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ABSTRACT

In this study, the mathematical model referred to as the panel-pin model is proposed for analyzing the
infinitesimal-deformation mechanism and the large-deformation equilibrium path of a rigid origami composed of
rigid faces (panels) and subjected to deformation only at its crease lines. The panel-pin model represents a rigid
origami as a structure of rigid panels pin-connected at the vertices and has the following advantages: 1) consistent
formulation of compatibility equations for any type of the rigid origami structure; 2) systematic computation of
vertex displacements, folding angles, and their derivatives; and 3) ease of accounting for gravity acting on the
panels. The infinitesimal mechanism of the panel-pin model is studied according to the standard procedure for
mechanisms and linkages, and an equilibrium path is traced as the trajectory of equilibrium points obtained by
minimizing the total potential energy of the model with a rotational spring along each crease line. The numerical
examples with multiple degrees of freedom of the mechanism show that the multiple equilibrium paths can be
obtained by assigning the initial imperfection, and this is also confirmed by the physical model.

Keywords: rigid origami, kinematics, equilibrium, energy minimization, geometrically nonlinear analysis

1. INTRODUCTION panel
hinge ‘H

Rigid origami is folded and unfolded within strict
constraints, with its faces remaining undeformed
during the folding process. It has wide range of
potential engineering applications; e.g., solar panels
on artificial satellites [1], robots [2], and
transformable building envelopes [3]. Consequently,
the analysis and simulation of folding properties are
crucial to effectively exploit the deformation
mechanisms of rigid origami, and numerous models
and methods have been proposed in this respect [4].

The rotation hinge model [5, 6] in Fig. 1(a) and the
truss model [7, 8] in Fig. 1(b) are commonly used for
kinematic analysis of rigid origami. In the former

© (d)
model, folding angles are treated as independent Figure 1: Models representing the deformation mechanism

variables, and a folding state can be expressed with of rigid origami whose variables are indicated by red.
fewer variables than other models. However, its (@) Rotation hinge model, (b) Truss model,
complicated expression of vertex positions makes it (c) Frame model, (d) Panel-pin model

difficult to incorporate displacement boundary In contrast, the latter model consists of rigid bars
conditions and external loads applied to vertices. placed along the edges and treats the nodal
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translations as variables, making it easy to fix nodal
displacements and to apply nodal loads. The
disadvantage of this model is its complicated
configuration for modelling a face with more than
three edges; diagonal members must be arranged for
ensuring the in-plane rigidity, and trigonometric
geometric constraints [7] or the three-dimensional
member assemblages [8] are necessary for ensuring
the out-of-plane rigidity. The frame model in Fig.
1(c) has also been developed [9, 10], which consists
of frame members hinge-connected at each crease
line and rigidly connected at the node on each face.
Although a folding path tracing method of this model
has been proposed [10], this is not suitable for large
models due to the high computational cost associated
with a large number of variables.

In this study, a panel-pin model shown in Fig. 1(d) is
proposed for providing a simpler manner of ensuring
the rigidity of faces compared to the truss model,
while requiring fewer variables than the frame
model. The proposed model is highly versatile and
can be applied to a wide range of analyses
considering  gravity, point loads, forced
displacements, and support conditions. This model
offers following advantages;

1) Consistent  formulation of  compatibility
equations for describing the deformation
mechanism of the model including holes or faces
with more than three sides,

2) Systematic computation of vertex displacements,
folding angles, and their derivatives, and

3) Ease of accounting for gravity acting on the
panels.

The panel-pin model employs translation and
rotation of the centers of gravity of rigid panels as
independent variables, which are often used in the
classical models of linkages. However, the
formulation of the compatibility equations over these
variables is different from that for linkages; the
panels are pin-connected at the vertices instead of
being joined by hinges. The vertex displacements
and folding angles are treated as nonlinear functions
of the panel displacements. The displacement
boundary conditions on the vertices are incorporated
as additional compatibility equations. The
infinitesimal mechanism of the panel-pin model is
determined from the derivatives of the compatibility
equations. An equilibrium state under loads is
determined by minimizing the total potential energy
under the compatibility constraints after adding

rotational springs along the crease lines. An
equilibrium path is traced by sequentially updating
the forced displacements, as proposed in Ref. [10].

