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This is a summary of the paper [17], entitled “Convergence of processes time-
changed by Gaussian multiplicative chaos”.

In the paper, under certain technical assumptions, we proved the convergence of
a process time-changed by Gaussian multiplicative chaos in the case the latter ob-
ject is square integrable (the L2-regime). As examples of the main result, we prove
that, in the whole L?-regime, the scaling limit of the Liouville simple random walk
on Z? is Liouville Brownian motion and, as a — 1, Liouville a-stable processes on
R converge weakly to the Liouville Cauchy process.

There has been intensive research on Gaussian free fields, the Liouville mea-
sure and Liouville Brownian motion, due to their close relationship with important
concepts in areas such as statistical mechanics, conformal field theory, random ge-
ometry and quantum gravity. Here, a massive Gaussian free field X = {X} s¢ SRY)
on R? is a centred Gaussian system on the Schwartz space S(R?) whose covariance
kernel is 7 times the A-order Green’s function of Brownian motion on R,

For the massive Gaussian free field X on R? and 7 € (0,2), a random measure
formally represented by
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exp(y?X (z) = TE[X (2)?))da (1)
is called the Liouville measure. This was first constructed rigorously by Kahane [14]
and, since then, has been studied in many other articles, see [2, 19], for example.
It is known that the Liouville measure is singular with respect to the Lebesgue
measure for v € (0,2), see [14]. Moreover, it corresponds to the Riemann metric
tensor of two-dimensional Liouville quantum gravity. See [5, 8] for details.

Liouville Brownian motion is the Brownian motion on R? time-changed by the
Liouville measure. This was constructed in [11] and similar results were proved in
[3] simultaneously. We also refer the reader to [1, Appendix A] for the construction
of Liouville Brownian motion. Liouville Brownian motion is the canonical diffu-
sion process under Liouville quantum gravity, and it is conjectured that Liouville
Brownian motion is the scaling limit of simple random walks on random planar
maps, see [8, 11]. In [4, 12], it is proved that the scaling limit of random walks on
mated-CRT planar maps is Liouville Brownian motion.

More general models have been studied. For example, fractional Gaussian fields
are Gaussian fields whose covariance kernels can be represented in terms of frac-
tional order Laplacians, and properties of these fields are summarized in [15].
Gaussian multiplicative chaos is a random measure formally represented as (1),
with the Gaussian free field replaced by a more general Gaussian field. Beresty-
cki [2] constructed Gaussian multiplicative chaos for log-correlated Gaussian fields
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using an elementary approach. Shamov [19] constructed Gaussian multiplicative
chaos for Gaussian fields indexed by elements of Hilbert spaces, and also proved
the convergence of Gaussian multiplicative chaos under some assumptions by intro-
ducing a randomized shift and a new definition of Gaussian multiplicative chaos.
Hager and Neuman [13] proved the convergence of Gaussian multiplicative chaos
for fractional Brownian fields by using Berestycki’s method [2]. In summary, con-
vergence of Gaussian fields and Gaussian multiplicative chaos have been proved in
various specific situations. This leads to the following general question.

If a sequence of processes and Gaussian multiplicative chaoses converge respec-
tively, then is it the case that the associated time-changed processes also converge?

In the paper [17], we answered this question under some assumptions on the
Green’s functions of the approximating processes on subsets of R and R2. In [7],
the convergence of time-changed processes is studied in general cases where the limit
process has positive capacity of a point. The novelty of our result is to establish
general conditions when the convergence of time-changed processes by Gaussian
multiplicative chaos hold in cases where the capacity of each point for the limit
process is 0, so our result includes the case of Liouville Brownian motion.

We fix d = 1 or d = 2. Denote by m the Lebesgue measure on (R%, B(R?)). For
n € N, we consider an m-symmetric Lévy process Z" = ({ZP}i>0, {PZ" }oere) on
R?. Denote by Z%° = ({Z}i>0, {P?" },era) Brownian motion on R? for d = 2,
and the symmetric 1-stable process on R, which is also called the Cauchy process,
for d = 1. We consider the situation where one of the following conditions hold.

(A) For any n € N, Z™ has a continuous transition probability density function
p"(t,z,y) with respect to m.

(B) For any n € N, there exists a discrete subset D,, C R? such that PZ" (2] €
D,, for any t) = 1. Moreover, there exists a surjective map i, : R — D,
satisfying i,(z) = z for any = € D,, and lim,,_, o |in(z) — 2| = 0 for any
x € RY. We also represent i, () as ,,. In this case, we define p" (¢, z,y) :=
]P)In(Ztn = yn)

In the case of (A), we define D,, to be R%. Set D, (z) := {x € R? : 2,, = 2} for
any z € R? and define C,,(2) by

1 .
Co(e) = L mDy  TPR() £,
1 otherwise.

For A > 0, we define the A-order Green’s kernel g} by

(z,y) = Cu(y) / Mt 2,y )t
0

for z,y € R% Fpr n € NU {oo}, denote X™ by the centred Gaussian field with
covariance kernel mg} on a probability space (X", MX" PX™) ™ by Gaussian
multiplicative chaos (GMC in abbreviation) for v € (0,v/2d), and Z" by the time-
changed process of Z™ by u”, respectively. For the existences and properties of
X", GMC p" and Z™, see, for example, [9, 16, 18], [14, 2, 19], and [6, 10, 11, 1],
respectively.

