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Abstract

The anomaly is a very important tool to understand the nature of the Quantum Field
Theory (QFT). To understand QFT, its infra-red (IR) phase is important. The anomaly
is useful because it is invariant under the renormalization group flow.

In this thesis, the anomalies of fermions with spacetime dependent mass are stud-
ied. Using Fujikawa’s method, it is found that the anomalies associated with the
U(N); x U(N)_ chiral symmetry and U(N) flavor symmetry for even and odd di-
mensions, respectively, can be written in terms of superconnections. This anomaly is
characterized by a (D + 2)-form part of the Chern character of the superconnection. It
is a generalization of the usual anomaly polynomial for the massless fermions. These
results enable us to analyze anomalies in the systems with interfaces and spacetime
boundaries in a unified way. Applications to index theorems, including Atiyah-Patodi-
Singer index theorem and Callias-type index theorem, are also discussed.

This thesis is based on the paper [I].
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Chapter 1

Introduction

Quantum many body systems are described by Quantum Field Theory (QFT). However,
in many cases, to solve QFT is very difficult. For example, Quantum ChromoDynam-
ics (QCD) is a well-known that it is very difficult to solve, because of its nature of
confinement. QFT is often defined as an Ultra-Violet (UV) action. In this case, if the
S-function of the UV action is negative, this QFT is strongly coupled in Infra-Red (IR)
and it is often difficult to solve. We want to understand the nature of such strongly
coupled QFTs.

One of the strong tools to understand the IR phase of strongly coupled QFT is a
quantum anomaly. Quantum anomaly (or anomaly in short) is described as a symmetry
breaking by quantum effects. When we define a model of QFT by using a UV action,
the symmetry of the action is also defined at the same time. However, this symmetry
of the action is a symmetry of classical theory. It is known that some of the classical
symmetries are broken in quantum theory.

The information of symmetries (more precisely, global symmetries) in a UV action
do not change under the renormalization group flow. When spontaneous symmetry
breaking (SSB) occurs, some symmetries are broken in IR, but the information of the
symmetries remains. It appears in the IR theory as Nambu-Goldstone bosons (NG
bosons) for continuous symmetries, or some topological QFTs (TQFTs) for discrete
symmetries. This is why symmetries are important to QFTs. Furthermore, anomalies
are also invariant under the renormalization group flow, even though they are no longer
symmetries. This is known as the 't Hooft anomaly matching.[?] For this reason, the
anomaly can be a strong tool to reveal the IR phases of the strongly coupled QFTs.

The anomaly also has a topological nature. It is known that the anomaly has some
connection to mathematics. For example, to classify anomalies, the Chern number plays

an important role. Index theorem is also important to consider anomalies, in particular



the anomalies of fermions. The anomaly can be useful not only for physics but also for
mathematics.

To understand the IR phases of strongly coupled QFTs, we ought to understand
anomalies well. One description of the anomaly is, that when we consider the path
integral for some fields, this operation breaks some parts of the symmetries in the
classical action. This interpretation of the anomalies is useful not only to understand
the anomalies but also to calculate them. For example, anomalies of the fermions are
known that we can calculate them by considering the change of the fermion path integral
measure under the anomalous transformations. This way of calculating the anomalies
is known as Fujikawa’s method. [3, ]

In this thesis, we calculate the anomalies of fermions by Fujikawa’s method. In
particular, we focus on the free Dirac fermions. If we consider N free Dirac fermions
without mass terms, we can find flavor symmetries. Let the spacetime dimension D.
When D is even number, the chiral symmetry is U(N), x U(N)_, and £ denotes the
chirality. When D is odd, there is no chirality, however, this system has U(N) symmetry.
The anomalous symmetries that we consider in this thesis are these U(N), x U(N)_ for
even D and U(N) for odd D. When we consider Dirac fermions, these flavor symmetries
usually appear. Furthermore, these symmetries are important to physics.

For example, it is known that the chiral symmetry in 4 dimensional QCD is im-
portant even though QCD in the real world has mass term and does not have chiral
symmetry. The IR effective theory of QCD is known as a theory of pion, which is
the NG boson that comes from spontaneous breaking of the chiral symmetry (chiral
SSB). To understand the pion effective theory, the anomaly of the chiral symmetry is
important in some cases. One of them is known as the U(1)4 problem in the 1970’s.
If we consider 3-flavor QCD, without considering any anomalies, the chiral symmetry
U(3); x U(3)- breaks to U(3)y. From this symmetry breaking, the broken part is
(U(3)y xU(3)-) /U(3)y then 9 pions are expected. However, in the experimental re-
sult, the number of pions seems to be only 8, not 9. 1’ meson can be the 9th pion, but it
is much heavier than the other pions. This problem is solved by Witten and Veneziano
[6, 6], and anomaly in U(1) 4 part plays an important role. The other famous case is the

Y meson decays into two photons through the strong interaction,

decay of ¥ meson.
and this is the effect of the anomaly. QCD, which is defined as a UV action, has a
anomaly in its chiral symmetry. At the request of the anomaly matching, the pion
theory in IR need to reproduce the anomaly in QCD. To reproduce the UV anomaly,
we need to add the Wess-Zumino-Witten (WZW) term to the IR pion theory.[[d, 8] This
term describes the 7 — 27 decay. These examples are reviewed in section PZ3.

These flavor symmetries have been studied for a long time, however, we study new



anomalies for these symmetries. We focus on the free fermions with the mass term, and
its mass depends on the spacetime coordinate. This spacetime dependent mass term
is equivalent to an external scalar field (or a Higgs field) couples to fermions through
the Yukawa coupling. Although the masses of the quarks and leptons in nature are
considered to be constant, spacetime dependent mass naturally appears in the standard
model and various other models when the value of the Higgs field is not constant. It
also appears in hadron physics and condensed matter physics, because the effective
mass of fermions can vary depending on some parameters of the environment, such
as temperature, chemical potentials, magnetic field, strength of the interaction, etc.,
which can be spacetime dependent.

Apart from possible applications to realistic systems, the spacetime dependent mass
can be used as a theoretical tool to study quantum field theory. For example, it can
be regarded as an external source coupled to a fermion bilinear operator. In particular,
although the U(N), x U(N)_ chiral symmetry is explicitly broken to a subgroup when
the mass is non-zero, we can make the action invariant under the U(N); x U(N)_
gauge transformation by promoting the mass to a spacetime dependent external field.
Then, we are allowed to discuss the anomaly for this symmetry even though the mass
is non-zero. In this sense, the spacetime dependent mass plays a similar role as the
external gauge field, with which the action becomes gauge invariant.

In fact, the anomaly for the fermions with spacetime dependent mass (Higgs field)
was analyzed in the 80’s in [9, T0". The conclusion of these papers was that the mass
does not contribute to the anomaly at all. This is true in the case that the mass is
bounded and fixed while the cut-off scale is sent to infinity. However, as we will demon-
strate, the mass dependence of the anomaly survives when the mass is unbounded.
Remarkably, we will also find that the anomaly exists even for odd dimensional cases,
when the spacetime dependent mass is introduced. Our discussion is closely related
to that of papers by Cordova et al. [12, 13|, in which coupling constants including
the masses are promoted to external scalar fields, and the anomalies are extended to
include them. They analyzed the systems with massive fermions in [I2] and found that
the space of masses can be considered as a compact space with non-trivial topology
by including |m| — oo, and anomalies in D-dimensional systems are characterized by
a (D + 2)-form, which is a generalization of the usual anomaly polynomial, involving
differential forms on the space of masses. This also shows that it is crucial to consider
|m| — oo to have a non-trivial anomaly that involves the masses.

One of the main parts of this thesis is the derivation of the anomaly of the spacetime

1See also section 6.5.1 of [I1].



dependent mass. This part corresponds to chapter B. We show that the anomaly (D+2)-
form, as well as the anomaly associated with U(1)y, symmetry, are given by the Chern
character written in terms of the superconnection introduced by Quillen in [I4]. This
was also suggested in [I2]. We will show this explicitly by using Fujikawa’s method.
Our formulas (B=311) and (B=313) can be used for both even and odd dimensional cases,
provided that the superconnection of the even and odd types are used accordingly.

In fact, when we consider the string theory, there is a similar object to the structure
of these anomalies. To see this similarity, let us focus on the Chern-Simons (CS) terms
including the tachyon field in unstable D-brane systems, which are written with the
Chern character of the superconnection. |5, I8, 17, I8] As we will discuss in section B,
the systems with Dirac fermions in various dimensions can be realized on a D-brane
with unstable D9-branes. The mass of the fermion is proportional to the value of the
tachyon field and hence the spacetime dependent mass can be naturally obtained by
considering a varying tachyon field. The anomaly of the fermions is supposed to be
canceled by the contribution from the CS term. Therefore, string theory suggests that
the superconnection appears in the formulas of anomaly, which is indeed what we find
in the field theory analysis.

The chapter @ is devoted to the applications of these formulas. We consider the sys-
tems with interfaces and boundaries realized by the spacetime dependent mass. Most of
the discussion there are consistency checks and demonstrations of our formulas (BZ3TT)
and (BZ3T3). We show in several explicit examples that some known results can be con-
sistently reproduced in a simple and unified way. The results of section B-24 are new.
In this section, a system with a spacetime dependent boundary condition is considered
and the anomalies due to this boundary condition are obtained. Applications to index
theorems are discussed in section B=3. In section B=3T, we study about Atiyah-Patodi-
Singer index theorem. Callias-type index theorem is also discussed in section B=32, and

this is one way to understand the topological number of the spacetime dependent mass.