2. PANEL-PIN MODEL

2.1. Compatibility Equations
Angle at a Single Crease Line

and Folding

Suppose vertices 1 and 2 are the endpoints of the
crease line, and denote a unit vector directed from

vertices 1 to 2 at the initial state by e’ e R*. Note
that the superscript 0 indicates the value of the vector
at the initial state. In addition, let n{and df, e R®
denote the unit normal vector of panel i and the

vector from the barycenter of panel i to vertex j
(i, j=1 2), respectively, at the initial state. The

directions of the unit panel normal vectors are
determined in the same side of the origami, and the
local panel indices are determined so that panels 1

and 2 satisfies <nf,df,1><df'2>>0 and
<n2,d2,1><dgy2><0 , respectively, where (s, +)

stands for the inner product of two vectors. b’ € R®
(i=1, 2) is also defined such that b} =e° xn’. Note

that at the initial state, the crease lines may have non-
zero folding angles.

n,
deformed

vertex 2
“An,

(@)
[I,A
T r
“‘\-"u”‘_l / n, =(n,,n)n +(n, b )b
]l
- ( — b, x,
) T e—— ~{(n.. .
\\// » MM Xa
zi__________________j!: k,\ﬁ
(b)

Figure 2: Definitions of vectors. (a) Reference vectors of
panels, (b) Vectors for calculating the folding angle
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Let u, and 0, eR® denote the translation and

rotation vectors of panel i, respectively, in the global
coordinate system (x,, x,, X;) . Asshown in Fig. 2(a),

n,, d;;,and b, eR® (i, j=1, 2) are defined as
n; = R(ei)n?
di,j = R(ei)d?,j 1)
b; =R(8;)b;

where R(0,)eR*® is the Rodrigues’ rotation
matrix [11] with respect to 0, . Using these vectors,

the translation vector v‘j eR® (i, j=1, 2) of vertex
j can be evaluated from both panels 1 and 2 as

Vi=u,+d —d} =u; +(R(6;) - 1,)d?;

(i=12) @)

where 1,eR>® is the identity matrix. Since
vi=Vv? should be satisfied, the compatibility

equation for the displacements of panels 1 and 2 at
vertex j (=1, 2) is formulated as follows:

Aulj'z =u, +(R(0,) - |3)o|fj

_uz_(R(ez)_ls)dg,jzo (3)

Furthermore, folding angle p (-7 < p<7x) of the
crease line between panels 1 and 2 is defined as

p=atan2((n,, b,).(n,,n,)) (4)

where atan2(y,x) is the 2-argument arctangent

available in various programming languages. As
shown in Fig. 2(b), o defined in Eq. (4) is the angle

between n, and fi, =(n,, n;)n, +(n,, b, )b, which
is a vector obtained by projecting n, onto the plane
spanned by n, and b, . When Au;? =Auj* =0 is
satisfied, n,=1, , sinp=(n,,b;), and cosp=
(n,,n;) hold. According to Eq. (1), p is the
function of only 6, and @,, and its derivatives can

be systematically calculated using the derivatives of
the rotation matrices.

Remark 1 By using atan2(y,x) function instead
of arcsin or arccos function, p and its partial

derivatives can be compatibly calculated even when
Au;? #0 or Auy® #0.

280

panel /,
X2

[l z - -6_
Au’;'}: ' . _panel i,

Xoowvertexj .o L=

Figure 3: Incompatibility of the displacements of
panels i, and i, at vertex j

Figure 4: Translational displacement of vertex j

2.2. Compatibility Equations for Entire Rigid
Origami and Displacements of Vertices

Let N°, N”, and N" denote the number of crease
lines, panels (faces), and vertices of a rigid origami,
respectively. The generalized displacement vector

XeR" is defined as the assemblage of the
components of u, and @, for all i=1,...,N" where
N =6N" . When adjacent panels

(=1,...,NP) are connected at vertex j (=1,...,N")

as shown in Fig. 3, the compatibility equation for the
displacements of panels i, and i, at vertex j is

formulated from Eq. (3) as

i and i,

Aut™ (X) =u; +(R(9i1) - |3)dgv1

—u, —(R(,)-1,)d} ;=0 ©

Its physical interpretation is illustrated in Fig. 3.
Since Eqg. (b) is formulated at every endpoint of the
crease line, there are in total 6N° compatibility
conditions for the entire rigid origami. Here, all
Aut™(X) are assembled into a vector

AU(X) eR®" | and the compatibility equation for
the entire rigid origami is formulated as AU(X)=0.

