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The Poiseuille and thermal transpiration flows of a dense gas between two parallel plates are
investigated on the basis of the Enskog kinetic equation under the diffuse reflection boundary
condition. In contrast to the case of an ideal gas, the density and the gradients of pressure
and normal stress component in the flow direction are not uniform in the direction normal
to the plates for a dense gas. The nonuniform normal stress gradient contributes also to the
acceleration or deceleration of the thermal transpiration flow for small Knudsen numbers.
The profiles of mass and heat flows as well as the net mass flows are obtained for various
Knudsen numbers and ratios of the molecular diameter to the distance of plates. In the
analysis of the Poiseuille flow, most characteristics of a force-driven flow with a small force
are recovered. However, for the case of a dense gas, differences between the force-driven and
the present pressure-driven flows are observed even within the linearized regime for small
force and pressure gradient, especially at the microscopic level. The behaviour of velocity
distribution functions, in particular, the way of their approach to ones for the Boltzmann
equation as the molecular diameter becomes smaller, is clarified.

Key words:

1. Introduction

Gases in small systems, such as porous media with small pores and micro and nanodevices,
cannot be described properly by conventional fluid dynamics. This is because the mean free
path of gas molecules can be comparable to the characteristic length of system so that the
underlying assumption that the gas is very close to the local equilibrium breaks down due
to insufficient intermolecular collisions. The kinetic theory of gases is required to describe
their behaviour correctly.

Generally, solution of the Boltzmann equation, the governing equation in the kinetic
theory, is a formidable task since besides a time and a position the molecular velocity also
plays a role of independent variables and the term representing the effect of intermolecular
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collisions (the collision integral) is complicated. As for its numerical solution method, both
the stochastic direct simulation Monte Carlo (DSMC) method (see, e.g., Bird 1994) and
deterministic methods (see, e.g., Dimarco and Pareschi 2014, and the references therein)
have been developed continuously from earlier times. Owing to the continuous efforts of many
researchers, there is a huge accumulation of results for the flows of ideal gases these days (see,
e.g., Sone 2007; Cercignani 1988), which are described by the Boltzmann equation. There
are a large number of kinetic theory studies on classical problems in fluid dynamics such as
the Poiseuille flow, the Couette flow, etc. and those on phenomena peculiar to nonequilibrium
gases such as the thermal transpiration flow, which is induced by a temperature gradient along
a channel wall in the absence of an external force and a pressure gradient.

Meanwhile, when gases become dense, they exhibit non-ideal gas effects. Kinetic theory
descriptions are available also for this case. The Enskog equation, which can describe effects
owing to the finite size of molecules such as the excluded volume, and its extension, the
Enskog—Vlasov equation, in which long-range interactions are dealt with by a collective
mean field, have been widely accepted. Because the finite size of molecules is taken into
account in the Enskog collision integral, it is more complicated than the Boltzmann collision
integral. For these equations, the DSMC method was successfully constructed more than
two decades ago (Frezzotti 1997; Montanero and Santos 1996). Then, using this method
Frezzotti and his co-workers have conducted many studies on liquid-vapor systems based on
the Enskog—Vlasov equation (see, e.g., Frezzotti et al 2005, 2019).

Besides the liquid-vapor systems, the dense gas effects become relevant in small systems
such as nanoporous media, which has been activating the recent kinetic theory studies (see,
e.g., Wuet al 2016; Sheng et al 2020; Shan et al 2021). In these studies, the competition
of system characteristic length, mean free path and molecular diameter is focused on, and its
effect on the phenomena is investigated. This trend may be due to related applications such
as shale gas extraction where the pressure is high and the characteristic length is short, and
to the fact that deterministic numerical computations are becoming feasible thanks to the
extension of fast Fourier spectral method (Filbet et al 2006) to the Enskog equation (Wu et al
2015). However, all of the aforementioned works concentrate on the force-driven Poiseuille
flow, and currently, no other type of flow seems to be investigated at the same level.

Under these circumstances, a time-dependent heat transfer in a dense gas between two
parallel plates was investigated in Hattori et al (2022) and interesting features such as the
effect of the finite molecular size on the propagation of disturbance were demonstrated. In the
present work, we newly consider the thermal transpiration flow as well as the pressure-driven
Poiseuille flow of a dense gas between two parallel plates. Analysis of these flows for the case
of a rarefied gas is a fundamental problem in the kinetic theory (see, e.g., Cercignani and
Daneri 1963; Cercignani and Sernagiotto 1966; Niimi 1968; Sone and Yamamoto 1968;
Loyalka 1971; Niimi 1971; Hasegawa and Sone 1988; Ohwada et al 1989; Loyalka and
Hamoodi 1990; Kosuge et al 2005; Takata and Funagane 2011; Funagane and Takata 2012).
We investigate the counterpart problem for a dense gas. We clarify how finite-size effects of
molecules affect these flows, thereby aiming to contribute to increased understanding of the
dense gas flow characteristics.

The paper is organized as follows. In Section 2, the problem is stated and formulated.
The problem is reduced to the spatially one-dimensional boundary-value problems of the
linearized Enskog equation for the Poiseuille and thermal transpiration flows, in which the
ratio of the mean free path and that of the molecular diameter to the distance of plates
are included as nondimensional parameters characterizing the smallness of the system and
denseness of the gas. Then, the numerical method is briefly explained in Section 3. The
method is the iteration based on the integral formulation of the Enskog equation combined
with the fast Fourier spectral method for the computation of the collision integral. Section 4
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presents the numerical results, where we show the behaviour of the macroscopic quantities
(gradients of pressure and stress and profiles of density and mass/heat flow) as well as the
velocity distribution functions (VDFs). Comparison between the force-driven and the present
pressure-driven Poiseuille flows is also carried out. Section 5 concludes the paper.

2. Formulation
2.1. Problem and assumptions

Consider a dense gas between two parallel plates at rest located respectively at X; = +D /2,
where X; are the Cartesian coordinates. The two plates are kept at the temperature T, (X») =
To(1 + ¢t X2 /D) [cr = (D/Ty)(dT,, /dX3) is a constant], and the gas is subject to some
pressure gradient in the X, direction. We will find a solution that has a pressure gradient
constant in the X, direction (but nonconstant in the X; direction). There is no external force
acting on the gas. The average density of the gas over the cross section X, = 0 is given by
po- We will investigate the steady behaviour of the gas under the assumptions that (i) the
behaviour of the gas can be described by the Enskog equation for hard-sphere molecules
with a common diameter o and mass m with the factor of pair correlation being given
according to the Carnahan—Starling equation of state (Carnahan and Starling 1969); (ii) the
gas molecules are diffusely reflected on the surface of the plates; (iii) the magnitudes of the
applied temperature gradient |ct| and the pressure gradient (D/pg)|0p/dX;| are so small
that the equation and boundary condition can be linearized around the state that is achieved
when both gradients are absent (p is the pressure, pg = poRTy and R is the specific gas
constant).

Some comments on the appropriateness of the linearization assumption (iii) may be in
order. At a glance, the assumption might look restrictive to describe the flows well. However,
(1) the pressure and temperature gradients can in fact be small in small system like micro/nano
channels and porous media with small pores; (2) the assumption is actually employed also
in literatures (see, e.g., any references cited in the third sentence of the fifth paragraph
in Section 1); (3) it is reported (see, e.g., Ohwada et al 1989; Sharipov 2003; Ewart et
al 2007) that the results for rarefied gases obtained based on the linearized Boltzmann
or model kinetic equations agree well with experimental results for a wide range of the
Knudsen number. Based on these facts, the assumption is also employed here for the Enskog
equation. Phenomena due to nonlinear effects, expected to be significant when the applied
pressure or temperature gradient is not small, e.g., nonuniformity of temperature profile in
pressure-driven flow (Zheng et al 2002), are outside of the scope of the present work.

2.2. Basic equation and boundary condition

Let us denote by X = Dx the position, by (2RTp)!/?¢ the molecular velocity, by
00(2RTy)~3/2 f the VDF of gas molecules, by o = D& the molecular diameter, by pop the
density of the gas and by T}, = ToT), the temperature of the plates. Then, from assumptions
(1) and (ii), the behaviour of the gas is described by the following boundary-value problem
for f:

of af 14 1-6 1-6
a2l 0% Loy (128, 12T
ox| oxy k

2 2
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-y (,6 (x - %frk) ;no) fx-0k,0)f(x,0)

x(V-k)H(V - k)dkd{,, (2.1b)

. Y (o) _ 1 2-7q _ (po/m)ma?

