Wall-crossing for framed quiver moduli

Ryo Ohkawa*

Abstract

We investigate the wall-crossing phenomena for moduli of framed
quiver representations. As main motivating examples, we present framed
quivers for the type A flag manifolds, Nakajima quiver varieties of type
A, framed moduli of sheaves on the projective plane, the blow-up, and
the (—2)-curve, and the type A affine Laumon spaces. In particular,
we give the residue formula for the type A flag manifold as an example
of wall-crossing formula. We roughly explain the way developed by
Mochizuki, that is, the localization technique on the enhanced master
spaces, in the setting of framed quiver. Specifically, we examine the
wall-crossing formulas for integrals of Euler classes over the framed
quiver moduli spaces.

1 Introduction

A framed quiver representation is a quiver representation with a framing.
Moduli of framed quiver representations are studied and called framed quiver
moduli by Reineke [13]. These moduli spaces contain interesting example
with applications to the representation theory and integrable systems.

Mochizuki [4] developed wall-crossing formula for moduli of parabolic
Higgs bundles on algebraic surfaces. Nakajima-Yoshioka [6] interpreted this
theory in terms of quivers in the study of moduli of framed sheaves on the
blow up P2 along a point on P2. These are isomorphic to moduli of repre-
sentations over the framed quiver introduced in Example 2.5. In this note,
we give a brief summary and materials of [10] where we study wall-crossing
formulas for general framed quivers. Finally, we state the wall-crossing for-
mulas in Theorem 5.1 for integrals of Euler classes over the framed quiver
moduli.

2 Framed quiver representations

2.1 Setting

We consider @ = (Qo,Q1,Q2) a quiver with relations, where @ is the set
of vertices, @1 the set of arrows, and Q2 the set of relations.
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A relation is a linear combinations of paths

l= Z cg)-p

p: path
out(p)=i,in(p)=j
where c]()l) e C ( c,(,l) = {0,+£1} in the following ). Set out(l) = 7 and
in(l) :=j
For a finite dimensional QQg-graded vector space V = @ver V., we con-
sider a @Q-representation p = (pq)acQ, € Hate Hom(Vout(a)s Vin(a)) over V.

For a relation | = | cl(ol) - p, we set

p(l) = ZCS) p(P): Vour@) = Vin@)

where p(p) = pa, © Pay_, © "+ © Pay © pa; for a path p = agas—1 - --azay. Set

Repo(V) =< p e [[ Hom(Vous(ay: Vinga)) | £(1) = 0 for any I € Qs
acQ1

We assume that there exists co € Qg called framing vertex such that
dim Vo, = 1. A pair (Q, o0) is called a framed quiver.

For I = Qg \ {00}, we take a generic ¢ = (()iesr € R and set (o =
— > ier Gdim Vi We set ((S) = >_ ¢, Go dim S, for any S = P, Sv-

Definition 2.1. A Q-representation p is said to be (-semisable if and only
if we have ((S) < 0 for any sub-representation 0 # S C V of p.

We set

Mé(a) =Ma)={pec Repg(V): (-semistable}/ H GL(V;),
el

where a = (dim V},)yeq, € (Z>0)?°.



2.2 Example of framed quivers

We use the following diagram:

) 7 1
[ ] [ ] [ ]
[ T arrows 1 T arrows
[7] 00

r

GL(C") via the natural
") Some examples are pre-

This induces actions of diaonal torus (C*)
GL(C")-action on Hom¢(C",V;) and Home(V;,
sented by the following diagrams.

aQn

Example 2.2 (Flag manifold).

1 2 N -1 N

.(b_lo(b_Q...<bN_2 'y bN_l °
|

r| wW=C"

In this case, we have
N-1
Repg (V) = Home (Vi, W) x [ [ Home(Vig, Vi),
i=1

and for a stability parameter ¢ = (1,...,1) € 7!, the stable locus consists
of (b))t € Repg (V') such that by is injective for all k = 0,1,..., N — 1.
Thus we have an isomorphism

MS(Q) = FI(W;dy,...,dy), ()N = Fo= (im(bo---bp))py s
where FI(W;dy,...,dy) is the flag manifold parametrizing the flags F, in
W with dim F; = dim V; = d;.
Example 2.3 (Quiver variety of type 4,).

1 By \2 Bl\ BlN—l By N
° 2@ < 2 g > y > o
BQ BQ BQ BQ
z z
™ T2 TN—-1
Wi =Ct Wy =C" Wn_o1=C'V-1 Wy =C"N



The set Q2 of relations are

—ByB; + zw € End¢ (V1)
B1By — BsB1 + zw € EndC(VQ)

B1By — ByBy + zw € Endc(VN_l)
B1Bs + zw € Endc (V).

