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Abstract

The ramified Siegel series is an essential factor in the Fourier coefficient of the Siegel-
Eisenstein series. There are already many results, but the explicit formula of the general
condition is currently an open problem. In this article, by programming PARI/GP, we
computationally obtain the matrix of intertwining operators when n is 1 to 8. We also
calculate the recursion formula of the ramified Siegel series.

1 Introduction

1.1 Background of the Siegel series

1.1.1 Hilbert’s 11th problem

On August 8, 1900, at the Paris conference of the International Congress of Mathemati-
cians, German mathematician David Hilbert presented ten open problems. Later, in 1902, he
published an article titled ”Mathematical Problems” [11]. This article has 23 open problems,
now famous for Hilbert’s 23 problems.

The 11th problem of this article is about ”Quadratic forms with any algebraic numerical
coefficients.” Hilbert’s article says that this problem is concerned to attach successfully the theory
of quadratic forms with any number of variables and with any algebraic numerical coefficients.

Quadratic forms have been studied for centuries. It is defined as when K is a field,

Q(x1, x2, · · · , xn) =
n∑
i=1

n∑
j=1

aijxixj,

where the coefficients aij are elements in K.
Several famous results had already been known until the 1900s, for example, Fermat’s the-

orem on sums of two squares. Let p be an odd prime number. The statement of this theorem
is

p ≡ 1 (mod 4) ⇔ ∃x, y ∈ Z, p = x2 + y2.

Fermat announced this theorem in 1640 without any proof. The first proof was given by Euler,
which is based on infinite descent [1] [2].

Quadratic forms had been usually studied with the coefficients in R or C, but Minkowski
[24] solved the equivalence theorem of quadratic forms over Q. Hilbert himself studied in
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1899 [10] where the coefficients in a non-real algebraic number fields with odd class numbers.
He introduced the Hilbert symbol and showed the condition if ax2 + by2 = 1 has a solution in
K.

In 1923 and 1924, Hasse published five papers about quadratic forms [5–9]. The First to
the third one was about the quadratic forms over Q, and the fourth and the fifth were about
algebraic number fields. His result is famous for Hasse’s local-global principle.

We need some definition. Let D be an integral domain, and f(x) = txSx, x = t(x1, · · · , xm),
tS = S ∈ Mm(D) be a quadratic form with m variants with coefficients in D. We say the
quadratic from g(y) = tyTy associated to T is represented by f over D if there exists X ∈
Mm,n(D) such that T = tXSX. When m = n and X is invertible, f and g is called equivalent.
For c ∈ D, we say f represents c over D when there exists a ∈ D\{0} such that f(a) = c.

Let k be an algebraic number field of finite degree. For each place p of k, we write the
completion of k as kp. Let Ω be the set of all places of k.

Then Hasse’s principle is written as

Theorem 1.1. Let f, g be two quadratic forms over algebraic number field k. Pi(k) (i = 1, 2, 3)
are propositions with variable k defined as

P1(k): f represents 0 over k.

P2(k): f and g are equivalent over k.

P3(k): g is represented by f over k.

Then for each i, Pi(k) holds if and only if Pi(kp) holds for all p ∈ Ω.

1.1.2 Siegel’s study and the local density

In Siegel’s paper [29], he studied the localization principle of the number of how many
matrices X represent g by f .

Let S and T be positive definite symmetric matrix over Z, and we write their size as m and
n. Let A(S, T ) be a number of matrix X ∈ Mm,n(Z) such that tXSX = T . We write E(S)
for A(S, S). When S and S1 are equivalent over R and Qp for all prime p, we say they are in
the same genus. Each genus is the sum of finitely many equivalent classes, hence we denote by
S1, · · · , Sh the representative of the equivalent classes contained in the same genus with S. Put

M(S, T ) =
h∑
k=1

A(Sk, T )

E(Sk)
, M(S) =

h∑
k=1

E(Sk)
−1, A0(S, T ) =

M(S, T )

M(S)
.

Let q > 0 be a natural number, and Aq(S, T ) be the number of the solution of the equation
tXSX ≡ T mod q. We assume q = pa for some prime p. In this case, when a is sufficiently
large, the number q−mn+n(n+1)/2Aq(S, T ) is independent of a. We put this value αp(S, T ).

We identify Symn(R), the set of symmetric matrices over R of size n, and Rn(n+1)/2, the
Euclid space of degree n(n + 1)/2. Let B ⊂ Rn(n+1)/2 be a Jordan measurable open subset
which has a point T . Define B1 as

B1 = {X ∈ Rn(n+1)/2 | tXSX ∈ B}.

Since the limit of the value
vol(B1)

vol(B)
as the radius of B approaches to 0 exists, we write this

limit α∞(S, T ). Then the Siegel’s theorem is
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Theorem 1.2. We have

A0(S, T ) = α∞(S, T )
∏
p

αp(S, T ).

This theorem says that some weighted average of the measures Z-solutions of the equation
txSx = T over the representative of each genus of S is related to local density. In [30], he
extended this result to the case when S and T are not definite, and in [31], to the quadratic
form over an arbitrary algebraic number field.

Weil reinterpreted this theorem in terms of representation theory and extended this result
to more classical groups. [38] His result is known as the Siegel-Weil formula, which says that a
theta integral corresponds to the Eisenstein series when both are absolutely convergent.

1.1.3 Local density

We assume the field F is a non-dyadic, non-archimedean local field. Later the Haar measure
on Symn(F ) and Mmn(F ) is normalized as∫

Symn(o)

dY = 1,

∫
Mmn(o)

dX = 1.

For S ∈ Hnd
n (o), T ∈ Hn(o) and an integer e > 0, we define Ae(S, T ) as

Ae(S, T ) = {X ∈Mmn(o) | S[X]− T ∈ πeHn(o)}.

The local density is defined as follows.

Theorem 1.3. The following limit exists, which is known as the local density related to S and
T .

α(S, T ) := lim
e→∞

qen(n+1)/2vol(Ae(S, T )).

Siegel [29] calculated when p does not divide 2 detS detT , and after this, some results are
known.

• Ozeki [26], when S is unimodular, size of S ≥ 4, size of T = 2, p is odd.

• Kitaoka [21], when S is unimodular, size of S ≥ 3, size of T = 2, p is odd.

• Kitaoka [22], when S is unimodular, size of T = 3, p is odd.

• Katsurada [20], when S is unimodular, size of T = 3.

Katsurada [19] gave a complete formula when S is unimodular. Yang [39] calculated when
the size of T is 2 and p is odd. Compared to Katsurada’s article, by using the recursion formula
of the local density, Yang did by calculating some character sum. This idea was also used in
the article of Sato and Hironaka.
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1.1.4 The result of Sato and Hironaka

Sato and Hironaka [12] gives an explicit formula of the local density α(S, T ) in the case
p 6= 2 and F = Qp. They give the complete representative of Γ0(p)\Symn(Qp), where Γ0(p) is
the Iwahori subgroup of GLn(Qp):

Γ0(p) = {γ = (γij) ∈ GLn(Zp) | γij ≡ 0 mod p if i > j}.

This representative is written as {Sσ,e,ε | (σ, e, ε) ∈ Λn}, where the set Λn is defined as

Λn =
{
(σ, e, ε) ∈ Sn × Zn × {1, δ}n | σ2 = 1, eσ(i) = ei (1 ≤ i ≤ n), εi = 1 (σ(i) 6= i)

}
,

and the symmetric matrix Sσ,e,ε is defined as

Sσ,e,ε =
(
εip

eiδi,σ(j)
)
i,j
.

Compared with Γ = GLn(Zp), this choice of Γ0(p) can give us the calculation of the Gauss sum

GΓ(Y, T ) =

∫
Γ

ψ(−tr(Y · tγTγ))dγ.

Since the local density is written using this term, an explicit formula of the local density can
be represented.

In particular, the local density is given as

α(S, T ) =
∑
σ∈Sn

σ2=1

2−c1(σ)(1− p−1)c2(σ)p−c2(σ)
∑

I=I0∪···∪Ir

p−τ({Ii})−t(σ,{Ii})

×
r+1∑
k=0

2c
(k)
1 (σ)(1− p−1)c

(k)
1 (σ)p−

∑r
l=k+1 n(l)∏r

l=k(1− p−n(l))

×
∑
{ν}k

′
p
∑k−1

l=0 νl(n(k)−n(l))
k−1∏
l=0

Ξl,ν0+···+νl(σ;T, S),

where the notations are

I = {1, 2, · · · , n},
c1(σ) = #{i ∈ I | σ(i) = i},
c
(k)
1 (σ) = #{i ∈ Ik | σ(i) = i},

c2(σ) =
1

2
#{i ∈ I | σ(i) 6= i},

τ({Ii}) =
r∑
l=1

#{(i, j) ∈ Il × (I0 ∪ · · · ∪ Il−1) | j < i},

t(σ, {Ii}) =
r∑
l=0

#{(i, j) ∈ Il × Il | i < j < σ(i), σ(j) < σ(i)},

n(l) = #Il,

4



and the definition of Ξl,λ(σ;T, S) is

Ξl,λ(σ;T, S) = qρl,λ(σ;T,S)
∏
i∈Il
σ(i)=i

ζi,λ(T, S).

ρl,λ(σ;T, S) =
nl
2

m∑
k=1

min{αk + λ, 0}+ 1

2

∑
i∈Il

n∑
k=1

min{ek + eσ,i,k + λ, 0}.

eσ,i,k =


0 (k ≤ i, k ≤ σ(i)),

1 (σ(i) < k ≤ i or i < k ≤ σ(i)),

2 (i < k, σ(i) < k).

ζi,λ(T, S) = 2
∏

k∈A(λ)

χ(−uk)
∏

k∈Bi(λ)

χ(vk)

×


0 (βi + λ ≥ 0, #A(λ) + #Bi(λ) 6≡ 0 mod 2),

(1− q−1)χ(−1)
#A(λ)+#Bi(λ)

2 (βi + λ ≥ 0, #A(λ) + #Bi(λ) ≡ 0 mod 2),

χ(vi)χ(−1)
#A(λ)+#Bi(λ)+1

2 (βi + λ = −1, #A(λ) + #Bi(λ) 6≡ 0 mod 2),

−q−
1
2χ(−1)

#A(λ)+#Bi(λ)

2 (βi + λ = −1, #A(λ) + #Bi(λ) ≡ 0 mod 2).

A(λ) = {k | 1 ≤ k ≤ m, αk + λ < 0, αk 6≡ λ mod 2},
Bi(λ) = {1 ≤ k ≤ i− 1, βi + λ < 0, βk 6≡ λ mod 2}

∪ {k | i+ 1 ≤ k ≤ n, βk + λ+ 2 < 0, βk 6≡ λ mod 2}.

Here we assume that the matrix S and T is diagonal matrix such that

S = diag(u1p
α1 , · · · , umpαm),

T = diag(v1p
β1 , · · · , vnpβn).

The summation with respect to I = I0∪ · · · ∪ Ir is taken over all partitions of I into σ-invariant
disjoint subsets, and the summation with respect to {ν}k for k ≥ 1 is taken over the finite set

{(ν0, ν1, · · · , νk−1) ∈ Z× Nk−1 | −bl(σ, T ) ≤ ν0 + ν1 + · · ·+ νl ≤ −1 (0 ≤ l ≤ k − 1)}.

where the value bl(σ, T ) is defined as

bl(σ, T ) = min {{βi | i ∈ Il, σ(i) > i} ∪ {βi + 1 | i ∈ Il, σ(i) ≤ i}} .

Thus, the local density is given by finite sums and finite products. We will quote their result
to show the main theorem.

1.1.5 The Eisenstein series for the modular group

The Eisenstein series is an essential example of the modular form.
Let H be the upper half-plane, which is H = {z ∈ C | Imz > 0}. The group SL2(Z) acts on

the upper half-plane H as

γ(τ) =
aτ + b

cτ + d
, (1)

where γ =

(
a b
c d

)
∈ SL2(Z) and τ ∈ H.
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Definition 1.1. A modular form of weight k for the modular group SL2(Z) is a holomorphic
function f : H → C satisfies

• f(γ(τ)) = (cτ + d)kf(τ) for γ, τ is the same as (1),

• f is bounded when z → i∞.

When γ =

(
1 1
0 1

)
, the condition is f(τ + 1) = f(τ). It implies that the function f has the

period one and the Fourier expansion.

Let k ≥ 2 be an integer. We define the Eisenstein series G2k(τ) as

G2k(τ) =
∑

(m,n)∈Z2\{(0,0)}

1

(m+ nτ)2k
.

The Eisenstein series satisfies the following Fourier expansion

G2k(τ) = 2ζ(2k) +
2(2πi)2k

(2k − 1)!

∞∑
n=1

σ2k−1(n)exp(2πinτ),

where ζ(z) is the Riemann zeta function defined by ζ(s) =
∞∑
n=1

1

ns
, and the division function

σk(n) is defined as σk(n) =
∑
d|n

dk.

1.1.6 The Siegel Eisenstein Series and the Siegel Series

Now, we consider the Siegel-Eisenstein series. In this section, Maass’ lecture note [23] is
fundamental.

Let k ≥ 2, l, n ≥ 1 be integers, and ψ be a Dirichlet character modulo l. The Siegel-
Eisenstein series En

k,l,ψ(Z) is defined as

En
k,l,ψ(Z) :=

∑
A B
C D

∈Γn
∞\Γn

0 (l)

ψ(detD) det(CZ +D)−k,

where the set Γn∞ and Γn0 (l) are subgroups of Γn = Spn(Z) defined by

Γn∞ :=

{(
A B
C D

)
∈ Γn

∣∣∣∣ C = 0

}
,

Γn0 (l) :=

{(
A B
C D

)
∈ Γn

∣∣∣∣ C ≡ 0 mod l

}
,

respectively, and Z ∈ Hn := {Z ∈Mn(C) | tZ = Z, Im(Z) is positive definite}.
The Fourier expansion of the Siegel-Eisenstein series can be written as

En
k,l,ψ(Z) =

∑
A∈S∗

n,A≥0

c(A) exp(2πiTr(AZ)),
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where
S∗
n := {A = (aij) ∈ Symn(Q) | aii ∈ Z, aij ∈ Z/2 (i 6= j)} ,

and c(A) is a constant depending only on the matrix A. The symbol A ≥ 0 means that the
matrix A is positive definite. More precisely, the Fourier coefficient c(A) is calculated as

c(A) =
2−

n(n−1)
2 (−2πi)nk

π
n(n−1)

4

∏m−1
j=0 Γ(s− j/2)

(detA)k−
n+1
2

∏
p: prime

bpn(A, s),

when A ≥ 0 and the factor bpn(A, s) is called the ramified Siegel series when p is divided by l.
Here, we note Γ(s) the Gamma function.

1.1.7 Siegel series

Let F be a non-Archimedean, non-dyadic local field. Let o = oF denote the integral ring of
the local field F . The matrix B = (bij) ∈ Symn(F ) is called the half-integral matrix when

(1) bii ∈ o (1 ≤ i ≤ n).

(2) 2bij ∈ o (1 ≤ i < j ≤ n).

Hn(o) denotes the set of all half-integral matrices of size n, and we define Hnd
n (o) = {B ∈

Hn(o) | detB 6= 0}.
For B ∈ Hnd

n (o), we put DB = (−4)[n/2] detB. We define the Kronecker invariant ξB and
the Clifford invariant ηB as follows.

ξB = ξ(B) =


1 if DB ∈ F×2

,

−1 if the extension F (
√
DB)/F is unramified,

0 if the extension F (
√
DB)/F is ramified.

ηB = η(B) =

{
1 if B is split on F ,

0 otherwise.

For B ∈ Symn(F ), there exists a matrix X ∈ GLn(F ) such that

B[X] = tXBX = diag(b1, b2, · · · , bn), bi ∈ F×.

When B,B′ ∈ Hn(o), they are called GLn(o)-equivalent if there exists a matrix X ∈ GLn(o)
such that B = B′[X]. {B} denotes the equivalent class of the matrix B ∈ Hn(o).

We write 〈 , 〉 = 〈 , 〉F for the Hilbert symbol of the field F . The Hasse-Minkowski invariant
of the matrix B ∈ Symn(F ) is defined as

εB =
∏

1≤i<j≤n

〈bi, bj〉,

where bi is taken as above. This definition does not depend on the choice of the bi. The
Hasse-Minkowski invariant and the Clifford invariant satisfy the following relations

ηB =

{
〈−1,−1〉m(m+1)/2〈(−1)m, detB〉εB if n = 2m+ 1,

〈−1,−1〉m(m−1)/2〈(−1)m+1, detB〉εB if n = 2m.
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The diagonal matrix diag(b1, b2, · · · , bn) is called the Jordan diagonal matrix when 0 ≤
ord(b1) ≤ · · · ≤ ord(bn). It is known that all matrix B ∈ Hnd

n (o) is GLn(o)-equivalent to a
unique Jordan diagonal matrix. We call GK(B) := (ord(b1), · · · , ord(bn)) the Gross-Keating
invariant of the matrix B.

For B ∈ Hnd
n (o), we define the polynomial γ(B,X) as

γ(B,X) =


1−X

1− q
n
2 ξBX

n
2∏
i=1

(1− q2iX2) if n is even,

(1−X)

n−1
2∏
i=1

(1− q2iX2) if n is odd.

The additive character ψ : F → C is taken as order 0, which is

{x ∈ F | ψ(xy) = 1, ∀y ∈ o} = o.

The (unramified) Siegel series b(B, s) is defined as

b(B, s) =

∫
Symn(F )

ψ(tr(BX))[Xon + on : on]−sdX,

which is absolutely convergence when Res� 0. This definition is not independent of the choice
of the additive character ψ.

The following theorem is well-known.

Theorem 1.4. There is a polynomial F (B,X) ∈ Z(X) which satisfies

b(B, s) = γ(B, q−s)F (B, q−s).

Let DB be a discriminant ideal of the field extension F (
√
DB)/F and put eB as

eB :=

{
ord(DB)− ord(DB) n is even,

ord(DB) n is odd.

We put F̃ (B,X) := X−eB/2F (B, q−(n+1)/2X). From the definition of the polynomial F , we have

F̃ (B,X) ∈

{
Q[q1/2][X,X−1] n is even,

Q[X1/2, X−1/2] n is odd.

The following functional equation is well known.

Theorem 1.5. The functional equation of the polynomial F̃ is as follows.

F̃ (B,X−1) =

{
F̃ (B,X) n is even,

ηBF̃ (B,X) n is odd.

Shimura [28], [27] gave the formula that the Siegel series is related to local density. In

particular, when we put H =

(
0 1/2
1/2 0

)
and S = Hk = H ⊥ H ⊥ · · · ⊥ H (k times), then it

follows

α(Hk, B) = b(B, k) (k ≥ n).
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On the Fourier expansion of the Siegel Eisenstein series, when l = 1, the explicit formula of
the full-modular Siegel series is known by Katsurada [19]. He gives this formula in this article
by calculating the local density α(S, T ) where S is unimodular.

This result is closely related to the main theorem of this article, i.e., our result is the extension
of Katsurada’s result for the ramified character case. We now write down Katsurada’s results.

We assume the matrix B is diagonal. Let e, ẽ be integers, and let ξ be a real number. The
rational functions C(e, ẽ, ξ;Y,X) and D(e, ẽ, ξ;Y,X) in Y

1
2 and X

1
2 are defined as

C(e, ẽ, ξ;Y,X) =
Y ẽ/2X−(e−ẽ)/2−1(1− ξY −1X)

X−1 −X
,

D(e, ẽ, ξ;Y,X) =
Y ẽ/2X−(e−ẽ)/2

1− ξX
.

For a positive integer i, we define the rational function Ci(e, ẽ, ξ;Y,X) as

Ci(e, ẽ, ξ;Y,X) =

{
C(e, ẽ, ξ;Y,X) if i is even,

D(e, ẽ, ξ;Y,X) if i is odd.

Definition 1.2. Let a = (a1, · · · , an) ∈ Zn be a sequence of integers. For an integer i which
satisfies 1 ≤ i ≤ n, we define ei = ei(a) as

ei =

{
a1 + a2 + · · ·+ ai − 1 if i is even and

∑n
k=1 ak is odd,

a1 + a2 + · · ·+ ai otherwise.

We define ξB as

ξB =

{
0 if

∑n
k=1 ek is even,

χ(DB) if
∑n

k=1 ek is odd.