Next, we reformulate the translation of a vertex.
Although it can be written as in Eq. (2), the different
formulation is used to include the case where
AU(X)=0. Let Z; denote the set of indices of

panels around vertex j (=1,...,N"), and &



(i€Z;) denote the inner angle of panel i at vertex

J as shown in Fig. 4. The translation vector
3 H \Y HEH

v;(X)eR® (j=1...,N") of vertex j is calculated

as follows:

vj(X)_

Za”{ (R(®,)-1,)d};}

J IEI (6)
Aj = Za”
Ite
Remark 2 v;(X) defined in Eg. (6) is the weighted

average of the positions of panel vertices around
vertex j, and reasonably estimates the position of

vertex j when AU(X)=0 . v; and its partial

derivatives with respect to the panel displacements
can be compatibly calculated even when AU(X) =0

Suppose the displacement of vertex j (=1,...,N")
in the x_-direction (k =1, 2, 3) denoted by ng)(X)

is fixed, and let 7" denote the set of index pairs of
the vertices and the fixed directions. When the

number of components of 7" is N', vﬂk)(X) for all
{j,k}eJ" are assembled into a

AV' (X)e]RNf . In addition, we also consider the

forced vertex displacements, and let 7¢ represent

the set of index pairs of the vertices and the
directions to which the forced displacements are

applied. The non-zero target value of v Y(X)
{J, KreT® j=1...,N" k=1 2,3) is denoted by
Vit and v (X) -V for all {j, k}eJ® are

J

vector

assembled into a vector AV®(X) e R"" where N°
is the number of components of 7¢. Here, AU(X),
AV'(X), and AV’(X) are combined into a column
C(X) = (AU(X)", AV (X)", AVI(X)")T
eR™ which is referred to as the incompatibility
vector. The number of components of C(X) is

calculated as M =6N°+N"+N® . Then, the
compatibility equations representing the panel
connectivity, fixed vertex displacements, and the
forced vertex displacements are collectively written
in a vector form as

vector

C(X)=0 )

3. INFINITESIMAL MECHANISM ANALYSIS
3.1. First-order Infinitesimal Mechanism

An infinitesimal mechanism of a panel-pin model is
investigated to comprehend the degrees of freedom
of the mechanism and the deformation modes in the
range of infinitesimal deformation. It is evaluated in
the same manner as the basic procedure for other
models [4-9]. To compatibly incorporate the degrees
of freedom corresponding to the forced

displacements, AV®(X) =0 is replaced to constrain
the relative displacements among the vertices where
the forced displacements are assigned. When N¢ =1
, the constraint for the forced displacement is not
necessary. When N®>1, a single pair {j, k} is
selected from j" , and the constraint between

(X) and v (X) is formulated as

(f) (X)=0

<

(8)
({J K} {7, k}ej {0, k3={0. kD

There are N —1 constraints on the relative vertex
displacements, and the left-hand sides of Eq (8) for
all {j, k}e 7°\{], k} are assembled into a vector

AV®(X) e RV In the following, the argument X
will be omitted for simple expression. Defining
C=(AUT, AV'T AV )T eRM* | the first-order
infinitesimal mechanism is represented by a vector
X' eR" satisfying [6, 12]

dC

—X'=0 9

X 9)
dC/dX e R™ ™ s the compatibility matrix whose
(i, j) component is ac‘i/axj where the subscript i

suchas C, represents the i-th component of a vector.
X' satisfying Eq. (9) is in the null-space of dC/dX
whose dimension is N — rank(dC_:/dX) , Which is

referred to as the number of Kkinematic
indeterminacy, and its bases are referred to as the
infinitesimal mechanism modes. Note that if the
infinitesimal mechanism is investigated by using
dC/dX instead of d(_:/dX , the forced displacements
are regarded as the fixed displacement conditions.
We can also define a generalized self-equilibrium
force F e R™™ which satisfies [6, 12]

281



IETd—Czo (10)
dXx

The self-equilibrium force F satisfying Eq. (10) is

in the left null-space of dC/dX whose dimension is

M —1-rank(dC/dX) , which is referred to as the

number of statical indeterminacy.
3.2.  Second-order Infinitesimal Mechanism

Equations for the second-order infinitesimal
mechanism are presented below for completeness of
the paper. For a first-order infinitesimal mechanism
X' satisfying Eq. (9), the second-order infinitesimal
mechanism is represented by a pair of vectors
(X', X" e (®R", R") satisfying [6, 12]

— b=
d_CX"+ d’c
dx?