Y(p 7]0) - Y(TIO) 5 Y(T]) - 2 (1 _ 7])3’ o = 6 5 (216)
/fd{ (2.1d)
=(+(V-Bk, i=0-V-bk, V=(.-¢ (2.1e)

k= %Kn, Kn = %0, b = [\/Eﬂaz(po/m)Y(no)]_] , 2.1

A Do 2 ) 1-0

b.c: = - = 2.
¢ g Te) @onmTE e
P =72,/ al / o fdg, 2.1h)
T (x2) Jis0
Ty (x2) = 1+ crxa, (2.10)

=1. 2.1j)

1 (1-6)/2
with 1T-& (/ /fd{dxl)
-0 (1-6)/2

Here, k is the unit vector in the direction joining centres of the colliding molecules, H is
the Heaviside function, i and png are the volume fractions of molecules corresponding to
the average and local densities which indicate denseness of the gas and ¢ = |{|, respectively.
The ¢y is the mean free path of gas molecules at the equilibrium state at rest with density
po and temperature 7y. We shall use k in place of the Knudsen number Kn to indicate the
degree of gas rarefaction (or smallness of the system). The Q is the Enskog collision integral,
and it includes the parts which are quadratic in f like the Boltzmann collision integral.
However, colliding molecules occupy different positions due to the finite molecular size, and
the collision frequency is increased by the function ¥ that represents an approximate pair
correlation function. Hence Q is a five-fold integral that is nonlocal in the position x as well
as £ and it is more complicated than the Boltzmann collision integral which is local in x. The
integration in Q is carried out over the whole space of £, and over the whole direction of k.
In the integral, quantities, here the VDF f(x + &'k, -) and the density p(x + (1/2)5k), are
read as zero if their arguments are outside of the domain {z = (z1, z2, z3)||z 1|1 < (1-6)/2}.
This rule is also applied to various integrals appearing later. The functional form (2.1¢) of
Y (or Y) corresponds to the Carnahan—Starling equation of state. The centre of a molecule
is able to move in the domain with a width D — o, which is narrower than the gap width
D by the molecular diameter o-. This fact is reflected to the collision integral (2.15) and the
condition (2.1j) as well as the equation (2.1a) and the boundary condition (2.1g).

Note that the nondimensional numbers k, 6 and 79 in (2.1) are not independent but are
related as (Sheng et al 2020)

k= ﬁ&;. (2.2)

2 6V2n0Y (m0)

In the present paper, k and &, the degree of gas rarefaction and the molecular size, are
considered as the parameters of the problem. We regard the volume fraction of molecules 7
as a function of k and & determined by (2.2). Its plot is shown in figure 1, which implies that
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Figure 1: Plot of the volume fraction of molecules 7 as a function of k for & = 0.001,
0.01, 0.05, 0.1 and 0.15.

the gas becomes more dense with the decrease of k and the increase of 6~ and that it becomes

144 less dense with the increase of k and the decrease of 7.

145

2.3. Macroscopic quantities
For later convenience, here we introduce the macroscopic variables besides the density given
by (2.1d). The flow velocity, temperature, pressure, stress tensor and heat-flow vector are
given by (2RTy)"/?%;, ToT', p = pop. popi; and po(2RTo)'/?4;, respectively, where 0;, T, p,
pij and §; are defined as the following moments of the VDF f :

b=~ / ifdg, (2.3a)
P

L2 s

T= Y ({k — Vi) fdd, (2.3b)
0

L Lt - R

p=pTx —————, n=pno, (2.3¢)

(1-n)3

pij =Py + by, (2.3d)

o8 =2 [ @90 - 5. (23¢)

(Y = ;//&k-k»f/(A(x+(lé'—&)k)' )f(x—d/k L) Fx+ (0 —a)k, Q)

pij ka 0 vy p 2 > 770 2 O % b}

x(V - k)*H(V - k)dadkdZd{,, (2.3f)
gi =g +q", (2.39)
g = / (& - 9% — )7 fdg, (2.3h)

s _ &k- F o N2 (52

q; ok //0 i [(&0 =90 = (Le = 00)]
xY(ﬁ(H(%fr—&)k);no)f(x—&k,é)f(ﬂ(fr—&)k,{)
x(V-k)H(V - k)dadkdZde, . (2.30)
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Equation (2.3c) is the Carnahan—Starling equation of state. The stress tensor p;; and the
heat-flow vector §; are given by a sum of two parts respectively. The first part, p &) and

L
5 (K) 5(V)

g; ', is called the kinetic part and has a familiar form. The second part, ﬁfjv.) and g, ", is
called the potential part (Cercignani and Lampis 1988), and it represents the contribution of
instantaneous transfers of momentum and energy in binary collisions.

2.4. Linearization

Recalling that we consider the situation where the applied temperature and pressure gradients
are small [see the assumption (iii) in Section 2.1], within the linearized regime, we can seek
the solution f of problem (2.1) as a sum of reference state and perturbation, as follows:

F=M(x1,0) +®(x1,x2,0) +0(®) (|®] < M), (2.4a)
M= pu()E(), EQ) =3¢, (2.4b)
®=cr {XzE(f) [@T(Xl) +(% - %)ﬁM(xl) +‘1’T(x1,€')}

+cp [02E()wp(x1) + Pp(x1,4)] . (2.4¢)

Here, some notes may be in order:

(1) The M is the reference state of the gas that is achieved when both the temperature and
pressure gradients are absent, i.e., when there is no driving factor in the system. While for an
ideal gas (the case of the Boltzmann equation) this state is a uniform equilibrium state at rest,
for a dense gas it is an equilibrium state at rest with a density distribution g, (x;) varying in
the direction normal to the plates [Frezzotti (1997); see also figure 2(a) shown later]. The
nonuniformity of the reference density is attributed to the fact that some of intermolecular
collisions which detach the molecules from the plates are forbidden near the boundary due
to their finite size and accordingly they are pushed to the plates.

(2) The ® is a perturbation around the reference state M. In its expression, the subscripts
T and P are attached to discriminate the quantities related to the thermal transpiration
and Poiseuille flows, respectively. The O(®?)-term in (2.4a) is the negligible error in the
linearized regime. As will be seen later in Section 4, when the molecular size ¢ is finite, the
pressure gradient dy, p and the stress gradient dy, p2; are not identical, and moreover they are
nonuniform in x;. Here, the latter is regarded as the driving force for the Poiseuille flow since
it is the stress rather than the pressure that has a role of the mechanical surface force. Thus, we
require that its average in the x; direction to be normalized and zero, in accordance with the

nature of the Poiseuille and thermal transpiration flows, respectively. To be more precise, with
P22 being evaluated with f = M+®, we require that (1-4)~! _((11__(2)//22 Ox, P22|er=0dx1 = cp

and (1-6)7" [ 77
represents the magnitude of the averaged stress gradient in the Poiseuille flow [|cp| < 1
by assumption (iii)]. Since Jy,p22 = dx,p = const. for the Boltzmann equation, cp also
corresponds to the magnitude of pressure gradient (D/pg)|dp/dX;| in this case. The parts
cpx2E(O)dp(x1) and crx2E(O) [dr(x1) + (£ = %)ﬁM (x1)] are the perturbed Maxwellians
representing the pressure (or stress) and temperature gradients, respectively. Recall that the
magnitude of the latter is represented by the coefficient ct[= (D /Ty)(dT,,/dX3)]. The Wr
and Wp, which are considered to be odd in {>, represent the respective flows.

(3) The expression (2.4) might look like an arbitrary assumption at a glance, however,
it turns out to be an appropriate form of the solution. It is an extension of the similarity
solution for a rarefied gas [see also, e.g., (2.8) in Takata and Funagane (2011) or (1) in
Ohwada et al (1989)] to the case of the dense gas, where the nonuniformity of densities

Ox, P22|cp=0dx1 = O for respective flows, where the constant cp
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in x; is taken into account here due to the finite molecular size both for the reference part
pm and the perturbed parts @t p [the case of Boltzmann equation corresponds to the case
Pm(x1) =1, Or(x;) = -1 and @p(x;) = 1]. To confirm the consistency of (2.4), actually
we can proceed in the following way, which is detailed in Appendix A. First, substitute
f =M = pyE into the equation (2.1a) and the condition for average density (2.1)). Then,
we reach the system which determines the reference density gy, (and M accordingly) with
no inconsistency. Second, introduce the perturbation ® and substitute f = M + ® [see also
(2.4a)] into the equation (2.1a), the boundary condition (2.1g) and the condition for average
density (2.1j), and neglect the second and higher-order terms of perturbation ® according
to the assumption (iii). Then, we are left with the linearized system for the perturbation @,
without any inconsistency. Third, substitute the expression (2.4¢) into the system for @ and
closely examine the resulting expressions, in particular those of the collision integral. Then,
we find that the form (2.4¢) introduces no inconsistency, and the systems for the perturbed
densities @T,p and the VDFs Wr p are accordingly obtained.