Katsurada’s result for the recursion formula of the unramified character can be written as
follows.

Theorem 1.6. We put X = q−s and Y = q
1
2 . The function F̃ (B,X) satisfies the following

recursion formula.

F̃ (B,X) = Ci(en, en−1, ξ;Y,X)F̃ (B(n−1), Y X)

+ ζiCi(en, en−1, ξ;Y,X
−1)F̃ (B(n−1), Y X−1),

where ζi and ξ are defined as

ζi =

{
1 if n is even,

ηB if n is odd,
ξ =

{
ξB if n is even,

ξB(n−1) if n is odd.

Later, several results of the Fourier expansion of the Siegel-Eisenstein series became known.

• Mizuno [25], when n = 2, l: square-free odd, ψ: primitive.

• Takemori [33], when n = 2, l: any integer, ψ: primitive.

• Takemori [34], when n: arbitrary, l: odd, ψ =
∏
ψp: primitive, ψp 6= χp.
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Gunji [3] gives the case where n is=3, p is an odd prime, and ψ is primitive. We note that
when ψp 6= χp, the result is given by Takemori [34], so he calculated when ψp = χp.

Also, he [4] calculated when n is arbitrary, p is an odd prime, and ψ is primitive. In this
article, he used the theory of genus theta series. Sato and Hironaka’s result gives the Fourier
coefficients of the genus theta series so that he can give the formula. In our previous paper [36],
we use Sato and Hironaka’s result directly and locally to the Siegel series. We extend their
result to general non-dyadic, non-archimedean local field cases, introducing the Weil constant
and explicitly writing down the formula.

Ikeda and Katsurada’s paper [17], [18] shows that the explicit formula given by Katsurada
is written by using the extended Gross-Keating invariant of the matrix.

1.1.8 Functional equation of the Siegel series

Sweet gives the precise formula of the functional equation of the Whittaker functional [32].
Before his article, Igusa [13, 14] investigated the functional equations of p-adic zeta integrals
concerning some prehomogeneous vector spaces. Sweet calculated when X = Symn(k) where k
is a non-archimedean field of characteristic 0. In this case, the calculation of the zeta integrals
means to that of the Siegel series.

Ikeda [15] reformulated Sweet’s result more explicitly. He showed the functional equation
of the Whittaker functional over the non-archimedean local field F . He used the Weil constant
αψ(a) which satisfies∫

F

φ(x)ψ(ax2)dx = αψ(a)|2a|−
1
2

∫
F

φ̂(x)ψ

(
−x

2

4a

)
dx,

where φ ∈ S(F ) is a Schwartz function and φ̂ is a Fourier transform of φ with self-dual Haar
measure. Weil first introduced this constant [37].

Let M
(s)
wn and WhB(s) be as following integration: **

M (s)
wn
f(g) =

∫
Symn(F )

f

(
wn

(
1 X
0 1

)
g

)
dX,

WhB(s)f =

∫
Symn(F )

f

(
wn

(
1 X
0 1

))
ψ(−tr(BX))dX.

wn denotes the matrix

(
0 −1n
1n 0

)
. Then Ikeda’s article says that there exists a functional

equation

WhB(−s) ◦M (s)
wn

= ω−1(detB)| detB|−scB(ω, s)WhB(s)

and the term cB(ω, s) is calculated as

Theorem 1.7 ( [15] Theorem 2.1). If n = 2m+ 1, then we have

cQ(ω, s) = ε′(s−m,ω)−1

m∏
r=1

ε′(2s− 2m− 1 + 2r, ω2)−1

× |2|−2ms+
m(2m+1)

2 ω−m(4)ηQ.

10



If n = 2m, then we have

cQ(ω, s) = ε′(s−m+
1

2
, ω)−1

m∏
r=1

ε′(2s− 2m+ 2r, ω2)−1

× |2|−2ms+
m(2m−1)

2 ω−m(4)
α(DQ)

α(1)
ε′(s+

1

2
, ωχDQ

).

Here we note that ε′(s, ω) is defined as

ε′(s, ω) = ε′(s, ω, ψ) = ε(s, ω, ψ)
L(1− s, ω−1)

L(s, ω)
,

α(a) = αψ(a) is Weil constant and ηQ is the Clifford invariant of the matrix Q.

1.2 Main theorems on this article

1.2.1 Notations and definitions

We need some notations. Let G = Spn(F ) be the symplectic group of rank n over a non-
dyadic, non-archimedean local field F . Put o and p be the ring of integers of F and the maximal
ideal of o, respectively. We fix a prime element π. We write K = Spn(o). The set Γ is defined
as

Γ =

{(
A B
C D

) ∣∣∣∣ C ≡ 0 mod p

}
.

We can choose {wi}0≤i≤n, a complete set of representatives of the double coset P\G/Γ, by

wi =


1n−i

−1i
1n−i

1i

 .

Let ψ be an additive character of F of order 0 and χ be a ramified nontrivial character of
F× satisfying χ2 = 1. We extend the character χ on Γ as

χ

((
A B
C D

))
= χ(detD).

We will denote by In(χ, s) = IndGP (χ ◦ | det |s) the space of the induced representation; the
space of C∞-functions on G satisfying

f

((
A ∗
0 tA−1

)
g

)
= χ(detA)| detA|s+

n+1
2 f(g),

and we also define In(ω, s)
Γ,χ as

In(χ, s)
Γ,χ = {f ∈ I(ω, s) | f(gk) = χ(k)f(g) for all k ∈ Γ}.

For 0 ≤ t ≤ n, let ft ∈ In
(
χ, s− n+1

2

)Γ,χ
which satisfies ft(ωi) = δti. This function ft is

uniquely determined.

11



We assume the matrix B is the diagonal matrix

B = diag(α1π
e1 , · · · , αnπen), αi ∈ o×, 0 ≤ e1 ≤ · · · ≤ en.

The ramified Siegel series St(B, s)
χ is defined as, when 0 ≤ t ≤ n,

St(B, s)
χ =

∫
Symn(F )

ft

((
0 −1
1 X

))
ψ(−tr(BX))dX.

Let β0 = αψ(π)χ(π)q
− 1

2 , and DB = (−4)[
n
2
] detB. We write the function fβ(s) = fβ,n(s)

for fβ(s) =
n∑
t=0

βtft(s). (Here the function ft is taken in the space In(χ, s)
Γ,χ.) We also define

FB(s), F̃B(s) as

FB(s) =



WhB(s)f
(s)
β

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
if n is odd,

WhB(s)f
(s)
β

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
if n is even and

∑n
k=1 ek is even,

(1− χ(−DB)q
−s− 1

2 )WhB(s)f
(s)
β

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
if n is even and

∑n
k=1 ek is odd.

F̃ (s) =


q

s
2
(
∑n

k=1 ek+1)F (s) if n is odd,

q
s
2

∑n
k=1 ekF (s) if n is even and

∑n
k=1 ek is even,

q
s
2
(
∑n

k=1 ek+1)F (s) if n is even and
∑n

k=1 ek is odd.

1.2.2 Main theorems

The first main theorem of this article is the explicit formula of the ramified Siegel series.
The statement is written as follows.

Theorem 1.8. The Siegel series St(B, s)
χ associated with the function ft (0 ≤ t ≤ n) is as

follows;

St(B, s)
χ = αψ(π)

n−t
∑
σ∈Sn

σ2=1

(1− q−1)c2(σ)q−c2(σ)
∑

I=I0∪···∪Ir
n(k)=t

q−τ({Ii})−t(σ,{Ii})
(1− q−1)

∑r
l=k c

(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑
{ν}tk

k−1∏
l=0

χ(−1)νl(n
(l)−n(k))qνl((sn

(l)−n(l))−(sn(k)−n(k)))+ρ̃l,ν0+···+νl
(σ;B)

∏
i∈Il
σ(i)=i

ξi,ν0+···+νl(B)χ.

Here the summation with respect to {ν}tk for k ≥ 1 is taken over the finite set{
(ν0, ν1, · · · , νk−1) ∈ Z× Zk−1

>0

∣∣ −bl(σ,B) ≤ ν0 + ν1 + · · ·+ νl ≤ −1 (0 ≤ l ≤ k − 1), n(k) = t
}
.

The second main theorem of this article is the recursion formula of the ramified Siegel
series. It is written as follows. The rational function Ci(e, ẽ, ξ;Y,X) is as above. However, the
definition of ei and ξB differs from the unramified case.
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Definition 1.3. Let a = (a1, · · · , an) ∈ Zn be a sequence of integers. For an integer i which
satisfies 1 ≤ i ≤ n, we define ei = ei(a) as

ei =

{
a1 + a2 + · · ·+ ai if i is even and

∑n
k=1 ak is even,

a1 + a2 + · · ·+ ai + 1 otherwise.

We define ξB as

ξB =

{
0 if

∑n
k=1 ek is even,

χ(−DB) if
∑n

k=1 ek is odd.

Then it follows that

Theorem 1.9. We put X = q−s and Y = q
1
2 and write F̃B(q

−s) = F̃B(s). The function F̃B(X)
satisfies the following recursion formula.

F̃B(X) = β0Ci(en, en−1, ξ;Y,X)F̃B(n−1)(Y X)

+ β0ζiCi(en, en−1, ξ;Y,X
−1)F̃B(n−1)(Y X−1),

where ζi and ξ are defined as

ζi =

{
1 if n is even,

ηBχ(−DB) if n is odd,
ξ =

{
ξB if n is even,

ξB(n−1) if n is odd.

In Section 2, we recall some fundamental notations and results. More precisely, Section 2.1
is the induced representation. Section 2.2 is the result of Sato and Hironaka, and Section 2.3 is
the Weil constant.

Section 3 is the first main theorem about the explicit formula for the ramified Siegel series
St(B, s)

χ. The content of Sections 2 and 3 is the same as our previous paper, which is under
publishing now.

Section 4 is about calculating the matrix of the intertwining operator M
(s)
wn . In Section 4.1,

we will show why βi0 is needed from the point of view of the Weil representation on the finite

field. In Section 4.2, we recall how E
(s),χ
n is calculated when n = 2 and, in Section 4.3, we

write a programming code in PARI/GP to calculate when n ≥ 3. In Section 4.4, we show the
eigenvectors and eigenvalues of the matrix when n is 1 to 8.

Section 5 shows the functional equation of the ramified Siegel series.
In Section 6, we prove the recursion formula of the ramified Siegel series. In Section 6.1,

we calculate the term where en shows in the explicit formula of the ramified Siegel series. In
Section 6.2, we show that the Clifford invariant ηB is written explicitly with χ(αi) and χ(−1),
and the term of Gauss sum ξn,ν0(B)χ is written concisely. In Section 6.3, we state the second
main theorem and prove it in Section 6.4.

The author would like to thank Tamotsu Ikeda of Kyoto University for his constant support.

2 Basic notations

2.1 Induced representations

Let F be a non-archimedean local field of characteristic 0. We denote by o = oF the ring
of integers of F . We write p = pF , k = kF for the maximal ideal and the reside field of o,
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respectively. We fix a prime element π ∈ p satisfying p = πo. Let q denote the cardinality of
k = o/p, and we assume q is odd.

The set of symmetric matrices of degree n over F is defined by

Symn(F ) := {X = (xij) ∈Mn(F ) | xij = xji for all 1 ≤ i, j ≤ n},

and we denote by Sn(F ) the subset of non-degenerate symmetric matrices.
The symplectic group of degree n over F is defined by

G = Spn(F ) := {M ∈ GL2n(F ) | tMwnM = wn},

where we write tM for the transpose of a matrix M , and wn for

(
0 −1n
1n 0

)
. The group G

is now considered an algebraic group over F . We write K = Spn(o) as a maximal compact
subgroup of G. Also, we define

P =

{(
A B
C D

)
∈ Spn(F )

∣∣∣∣ C = 0

}
by the Siegel parabolic subgroup of G. The decomposition G = PK is well-known and called
the Iwasawa decomposition. Set

Γ =

{(
A B
C D

)
∈ K

∣∣∣∣ C ≡ 0 mod p

}
.

Let ω be a character of F× satisfying ω2 = 1. Later, we only consider ω = 1 the trivial
character or ω = χ a ramified nontrivial character. We define a character ωΓ on Γ with

ωΓ

((
A B
C D

))
= ω(detD)

and we write ω for ωΓ (by agree of notation).
We will write In(ω, s) = IndGP (ω ◦ | det |s) for the space of the induced representation; the

space of C∞-functions on G satisfying

f

((
A ∗
0 tA−1

)
g

)
= ω(detA)| detA|s+

n+1
2 f(g)

and we also define In(ω, s)
Γ,ω as

In(ω, s)
Γ,ω = {f ∈ I(ω, s) | f(gk) = ω(k)f(g) for all k ∈ Γ}.

The double coset P\G/Γ = (P ∩ K)\K/Γ ' Γ\K/Γ is a finite set, and one can choose a
complete set of representatives {wi}0≤i≤n by

wi =


1n−i

−1i
1n−i

1i

 .

It is known that

(
A B
C D

)
∈ K is an element of ΓwiΓ if and only if the matrix C has rank i

when it is considered as mod p.
Each f ∈ In(ω, s)

Γ,ω is determined by its value on K, and also by {f(wi)}0≤i≤n. Now we
take the following result;
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Proposition 2.1. Define fi ∈ I(ω, s)Γ,ω satisfying fi(ωj) = δij. Then

In(ω, s)
Γ,ω =

n⊕
i=0

Cfi.

2.2 The result of Sato and Hironaka

For the proofs of the following results when F = Qp, we refer the reader to [12]. This proof
remains valid when F is an arbitrary non-archimedean non-dyadic local field, considering the
structure of a non-archimedean local field.

We put

Sn(F ) = {X ∈ Symn(F ) | detX 6= 0}

and we define

Γ0 = {γ = (γij) ∈ GLn(o) | γij ∈ p (i > j)},

which acts on Sn(F ) by Y 7→ γ · Y = γY tγ. We fix a non-square unit δ ∈ o×\(o×)2. The
following theorem determines the orbits of this action. Put I = {1, 2, · · · , n} and consider the
standard action of Sn on I.

Theorem 2.1 ( [12] Theorem 2.1). Let Λn be the collection of (σ, e, ε) ∈ Sn × Zn × {1, δ}n
satisfying

σ2 = 1, eσ(i) = ei (i ∈ I), εi = 1 (i ∈ I, σ(i) 6= i).

For a (σ, e, ε) ∈ Λn, we define a symmetric matrix Sσ,e,ε by

Sσ,e,ε = (sij), sij = εiπ
eiδi,σ(j),

where δi,σ(j) is the Kronecker delta. Then the set {Sσ,e,ε | (σ, e, ε) ∈ Λn} gives the complete set
of representatives of Γ0-equivalence classes in Sn(F ).

Before writing the second theorem, we need some preparation.
For Y ∈ Sn(F ), we define

α(Γ0;Y ) = lim
l→∞

q−ln(n−1)/2Nl(Γ0;Y ),

where

Nl(Γ0;Y ) = #{γ ∈ Γ0 mod pl | γY tγ ≡ Y mod pl}.

We normalize the Haar measures dγ and dY on Mn(F ) and Symn(F ), respectively, by∫
Mn(o)

dγ = 1,

∫
Symn(o)

dY = 1.

Theorem 2.2 ( [12] Proposition 1.2). Let Y0 ∈ Sn(F ) then the following integral formula holds
for any continuous function f on Γ0 · Y0:∫

Γ0·Y0
f(Y )dY = α(Γ0;Y0)

−1

∫
Γ0

f(γY0
tγ)dγ.
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Now we introduce some notations.
For a (σ, e, ε) ∈ Λn, let

{λ0, λ1, · · · , λr}, λ0 < λ1 < · · · < λr

be the set of integers λ such that λ = ei for some i ∈ I. We put

Ii = {j ∈ I | ej = λi}, 0 ≤ i ≤ r.

Then I0, · · · , Ir are σ-stable subsets of I and I = I0 ∪ I1 ∪ · · · ∪ Ir (disjoint union). We also put

I(i) = Ii ∪ Ii+1 ∪ · · · ∪ Ir, 0 ≤ i ≤ r.

We set

ni = #(Ii), n
(i) = #(I(i)) = ni + · · ·+ nr, n(i) =

n(i)(n(i) + 1)

2
.

Put
νi = λi − λi−1(1 ≤ i ≤ r), ν0 = λ0.

Then ν0 ∈ Z and ν1, · · · , νr ∈ Z>0.

Theorem 2.3 ( [12] Theorem 2.2). Put

c1(σ) = #{i ∈ I | σ(i) = i},

c2(σ) =
1

2
#{i ∈ I | σ(i) 6= i},

t(σ, {Ii}) =
r∑
l=0

#{(i, j) ∈ Il × Il | i < j < σ(i), σ(j) < σ(i)},

τ({Ii}) =
r∑
l=1

#{(i, j) ∈ Il × (I0 ∪ · · · ∪ Il−1) | j < i}.

Then we have
α(Γ0;Sσ,e,ε) = 2c1(σ)(1− q−1)c2(σ)qc(σ,e,ε),

where

c(σ, e, ε) = −n(n− 1)

2
+ τ({Ii}) + t(σ, {Ii}) + c2(σ) +

r∑
l=0

νln(l).

For a ∈ F , we put

I(a) =

∫
o

ψ(ax2)dx, I∗(a) =

∫
o×
ψ(ax2)dx = I(a)− 1

q
I(aπ2).

For T, Y ∈ Sn(F ), put

GΓ0(Y, T ) =

∫
Γ0

ψ(−tr(Y · T [γ]))dγ.

where we write T [γ] = tγTγ. Let T = diag(v1π
β1 , v2π

β2 , · · · , vnπβn) (vi ∈ o×, βi ∈ Z).
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Theorem 2.4 ( [12] Proposition 3.3). For (σ, e, ε) ∈ Λn, the character sum GΓ0(Sσ,e,ε, T ) van-
ishes unless

ei ≥

{
−βi − 1 if σ)i) ≥ i,

−βi if σ(i) > i

for any i ∈ I. When the condition above is satisfied, we have

GΓ0(Sσ,e,ε, T ) =(1− q−1)2c2(σ)q−
n(n−1)

2
+d(σ,e,β)

×
n∏
i=1
σ(i)=i

{
I∗(−εiviπei+βi)

i−1∏
k=1

I(−εivkπei+βk)
n∏

k=i+1

I(−εivkπei+βk+2)

}
,

where

d(σ, e, β) =
n∑
i=1
σ(i)>i


i−1∑
k=1

min{ei + βk, 0}+
σ(i)−1∑
k=i+1

min{ei + βk + 1, 0}+
n∑

k=σ(i)+1

min{ei + βk + 2, 0}

 .

2.3 Weil constant

We recall the definition of the Weil constant as in [15].
For each Schwartz function φ ∈ S(F ), the Fourier transform φ̂ is defined by

φ̂(x) =

∫
F

φ(y)ψ(xy)dy.

Note that the Haar measure dy satisfying

∫
o

dy = 1 is the self-dual Haar measure for the Fourier

transform φ 7→ φ̂.

Definition 2.1. Let ψ be an additive character over F and let a ∈ F×. The Weil constant
αψ(a) is a complex number satisfying∫

F

φ(x)ψ(ax2)dx = αψ(a)|2a|−
1
2

∫
F

φ̂(x)ψ

(
−x

2

4a

)
dx (1)

for any φ ∈ S(F ).

The following lemmas are fundamental. Let 〈∗, ∗〉 denote the Hilbert symbol of index two
on F .

Lemma 2.1. For any a, b ∈ F×,

αψ(a)αψ(b)

αψ(ab)αψ(1)
= 〈a, b〉.

Here we note that, for a, b ∈ F×, αψ(ab
2) = αψ(a).

Lemma 2.2. For a ∈ F×, we write a = επn(ε ∈ o×, n ∈ Z). Then we have

αψ(επ
n) =

{
1 if n is even,

χ(ε)αψ(π) if n is odd.
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Proof. It is sufficient to show the following equations.

αψ(δ) = αψ(1) = 1. (2)

αψ(δπ) = −αψ(π). (3)

(2) is trivial. To prove (3), we use Lemma 2.1. We have

αψ(δ)αψ(π)

αψ(δπ)αψ(1)
= 〈δ, π〉.