Organization of this thesis

This thesis is organized as follows. We start with a review of the chiral symmetry and
the ordinary chiral anomaly in chapter B. We stress the importance of chiral symmetry
and its anomaly in QCD. We also review the topological nature of the anomaly, and
topological terms in gauge theories and scalar field theories.

Chapter B and chapter @ are the main parts of this thesis. These chapters are based

on my work with S. Sugimoto.[l] We start with a brief review of the superconnection in



section Bl. In section B2, we derive our main formulas for the anomaly with spacetime
dependent mass using Fujikawa’s method. The relation between string theory and
our results have natural interpretations in string theory as explained in section B.
Applications of these formulas are given in chapter B. The cases with interfaces and
boundaries are studied in sections B and B=2, respectively, and implications to index
theorems are discussed in section E=3.

Finally, in chapter B, we summarize our results and see some future directions.



Chapter 2
Review of the chiral anomaly

In this chapter, we review the quantum anomaly. In particular, the quantum anomaly
of chiral symmetry in the free fermion system is important to this thesis.

One of the main motivations for studying strongly coupled QFT is to understand
QCD. First, we introduce and review QCD. We can learn many basic concepts in
QFT through the knowledge of QCD. For example, chiral symmetry is important to
understand QCD, as we will see in this chapter. In this thesis, chiral symmetry will
also be important in chapter B. In this chapter, we review QCD and we will introduce

chiral symmetry through QCD as an example.

2.1 Review of QCD and its chiral symmetry

The definition of QCD in this thesis is, “4 dimensional SU(N.) Yang-Mills theory
coupled with Ny quarks in fundamental representation (with or without mass term)”.
The action of QCD is the following.

_ _ 0
SQCD = / d4l’ {wiﬁ)ﬂu(a/t + a#)w + wa - 2%92}“ [fm/f/“/] + ﬁtr [Euypofuufpa]} .
(2.1.1)

() e ) Gn)



We only consider Euclidean spacetime with all plus metric (g,, = diag(1,1,1,1)) in this
thesis. We use chiral representation for the ~-matrices (not only for 4dim ~-matrices,
but also for general dimension cases).

To understand QCD, we need to understand 4dim Yang-Mills theory and 4dim

fermions.

2.1.1 Yang-Mills theory and confinement
4dim Yang-Mills (YM) theory, or 4dim SU(N,.) gauge theory is defined by the following
action.

Syaa = [ e {=gate 4 gyt il

:/{——tr[f/\*f]—l——tr[f/\f]} (2.1.2)

The B-function of this theory is negative in one loop. Then, this theory is strongly
coupled in IR. It is known that this theory has a mass gap, but the reason why it has
a mass gap is unknown.

If we couple this theory with fermions (called quarks), we cannot observe the fermion
alone. This is known as quark confinement.

This theory has a 6 term, which is the second term in the action (EZZ12). 6 term is
a topological term because this term can be written as total derivative and does not
affect the equation of motion. The existence of the 6 term depends on the existence of

instantons. YM on S* has instantons comes from m3(SU(N,)) ~ Z.

2.1.2 Massless QCD

If we couple Ny fermions with YM theory without mass term, we obtain massless QCD.
The action is (Z10) with M = 0 and 6 = 0. This theory does not have 6 dependence.

This is related to the anomaly, and the reason is explained later.

Chiral symmetry

This theory has Ny Dirac fermions in the fundamental representation of SU(N,.). This
theory has the following chiral symmetry, up to discrete part.

U(Ny)+ x U(Ny)-
U(l)a

:SU(NJC)+ X SU(Nf)_ X U(l)v . (213)



If we consider discrete part, the chiral symmetry becomes,
SUNy), x SUNy)- x U(L)y
ZNC X (ZNf)V .

This discrete part is important to consider the generalized symmetry,[I9] however, it

(2.1.4)

is not important to this thesis because we just focus on the ordinary symmetry. In
(Z13), U(Nys)4+ x U(Ny)— comes from the phase rotation of the Ny Dirac fermions. We
divide this flavor symmetry by U(1)4, which comes from the anomaly between U(1)4
and SU(N.). This anomaly is described in section ZZ2.

The chirality is defined as an eigenvalue of 5. In all even dimensions, chirality
operators such as 75 are defined. We denote the chirality of the flavor symmetry with
the index =+, like U(Ny)4 x U(Ny)_. For one massless Dirac fermion, we can decompose
it into two Weyl fermions with different chirality. This is why we consider two different
U(Ny) groups for Ny Dirac fermions.

In this thesis, we will focus on this chiral symmetry for D dimensional fermions.
In chapter B, we just consider N free fermions, however, it is easy to generalize our
formulas to some theories with dynamical gauge fields, such as QCD.

In massless QCD, we cannot define the 6 term. 6 parameter relate to the U(1)4 ro-
tation through the U(1)4 anomaly. Therefore, when we consider U(1)4 transformation
for massless QCD action with parameter o, 6 parameter is shifted as 6 — 6 — 2N;a.
The effect of the anomaly is described in section 2. We can change the action by U(1) 4
rotation with any angle a because the classical action is invariant under the U(1)4 ro-
tation. This means we can rotate the ¢ parameter by any angle, and 6 parameter does
not have any physical meaning. This massless QCD does not have # dependence, and

cannot have 6 term.

Chiral SSB and the pion effective theory

This massless QCD is understood through the spontaneous symmetry breaking of the
chiral symmetry (E123). QCD is strongly coupled in IR so we cannot understand it
by perturbation techniques. However, we know the information of chiral SSB, we can
identify that the IR effective theory of QCD is written by the pion theory.

It is known that the chiral symmetry (2123) breaks to U(Ny)y?. Then, IR effective
theory can be described by the pion (or NG boson) degree of freedom. This pion takes

!The explicit form of this U(1)4 transformation is described in (2221). The shift of § parameter

can be understood through (E23H).
2The symmetry breaking pattern is known as the Vafa-Witten theorem.[20] For this theorem, the

symmetry with mass term is important. The symmetry of QCD with mass term is discussed in the
next subsection and (2719).



its value on
SU(Np)+ x SUNy)- x U(1)y
SU(Ny)y x U(1)y

The effective action of the pion is written as a non-linear sigma model whose target

(2.1.5)

space is (ZZ13). This pion degree of freedom is often written as

Ulx) =l e SUNY) . (2.1.6)

fx is called pion decay constant and 7 (z) is a pion field. The first leading term of the
pion action is,
f2
Sy = / d' Tt [0,U0"UT] . (2.1.7)

This term corresponds to the pion kinetic term. We can add many higher derivative

terms with respecting the symmetry, but the lowest derivative term is only this term

2.1.3 Mass term and chiral symmetry

When we turn on the mass term in (2Z11), the chiral symmetry (2213 is broken by the
mass term. This is clear when we consider the mass term with the Weyl fermions. For
simplicity, let us consider Ny = 1 case and the mass parameter M is just a real scalar

m. Then the mass term becomes,

&Mwﬂn@Lﬂ)<$)

=mipl v, +mplyp_ (2.1.8)

This mass term mixes the two chiralities + and —. Therefore, chiral symmetry (21-3)

breaks to the diagonal part,
U(Ny)v (2.1.9)

In QCD with the mass term (P1), the 6 parameter is physical. In this case,
the U(1)4 symmetry is explicitly broken by the mass term (2Z19). Therefore, U(1)4
rotation is not only the shift of # parameter but also the phase rotation of the complex-
valued mass parameter. Let us check it by Ny = 1 case. If we consider complex mass

term with m € C, the mass term becomes

oty = (vl ) (ZL - > (Zi >

—map’ oy +m Yl (2.1.10)



m* is a complex conjugate of m. This mass term is changed under the U(1) 4 rotation
(2=2) as

z/_;]\/[w —>1/_Je”5a]\/[ei75aw

(ot ot [ e 0 Ys
_(w,m)( 0 m*e%a) (¢_) : (2.1.11)

This U(1) 4 transformation changes the phase of the mass m to me*®. This means that
the phase of mass m and 6 parameter are the same parameter. In other words, we can
start from the finite 6 action (Z1), and rotate in U(1)4 transformation, then we can
get the action without @ term but the phase of the mass is changed as me="/2. For N ¥
flavor case, let the phase of mass is «, the set of # — 2Ny« is only a physical parameter.
This QCD with mass (2211) has 6 dependence, but this 6 parameter is identified with
the phase of mass.

In this thesis, we will consider N massive fermions. However, we consider the
spacetime dependent mass (or a background Higgs field). Therefore, the action we
consider in chapter B is invariant under U(N)y x U(N)_, not (Z19) even though it is

massive.

2.2 Review of the anomaly for free fermion

One of the most simple cases to calculate the anomaly is 4 dimension free fermion with
Ny flavor. For reviews of the perturbative anomalies, please see, e.g., [21, [, P2, 23].

It is easy to generalize it to other systems with dynamical gauge fields, such as QCD.