2.4.1. Problems of pyr, O1,p and Yt p

In (2.4), pum, @rp and Wt p are the functions to be determined. Following the above steps
explained in the item (3) or Appendix A, we find that the densities gy, O and @p satisfy
the following integro-differential equations, while the VDFs Wt and Wp are the solutions of
the following boundary-value problems of the linearized Enskog equation:

do (x . 1-06 1-0
P _ g ppny (128 < < 129, (2.50)
dx; 2
(1-6)/2
with _ P () = 1, (2.5b)
—0 J-(1-6)/2
ddg(x1) A 1-06 1-0
jx—l = Ki[&p. pul(x1) (- <x < ), (2.6a)
with K> [LLA)T,ﬁM] = JZ[ﬁM] -1, (2.6b)
K> [wp, pm] =1, (2.60)
oY 1 1-6 1-0
gl B - EL(TB) + ]ﬁ (- <x1 < ) ), 2.7a)
1-06
be. Wp=0 ({20, x=5—0). (2.7b)

2

Here, § = T,P in (2.6a) and (2.7). The Jy, J, and J3 appearing in (2.5a), (2.6D) and the
definition (2.11a) of the source term It shown later are integrals of pj; given by (B 1)
in Appendix B. The K, K> and K3 appearing in (2.6) and the definition (2.11) of Iz are
integrals that are linear with respect to wg given by (B 3) in Appendix B. The integrals J;
and K, represent the contribution coming from the collision integral Q to the densities Py
and wg. Equations (2.6¢) and (2.6b) are the reduced form of aforementioned conditions on
the stress gradient 0y, P2, explained in the item (2) of Section 2.4 (see also the last paragraph
in Appendix A.3). By these conditions (2.6¢) and (2.6)), @p and &, which satisfy the same
linear equation (2.6a) and are thus equal up to a multiplicative constant, are distinguished
each other. The L appearing in (2.7a) is the following Enskog collision operator linearized
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around the reference local equilibrium state M (x;, {):

L(!ﬁ)(x’g) :C(‘/’)(x,g)—V(xl,g)Qb(x,(), (2861)

Cy)(x.{) =

1 o IUUAY
nie ] {{pw et

7 (ﬁM (x1 _ 1%) ;no) W(x - ok, LN (x1.0)

2

o (114 G o) ) x4 G0 Ge + k1, €0 1)

(pM (1= St m) w3 a = Saowt o = st

x(V-k)H(V - k)dkd{,, (2.8b)
v(x1,4) = ! /?(ﬁM (Xl - 15'/61) '770)
' 2V2r 2 '
XM (xy — ki, Z,)(V-k)H(V - k)dkdZ,, (2.8¢)
where

. 1 5-2
Y1 (rino) = Y (o) UZO((I — r;()n)?‘) , (2.9a)
W) () = / W (x. )AL, (2.95)

In the decomposition (2.8a) of L, C is the integral operator with some smoothing property in
the molecular velocity ¢ and v is the collision frequency for the reference equilibrium state
M (x1,¢). The Y; given in (2.9a) is just a perturbed part of ¥ such that

Y(Oa +c W) sno) =Y (Basno) + ¢ W) Yi(Pmimo) + 0(c?) (e < 1). (2.10)

The source term Ig in (2.7a) is given in terms of the densities g3y and @t p as

It(x1,8) = —LEQ) [ﬁM(xl)(fz - %) +¢?)T(X1)}

_jf\/(%{{m [Or, pm](x1) +J3 [ﬁM](xl,g)}, (2.11a)
Ip(x1,8) = —HE(Qwp(x1) - k;@m(g)& [&p, P (x1)- (2.11b)

Thanks to the symmetry of the present problem with respect to the middle of the gap
x1 = 0, we can seek the VDF Wz with the following property:

1
Yp(x1,41,402,83) = Yp(—x1,-41, 0, 43) (0 <x; <

_&;ﬁ:T,P). (2.12)

Thus, hereafter, we impose the following condition

W5(0, 41,82, 43)

on Wg, which is obtained by substituting x;
WYgon—(1-0)/2<x <0.

=¥3(0,-01, 02, 83) (2.13)

= O into (2.12), and we consider the problem of
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2.4.2. Expressions of macroscopic quantities

Substituting the solution (2.4) into (2.1d), (2.3a)—(2.3¢), (2.3¢), (2.3f), (2.3h) and (2.3i),
within negligible error O(c3, c2) in the linearized regime, we have the following expressions

for the macroscopic quantities p, 9;, T, p, ﬁgf), ﬁ;;), c}}k) and c}fv):

P = pum(x1) + cTxadr(x1) + cpxadp(x1) + O(cp, c3), (2.14a)
b2 = cTu[Pr](x1) + cpu[Pp] (x1) + O(cp, c}), (2.14b)
D1 =0(ch, c2), P3=0(ch, c2), (2.14¢)
T=1+crxo+ O(c%,, C%), (2.144d)
P =P (xeD)S1(Py (x1)m0) + crxaGr(x1) + cpxaGp(x1) + O(c,cp),  (2.14e)
P = par (x1) + ernaG ) (1) + epraG )y (x1) + O(c. 3, (2.14f)
P = crP [Wrl(x1) + cpPE [Prl (x1) + O(c2, c2), (2.14g)
P =p® +03. ) pY = +0(G. A,

Py =0(ch.cd).  pYy =0(ch.c}), (2.14h)
P = Py () + erxaG Y (x1) + epxaG Yy (1) + O(ch, ), (2.14i)
ﬁg) = Pg?M (x1) + chng?T(xl) + chng?P(xl) +0(c3, c3), (2.145)
piy = erP) (1) + cpP ) (x1) + O(ch. 3, (2.14k)
P =pY +0(d 2, plY =0k 2, pl =0k, cd), (2.141)
a3 = crQ™ [Wr] (x1) + cpQ™ [¥p] (x1) + O(c}. }), 2.14m)
3y = c10y (x1) + cpQY (x1) + O(c3. 3. (2.14n)

Here,

Ak A~(k a A
Y = 0(c},d), 4 =0(ch.cd). 4 = 0(ch,h), @5 = 0(c}, c}).(2.140)

1
ulWp] = oo / $HYpdd, (2.15q)
Gt = pm(x1)S1(Pm (x1)10) + O1(x1) [S1(Pp (x1)10) + S2(Pm (x1)n0)], (2.15b)
Gp = @p(x1)[S1(Pm (x1)n0) + S2(Pm (x1)m0) ], (2.15¢)
_1+r+r2—r3 _2r(2+2r—r2)
Si(r) = W, Sy(r) = W, (2.15d)
G = pu (1) +or(x1), G, = dp(x1), (2.15¢)
PO W] =2 / [0Ysde, 2.15)
PRl = P, () + P [ (1), (2.159)
5
oMW = / o ({2 - 5) Ysds, (2.15h)
0 = 0™ [¥r](x1) - {u[‘PT] (x1) + i} P, (1) (2.15i)
T \/E 22.M ’

0L = QW [Wp](x1) — u[Pp] (x1)PLy (x1)- (2.15))
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The expressions of the stress contributions Pi‘l’) v Pg) e Pg?m and Pg’)wp and the gradients

11 Gi‘ﬁp, G;;?T and G;;?P, which are all defined as the integrals of the densities pps, OT

and @p, and those of Pg) [Wg] and oW [Wg], are given in Appendix C. Note that c7GT,

c1(Gayp+Gyyp) and cr(QW) [Pr] +01") [or cpGr, cp(Gay)p+GYy)p) and cp(Q™) ['Wp] +

l(,v))] are the gradient of pressure dy, p, that of (2, 2) component of stress Jy, P22 and the heat
flow g, for the thermal transpiration (or Poiseuille) flow, respectively within the linearized
regime [see (2.14¢), (2.3d), (2.14f), (2.14)), (2.3g), (2.14m) and (2.14n)].

It is better to mention again the expression (2.14) is obtained within the linearized regime.
At a glance, it might look strange that the temperature 7" is uniform for the Poiseuille flow
and that the diagonal kinetic-part stress components are equal to each other [see (2.14d) with
ct = 0 and (2.14%h)]. However, they are justified in the linearized regime, and deviations
from them are attributed to nonlinear effects of O(CI%, c%), which are neglected here due to
the smallness (see also the last sentence in Section 2.1). The cp 1 need to be sufficiently
small compared to 1, and in addition, compared to the degree of gas rarefaction Xk when we
consider the flow with small k. [Some of the quantities of interest in the present paper are of
O (k) rather than O(1).] Although there is no definite threshold, e.g., when cp,r < 0.001 or
cp,t < 0.0001, the nonlinear effects would likely not be significant for the cases presented
in Section 4, where £ is in the range [0.05, 10].

Also, as in other works based on the linearization assumption, flows between two infinitely
wide parallel plates are considered in the present work. Thus, when flows in a finite-length
channel with moderate pressure and temperature differences is considered, its length (and
the lateral width when a rectangular channel is considered as in experiments) needs to be
sufficiently long compared to both its gap width D and the mean free path so that the results
for infinitely wide plates give a good description of the flow (Sharipov 1999). Note that,
for the case of a rarefied gas, there is an experiment of pressure-driven flow (Ewart et al

2007) taking this condition carefully into consideration (the channel length and lateral
width are respectively about 1000 and 52 times the gap width). There, it is reported that the
experimental results agree well with numerical results for infinitely wide plates (Loyalka
1975) based on a model kinetic equation for a wide range of the Knudsen number about up
to 10.