Because the fact that αψ(δ) = αψ(1) = 1 and 〈δ, π〉 = −1, the lemma is proved.

3 The explicit formula of the ramified Siegel series

3.1 Calculation of the Siegel series associated to ϕ = ft

This section considers the case where ϕ = ft (0 ≤ t ≤ n).
Let B ∈ Symn(F ). Recall that we define the Siegel series as

St(B, s)
χ =

∫
Symn(F )

ft

(
wn

(
1 X
0 1

))
ψ(−tr(BX))dX

=

∫
Symn(F )

ft

((
0 −1
1 X

))
ψ(−tr(BX))dX.

Note that the function ft is taken in the space In
(
ω, s− n+1

2

)Γ,ω
. We can certainly assume

that X is an invertible matrix since the measure of Symn(F )\Sn(F ) is 0. We need the Iwasawa

decomposition of the matrix

(
0 −1
1 X

)
. The following lemma is well-known and called the

Jordan splitting;

Lemma 3.1. For X ∈ Symn(o), there are U ∈ GLn(o) and diagonal matrix Y such that
X = tUY U . Moreover, when we write Y = diag(α1π

v1 , · · · , αnπvn) (αi ∈ o×, vi ≥ 0) then for
each m ≥ 0, the value

#{i | vi = m} and
∏
vi=m

αi

are uniquely determined by the matrix X.

When we write X = tUY U where U ∈ GLn(o) we have(
0 −1
1 tUY U

)
=

(
U−1

tU

)(
0 −1
1 Y

)(
tU−1

U

)
.

Then

ft

((
0 −1
1 X

))
= ft

((
U−1

tU

)(
0 −1
1 Y

)(
tU−1

U

))
= ω(detU−1tU−1)

∣∣detU−1tU−1
∣∣−s ft((0 −1

1 Y

))
= ft

((
0 −1
1 Y

))
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since ω2 = 1 and detU ∈ o×.

We write Y =

(
Y ′

Y ′′

)
where Y ′ and Y ′′ are diagonal matrices of degree r and n − r

(0 ≤ r ≤ n), respectively. We assume that Y ′ ∈Mr(o) and Y
′′−1 ∈ pMn−r(o). Since

0 −1
0 −1

1 Y ′

1 Y ′′

 =


0 −1

0 −1
1 0

1 Y ′′




1 Y ′

1 0
0 1

0 1

 ,

we may assume that Y ′ = 0. Now we consider an Iwasawa decomposition;
0 −1

0 −1
1 0

1 Y ′′

 =


1 0

1 −Y ′′

0 1
0 1




1 0
Y ′′−1 0

0 1
0 Y ′′




0 −1
1 0

1 0
Y ′′−1 1

 .

We note that tY ′′ = Y ′′, since Y ′′ is diagonal. Therefore, in order to ft

((
0 −1
1 Y

))
6= 0, we

assume the rank of the matrix

(
1

Y ′′−1

)
as mod p

(
=

(
1

0

))
is t. We define Sn,t(F ) the

subset of Sn(F ) by

Sn,t(F ) = {X ∈ Sn(F ) | (∗) : #{i | ei < 0} = n− t},

where the notation ei is the same as in the Lemma 3.1. From the discussion above, we have

ft

((
0 −1
1 X

))
= ft




1 0
1 −Y ′′

0 1
0 1




1 0
Y ′′−1 0

0 1
0 Y ′′




0 −1
1 0

1 0
Y ′′−1 1




= ω(detY ′′−1)| detY ′′−1|sft




0 −1
1 0

1 0
Y ′′−1 1




= ω(detY ′′)| detY ′′|−s,

hence the ramified Siegel series can be written as

St(B, s)
ω =

∫
Sn(F )t

ft

((
0 −1
1 X

))
ψ(−tr(BX))dX

=

∫
Sn(F )t

ω (detY ′′) |detY ′′|−s ψ(−tr(BX))dX.

3.2 Calculation of the integral

Now, we calculate the integral

St(B, s)
ω =

∫
Sn(F )t

ω (detY ′′) |detY ′′|−s ψ(−tr(BX))dX, 0 ≤ t ≤ n
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by using the above theorems. Later we put B = diag(α1π
e1 , · · · , αnπen), where αi ∈ o×, and

0 ≤ e1 ≤ e2 ≤ · · · ≤ en. From lemma 3.1, we assume B as this type without loss of generality.
First, we divide the domain of integration by Γ0 orbits. Each representatives Sσ,h,ε is in the

element of Sn(F )
t if and only if

(∗) : #{i | hi < 0} = n− t.

Therefore

St(B, s)
ω =

∑
σ,h,ε(∗)

∫
Γ0Sσ,h,ε

ω(detY ′′)| detY ′′|−sψ(−tr(BX))dX.

Lemma 3.2. The term ω(detY ′′)| detY ′′|−s depends only on its Γ0-orbit.

Proof. Let X ′ be a matrix with the same equivalence class as X. Here we write X ′ = γX tγ
for some γ ∈ Γ0. We note that Γ0 ⊂ GLn(o). Therefore the two matrices X and X ′ are
GLn(o)-equivalent.

From Lemma 3.1, since
∏
vi<0

αi = detY ′′ is uniquely determined by its GLn(o)-equivalence

class, we can show the statement of the lemma.

Let Sσ,h,ε satisfy the condition (∗). Let

{µ1, µ2, · · · , µn−t}, µ1 < µ2 < · · · < µn−t

be the set of integers µ : 1 ≤ µ ≤ n such that hµ < 0. We define a square matrix S
(t)
σ,h,ε of size

n− t defined by (
S
(t)
σ,h,ε

)
ij
= (Sσ,h,ε)µi, µj .

Then we note that Y ′′ and S
(t)
σ,h,ε are GLn−t(o)-equivalent.

We denote cσ,h,ε,ω(s) = ω(detS
(t)
σ,h,ε)| detS

(t)
σ,h,ε|−s. Using the previous lemma,

St(B, s)
ω =

∑
σ,h,ε(∗)

cσ,h,ε,ω(s)

∫
Γ0Sσ,h,ε

ψ(−tr(BX))dX.

Now using Theorem 2.2 when f(X) = ψ(−tr(BX)), we can deduce∫
Γ0Sσ,h,ε

ψ(−tr(BX))dX =
1

α(Γ0;Sσ,h,ε)

∫
Γ0

ψ(−tr(BγSσ,h,ε
tγ))dγ

=
1

α(Γ0;Sσ,h,ε)

∫
Γ0

ψ(−tr(B · Sσ,h,ε[tγ]))dγ

=
GΓ0(B, Sσ,h,ε)

α(Γ0;Sσ,h,ε)
.

We can write the main theorem of this article:

Theorem 3.1. Let the notation be as above. Then we have

St(B, s)
ω =

∑
σ,h,ε(∗)

cσ,h,ε,ω(s)
GΓ0(B, Sσ,h,ε)

α(Γ0;Sσ,h,ε)
.

Here we note that the sum for σ, h, ε is finite.
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3.3 An explicit formula for the Siegel series

In this section, we give an explicit formula for

St(B, s)
ω =

∑
σ,h,ε
ei≤−1

cσ,h,ε,ω(s)
GΓ(B, Sσ,h,ε)

α(Γ;Sσ,h,ε)

with the notation in the previous section. At first, we assume that ω = χ.
We put

eσ,i,k =


0 if k ≤ i, k ≤ σ(i)

1 if σ(i) < k ≤ i or i < k ≤ σ(i)

2 if i < k, σ(i) < k,

bl(σ,B) = min{{ei | i ∈ Il, σ(i) > i} ∪ {ei + 1 | i ∈ Il, σ(i) ≤ i}},
Bi(λ) = {k | 1 ≤ k ≤ i− 1, ek + λ < 0, ek 6≡ λ mod 2}

∪ {k | i+ 1 ≤ k ≤ n, βk + λ+ 2 < 0, βk 6≡ λ mod 2},

ρ̃l,λ(σ;B) =
1

2

∑
i∈Il

n∑
k=1

min{ek + eσ,i,k + λ, 0},

ξi,λ(B)χ =
∏

k∈Bi(λ)

χ(vk)×


0 ei + λ ≥ 0, #Bi(λ) : even

(1− q−1)χ(−1)[#Bi(λ)/2]+1 ei + λ ≥ 0, #Bi(λ) : odd

χ(vi)χ(−1)[#Bi(λ)/2]+1 ei + λ = −1, #Bi(λ) : even

−q−1/2χ(−1)[#Bi(λ)/2]+1 ei + λ = −1, #Bi(λ) : odd.

Now we have the following theorem.

Theorem 3.2. The Siegel series St(B, s)
χ associated with the function ft (0 ≤ t ≤ n) is as

follows;

St(B, s)
χ = αψ(π)

n−t
∑
σ∈Sn

σ2=1

(1− q−1)c2(σ)q−c2(σ)
∑

I=I0∪···∪Ir
n(k)=t

q−τ({Ii})−t(σ,{Ii})
(1− q−1)

∑r
l=k c

(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑
{ν}tk

k−1∏
l=0

χ(−1)νl(n
(l)−n(k))qνl((sn

(l)−n(l))−(sn(k)−n(k)))+ρ̃l,ν0+···+νl
(σ;B)

∏
i∈Il
σ(i)=i

ξi,ν0+···+νl(B)χ.

Here the summation with respect to {ν}tk for k ≥ 1 is taken over the finite set{
(ν0, ν1, · · · , νk−1) ∈ Z× Zk−1

>0

∣∣ −bl(σ,B) ≤ ν0 + ν1 + · · ·+ νl ≤ −1 (0 ≤ l ≤ k − 1), n(k) = t
}

and we put
c
(k)
1 (σ) = #{i ∈ Ik | σ(i) = i}.

Proof. From Theorem 3.1, we consider

S0(B, s)
χ =

∑
σ,h,ε
ei≤−1

cσ,h,ε,χ(s)
GΓ0(B, Sσ,h,ε)

α(Γ0;Sσ,h,ε)
,
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where

cσ,h,ε,χ(s) = χ(detS
(t)
σ,h,ε)| detS

(t)
σ,h,ε|

−s

= χ

(
(−1)c

t
2(σ)

∏
hi<0

εiπ
∑

hj<0 hj

)∣∣∣∣∣(−1)c
t
2(σ)

∏
hi<0

εiπ
∑

hj<0 hj

∣∣∣∣∣
−s

= χ(−1)c
t
2(σ)χ(π)

∑
hj<0 hj

∏
hi<0

χ(εi)q
s
∑

hj<0 hj

since χ(π) = χ(−1). Here we note that χ satisfies χ(−π) = 〈π,−π〉 = 1, and we put

ct2(σ) =
1

2
#{i ∈ I | σ(i) 6= i, hi < 0}.

Therefore we have

St(B, s)
χ =

∫
Sn(F )t

ft

((
0 −1
1 X

))
ψ(−tr(BX))dX

=
∑

σ,h,ε(∗)

∫
Γ0Sσ,h,ε

χ
(
detY ′′−1

) ∣∣detY ′′−1
∣∣−s ψ(−tr(BX))dX

=
∑

σ,h,ε(∗)

∫
Γ0Sσ,h,ε

χ(−1)c
t
2(σ)χ(π)

∑
hj<0 hj

∏
ei<0

χ(εi)q
s
∑

hj<0 hj GΓ0(B, Sσ,h,ε)

α(Γ0;Sσ,h,ε)
dX.

By using Theorem 2.3 and Theorem 2.4, we have

St(B, s)
χ =

∑
σ,h,ε(∗)

χ(−1)c
t
2(σ)χ(−1)

∑
hj<0 hj

∏
hi<0

χ(εi)q
s
∑

hj<0 hj(1− q−1)2c2(σ)q−
n(n−1)

2
+d(σ,h,e)

×
n∏
i=1
σ(i)=i

{
I∗(−εiviπhi+ei)

i−1∏
k=1

I(−εivkπhi+ek)
n∏

k=i+1

I(−εivkπhi+ek+2)

}

× 2−c1(σ)(1− q−1)−c2(σ)q
n(n−1)

2
−τ({Ii})−t(σ,{Ii})−c2(σ)−

∑r
l=0 νln(l),

where the summation with respect to (σ, h, ε) is taken over all (σ, h, ε) ∈ Λn satisfying the
condition (∗).

We replace the sum with respect to (σ, h) with (σ, I, {ν}). Then it follows

St(B, s)
χ =

∑
σ∈Sn

σ2=1

χ(−1)c
t
2(σ)2−c1(σ)(1− q−1)c2(σ)q−c2(σ)

∑
I=I0∪···∪Ir

q−τ({Ii})−t(σ,{Ii})

×
∑

ν0,··· ,νr(∗∗)

χ(−1)
∑

hj<0 hjq
d(σ,h,e)+s

∑
hj<0 hj−

∑r
l=0 νln(l)

×
∑
ε

χ(εi)
′
r∏
l=0

∏
i∈Il
σ(i)=i

{
I∗(−εiviπλl+ei)

i−1∏
k=1

I(−εivkπλl+ek)
n∏

k=i+1

I(−εivkπλl+ek+2)

}
,

where λl = ν0 + ν1 + · · ·+ νl (l = 0, 1, · · · , r), and the summation with respect to ν0, ν1, · · · , νr
is taken over all (ν0, ν1, · · · , νr) satisfying

(∗∗) ν1, · · · , νr ≥ 1, −bl(σ,B) ≤ λl ≤ −1 (l = 0, 1, · · · , r).
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Here we also define χ(εi)
′ as

χ(εi)
′ =

{
χ(εi) (ei < 0)

1 (ei ≥ 0).

Put
Ql,λl(σ;B) =

∏
i∈Il
σ(i)=i

qi,λl(σ;B),

where

qi,λl(σ;B) =
∑
ε=1,δ

{
χ(ε)I∗(−εviπei+λl)

i−1∏
k=1

I(−εvkπek+λl)
n∏

k=i+1

I(−εvkπek+λl+2)

}
.

We note that, when σ(i) 6= i, εi must be 1 and
∏

i χ(εi) =
∏

σ(i)=i χ(εi).
We conclude

St(B, s)
χ =

∑
σ∈Sn

σ2=1

χ(−1)c
t
2(σ)2−c1(σ)(1− q−1)c2(σ)q−c2(σ)

∑
I=I0∪···∪Ir

q−τ({Ii})−t(σ,{Ii})

×
∑

ν0,··· ,νr(∗∗)′
χ(−1)

∑
hj<0 hjq

d(σ,h,e)+s
∑

hj<0 hj−
∑r

l=0 νln(l)
r∏
l=0

∏
i∈Il
σ(i)=i

q′i,λl(σ;B) (4)

where {νi} takes

(∗∗)′ ν1, · · · , νr ≥ 1, −bl(σ,B) ≤ λl,
∑
l

νl<0

n(l) = n− t.

We define

q′i,λl(σ;B) =
∑
ε=1,δ

{
χ(ε)′I∗(−εviπei+λl)

i−1∏
k=1

I(−εvkπek+λl)
n∏

k=i+1

I(−εvkπek+λl+2)

}
and since i ∈ Il we get

q′i,λl(σ;B) =

{
qi,λl(σ;B) (λl < 0)

2(1− q−1) (λl ≥ 0).

We divide the summation with respect to (ν0, · · · , νr) as follows:∑
ν0,··· ,νr(∗∗)′

=
r+1∑
k=0

∑
ν0+···+νk−1<0
ν0+···+νk≥0

.

Note here that, if ν0 + · · · + νk ≥ 0, then ν0 + · · · + νl ≥ 0 for any l ≥ k, since ν1, · · · , νr ≥ 1.
The term

∑
hj<0 hj is∑

hj<0

hj = n0ν0 + n1(ν0 + ν1) + · · ·+ nk−1(ν0 + ν1 + · · ·+ νk−1)

=
k−1∑
l=0

νl(nl + · · ·+ nk−1)

=
k−1∑
l=0

νl(n
(l) − n(k)).
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Thus we have∑
ν0+···+νk−1<0
ν0+···+νk≥0

χ(−1)
∑

hj<0 hjq
s
∑

hj<0 hj−
∑r

l=0 νln(l)
r∏
l=0

∏
i∈Il
σ(i)=i

q′i,λl(σ;B)

=
∑

ν0,··· ,νk−1

χ(−1)
∑k−1

l=0 νl(n
(l)−n(k))q

∑k−1
l=0 νl(sn

(l)−sn(k)−n(l))
k−1∏
l=0

∏
i∈Il
σ(i)=i

q′i,λl(σ;B)

×
∞∑

νk=−(ν0+···+νk−1)

∞∑
νk+1=1

· · ·
∞∑
νr=1

q−
∑r

l=k νln(l){2(1− q−1)}
∑r

l=k c
(l)
1 (σ)

=
{2(1− q−1)}

∑r
l=k c

(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑

ν0,··· ,νk−1

χ(−1)
∑k−1

l=0 νl(n
(l)−n(k))q

∑k−1
l=0 νl((sn

(l)−n(l))−(sn(k)−n(k)))
k−1∏
l=0

∏
i∈Il
σ(i)=i

q′i,λl(σ;B).

(5)

It is easy to check that, when λl ≥ 0,∏
i∈Il
σ(i)=i

q′i,λl(σ;B) = {2(1− q−1)}c
(l)
1 (σ)

where we put
c
(k)
1 (σ) = #{i ∈ Il | σ(i) = i}.

Lemma 3.3. When we put

r′i =
1

2

i−1∑
k=1

min{ek + λl, 0}+
1

2

n∑
k=i+1

min{ek + λl + 2, 0},

we have
qi,λl(σ,B) = 2αψ(π)q

r′i+
1
2
min{ei+λl,0}ξi,λl(B)χ.

Proof. Now we use the fact that, for v ∈ o× and k ∈ Z,

I(vπk) =

{
1 k ≥ 0

αψ(vπ
k)qk/2 k < 0.

It becomes

qi,λl(σ;B) = qr
′
i

∑
ε=1,δ

χ(ε)I∗(−εviπei+λl)
i−1∏
k=1

ek+λl<0

αψ(−εvkπek+λl)
n∏

k=i+1
ek+λl+2<0

αψ(−εvkπek+λl+2)

 .

We recall

I∗(vπk) = I(vπk)− 1

q
I(vπk+2) =


1− q−1 (k ≥ 0)

αψ(vπ
−1)q−1/2 − q−1 (k = −1)

0 (k ≤ −2).
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Hence

qi,λl(σ;B) = qr
′
i

∑
ε=1,δ

χ(ε)
i−1∏
k=1

ek+λl<0

αψ(−εvkπek+λl)
n∏

k=i+1
ek+λl+2<0

αψ(−εvkπek+λl+2)


×

{
1− q−1 (ei + λl ≥ 0)

αψ(−εviπ−1)q−1/2 − q−1 (ei + λl = −1).

To calculate qi,λl(σ;B), we use following lemmas.

Lemma 3.4. For ak ∈ F×(1 ≤ k ≤ r), we define A := {k | ord ak : odd}. In this situation,

∑
ε=1,δ

χ(ε)
r∏

k=1

αψ(εak) =

2
r∏

k=1

αψ(ak) #A : odd

0 #A : even.

Proof. From Lemma 2.2, we have αψ(δa) = (−1)ordaαψ(a). Hence

∑
ε=1,δ

χ(ε)
r∏

k=1

αψ(εak) =
r∏

k=1

αψ(ak) + χ(δ)
r∏

k=1

αψ(δak)

=
r∏

k=1

αψ(ak)−
r∏

k=1

(−1)ordakαψ(ak)

=

(
1−

r∏
k=1

(−1)ordak

)
r∏

k=1

αψ(ak).

Since the term 1 −
∏r

k=1(−1)ordak is 2 and 0 when #A is odd and even, respectively, we can
prove this lemma.

Lemma 3.5. Let a, b ∈ πo. Then αψ(a)αψ(b) = χ(−ab).

Proof. From the Lemma 2.1,

αψ(a)αψ(b)

αψ(1)αψ(ab)
= 〈a, b〉.

Now the denominator of the left-hand side is αψ(1)αψ(ab) = 1 · 1 = 1 and the right-hand side
of the Hilbert symbol is χ(−ab), we proved the lemma.