2.2.1 Some kinds of anomalies

When we calculate the anomaly, we often couple some background gauge fields to the
theory. For example, if we calculate the anomaly of free fermions, we cannot see the
continuous part of the anomaly without the background gauge fields. Anomalies are
distinguished three types, depending on the dependence of background gauge fields.

Let us consider the following system as an example. One 4 dimensional Dirac
fermion has the chiral symmetry U(1)y x U(1)4. U(1)y and U(1)4 transformations are
defined as,

Y —e" Y —e Y (U)v),
W —e %) P —e%) (U(1)4). (2.2.1)

10



The action of this system couple with U(1)y gauge field AuL and U(1)4 gauge field
A4 s
"

’

S = / d*aa)(z)iy” (@L + A,‘f + 7514/’;‘) U(x)

:/d4xw(w)Dw(a:) . (2.2.2)

This system has some anomalies, depending on whether these gauge fields are dynamical

or background.

't Hooft anomaly

Anomalies without any dynamical gauge fields are called as 't Hooft anomalies. For
example, if all gauge fields in (EZZH) are background fields, then this system has ’t
Hooft anomalies.

If we consider U(1) 4 transformation for this system in equation (E222), we can find
anomalies in the following way. First, we consider the partition function of this system.
It depends on two gauge fields AV and A4 as,

Z[AY, A% = / [dpdi]e™ . (2.2.3)
This partition function is changed under the U(1)4 transformation as,
Z[AY, AA] el el FVAFY AN} 7 AV pA) (2.2.4)

FV and F4 are field strengths of background gauge fields AV and A4, respectively. The
detailed calculation here is described in the next section. In conclusion, the partition
function (Z223) is not invariant under the U(1), transformation, but the difference is
just written as a phase. This phase is nothing but the anomaly. If the phase includes
only background gauge fields, this anomaly is called an 't Hooft anomaly.

The 't Hooft anomalies are useful tools to decide the IR phases of QFTs. The 't

Hooft anomalies are invariant under the renormalization group flow [2].

Gauge anomaly

Let us consider dynamical gauge fields for (E222). If we consider a gauge transformation
and its gauge transformation has an anomaly, the anomaly is called a gauge anomaly.
Let us write dynamical gauge fields in (222) as ¢" and a with small letter a. The

partition function is,

Z = / [ddipda da]e™ . (2.2.5)

11



Indeed, this partition function is ill-defined. When we consider U(1)4 transformation
for this action, we know that the path integral measure of the fermion is not invariant
and changed as (2224). Let us consider the same transformation for the gauged version

P2 H). The fermion path integral measure changes as
(avas) p g g
Z = / [dipdipda” da?] e
N /[dzﬂd@davda‘ﬂ efh%a{fv/\fVﬂvA/\fA}e_S

# [avdida dat)es = 2. (2.2.6)

fV and f4 are field strengths of dynamical gauge fields @' and a?, respectively. This
means that this partition function (E223) is not invariant under U(1)4 gauge transfor-
mation. We cannot write U(1)4 gauge invariant partition function for this system, so
we cannot define any gauge theories for this action (222) with dynamical gauge fields
a" and a?.

Gauge anomalies mean that the theories are ill-defined. When a theory has a gauge
anomaly, the theory cannot be defined in QFT.

ABJ-type anomaly

ABJ-type anomaly is a mixed anomaly between 't Hooft anomalies and gauge anomalies.
For example, let us consider the action (Z222) with dynamical U(1)y gauge field
a', but U(1)4 part is still non-dynamical. The partition function is,

Z[A ]:/[daV]Z[aV,A ]
= / [dipdipda’]e™ . (2.2.7)

If we consider U(1)4 transformation for this action with setting A4 = 0%, the partition

function is changed as
7z - / (da¥] Z[a"]
o / da¥] el 7zt Y 21V

47 . (2.2.8)

3The reason why we set A4 = 0 is, just to hide the 't Hooft anomaly of U(1)4. After gauging
U(1)y, U(1)4 global symmetry disappears from this action. Therefore, there is no 't Hooft anomaly
of U(1)4 for this system, because there is no U(1) 4 symmetry. This means that the existence of the
A4 gauge field is meaningless.

12



We rewrite Z[a"', A4 = 0] as Z[a"]. This is a milder situation than the gauge anomaly
because the inconsistency in (ZZZ8) means just this partition function (22221) does not
have U(1) 4 symmetry. U(1)4 symmetry is not gauged in this theory, so this theory is
well-defined even if there is an anomaly (E°23).

The meaning of mixed anomaly between U(1)y and U(1)4 would be clear when we
consider anomaly polynomials in section ZZ23. The anomaly (ZZ2R) corresponds to the

following anomaly polynomial

S\ 3
i
— ) FANYALY . 2.2.9
(52) F*nsns (229)
ABJ anomaly means that some classical symmetries are broken by the quantum

effect. We will check the ABJ anomaly in QCD in section 3.

2.2.2 Fujikawa’s method

To calculate anomalies of fermions, Fujikawa’s method [B3, 4] is a useful tool. In this
section, we calculate a U(1)4 anomaly of N free fermions in 4 dimension. This is
one of the most simple cases of anomalies. Free fermion theory does not include any
dynamical gauge fields, so this anomaly is an 't Hooft anomaly. Let us consider the
action in (2222) with taking A" as a U(N)y gauge field and A4 = 0 as

S z/d4x1/_1(x)i7“ (0, + AZ) ()
= / d*x)(z) Dy (z) . (2.2.10)

and U(1)4 rotation in (222). Here, D is a Dirac operator for this action. The action
(2ZZ1M) is invariant under the U(1)4 rotation (E221) as a classical theory. However, if
we consider the quantum theory for the action, this theory is not invariant under the
U(1)4 rotation. To see this quantum effect, let us consider the partition function of
(=21m) like (Z23). In this partition function, the path integral measure of fermions
¥, 1, written as [didy)] are included.® Fujikawa’s method [3, 4] claims this path integral
measure is not invariant under the U(1) 4 rotation, and its Jacobian shows the anomaly.
We follow the calculation in [9, 1] here.

Schematically, the calculation of the anomalies by Fujikawa’s method can be written

4In many papers and textbooks, DD is used as a path integral measure of the fermions. However,

instead of it, we use [didi] as the path integral measure because we will use D as a Dirac operator in
this thesis.

13



210") = [ lavdi) e
— / [dypdip) T e®

= / [dipdip) e Tz Ts (FAF) =S (2.2.11)

Here, “—” means the U(1)4 rotation with angle a. F is a field strength of AV, and Tr;
is a trace for N flavor space. The non-trivial points in this calculation are the existence
of the Jacobian J and the explicit form of the Jacobian. We will see these points in
this section. From (EZ27I), it is clear that the anomaly corresponds to the log of the
Jacobian log J. The goal of the derivation is to calculate the explicit form of log 7.
In order to calculate the anomaly, we evaluate the Jacobian J for the U(1)4 rota-
tion (EZZ1). To calculate the Jacobian, we need to consider the regularization for the
eigenvalues of the Dirac operator D in (2210). In this thesis, we take the heat kernel

regularization and use this form of the regulator

A2

e A% . (2.2.12)

Ais a UV cut off and A, is an eigenvalue of the Dirac operator D. We take both A and

An positive values because the Dirac operator in (E22710) is a Hermitian operator. In

the following chapter B2, we will generalize this calculation for non-Hermitian Dirac
operators DB

To calculate the Jacobian J, we expand the fermion fields ¢ and 1, by using

the eigenfunction of D. Let n, be the number of zero modes of D. We choose the

eigenfunctions such that they satisfy the eigenequations
Doy (z) =Andn(z) (ne{k—nglk=123}), (2.2.13)

and the normalization conditions

/ dPr ¢ (2) b (x) =0y - (2.2.14)

5This Dirac operator (22210) is Hermitian, so we can take this ), as an eigenvalue of the Dirac
operator. For general Dirac operators, such as in the action (ZZZ3), Dirac operators D are non-
Hermirian. In these cases, eigenvalues of Dirac operators can be complex values. For these cases, we
will take A2 as an eigenvalue of Hermitian Dirac operators DD and DDT. The detail of this treatment

will be discussed in section B2
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Fermions () and (x) can be expanded as

V(@) =) andn(z) | Pla) =) budl(x) (2.2.15)

n

where a,, and b, are Grassmann odd coefficients, and the action (222I0) becomes

S=>Y Aubnan . (2.2.16)

From this expression, the path integral measure of the fermion is written as

[dydip) = Hmp )dip(z) = det(pn ()~ det (o] (2 Hdadebl, (2.2.17)

where det (¢, (z)) ! det(¢] (z))~! is the Jacobian which comes from introducing the new
variables {a,, b, }.
Under the U(1)4 transformation (2221), a,, and b, transforms as

a, — a, E/de O (x)e"15e)(x) Z (6m,n +z'/d4:c ¢L(m)a'y5¢m(az)> A

m

b = [ a0 Bt (mm [t <x>a<x>%¢n<x>),

(2.2.18)
where we have assumed a(x) < 1. Then, the Jacobian in (ZZZI) is
log J = —i / dr a(z)Z(x) , (2.2.19)
where B
I(z) = Y (8h(@)r50n(x) + O (2) 7500 (x)) = 2 zw ) Vs () - (2.2.20)

n

6This Jacobian J can be written by using the matrix M,,, as J = det(M,,,) " det(M,,,)"*. To
calculate this Jacobian, we use the relation logdet M,,,, = trlog M,,,. The matrix M,,, includes

infinite small parameter «, so we can calculate it as

trlog(M,) ' ~ —tr [i/d4x¢11(x)a(x)75¢m(x)] = —i/d%a Z¢T )5 n (2
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In this expression, Z(z) diverges. To treat a well-defined expression of Z(x), we need

to introduce a regulator. Here, we take (E22Z14) as a regulator.