2.4.3. Net mass flow and conservation law
Denoting by po(2RTy)'/? D M the net mass flow through the gap per unit time and unit length
in X3, M is given as
M = et My + cpMp + O(ch, c3), (2.16)
where
(1-6)/2
Mg = / P (s)u[Pg](s)ds. 2.17)
—(1-6)/2
Multiplying (2.1a) by {» and integrating the result over the whole space of £, we have the

following conservation equation for the momentum in the x, direction within the negligible
error in the linearized regime:

Op12 N 0pxn
3)61 sz

Substituting the expression of P> and pay [see (2.3d), (2.14f), (2.14g), (2.14)) and (2.14k)]
into (2.18) and integrating the result over [—(1 — &) /2, x1] with respect to x;, we obtain

crSt(x1) + cpSp(x1) = O(c3, c3), (2.19)

Rapids articles must not exceed this page length

=0(c3,c3). (2.18)
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where
" 1-&
Sprn) = P [Wg] (1) + P13 (x1) = P [¥p) (-——)
" %) )
¥ / oS+l |as @20
—-(1-6)/2
In obtaining (2.20), we have used the fact that the potential part of the stress Pg) 5 vanishes

on the boundary x; = —(1 — &) /2. The relation (2.19) will be used for the accuracy test of
our computation.

3. Numerical method

The densities Py, @t and @p, which are defined by (2.5) and (2.6), can be obtained
numerically by the method in Frezzotti (1997). Thus, the problem is reduced to (2.7)
with (2.13) for the VDFs Wt and Wp.

Let us explain the numerical solution method for the problems of W1 and Wp. We solve
them by using the iteration based on the integral formulation (Takata and Funagane 2011;
Hattori and Takata 2015) of the Enskog equation combined with the fast Fourier spectral
method (Filbet et al 2006) for the computation of the collision integral. Taking into account
(2.8a) and (2.13) and formally integrating the equation (2.7a) with respect to x|, we have

x I I 1o
‘Pﬁ(xl’g):.[(l_&)/ [k{ C(¥p) (s, )+—1/3(S {)]exp( 7 / V(P»()dp)dsy

&

(- <x1<0, ¢ >0), (B.la)

Ws(x1, ) = (0, L) exp (‘k% /0 1v<p,§>dp)

X1 1 1 X1
+ [ e+ 26,0 s - f [ o) as
1-

(_

where {~ = (={1,{2,¢3) and B = T, P. Since C is an integral operator, C(¥g) is mild in ¢
even if its argument function Wg is not. Thus, the factor of steep variation of Wg in { (or
{1) is explicit in this formulation, which will be advantageous in accurately capturing the
structure of the solution. The solution ¥g is constructed by iteration based on (3.1) from
its initial guess. The data of C(Wg) are computed by the fast Fourier spectral method from
the given data of Wg. The fast Fourier spectral method for the nonlinear Enskog collision
integral is explained in Wu et al (2015). Following the reference, we can prepare the method
for the linearized Enskog collision operator C in the present work. The spatial integration
with respect to p and that with respect to s in (3.1) are performed analytically after v and
(C(¥p), Ip) are interpolated respectively with piecewise linear and quadratic functions from
their data on the lattice points for position x;.
Information of lattice systems and accuracy is briefly given in Appendix D.

<x1 <0, 4 <0), (3.1b)

4. Numerical results and discussions
Figure 2 shows the quantities related to the density and the gradients of the pressure and the

(2,2) component of stress in the x,-direction, namely fys, &t and Op, G, G;‘;)T + Gé;)T’
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Figure 2: Profiles of quantities related to the density and the gradients of the pressure and

the (2, 2) component of stress. (a) A7, (b) & and dp, () G, (d) G + G () Gp

and (f) G%?P + Gg?P.

Gp and Ggg)P + Gg)rv for the molecular-size parameter & = 0.01 and 0.1 and the degree of
gas rarefaction k = 0.1, 1 and 10 (see also the last sentence in Section 2.4.2). The profiles
for small & and large k (e.g., for & = 0.01 and k = 10) are almost uniform and close to the
counterparts for the Boltzmann equation. On the other hand, for large 6~ and small & (e.g.,
for & = 0.1 and k = 0.1), or when the gas is dense, they vary significantly near the boundary

and are nonuniform in the x; direction. As for the origin of nonuniformity of densities fs
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and o p [figures 2(a) and 2(b)], see also the item (1) in Section 2.4. The gradient of the
pressure actually differs from that of the (2,2) component of stress [compare figures 2(c)
and 2(d), and figures 2(e) and 2(f)], even if their averages over x; are taken. This is in marked
contrast to the case of an ideal gas (or the Boltzmann equation), in which the gradients of
the pressure and the normal stress components are uniform and identical for each of the two
flows considered here. The stress gradient for the thermal transpiration flow is negative near
the boundary and positive in the central part of the gap [figure 2(d)]. That for the Poiseuille
flow is smaller in the central part of the gap than near the boundary [figure 2(f)].

The densities pps(x1) and @p(x;) shown in figures 2 seem to variate significantly only
near the boundary within the distance O () and approach to their values py,(0) and ©p(0) at
the middle of the gap. By using the rescaled distance from the boundary (x; + (1 —6)/2)/6
and semilog plot, figures 3(a)—(d) demonstrate the observation. The approach to the values
P (0) and ©p(0) in the uniform region is actually sufficiently fast in the scale of O(5).
Moreover, the magnitude of the deviation between the density on the boundary and that at
the middle of the gap is of the order of the volume fraction of molecules ¢ [figures 3(e)—(f)].
From these results, when & and k are decreased simultaneously so that 7 is finite, a thin
layer with the thickness of O (&) adjacent to the boundary, where the densities deviate up to
O(no) from their values in the uniform region outside the layer, is expected to appear.

In figure 4, the profiles of the mass flow ppsu[Wr] for the thermal transpiration flow are
shown for various values of the degree of gas rarefaction k and the molecular-size parameter
0. When £ is not small, the flow is smaller for larger 6 [see panel (a)]. Its main reason is
simply that the increase of the temperature along the plate in the units of the effective width
D — o where the centre of a molecule can move, which becomes shorter for larger o, is
small, so that the flow is less driven. This effect is more significant than the enhancement
of the flow due to the increase of the effective Knudsen number defined with the length
D — o, which should be taken into account too. Related observation will be done for the
net mass flow shown later. When £ is relatively small, in turn, as & increases, the flow is
enhanced over the whole gap including near the boundary. Indeed, for £ = 0.1, the mass flow
is larger for larger & [see panel (b)]. This is expected to be associated with the increase of the
thermal conductivity of the gas accompanied by the increase of &, which is explained by the
Chapman-Enskog theory for a dense gas (Chapman and Cowling 1991) for small Knudsen
numbers, because the thermal slip coefficient, which approximately represents the magnitude
of the induced flow, is likely larger for the gas with larger thermal conductivity, judging from
the relation between them for monoatomic rarefied gases. The negative gradient of stress near
the boundary also contributes to the increase of the mass flow there [see figure 2(d)]. With
further decrease of k, we observe considerable decrease of the mass flow in the central part
of the gap [see figures 4(c) and 4(d)]. Figure 2(d) implies that this is due to the deceleration
by the positive gradient of stress there. Incidentally, when k is small and & is large, although
the profile of the flow velocity u[W¥r] differs quantitatively from the mass flow gp u[¥r]
due to the nonuniformity of p,s, the qualitative features mentioned above is common with
u[¥Yr].

The profiles of the mass flow gy u[Wp] for the Poiseuille flow are shown in figure 5
for various values of the degree of gas rarefaction k£ and the molecular-size parameter &
The profile is flatter and the flow is smaller for larger 6, which is consistent with that the
magnitude of the Poiseuille flow is roughly inversely proportional to the viscosity for small
k and its increase accompanied by the increase of &.

Figure 6 shows the profiles of the heat flow for the thermal transpiration flow. When k is
small, the heat flow is enhanced for larger &, which is consistent with the aforementioned
increase of the thermal conductivity. It changes steeply near the boundary for large & as in
the mass flow. The profile of the heat flow for the Poiseuille flow is shown in figure 7. This
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Figure 4: Profiles of the mass flow of the thermal transpiration flow. gpsu[WT] versus x;.
(a) k =10, 1and 0.3, (b) k = 0.1, (¢) k = 0.07 and (d) k = 0.05.

heat flow is known to be owing to the effect of gas rarefaction in the case of an ideal gas
since it occurs under the isothermal condition and it has no direct relation to the thermal
conductivity and viscosity. Our result shows that heat flow of this kind is also enhanced with
the increase of 7.