First, we assume ei + λl ≥ 0. We note that the order of the set

Bi(λl) = {k | 1 ≤ k ≤ i− 1, ek + λl < 0, ek 6≡ λl mod 2}
∪ {k | i+ 1 ≤ k ≤ g, ek + λl + 2 < 0, ek 6≡ λl mod 2}

is odd. If we fix an element k0 ∈ Bi(λl), then #Bi(λl)\{k0} is even and by Lemma 3.5, we give
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qi,λl(σ;B) = (1− q−1)qr
′
i

∑
ε=1,δ

χ(ε)
i−1∏
k=1

ek+λl<0

αψ(−εvkπek+λl)
n∏

k=i+1
ek+λl+2<0

αψ(−εvkπek+λl+2)


= 2(1− q−1)qr

′
i

∏
k∈Bi(λl)

αψ(−vkπek+λl)

= 2(1− q−1)qr
′
i

∏
k∈Bi(λl)\{k0}

αψ(−vkπek+λl) · αψ(−vk0πek0+λl)

= 2(1− q−1)qr
′
iχ(−1)[#Bi(λl)/2]

∏
k∈Bi(λl)\{k0}

χ(vk)αψ(−vk0πek0+λl)

= 2(1− q−1)qr
′
iχ(−1)[#Bi(λl)/2]+1αψ(π)

∏
k∈Bi(λl)

χ(vk).

We use αψ(−vk0πek0+λl) = χ(−vk0)αψ(π), since ek0 + λl is an odd number.
When ei + λl = −1, we can similarly calculate as

qi,λl(σ;B)

=


2qr

′
i−

1
2χ(vi)χ(−1)[#Bi(λl)/2]+1αψ(π)

∏
k∈Bi(λl)

χ(vk) #Bi(λl) : even

2qr
′
i−1χ(−1)[#Bi(λl)/2]+1αψ(π)

∏
k∈Bi(λl)

χ(vk) #Bi(λl) : odd.

Therefore,
qi,λl(σ,B) = 2αψ(π)q

r′i+
1
2
min{ei+λl,0}ξi,λl(B)χ

and the lemma holds.

From (4), (5), and Lemma 4.1, It follows that

St(B, s)
χ =

∑
σ∈Sn

σ2=1

χ(−1)c
t
2(σ)2−c1(σ)(1− q−1)c2(σ)q−c2(σ)

∑
I=I0∪···∪Ir
n(k)=t

q−τ({Ii})−t(σ,{Ii})

× {2(1− q−1)}
∑r

l=k c
(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑

ν0,··· ,νk−1

χ(−1)
∑k−1

l=0 νl(n
(l)−n(k))qd(σ,e,β)+

∑k−1
l=0 νl((sn

(l)−n(l))−(sn(k)−n(k)))

×
k−1∏
l=0

∏
i∈Il
σ(i)=i

2αψ(π)q
r′i+

1
2
min{βi+λl,0}ξi,λl(B)χ,
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hence we have

St(B, s)
χ = αψ(π)

n−t
∑
σ∈Sn

σ2=1

(1− q−1)c2(σ)q−c2(σ)
∑

I=I0∪···∪Ir
n(k)=t

q−τ({Ii})−t(σ,{Ii})
(1− q−1)

∑r
l=k c

(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑
{ν}tk

k−1∏
l=0

χ(−1)νl(n
(l)−n(k))qνl((sn

(l)−n(l))−(sn(k)−n(k)))+ρ̃l,ν0+···+νl
(σ;B)

∏
i∈Il
σ(i)=i

ξi,ν0+···+νl(B)χ

To show the main theorem, we recall

d(σ, h, e) =
n∑
i=1
σ(i)>i

{
i−1∑
k=1

min{hi + ek, 0}+
σ(i)−1∑
k=i+1

min{hi + ek + 1, 0}

+
n∑

k=σ(i)+1

min{hi + ek + 2, 0}

}

=
n∑
i=1
σ(i)>i

∑
k ̸=i,σ(i)

min{hi + ek + eσ,i,k, 0}

and

d(σ, h, e) +
k−1∑
l=0

∑
i∈Il
σ(i)=i

(
r′i +

1

2
min{ei + λl, 0}

)

=
1

2

k−1∑
l=0

∑
i∈Il

n∑
k=1

min{ek + λl + eσ,i,k, 0}+
1

2

r∑
l=k

∑
i∈Il
σ(i) ̸=i

n∑
k=1

min{ek + λl + eσ,i,k, 0}

=
k−1∑
l=0

ρ̃l,λl(σ;B).

4 The action of the intertwining operator

In this section, we first recall the calculation of the matrix of the intertwining operators
when n = 2. We use this method to compute the matrix E

(s),χ
n where 1 ≤ n ≤ 8 by using a

computer algebra system, PARI/GP. Moreover, we write down the eigenvalue and eigenvector
of the matrix where 1 ≤ n ≤ 8.

We define an intertwining operator M
(s)
wn : In(ω, s)

Γ,ω → In(ω, n+ 1− s)Γ,ω by

M (s)
wn

(f) :=

∫
X∈Symn(F )

f

(
wn

(
1 X
0 1

)
g

)
dX.

We can give a matrix representation of the linear map M
(s)
wn as
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M (s)
wn

[
f
(s)
0 f

(s)
1 · · · f

(s)
n

]
=
[
f
(n+1−s)
0 f

(n+1−s)
1 · · · f

(n+1−s)
n

]
((E(s),ω

n )ij)

where E
(s),ω
n = ((E

(s),ω
n )ij)0≤i,j≤n is a square matrix of size n+ 1.

We can write down as

M (s)
wn
f
(s)
j = (E(s),ω

n )0jf
(n+1−s)
0 + (E(s),ω

n )1jf
(n+1−s)
1 + · · ·+ (E(s),,ω

n )njf
(n+1−s)
n .

The value of the above function at g = wi is

M (s)
wn
f
(s)
j (wi) = (E(s),ω

n )ij,

therefore the value of intertwining operator at wi is the entries of the matrix E
(s),ω
n .

When n = 1, we give the representation matrix of the intertwining operator as

E
(s),χ
1 =

(
0 1

χ(−1)q−1 0

)
.

In other words, the intertwining operator M satisfies the following two equations.

M (s)
w1
f
(s)
0 = χ(−1)q−1f

(2−s)
1 ,

M (s)
w1
f
(s)
1 = f

(2−s)
0 .

Here if we fix a complex number β that satisfies β2 = χ(−1)q−1, the above two equations equal
to

M (s)
w1

(f
(s)
0 + βf

(s)
1 ) = β((f

(2−s)
0 + βf

(2−s)
1 )),

M (s)
w1

(f
(s)
0 − βf

(s)
1 ) = −β((f (2−s)

0 − βf
(2−s)
1 )).

Hence the functions f0 ± βf1 can be seen as the eigenvector of the intertwining operator, and
the eigenvalue is ±β.

When n = 2, the representation matrix is

E
(s),χ
2 =

χ(−1)q−1(1− q−1) q−2s

1−q−2s 0 1

0 χ(−1)q−1 1−q−1−2s

1−q−2s 0

q−3 0 χ(−1)q−1(1− q−1) 1
1−q−2s

 ,

and we can calculate the eigenvector as above. Each eigenvector and its eigenvalue are(
f0 ± βf1 + β2f2, β

21− q−2s−1

1− q−2s

)
,

(
f0 − β2q−1f2, −β2q−11− q−2s+1

1− q−2s

)
.

We note that, for example when n = 1, the representation matrix E
(s),χ
1 is written as

E
(s),χ
1 =

(
1 1
β −β

)(
β

−β

)(
1 1
β −β

)−1

.

Therefore the information of eigenvectors and eigenvalues derive the matrix of the intertwining
operator.

Remark 4.1. The definition of β depends on the definition of χ, which is a fixed one of two
ramified characters. Since this situation is an inconvenience, we define a character χ = χπ and
a complex number β = β0 as follows:

χ(x) = χπ(x) := 〈x, π〉,
β = β0 := αψ(π)χ(π)q

− 1
2 = ε′(1, χ, ψ).

Here we note that χ(π) = χ(−1), since χ(π) = 〈π, π〉 = αψ(π)
2 = χ(−1).
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4.1 The Weil representation on the finite field

Let notations as above. We write Fq as a finite field with q elements. S(Fnq ) denotes the set
of the Schwartz functions over Fq. Let Spn = Spn(Fq) be the symplectic group over Fq of size
n. The Weil representation ωψ is defined as

ωψ : Spn(Fq) ↷ S(Fnq )

is defined as

ωψ(m(A))Φ(v) = χ(detA)Φ(vA), A ∈ GLn(Fq),
ωψ(n(B))Φ(v) = ψ(vBtv)Φ(v), B ∈ Symn(Fq),
ωψ(wn)Φ(v) = G−n

ψ FΦ(−v).

Here the unitary Fourier transform F is defined as

FΦ(v) =
∑
y∈Fn

q

Φ(v)ψ(2y · tv)

and the Gauss sum Gψ is defined as Gψ =
∑
x∈Fq

ψ(x2). We define the matrices m(A) and n(B)

by

m(A) =

(
A 0
0 tA−1

)
, A ∈ GLn(Fq),

n(B) =

(
1n B
0 1n

)
, B ∈ Symn(Fq).

Let P ⊂ Spn be a Siegel parabolic subgroup. We define the space of induced representation
as

Ind
Spn
P χ = {f : Spn → C | f(pg) = χ(detA)f(g), p = m(A)n(B) ∈ P}.

For each Schwartz function φ ∈ S(Fnq ), the function g 7→ ωψ(g)φ(0) is an element of the space
of induced representation, i.e.,

ω̃ψ : S(Fnq ) → Ind
Spn
P χ

φ 7→ [g 7→ ωψ(g)φ(0)] .

Let φ0 be the characteristic function of {0} and let f be the image of the above map ω̃ψ : in

other words, f(g) = (ωψ(g)φ0)(0). This f plays an important role in Ind
Spn
P χ, since it is in the

set (Im ω̃ψ)
P,χ. Since ω+

ψ := Im ω̃ψ is the function of the even function, this is an irreducible
representation. Also we note that since the Hecke ring H(P\Spn/P, χ) is commutative, the
dimension of (Im ω̃ψ)

P,χ is at most 1.
We conclude that this f generates this P, χ-invariant subspace.
Let wi be an element of the Weyl group

wi =


1n−i

−1i
1n−i

1i

 ,
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and we want to know the value of ωψ(wi)φ0. We consider the inclusion Spi ↪→ Spn as

(
A B
C D

)
↪→


1n−i

A B
1n−i

C D

 .

From this inclusion, the space S(Fnq ) is written as S(Fn−iq )⊗ S(Fiq), and φ0 = φ
(n−i)
0 ⊗ φ

(i)
0 . We

also note that ωψ = ω
(n)
ψ = ω

(n−i)
ψ ⊗ ω

(i)
ψ and ω

(n−i)
ψ trivially acts on φ

(n−i)
0 , thus we have

ωψ(wi)φ0(0) = ω
(i)
ψ (wi)φ

(i)
0 (0) = G−i

ψ

From the fact that the Gauss sum is equal to β−1
0 , we conclude that the function fβ := f0 +

β0f1 + · · ·+ βn0 fn gives an eigenvector of the intertwining operator (i.e., an idempotent element
of the Hecke ring).

4.2 The case where n = 2 and ω = χ

We recall the calculation of the matrix of order 2. We wrote this method in our previous
paper.

Now, we define some notations which the same as [16].
Let αi (i = 1, 2) be simple roots of the Lie group G = Sp2(F );

α1 = x1 − x2

α2 = 2x2.

We denote by ια : SL2(F ) → G the corresponding homomorphism of α. That is, for A =(
a b
c d

)
, we put

ια1(A) =

(
A

tA−1

)
, ια2(A) =


1

a b
1

c d

 ,

and we set

wB2
1 = ια1

((
0 −1
1 0

))
, wB2

2 = ια2

((
0 −1
1 0

))
.

Let B2 be the Borel subgroup of Sp2(F ), i.e.

B2 =




∗ ∗ ∗ ∗
0 ∗ ∗ ∗

∗ 0
∗ ∗

 ∈ Sp2(F )

 .

The space of the induced representation IndGB2
(χ| · |t1 , χ| · |t2) is the space of C∞ functions

on G satisfying
f(bg) = χ(a1)|a1|t1+2χ(a2)|a2|t2+1f(g)
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for any b =


a1 ∗ ∗ ∗

a2 ∗ ∗
a−1
1

∗ a−1
2

 ∈ B2. We consider that

I2(χ, s) ⊂ IndGB2
(χ| · |s−

1
2 , χ| · |s+

1
2 ).

We define the intertwining operator

Mw =M(w, χ) : IndGB2
(χ) → IndGB2

(χw)

by

Mwf(h) =

∫
N2∩wN−

2 w
−1

f(w−1nh)dn

where N2 and N
−
2 denotes the unipotent radical of B2 (resp. of the opposite parabolic subgroups

of B2).
Then for f ∈ IndGB2

(χ),

ι∗α(M(w, χ)f) =M

((
0 −1
1 0

)
, ι∗αχ

)
(ι∗αf)

as a function on SL2(F ). We note the fact that when l(w1)+l(w2) = l(w1w2),Mw1Mw2 =Mw1w2 .
According to the above notations,

wB2
1 =


−1

1
−1

1

 , wB2
2 =


1

−1
1

1

 ,

and we put

wB2
3 := wB2

1 wB2
2 =


1

1
−1

1

 , wB2
4 := wB2

2 wB2
1 =


−1

−1
−1

1

 ,

wB2
5 := wB2

1 wB2
2 wB2

1 =


1

−1
−1

−1

 , wB2
6 := wB2

2 wB2
1 wB2

2 =


1

−1
−1

1

 ,

wB2
7 := wB2

1 wB2
2 wB2

1 wB2
2 = wB2

2 wB2
1 wB2

2 wB2
1 =


1

1
−1

−1

 .

The Weyl group of G is defined as W := {wB2
i | 1 ≤ i ≤ 7} ∪ {wB2

0 = 14}. Next we define the
function fB2,χ

i (0 ≤ i ≤ 7) by satisfying its support has B2w
B2
i B2 and fB2,χ

i

(
wB2
i

)
= 1. The

function fB2,1
i are similarly defined.
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Put q−s = X, χ(−1) = η, and f(s) =
1− q−1

1− q−s
. We define the square matrices A(s) and

B(s) of size 8 by ∫
Sym2(F )

fB2,χ
i

(
w2

(
1 X
0 1

)
g

)
dX =

7∑
j=0

fB2,χ
j (g)(A(s))ij

∫
Sym2(F )

fB2,1
i

(
w2

(
1 X
0 1

)
g

)
dX =

7∑
j=0

fB2,1
j (g)(B(s))ij.

Because ι∗α(M(w, χ)f) = M

((
0 −1
1 0

)
, ι∗αχ

)
(ι∗αf), we can easily calculate the entries of

A(s) and B(s) by using the entries of E
(s),χ
1 and E

(s),1
1 ;

A(s) =



0 1
0 1

ηq−1 0
0 1

ηq−1 0
0 1

ηq−1 0
ηq−1 0


and

B(s) =



Xf(s) 1
q−1 f(s)

Xf(s) 1
q−1 f(s)

Xf(s) 1
q−1 f(s)

Xf(s) 1
q−1 f(s)


.

When we consider

I2(χ, s) ⊂ IndGB2
(χ| · |s− 1

2 , χ| · |s+ 1
2 )

M
(s+1

2 )
w2��

IndGB2
(χ| · |s− 1

2 , χ| · |−s− 1
2 )

M
(2s)
w1��

IndGB2
(χ| · |−s− 1

2 , χ| · |s− 1
2 )

M
(s− 1

2 )
w2��

IndGB2
(χ| · |−s− 1

2 , χ| · |−s+ 1
2 ) ⊃ I2(χ,−s)
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the matrix representation of the intertwining operator is A(s+ 1
2
)B(2s)A(s− 1

2
), thus we calculate

the matrix EB2
2 = A(s+ 1/2)B(2s)A(s− 1/2).

EB2
2 =


X2f(2s)ηq−1 · 12 0 0 1 · 12

0 X2f(2s)ηq−1 · 12 ηq−1 · 12 0
0 ηq−2 · 12 f(2s)ηq−1 · 12 0

η2q−3 · 12 0 0 f(2s)ηq−1 · 12

 .

Lemma 4.1. The following three equations hold;

f0 = fB2
0 + fB2

1 .

f1 = fB2
2 + fB2

3 + fB2
4 + fB2

5 .

f2 = fB2
6 + fB2

7 .

Proof. We show the first equation. As the space of the induced representation according to B2 is
spanned by the function fB2

i , there are some c0, c1 ∈ C such that f0 = c0f
B2
0 +c1f

B2
1 . Considering

the value at ωB2
0 and ωB2

1 , it is obvious that c0 = f0(ω
B2
0 ) = 1 and c1 = f0(ω

B2
1 ) = 1.

Now we can calculate the matrix E
(s),χ
2 .

M (s)
w2
f0 =M (s)

w2
(fB2

0 + fB2
1 )

= (X2f(2s)ηq−1fB2
0 + η2q−3fB2

6 ) + (X2f(2s)ηq−1fB2
1 + η2q−3fB2

7 )

= X2f(2s)ηq−1f0 + η2q−3f2

= χ(−1)q−1(1− q−1)
q−2s

1− q−2s
f0 + q−3f2,

and

M (s)
w2
f1 =M (s)

w2
(fB2

2 + fB2
3 + fB2

4 + fB2
5 )

= (X2f(2s)ηq−1fB2
2 + ηq−2fB2

4 ) + (X2f(2s)ηq−1fB2
3 + ηq−2fB2

5 )

+ (f(2s)ηq−1fB2
4 + ηq−1fB2

2 ) + (f(2s)ηq−1fB2
5 + ηq−1fB2

3 ).

Here we note that

X2f(2s)ηq−1 + ηq−1 = f(2s)ηq−1 + ηq−2 = χ(−1)q−11− q−1−2s

1− q−2s

and we get

M (s)
w2
f1 = χ(−1)q−11− q−1−2s

1− q−2s
f1.

Finally,

M (s)
w2
f2 =M (s)

w2
(fB2

6 + fB2
7 )

= (f(2s)ηq−1fB2
6 + fB2

0 ) + (f(2s)ηq−1fB2
7 + fB2

1 )

= f(2s)ηq−1f2 + f0

= χ(−1)q−1(1− q−1)
1

1− q−2s
f2 + f0.

In conclusion, we get the following theorem.

Theorem 4.1.

E
(s),χ
2 =

χ(−1)q−1(1− q−1) q−2s

1−q−2s 0 1

0 χ(−1)q−1 1−q−1−2s

1−q−2s 0

q−3 0 χ(−1)q−1(1− q−1) 1
1−q−2s

 .
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4.3 The case where n = 2 and ω = 1

When we calculate the matrix E
(s),ω
2 when ω = 1, we have

Theorem 4.2.

E
(s),1
2 =



q−2s(1−q−1)
(
1−q−s− 3

2

)
(1−q−2s)

(
1−q−s+1

2

) q−s+1
2 (1−q−2)

1−q−s+1
2

1

q−s− 3
2 (1−q−1)

1−q−s+1
2

q−3s+1+q−2s+5
2 (1−2q−1)−q−s+1(2−q−1)+q

3
2

q
5
2

(
1−q−s+1

2

)
(1−q−2s)

1−q−1

1−q−s+1
2

q−3 1−q−2

q
(
1−q−s+1

2

) (1−q−1)
(
1−q−s− 3

2

)
(1−q−2s)

(
1−q−s+1

2

)


.

Remark 4.2. The calculation of (1, 1) entry (the center) of the matrix E
(s),1
2 is mistaken in our

previous article; The above calculation is true.

4.4 The programming code of calculating the intertwining operator

By using the method of calculating the intertwining operator when n = 2, we can com-
putationally calculate E

(s),χ
n when n is greater than 2. We note that the order of the Weyl

group associated with the Borel subgroup Wn is 2n × n! and the number of multiplying rank 1
intertwining operator is n(n+ 1)/2. We have to multiply matrices (sparse matrices) of too big
size many times.

We note that the Weyl group Wn is isomorphic to Sn ⋊ {±1}n, known as the signed per-
mutation group. Later, we explain the case where n is 2. The generator of Weyl group, wB2

1

and wB2
2 is identified as

wB2
1 ⇐⇒ σ1 =

(
1 2
2 1

)
, wB2

2 ⇐⇒ σ2 =

(
1 2
1 −2

)
.