— lim 2Ze 3 6] (2) 1500 (2)

A—o0
:AEEOZ%L@)e D, (x)
d*k ,
:AILII;OZ/ (27T>46_Zkz Tr (756_/\%[)2) ek (2.2.21)

where Tr, is the trace over both flavor and spinor indices. D? can be written as

D? :(Z'VMDM)Q

=—7"7"DyD,
1 v
== (Dp)* = 7 0" B (2.2.22)

where D, = 0, + A/ is a covariant derivative and F),, is a field strength written by AY.
Then, Z(x) becomes

4
I(x) — hm Q/Melkx TI'S (’}/5eiﬁ(7(D“)27i[7#77U]Fy.V)) eikm

A—oo (27‘(‘)4
: [ d'k o R Ly D24 21 Dyt Ly [yt 4V P
= lim 20" [ O, <7 eh ) , (2.2.23)

where 75# = k,/A. Be aware that after taking the trace for v matrices, terms which
include F),, are remained because the trace of ~s5 is equal to zero. To obtain such terms,
it is needed to create 5 from 7 matrices [y*,v"”]. Therefore, all remaining terms include

(F)? To evaluate the trace for v matrices, we use the following relation

Try [y (0", 710N Fu Fpo = — 16677 F, F, (2.2.24)

po

where e#1#4 is the Levi-Civita symbol with €234 = 1. After we take A — oo limit,
O(AY) term is physical. Therefore, the remaining term includes only a term proportional
to eP7F,, F,,. We take 1/A expansion for Z(z) and take only O(A?) terms,

&k 1
N E 4 —k; . Hvpo -2
Z(x) Algrgo 2A / (271')46 Try ( SALC F.F, ) + O(A™?)

1
=— 167T2Trf ("7 FF,y) . (2.2.25)

Tr; means the trace for flavors.
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Finally, we obtain the U(1)4 anomaly as

log J = —i/d4m a(z)Z(x)

1 1
—Z/QOC(.I)WTI'JF (QG#VPUFHVF,W)

—z’/Qa(x)iTrf (FAF)

872

Nls]

= — i/za(x) <%) Try ()], (D=4). (2.2.26)

|p means that take D-form part from the expansion of ef’. This is the anomaly in
(). The last expression of (ZZZ78) is non-trivial from this calculation in the 4
dimension case, however, it is easy to generalize this calculation to D dimensional case

for even natural number D. This anomaly can be written by the Chern number,

log J = —i/2a(x) <21)€Tff G

——i/Za(x) [ch (F)]p (2.2.27)

with the definition of the Chern character for F' as

. D
]

(52) 10 ()] =P, (222)

In chapter 3, we will discuss the generalization of this derivation.

2.2.3 Anomaly polynomial and descent equation

To understand the anomaly, an anomaly polynomial is an important tool. The anomaly
polynomial connects anomalies in D dimension QFT and Chern numbers in D + 2
dimension.

To classify the anomalies in D dimensional QFTs, it is well known that the anomaly
polynomials in D + 2 dimension are important. We can derive the anomalies in D
dimensional QFTs from D + 2 dimensional anomaly polynomials through the descent
equation. In this subsection, we review the anomaly polynomials and the descent
equations.

Let us consider the anomaly as a phase that comes from the transformation of the

effective action I'. The effective action is defined as the log of the partition function,

e T = 7[A] = / [dipdip] e 50 (2.2.29)
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As we already saw in (PZ21), this partition function can obtain a non-trivial phase
under some chiral gauge transformations even though the action is invariant. (2ZZTT)
is an example of the anomaly, but we can generalize the anomaly such as (E2221). In
this section, we consider the anomaly for general spacetime dimension, which comes
from the continuous group G = U(N), x U(N)_ for even dimension or G = U(N) for
odd dimension.

Under an infinitesimal chiral gauge transformation (U, = e "+ € U(N)y, U- =
e~ € U(N)_ with vy,v_ < 1) with

(SvA+ = dU+ + [A+7 U+] s 61,14_ = dU_ + [A_, 'U_] y (2230)

The effective action for the massless case I'[A] = T'[A, m = 0] defined in (Z229) trans-
forms as I' — I' + 9,I" with

§,I[A] = /[%T<U,A) : (2.2.31)

where I} (v, A) is a 2r-form obtained as a solution of the descent equations

A= 6,0y Iy = D 2.2.32)
with

Iy 12(A) = —2mi [ch(F}) — ch(F_)],, ., - (2.2.33)
Here, [- - - |2,12 denotes the (2r+2)-form part of the differential form in the square brack-

ets and ch(Fy) = Tr (eiFi> is the Chern character. I5.,5(A) is called the anomaly
polynomial and 9, (A) is the CS (2r + 1)-form.”

As pioneered by Fujikawa in [3, 4], the chiral anomaly (E22231) can be understood
as a consequence of the fact that the path integral measure for the fermions is not
invariant under the chiral transformation (B=21). After a careful regularization, it can

be shown that the fermion path integral measure transforms as

[dipd] — [dipdy] T (2.2.34)

with the Jacobian J given by

log J = /I§T<U,A) (2.2.35)

"Here, we consider a flat spacetime. We can extend this formula for curved spacetime. To extend,
ch(F") should be replaced with ch(F)g(R), where A\(R) is the A-genus.
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under the infinitesimal chiral transformation, reproducing the result in (222231).
The form of the Jacobian J in (E2234)) depends on the regularization. In [@, 9], a

manifestly gauge covariant form of the anomaly with

log J = / L% (v, A) | (2.2.36)
where
N
I%TCOV(U7A> = (%) F (Tl"(v_i_F_T_) — TY(U_FK)) (2237)

is obtained with a covariant regularization. (See section B2.) This form of the
anomaly is called the covariant anomaly, while (222231) is called the consistent anomaly.
Unlike the consistent anomaly, the covariant anomaly does not satisfy the descent equa-
tions (Z22232) and cannot be written as the gauge variation of a well-defined effective
action. The consistent and covariant anomalies are related by the addition of a Bardeen-
Zumino counterterm in the associated currents.[24] (See Appendix B.)

In the previous section, we calculated the anomaly for the U(1)4 transformation
which corresponds to vy = —ia(x) 1y and v_ = ia(x) 1y with a function a(z) and the
unit matrix 1y. More precisely, what we calculated was the mixed anomaly between
U(1)4 and U(N)y. In this case (E2237) is

11 (—ias, A) = [~iach(F,) — iach(F_)], = —2ia [ch(F)], = %LL(A) L (2.2.38)

In the next chapter, we focus on the anomaly for the U(1)y transformation vy =v_ =
—ia(x) 1y. This corresponds to the mixed anomaly between U(1)y and SU(N); X
SU(N)_ x U(1)4. (222231) is

LY (—ia, A) = —ia[ch(Fy) — ch(F_)],, = %IQT(A) : (2.2.39)

2.2.4 Topological numbers in QFT

When D dimension QFT has non-trivial topological numbers in D dimension, we can
write 6 terms for its QFT. These topological numbers in D dimension do not affect
to the anomalies of the D dimensional QFT, but here we check the topological terms
to prepare upcoming sections. The topological numbers relate to the homotopy group,
but the relationships between topological numbers and homotopy groups are different

depending on the theory we consider.

19



Topological terms in gauge theories

We consider a gauge theory in D dimension. The gauge group is GG, and we assume
G is a continuous group. For simplicity, we consider the spacetime manifold is a D
dimensional sphere SP. For this case, the homotopy group of 7p(BG) is important to
distinguish the existence of topological terms. BG is a classifying space of GG. In other
words, if there are some instantons in D dimensional flat spacetime R”, then there is a
winding number that comes from the configuration of the gauge field in infinite distance.
This winding number is classified on SP~!, which surrounds R” at the point at infinity.
Therefore, the topological number is classified by 7p_1(G), and 7p(BG) ~ mp_1(G).

When D dimensional G-gauge theory has a topological number 7p_1(G) ~ Z, it has
a 6 term.