X' | X'=0 11
dx } (11)

where d?C/dX’ is the (M —1)xNxN order-3
tensor whose (i, j, k) component is azc_i/axjaxk .
The (i, j) component of [(d?C/dX*)XeR™ DN
is Y " (8°C, JoX ,aX )X,
infinitesimal mechanism (X', X") exists if and only
if X' satisfying Eq. (9) satisfies the following
equation for any F satisfying Eq. (10) [6, 12]:

2~ 2C
[gEfeoclp e

The second-order

where the (i, j) component of [FT(d’C/dX")]
eR™ is calculated as > 'F, (6°C, /oX,0X ).

4. EQUILIBRIUM PATH ANALYSIS UNDER
GRAVITY

4.1. Finding an Equilibrium Point

An equilibrium state of a panel-pin model is obtained
by the energy minimization approach [10]. To
stabilize and uniquely determine the equilibrium
state, rotational stiffness is assigned to each crease

line. The moment around crease line k (=1,...,N°)
is calculated as K, (p, —p°) for the constant K,
where p; is the initial folding angle of crease line k.
Let w and u™® denote the weight and the

reference height of the barycenter of panel i,
respectively, to determine the potential energy of the
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gravity in the x,-direction. When the constant point
load p; e R* (j=1...,N") is applied to vertex j,

the total potential energy of the panel-pin model is
defined as the function of X as

109=23 K, (2,00 - p¢)

- . (13)
N N
# 2w (U0 -y )= > plv; (X)

i=1 i=1
where u®(X) is the component of u,(X)
corresponding to the x, -direction. Then, an
equilibrium state is obtained by solving the
following energy minimization problem:

m)i(n. I1(X)

14
st. C(X)=0 44

In this study, the path parameter is introduced, and
the magnitude of the forced displacements and/or the
loads are assumed to be the function of the scalar
path parameter & only. The pair of the path

parameter £ and the solution X to Problem (14) for
a given ¢ is referred to as the equilibrium point.

Problem (14) is solved by the augmented Lagrangian
method (ALM) [13]. The augmented Lagrangian
L(X) with the penalty parameter y and the

Lagrange multipliers A € R™ is defined as
L(X) = [1(X) + C(X)" (x +%C(X)j (15)

The solution to Problem (14) is obtained by
repeatedly solving the following optimization
problem:

m)i(n . L(X) (16)

with constant A while updating the multiplier as
A< A+yC until the maximum absolute value

among the components of C(X) becomes smaller
than the user-specified tolerance C, . y is
automatically updated in the process of the ALM
based on Ref. [13]. At an exact equilibrium point
(X, &), dL/dXJ. =0 holds for all j=1,...,N, and
the convergence of Problem (16) is evaluated by
comparing the maximum value among ‘dL/de‘

(j=1,...,N) to the user-specified tolerance E

tol *
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Figure 5: Flowchart of the e

4.2. Tracing an Equilibrium Path

An equilibrium path is the trajectory of the
equilibrium point (X, &) and traced by successively

solving Problem (14) by the ALM while updating the
path parameter as &<« &+d& where d& is the

increment of £ . In this study, the displacement
control method is employed; i.e., each forced
. d(k) . . ‘g
displacement v; {j, kyeT?) is specified at
each step of the equilibrium point search as

d(k)
Vi

= &yt (17)

where & increases from 0 to 1 at the final step when

vf(")
The point loads p; on vertices are assumed to be

reaches the target forced displacement 7.

constant throughout the path tracing.

The procedure of the equilibrium path tracing is
summarized in Fig. 5. At the initial step of the
analysis (Step 1 in Fig. 5), Xisinitializedas X =X,
where X, represents the initial imperfection.

Problem (14) is solved so that max;|C,|<C,, and
max ‘dL/de‘s E.,. However, if these conditions

are not satisfied, the step size d¢ is reduced by half
(Step 13). The reduced d¢& is restored to 2d¢ if the
equilibrium points are successfully found in the

consecutive iterations (Step 10) to accelerate the
analysis. The path tracing terminates when ¢

quilibrium path tracing

reaches 1, d& decreases less than the specified lower
bound d¢&,,, >0, or the local face contact between
the adjacent panels is detected.