In general n, the generator of signed permutation group is (1 2), (2 3), · · · , (n − 1 n), which
correspond to short roots, and (n − n), which corresponds to the long root.

Next, we translate the matrix A(s) and B(s) into the word of the signed permutation group.
For w,w′ ∈ W2, it follows that

(A(s))w,w′ =


1 w′ = wB2

2 w, l(wB2
2 w) > l(w)

χ(−1)q−1 w′ = wB2
2 w, l(wB2

2 w) < l(w)

0 otherwise.

(B(s))w,w′ =



q−s
1− q−1

1− q−s
w′ = w, l(wB2

1 w) > l(w)

1− q−1

1− q−s
w′ = w, l(wB2

1 w) < l(w)

1 w′ = wB2
1 w, l(wB2

1 w) > l(w)

q−1 w′ = wB2
1 w, l(wB2

1 w) < l(w)

0 otherwise.

Thus the calculation of A(s+ 1/2)B(2s)A(s− 1/2) is equivalent to taking the finite sum

(A(s+ 1/2)B(2s)A(s− 1/2))w,w′ =
∑

wα,wβ∈W2

(A(s+ 1/2))w,wα(B(2s))wα,wβ
(A(s− 1/2))wβ ,w′ .
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We also note that, in the matrix A(s), (A(s))w,w′ = 0 unless w′ = wB2
2 w. In B(s), (B(s))w,w′ = 0

unless w′ = w or w′ = wB2
1 w. Therefore the summation with wα, wβ is running over

wα = wB2
2 w, wβ =

{
wB2

1 wα,

wα,
w′ = wB2

2 wα.

We identify the Weyl group and the signed permutation group. Each w ∈ W2, corresponding
signed permutation σw is charactered by σw(1) and σw(2) since σw(−i) = −σw(i). Later we
only consider the sequence (σw(1), σw(2)). Their sign is arbitrary, and without their signs,
(σw(1), σw(2)) is an permutation of {1, 2}.

The following is elemental.

l(wB2
1 w) > l(w) ⇔


+1 is located on the left side of +2,

−2 is located on the left side of −1,

the sign of 1 is + and 2 is −,

l(wB2
2 w) > l(w) ⇔ the sign of 2 is +.

In general n, the short root wBn
1 , · · · , wBn

n−1 satisfies the same length condition as wB2
1 and long

root wBn
n satisfies the same as wB2

2

4.4.1 The motivation of programming

We can construct the programming code to calculate (A(s+1/2)B(2s)A(s−1/2))w,w′ . Here,
we use PARI/GP because it is easy to handle rational functions.

First, we define some notations. X, Q, Z is defined as

X = q−s, Q = q
1
2 , Z = χ(−1).

Storing data of the signed permutation Sn ⋊ {±1}n is a little difficult.

• Storing data as the permutation of order 2n (Identified −1, · · · ,−n as n+ 1, · · · , 2n)
⇒ σw satisfies σw(n+ i)− σw(i) = ±n (1 ≤ i ≤ n) and writing this condition is difficult.

• Storing data as the sequence of length n
⇒ Checking whether the sign-missing sequence is in Sn or not is difficult, and writing this
condition that the transposition (each short/long root) does not move signs is difficult.
For example, if σw1(1) = −i and w2 = (i i + 1), we easily show σw2w1(1) = −(i + 1). If
σw1(1) = i, then σw2w1(1) = i + 1 and we have the data of w2 contain i 7→ i + 1 and
−i 7→ −(i+ 1). It is inconvenient.

Therefore we separate the information of signs and permutations, i.e., identify Wn asSn×{±1}n
as sets. (The group structure of permutations is preserved).

In PARI/GP, Vecsmall [a1, · · · , an] represents the permutation

(
1 · · · n
a1 · · · an

)
∈ Sn. Vec-

small can be seen as vectors when there is no multiplying. If we use the inner product, we
should use Vec. In this case, we also use Vecsmall to store the signs’ datum. In the vectors of
the datum of signs, 1 means the sign is +1, and 0 (not -1) means the sign is −1.
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4.4.2 The example of code when n = 2

Listing 1: The calculation of intertwining operator

1 search(q,i)=for(j=1,2,if(q[j]-i,,return(j)));
2

3 change2(q,i)={
4 if(i==1,
5 Vecsmall([1-q[1],q[2]]),
6 Vecsmall([q[1],1-q[2]])
7 );
8 };
9

10 E2p(a1, a2, b1, b2, n) = {
11 local(x);
12 x = 0;
13 for (i1 = 0, 1,
14 A0 = Vecsmall([a1, a2, b1, b2]);
15 p1 = Vecsmall([A0[3], A0[4]]);
16 q1 = change2(p1, search(A0, 2));
17 A1 = Vecsmall([A0[1], A0[2], q1[1], q1[2]]);
18 p2 = Vecsmall([A1[1], A1[2]]);
19 q2 = if(i1 == 0, p2, Vecsmall([2, 1]) * p2);
20 A2 = Vecsmall([q2[1], q2[2], A1[3], A1[4]]);
21 if(A2[3] + A2[4] == n,
22 Q1 = if(A0[search(A0, 2) + 2] == 0, 1, Z * q^(-1));
23 Q2 = if(i1 == 0,
24 if(search(A1, 2) > search(A1, 1),
25 if(A1[search(A1, 1) + 2] == 0,
26 X * q^2 * (1 - q^(-1)) / (1 - X * q^2),
27 (1 - q^(-1)) / (1 - X * q^2)
28 ),
29 if(A1[search(A1, 2) + 2] == 0,
30 (1 - q^(-1)) / (1 - X * q^2),
31 X * q^2 * (1 - q^(-1)) / (1 - X * q^2)
32 );
33 ),
34 if(search(A1, 2) > search(A1, 1),
35 if(A1[search(A1, 1) + 2] == 0,
36 1,
37 q^(-1)
38 ),
39 if(A1[search(A1, 2) + 2] == 0,
40 q^(-1),
41 1
42 );
43 );
44 );
45 Q3 = if(A2[search(A2, 2) + 2] == 0, 1, Z * q^(-1));
46 x = x + Q1 * Q2 * Q3;
47 );
48 );
49 return(x);
50 };
51

52 E2(m,n)={
53 r1=if(m>=1,1,0);
54 r2=if(m>=2,1,0);
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55 E2p(1,2,r1,r2,n);
56 };

There are many conditional branches and nested if statements. There must be a more concise
code, but we don’t know. However, it is easy to extend this code to the case n ≥ 3, and then
we can calculate the intertwining operator for the case n ≥ 3 this way.

We will write the meaning of the above code.

• line 1: search function
In this function, q is some vector whose length is two or more, and i is 1 or 2. More
precisely, we consider the case where {q[1], q[2]} = {1, 2}. j runs 1 to 2 and if q[j] = i,
return the value of j.
Hence this function gives where the number i is in the vector q.

• line 3-8: change function
In this function, we consider the case where q ∈ {0, 1}2 and i is 1 or 2. The i-th element
of vector q changes from 0 to 1 or 1 to 0.

• line 10-50: main function
In this function, we calculate the value∑

w′: rank n

(A(s+ 1/2)B(2s)A(s− 1/2))w,w′ ,

where (a1, a2) is sign-missing permutation of w and (b1, b2) is the sign of w. We describe
this main function more precisely.

– line 11, 12, 46, 49: the summation for each wα
x is declared as a variable and since x = x+Q1∗Q2∗Q3 this term is added. Return
the total sum x.

– line 15-17: Change the sign corresponding to the number 2, i.e., change +2 to −2 or
−2 to +2.

– line 18-20: if i1 = 0 (⇔ wβ = wα) then nothing happens, if i = 1 (⇔ wβ = wB2
1 wα)

then the number 1 and 2 changes.

– line 21: We note that the rank (of the lower-left 2 × 2 matrix of modulo p) equals
the number of the signs of +. Therefore, we determined that 0 means the sign −. In
line 21, we take a sum if the rank w′ is equal to given n.

– line 22-46: the value of A(s) or B(s) is calculated. In the term of Q2, it is difficult
for us to write the condition down shortly whether l(wB2

1 w) > l(w).

• line 52-56: the calculation of the (E
(s),χ
2 )mn

In this function, the initial value ai, bi is fixed. We fix a1 = 1 and a2 = 2, and we choose
a non-negative number r1 + r2 = m. In this function, we get

(r1, r2) =


(0, 0) if m = 0,

(1, 0) if m = 1,

(1, 1) if m = 2.

Therefore we can calculate the (m,n)-entry of the matrix.
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4.5 The matrix of the intertwining operator of n ≤ 8

In this section, we calculate the intertwining operator and write the eigenvalues and eigen-
vectors of the matrix when n ≤ 8. We calculate these matrices with PARI/GP. When n ≥ 9, it
is difficult to calculate with our computer because of working too much time.

Here we write the function ai0f0+ ai1β0f1+ · · ·+ ainβ
n
0 fn as [ai0, ai1, · · · , ain] and the eigen-

vector of the intertwining operator as e
(n)
0 , e

(n)
1 , · · · , e(n)n . The corresponding eigenvalue of e

(n)
i

is written as λ
(n)
i . For example, when n = 1,

λ
(1)
0 = β, e

(1)
0 = [1, 1],

λ
(1)
1 = −β, e

(1)
1 = [1,−1].

and when n = 2,

λ
(2)
0 = β21− q−2s−1

1− q−2s
, e

(2)
0 = [1, 1, 1],

λ
(2)
1 = β21− q−2s−1

1− q−2s
, e

(2)
1 = [1,−1, 1],

λ
(2)
2 = β2q−2s1− q2s−1

1− q−2s
, e

(2)
2 = [q, 0,−1].

(i) n = 3

e
(3)
0 = [1, 1, 1, 1],

e
(3)
1 = [1,−1, 1,−1],

e
(3)
2 = [q5 − q2, q4 − q3,−q2 + q,−q3 + 1],

e
(3)
3 = [q5 − q2,−q4 + q3,−q2 + q, q3 − 1].

We note that, when [ai0, ai1, · · · , ain] is an eigenvector, then [ai0,−ai1, · · · , (−1)nain] is

also eigenvector except for e
(2m)
2m . Later, we will not write e

(n)
i when i is odd.

(ii) n = 4

e
(4)
0 = [1, 1, 1, 1, 1],

e
(4)
2 = [q5 + q3, q4, q3 − q2,−q,−q2 − 1],

e
(4)
4 = [q7 − q4, 0,−q4 + q3, 0, q3 − 1].

(iii) n = 5

e
(5)
0 = [1, 1, 1, 1, 1, 1],

e
(5)
2 = [q9 − q4, q8 − q5, q7 − q5 − q4 + q3, q6 − q5 − q4 + q2,−q4 + q,−q5 + 1],

e
(5)
4 = [q11 − q6, q9 − q8,−q6 + q5,−q6 + q5, q3 − q2, q5 − 1].
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(iv) n = 6

e
(6)
0 = [1, 1, 1, 1, 1, 1, 1],

e
(6)
2 = [q11 − q5, q10 − q6, q9 − q6 − q5 + q4, q8 − q6 − q5 + q3, q7 − q6 − q5 + q2,−q5 + q,−q6 + 1],

e
(6)
4 = [q8(q5 − 1)(q4 + q2 + 1), q15 − q10, q13 − q12 − q10 + q9 − q8 + q7,−q10 + q7,

− q10 + q9 − q8 + q7 + q5 − q4, q7 − q2, (q5 − 1)(q4 + q2 + 1)],

e
(6)
6 = [q14 − q9, 0,−q9 + q8, 0, q6 − q5, 0,−q5 + 1].

(v) n = 7

e
(7)
0 = [1, 1, 1, 1, 1, 1, 1, 1],

e
(7)
2 = [q13 − q6, q12 − q7, q11 − q7 − q6 + q5, q10 − q7 − q6 + q4,

q9 − q7 − q6 + q3, q8 − q7 − q6 + q2,−q6 + q,−q7 + 1],

e
(7)
4 = [q10(q6 − 1)(q7 − 1), q12(q3 − 1)(q6 − 1), f

(7)
4,2 (q), f

(7)
4,3 (q),

f
(7)
4,4 (q), f

(7)
4,5 (q), q

2(q3 − 1)(q6 − 1), (q6 − 1)(q7 − 1)],

e
(7)
6 = [q12(q5 − 1)(q7 − 1), q15(q − 1)(q5 − 1),−q11(q − 1)(q5 − 1),−q12(q − 1)(q3 − 1),

q8(q − 1)(q3 − 1), q7(q − 1)(q5 − 1),−q3(q − 1)(q5 − 1),−(q5 − 1)(q7 − 1)],

where

f
(7)
4,2 (q) = q9(q − 1)(q2 − 1)(q7 + q6 + q5 − q2 − 1),

f
(7)
4,3 (q) = q9(q2 − 1)(q3 − 1)(q3 − q2 − 1),

f
(7)
4,4 (q) = −q6(q2 − 1)(q3 − 1)(q3 + q − 1),

f
(7)
4,5 (q) = −q4(q − 1)(q2 − 1)(q7 + q5 − q2 − q − 1).

(vi) n = 8

e
(8)
0 = [1, 1, 1, 1, 1, 1, 1, 1, 1],

e
(8)
2 = [q15 − q7, q14 − q8, q13 − q8 − q7 + q6, q12 − q8 − q7 + q5, q11 − q8 − q7 + q4,

q10 − q8 − q7 + q3, q9 − q8 − q7 + q2,−q7 + q,−q8 + 1],

e
(8)
4 = [q12(q4 + 1)(q7 − 1), q14(q7 − 1), q11(q8 − q5 − q + 1), q11(q6 − q4 − q3 + 1), f

(8)
4,4 (q),

− q6(q6 − q3 − q2 + 1),−q4(q8 − q7 − q3 + 1), q2(q7 − 1), (q4 − 1)(q7 − 1)],

e
(8)
6 = [q15(q2 + 1)(q4 + 1)(q7 − 1), q18(q7 − 1), q14(q − 1)(q7 − q4 − q2 − 1),

− q15(q3 − 1),−q11(q − 1)(q2 + 1)(q3 − 1), q10(q3 − 1),

q6(q − 1)(q7 + q5 + q3 − 1),−q3(q7 − 1),−(q2 + 1)(q4 + 1)(q7 − 1)],

e
(8)
8 = [q16(q5 − 1)(q7 − 1), 0,−q15(q − 1)(q5 − 1), 0, q12(q − 1)(q3 − 1),

0,−q7(q − 1)(q5 − 1), 0, (q5 − 1)(q7 − 1)],

where f
(8)
4,4 (q) = q8(q − 1)(q6 − q4 − 2q3 − q2 + 1).
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Each eigenvalue is calculated as follows. When n = 2m is even, i.e. n = 4, 6, and 8, we
define for each 0 ≤ i ≤ m,

λ
(2m)
i = (−1)mβ2m

0 q2mi−i
2

∏m−i
k=1 (1− q−2s+1−2k) ·

∏m
k=1(1− q−2s+2m+1−2k)

(1− q−2s)(1− q−2s−2) · · · (1− q−2s−2m+2)

thus λ
(2m)
i is the eigenvalue with respect to eigenvector e

(2m)
2i (0 ≤ i ≤ m) and e

(2m)
2i+1(0 ≤ i ≤

m− 1).
When n = 2m+ 1 is odd, i.e., n = 3, 5, and 7, we define for each 0 ≤ i ≤ m,

λ
(2m+1)
i = (−1)mβ2m+1

0

∏m−i
k=1 (1− q−2s−2k) ·

∏m
k=1(1− q−2s−2m−2+2k)

(1− q−2s+1)(1− q−2s+3) · · · (1− q−2s+2m−1)

thus λ
(2m)
i is the eigenvalue with respect to eigenvector e

(2m)
2i (0 ≤ i ≤ m) and −λ(2m)

i is with

e
(2m)
2i+1.

5 The functional equation of the Siegel series

5.1 The functional equation of the Whittaker functional

Let Q ∈ Symn(F ) satisfying detQ 6= 0. For each Q, we put DQ = (−4)[n/2] detQ. For

θ ∈ F×/F×2
, we define the character χθ by χθ(x) = 〈θ, x〉. Let α(x) denote the Weil constant

αψ(x).
For a character ω of F× (we may not assume that ω2 = 1), we write ε(s, ω, ψ) and L(s, ω)

for the ε and L factor of ω, respectively. We also use the notation

ε′(s, ω) = ε′(s, ω, ψ) = ε(s, ω, ψ)
L(1− s, ω−1)

L(s, ω)
.

We denote by ηQ the Hasse invariant of the Clifford algebra (resp. the even Clifford algebra)
of Q if n is even (resp. odd).

Lemma 5.1. Assume that the matrix Q is equivalent to the diagonal matrix diag(q1, q2, · · · , qn).
If n = 2m+ 1 is odd, then

ηQ = 〈−1,−1〉m(m+1)/2〈(−1)m, detQ〉εQ.

If n = 2m is even, then

ηQ = 〈−1,−1〉m(m−1)/2〈(−1)m+1, detQ〉εQ.

Here εQ is defined as εQ =
∏

1≤i<j≤n

〈qi, qj〉.

For Φ ∈ S(Symn(F )), the Fourier transform Φ̂ is defined as

Φ̂(x) =

∫
Symn(F )

Φ(y)ψ(tr(xy))dy.
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Here, dy is the self-dual measure for this Fourier transform. From the prehomogeneity of the
space Symn(F ), there exists a meromorphic function cQ(ω, s) which satisfies∫

Symn(F )

Φ(X)ω(detX)| detX|s−
n+1
2 dX =

∑
Q∈O

cQ(ω, s)

∫
VQ

Φ̂(X)ω−1(detX)| detX|−sdX

where O is the set of open orbits of Symn(F ) under the action of algebraic group GLn, and VQ
is the open orbit containing Q.

We define degenerate Whittaker functional WhB as

M (s)
wn
f(g) =

∫
Symn(F )

f(wnn(x)g)dx,

WhB(s)f =

∫
Symn(F )

f(wnn(x))ψ(tr(Bx))dx.

It is well known that these integrals are absolutely convergent for Re(s) � 0, and they can be
meromorphically continued to the whole s ∈ C.

Theorem 5.1 ( [15] Lemma 3.1). The following functional equation of the Whittaker functional
holds.

WhB(−s) ◦M (s)
wn

= ω−1(detB)| detB|−scB(ω, s)WhB(s).

Theorem 5.2 ( [15] Theorem 2.1). If n = 2m+ 1, then we have

cQ(ω, s) = ε′(s−m,ω)−1

m∏
r=1

ε′(2s− 2m− 1 + 2r, ω2)−1

× |2|−2ms+
m(2m+1)

2 ω−m(4)ηQ.

If n = 2m, then we have

cQ(ω, s) = ε′(s−m+
1

2
, ω)−1

m∏
r=1

ε′(2s− 2m+ 2r, ω2)−1

× |2|−2ms+
m(2m−1)

2 ω−m(4)
α(DQ)

α(1)
ε′(s+

1

2
, ωχDQ

).

We need some lemma relating to ε′-factor.

Lemma 5.2. When ω is a character over F× and ψ is an additive character of order 0, we
have

ε′(s, ω, ψ) =

q
( 1
2
−s)cε′(1

2
, ω, ψ) ω : ramified,

1− ω(π)q−s

1− ω−1(π)qs−1
ω : unramified.

Here c denotes the conductor of the character ω.

Proof. This lemma is well-known for the theory of L-factor and ε-factor of the local zeta integral.
See [35].

We note that, when χ is a ramified character on F× which satisfies χ2 = 1 (and q is odd),
the conductor c is equal to 1.
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Lemma 5.3. When ω = χθ and s = 1
2
, the value of ε′-factor is represented by Weil constants

as follows:

ε′
(
1

2
, χθ, ψ

)
=
αψ(1)

αψ(θ)
.

Proof. By taking the residue of Lemma 1.3 in [15], the statement holds.

From the above lemma, we know that ε′
(
1
2
, χ, ψ

)
= αψ(π)χ(π) since χ = χπ.

5.2 The functional equations

Later each function ft = f
(s)
t is taken in the space In(χ, s)

Γ,χ. We write the function

f
(s)
β = f

(s)
β,n as f

(s)
β =

∑n
t=0 β

t
0f

(s)
t . Then

Theorem 5.3. The functional equations of the ramified Siegel series are written as follows:

(1) If n is odd,

WhB(−s)f (−s)
β = χ(−DB)ηBq

s(
∑
ej+1) (1− q2s−2)(1− q2s−4) · · · (1− q2s−n+1)

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
WhB(s)f

(s)
β .