For example, let us consider 4 dimension SU(N) Yang-Mills theory. m3(SU(N)) ~
Z, so this theory has a integer instanton number and a 6 term. The instanton number

is defined as
1
n= /—tr [fAfleZ. (2.2.40)
82
We can write the action with the 6 term which comes from the integer (E22-40) as,
1 10
SYM = — 2—92131' [f A *f] + @tr [f AN f] (2241)

0 parameter has 27 periodicity, because the Boltzmann weight for the 6 term can be

written by a integer n in (22240) as,

o0 = o= [ arEtlfA)  g—itn | (2.2.42)

Topological terms in scalar field theories

We can consider the topological number and the 6 term not only for gauge theories but
also for scalar field theories. Let us consider a scalar field theory in D dimension. Let
the target space of the scalar field G. If we consider this G-valued scalar field theory
on D dimensional sphere SP. This scalar field means the map from S to G. Then we
can define the topological number 7p(G). We can define the 6 term comes from this
topological number. Let us consider S! valued scalar field ¢ + 27 ~ ¢ on S* for an
example. This theory has integer valued topological number comes from m(S!) ~ Z

as,

1
nz/%dgb. (2.2.43)
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We can consider this scalar field theory with the 6 term is,

1 if
S:/§]d¢]2+/§d¢. (2.2.44)

This # parameter is also 27 periodic. This 6 term can be generalized to higher dimen-
sional scalar QFTs or general non-linear sigma models. For example, 2 dimensional
CPN~! model is one of the famous examples of them, and this use m(CPN"1) ~ Z.
However, in higher spacetime dimension cases such as D > 2, it is needed to D deriva-
tives. In scalar field theories, higher derivative terms are suppressed. When D > 2
case, the # terms have higher derivative than the kinetic term, so they may not matter
in their IR phases.

These topological numbers of scalar field theories also appear in WZW terms. In-
deed, these 6 terms in D dimensional scalar QFTs can be written as total derivative
terms, so this term only depends on D — 1 dimension. In D — 1 dimensional scalar
QFTs, we can consider a topological term corresponding to mp(G) ~ Z, and this term
is called the WZW term. We will consider the WZW term in QCD in section P2=3.

We can consider topological defects made by scalar fields. These defects are similar
objects to the instantons in gauge theories. For example, Skyrimon is such an object
in a scalar field theory. Let us consider a 2 dimensional scalar field theory and consider

the following configuration
o(z) = u(xy +ixs) (2.2.45)

where ¢ is a scalar field in this theory and u is a complex valued parameter. This
¢ is one component complex scalar field, so it takes the value on C. We take R? as
the spacetime of this scalar field theory, and z; and z, are coordinates of R?. In this
case, the topological number or the number of the defect is counted on the point at
infinity, whose topology is S!. The target space of the scalar field is C, but now we are
interested in its winding number, so we focus on the value of ¢/|¢|. The space of this
value is C/|C| ~ C/Rsq ~ S*. Then, the topological number of this system is defined
by m(S') ~ Z. The configuration (22245) correspond to the one soliton case 1 € Z.
The scalar field with this configuration (ZZ4H) cannot be treated as a usual QFT,
because the value of the scalar field diverges at the point of infinity. However, this

topological number will be used later.

2.3 Review of the anomaly in QCD

In this section, we review two examples of anomalies in QCD.
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The starting point of this section is, the IR effective theory of QCD is written by
the pion theory (2177).

2.3.1 U(1l)4 problem

In this subsection, we review the U(1)4 problem in QCD. This was a problem in the
1970’s. At that time, chiral SSB was well-known but the effect of the anomaly was not
completely known. If we consider QCD without any anomalies, the number of pions is
different from the real world. This problem became popular because the experimental
data of 17’ meson mass was much heavier than the mass people expected. This problem

was solved by considering the effect of U(1), anomaly.[5, 6]

QCD without anomaly

Let us assume that QCD does not have any anomalies. Of course, this assumption is
incorrect, we can learn the importance of the anomaly from this example.
If there is no anomaly in QCD, chiral symmetry (213) is deformed to

U(Nf)+ X U(Nf)_ . (231)
Chiral SSB for this theory is,
U(Nf)+ X U(Nf)_ — U(Nf)v , (232)

and pion takes its value on

U(Ny)s x U(Ny)-
U(Nf)v

(2.3.3)

This “pion” is different from real pion (Z18). Let us consider Ny = 3 case, following
the history of the U(1)4 problem. When N; = 3, the usual pion (Z18) includes 8
degrees of freedom, corresponding to the number of generators in SU(3). This means
we have eight pions in three flavor case. On the other hand, if we do not consider
anomalies, the SSB pattern (2232) creates pions in U(3). This means that there are
nine pions because U(3) ~ SU(3) x U(1) has 9 generators. The 9th (or wrong) “pion”
corresponds to U(1)4 part, and it is called as ' meson.

In experimental results, this 7’ meson mass is much heavier than the other pions.
This is called U(1) 4 problem, and the solution of this problem is U(1) 4 anomaly. When
we consider ABJ anomaly of U(1)4, QCD does not have global symmetry U(Ny)4 X
U(Ny)_, but the correct one should be divided by U(1) 4 (21=3). This means 7’ meson is
not the NG boson of chiral SSB. This effect was pointed out by Witten and Veneziano.[5,
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6] After considering this effect, " meson should be massive and it consistent with the

experimental results.

U(1)4 anomaly in QCD
QCD has an ABJ anomaly in U(1)4. More precisely, QCD has a mixed anomaly
between U(1)4 and SU(N,) gauge symmetry, with the anomaly polynomial

(%)3?‘ Atr[fAf] (2.3.4)

where F'4 is a field strength of a background U(1)4 gauge field and f is a field strength
of a dynamical SU(3) gauge field or gluons. The calculation of the anomaly is almost

the same as the calculation in section 22272, The anomaly can be seen as
Z - / (da) Z[a]
%/[da]ef#“tr[fv/\fv]Z[a]

47 . (2.3.5)

This anomaly means that QCD does not have U(1) 4 symmetry. Therefore, we identify
the symmetry as (Z713).

2.3.2 ’t Hooft anomaly matching

QCD also has an 't Hooft anomaly in (213). To respect the 't Hooft anomaly matching,
the IR effective theory of QCD, or pion theory (271717), should reproduce the anomaly.
However, the naive pion action (E-I-7) cannot match the anomaly, so we need to add
some terms to it. This new term to match the anomaly is known as the Wess-Zumino-
Witten term (WZW term).[ld, 8] WZW term includes coupling between pions and back-
ground gauge fields of the chiral symmetry in QCD (213), and topological term of
pions. The anomaly matching requires not only a coupling to gauge fields but also
a topological term that includes only pions. The explicit form of the WZW term is
written in these papers.[@, 8] This form is too long because the WZW term includes
SU(Ny)+ x SU(Ny)_ gauge fields, and these couplings with pions are complicated.® We
check only WZW term without background gauge fields here,?

Swzw = — / Ne o (Utav)® . (2.3.6)

24072

8The chiral symmetry (221=3) also includes U(1)y part, but this part does not have an anomaly. So

we can neglect it in WZW term.
9The large number 240 comes from 240 = 2 - 5!.
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This term includes a 5-form, even though we consider 4 dimensional QCD. This is
because this WZW term in (2230) can be written as a total derivative, and this term
does not depend on the manifold of the 5th direction. This term counts the topological
number of 75(SU(Ny)) ~ Z when Ny > 3.™ The full pion action that respect to the

anomaly matching is,

7% Ne 5
S, = / ate L= (9,000 - / et (UL

+ (couplings between pions and gauge fields)
+ (higher derivative terms) . (2.3.7)

WZW term provides not only the coupling between pions, but also the coupling
between pion and photon. In SM, QCD couples to SU(2)w x U(1)y or U(1)gn gauge
fields. It is known that the QCD scale is smaller than the electro-weak scale, so it is
better to consider that pion couples to photon in U(1)gy,. These electro-weak gauge
couplings are small enough in IR, hence we can treat them as the perturbation theories.
In weak coupling limit, we can neglect the dynamics of these gauge fields, then the global
symmetries corresponding to these gauge groups are retained. This is why we can treat
these symmetries as global symmetries, even though they have dynamical gauge fields.

In our real world, 7° meson decays into two photons, through the WZW term. This
decay process ™ — 27 is important, because there are no stable pions in our world.

This coupling has its origin in the anomaly matching.

19Tn the case of Ny = 2, m5(SU(2)) ~ Zs. This means that we cannot write the usual WZW term
(2238) for Ny = 2 case.
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Chapter 3

Derivation of the anomaly with

spacetime dependent mass

In this chapter, we derive the anomaly of N free fermions with spacetime dependent
mass. The main claim of this section is, that we find a new anomaly that comes from
the spacetime dependent mass by Fujikawa’s method. The anomaly can be described
by the anomaly D + 2 form of (B=31).

We introduce the superconnection first and then calculate the anomaly. We show
the anomaly can be written by using superconnection. In the last section of this chapter,
we check the relation between this anomaly and the string theory. If we consider the

string theory with some D-branes, this anomaly has its very natural origin.

3.1 Superconnection

Before the calculation of the anomaly, we review the superconnection, which was intro-
duced by Quillen[T4]. From the physical point of view, this superconnection roughly
corresponds to the background gauge fields with mass®. Its application to physics is
considered in the next section. The important thing here is we consider the spacetime
dependent mass as a background field like the gauge fields. We just introduce some
parts of the superconnection that we use in this thesis. See, e.g., [14, 23] for more

general and mathematically rigorous descriptions.

In this paper, the word “superconnection” is used for the background gauge field with mass A

rather than the covariant derivative d + A, which is often used in mathematical literature.
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3.1.1 Even dimension case

Let us consider N Dirac fermions in even spacetime dimension. If these fermions are
massless, they have U(N), xU(N)_ chiral symmetry. We can introduce the background
gauge fields corresponding to the chiral symmetry, and we denote them as (A, A_). We
also introduce a scalar field T', whose representation is bifundamental under U(N); X
U(N)_ chiral symmetry. We can introduce a superconnection as a background field
which includes (A, , A_) and T for this system.