Let us consider the force-driven flow, a flow driven by a uniform external force in the
direction parallel to the plates. This flow has been studied in the framework of kinetic theory
with an interest in non-Navier—Stokes effects such as the heat flow along the force direction,
the temperature bimodality and the anisotropy of normal stress components (see, e.g., Tij
and Santos 1994; Malek Mansour et al 1997). Note that these are nonlinear effects, i.e.,
they manifest themselves in second order in the magnitude of the normalized force. The
behaviour of the mass flow of the Poiseuille flow observed in figure 5 is similar to those of
the force-driven flow within the linearized regime for small force (Wu et al 2016; Sheng et
al 2020), where the aforementioned effects are suppressed sufficiently. Thus, we have also
carried out the computations of the latter case, which is described by the solution of the
problem (2.7) of Wp with the source term Ip being replaced by

~0pmE = Ir. “4.1)

Since Ip and I are identical for the Boltzmann equation (both are given by —{>E), so are the
VDFs (Wp and its counterpart) and the flow velocities, heat flows and shear stresses obtained
as their moments. On the other hand, for the case of a dense gas, there are differences for the
profiles of mass and heat flows between two cases although the differences are very slight
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Figure 5: Profiles of the mass flow of the Poiseuille flow. ppsu[¥p] versus xj. (a) k = 10
and 1, (b) k =0.3,(c) k =0.1, (d) k =0.07 and (e) k = 0.05.

[see figures 8(a) and 8(b), in particular, the curves for 6 = 0.15]. Recall that the expressions
of Ip and I [see (2.11)) and (4.1)] differ for the case of a dense gas. Actually, there is a
difference between their marginal functions

/_ /0 (Ip(x1,4). Ip(x1, £))dE2dds = (I (x1, &1), I (x1, &) (4.2)

near the boundary for large J- as shown in figures 8(c) and 8(d). For & = 0.1 and x| = —0.45,
their difference normalized by maximum, max,, |I]I - I;|/ maxyg, |I;|, is larger than 0.051
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Figure 6: Profiles of the heat flow of the thermal transpiration flow. 0® [Pr] + Q(TV)
versus x1. (a) k = 10, 1 and 0.3, (b) k = 0.1, (c) £k =0.07 and (d) k = 0.05.

(5.1%). This demonstrates that, for the case of the Enskog equation, there are differences
between the force-driven and the pressure-driven flows even within the linearized regime,
especially at the microscopic level.

In figure 9, we show the net mass flows for the thermal transpiration and Poiseuille flows.
In panels (a) and (b), Mt and Mp given by (2.17) are shown respectively, while in panels
(c) and (d), their ratios to the net mass flows for the case of the Boltzmann equation, say
Mt g and Mp g, are shown. The Mr exhibits the behaviour corresponding to that for the
mass flow profile observed in figure 4. Namely, as k becomes smaller, the enhancement of
the flow with the increase of & compensates the decrease of the effective gap width, and
consequently the values of the net mass flows are close to each other for different 6’s (e.g.,
for k = 0.1 and 0.07). With further decrease of k, the mass flow rate is smaller for larger 6
again because the flow decreases in the central part of the gap. For the Poiseuille flow, when
0 is small, the Knudsen minimum is clearly observed [see panel (b)], which is attributed to
that the braking effect due to the plate becomes smaller both as k¥ — 0 and k — oo (more
thorough explanation is found in the literature). On the other hand, as is also pointed out in
Wu et al (2016) and Sheng et al (2020) for the force-driven flows, the plot becomes flatter
for larger ¢ and the Knudsen minimum becomes more invisible. This is because the flow
is not enhanced in the central part of the gap as k becomes smaller; see the plot curves for
6 = 0.1 or 0.15 in figures 5(c)-5(e), which are almost unchanged. In figures 9(e) and 9(f),



378

379

380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396

18

0.05F
7

-4 Boltzmann ]
(I —--—- 0=0.001 E
N - in.Ol J

4 Bty
] i — 6=0.15 1
00504 03 0z 01 0 0035 04 03 0z 01 0

0.05}
of ;
g
| i | g
005550403 02 01 0 0553504 03 02 01 0
T T

Figure 7: Profiles of the heat flow of the Poiseuille flow. oM [wp] + QI(,V) Versus xj.
(a) k =10,1and 0.3, (b) k = 0.1, (c) k = 0.07 and (d) k = 0.05.

we show the following quantities

k Mg
- Moy

introduced by the conversion which corresponds to the replacement of the reference length
D by D — 0. As k. becomes larger, the plots for different 6’s exhibit the common trend,
which implies that the behaviour of the gas for large Knudsen numbers can be characterized
well in terms of the length D — o. This is consistent with the explanation of the mass flow
for the thermal transpiration flow given in the third paragraph of this section.

Figures 10—12 show the VDF Wr for the degree of gas rarefaction k = 0.1, 1 and 10 at three
spatial points x; = —(1 — &)/2, —0.25 and 0 as functions of the normal velocity component
{1 with ({3, {3) being fixed at (1.106,0). In the figures, the close-ups of the VDFs at the
boundary near {; = 0 are also shown in panel (b) of each figure. First, the following overall
behaviour similar to the case of the Boltzmann equation is observed:

o There is a jump discontinuity at ; = O on the boundary x; = —(1 — §)/2.

e When £ is small, the discontinuity is small and the VDFs behave moderately in the gas.

e When £ is large, the VDFs are localized around ¢; = 0 including in the gas.

However, for the finite molecular size & # 0, the VDFs deviate considerably from those for
the Boltzmann equation for {; < 0 near the origin on the boundary even when & is small
[see panel (b) of each figure]. As ¢ is decreased, while the values of macroscopic quantities
approach those for the Boltzmann equation uniformly in x; (see, e.g., figures 4 and 5), the

k= (B=T,P) (4.3)
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Figure 8: Comparison between the pressure-driven and force-driven Poiseuille flows for
the mass flow, heat flow and marginal source term. k = 0.1. (a) ppru[Pp],
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(b), the symbols indicate the pressure-driven case, while the solid lines the force-driven
case. In (c) and (d), the solid lines indicate the pressure-driven case, while the dashed lines
the force-driven case.

VDFs exhibit nonuniform approach in (xy, £1). In the following, we consider the cause of
this behaviour of the VDFs with the aid of the expression (3.15). Since the first term in the
right-hand side of (3.10) is exponentially small for || < 1, we only have to examine the
second term. As in the case of the Boltzmann equation, the integral C(Wr), the collision
frequency v and the source term I are smooth in velocity ¢ (or ;) also for finite &, which
can be confirmed actually from the numerical results. Thus it is the exponential function
that induces the steep variation of Wt in {; < 0 near the origin. Taking into account the
expression of the argument of the exponential function, we see that only the integrand in the
range |s + (1 — &) /2| < k|{1| actually contributes to the integral with respect to s. In the
meantime, C (Wr) and v vary significantly in x; in the region within O () from the boundary
as figure 13 implies. Thus, for [{1] < &/ k, Wg is determined from C(¥g) and v substantially
affected by the boundary and accordingly its value may deviate largely from that for the case
of the Boltzmann equation. To confirm the estimate, we show the deviation of the VDF Wt
from that for the case of the Boltzmann equation Wr g, say AWt = W1 — W1 g, normalized by
its value at {; = —0 in figure 14. When they are plotted as functions of k¢ /0, they overlap
well each other for large k and small . This supports the above estimate. Note that Wp also
has the features described in this paragraph although their figures are omitted.

The comparison of the results shown in this section with other approaches like molecular
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Figure 9: Quantities related to the net mass flows for the thermal transpiration and
Poiseuille flows. (a) M, (b) Mp, (c) Mt /Mt B, (d) Mp/Mp B, (6) MT,, and (f) Mp ..

415 dynamics (MD) simulation is not carried out here since unfortunately it is difficult to find the
416 simulation result of a corresponding system such as molecules under the dense gas condition
417 confined in the channel joined to two reservoirs maintained at different temperature and
418 pressure. However, instead, let us mention some known correspondences between results
419 obtained by the Enskog equation and molecular dynamics, which supports the description of
420 phenomena in dense gases based on the kinetic theory:

421 (1) It is known that the profile of reference density obtained from the Enskog equation,
422 Pp(x1) in the present paper, agrees well with that obtained by the MD simulation [see, e.g.,
423 Fig. 6 in Frezzotti (1997)].
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Figure 10: The VDF Yt at ({7, {3) = (1.106,0) for k =0.1. (a) x; = —=(1 = 6)/2,
(b) close-up of (a), (c) x; = —0.25 and (d) x| = 0.

(2) For the force-driven flow, it is demonstrated in Sheng et al (2020) that the velocity
profile obtained from the Enskog equation agrees well with that obtained by the MD
simulation (see Figs. 5 and 6 in the reference).

(3) As for the thermal response, heat flow as well as the profiles of stress, density and
temperature between two parallel plates kept at different constant temperatures obtained from
the Enskog equation agrees well with that obtained by the MD simulation [see Frezzotti
(1999)].