(2) If n is even and
∑
ej is even,

WhB(−s)f (−s)
β = qs

∑
ej

(1− q2s−1)(1− q2s−3) · · · (1− q2s−n+1)

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
WhB(s)f

(s)
β .

(3) If n is even and
∑
ej is odd,

WhB(−s)f (−s)
β = qs(

∑
ej+1)1− χ(−DB)q

−s− 1
2

1− χ(−DB)q
s− 1

2

(1− q2s−1)(1− q2s−3) · · · (1− q2s−n+1)

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
WhB(s)f

(s)
β .

We show the proof of the functional equations later.

Definition 5.1. We define the function F (s) = FB(s) as

F (s) =



WhB(s)f
(s)
n

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
n is odd,

WhB(s)f
(s)
n

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
n is even and

∑n
k=1 ek is even,

(1− χ(−DB)q
−s− 1

2 )WhB(s)f
(s)
n

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
n is even and

∑n
k=1 ek is odd.

Then the functional equation is written as follows:

F (−s) =


ηBχ(−DB)q

s(
∑n

k=1 ek+1)F (s) n is odd,

qs
∑n

k=1 ekF (s) n is even and
∑n

k=1 ek is even,

qs(
∑n

k=1 ek+1)F (s) n is even and
∑n

k=1 ek is odd.

Later, we further define the function F̃ (s) = F̃B(s) as

F̃ (s) =


q

s
2
(
∑n

k=1 ek+1)F (s) n is odd,

q
s
2

∑n
k=1 ekF (s) n is even and

∑n
k=1 ek is even,

q
s
2
(
∑n

k=1 ek+1)F (s) n is even and
∑n

k=1 ek is odd.
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5.3 The proof of the functional equation

In this section, we are going to prove Theorem 5.3. First we have to prove the following
lemma.

Lemma 5.4. The function fβ = f
(s)
β satisfies

M (s)
wn
f
(s)
β = βn0

[n/2]∏
i=1

1− q−2s−n−1+2i

1− q−2s+n−2i
f
(−s)
β .

Proof. We consider the following intertwining operators of rank 1, in the same method as n = 2.

In(χ, s) ⊂ IndGBn
(χ| · |s−n−1

2 , χ| · |s−n−3
2 , · · · , χ| · |s+n−1

2 )

M̃
(s+n−1

2 )
wn��

IndGBn
(χ| · |s−n−1

2 , χ| · |s−n−3
2 , · · · , χ| · |s+n−3

2 , χ| · |−s−n−1
2 )

M̃
(2s+n−2)
wn−1

��

IndGBn
(χ| · |s−n−1

2 , χ| · |s−n−3
2 , · · · , χ| · |−s−n−1

2 , χ| · |s+n−3
2 )

···

��

M̃
(2s)
w1��

IndGBn
(χ| · |−s−n−1

2 , χ| · |s−n−1
2 , · · · , χ| · |s+n−5

2 , χ| · |s+n−3
2 )

M(n−1,s− 1
2
)

��

IndGBn
(χ| · |−s−n−1

2 , χ| · |−s−n−3
2 , · · · , χ| · |−s+n−3

2 , χ| · |−s+n−1
2 ).

We note that the space In(χ,−s) is contained in the space at the bottom of the table above.
Here notations are defined as

• Bn: the Borel subgroup of Spn(F ).

• wBn
i : In this section it means the generators of the Weyl group, which corresponds to the

simple root αi = xi − xi+1 (1 ≤ i ≤ n− 1) and αn = 2xn (i = n); in other words,

(wBn
i )jk =


1 if j = k and j 6= i, i+ 1, n+ i, n+ i+ 1

1 if (j, k) = (i+ 1, i), (n+ i+ 1, n+ i)

−1 if (j, k) = (i, i+ 1), (n+ i, n+ i+ 1)

0 otherwise.

(1 ≤ i ≤ n− 1)

(wBn
n )jk =


1 if j = k and j 6= n, 2n

1 if (j, k) = (2n, n)

−1 if (j, k) = (n, 2n)

0 otherwise.
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We can show that

wBn
n · wBn

n−1w
Bn
n · wBn

n−2w
Bn
n−1w

Bn
n · · · (wBn

1 wBn
2 · · ·wBn

n )

=



(−1)n

. .
.

1
−1

(−1)n−1

. .
.

−1
1


and that the determinant of the lower left block is

det


(−1)n−1

. .
.

−1
1

 = sgn

(
1 2 · · · n
n n− 1 · · · 1

)
· (−1)[

n
2 ] = 1.

• IndGBn
(χ|·|t1 , · · · , χ|·|tn): the space of C∞ functions on G satisfying, for any b = (bij) ∈ Bn,

f(bg) = χ(b11)|b11|t1+n · · ·χ(bnn)|bnn|tn+1f(g).

• M
(s)

(wBn
i )

= M̃
(s)
wi : the intertwining operator induced by that of rank 1, which corresponds

to the element wi of the Weyl group.

• M(n, s): the intertwining operator In(χ, s) → In(χ,−s) with respect to the Borel sub-
group.

Hence we have

M(n, s) =M(n− 1, s− 1

2
)M̃ (2s)

w1
M̃ (2s+1)

w2
· · · M̃ (2s+n−2)

wn−1
M̃

(s+n−1
2

)
wn .

Let Ai(s) = (Ai(s)w,w′)w,w′∈W be the square matrix of size 2n × n! representing the operator

M̃
(s)
wi . As in Section 4.4, we have

(Ai(s))w,w′ =



q−s
1− q−1

1− q−s
w′ = w, l(wBn

i w) > l(w)

1− q−1

1− q−s
w′ = w, l(wBn

i w) < l(w)

1 w′ = wBn
i w, l(wBn

i w) > l(w)

q−1 w′ = wBn
i w, l(wBn

i w) < l(w)

0 otherwise,

(1 ≤ i ≤ n− 1)

(An(s))w,w′ =


1 w′ = wBn

n w, l(wBn
n w) > l(w)

χ(−1)q−1(= β2
0) w′ = wBn

n w, l(wBn
n w) < l(w)

0 otherwise.
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For each w ∈ W , we define the rank of w (different from the usual meaning) as the number
of the long root wBn

n contained in the minimal representation of w. In other words, when we
write w ∈ W as the element of signed permutation, the rank is equal to the number of the set
{i | 1 ≤ i ≤ n,w(i) < 0}.

We define the vector v = (vw)w∈W as vw = βrankw
0 . (Note that this vector v corresponds to

the function fβ.) We consider this vector v as a column vector. Then it follows that

Ai(s)v =
1− q−s−1

1− q−s
v (1 ≤ i ≤ n− 1), An(v) = β0v. (6)

In other words, the vector v is an eigenvector of all Ai(s). We prove this equation (6). First,
when 1 ≤ i ≤ n− 1, we fix an element w ∈ W . Then

(Ai(s)v)w =
∑
w′∈W

(Ai(s))w,w′(v)w′

=


q−s

1− q−1

1− q−s
(v)w + 1 · (v)wiw if l(wBn

i w) > l(w),

1− q−1

1− q−s
(v)w + q−1(v)wiw if l(wBn

i w) < l(w).

Since wBn
i is a short root of the Weyl group, the rank of wBn

i w is the same as that of w. Hence

(Ai(s)v)w =


q−s

1− q−1

1− q−s
(v)w + 1 · (v)w if l(wBn

i w) > l(w),

1− q−1

1− q−s
(v)w + q−1(v)w if l(wBn

i w) < l(w)

=
1− q−s−1

1− q−s
(v)w.

Secondly, we prove the wBn
n case. The element w ∈ W is fixed as above. Then

(An(s)v)w =
∑
w′∈W

(An(s))w,w′(v)w′

=

{
(v)wnw if l(wBn

n w) > l(w),

β2
0(v)wnw if l(wBn

n w) < l(w).

When l(wBn
n w) > l(w), we have rank(wBn

n w) = rankw + 1. Hence we have

(An(s)v)w = (v)wBn
n w = β

rank(wBn
n w)

0 = βrankw+1
0 = β0(v)w.

When l(wBn
n w) < l(w), we have rank(wBn

n w) = rankw − 1. Hence we have

(An(s)v)w = β2
0(v)wBn

n w = β2
0β

rank(wBn
n w)

0 = β2
0β

rankw−1
0 = β0(v)w.

Therefore we have An(s)v = β0v and equation (6) holds.
Now we calculate the operator

M(n, s) =M(n− 1, s− 1

2
)M̃ (2s)

w1
M̃ (2s+1)

w2
· · · M̃ (2s+n−2)

wn−1
M̃

(s+n−1
2

)
wn .
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The operator M̃
(2s)
w1 M̃

(2s+1)
w2 · · · M̃ (2s+n−2)

wn−1 M̃
(s+n−1

2
)

wn corresponds the matrix

A1(2s)A2(2s+ 1) · · ·An−1(2s+ n− 2)An(s+
n− 1

2
).

From the equation (6), we have(
A1(2s)A2(2s+ 1) · · ·An−1(2s+ n− 2)An(s+

n− 1

2
)

)
v

=
1− q−2s−1

1− q−2s

1− q−2s−2

1− q−2s−1
· · · 1− q−2s−n+1

1− q−2s−n+2
β0v = β0

1− q−2s−n+1

1− q−2s
v.

We define the constant c(n, s) as M(n, s)v = c(n, s)v. Thus c(n, s) satisfies

c(n, s) = β0
1− q−2s−n+1

1− q−2s
c(n− 1, s− 1

2
), c(1, s) = β0,

and we have c(n, s) = βn0

[n/2]∏
i=1

1− q−2s−n−1+2i

1− q−2s+n−2i
. Therefore Lemma 5.4 holds.

We can prove the functional equation by using Theorem 5.1, 5.2, and Lemma 5.4. We divide
by 3 cases.

(i) When n is odd, the value cB(χ, s) is calculated as

cB(χ, s) = ε′
(
s− n− 1

2
, χ

)−1
n−1
2∏

r=1

ε(2s− n+ 2r, 1)−1ηB

=
(
q

n
2
−sαψ(π)χ(π)

)−1

n−1
2∏

r=1

(
1− q−2s+n−2r

1− q2s−n+2r−1

)−1

ηB.

From Theorem 5.1, we have

WhB(−s)M (s)
wn
f
(s)
β = χ−1(detB)| detB|−scB(χ, s)WhB(s)f

(s)
β .

From Theorem 5.2 and Lemma 5.4, it follows that

WhB(−s)f (−s)
β =

βn0
n−1
2∏
i=1

1− q−2s−n−1+2i

1− q−2s+n−2i

−1

χ−1(detB)| detB|−s

×
(
q

n
2
−sαψ(π)χ(π)

)−1

n−1
2∏

r=1

(
1− q−2s+n−2r

1− q2s−n+2r−1

)−1

ηBWhB(s)f
(s)
β

= χ(−1)
n+1
2 χ(detB)ηBq

s(
∑
ej+1)

n−1
2∏
i=1

1− q2s−n−1+2i

1− q−2s−n−1+2i
WhB(s)f

(s)
β .

SinceDB = (−4)
n−1
2 detB, it follows that χ(−1)

n+1
2 χ(detB) = χ(−DB) and the functional

equation holds.
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(ii) When n is even and
∑n

k=1 ek is even, the value of αψ(DB) and ε
′(s+ 1

2
, χχDB

) is

αψ(DB) = 1,

ε′(s+ 1/2, χχDB
) = ε′(s+ 1/2, χDBπ)

= q−sε′(1/2, χDBπ)

= q−sαψ(DBπ)
−1

= q−sχ(DB)αψ(π)
−1.

Therefore the value of cB(χ, s) is

cB(χ, s) = ε′
(
s− n− 1

2
, χ

)−1
n
2∏

r=1

ε(2s− n+ 2r, 1)−1αψ(DB)ε
′(s+ 1/2, χχDB

)

=
(
q

n
2
−sαψ(π)χ(π)

)−1

n
2∏

r=1

(
1− q−2s+n−2r

1− q2s−n+2r−1

)−1

q−sχ(DB)αψ(π)
−1

and combined with Theorem 5.1 and Lemma 5.4, we have

WhB(−s)f (−s)
β =

βn0
n
2∏
i=1

1− q−2s−n−1+2i

1− q−2s+n−2i

−1

χ−1(detB)| detB|−s

×
(
q

n
2
−sαψ(π)χ(π)

)−1

n
2∏

r=1

(
1− q−2s+n−2r

1− q2s−n+2r−1

)−1

q−sχ(DB)αψ(π)
−1WhB(s)f

(s)
β

=

n
2∏
i=1

1− q2s−n−1+2i

1− q−2s−n−1+2i
qs

∑
ejWhB(s)f

(s)
β .

(iii) When n is even and
∑n

k=1 ek is odd, the value of αψ(DB) and ε
′(s+ 1

2
, χχDB

) is

αψ(DB) = χ(DBπ)αψ(π),

ε′(s+ 1/2, χχDB
) = ε′(s+ 1/2, χDBπ)

=
1− χDBπ(π)q

−s− 1
2

1− χDBπ(π)
−1qs−

1
2

.

Therefore the value of cB(χ, s) is

cB(χ, s) = ε′
(
s− n− 1

2
, χ

)−1
n
2∏

r=1

ε(2s− n+ 2r, 1)−1αψ(DB)ε
′(s+ 1/2, χχDB

)

=
(
q

n
2
−sαψ(π)χ(π)

)−1

n
2∏

r=1

(
1− q−2s+n−2r

1− q2s−n+2r−1

)−1

χ(DBπ)αψ(π)
1− χDBπ(π)q

−s− 1
2

1− χDBπ(π)
−1qs−

1
2
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and combined with Theorem 5.1 and Lemma 5.4, we have

WhB(−s)f (−s)
β =

βn0
n
2∏
i=1

1− q−2s−n−1+2i

1− q−2s+n−2i

−1

χ−1(detB)| detB|−s
(
q

n
2
−sαψ(π)χ(π)

)−1

×
n
2∏

r=1

(
1− q−2s+n−2r

1− q2s−n+2r−1

)−1

χ(DBπ)αψ(π)
1− χDBπ(π)q

−s− 1
2

1− χDBπ(π)
−1qs−

1
2

WhB(s)f
(s)
β

= qs(
∑
ej+1)1− χ(−DB)q

−s− 1
2

1− χ(−DB)q
s− 1

2

n
2∏
i=1

1− q2s−n−1+2i

1− q−2s−n−1+2i
WhB(s)f

(s)
β .

6 The ramified Siegel series and the recursion formulas

6.1 en term of the ramified Siegel series

We put the diagonal matrix B′ as

B′ = diag(α1π
e1 , · · · , αn−1π

en−1 , αnπ
en+2).

In other words, we substitute en as en + 2. We calculate the value of ∆St(B, s) := St(B
′, s) −

St(B, s).
First we assume that en � en−1. (More precisely, we assume en − en−1 ≥ 2, 4, or 6 contex-

tually.) When en − en−1 is smaller, see Remark 6.1.
We define the sets Be and Bo as

Be := {k | 1 ≤ k ≤ n− 1, en ≡ ek (mod 2)},
Bo := {k | 1 ≤ k ≤ n− 1, en 6≡ ek (mod 2)}.

These sets satisfy the following lemma.

Lemma 6.1. (1) #Be +#Bo = n− 1, i.e., the parity of n and #Be +#Bo are different.

(2) If n is even, then
∑n

k=1 ek is even if and only if #Bo is even. If n is odd, then
∑n−1

k=1 ek is
odd if and only if #Bo is odd.

We calculate ∆St(B, s) divided by 4 cases, if n is even or odd, and if #Bo is even or odd.

Lemma 6.2. In the formula of the ramified Siegel series St(B, s)
χ, the sum of the term ν0 ≥

−en−1 − 1 is independent of en.

Proof. First we see that, since ν0 ≥ −en−1 − 1, the set {ν}tk defined as{
(ν0, ν1, · · · , νk−1) ∈ Z× Zk−1

>0

∣∣ −bl(σ,B) ≤ ν0 + ν1 + · · ·+ νl ≤ −1 (0 ≤ l ≤ k − 1), n(k) = t
}

is independent of en. Therefore each νi does not depend on en−1. Also, when ν0 ≥ −en−1 − 1,
it follows that n /∈ Bi(λ) and min{en + eσ,i,n + λ, 0} = 0. Since the term ρ̃l,λ(σ,B) and ξi,λ(B)χ
does not depend on en, the total sum of St(B

′′, s)χ also does not depend on en.

Remark 6.1. The above argument assumes that en−en−1 ≥ 1. It is because, when en−en−1 = 0,
the sum of the term I0 = {n} and σ(n) = n vanishes, and the formula differs from that of
en − en−1 ≥ 1. When en − en−1 = 0, it satisfies the same theorem later (for example, Theorem
6.1), since the ramified Siegel series has an analytic continuation to the rational function of q−s

and each q−eis. Here we need more precise discussion.
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Theorem 6.1. We put ∆St(B, s)
χ = St(B

′, s)χ − St(B, s)
χ. Then, it is calculated as follows.

(1) #Be: odd, #Bo : even

∆St(B, s)
χ = −αψ(π)χ(π)en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

×
(
q−2s+n − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ek+

1
2St(B

(n−1), s)χ.

(2) #Be: even, #Bo : odd

∆St(B, s)
χ = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1

×
(
q−2s+n+1 − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekSt(B

(n−1), s)χ

+ αψ(π)
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 χ(π)enq−
en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

(3) #Be, #Bo : even

∆St(B, s)
χ = αψ(π)

∏
k∈Be

χ(αk)χ(−αn)χ(−1)
#Be

2 χ(π)en+1

×
(
q−2s+n+1 − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekSt(B

(n−1), s)χ.

(4) #Be, #Bo : odd

∆St(B, s)
χ = −αψ(π)χ(π)en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

×
(
q−2s+n − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ek+

1
2St(B

(n−1), s)χ

+ αψ(π)χ(π)
en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 q−
en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

Here we note that, when t = n, the term St(B
(n−1), s)χ is considered as 0.

6.1.1 n is even and #Bo is even

In this case, the number #Be is odd and
∑n

k=1 ek is even. From the above lemma, we must
calculate the sum of the term for −en − 1 ≤ ν0 ≤ −en−1 − 2.

The Gauss sum ξi,λ(B)χ is

ξn,ν0(B)χ =


−
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
1
2 ν0 = −en − 1,∏

k∈Be

χ(αk)χ(−1)
#Be+1

2 (1− q−1) ν0 ≥ −en, ν0 6≡ en mod 2,

0 ν0 ≥ −en, ν0 ≡ en mod 2,

since Bn(ν0) =

{
Bo ν0 ≡ en mod 2,

Be ν0 6≡ en mod 2.
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We note that, since ν0 < −en−1 − 1 ≤ ν0 + ν1, it follows that I0 = {n} and σ(n) = n. Put
σ′ := σ|[n−1] ∈ Sn−1.

First, we calculate the sum of the term with respect to ν0 = −en − 1. We call this sum
St(B, s)

χ
0 . This sum is written as

St(B, s)
χ
0 = αψ(π)

n−t
∑
σ∈Sn

σ2=1,σ(n)=n

(1− q−1)c2(σ)q−c2(σ)
∑

I=I0∪···∪Ir
n(k)=t,I0={n}

q−τ({Ii})−t(σ,{Ii})
(1− q−1)

∑r
l=k c

(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑
{ν}tk

ν0=−en−1

k−1∏
l=0

χ(π)νl(n
(l)−n(k))qνl((sn

(l)−n(l))−(sn(k)−n(k)))+ρ̃l,ν0+···+νl
(σ;B)

∏
i∈Il
σ(i)=i

ξi,ν0+···+νl(B)χ

= αψ(π)
n−t

∑
σ′∈Sn−1

σ′2=1

(1− q−1)c2(σ
′)q−c2(σ

′)
∑

I′=I′0∪···∪I′r−1

n(k)=t,I0={n}

q−τ({I
′
i})−t(σ′,{I′i})

(1− q−1)
∑r

l=k c
(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑
{ν}tk

ν0=−en−1

χ(π)ν0(n
(0)−n(k))qν0((sn

(0)−n(0))−(sn(k)−n(k)))+ρ̃0,ν0 (σ;B)ξn,ν0(B)χ

×
k−1∏
l=1

χ(π)νl(n
(l)−n(k))qνl((sn

(l)−n(l))−(sn(k)−n(k)))+ρ̃l,ν0+···+νl
(σ;B)

∏
i∈Il
σ(i)=i

ξi,ν0+···+νl(B)χ.