5. EXANPLES

5.1. Settings

The analysis is carried out by using a Python 3.9
program. Problem (16) in Sec. 4 is solved by using
BFGS algorithm [14] available in the library
scipy.optimize.minimize for the equilibrium path
tracing. The units of length and force are omitted
because they do not influence the analysis results.

Figure 6 shows the crease pattern to be analyzed. All
the vertices are on the x x, -plane in the initial shape.
As indicated in green, the displacements of the
vertices on the shorter boundaries are fixed, and the
forced displacements are assigned along the x -axis

as shown by the purple arrows. The orange arrows
represent the loads in positive x, -direction. The
weight per unit area of each panel is 20, and the
rotational stiffness per unit length of each crease line
is 10. In the equilibrium path tracing, three types of
initial imperfections based on sinusoidal functions
are assigned to the panel translations in x, -direction
as shown in Fig. 7. The parameters are set as
Co, =E,=10" and dé&, =10" for all the
following trials.

For an intuitive understanding of the path tracing
results, a physical model has also been constructed
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Figure 6: Initial flat shape, panel dimension, and boundary conditions
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H ‘2 =-02sin(7x/18) Moz =-02sin(7y/12) Moz =-02sin(7y/4)
Imperfection mode 1 Imperfection mode 2 Imperfection mode 3

Figure 7: Initial imperfection of face displacements in z-direction based on a sinusoidal function

curtain/
rail
(x,-axis)

“move along
curtain rail

1xed

Figure 8: Experimental model

as shown in Fig. 8. The model is hanged from the rank is 229. Therefore, the number of kinematic and
curtain rails at the hooks attached at the vertices, and statical indeterminacies are 23 and 112, respectively.
the hooks in front are fixed to the rails. The curtain The orthonormal infinitesimal mechanism modes

rail on the right side of the picture can move along )_(1,“,,)_('23 eRR®? cannot be uniquely determined

the slide rails while remaining parallel to the left rail. only from Eq. (9), and we determine them as shown
As we focus on checking the deformationmodesand i, Fig. 9 5o that the following matrix is diagonalized

the locking phenomenon of the crease lines, the point 44 s diagonal elements are arranged in ascending

loads are not introduced in this model. However,  orqer 1o reflect the bending stiffness of the model:
friction provides resistance to the displacements in

the direction along the curtain rails.

dp Aoy dp 9o

5.2. Infinitesimal Mechanism Analysis x| ax, X, K, 07 dX, Xy

1

The infinitesimal mechanism analysis introduced in K P : PR Xy ]
Sec. 3 is carried out for the initial flat state. The size Xpl 9o dps |0 K | dpss  dpsy
of compatibility matrix dC/dX is 341x252, and its WX, AXos dX,  dXp
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Figure 9: Orthonormal infinitesimal mechanism modes

- mountain
valley

~ unfolded

Table 1: Deformed shapes around & =0.2 or the final step of path tracing with different step sizes

Without initial imperfection Imperfection mode 2
dé&, =0.005 d&, =0.010 d&, =0.015 dé&, =0.005 d&, =0.010 d&, =0.015
dé, b ¥ T
= 0.005 S N 4 N =5 SN
<=0.200 £=0.205 £=0.200 &=391x107 &=391x107° S=391=107
déini & x\\“d‘ - .L\\:" - ‘\_\“ __ . 1 E \.\ 5, - : \
=0.010 " : > = Sy G
£=0.200 &=0.205 ¢=0.200 £=0.200 &=10.205
=0015| - .= S 5=
c=0200 &=0.195 &=0200 &=0205 c=0.195
déini ::-' b < :\:\T\\E—‘":l %= s A — A =
=0.020 =l =N = s e —
E=0.200 £=0.200 E=0.200 £=0.200 E£=0.200

Then, in the first-order infinitesimal mechanism, the
stiffness of the model is lowest in the direction of X;
. Any first-order infinitesimal mechanism X' e R*?
can be represented by a linear combination of
X!,...,X}, with the arbitrary real coefficients

a,,...,8, as
' ' !
X'=a X+ +a,X,

Note that the vertices move almost only along the x,
-axis in the first-order infinitesimal mechanism. Eq
(12) for the existence of the second-order
infinitesimal mechanism turns into 19 independent

quadratic equations for a,,...,a,,. These quadratic
equations qualify the combination of a,,...,a,, to

make X' the potential finite mechanism. This
limitation of the combination of the coefficients may
lead to the bifurcation behavior of the equilibrium
path investigated in the following subsections.