A superconnection A of the even type is a matrix-valued field composed of (A, A_)
and T as

Ay ATt
A= ( ; ; ) =Aret + A e +iTo" +iTo™ | (3.1.1)
(4 —

where

e+:<1 0), e—:<0 0), g+:(0 1), a—:<0 0>.<3.1.2>
00 01 00 10

In our notation, the gauge fields Ay = Ay, (x)dz" are one-forms that take values in
anti-Hermitian N x N matrices. o= in (B11) and dx* are treated as fermions, i.e., they

anti-commute with each other in the products. The field strength of the superconnection

is defined as?

(3.1.3)

}_:dA+A2(F+—TTT iDT' >

1DT F_—TT!

where F} is a field strength for A, and D is a covariant derivative for the bifundamental
scalar field T
F, =dA, + Aft ,
DT =dT + A_T —TA, , DTV =dT"+ A, TT —TTA_ . (3.1.4)
The Chern character is also defined for F as
o\ k/2
ch(F) = ’Z% (%) [Str (e]:)}k , (3.1.5)

where [- - - i denotes the k-form part of the differential form in the square brackets, and

‘Str’ is the supertrace® defined by

Str < Z Z ) = Tr(a) — Tr(d) . (even case) (3.1.6)

2The products of differential forms are the wedge product, though the symbol for the wedge product

‘A’ are omitted.
3In some literature, the symbol ‘Str’ is used for the symmetrized trace, which should not be confused

with the supertrace in this paper. For the symmetrized trace, we use Tr®™.
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Because of (B18), only the even form part in (BH) can be non-zero.
In the following chapter, we use a one-parameter family of superconnections denoted

as A; with a parameter ¢ € [0, 1]. The following formula for A4; is useful.

Str (e”) — Str (e™) =d ( /0 1 dt Str (eftatAt)) : (3.1.7)

where F; = dA; + A2. For Ay = Alrir = Ao + T with Ay = A, et + A_e™ and
T =iTtor +iTo~, this formula implies

Str () = Tr(e™) — Tr(e™) + d ( / st (eFtT)> | (3.18)

0

Since Str(e”*T) is gauge invariant, (B3I8) implies that ch(F) and ch(F, ) — ch(F_) are
equivalent up to an exact form. For a trivial bundle (or, in a local patch) the formula
(B17) with A; = t.A implies®

Str (e¥) =d ( /0 st (etdA+t2A2A>> . (3.1.9)

This implies that the Chern character can be expressed locally as
ch(F) = d§2 (3.1.10)
where (2 is the Chern-Simons (CS) form given by

i (/2 ' tdA+t2.A2
Q=% <%> M dt Str (e A)L . (3.1.11)

This 2 is, in general, not gauge invariant.

3.1.2 0Odd dimension case

If we consider N Dirac fermions in odd dimension, the situation is changed. In odd
dimension, there is no chirality operator like 5 for 4 dimension, so the symmetry is
just U(N) for massless fermions. We introduce a U(N) background gauge field A and
a scalar field 7" in the adjoint representation of U(N).

The superconnection of the odd type is given by (B) with the restrictions A, =

A_and T =TT:
A T .

4When the gauge group is U(N,) x U(N_) with N, # N_, the right hand side has an additional
constant term Ny — N_.
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where 15 = e + e~ is the unit matrix of size 2 and oy = 0" + 0~ = ((1)(1)) The field

strength is

(3.1.13)

_2
fEdA+A2:(F Tt inT )

iDT  F —T?
with F' = dA + A?% is a field strength for the gauge field A, and DT = dT + [A,T] is a
covariant derivative for 7'

The supertrace for the odd case is defined as

Str < Z 2 ) =V2i732Te(b) . (odd case) . (3.1.14)

The reason for putting the normalization factor v/2i~%/? will become clear later.2 We
also define an analog of the Chern character for the odd case by the same formula as
above (BH). In this case, only the odd form part contributes. The formulas (B-2)—
(BII) also hold for the odd case. In particular, (B18) with A, = A_ and T = T"

gives
1
Str (¢”) = d (/ dt Str (eftiTal)) : (3.1.15)
0

where F; = (F —t?T?)15 +itDTo,. Therefore, the Chern character can also be written
as
ch(F) = dOY | (3.1.16)

. i (k+1)/2 1 .
=) (%) UO dt Str (e szal)L . (3.1.17)
k>0

Unlike € in (BTI), this €’ is gauge invariant.

where

3.2 Derivation

We calculate the anomaly with the spacetime dependent mass. We focus on the chiral
symmetries of the free fermion systems. We consider N Dirac fermions. This theory
has U(N), x U(N)_ symmetry in even dimensions, and U(N) symmetry in odd dimen-
sions. We already know that these systems have some anomalies without mass terms.
However, we show that these systems have anomalies even with mass terms.

In this section, we follow the calculation in section 2222

5The sign ambiguity of i~3/2 is compensated by that of the /2 factor in (BZIH). Namely, the
supertrace Str of the odd case always appears in the combination i*/2Str with odd k in the anomaly,
and i*/2Str (Z;’) = v/2i*=3)/2Tr(b) has no ambiguity.
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3.2.1 Even dimension case
Chiral symmetry with a mass term

Let us consider N Dirac fermions ¢ in a D = 2r-dimensional flat Euclidean spacetime
(r € Zsp). We couple external gauge fields and a spacetime dependent mass to this
system. We write the external gauge fields as A = (A, A_), and they associate with
U(N)4 xU(N)_ chiral symmetry. We also write a spacetime dependent mass m, which
belongs to the bifundamental representation of U(N); x U(N)_. This mass can be
regarded as a background scalar field (or a Higgs field), but here we just call it a
mass. We treat this mass like a background gauge field. Although we discuss N Dirac
fermions, it is easy to get the results for Ny positive/negative chirality Weyl fermions
by considering a U(N,); x U(N_)_ subgroup of U(N); x U(N)_ with large enough
N. The action is

S = [ @Dty + T D v+ T+ Dyl )

_ / P TDY (3.2.1)
where
_ [ V4() TN — (T -
U(x) = <¢($)) , P(z) = (¢+(:U),w,(x)) , (3.2.2)
and

Dz( Dy mT(m)) D, =M@, +Ay), D=t +A) . (3.23)
“\m@) p_ g + = 1 ) - = " ) - 4

ot and o (p=1,2,---,D) are 2""! x 2"~ matrices satisfying
oo + o"ot = oo 4 ot = 26" (3.2.4)
so that
0 ot
'LL — e o ..
’y - ( O'H’T 0 ) Y (/’l/ - 17 27 ’27/'> (3.2'5)

are D-dimensional gamma matrices in a chiral representation. We choose a represen-

tation of v* such that

1or- 0
7172 e 727‘ — Z'T 2rt = ir’}/2T+1 (326)
0 _127"—1
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2r+1ig the chirality operator. This notation is useful for our purpose,

is satisfied, where ~
but is not a standard one. A more standard notation is obtained by replacing ¢ and D
with ¢ (?(1)) and ((1)(1)) D, respectively.

In our action (BZZl), mass m means not just a parameter but a spacetime dependent
background field. Then, the classical action is invariant under U(N), x U(N)_ chiral
gauge transformation that acts on the external (gauge and scalar) fields as well as the

dynamical fermions as

¢+ — U+1/}+ ) J-{- — E—}—U;l ) wf — Upr 9 E— — E—Ujl 9
AL - ULA U + UL AU AU AU +U_dUTt
m— U_mU;", m! — U.m'U-" | (3.2.7)

with (U,(z), U_(2)) € U(N)4 x U(N)_.

Calculation of the anomaly

In order to calculate the anomaly, we evaluate the Jacobian J for the U(N) x U(N)_
transformation (B=277). In the following, we demonstrate the derivation of the anomaly

in detail focusing on the U(1)y transformation that acts on the fermions as

() =y (z) | Y(x) —e " (a) (3.2.8)

which is a special case of the transformation in (B227) with Uy = U_ = e"*1y. The
generalization to general U(N); x U(N)_ transformations is straightforward.
Following [9], we expand the fermion fields 1) and v with respect to the eigenfunc-
tions of the Hermitian operators DD and DDT, respectively. Let n, and n, be the
number of zero modes of DD and DD, respectively, and choose the eigenfunctions

such that they satisfy the eigenequations®

DDy, (z) = 2, () , (ne{k—n,lk=1,23--}), (3.2.9)
DD ¢, (2) =\2 () | (ne{k—nglk=1,2,3,---1}), (3.2.10)

and the normalization conditions

/de O (2)pn(T) =6mm /de A1 (2) () =6mm - (3.2.11)

5Here, we have assumed that the spectra of DD and DD' are discrete. Later, we will consider the
cases with non-compact spacetime. In such cases, the asymptotic behavior of the mass and the gauge

fields should be chosen appropriately to have discrete spectra.
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Here, the eigenvalues of DD and DD' are denoted as A2, because they are non-negative
and can be written as the square of real numbers.? Without loss of generality, we assume
Ap=0forn <0and 0 < A\; < Ay < A3 <---. Note that the eigenvalues for (B229) and
(BZZT0) are the same, because the non-zero modes ¢, and ¢,, with n > 0 are related by

TDe(r) . pal@)=3-Dlour),  (forn>0),  (3212)