Here we use the fact that c2(σ
′) = c2(σ). Put I

′
0 = I1, I

′
1 = I2, · · · , I ′r−1 = Ir. It is a σ

′-invariant
partition of I ′ = {1, 2, · · · , n− 1}. The term τ({I ′i}) and t(σ′, {I ′i}) is calculated as

τ({Ii}) =
r∑
l=1

#{(i, j) ∈ Il × (I0 ∪ · · · ∪ Il−1) | j < i}

=
r∑
l=2

#{(i, j) ∈ Il × (I1 ∪ · · · ∪ Il−1) | j < i} = τ({I ′i}),

t(σ, {Ii}) =
r∑
l=0

#{(i, j) ∈ Il × Il | i < j < σ(i), σ(j) < σ(i)} = t(σ′, {I ′i}).

We put l′ = l − 1 and k′ = k − 1. Later we assume t 6= n (if t = n then k = 0). Here we note

n(k) = t⇔
r∑
l=k

#Il = t⇔
r−1∑
l=k−1

#I ′l = t⇔ n′(k′) = t.

Also we put ν ′0, ν
′
1, · · · , ν ′k−1 as

ν ′0 = ν0 + ν1, ν
′
1 = ν2, · · · , ν ′k′−1 = νk−1.

ν ′0 and (ν0, ν1) is not 1 to 1, but if ν0 is fixed, ν ′0 and ν1 is 1 to 1. In other words, ν1 = ν ′0 − ν0.
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Therefore it follows that

St(B, s)
χ
0 = αψ(π)

n−t
∑

σ′∈Sn−1

σ′2=1

(1− q−1)c2(σ
′)q−c2(σ

′)
∑

I′=I′0∪···∪I′r−1

n′(k′)=t

q−τ({I
′
i})−t(σ′,{I′i})

(1− q−1)
∑r−1

l′=k′ c
(l′)
1 (σ′)qn

′(k′)∏r−1
l′=k′(q

n′(l′) − 1)

×
∑
{ν}t

k′

χ(π)ν0(n
(0)−n′(k′))qν0((sn

(0)−n(0))−(sn′(k′)−n′(k′)))+ρ̃0,ν0 (σ;B)ξn,ν0(B)χ

× χ(π)ν1(n
′(0)−n′(k′))qν1((sn

′(0)−n′(0))−(sn′(k′)−n′(k′)))+ρ̃0,ν0+ν1 (σ;B)ξn,ν0+ν1(B)χ

×
k′−1∏
l′=1

χ(π)ν
′
l′ (n

′(l′)−n′(k′))qν
′
l′ ((sn

′(l′)−n′(l′))−(sn′(k)−n′(k)))+ρ̃l,ν0+···+νl′
(σ;B)

∏
i∈I′l

σ′(i)=i

ξi,ν0+···+νl′ (B)χ

= αψ(π)χ(π)
ν0q(s−n)ν0+ρ̃0,ν0 (σ;B)ξn,ν0(B)χ × St(B

(n−1), s)χ.

Here we note that, the order of χ(π) is

ν0(n
(0) − n′(k′)) + (ν ′0 − ν0)(n

′(0) − n′(k′)) +
k′−1∑
l′=1

ν ′l′(n
′(l′) − n′(k′))

= ν0(n
(0) − n′(0)) +

k′−1∑
l′=0

ν ′l′(n
′(l′) − n′(k′)) = ν0 +

k′−1∑
l′=0

ν ′l′(n
′(l′) − n′(k′)),

and the order of q is

ν0((sn
(0) − n(0))− (sn′(k′) − n′(k′))) + (ν ′0 − ν0)((sn

′(0) − n′(0))− (sn′(k′) − n′(k′)))

+
k′−1∑
l′=1

ν ′l′((sn
′(l′) − n′(l′))− (sn′(k) − n′(k)))

= sν0(n
(0) − n′(0))− ν0(n(0)− n′(0)) +

k′−1∑
l′=0

ν ′l′((sn
′(l′) − n′(l′))− (sn′(k) − n′(k)))

= (s− n)ν0 +
k′−1∑
l′=0

ν ′l′((sn
′(l′) − n′(l′))− (sn′(k) − n′(k))).

When n and #Bo is even and when ν0 = −en − 1, the value of ρ̃0,ν0(σ;B) is

ρ̃0,ν0(σ;B) =
1

2

n∑
k=1

min{ek + ν0, 0} =
1

2

n∑
k=1

ek −
n(en + 1)

2
,

hence we have

St(B, s)
χ
0 = αψ(π)χ(π)

ν0q(s−n)ν0+
1
2

∑n
k=1 ek−

n(en+1)
2

(
−
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
1
2

)
St(B

(n−1), s)χ

= −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek−

1
2St(B

(n−1), s)χ.
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Next, we calculate the sum of the term for ν0 ≥ −en, ν0 6≡ en mod 2. We call this sum
St(B, s)

χ
1 . The range of ν0 is −en ≤ ν0 ≤ −en−1 − 2. We note that if ν0 ≡ en mod 2, the sum

vanishes since ξn,ν0(B)χ vanishes.
First, we assume en − en−1 is even. In this case, the sum St(B, s)

χ
1 is written as St(B, s)

χ
1,e.

If en − en−1 = 2, then ν0 must be −en and the sum vanishes. We suppose en − en−1 ≥ 4. In
this case, we put

ν0 = −en−1 + 1− 2i

(
2 ≤ i ≤ en − en−1

2

)
.

I ′, σ′, k′, l′, ν ′i is the same as above. We have

St(B, s)
χ
1,e = αψ(π)

n−t
∑
σ∈Sn

σ2=1,σ(n)=n

(1− q−1)c2(σ)q−c2(σ)
∑

I=I0∪···∪Ir
n(k)=t,I0={n}

q−τ({Ii})−t(σ,{Ii})
(1− q−1)

∑r
l=k c

(l)
1 (σ)qn(k)∏r

l=k(q
n(l) − 1)

×
∑
{ν}tk

ν0≥−en

k−1∏
l=0

χ(π)νl(n
(l)−n(k))qνl((sn

(l)−n(l))−(sn(k)−n(k)))+ρ̃l,ν0+···+νl
(σ;B)

∏
i∈Il
σ(i)=i

ξi,ν0+···+νl(B)χ

= αψ(π)
n−t

∑
σ′∈Sn−1

σ′2=1

(1− q−1)c2(σ
′)q−c2(σ

′)
∑

I′=I′0∪···∪I′r−1

n′(k′)=t

q−τ({I
′
i})−t(σ′,{I′i})

(1− q−1)
∑r−1

l′=k′ c
(l′)
1 (σ′)qn

′(k′)∏r−1
l′=k′(q

n′(l′) − 1)

×
1
2
(en−en−1)∑
i=2

∑
{ν}t

k′

χ(π)ν0(n
(0)−n′(k′))qν0((sn

(0)−n(0))−(sn′(k′)−n′(k′)))+ρ̃0,ν0 (σ;B)ξn,ν0(B)χ

× χ(π)ν1(n
′(0)−n′(k′))qν1((sn

′(0)−n′(0))−(sn′(k′)−n′(k′)))+ρ̃0,ν0+ν1 (σ;B)ξn,ν0+ν1(B)χ

×
k′−1∏
l′=1

χ(π)ν
′
l′ (n

′(l′)−n′(k′))qν
′
l′ ((sn

′(l′)−n′(l′))−(sn′(k)−n′(k)))+ρ̃l,ν0+···+νl′
(σ;B)

∏
i∈I′l

σ′(i)=i

ξi,ν0+···+νl′ (B)χ.

We note that, when ν0 = −en−1 + 1− 2i, the value of ρ̃0,ν0(σ;B) is

ρ̃0,ν0(σ;B) =
1

2

n∑
k=1

min{ek + ν0, 0} =
1

2

n−1∑
k=1

ek +
ν0(n− 1)

2
,

therefore the sum is

St(B, s)
χ
1,e = αψ(π)

1
2
(en−en−1)∑
i=2

χ(π)ν0q(s−n)ν0+ρ̃0,ν0 (σ;B)ξn,ν0(B)χ × St(B
(n−1), s)χ

= αψ(π)χ(π)
en+1

1
2
(en−en−1)∑
i=2

q(s−n)ν0+
1
2

∑n−1
k=1 ek+

ν0(n−1)
2

×

(∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (1− q−1)

)
St(B

(n−1), s)χ

= αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

52



×
1
2
(en−en−1)∑
i=2

q
−en−1+1−2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

Secondly, we assume en−en−1 is odd. In this case, the sum St(B, s)
χ
1 is written as St(B, s)

χ
1,o.

We put

ν0 = −en−1 − 2i,

(
1 ≤ i ≤ en − en−1 − 1

2

)
.

The sum St(B, s)
χ
1,o is given as

St(B, s)
χ
1,o = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

×
1
2
(en−en−1−1)∑

i=1

q
−en−1−2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

We calculate the value of ∆St(B, s)
χ. From the above calculations, we have

St(B, s)
χ = (terms not depend on en) +

{
St(B, s)

χ
0 + St(B, s)

χ
1,e en − en−1: even,

St(B, s)
χ
0 + St(B, s)

χ
1,o en − en−1: odd.

Therefore, to calculate ∆St(B, s)
χ, we need ∆St(B, s)

χ
0 and ∆St(B, s)

χ
1 . The first one is

∆St(B, s)
χ
0 = St(B

′, s)χ0 − St(B, s)
χ
0

= −αψ(π)χ(π)en+3
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
en+3

2
(2s−n)+ 1

2(
∑n

k=1 ek+2)− 1
2St(B

(n−1), s)χ

+ αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek−

1
2St(B

(n−1), s)χ

= −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n+1 − 1)q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek−

1
2St(B

(n−1), s)χ.

The second one is

∆St(B, s)
χ
1,e = St(B

′, s)χ1,e − St(B, s)
χ
1,e

= αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
en+1

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ

and odd case is the same: ∆St(B, s)
χ
1,o =

∆St(B, s)
χ
1,e.

In conclusion,

∆St(B, s)
χ = ∆St(B, s)

χ
0 +

∆St(B, s)
χ
1

= −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n+1 − 1)q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek−

1
2St(B

(n−1), s)χ

+ αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
en+1

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ

= −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n − 1)q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek+

1
2St(B

(n−1), s)χ.
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6.1.2 n is even and #Bo is odd

In this case, the number #Be is even and
∑n

k=1 ek is odd. The Gauss sum ξn,ν0(B)χ is

ξn,ν0(B)χ =



∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1 ν0 = −en − 1,∏

k∈Bo

χ(αk)χ(−1)
#Bo+1

2 (1− q−1) ν0 ≥ −en, ν0 ≡ en mod 2,

0 ν0 ≥ −en, ν0 6≡ en mod 2.

The notations of St(B, s)
χ
0 , St(B, s)

χ
1,e and St(B, s)

χ
1,o are the same as above. Since the method

of the the calculation is the same, we only show the value of each sum. The first one is

St(B, s)
χ
0 = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekSt(B

(n−1), s)χ,

and the second one is calculated as follows. When en − en−1 is even, we put

ν0 = −en−1 − 2i

(
1 ≤ i ≤ en − en−1

2

)
,

and we have

St(B, s)
χ
1,e = αψ(π)χ(π)

en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2

×
1
2
(en−en−1)∑
i=1

q−
en−1+2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

When en − en−1 is odd, we put

ν0 = −en−1 − 1− 2i

(
1 ≤ i ≤ en − en−1 − 1

2

)
,

hence we have

St(B, s)
χ
1,o = αψ(π)χ(π)

en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2

×
1
2
(en−en−1−1)∑

i=1

q−
en−1+1+2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

Thus the value of ∆St(B, s)
χ
0 and ∆St(B, s)

χ
1 is

∆St(B, s)
χ
0 = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1

× (q−2s+n+1 − 1)q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ekSt(B

(n−1), s)χ,

∆St(B, s)
χ
1 = αψ(π)χ(π)

en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 q−
en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.
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6.1.3 n is odd and #Bo is even

In this case, the value #Be is even and
∑n−1

k=1 ek is even. The Gauss sum ξn,ν0(B)χ is

ξn,ν0(B)χ =


∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1 ν0 = −en − 1,

0 ν0 ≥ −en.

The sum St(B, s)
χ
0 , the sum of the term with respect to ν0 = −en − 1, is

St(B, s)
χ
0 = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekSt(B

(n−1), s)χ,

and we have

∆St(B, s)
χ = ∆St(B, s)

χ
0

= αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1(q−2s+n+1 − 1)q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekSt(B

(n−1), s)χ.

6.1.4 n is odd and #Bo is odd

In this case, the value #Be is odd and
∑n−1

k=1 ek is odd. The Gauss sum ξn,ν0(B)χ is

ξn,ν0(B)χ =



−
∏
k∈Be

χ(αk)χ(−1)
#Be

2
+1q−

1
2 ν0 = −en − 1,∏

k∈Bo

χ(αk)χ(−1)
#Bo+1

2 (1− q−1) ν0 ≥ −en, ν0 ≡ en mod 2,∏
k∈Be

χ(αk)χ(−1)
#Bo+1

2 (1− q−1) ν0 ≥ −en, ν0 6≡ en mod 2.

The notation of the sum of 3 cases is written as St(B, s)
χ
0 , St(B, s)

χ
1 and St(B, s)

χ
2 . The first

one is the same for the first case;

St(B, s)
χ
0 = −αψ(π)χ(π)en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek−

1
2St(B

(n−1), s)χ.

The second one is calculated as follows. When en − en−1 is even, we put ν0 = −en−1 − 2i
(1 ≤ i ≤ en−en−1

2
), thus

St(B, s)
χ
1,e = αψ(π)χ(π)

en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2

×
1
2
(en−en−1)∑
i=1

q−
en−1+2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ,

and when en − en−1 is odd, we put ν0 = −en−1 − 1− 2i (1 ≤ i ≤ en−en−1−1
2

), thus

St(B, s)
χ
1,o = αψ(π)χ(π)

en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2

×
1
2
(en−en−1−1)∑

i=1

q−
en−1+1+2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.
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The third one is calculated similarly.

St(B, s)
χ
2,e = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

×
1
2
(en−en−1)∑
i=1

q−
en−1+2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ,

St(B, s)
χ
2,o = αψ(π)χ(π)

en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

×
1
2
(en−en−1−1)∑

i=1

q−
en−1+1+2i

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)St(B

(n−1), s)χ.

Then, we have the following equations.

∆St(B, s)
χ
0 = −αψ(π)χ(π)en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n+1 − 1)q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek−

1
2St(B

(n−1), s)χ

Therefore, it follows that

∆St(B, s)
χ = −αψ(π)χ(π)en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n − 1)q−
en+1

2
(2s−n)+ 1

2

∑n
k=1 ek+

1
2St(B

(n−1), s)χ

+ αψ(π)χ(π)
en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 q−
en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ekSt(B

(n−1), s)χ,

and the theorem is proved.

Remark 6.2. When t = n, the term of ∆St(B, s)
χ is 0 since St(B, s)

χ = 1. However, we assume
St(B

(n−1), s)χ = 0 and the theorem holds.

Remark 6.3. The ramified Siegel series S(B, s)χ =
∑n

t=0 β
tSt(B, s)

χ satisfies the same equation
of the above theorem. For example, when n is even and #Bo is even, we recall

∆St(B, s)
χ = −αψ(π)χ(π)en+1

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n − 1)q−
(en+1)

2
(2s−n)+ 1

2

∑n
k=1 ek+

1
2St(B

(n−1), s)χ.

From the above remark, this satisfies when t = n. Therefore we have

∆S(B, s)χ = −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s+n − 1)q−
(en+1)

2
(2s−n)+ 1

2

∑n
k=1 ek+

1
2S(B(n−1), s)χ.

6.2 The calculation of the Clifford invariant

Theorem 6.2. (1) When n is odd, the Clifford invariant ηB of the matrix B is

ηB =


∏
k∈Bo

χ(αk)χ(−1)
#Bo

2
∑n−1

k=1 ek : even,∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be+1

2
∑n−1

k=1 ek : odd.
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(2) When n is even, the Clifford invariant ηB(n−1) of the matrix B(n−1) is

ηB(n−1) =


∏
k∈Bo

χ(αk)χ(−1)
#Bo

2
∑n

k=1 ek : even,∏
k∈Be

χ(αk)χ(−1)
#Be

2
∑n

k=1 ek : odd.

Proof. First, we calculate the case when n is odd (1). ηB is defined as

ηB = 〈−1,−1〉
m(m+1)

2 〈(−1)m, detB〉εB, (n = 2m+ 1),

εB =
∏

1≤i<j≤n

〈αiπei , αjπej〉.

The Hilbert symbol is calculated as, when εi ∈ o× and ni ≥ 0,

〈ε1πn1 , ε2π
n2〉 =


1 n1 and n2 are even

χ(ε1) n1 is even and n2 is odd

χ(ε2) n1 is odd and n2 is even

χ(−ε1ε2) n1 and n2 are odd

= χ(−1)n1n2χ(ε1)
n2χ(ε2)

n1 ,

because

〈α, β〉 = αψ(α)αψ(β)

αψ(αβ)αψ(1)
(α, β ∈ F×),

αψ(επ
n) =

{
1 n is even

χ(ε)αψ(π) n is odd.
(ε ∈ o×, n ≥ 0).

Therefore we have, when n is odd and
∑n−1

k=1 ek is even,

ηB = χ((−1)m)
∑n

k=1 ek ·
∏

1≤i<j≤n

χ(−1)eiejχ(αi)
ejχ(αj)

ei

= χ(−1)m
∑n

k=1 ek+
∑

1≤i<j≤n eiej

n∏
i=1

χ(αi)
∑n

k=1 ek−ei

= χ(−1)
n−1
2
en+

∑
1≤i<j≤n eiej

n∏
i=1

χ(αi)
ei+en .

The term
∏

k∈Bo χ(αk) is written as

∏
k∈Bo

χ(αk) =
n−1∏
k=1

χ(αk)
ek+en =

n∏
k=1

χ(αk)
ek+en ,

therefore, we have to prove that

#Bo

2
≡ n− 1

2
en +

∑
1≤i<j≤n

eiej (mod 2)

⇔ #Bo ≡ (n− 1)en + 2
∑

1≤i<j≤n

eiej (mod 4).
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It is easy to show that

2
∑

1≤i<j≤n

eiej =
∑

1≤i, j≤n

eiej =

(
n∑
k=1

ek

)2

−
n∑
k=1

e2k

≡ e2n −
n∑
k=1

e2k = −
n−1∑
k=1

e2k ≡
n−1∑
k=1

e2k (mod 4),

and e2k ≡ 0 or 1 whether ek is even or odd. Since we assume that
∑n−1

k=1 ek is even, we know
that

∑n−1
k=1 e

2
k is also even, and that the last equation −

∑n−1
k=1 e

2
k ≡

∑n−1
k=1 e

2
k (mod 4) holds.

We define the number t as the number of ei (1 ≤ i ≤ n − 1), which is odd. From the
assumption that

∑n−1
k=1 ek is even, the number t is also even and we have

t ≡ 2
∑

1≤i<j≤n

eiej (mod 4).

When en is even, #Bo = t and (n − 1)en is divided by 4. When en is odd, we have #Bo =
(n− 1)− t therefore

#Bo −

(
(n− 1)en + 2

∑
1≤i<j≤n

eiej

)
≡ (n− 1)(1− en)− 2t ≡ 0 (mod 4).

In conclusion, we have

#Bo ≡ (n− 1)en + 2
∑

1≤i<j≤n

eiej (mod 4)

and it follows that ηB =
∏
k∈Bo

χ(αk)χ(−1)
#Bo

2 .

When n is odd, and
∑n−1

k=1 ek is odd, and when n is even, we can prove the statement with
the same method.

6.3 Main Theorem: Recursion formulas

We define the rational functions C(e, ẽ, ξ;Y,X) and D(e, ẽ, ξ;Y,X) as follows.