5. Concluding remarks

We have investigated the thermal transpiration and Poiseuille flows of a dense gas between
two parallel plates based on the Enskog equation under the diffuse reflection boundary
condition. The problem was linearized around the local equilibrium state that is achieved in
the absence of driving sources. Then, the reduced spatially one-dimensional problems were
solved numerically by a method based on the integral formulation combined with the fast
Fourier spectral method for the computation of the Enskog collision integral. Our findings
in the present work are summarized as follows:

(i) In contrast to the case of an ideal gas, the density and the gradients of pressure and
normal stress component in the flow direction are not uniform in the direction normal to the
plates for a dense gas. The nonuniformity or significant variation has been observed near
the boundary within the distance of the order of molecular diameter for various quantities
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Figure 11: The VDF Wt at ({», £3) = (1.106,0) for k = 1. (a) x; = —(1 - 6)/2,
(b) close-up of (a), (c) x; = —0.25 and (d) x| = 0.

for a dense gas. The nonuniform normal stress gradient contributes to the acceleration or
deceleration of the thermal transpiration flow for small Knudsen numbers.

(i1) The behaviour of mass and heat flows as well as net mass flows has been clarified for
various Knudsen numbers and ratios of the molecular diameter to the distance of plates.

(iii) In the analysis of the Poiseuille flow, most characteristics of the force-driven flow with
a small force are recovered. However, for the case of a dense gas, differences between the
force-driven and the present pressure-driven flows are observed even within the linearized
regime for small force and pressure gradient, especially at the microscopic level.

(iv) The behaviour of VDFs, in particular, the way of their approach to ones for the
Boltzmann equation as the molecular diameter becomes smaller, has been clarified.
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Appendix A. Outline of linearization procedure

In this Appendix, we summarize the outline of the linearization procedure for the Enskog
equation.

A.1. reference equilibrium state

First, substitute f = M = pp(x1)E(() into equation (2.1a). Then, the left hand side (LHS)
of (2.1a) is recast as
dp
[LHS of (2.1a)] = &1 E(¢) 2M Y pM @) (A1)
On the other hand, the right hand side (RHS) of (2.1a) is transformed as

[RHS of (2.1a)]

kzm )4 (pM ()q + 20'k1) 770) Pm(x1+ k) E(L)pm(x1)E(L)

 pue [11= 5741 0 a1 = Gh B ) B |7 (T - Rk,

1 A 1. A R R
= _kzm Y (,OM (x1 - E(rlq) ;770) P (x1 — k) par(x1)
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Figure 13: Plots of the collision integral C(¥t) and the collision frequency v at
(£2,43) = (1.106,0) for k = 1. (a) C(¥T) atx; = —(1 - 0)/2, (b) C(¥1) atx; = —0.25,
(©)vatx; =—(1-06)/2,(d) vatx; =-0.25,and (e) v at {; = 0.

X(V-k)[H(=V - k) + H(V - k)] E(&)E()dkdg,

1 N 1
kzm/Y(ﬁM (X1 - z&kl);no)ﬁM(Xl —0k1)pm(x1)
X(L1ky + $oko + {3k3)E($)dk
2

LR 1
kzmﬁM(xl)ﬁE({) /1 Y (ﬁM (xl - Eﬁ'Z) ;770) Pm(x1 —07)zdz
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= 0EWQ)N[pm](x1), (A2)

where J; is given in Appendix B. Note that (1) at the second equality, E({))E({") =
E(Z.)E(Z) is used and change of a variable k — —k is applied for the first term in the
integrand; (2) at the third equality, H(-V - k) + H(V - k) = 1 is used and the integration
over ¢, is carried out; (3) at the fourth equality, with the x| direction as the polar direction,
the integration with respect to the azimuthal angle of k is carried out (then the contribution
from the parts multiplied by {»2k» and {3k3 vanish) and that with respect to the polar angle
of k is expressed as the integral with respect to the variable z.

Equating (A 1) and (A 2), we have the equation (2.5a) for the density pas(x;). Since M
is a Maxwellian, it satisfies the diffuse reflection boundary condition (2.1¢) with the plate
temperature T}, (x2) being replaced by the reference temperature 1. Substituting f=M-=
Pm (x1)E(£) into the condition (2. 1)) for average density, 1mmedlately we have (2.50). When
the density pas(x1) satisfies (2.5), the local equilibrium state M = pps(x1)E(¢) satisfies the

Enskog equation (2.1a) in the domain —170' <x1 < IT(’

A.2. perturbation

Now, let us introduce the perturbation, ®@, and express f as f = M + ®. Then, subtracting
Enskog equation (2.1a) for f = M from that for f = M + ®, we have

5o raGe = 1001 +@) - 0UD] = L@ +0(@), (A

where L is the collision operator linearized around the reference local equilibrium state
M (x1,¢). The expression (2.8) of L is obtained in a straightforward way by using the
transformation ¥ (p) ff = [¥ (pa0)+(@) Y1 (pn)+O (D) | (M+D)(M+D) =¥ (ppr) MM+
{Y (pm) (M® + DM) + (@) ¥y (ppr) MM} + O(D?) [see also (2.10)].

Subtracting the boundary condition (2.1g) or the condition (2.1;) for average density for
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f = M from those for f = M + ®, respectively, we have

1-6 3
be.  ®=|pw+pum (: 2”) (42— E)chz]E<§)+0(ch>,cI>2),
1-6
((120, x1 =% 5 ), (Ada)
5 1 . 1-6
Pw = =5 CT2PM (J_r ) F2Vn 5 1@dd, (A 4b)
4150
(1 )2
with ( / cI)d{dxl) =0. (Adc)
-4)/2

Derivation of (A 4) is straightforward and parallel to the case of Boltzmann equation.

A.3. form of perturbation

We need to find the appropriate form of the perturbation ® such that @ represents the gradients
of temperature and pressure (or stress) and satisfies its equation (A 3) and conditions (A 4)
within the linearized regime.

For the Boltzmann equation, it is known that such a solution @ can be sought in the form

®=cr [)QE(() (—1 +({ - %)) +¥r(x1, )

+¢p [02E(0) +Pp(x1.0)] (AS)

where ép is a small constant and Wt and Wp are odd in {>. The bar is attached to discriminate
the quantities from those for the Enskog equation. Calculating the temperature T and the stress
Pao with f M +® for the Boltzmann equation, we have T = 1+cxs and prs = 1+épxa (= p)
within the linearized regime [the negligible O (c T) error terms are dropped in these
expressions]. We see that ¢p corresponds to the gradlent of stress (or pressure) in the x;
direction. The problem for ® is rewritten to those for ¥t and Pp.

Unfortunately, for the case of Enskog equation, the form (A 5) can not satisfy the equation
(A 3) and a modification is required. A clue for an appropriate modification is that the refer-
ence state M is a Maxwellian with uniform temperature but variable density profile in the x,
direction for the case of Enskog equation. We attempt to make the perturbation have the corre-
sponding properties too. Accordingly, we introduce perturbed density profile, say & (x1) and
wp(x1), as well while keeping the temperature is constant in x;. This leads to the introduction
of the form (2.4¢) of @, iie., @ = c1 {x2E({) [dr(x1) + (% = )pm(x1)] + Pr(x1, O} +
cp [x2E(0)dp(x1) + Pp(x1, ¢)]. Note that the case of Boltzmann equation corresponds to
the case ppr(x1) =1, Or(x1) = -1 and Op(xy) = 1.

Calculating the temperature 7" and the stress p, with f = M + ® for the Enskog equation,
we have 7 = 1 + ¢1x; and

A ~(k
po= Py +pY (# p)

= [pM(x1)+P22M(xl)]
+era[GH) () + G ()] + cpra[ G (x1) + G (k)] (A6)

within the linearized regime [the negligible O(c3, cT) error terms are dropped in these

expressions], where G = Py (x1) + O1(x1) and G = = @p(x1), and the expressions of

22 T 22, P
the stress contribution Pg) ), and the gradients Gg)T and G;Z)P are given in Appendix C. The

calculation of ﬁé; is parallel to the case of Boltzmann equation. As for that of pg) [(2.3N],
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thanks to the explicit functional form of ® in { except the parts of W p, the integration with
respect to ¢ and £, can be carried out firstly with k and & being fixed and that with respect
to the azimuthal angle of k can also be carried out subsequently. The contribution from ¥ p
vanishes due to their oddness in £>. Now, in accordance with the nature of the Poiseuille and
thermal transpiration flows, we require that

L e (k) )
=5 gy |G+ Oy pa)ldri = 1, (A7a)

! e (k) )
[GZZ’T(XI) + GQZ’T(XI)]dxl =0. (A7b)

1-6J (1-6)2

514 See also the item (2) in Section 2.4. Under (A7), cp corresponds to the gradient of stress
515 in the x; direction averaged in the x; direction [see (A 6)]. Substituting the expressions of

si6 GvY) and G5 into (A 7a) and (A 7b), they reduce to the subsidiary conditions (2.6¢) and

517 (2.6b) for wp and . Their derivations are straightforward.