They are examples of Nakajima quiver varieties introduced in [5]. Here
framed quivers @) are associated to the Dynkin quiver of type A. When ry =
coo=rp=0and ¢ =(1,...,1) € R!, they are isomorphic to the cotangent
bundle T*FI(Wi;dy,...,dy) of the flag manifold FI(W1;dy,...,dnN).

Example 2.4 (Framed moduli space on P? (Jordan quiver)).

BIQDBZ
® Qo: B1By — BB + zw

r

These framed quiver also give an example of the Nakajima quiver varieties
associated to the Jordan quiver. When ¢ < 0, the framed moduli are isomor-
phic to the moduli spaces of framed sheaves on P? with the rank r and the
second Chern class dim V. In [7], we study wall-crossing phenomena to give
functional equations of Nekrasov functions associated to the fundamental
matter theory.

Example 2.5. [Framed moduli space on the blowup I@’Q]

By

y Q2: B1dBy — BodB; + zw
z w

r

This is the first motivating example studied in [6] to apply wall-crossing
formula to the setting of framed quiver moduli. When ¢ = (—1,—1), the



framed quiver moduli M¢(a) are isomorphic to the moduli spaces of framed
sheaves on the projective plane P? with the Chern classes determined from
r and (dim V;);cr. On the other hand, when ¢ approach enough to the ray
R-o(—1,1) from the below, the framed quiver moduli M¢(«) is isomorphic
to the moduli space of framed sheaves on the blow-up P2 of one point on
P? with the Chern classes compatible with the morphism P2 — P2, This
situation is used to deduce blow-up formula in [6].

Example 2.6 (Framed moduli space on (—2)-curve).

By
N |
[ B ° QQ. BlBQ — BQBl + zw
2
z||w wl|z
By
1 T2

These framed quivers give the Nakajima quiver varieties associated to the
Dynkin quiver of type A(ll). This is analogous situation to the previous
example. When ¢ = (—1, —1), the framed quiver moduli M¢(a) are isomor-
phic to the moduli spaces of framed sheaves on the quotient stack [P?/ 4 1]
with the Chern classes determined from (r1,72) and (dim V;);e;. On the
other hand, when ¢ approach enough to the ray R-g(—1,1) from the be-
low, the framed quiver moduli M¢ () is isomorphic to the moduli space of
framed sheaves on the (—2)-curve with the Chern classes corresponding via
the derived Mckay equivalence. In [8], we study wall-crossing phenomena to
give functional equations among the generating functions over these moduli
spaces as a refinement of the derived Mckay equivalence.

Example 2.7 (Chainsaw quiver variety (Affine Laumon space)).




The framed quiver moduli spaces M¢(a) are called the chainsaw quiver
variety. In particular, when ¢ = (—1,...,—1) € R! the framed quiver
moduli spaces M¢(a) are called the affine Laumon spaces. In [12], we study
K-theoretic wall-crossing formula, and in particular, apply it to the case
where N = 2 and V5 = 0 to deduce some transformation formula for multiple
hypergeometric series. One of them gives another proof to the Kajihara
transformation formula [3, Theorem 1.1], which is a multiple generalization
of the Euler transformation formula for the Gauss hypergeometric series.
Furthermore in [12], we give a conjecture for general N and V that some
generating series of K-theoretic integrals over framed quiver moduli M¢ ()
satisfies transformation formulas.

Example 2.8 (Affine Laumon space ( N =2, r; =19 = 1)).

By
Cf%\ég i
o= D1, Qs: BBy — ByBy + 2w

B

1 T2

This is the special cases of the previous example. In [1], we showed the non-
stationary difference equation studied by Shakirov is gauge equivalent to
the gg-Painlevé VI equation introduced by Hasegawa, and conjectrued that
generating series of integrals over affine Laumon spaces gives a solution. In
[2], we showed that this conjecture is true describing generating series in
terms of the Jackson integrals satisfying the ¢-KZ equation, which is shown
to be equal to the truncated Shakirov equation.

However we want to pursue possibility for another proof of the conjecture
using K-theoretic wall-crossing formula developed in [12], and generalize it
to arbitrary N > 2 and (r;)c;-

3 Residue formula

We give the residue formula for the type A flag manifold as an example of
wall-crossing formula.



