(
U ,i + U,α

dxαP
dτ

dxiP
dτ

)

= dxiP
dt

(
−Γ0

σρ

dxσP
dτ

dxρP
dτ
− 2saγϕaU,j

dxjP
dτ

dt

dτ

)
+ d2xiP

dt2

(
dt

dτ

)2
, (4.38)

which after multiplying by
(
dτ
dt

)2
simplifies to

d2xiP
dt2

+
(

Γiσρ − Γ0
σρ

dxiP
dt

)
dxσP
dt

dxρP
dt

= −2saγϕaU ,i
(
dt

dτ

)2
+O(ε3). (4.39)

We see that this is the leading term responsible for deviation from geodesic motion. As we
comment later, this deviation nevertheless happens already at Newtonian order. Using the
expressions given in appendix A.3 for the Christoffel symbols, where we put the Φi, Vi,Wi

potentials to zero as shall be the case in the ERS formalism, we obtain the following corrected
massive particle equation of motion:

d2xiP
dt2

= U,i
(
1− 2saγϕa

)
+ γU,iv

2 + 2(γ + β)U,iU + 2vi(1 + γ)~v · ~∇U +O(ε5). (4.40)

As explained in the intermediate steps above, in the final result eq. (4.40) we only kept the
leading order for the terms related to the direct couplings. These terms appear at Newtonian
order, hence modifying the Newton laws of dynamics. This is not a surprise, and the above
equation can be used to constrain the values of the direct coupling. Indeed, as it is independent
of the velocity of the test body ~v, it should satisfy saγϕa � v2 for typical velocities of test
bodies in our solar system, otherwise it would be directly observable (and ruled out) by
comparing the motion of various planets. In fact, if not small enough, such couplings to
scalars (axions) should also be detectable by experiments on Earth.

Lorentz-type coupling. When the probe particle mass does not depend on the scalar
fields, i.e. for vanishing sensitivity (4.34), one should consider a coupling of the Lorentz-type
form. This is the second term of eq. (4.21), and its ε expansion is given in the second line
of eq. (4.30). As it contains uα∂αϕ2, it is of order ε3. Hence this type of coupling does not
play a role at the first PPN level of approximation, and the dynamics will thus be described
by eq. (4.40) taking sa = 0, which are the standard PPN equations of motion without the
direct couplings.

4.3 Photons dynamics and experiments on light rays
In this subsection, complementary to the previous ones, we study the dynamics of a massless
relativistic particle. We study test photons dynamics and choose a particular case for the
direct coupling of the gravitating scalars to photons. We indeed consider the simplest kind
of direct couplings of photons with an axionic gravitating field a(xµ), which is expressed as
follows

1√
−g
Lm−a = ic2

α

fa
a(xµ)FµνF̃µν(xµ). (4.41)

We defined the dual electromagnetic tensor F̃µν = i/(2
√
−g)εµναβFαβ, the fine structure

constant α and the axion decay constant fa. The Ca functions can in principle be extracted
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from the above Lagrangian and the one describing the coupling of the axion to the electrons
and nucleons constituting the matter sources. This would require a complete description of
the source from the microscopic scales up to the macroscopic scales and would thus be beyond
the scope of the present work. In this subsection we shall simply show that the coupling
eq. (4.41) does not change the standard PPN constraints from test photons.

The equations of motion derived from the lagrangian (4.41) are the modified Maxwell
equations:

∇νFµν = iαc2
fa

F̃µν∇νa = −αc2
fa

εµνρσ√
−g

Fρσ∇νa. (4.42)

In the presence of a (static) axion source, this term is not vanishing and is proportional to
the gradient of the axion profile. According to (3.8), the axion field is given by

a(xµ) = a0 + 2γaU(xµ) +O(ε4). (4.43)

When considered together with the Lorenz gauge condition ∇µAµ = 0 and the definition
Fµν ≡ ∇µAν −∇µAν , the above field equation is written as

∇µ∇µAν +RνµA
µ = −αc2

fa

ενµρσ√
−g
∇µAσ∇ρa, (4.44)

where Rµν is the space-time Ricci curvature. Far from the source, the space-time geometry
characteristic length Lg is very large compared to the wavelengths λ of typical detectable
photons, i.e. Lg � λ. If we furthermore assume that the wave-packet characteristic length Lw
is large in front of the wavelength λ, we can use the WKB approximation to solve eq. (4.44).
Namely, we decompose the gauge potential as

Aµ ≡ Aµeiφ ≡ Aeµeiφ, A ≡
√
−AµAµ, eµeµ = −1, (4.45)

and suppose that the various quantities vary as:

kµ ≡ ∂µφ ∼ λ−1, ∇νkµ ∼ (λLw)−1,

Aµ ∼ O(1), ∇νAµ ∼ Lw−1, (4.46)
∇ρa ∼ Lg−1.