¢n(x) = \,

up to phase.
Then, fermions () and ¢ (z) can be expanded as

V(@) =) anpn(z) | b(x) =) badh(x) | (3.2.13)

n

where a,, and b, are Grassmann odd coefficients, and the action (BZ1) becomes

S=Y Aibnan . (3.2.14)
The fermion path integral measure is formally defined as

[dydi) = Hdw = det (¢, (x)) " det (o] (x Hdadeb,, (3.2.15)

where det (g, (z)) " det(¢! (x)) ! is the Jacobian for the change of variables from {¢(z), 1 (x)}
to {an, bn}.
Under the U(1)y transformation (828), a,, and b,, transforms as

on i, = [ el (@ ;( vi [ aPgl@a@en (@) an
BB = [T 00 = S (sna 1 [ el

(3.2.16)
where we have assumed a(x) < 1. Then, the Jacobian (E2234) is
log J = —i/de a(z)Z(z) , (3.2.17)
where

I(x) =) (Ph(@)pnle) = 0L(2)n(2)) - (3.2.18)

n

"Be aware that ), is not the eigenvalue of D. D is not Hermitian and its eigenvalues are not real

in general.
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Z(z) can be regularized by introducing a UV cut-off A as

T(@) = lim 3" (Gl (e)pn(x) - 6} (2)00 ()

= lim > (eh(@)e T Piu(x) - ol (@)e =" 6u(a))

A—o0
: d"k —ikx --LDiD —-LDDt ika
:Ah_r};o (27T)De Tr, (e A —e A ) et (3.2.19)

where Tr, is the trace over both flavor and spinor indices. The cut-off A will be sent to
infinity at the end of the calculation.®
To evaluate (B=219), note that DD and DDT are written as

D'D=—D? - A’F, DD' = — D? - A2 F (3.2.20)
where
J,+ A 0
D, = ( lﬁo . ) , (3.2.21)
1 —u
and
[ Ao P e o222
%O’“TDMH”L #U”TOVF_MV —mmt |
F_ #O‘“TOVF_HW —mim —%O'MTDHH’LT (3.2.23)
—%U“DMT’FL ﬁa“a”TF_W — mm!

with m = m/A. In the following part, we use tilde to denote some variables divided by
A. Then, (BZZ19) becomes

D = o~
Z(z) = lim MTrs <eA%(iku+Du)2+f _ eﬁ(iku+Du)2+]—")
A—oco (27T)D

) dPk A p2.2Fup o F L p2i2fup L
:Ahm AD/ e )De’ku Tr, (eA2DﬁAk DutF _ oazPutih Dﬁf) . (3.2.24)
—00 T

where %u = k,/A. Using the formula

tr (0“10“2T g1 ghakt gt e .O-#QkflTO-HZk) — { 0 (k<r)
(20)r etz (b =rp)
(3.2.25)

8The explicit form of the anomaly actually depends on the choice of the regularization scheme. We

adopt this heat kernel regularization in a covariant form.
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1,20 — 1 and assuming that the gauge

where e##2r ig the Levi-Civita symbol with e
field, m and k, as well as their derivatives are all of O(1) in the 1/A expansion, ¥ it is

easy to verify

DT - - D ~ ~
Z(z) = lim AD/ d’k e M Tr, (ef—efl> = lim A—Tr (ef—efl) , (3.2.26)

Avoo (2m)D At 2D D72

and

Tr, (ef - ef’) & = AT (i) [Str (e7)], + O(A >, (3.2.27)

where d*z = da' - - - dz® and F is the superconnection defined as

F,—mtm Dt
Fo | TrommeowEm (3.2.28)
iDm F_—mm!
Neglecting the O(A™1) terms, this implies™
T, i ' F
I(z)d¥x = (%) [Str (e7)],, = [ch(F)l,, , (3.2.29)

and hence we obtain
log J = —i / a(z) [ch(F)], | (3.2.30)

which is the desired result. We evaluate this result in the next section.
In section B, we consider the cases with A, = A_ and the mass given by a scalar

matrix as
m = u(x)ly , (3.2.31)

where p(z) is a complex function and 1y is the unit matrix of size N. In this case, we
have

ch(F) = QLdﬁTdﬁe—lﬁl%h(F) (3.2.32)
T
with FF = F, = F_ and it = p/A, and the Jacobian (B=230) becomes

log J — % / diitdjie 7 a(z) [ch(F)],_, - (3.2.33)

9In section @, we consider the cases with m being a linear function of z#. One may wonder whether

m can be regard as an O(1) parameter, even though m diverges at |z| — oo. In that case, our treatment
here can be understood as the evaluation of the A — oo limit of the integration [ d”za(z)Z(z) by

using rescaled coordinates z# = x# /A.
10This formula (in the A — oo limit with m kept fixed) corresponds to the local index theorem

proved in [Z6]. See also [27].
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3.2.2 0Odd dimension case

Flavor symmetry in odd dimensions

In this section, we consider a system with N Dirac fermions ¢ in a D = (2r + 1)-
dimensional flat Euclidean spacetime (r € Zxo). In odd dimension, there is no chirality
operator like 75 in 4 dimension. Then, the flavor symmetry is just U(N) and the
associated external gauge field is denoted as A. We include a spacetime dependent mass
m, which is a Hermitian matrix of size N and belongs to the adjoint representation of
U(N). The action is

S= / oD (D + m) o = / P DY (3.2.34)
where
D=0, +A,) , D= +m, (3.2.35)

and v* (u =1,2,---,2r + 1) are gamma matrices satisfying 1 = v* and {y*,7"} =
20", For explicit computation, we choose v to be of the form (B223) for p =1, --- ,2r
and ¥ ! in (BZZ@) for g = 2r + 1. This action is invariant under the U(N) flavor

symmetry:
v —=Uy,  P—=pUt,  A=UAU '+ UU™, m—=UmU'  (3.2.36)

with U(z) € U(N).

Calculation of the anomaly

The Jacobian of the fermion path integral measure for the U(1)y transformation (B=2R)
in the odd dimensional case can be calculated in a similar way as that for the even
dimensional case in section B20. In particular, (B2211), (B219) and (B=ZZ4) can be
used for the D = (2r + 1) case with F and F' defined as

A~ v 1 - 1 v 1 ~ ~

F =—=y"v'E,, + KVMDum —m?, F :WVNV F., - KVuDum —m?. (3.2.37)
Note that F' is obtained by replacing v* with —y* in F. Therefore, when the matrix in
the trace in (B22224) is expanded with respect to v | only the terms with odd numbers

of v* can contribute. Furthermore, using the relation

0 (k<)

(20)retr b (k=)

tr <fyﬂ1 .. .7N2k+1) — { , (3.2.38)
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we find that (B2228) also holds for the odd dimensional case, and

Tr, (ef - ef’) APy = AZCrED (252 [Str (¢F)] 4+ O(A DY) 1 (3.2.39)

2r+1

where F is the superconnection of the odd type given by (B113) with 7= m = m/A:

F= ( Fem®ibm ) . (3.2.40)

iDm F—m?

Note that we have taken into account the v/2i=3/2 factor in the definition of the super-
trace ‘Str’ for the odd case (B114). Then, we obtain

7
2T

(2r+1)/2
Z(z)d* i = ( ) [Str (e7)],,., = [h(F)lypq - (3.2.41)

This implies
log J = —i/a(m)[ch(}")]grﬂ ) (3.2.42)

which takes the same form as (B22230) for D = 2r + 1.

In particular, when the mass is a scalar matrix given by

m = u(x)ly , (3.2.43)
with a real function p(z), we have
1 =2
ch(F) = ﬁdﬁe_“ ch(F) , (3.2.44)
and
log J = —% dfi e " a(z) [ch(F)],, , (3.2.45)
where o = p/A.

3.3 Meaning of the anomaly

In the previous section B2, we derive the anomaly with spacetime dependent mass.
This anomaly should be understood as some topological point of view. In this section,
we consider anomaly (D +2)-form, which is a generalization of anomaly polynomial, for
the anomaly with spacetime dependent mass. To check that the anomaly (D + 2)-form

is topological, we introduce the topological number for this system.
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In particular, the anomaly (D 4+ 2)-form (BZ3) with the spacetime dependent mass
can be generalized to any spacetime dimension (BZ3). The anomaly (D + 2)-form is
also useful to discuss about the non-abelian anomaly. The relation (222239) between the
non-Abelian anomaly in 2(r — 1)-dimensions characterized by I5.(A) and the Abelian
anomaly given by I1°¥(—ia, A) in 2r-dimensions [2R, 2] is generalized to the cases

with spacetime dependent mass.

3.3.1 Anomaly (D + 2)-form and descent equation

The results of the previous section B can be understood by the anomaly polynomial
and descent equation, as we already know for the ordinary anomalies in section 2Z=273.