518 A.4. compatibility of perturbation

519 Finally, we have to check if the solution @ of the equation (A 3) under the conditions (A 4)
520 can be sought without any inconsistency in the form (2.4¢) within the negligible error in the
521 linearized regime.

522 Since ®|,-0 = cvW¥1 + cp¥p and Wr p is considered to be odd in {3, the condition (A 4c¢)
523 for average density is satisfied automatically. Substituting (2.4¢) into the boundary condition
524 (A4a) and (A 4b) leads to the homogeneous boundary condition (2.7b) for Wt p, whose
525 derivation is parallel to the case of Boltzmann equation. The remaining is to check the
526 compatibility to equation (A 3).

527 Substituting (2.4¢) into equation (A 3) for @, its LHS is recast as

oD oD dor(xi) o 3. dom(x1)
gla_)ﬂ+§23_)cz_ CT{X2§1E(§)[ & +(¢ 2)—dx1 ]
oYt R s 3.
528 +§1—a (x1,4) + LE(Q) [wT(xl)‘i‘({ ——)PM(Xl)“
X1 2
do oY
529 +cp {me({) “’;fxl) +05 P(x1,§)+§2E(§)@P(X1)}~ (A8)
| X1

530 We see that the terms in (A 8) can be classified into three different kinds of terms according
531 to their functional form with respect to x5 and : (1) ctx2l1E(0) (&% = 3/2)dpas (x1) /dxy,
532 (2) et px2l1 E(Q)ddr p(x1) /dxy, (3) et {£10Pr(x1,£)/0x1 + HE(O) [Or(xr) + (¢2 = 3)pm (x1)]}
533 and cp {£10Vp(x1,{)/0x1 + HE(C)Op(x1)}. The terms of third kind are odd in ¢; and do
534 not depend on x».
For RHS of (A 3), first let us rewrite the form (2.4¢) as ® = (ct¥1 + cpPp) + cr2E(L 2_
%),6 M + X2E (c1dt + cpdp). Then substituting it into the RHS of (A 3) and making use of
the linearity of the collision operator L, we have

1 1
—L(®) = —L(ct¥r1 + cp'¥p)
k k
1 3. 1 N N
+%L(CTX2E(§2 - E)PM) + zL()QE(CTCUT +cpwp)), (A9a)

where

1 1 1
EL(CTLPT +cpWp) = CTEL(‘PT) + CPzL("PP), (A 9b)
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1 3
%L(CszE(fz - E)ﬁM)

OE(()
k2\2n

= el E(O(L - %)Jl[pM](xl)_CT J3[om](x1,4), (A90)

1 R .
%L(XZE(CTU)T + cpp))

= el E(OK [Or, pum](x1) — e :f\/(gleﬁ [OT, pm](x1)
+epx2 (1 E(O) Ky [@p, pm](x1) — cp CE() OHK3[op, pum](x1) (A9d)

k2\2rn

535 and the integrals Jq, J3, K| and K3 are given in Appendix B. Derivation of (A 9¢) and (A 9d)
536 can be done straightforwardly in the similar way as (A 2), where the same kind of operations
537 [see the items (1)—(3) after (A 2)] can be used again. When the arguments proportional to
538 xj are substituted into the collision operator L(¥) [(A9¢) and (A 9d)], due to the position
539 displacements x + Gk for y and x + (6-/2)k for () [see also (2.8)], factors with x, + 6k, and
540 xp % (6-/2)k, occur in the integrand of L(y). Then, the contribution from parts proportional
541 to x; gives the first term of RHS of (A 9c¢) and the first and third terms of RHS of (A 94d),
542 and that from parts proportional to =5k, and +(5/2)k, gives the second term of RHS of
543 (A 9c) and the second and fourth terms of RHS of (A 9d), respectively.

544 Corresponding to the classification after (A 8), the terms in RHS of (A3), %L((b)
545 given in (A9), can also be classified into: (1) crx2liE(0) (&% - %)Jl [6m](x1),
546 (2) crpx2l1E(O)K1 [drp, par](x1) and (3) e1 p(1/k) L(Wr,p). —c1(FE (L) /k2N2m) I3[ par] (x1. £)
547 and —cT,p(é'E(g“)/kZN/ﬂ){ng [@1,p, O] (x1). The terms of third kind can be confirmed
548 to be actually odd in {5.

549 Finally, we equate (A 8) and (A 9a) by taking into account the classification (1)—(3) of the
550 terms. For the first kind of terms, because the equation for gz, dpas (x1)/dx; = J1[Pap] (x1),
551 holds, we find that they nicely cancel out. Equating the second kind of terms, we obtain the
552 equation (2.6) for &t p. Equating the third kind of terms, the equation (2.7) for Wt p with the
553 source term (2.11) is obtained.

554 Appendix B. Definitions of J; and K;
The integrals Ji, J; and J3 in (2.5a), (2.6b) and (2.11a) are given by

1 |x L
Ji[pm](x1) = %\/;ﬁM(xl) /1 Y (Pm (rm) :10) Pm (ro)zdz, (B 1a)
N~ (1-6)/2 po pl »
Blpy] = ——Y / /(1—z>Y<;3 (re) 10)
M k(1 =) Sy Jo S M ¢
Xpm (ra)pm (rp)dzdads, (B 1b)
1 N 1
Bpml(x1,4) = - / koY (ﬁM (xl + zé'kl) ;770)
Xpm (x1+ k) pm(x1)Z({ - k)dk, (B 1c)
where
fo=Xx1—02, Frm=x1—-302 (B 2a)

2
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1
rg=s—a&z, rp=s+(0-0a)z, rc=s+(§€r—d/)z, (B2b)
_ 1 2 _t2 \/; 3 l _ 2 4 _TZ
(0= 5(1-Me™ + X Er)(l erf(t)), erf(f) = N3 A UED

The integrals K1, K, and K3 in (2.6) and (2.11) are given as follows:

1
K1(0p. 1) = 3| [T e ) 0) (9 10) 3050 + ) )

1
+/ Y1 (bm (rm) 3710) @ﬂ(rm)ﬁM(ro)ﬁM(xl)ZdZ], (B 3a)
. . \/; (1- 0')/2/ /
K , = 1-
2[Dp, Pm] 4\51{(1 P I ( Z

X{f’ (Om (re) 3m0) [ﬁM(Va)@ﬁ(Vb) + tf)ﬁ(ra)ﬁM(rb)}

+11 (Pa (re) 310) D (re) ﬁM(Va)ﬁM(rh)}dzd@dS

1 (1-6)/2
op(s)ds, (B 3b)

1-6J (1-6)2

1
K3[@g, pm](x1) = ﬂ[1(1 —22)[? (Op1 (rm) 5m0) ©p(1ro)Par(x1)

1,
371 e (1) 10) (1) (a0 B30

555 Appendix C. Definitions of several moments
The PV P3yy Gy Giylp P, PLY [Pg] and Q) [Wg] in (2.14) and (2.15) are
given by

P(V) R
””ﬂ o / / [ ]Y(ﬁM(rc>;nomM(rA)ﬁM(rB)d&dz, Cla)

4\/_k.// [1—2}

.M
X{? (bm (rc) 5m0) [ﬁM(VA)(f)T(VB) +@t1(ra)pm(rp)

v
G ,T

v)
G22 T

+¥1 (bm (rc) 310) @1 (re) Py (ra)pum (r)

+¥ (pm (rc) 3m0) ﬁM(VA)ﬁM(FB)}d@dz, (C1b)

Py // 21— )
12(,0'1‘ 4\/_]{ (
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v 1 & ~ R 1,\ R
Piz)[q‘ﬁ] = ok ‘/0‘ // kikyY (pM (xl + (zo—_a)kl) ;770)
x[l}f)(g k)pm (xy — k) ¥g(x1 + (65— @)k1, &)

+157(¢ - k) par(x1 + (0 = @) k1) Wp(x) — aky, {)]dg‘dkd&,(c 1d)

g o 7 5 4 . ) )
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X[I(QH({ “k)pp (x1 — ak)¥p(x1 + (6 — @)k, )

+I(Q_)(§ k)P (x1 + (0 — @)k)Pp(x) — aky, {)]d{dkd&, (Cle)

where
1
ra=xi—a&z, rg=x1+(-az, ”szl*'(za'_&)z’ (C2a)
Iﬁ)(t) = n_l/Z/ (712 dr, (C2b)
=+t
15 (1) = 1712 / (rF0X(r £1)e " dr. (C20)
=+t

The (G EY?P, Gg’)P) and Pi\zl,)wp are respectively given by the definitions of (GH?T, G;;?T)

and Pg,)m with their respective last terms ¥ (P (rc):n0)pm (ra)pum (rg) and (30 -

&)Y (P (re);no)pm (ra)pa (rg) in the curly brackets being dropped and & being replaced
by Wp.