We make the following assumption.



ASSUMPTION 1.
(0) For each n € N, it holds that g% (0,0) < oo
(1) The process Z™ converges weakly to Z° in the Skorokhod space D]0,0)
equipped with Ji-topology as n — oo.
(2) For m-almost every x,y € R? and ¢ > 0, it holds that

lim Cy(y)p"(t, 2, y) = p™=(t,2,y)
n—oo
and
lim g (z,y) = g5 (x, y).
n—o0
(3) There exist positive constants C* and C such that, for any n € N and z,y € R?,

it holds that
gx(z,y) < C*gX(w,y) + C

(4) For any x,y € R? and n € N, it holds that C,,(z) = C,,(y).
(5) For any t > 0 and z € R?, there exists ¢(,0,2) > 0 such that, for any n € N
and T > 0, it holds that

p"(t,0,2) < q(t,0,2)

// (t,0,2)dm(z)dt < co.
Rd

Under Assumption 1, for v € (0, 1/2d/C*), GMC p™ converges weakly to u> in
the space of Radon measures with vague topology as n — oo.
Then the main theorem of the paper is stated as follows:

THEOREM 2. Suppose Assumption 1 holds. For anyx € R and~ € (0,+/d/C*),
as n — 0o, the time-changed process Z™ under Pf: QPX" converges weakly to Z>
under ]P’foo @ PX™ in the Skorokhod space DI0,00) equipped with Ji-topology.

We give two examples of Theorem 2. In the first one, we introduce Liouville a-
stable process and state the convergence of these processes. In the second one, we
state the scaling limit of Liouville simple random walk on Z? is Liouville Brownian
motion.

EXAMPLE 1.

For a € (0,2], let m be the Lebesgue measure on R¢, ZH# = ({ZH1},, {IP’wZH}I)
be an m-symmetric a-stable process on R on a probability space 24 H, where H :=
a/2 —1/2 is a Hurst parameter Denote by p (t x,y) the continuous transition
density function of Z# and g¥ (z,y) = fo H(t,z,y)e dt a M-order Green’s
function of ZH for A > 0. Let X¥ be a Gaussmn ﬁeld on R on a probability space
QX H,IP’X H) whose covariance kernel is ﬂ'gf . We define Z as the time-changed
process of Z by pff and we call ZH Liouville a-stable process. In particular, we

call Z° on R Liouville Cauchy process.
Then the following holds.

THEOREM 3. Ford =1, v € [0,1) and any = € R, time-changed process ZH

converges weakly to 2° under PX" @ }P’fH with respect to Ji-topology as H 0.
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GMC p*! is non-degenerate for any ~ € [0,v/2d) if and only if H > 0 holds. So
we only consider cases of d = 1,2 and « € [d,2]. Moreover, if d = 2, there is the
only case of a = 2, so we may assume d = 1 because we will consider convergence
as the parameter changes.

For H > 0, ZH has positive capacity for a point. Then X has a bounded
covariance kernel, so X is not only a random distribution, but also a random
function. Moreover p'? is absolutely continuous with respect to the Lebesgue mea-
sure, PX"”_almost surely. On the other hand, Z° is recurrent simply, so X° does
not have a bounded covariance kernel, X° is not a random function and p is sin-
gular with respect to the Lebesgue measure, PX *_almost surely. Properties change
significantly when H = 0, so we consider the convergence to H = 0.

EXAMPLE 2.

Let d = 2, m be the Lebesgue measure on R? and Z* be Brownian motion
on R?. Moreover, let D,, := —=7? and {£;}32, be random variables on Z* having
independent identically distributions with

1

P& =(1,1) =P =(1,-1)) =P(§ = (-1,1)) =P(§ = (-1,-1)) = 1

For convenience, let & := (0,0). Denote by {N"}, an independent Poisson pro-
cesses with rates n independent of {&;};. For any z = (z(), 2(?)) € R?, we define

[vnaM ] |vna® |
Ty, =
n \/ﬁ ) \/’E I
where |a| is the largest integer less than or equal to a. Then C,(z) = n for any
r € R2
For n € N, we define the process Z" on (QZ" {PZ"},cg2) by

N

1 t
7y === Gi+w
Vi

for a starting point € R2. The restriction of Z" to the space D,, + Z§ is called a
continuous-time random walk.

The transition density functions p” and the A-order Green’s functions gy of Z"
are written as

pn(t> Tn, yn) = Pa:n(Ztn = yn)’
Bla)=n [ P27 =yt
0

forn € NJA >0 and 2,y € R

Denote by X™ the centred Gaussian field on R? on a probability space (X", PX")
having the covariance kernel mg}(z,y), and " by its GMC with v € [0,2) for
n € NU{oco}. Let Z™ be the time-changed process of Z™ by p™ and we call zn
Liouville simple random walk on Z2.

Then the following theorem holds.

THEOREM 4. For any x € R? and vy € [0,1/2), time-changed processes Z" con-
verge weakly to Liouville Brownian motion Z>° under PX" @ an with the local
uniform topology.
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