The length scale Lg can be extracted from the Riemann curvature tensor and is typically of
order Lg ∼ cr3/2/

√
GM , where r is the distance between the matter source and the place

where the photons propagate. The Riemann curvature could in general be extracted from
the PPN metric, but as long as the PPN parameters stay small, the length Lg is close to its
general relativity value. Hence, the dominant contribution in λ−1 in the WKB approximation
of eq. (4.44) is simply:

− kµkµAν = 0, O(λ−2), (4.47)
which leads to kµkµ = 0 and to the standard geodesic equation kµ∇νkµ = 0 for photons. The
Lorenz gauge condition also leads to:

kµAν = 0, O(λ−1), (4.48)

showing that the gauge potential is orthogonal to the direction of propagation. On the other
hand, the second dominant contribution in the WKB approximation of eq. (4.44) reads:

Aµ∇νkν + 2kµ∇µAν + 2√
−g
Aβkγ∇αaεµαβγ = 0, O(λ−1). (4.49)
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It can be solved by:

kν∇νeµ = 0, eµ∇α(A2kα) = − 2√
−g

εµαβγA2eβkγ∇αa. (4.50)

We see that in the WKB approximation, test photons follow geodesics of the PPN metric
but their polarization and amplitude are sensitive to the presence of the axionic background.
This last aspect is at the center of axion searches through direct conversion or change in
polarization of light in the presence of magnetic fields [36–38]. On the other hand, as the
photons follow the PPN metric, classical experiments measuring deviation or time delays of
light will directly probe the PPN metric and give access to the γ parameter [14, 32, 39].

5 Conclusions

In this work, we studied the implications of adding direct couplings between gravitating
scalar fields and matter, on top of the universal coupling to the metric, in multi-scalar tensor
theories of gravity. Such direct couplings are expected to have direct effects since they modify
the way space-time geometry is influenced by a localized matter source. This observation
motivated the study of the weak gravity quasi-static regime of such theories, which is the
relevant regime to describe solar-system tests of gravity. A central question addressed in this
work was related to the possibility of screening cosmologically active scalars through their
direct couplings to matter. Such screening would have made their presence undetectable in
solar systems experiments.

In the weak gravity quasi-static regime, theories of gravity can be compared with each
other through the parametrized post-Newtonian formalism. We used this formalism and
computed the complete expression for the ten PPN parameters in multi-scalar theories
of gravity with direct couplings. The expressions we derived allow to evaluate the PPN
parameters for the considered class of scalar-tensor theories of gravity. The latter are theories
including several massless gravitating scalars with a curved scalar target-space and coupled
non-universally to the matter sector. We showed that the ζ3 and ζ4 PPN parameters are
indeed modified by the presence of the direct couplings, even after eliminating the direct
couplings of the gravitating scalars to the energy density (ca in (3.15)) of the source by
redefinition of the Jordan frame. On the other hand, all other PPN parameters including
β and γ are the same as the ones obtained in the same multi-scalar theory without direct
couplings, provided that the Jordan frame is properly identified. This conclusion seems to
go against the screening mechanism through direct couplings invoked by recent works in
the literature.

We then studied if such couplings, even small, would change the classical tests of
gravity in the weak-field regime, by modifications in the way probes would move on the PPN
background. To make our arguments as general as possible, we did not assume a priori that
the direct couplings are the same for the probe and the source of gravity. Therefore the
coefficient ca in the expansion (3.15) of the direct couplings may remain non-vanishing for
the probe even after setting ca = 0 for the source by redefinition of the Jordan frame. As
expected, direct couplings for the probe are responsible for additional direct forces on top
of the gravitational force mediated through the space-time geometry. Hence, large direct
couplings would be directly observable and would be ruled out. We supported this intuition
by studying the dynamics of a massive point particle directly coupled to gravitating scalars,
in presence of metric and scalar backgrounds generated by a PN matter source. For the point
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particle couplings under considerations, we deduced that if the couplings are small enough not
to perturb the Newtonian order, test particles will follow the PPN metric geodesics, giving
access to the γ and β PPN parameters of the theory. The classical constraints will thus apply
identically to theories with or without direct couplings, as far as the direct couplings of the
probe do not spoil the success of Newton gravity in its regime of applicability. Experiments
involving photons in the regime of validity of the WKB approximation would also give access
to the γ parameter, as in the standard PPN formalism.

Possible extensions of this work would include the complete study in the PPN formalism
of the two-body system, made of a PN source (Sun) and a massive probe (a planet), in theories
with direct couplings. This should include the study of (non-)conservation laws for the different
PN quantities (densities, momentum. . . ) for the massive bodies, used when integrated the
fluid equations of motion in the interior of massive bodies. Although technically involved,
the procedure is well defined. The result would allow to give quantitative predictions for the
results of solar system experiments such as the measure of the perihelion shift of Mercury.
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A Notations and identities for multi-scalar gravity and PPN formalism

A.1 Scalar target-space functions
The multi-scalar theory considered in this paper is based on the action (2.1). To give an
explicit expression of the gravitating sector, one should specify the non-minimal coupling
function F (ϕa) and the target-space metric Gab(ϕc). As shown in the main body of the paper,
the field equations and their PN expansions are easily expressed in terms of the following
functions:

Γabc = 1
2G

ad(∂bGcd + ∂cGbd − ∂dGbc), Fa ≡ ∂aF, Fab = ∂a∂bF, (A.1)

Aab ≡
F aFb
F

= BaFb, Ba ≡ F a

F
, Cabc = Γabc + Ba

2 (Gbc + 3Fbc), (A.2)

F̃cd ≡ ∇cFd = ∇c∂dF = Fcd − ΓecdFe. (A.3)
One can use different sets of variables, such as the one naturally appearing when studying the
Lagrangian {F, Fa, Fab,Gab,Γabc}, or the one related to the expansions of the field equations
{F,Ba, Aab , Fab,Gab, Cabc}, or yet the naturally target-space covariant one {Ba, Fa, F̃ab,Gab,Γabc}.
These sets are only used for convenience and do not constitute bases of target-space functions.
We give a couple of examples of relations used to go from one set to another:

BcFd ∂cB
d +BcBdFcd = −B

cBd

F
(FcFd − 2FF̃cd), (A.4)

2BcBdFeC
e
cd = BcBdFcd(3BeFe + 1)−BcFd∂cB

d

= BcBdFcd(3BeFe + 2) + BcBd

F
(FcFd − 2FF̃cd). (A.5)
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A.2 Parametrized post-Newtonian functionals

In terms of the source rest-mass density ρ, the Newtonian potential is given by

U(~x, t) ≡
∫

ρ(~x′, t)
|~x− ~x′|

d3x′. (A.6)

The post-Newtonian functionals and potentials are defined as follows:

Vi≡
∫
ρvi(~x′, t)
|~x−~x′|

d3x′, Wi≡
∫
ρ~v(~x′, t)·(~x−~x′)(x−x′)i

|~x−~x′|3
d3x′, (A.7)

ΦW ≡
∫
ρ(~x′, t)ρ(~x′′, t) ~x−~x′

|~x−~x′|3
·
(
~x′−~x′′

|~x′−~x′′|
− ~x−~x′′

|~x−~x′′|

)
d3x′d3x′′, (A.8)

Φ1 =
∫
ρv2(~x′, t)
|~x−~x′|

d3x′, Φ2 =
∫
ρU(~x′, t)
|~x−~x′|

d3x′, Φ3 =
∫
ρΠ(~x′, t)
|~x−~x′|

d3x′, Φ4 =
∫
p(~x′, t)
|~x−~x′|

d3x′

A≡
∫ ρ(~x′, t)

[
~v(~x′, t)·(~x−~x′)

]2
|~x−~x′|3

d3x′, B≡
∫
ρ(~x′, t)
|~x−~x′|

(~x−~x′)· d~v
dt

(~x′, t)d3x′ (A.9)

By using the Newtonian order Euler continuity equation

∂ρ

∂t
+ ~∇(ρ~v) = 0, (A.10)

leading to the relation

∂

∂t

∫
ρ(~x′, t)f(~x, ~x′)d3x′ =

∫
ρ~v(~x′, t) · ~∇f(~x, ~x′)d3x′, (A.11)

one obtains, in addition to the standard Poisson equation for the Newtonian potential

∇2U = −4πρ, (A.12)

the following useful relations:

∇2Vi = −4πρvi,
∂Vi
∂xi

= −∂U
∂t
, (A.13)

∇2Φ1 = −4πρv2, ∇2Φ1 = −4πρU, ∇2Φ1 = −4πρΠ, ∇2Φ4 = −4πp. (A.14)

In the intermediate steps, one often uses the additional functionals,

χ ≡ −
∫
ρ(~x′, t)|~x− ~x′|d3x′, Uij ≡

∫
ρ(~x′, t)(x− x′)i(x− x′)j

|~x− ~x′|3
d3x′, (A.15)

satisfying the following relations

χ,ij = −δijU + Ujk, χ,0i = Vi −Wi, χ,00 = A+ B − Φ1. (A.16)
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A.3 Christoffels symbols for the PPN metric
The Christoffel symbols for the metric in the standard PPN gauge, in the specific case where
ξ = α1 = α2 = α3 = α4 = ζ1 = 0, take the following forms:

Γ0
00 = −U,0 , Γ0

0i = −U,i , (A.17)

Γ0
ij = γδijU,0 +

(
2γ + 3

2

)
V(i,j) + 1

2W(i,j) , (A.18)

Γi0j = γδijU,0 − (2γ + 2)V[i,j] , (A.19)
Γijk = γ (δijU,k + δikU,j − δjkU,i) , (A.20)

Γi00 = −U,i + ∂

∂xi

[
(β + γ)U2 − Φ

]
− ∂

∂t

[(
2γ + 3

2

)
Vi + 1

2Wi

]
, (A.21)

where here Φ is defined as the combination

Φ ≡ (γ + 1)Φ1 + (3γ − 2β + 1 + ζ2)Φ2 + (1 + ζ3)Φ3 + 3(γ + ζ4)Φ4. (A.22)
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