5.3. Instability and Bifurcation at the Flat State

This section demonstrates that the equilibrium path
obtained by the method proposed in Sec. 4 is highly
influenced by the size of the initial path parameter
increment as well as the initial imperfection. As
summarized in Table 1, we have carried out the path
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(a) Without initial imperfection

(b) Imperfection mode 1

¢=391x107

(c) Imperfection mode 2

% e S O

&=0.10 &=025
x&xz S

X B
E=1.95x10°
x&‘xz : . _N\ < =

X| -

E=0.10 =025

E=0.50

(d) Imperfection mode 3

Figure 10: Deformation paths

tracing without initial imperfection and with the
imperfection mode 2 shown in Fig. 7 by changing
the standard step size as d&, =0.005, 0.010, or

0.015 in the path tracing procedure except for the
first equilibrium point search step. To investigate the
influence of the initial step size, the different step
size d&,, =0.005, 0.010, 0.015, or 0.020 are used
to find the first equilibrium points. Since the
deformation mode (assignment of the mountain and
valley to the crease lines) hardly changes after
£=0.2, we show the deformed shape at the step

around £=0.2 or the final step, if the analysis
terminate before £=0.2, in Table 1 to better

illustrate the deformation. As shown in Table 1,
different equilibrium paths are obtained by
changing the initial step size d&, , while the
standard step size d&, for the second and later

equilibrium point search does not significantly
change the equilibrium paths.

286

5.4. Path Tracing with Initial Imperfection

In this section, we will show the result of the
equilibrium path tracing from the perfectly flat state
and the results with the initial imperfections shown
in Fig. 7. The deformation modes and the locking
phenomenon of the crease lines are also investigated
by the physical experimental model shown in Fig. 8.

Figure 10 shows the deformation path with
d&, =0.05. The paths shown in Fig. 10(a) and (d)

are approximately the same. By assigning the
different initial imperfection, the different paths can
be obtained. The deformed shape may contain the
unfolded crease lines, and these crease lines may be
locked; e.g., in the equilibrium path shown in Fig.
10(c) where the path tracing has been terminated
with small £, the diagonal crease lines are locked

under the forced displacements in the x -direction,

and the forced displacements cannot increase due to
the locked mechanism.
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Figure 11: Value of coefficients of infinitesimal mechanism modes and the norm of residual vector

V

(a) Without imperfection / Mode 3

At every equilibrium point on the paths obtained
without initial imperfection and with the
imperfection modes 1 and 3, the rank of
compatibility matrix is 248, and the number of
kinematic indeterminacy is 4, while those are 247
and 5, respectively, at every equilibrium point on the
path with imperfection mode 2. The values of
coefficients of the first-order infinitesimal
mechanism modes investigated in Sec. 5.2 at an

equilibrium point X are computed by &, :<X, )_(i'>
(i=1,...,23) , and the norm of the residual is

computed  as HX—Zflai)_(fH. These values are

plotted in Fig. 11. It can be seen that the coefficients
of mode 1 is significantly larger than those of other
modes in every path in Fig. 10, that is reasonable
since the bending stiffness of the model is smallest
in the direction of mode 1. In addition, since the
infinitesimal mechanism modes do not include the
vertex displacements in x, - and x, - directions, the

norm of residual is quite large on every paths, which
corresponds to the higher-order term.

The locking phenomenon of the crease lines is also
confirmed by the physical experimental model as
shown in Fig. 12, which approximately reproduces
each deformation mode in Fig. 10. In the
experimental model, the curtain rail on the right side
of the picture cannot move to the negative x, -

direction due to the locked hinges.

(b) Mode 1

(c) Mode 2
Figure 12: Approximate reproduction of analysis results in Fig. 6 by experimental models
6. CONCLUSIONS

This paper has presented the panel-pin model, which
has been applied to the infinitesimal mechanism
analysis and the geometrically nonlinear equilibrium
path analysis of the rigid origami with multiple
degrees of freedom of mechanism. It has been shown
that the multiple equilibrium paths can be obtained
by assigning different initial imperfection in the
investigated crease pattern.
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