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Convergence of processes time—changed by Gaussian

2 - multiplicative chaos
(T ASFelE T A AT L DR Z8 AR O YU RIZ-OWT)

(it XV D H )

In recent years, the study of Gaussian multiplicative chaos and the associated Liouville
Brownian motion has been a central focus of research in probability theory. Such models were
introduced in order to understand problems arising in physics in areas such as statistical
mechanics, conformal field theory and quantum gravity. Heuristically, Gaussian multiplicative
chaos is a random measure constructed as the exponential of a Gaussian free field, and
Liouville Brownian motion is the stochastic process given by time-changing Brownian motion
by this measure. The situation in two dimensions is particularly challenging, as the Gaussian
free field is log-correlated, which makes defining it and the Liouville Brownian motion
somewhat non-trivial; Gaussian multiplicative chaos was first constructed rigorously by
Kahane in 1985, but Liouville Brownian motion was only constructed rigorously in the last
decade, see Berestycki (2015) and Garban, Rhodes and Vargas (2016). The goal of Ooi’s work
is to show how two-dimensional Liouville Brownian motion and the one-dimensional Liouville
Cauchy process, which shares many of its characteristics, can be approximated by smooth or
discrete processes. Indeed, as a fundamental example, Ooi shows how Liouville Brownian
motion can be constructed as the scaling limit of two-dimensional Liouville random walk,
which is a process defined on the square lattice in an analogous way. As noted, the thesis also
covers a one-dimensional setting, where the process of interest is the Liouville Cauchy process.
The latter object is given by a symmetric 1-stable process time-changed by a related Gaussian
multiplicative chaos based on a log-correlated field. In this case, Ooi shows how the Liouville
a-stable processes with a greater than 1, which are much easier to define, converge as o
decreases to 1 to the Liouville Cauchy process. The main result is stated in a framework
general enough to cover both of these settings simultaneously, with the key assumptions
being expressed in terms of properties of the heat kernels (that is, transition densities) and
Green’s kernels of the underlying (non-time-changed) processes. Applying these assumptions,
Ooi shows that the additive functionals describing the time-changes of the approximating
processes converge in a suitable sense to those of the limit process, which is the key step to
proving the main result. In order to highlight the subtlety of the problem, the thesis also
provides a counterexample to show that the convergence of time-changed processes is not
automatic in the case when the original stochastic processes and time-change measures
converge.
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