3.1 Projective space

First we explain outline of our computations for the special case. Let W =
C" be a r-dimensional vector space, and set

Pt =P(W) = (W)\O0)/C*

We compute the Euler number of P"~! by Mochizuki method. Set M =
P(W @ C), and consider Cj-action defined by

[W1, ..., W, x] = [w1,. .. ,wr,ehx]
for " € C;. The fixed points set P(W & C)%h is decomposed as
P(W & C)% = P(W) Lipt = M,

where P(W) = {z = 0} and pt = {[0,...,0,1]}.
We introduce the equivariant Chow ring. For a variety X over C with
C}-action, We write bye A';(X ) the Cj-equivariant Chow ring of X.

Fact 3.1. When X = pt, we have
A2 (pt) = Z[H),

where i = ¢ (e) for the weight space e with the eigenvalue " € C;. The
weight space e” is regarded as a C}-equivariant vector bundle over pt.

We use the localization formula for the fixed points set XCi = X.

Fact 3.2. When X is smooth, we have the following:
(1) XCh = Ll; X3 for smooth Xy

(2) We have an isomorphism
b Ay (X)) @ QIR h]] 2 A, (X) © Q[ A1)
(3) We have

iy [X3]
(L) [X] =  Bu(Ny)

where Eu(Nj) is the Euler class of the normal bundle Ny of X in X.

Using this fact, we define integral over smooth Cj-variety X by localiza-
tion. For II: X — pt and II5: X5 — pt, we have the commutative diagram:

o _ (1)1 o " _
AL (X) @z Q[R, B ] TAC;L(XCH) @z QA, 7]

n*(-)mml \LZ;{ . ()N[X5]

A (DY) @zp QR B ] === A" (pt) @z QI ]



We set

_ clx,
/ °= Z " Eu(N;)’
for c € A';L(X ). When X is proper over C, this is equal to the usual integral
Jx ¢ =1Len[X].
We perform integral over X = P(W). Let Np(yyy, Npy be normal bundles
of P(W),pt in M = P(W & C) respectively. Then we have

1 1 1 1
Eu(Npaw))  h+c(Opan(1)) B 14 c1(Opury(1))/h

;(1_01(%;)(1>)+...) € A% (M) ® QIR 7]

The localization formula implies

/ / Ylewr) N Yot
) Eu N]p ) pt Eu(Npt) '

Here the left hand side is in Q[A], while the right hand side is in Q[A, A~1]].

Lemma 3.3. We h R
ave ﬁ%i/( W) Eu N]P’(W / w

Proof. We use the following:
I 1
Eu(Npowy) B+ c1(Opw)(1))

1 a(Opuw (1) L
h h?

Lo o=E [ ey 1)

Here Resj—oo is an operator taking the coefficient in A~'. We compute the
residue as follows. We notice

Vpt = el
Nyt =W e

This implies that the right hand side of (1) is equal to

This implies

- rfies (_Té)r = (—=1)""1 . coefficients of 7"~ in ¢ = ¥ (h) € Q[h, ']

We want to apply this to ¢ = Eu(TP(W)) € K(P(W)). But we need
to lift ¢ to the larger projective space M = P(W @ C). From the Euler
sequence

0 — Opwy = W & Opwy(1) = TP(W) — 0,

we have the following lemma.



Lemma 3.4. We have

(W ©Om(1) = Om) |, =TE(W) in KB(W))

To define the Euler class of W ® Opq(1) — Opq in K(M), we introduce
a new equivariant parameter e € Cy.

Definition 3.5. Let a = [E] — [F] € Kc; (M) with Cj-equivariant vector
bundles E, F on M. We define the Euler class for virtual vector bundle
a=F—F by

Cr e? N _
Bu'(a) = SEZ G € gy (M) © QO]

Set
$(8,h) = Eu’ (W @ Opm(1) — Opt) € Ay (M) ® Q(O)[R][[A])-

Since ¥(6, h)|pe = Eu?(W ® e — 1), substituting ¢ = (0, k) into (1)

we have

WOV) =~ fes R
B 1 (h—0)y 1
Reg =g =

Here we used

3.2 Flag manifold

Here we present the residue formula as an application of our wall-crossing
formula to the framed quiver:

2 N -1 N
by by by_2 bn—_1

@< ) < e

bo

0
A

We set WZCT,Vl :(Cdl,VQ chz,...,VNZCdN with r Zdl > ZdN,
and fix stability parameters (1 = (o = --- = (y = 1 as in Example 2.2. For
the Qp-graded vector space V = @,]le Vi ® Vi, we have