Appendix D. Information of computations

In this Appendix, the information of computations is briefly described. The results shown
in Section 4 are those obtained with the molecular-velocity lattice system consisting of
336 x 64 x 64 points in {1{>{3-space and the spatial lattice system consisting of 181 points.
For /1, the minimum lattice interval is 1.243 x 107> around ¢; = 0, while the maximum
interval is 0.0931 around ; = +4.5. For > and {3, the lattice interval is uniformly 0.369.
For x1, the minimum lattice interval is 5.242 X 1073 around x1 = —1/2, while the maximum
interval is 6.944 x 1073 around x; = 0 in the case of & = 0. In the case of & # 0, this
arrangement is shrunk to the interval [—(1 — §)/2,0]. In the computation of the collision
integral, 192 x 64 x 64 modes in the frequency domain for {;{»>{3-space and 32 and 16
Gauss-Legendre quadrature points for the polar and azimuthal angles of vector k (with the
x1 direction as the polar direction) are used. The results shown in figures 2—14 are those
for which numerical convergence has been judged within the error invisible in the figures
through the comparison with the results obtained with other lattice systems and parameters.
The momentum conservation law (2.19) provides another measure of accuracy. The values
of |St| and |Sp|, which should theoretically be zero within the linearized regime, are bounded
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respectively by 6.0 x 10~ and 3.0 x 107> for all values of k and & chosen. This also supports
the accuracy of the present computation.

REFERENCES

BirD, G.A. 1994 Molecular Gas Dynamics and the Direct Simulation of Gas Flows. Clarendon.

CarNAHAN, N.F. AND StARLING, K.E. 1969 Equation of state for nonattracting rigid spheres. J. Chem. Phys.
51, 635-636.

CERrcIGNANTI, C. 1988 The Boltzmann Equation and Its Applications. Springer.
CERCIGNANI, C. AND DANERI, A. 1963 Flow of a rarefied gas between two parallel plates. J. Appl. Phys. 34,

3509-3513.

CERcIGNANT, C. AND Lampis, M. 1988 On the kinetic theory of a dense gas of rough spheres. J. Stat. Phys.
53, 655-672.

CERCIGNANI, C. AND SERNAGIOTTO, F. 1966 Cylindrical Poiseuille flow of a rarefied gas. Phys. Fluids 9,
40-44.

CHaPMAN, S. AND CowLING, T.G. 1991 The Mathematical Theory of Non-uniform Gases, 3rd edn. Cambridge
University Press.

Dimarco, G. AND ParEscHI, L. 2014 Numerical methods for kinetic equations. Acta Numerica 23, 369-520.

Ewart, T., PERRIER, P., GRAUR, I.A. AND Mf£oLaNs, J.G. 2007 Mass flow rate measurements in a
microchannel, from hydrodynamic to near free molecular regimes. J. Fluid Mech. 584, 337-356.

FiLBET, F., MouHort, C. aAND Pareschl, L. 2006 Solving the Boltzmann equation in N log, N. SIAM J. Sci.
Comput. 28, 1029-1053.

FrezzoTTI, A. 1997 A particle scheme for the numerical solution of the Enskog equation. Phys. Fluids 9,
1329-1335.

FrezzorTi, A. 1999 Monte Carlo simulation of the heat flow in a dense hard sphere gas. Eur. J. Mech.
B/Fluids 18, 103—119.

FrEzzOTTI, A., BARBANTE, P. AND GIBELLI, L. 2019 Direct simulation Monte Carlo applications to liquid-
vapor flows. Phys. Fluids 31, 062103.

FrezzorTi, A., GIBELLI, L. AND LorENZANI, S. 2005 Mean field kinetic theory description of evaporation
of a fluid into vacuum. Phys. Fluids 17, 012102.

FunaGaANE, H. AND TakaArTa, S. 2012 Hagen—Poiseuille and thermal transpiration flows of a highly rarefied
gas through a circular pipe. Fluid Dyn. Res. 44, 055506.

Hasecawa, M. AND SonE, Y. 1988 Poiseuille and thermal transpiration flows of a rarefied gas for various
pipes. J. Vac. Soc. Japan 31, 416-419 (in Japanese).

Hattori, M. AND TAKATA, S. 2015 Second-order Knudsen-layer analysis for the generalized slip-flow theory
L. Bull. Inst. Math. Acad. Sin. (N.S.) 10, 423-448.

Hattori, M., TANAKA, S. AND TakATA, S. 2022 Heat transfer in a dense gas between two parallel plates.
AIP Adv. 12, 055220.

Kosuatg, S., Sato, K., TAKATA, S. AND Aoki, K. 2005 Flows of a binary mixture of rarefied gases between
two parallel plates. AIP Conf. Proc. 762, 150-155.

LovaLrka, S.K. 1971 Kinetic theory of thermal transpiration and mechanocaloric effect. I. J. Chem. Phys.
55, 4497-4503.

LoyaLka, S.K. 1975 Kinetic theory of thermal transpiration and mechanocaloric effect. Il J. Chem. Phys.
63, 4054-4060.

LoyaLka, S.K. axnp Hamoopr, S.A. 1990 Poiseuille flow of a rarefied gas in a cylindrical tube: Solution of
linearized Boltzmann equation. Phys. Fluids A 2, 2061-2065.

MAaLEK MANSOUR, M., Baras, F. AND Garcia, A.L. 1997 On the validity of hydrodynamics in plane
Poiseuille flows. Physica A 240, 255-267.

MonNTANERO, J.M. AND Santos, A. 1996 Monte Carlo simulation method for the Enskog equation.
Phys. Rev. E 54, 438-444.

Nimi, H. 1968 Thermal creep flow of rarefied gas through a cylindrical tube. J. Phys. Soc. Japan 24, 225.

Numi, H. 1971 Thermal creep flow of rarefied gas between two parallel plates. J. Phys. Soc. Japan 30,
572-574.

OHwADA, T., SoNE, Y. AND Aoki, K. 1989 Numerical analysis of the Poiseuille and thermal transpiration
flows between two parallel plates on the basis of the Boltzmann equation for hard-sphere molecules.
Phys. Fluids A 1, 2042-2049.



629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651

32

SHAN, B., CHEN, S., Guo, Z. AND WANG, P. 2021 Pore-scale study of non-ideal gas dynamics under tight
confinement considering rarefaction, denseness and molecular interactions. J. Nat. Gas Sci. Eng. 90,
103916.

Suarrpov, F. 1999 Non-isothermal gas flow through rectangular microchannels. J. Micromech. Microeng.
9, 394-401.

Suarripov, F. 2003 Application of the Cercignani—Lampis scattering kernel to calculations of rarefied gas
flows. III. Poiseuille flow and thermal creep through a long tube. Eur. J. Mech. B/Fluids 22, 145-154.

SHENG, Q., GiBELLI, L., L1, J., Borg, M.K. AND ZHANG, Y. 2020 Dense gas flow simulations in ultra-tight
confinement. Phys. Fluids 32, 092003.

SonE, Y. 2007 Molecular Gas Dynamics: Theory, Techniques, and Applications. Birkhduser, Supplementary
Notes and Errata: Kyoto University Research Information Repository (http://hdl.handle.net/
2433/66098).

SonE, Y. AND YamaMorTo, K. 1968 Flow of rarefied gas through a circular pipe. Phys. Fluids 11, 1672-1678.

TAKATA, S. AND FunaGang, H. 2011 Poiseuille and thermal transpiration flows of a highly rarefied gas:
over-concentration in the velocity distribution function. J. Fluid Mech. 669, 242-259.

Tu, M. AND SanTos, A. 1994 Perturbation analysis of a stationary nonequilibrium flow generated by an
external force. J. Stat. Phys. 76, 1399-1414.

Wu, L., Liu, H., REgsE, J.M. aND ZHANG, Y. 2016 Non-equilibrium dynamics of dense gas under tight
confinement. J. Fluid Mech. 794, 252-266.

Wu, L., ZHANG, Y. anD REESE, J.M. 2015 Fast spectral solution of the generalized Enskog equation for
dense gases. J. Comput. Phys. 303, 66-79.

ZHENG, Y., GARrcia, A.L. AND ALDER, B.J. 2002 Comparison of kinetic theory and hydrodynamics for
Poiseuille flow. J. Stat. Phys. 109, 495-505.


http://hdl.handle.net/2433/66098
http://hdl.handle.net/2433/66098
http://hdl.handle.net/2433/66098

	Introduction
	Formulation
	Problem and assumptions
	Basic equation and boundary condition
	Macroscopic quantities
	Linearization

	Numerical method
	Numerical results and discussions
	Concluding remarks
	Appendix A
	reference equilibrium state
	perturbation
	form of perturbation
	compatibility of perturbation

	Appendix B
	Appendix C
	Appendix D