Definition 6.1. Let e, ẽ be integers, and let ξ be a real number.
The rational functions C(e, ẽ, ξ;Y,X) and D(e, ẽ, ξ;Y,X) in Y

1
2 and X

1
2 are defined as

C(e, ẽ, ξ;Y,X) =
Y ẽ/2X−(e−ẽ)/2−1(1− ξY −1X)

X−1 −X
,

D(e, ẽ, ξ;Y,X) =
Y ẽ/2X−(e−ẽ)/2

1− ξX
.

For a positive integer i, we define the rational function Ci(e, ẽ, ξ;Y,X) as

Ci(e, ẽ, ξ;Y,X) =

{
C(e, ẽ, ξ;Y,X) i: even,

D(e, ẽ, ξ;Y,X) i: odd.
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Definition 6.2. Let a = (a1, · · · , an) ∈ Zn be a sequence of integers. For an integer i which
satisfies 1 ≤ i ≤ n, we define ei = ei(a) as

ei =

{
a1 + a2 + · · ·+ ai if i is even and

∑n
k=1 ak is even,

a1 + a2 + · · ·+ ai + 1 otherwise.

We put DB = (−4)[
n
2
] detB and define ξB as

ξB =

{
0 if

∑n
k=1 ek is even,

χ(−DB) if
∑n

k=1 ek is odd.

The main theorem of this article is the recursion formula of the ramified Siegel series. It is
written as follows.

Theorem 6.3. We put X = q−s and Y = q
1
2 and write F̃B(q

−s) = F̃B(s). The function F̃B(X)
satisfies the following recursion formula.

F̃B(X) = β0Ci(en, en−1, ξ;Y,X)F̃B(n−1)(Y X)

+ β0ζiCi(en, en−1, ξ;Y,X
−1)F̃B(n−1)(Y X−1)

where ζi and ξ are defined as

ζi =

{
1 if n is even,

ηBχ(−DB) if n is odd,
ξ =

{
χ(−DB) if n is even,

χ(−DB(n−1)) if n is odd.

When we explicitly write down the function Ci(e, ẽ, ξ;Y,X), the above theorem can be
expressed as follows.

Theorem 6.4. The ramified Siegel series satisfies the following equations.

(1) When n is even and
∑n

k=1 ek is even,

F̃B(s) =
1

1− q−2s
β0q

s
2

∑n
k=1 ek−

s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(s− 1/2)

+
1

1− q2s
β0q

− s
2

∑n
k=1 ek−

−s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(−s− 1/2).

(2) When n is even and
∑n

k=1 ek is odd,

F̃B(s) = β0
1− χ(−DB)q

−s− 1
2

1− q−2s
q

s
2
(
∑n

k=1 ek+1)− s− 1
2

2
(
∑n−1

k=1 ek+1)FB(n−1)(s− 1/2)

+ β0
1− χ(−DB)q

s− 1
2

1− q2s
q−

s
2
(
∑n

k=1 ek+1)−−s− 1
2

2
(
∑n−1

k=1 ek+1)FB(n−1)(−s− 1/2).

(3) When n is odd and
∑n−1

k=1 ek is even,

F̃B(s) = β0q
s
2
(
∑n

k=1 ek+1)− s− 1
2

2

∑n−1
k=1 ekF̃B(n−1)(s− 1/2)

+ β0ηBχ(−DB)q
− s

2
(
∑n

k=1 ek+1)−−s− 1
2

2

∑n−1
k=1 ekF̃B(n−1)(−s− 1/2).

(4) When n is odd and
∑n−1

k=1 ek is odd,

F̃B(s) =
1

1− χ(−DB(n−1))q−s
β0q

s
2
(
∑n

k=1 ek+1)− s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(s− 1/2)

+
1

1− χ(−DB(n−1))qs
β0ηBχ(−DB)q

− s
2
(
∑n

k=1 ek+1)−−s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(−s− 1/2).
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6.4 Proof of the recursion formulas

We show the induction formulas of the ramified Siegel series by using the above theorems.
We calculate by dividing into 4 cases, considering the parity of n and #Bo.

6.4.1 n: even,
∑n

k=1 ek: even (⇔ #Be: odd, #Bo: even)

In this case, it follows that

∆S(B, s)χ = −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2

×
(
q−2s+n − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ek+

1
2S(B(n−1), s)χ, (7)

and the functional equation is

F (−s) = qs
∑n

k=1 ekF (s).

We know that the Clifford invariant ηB(n−1) is calculated as

ηB(n−1) =
∏
k∈Bo

χ(αk)χ(−1)
#Bo

2

from Theorem 6.2. From the fact that∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 ·
∏
k∈Bo

χ(αk)χ(−1)
#Bo

2 =
n−1∏
k=1

χ(αk)χ(−1)
n
2 = χ(−DB(n−1)πen),

(7) is written as

∆S(B, s)χ = −αψ(π)χ(π)ηB(n−1)χ(−DB(n−1))
(
q−2s+n − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ek+

1
2S(B(n−1), s)χ,

and combined with WhB(s)f
(s)
n = S(B, s+ n+1

2
)χ, we get

∆WhB(s) = αψ(π)χ(π)ηB(n−1)χ(−DB(n−1))(1− q−2s−1)q
1
2

∑n
k=1 ek−

en+1
2

(2s+1)+ 1
2WhB(n−1)(s+ 1/2).

We write WhB(s)f
(s)
n as WhB(s) when there is no confusion.

Recall that β0 = αψ(π)χ(π)q
− 1

2 . The function F is calculated as

FB(s) =
WhB(s)

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
,

FB(n−1)(s+ 1/2) =
WhB(n−1)(s+ 1/2)

(1− q−2s−3)(1− q−2s−5) · · · (1− q−2s−n+1)
,

and the above equation is equal to

∆FB(s) = β0ηB(n−1)χ(−DB(n−1))q
1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1FB(n−1)(s+ 1/2). (8)

We write four equations, (8), (8) substituted s into −s, the functional equations for B and
B′,

∆FB(s) = β0ηB(n−1)χ(−DB(n−1))q
1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1FB(n−1)(s+ 1/2),

∆FB(−s) = β0ηB(n−1)χ(−DB(n−1))q
1
2

∑n
k=1 ek−

en+1
2

(−2s+1)+1FB(n−1)(−s+ 1/2),

FB′(−s) = qs(
∑n

k=1 ek+2)FB′(s),

FB(−s) = qs
∑n

k=1 ekFB(s).
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From these equations, we make the equation of FB(s) and FB(n−1)(±s+1/2), by eliminating
FB(−s) and FB′(±s).

FB(s) = − 1

1− q−2s
β0ηB(n−1)χ(−DB(n−1))q

1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1FB(n−1)(s+ 1/2)

− 1

1− q2s
β0ηB(n−1)χ(−DB(n−1))q(−s+

1
2
)
∑n

k=1 ek−
en+1

2
(−2s+1)+1FB(n−1)(−s+ 1/2).

Combined with the functional equations for B(n−1), we get

FB(s) =
1

1− q−2s
β0FB(n−1)(s− 1/2)

+
1

1− q2s
β0q

−s
∑n

k=1 ekFB(n−1)(−s− 1/2)

and

F̃B(s) =
1

1− q−2s
β0q

s
2

∑n
k=1 ek−

s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(s− 1/2)

+
1

1− q2s
β0q

− s
2

∑n
k=1 ek−

−s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(−s− 1/2).

6.4.2 n: even,
∑n

k=1 ek: odd (⇔ #Be: even, #Bo: odd)

In this case, it follows that

∆S(B, s)χ = αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1

×
(
q−2s+n+1 − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekS(B(n−1), s)χ

+ αψ(π)
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 χ(π)enq−
en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)S(B(n−1), s)χ,

and the functional equation is

FB(−s) = qs(
∑n

k=1 ek+1)FB(s).

The Clifford invariant is ηB(n−1) =
∏
k∈Be

χ(αk)χ(−1)
#Be

2 and we note that

∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1 ·

∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 =
n∏
k=1

χ(αk)χ(−1)
n
2
+1 = χ(−DBπ).

Hence we have

∆S(B, s)χ = αψ(π)χ(−αn)χ(π)en+1ηB(n−1)

(
q−2s+n+1 − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekS(B(n−1), s)χ

+ αψ(π)χ(−αn)χ(π)enηB(n−1)χ(−DBπ)q
− en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)S(B(n−1), s)χ.

From the fact that WhB(s) = S(B, s+ n+1
2
)χ, we have

∆WhB(s) = β0χ(−αn)χ(π)enηB(n−1)(q−2s − 1)q−
en+1

2
(2s+1)+ 1

2

∑n
k=1 ek+

1
2WhB(n−1)(s+ 1/2)

+ β0χ(−αn)χ(π)en+1ηB(n−1)χ(−DBπ)(q − 1)q
1
2

∑n−1
k=1 ek−(en+2)s− 1

2WhB(n−1)(s+ 1/2)

= β0χ(−αn)χ(π)enηB(n−1)

{
(q−2s − 1) + χ(−DB)(q − 1)q−s−

1
2

}
× q−

en+1
2

(2s+1)+ 1
2

∑n
k=1 ek+

1
2WhB(n−1)(s+ 1/2).

61



We note that{
(q−2s − 1) + χ(−DB)(q − 1)q−s−

1
2

}
= −

(
1 + χ(−DB)q

−s− 1
2

)(
1− χ(−DB)q

−s+ 1
2

)
.

The function F is calculated as

FB(s) =
(1− χ(−DB)q

−s− 1
2 )WhB(s)

(1− q−2s−1)(1− q−2s−3) · · · (1− q−2s−n+1)
,

FB(n−1)(s+ 1/2) =
WhB(n−1)(s+ 1/2)

(1− q−2s−3)(1− q−2s−5) · · · (1− q−2s−n+1)
,

and we have

∆FB(s) = −β0χ(−αn)χ(π)enηB(n−1)

(
1− χ(−DB)q

−s+ 1
2

)
q−

en+1
2

(2s+1)+ 1
2

∑n
k=1 ek+

1
2FB(n−1)(s+ 1/2).

We write four equations as well as in the above case.

∆FB(s) = −β0χ(−αn)χ(π)enηB(n−1)

(
1− χ(−DB)q

−s+ 1
2

)
q−

en+1
2

(2s+1)+ 1
2

∑n
k=1 ek+

1
2FB(n−1)(s+ 1/2),

∆FB(−s) = −β0χ(−αn)χ(π)enηB(n−1)

(
1− χ(−DB)q

s+ 1
2

)
q−

en+1
2

(−2s+1)+ 1
2

∑n
k=1 ek+

1
2FB(n−1)(−s+ 1/2),

FB′(−s) = qs(
∑n

k=1 ek+3)FB′(s),

FB(−s) = qs(
∑n

k=1 ek+1)FB(s).

From these equations, we make the equation of FB(s) and FB(n−1)(±s+ 1/2) as above.

FB(s) = β0
1− χ(−DB)q

−s+ 1
2

1− q−2s
χ(−αn)χ(π)enηB(n−1)q−

en+1
2

(2s+1)+ 1
2

∑n
k=1 ek+

1
2FB(n−1)(s+ 1/2)

+ β0
1− χ(−DB)q

s+ 1
2

1− q2s
χ(−αn)χ(π)enηB(n−1)q−

en+1
2

(−2s+1)+(−s+ 1
2
)
∑n

k=1 ek−s+
1
2FB(n−1)(−s+ 1/2).

Combined with the functional equation for B(n−1), it follows that

FB(s) = β0
1− χ(−DB)q

−s− 1
2

1− q−2s
FB(n−1)(s− 1/2)

+ β0
1− χ(−DB)q

s− 1
2

1− q2s
q−s(

∑n
k=1 ek+1)FB(n−1)(−s− 1/2).

We note that

χ(DB(n−1)DB) = χ
(
(−4)

n−2
2 detB(n−1)(−4)

n
2 detB

)
= χ(−αnπen).

Therefore we have

F̃B(s) = β0
1− χ(−DB)q

−s− 1
2

1− q−2s
q

s
2
(
∑n

k=1 ek+1)− s− 1
2

2
(
∑n−1

k=1 ek+1)FB(n−1)(s− 1/2)

+ β0
1− χ(−DB)q

s− 1
2

1− q2s
q−

s
2
(
∑n

k=1 ek+1)−−s− 1
2

2
(
∑n−1

k=1 ek+1)FB(n−1)(−s− 1/2).
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6.4.3 n: odd,
∑n−1

k=1 ek: even (⇔ #Be: even, #Bo: even)

In this case, it follows that

∆St(B, s)
χ = αψ(π)

∏
k∈Be

χ(αk)χ(−αn)χ(−1)
#Be

2 χ(π)en+1

×
(
q−2s+n+1 − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekSt(B

(n−1), s)χ,

and the functional equation is

FB(−s) = ηBχ(−DB)q
s(
∑
ej+1)FB(s).

ηB is calculated as ηB =
∏
k∈Bo

χ(αk)χ(−1)
#Bo

2 , and we note that

∏
k∈Be

χ(αk)χ(−αn)χ(−1)
#Be

2 ·
∏
k∈Bo

χ(αk)χ(−1)
#Bo

2 =
n∏
k=1

χ(αk)χ(−1)
n+1
2 = χ(−DBπ

en).

The function F is calculated as

FB(s) =
WhB(s)

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
,

FB(n−1)(s+ 1/2) =
WhB(n−1)(s+ 1/2)

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
,

and it follows that

∆FB(s) = −β0ηBχ(−DB)(1− q−2s)q−
en+1

2
(2s+1)+ 1

2

∑n
k=1 ek+

1
2 .

We write four equations as well as in the above case.

∆FB(s) = −β0ηBχ(−DB)(1− q−2s)q−
en+1

2
(2s+1)+ 1

2

∑n
k=1 ek+

1
2FB(n−1)(s+ 1/2),

∆FB(−s) = −β0ηBχ(−DB)(1− q2s)q−
en+1

2
(−2s+1)+ 1

2

∑n
k=1 ek+

1
2FB(n−1)(−s+ 1/2),

FB′(−s) = ηBχ(−DB)q
s(
∑n

k=1 ek+3)FB′(s),

FB(−s) = ηBχ(−DB)q
s(
∑n

k=1 ek+1)FB(s).

From these equations, we make the equation of FB(s) and FB(n−1)(±s+1/2). It is calculated
as

FB(s) = β0ηBχ(−DB)q
− en+1

2
(2s+1)+ 1

2

∑n
k=1 ek+

1
2FB(n−1)(s+ 1/2)

+ β0q
− en+1

2
(−2s+1)+(−s+ 1

2
)
∑n

k=1 ek−s+
1
2FB(n−1)(−s+ 1/2).

Combined with the functional equation for B(n−1), it follows that

FB(s) = β0FB(n−1)(s− 1/2)

+ β0ηBχ(−DB)q
−s(

∑n
k=1 ek+1)FB(n−1)(−s− 1/2),

and

F̃B(s) = β0q
s
2
(
∑n

k=1 ek+1)− s− 1
2

2

∑n−1
k=1 ekF̃B(n−1)(s− 1/2)

+ β0ηBχ(−DB)q
− s

2
(
∑n

k=1 ek+1)−−s− 1
2

2

∑n−1
k=1 ekF̃B(n−1)(−s− 1/2).
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6.4.4 n: odd,
∑n−1

k=1 ek: odd (⇔ #Be: odd, #Bo: odd)

In this case, it follows that

∆S(B, s)χ = αψ(π)χ(π)
en+1

∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be

2
+1

×
(
q−2s+n+1 − 1

)
q−

en+1
2

(2s−n)+ 1
2

∑n
k=1 ekS(B(n−1), s)χ

+ αψ(π)
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 χ(π)enq−
en+2

2
(2s−n−1)+ 1

2

∑n−1
k=1 ek(1− q−1)S(B(n−1), s)χ,

and the functional equation is

FB(−s) = ηBχ(−DB)q
s(
∑
ej+1)FB(s).

ηB is calculated as ηB =
∏
k∈Be

χ(αk)χ(αn)χ(−1)
#Be+1

2 and we note that

∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 ·
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 =
n−1∏
k=1

χ(αk)χ(−1)
n+1
2 = χ(−DB(n−1)π).

Therefore we get

∆WhB(s) = −αψ(π)χ(π)en+1
∏
k∈Be

χ(αk)χ(−1)
#Be+1

2 (q−2s−1 − 1)q−
en+1

2
(2s+1)+ 1

2

∑n
k=1 ek+

1
2WhB(n−1)(s+ 1/2)

+ αψ(π)χ(π)
en
∏
k∈Bo

χ(αk)χ(−1)
#Bo+1

2 q−(en+2)s+ 1
2

∑n−1
k=1 ek(1− q−1)WhB(n−1)(s+ 1/2)

= −β0χ(π)enχ(αn)ηB(q−2s−1 − 1)q−
en+1

2
(2s+1)+ 1

2

∑n
k=1 ek+1WhB(n−1)(s+ 1/2)

+ β0χ(π)
en+1χ(αn)ηBχ(−DB(n−1)π)(q − 1)q

1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1q−s−1WhB(n−1)(s+ 1/2)

= β0χ(π)
enχ(αn)ηB

{
−(q−2s−1 − 1) + χ(−DB(n−1))(q − 1)q−s−1

}
× q

1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1WhB(n−1)(s+ 1/2)

and that{
−(q−2s−1 − 1) + χ(−DB(n−1))(q − 1)q−s−1

}
=
(
1 + χ(−DB(n−1))q−s

) (
1− χ(−DB(n−1))q−s−1

)
.

The function F is calculated as

FB(s) =
WhB(s)

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
,

FB(n−1)(s+ 1/2) =
(1− χ(−DB(n−1))q−s−1)WhB(n−1)(s+ 1/2)

(1− q−2s−2)(1− q−2s−4) · · · (1− q−2s−n+1)
,

and we have

∆FB(s) = β0χ(π)
enχ(αn)ηB

(
1 + χ(−DB(n−1))q−s

)
q

1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1FB(n−1)(s+ 1/2).
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We write four equations as well as in the above case.

∆FB(s) = β0χ(π)
enχ(αn)ηB

(
1 + χ(−DB(n−1))q−s

)
q

1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1FB(n−1)(s+ 1/2),

∆FB(−s) = β0χ(π)
enχ(αn)ηB (1 + χ(−DB(n−1))qs) q

1
2

∑n
k=1 ek−

en+1
2

(−2s+1)+1FB(n−1)(−s+ 1/2),

FB′(−s) = ηBχ(−DB)q
s(
∑n

k=1 ek+3)FB′(s),

FB(−s) = ηBχ(−DB)q
s(
∑n

k=1 ek+1)FB(s).

From these equations, we make the equation of FB(s) and FB(n−1)(±s+ 1/2) as above.

F ′
B(s) = − 1

1− χ(−DB(n−1))q−s
β0χ(π)

enχ(αn)ηBq
1
2

∑n
k=1 ek−

en+1
2

(2s+1)+1F ′
B(n−1)(s+ 1/2)

− 1

1− χ(−DB(n−1))qs
β0χ(π)

enχ(αn)χ(−DB)q
(−s+ 1

2
)
∑n

k=1 ek−
en+1

2
(−2s+1)−s+1F ′

B(n−1)(−s+ 1/2).

Combined with the functional equation for B(n−1), it follows that

FB(s) =
1

1− χ(−DB(n−1))q−s
β0FB(n−1)(s− 1/2)

+
1

1− χ(−DB(n−1))qs
β0ηBχ(−DB)q

−s(
∑n

k=1 ek+1)FB(n−1)(−s− 1/2).

Here, we note that

χ(DBDB(n−1)) = χ
(
(−4)

n−1
2 detB(−4)

n−1
2 detB(n−1)

)
= χ(αnπ

en).

We conclude

F̃B(s) =
1

1− χ(−DB(n−1))q−s
β0q

s
2
(
∑n

k=1 ek+1)− s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(s− 1/2)

+
1

1− χ(−DB(n−1))qs
β0ηBχ(−DB)q

− s
2
(
∑n

k=1 ek+1)−−s− 1
2

2
(
∑n−1

k=1 ek+1)F̃B(n−1)(−s− 1/2).

Remark 6.4. When the character chi is trivial, the same method can also be used to show
a recursion formula for the Siegel series from the explicit formula of the Siegel series. This
recursion formula is compatible with Katsurada’s result [19].
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