N-—1
M§(V) = Hom® (Vi, W) x [ Hom (Vieyr, Vi) /G,
k=1



where Hom™ (Uy, Us) denotes the set of injective C-linear maps U; — Us
for vector spaces Uy and Us. The tautological bundle

m—1
V; = Hom® (Vi, W) x [] Hom (Vis1, Vi) x Vie/G
k=1
corresponds to the i-th universal flag for ¢ = 1,..., N via the isomorphism

Mé(V) = Fl(W;dy,...,dy) in Example 2.2.
We consider a linear map m: Q[h, ..., hgy] = AY(M(W,V/Vy)) defined
by
¢ i
w(hit - hg™) =[] Pes—an 1 +1(Vn-1)
i=1
where hy is the complete symmetric function of degree .
Theorem 3.6 (Zielenkievicz [14], O [11]). Let f be a symmetric polynomial.
Then we have

/ Iy
ME(V)

= (—1)WNv=FD o f (R, hay) [ (R — Ba)
1#]
As an application of this theorem, we deduce the Jacobi-Trudi formula.
For partition A = (A1, Ag,...,) of length £()\) < n, set
_ det(@ " icijen
det(@) icijen

When N =1 and r = d; > ¢(\), by Theorem 3.6 we have
Sa(an,. .. ar) = / S0
Mg(V)

= ot (=)

Sa(z1, ... )

4 Enhancement of quiver

For a general framed quiver @ = (@, c0), we present localization techniques
developed in [4] and [6]. Fix 8 € (Z>o)' and choose one vertex * € I =
Q \ {oo} such that 3, # 0, we define an enhancement Q = (Qo, Q1,Q2) of
Q as follows :

Qo=QoU{x(k)|k=1,2,....,L} (L>dimV,)
Q= QU {x(k) = *(k+ )}y, (+(L+1)=x)
Q2= Qo

10



For example, take N as % in Example 2.2, then the enhanced quiver @ is
presented as follows :

i: b f: bo -~~?N72No_<1bN71]:[

| B
® X —
f

r N
I *(1)

We consider a Qy-graded vector space V =V @ @521 ‘Zk(k), where V =
Docq, Vo is Qo-graded vector space with (dim V,)veq, = o € (Z>0)@0. We
set dim V*(l) < 1, dim f/*(N) = Qp,

dim K(k—l) < dim K(k) < dim ‘7*(]4—1) +1 (k‘ =2,...,N — 1),
and . .
3= { € [L]|dim Vi gy — dim Vs 1y =1}

We write by Flx(&,7) thet full-flag bundle of £ consisting of F, of a bundle
& on a variety X such that

{k S ZZO ‘ dlka/Fk,1 = 1} =7.

We may have repetitions in F, but dim(Fy/Fr_1) < 1. We always put
Fo = 0.

4.1 (¢, 0)-stability

We consider a pair (p, Fo) € Repg (V) x Fl(Vo, J) where FI(Vp,J) is the full-
flag manifold of V. Take a dimension vector 8 = (53;)ies € (Z>0)! with By #
0, (0€1I), and a generic stability parameter

(et ={CeR"|D> GBi=0}
iel
Definition 4.1. (p, F,) is said to be ((, £)-stable if p: (-semistable, and
(1) I ¢(S) =0, Soo = 0 and S # 0, we have Sy N F, = 0, and
(2) I ¢(S) =0, Soo = C and S # V, we have F; ¢ Sp.

We write by M (v, 3) moduli of (C, £)-stable pair (p, Fy) as above. We
have

M%(a,7) = Flycro)(Vo,3) (> a, (€C)

M, 3) = Flye oy (Vo,9)  (C€0).

where V; is the tautological bundle over M¢(a) for each vertex i € Q.

11



4.2 Enhanced master space

Fix £ € 3, and take (¢*,n) € C’ x (Q=0)Y « ((,£)-stability, and (= € C
suitably.

M =Mq(V) = [] Home(Viut() Vinw): L =Lo(V) = [ Home(Vouswy, Viny)
a€Q1 Q2

N
M = Mg (V) = M x [ [ Home(Vigy, Viosws)  (Viov+1) = Vo)
k=1

N
G =Gy =[] GLWV) x [] GL(Vagw)),
i€l k=1

We consider a moment map p: M — L corresponding to relations Q2. Take
ample G line bundle £+ corrsponding to (¢*,n)-stability. Set f: M =

ProjSym(£L_ & L) projection, pp A L, and M semi-stable locus with
respect to Og(1). We set M = [371(0) N M**/G], and consder a Cj-action
on M defined by

Ch v M: (A By [2o,24]) = (A By, [eha, 24]), (2)
We write by M the fixed points set, and set M+ = [z~ (0)**NProjSym(£L+)/G].
Proposition 4.2. We have
MO =MiuM_u || My,

JteDE(T)
where D(3) = {3* € 3| |3%| = d*Bp for d* > 0, and min(3¥) < ¢}.

We have M_ = FlMg_(a)(V,’J), My = Mf,f(a,j), and My is étale
equivalent to

Fly , (V[ Voo, 3) x Mm@ =1 (0 — a3, )

where Hy = M(f?; (d*B + eor) fOT €nr = Syoer € ZQg, and J% \ min(J%),3° =
3\ 7% Here Q! is a new quiver associated to @ and a choice of * € Q.
When we consider Example 2.2 and choose N as *, then Q is presented

as follows :
N
1
[ ]
l/

We consider the normal bundles Ny, N_, Ny of the embeddings
by My =M, 1 Mo =M, g My — M.

L o b bv—a T bn-

12



4.3 Integral
Set Mo = Specl'(u~1(0), 0

conditions.

L=1(0 ))Hzel GL(V))| We assume the following two

e There exists T = (C*)%-action on all moduli spaces and natural maps
to My are proper T-equivariant.

e T-fixed poins set Mgr consists of one point.
Then we can take integrals in HJ (M) = HJ (pt) after localization.
Fact 4.3. We have
Hy (pt) = Hi(pt) = Zz1,..., 2] = A

where 1 = ¢1(Cy,),..., 2z = c1(Cy,) and Cyy, ..., C;
for (t1,...,t¢) € T.

Jart HY(M) — HJ(Mo) ®4 S = HJ (Mg) ®4 S = 8, ¢ = IL(pN [M])
for T-equivariant morphism II: M — M.

, are the weight spaces

4.4 Localization

We use the following commutative diagram

Hey (M) @cpy C(A) —> H p (M) @y C(R71)

| i

T (Mo) @y C(A™Y) —— Ho " (Mp) @cpy C(hY)

H,

where the upper horizontal arrow is given by

*

Ly il
+ 5 -
Eu(N,)  Eu(N_) jgp; Njﬁ

and £ is the first Chern class in H(':z (pt) of the weight e" € C;. From this
diagram, we have

elmy / <P|M, / elm,,
3
/M /M+ Eu(Ny) v Z , Bu(Ny)’ ®)

Substitute ¢ = ¢ = % € H. p(M) for ¢ € He. (M)

- 77b|./\/l #
) — / =— Res / —
/M&Z(ag) MC*(Q) Z Eu Njﬁ

JﬁEDZ

13



where Eu?(F) = Eu(F ® C0) for t; = ¢?. The last summand is equal to

[l /
‘j“ Mmin(9)—1(yb)
¥ - Bl (O(Fi e 72))

/Flﬂdu (V5 Voo 3) VP, VE® €h) - Bu(9(F, F3))

where

O(Fe, Fu) = Y _Hom (F3/Fj1, Fi/Fi-)
i>j
9(Fe, Fo) = O(Fe, F,) + O(F,, Fa)
for two flags F,, F, of sheaves. When F, = F,, we set

O(F.) = O(F,, Fo).

5 Application

Here we only consider integrals of equivariant Fuler class as an application.
See [7], [8], and [9] for another application. Set

Ag Hom(Vout(a)s Vin(a) Hom(V, out(l End(V,
=2 (@ - )=

a€Q lEQ2 iel
Boo = Z 6in(a) - Z ﬁout(a)a
acQ1 acQ1
out(a)=00 in(a)=o0
34(0) = @~ 1)! [ B (A (V@ Vi),
H g

For 3,7 C [ag) = {1,2,..., a0}, set

= {1 eTxT

~ @) eax 3 |1>1}.

We define a rational expression Au,(Bs0) by

B Lao/Bo)
Aao(,ﬁoo) — Z Z H oo ’L) ( ) (5)
j=1 J1U--UT;Clag] =1
min(J1)>-->min(J;)
|3:1€B0Z>0

where J-; = J;1 U---UTJ;, and di = |J31]/Bo,...,d; = |3;|/Po for each
collection (J1,...,J;) satisfying the conditions in the second summation in

().
We set H (a fMCi )Eue(AQ(V)).

14



Theorem 5.1 ([10]). We have

_ UL sy (Boc) o
HY(a) - H (a) = kz_:o WH (o — kB).

Corollary 5.2. When @ is associated to construct quiver varieties, then
wall-crossing term does not depend on 7 = (7;)c7.

Question 5.3. When B, = 0, does the coefficients of wall-crossing term
vanish?
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