The main claim of this section is that when the spacetime dependent mass m is
turned on, the Chern character ch(F,) — ch(F_) appeared in (Z2233) and (PZ=239) is
replaced with the Chern character written by the superconnection (B13). More explic-
itly, the anomaly polynomial I5,,2(A) in (222233), the covariant anomaly I, (v, A) in
(E2237) and the U(1)y anomaly 15,V (v, A) in (222239) are replaced with

]QT+2(A, ’FfL) = —2m [Ch(]:)]gr_;rg s (331)
L (v, A,m) = <%) [Str (v ef)]% : (3.3.2)
L% (—ia, A;m) = — ia[ch(F)]ar (3.3.3)

respectively, where v = diag(vy,v_), m = m/A is the mass rescaled by the cut-off A
(see (B2219) for the definition) and

F, —m'm Dm/f
Fo oo (3.3.4)
1Dm F_ —mm!

is the field strength of the superconnection (B1=3) with 7 = m. (BZX) is related to

I.(v, A,m) that gives the consistent anomaly

5,L[A,m] = /I%T(v, A,m) (3.3.5)

by the descent equation (Z2332).™ Since Iy, 9(A,m) is not a polynomial of the field
strength F, we refer to it as an anomaly (2r + 2)-form following [I2]. (BZ32) is the
covariant anomaly related to the Jacobian J defined with a covariant regularization
adopted in section B=21 by

log J = /IlCOV v, A,m) . (3.3.6)

See section B for more on the use of the anomaly (D + 2)-form (B=31).
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(B333) is obtained from (BZ32) by setting v, = v_ = —ialy. In (B2333) and (B338), we
take A — oo limit after the integration.

Note that when m is bounded, m vanishes in the limit A — oo and the m dependence
drops out.[d, I0] However, there are some physically interesting systems in which the
mass is of the order of cut-off scale or unbounded, and the m dependence in the anomaly
may survive. For example, a system with a boundary can be realized by setting m — oo
in a region of the spacetime. Another interesting example is a system with localized
massless fermions on an interface (defect) with mass of order cut-off scale in the bulk,
such as the domain-wall fermions used in lattice QCD [B0]. We will consider such
examples in section M.

Another related issue is that, as it was shown in [I4], the de Rham cohomology
class of (B=3) is independent of m because of the relation (B18), which would mean
that the m dependent part of (27 4 2)-form (B=3) does not contribute to the anomaly.
This is true in a compact spacetime. However, for an open space, the m dependent
part of the anomaly (2r + 2)-form can give a non-trivial element of the cohomology
with compact support.® As we will discuss in section BZI, this non-trivial element is
interpreted as the anomaly of the fermions localized on the interfaces located around
the zero locus of the mass profile. The local counterterm that cancels this anomaly is

the contribution from the anomaly inflow.

Even dimension case

In this subsection, we give a simple derivation of the anomaly (D +2)-form (B=31) using

the result (B22230) for the U(1)y anomaly for even dimension cases.
We decompose the U(N), x U(N)_ gauge fields into the U(1)y gauge field V' and

the rest, and write the Chern character as
ch(F) = ez /" ch(Fy) | (3.3.7)

where fV = dV is the field strength of the U(1)y gauge field and Fy = F|pv_y =
F — fV1,y. First, we try to show (B23) for the case with f¥ = 0. To this end, let us
consider the U(1)y anomaly (B2230) with f¥ = 0 in a (D + 2)-dimensional system:

IR0y (—ic, A, m) | pv—g = —ia[ch(Fo)] p2 - (3.3.8)

Note that for this component of the anomaly, there is no difference between the covariant
and consistent anomalies.(See Appendix Bl.) The anomaly (D+4)-form for the (D+2)-

12Gee [I2] for more on this point.
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dimensional system that reproduces (B33) via the descent equations (22232) is

SV Ieh(Fo)lpra - (3.3.9)

Now, consider a (D + 2)-dimensional spacetime of the form S? x Mp, where Mp
is a D-dimensional manifold. We assume that f¥ has a flux with J 52 fV = —2mi and
Fo is independent of the coordinates on S?. In this case, each fermion in the (D + 2)-
dimensional system has one zero mode on S? and hence we get a D-dimensional system
with N Dirac fermions in the limit that the radius of the S? becomes zero. The anomaly
(D + 2)-form for this D-dimensional system is given by integrating (B39) over S?,
yielding

Ipia(A,m)|pv_g = /52 FUeh(Fo)pra = —2mi [ch(Fo)lpse (3.3.10)

which is (B230) for the f¥ = 0 case.
The fV dependence of the anomaly (D+2)-form can be easily recovered by replacing
Fo with F, which completes the derivation of (B=3).

Odd dimension case

We can define the anomaly (D + 2)-form for the anomaly (B2242) in odd dimensions.
The formulas for odd dimension is the analogous to the even dimension ones (BZ3),
(832) and (B333):

Ipio(A,m) = —2mi [ch(F)|pt2 , (3.3.11)

i\ D/
5% (v, A, m) = <%) [Str (v ef)}D : (3.3.12)
I (—ia, A,m) = —ia [ch(F)|p . (3.3.13)

These relations are the same for even dimension ones (B23l), (B332) and (B=333), there-
fore these are the generalized form of the anomaly for any D dimensions. In this section,
we consider D as an odd number and the odd dimensional analog of the Chern character
(B13) defined by the supertrace for the odd case (B114)). Unlike the even dimensional
cases discussed in section B2, both (BZ311) and (B=3T3) vanish when the mass m
vanishes. The anomaly appears only when m is turned on.

We will show in section B2 that the formula (8=2230) for the U(1)y transformation
(B22]) also holds for the odd dimensional cases by examining the Jacobian of the
fermion path integral measure using Fujikawa’s method. This implies (BZ313). The
derivation can be easily generalized to (BZ312). (B=3) follows from (BZ313) by an

indirect argument given in section BZ31.
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The meaning of (B3 is somewhat more ambiguous, because, for odd D, we can
find a gauge invariant (D + 1)-form I}, (A, m) satisfying Ip2(A,m) = dI}, (A, m).
(See (BIIM).) Then, the odd dimensional analogue of the descent equations (P=232):

dlfy = 6,13, dI},; = Ipis (3.3.14)

would imply that the anomaly I}, simply vanishes. However, as we will see in section
@1, I3, , (A, m) is non-vanishing at infinity in our examples with non-trivial interfaces
and Ip,, can be a non-trivial element of the cohomology with compact support.™ We
will argue that the anomaly of the fermions on the interfaces can be extracted from the
formula (B7230).

3.3.2 Topological numbers of the mass

As we checked the previous section 223, ordinary chiral anomalies in D dimension
come from the anomaly polynomials and the Chern number in D + 2 dimension. The
anomalies (B=2330) and (B=242) in previous sections include the mass, and we defined
the Chern numbers for the anomaly. However, the origin of the topological number
has been unclear yet. We check the relation between the anomaly and the topological
number that comes from the mass configuration.

The topological number we consider in this subsection is applied in chapter @, in
particular section B and section EZ372.

We already checked topological numbers for gauge fields and scalar fields in the
section ZZZ4. In this section, we just consider the mass part. The gauge fields part
is the same for the previous section ZZ223. The spacetime dependent mass is just a
background scalar field, so its topological number is defined like topological numbers
in non-linear sigma models. When the mass includes some topological defects in its
configuration, we can count the topological number of its configuration at the point of
infinite. Let us consider the mass configuration in D dimension spacetime. Then the

anomaly can be written as
log J = —i/oz(a:)[ch(}")]p : (3.3.15)

where

idm — —mm!

ey provs i A T
f:( mim - idm ) (3.3.16)

13 A similar statement holds for the mass dependent part of the Chern character I,.(A,m) for the

even dimensional case, as mentioned in section B2 and demonstrated in section E12.
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for D is an even number case. For D is an odd number case, we just take m! = m
in (BZ33d8). In this section, we check the topological number in the anomaly with the
mass (BZ331H).

To consider topological defects in the configuration space of m, we focus on the
point of infinity. The divergence of the value of m is important to the anomalies. To
identify the configuration space of m at the point of infinity, we consider g(z) which is
the value of m divided by its norm,

9(r) = ——— . (3.3.17)

If this g(x)™ has a non-trivial topological number at r = /z,2F — oo, it should
correspond to the number of defects which is made by the configuration of m(z). As
we will see in the next section B4, this topological number is classified by K-groups as
K(R") ~ Z or K'(R") ~ Z for even or odd n, respectively. However, we can understand
this topological number by homotopy group. This way is written in [31] for even D case
and [32] for odd dimension case. In this section, we consider the topological numbers

of the mass by homotopy groups of the configuration space of g(z).

Even dimension case

Let us consider even dimension D. To identify the topological numbers of scalar fields m,
the configuration space of m is important. In even dimension, we considered U(N), X
U(N)_ symmetry in (B3223). The mass field in (B221) and (B223) should be N x N
matrix valued and its components are complex. This mass matrix changes its value
under U(N), x U(N)_ transformation, however, the mass matrix at » — oo is changed
only under U(N).™ Here, U(N) is a symmetry of ¢ term. If we consider m does not
depend on the spacetime coordinate, the mass term in (BZ21) has only U(N) symmetry.
At r — oo point, the value of the mass should diverge to obtain the anomaly, and the
mass term cannot have U(N); x U(N)_ symmetry. This is almost the same as a chiral
SSB in QCD, and in the chiral SSB case, we can consider the WZW term of pions. In

this case, we can consider the topological number on

U(N), x U(N)_
U(N)

~ U(N) . (3.3.18)

14This ¢ corresponds to g in section EZ32.
15This can be described by the language of the tachyon condensation in string theory. This case

corresponds to Dp-Dp system of type IIB string theory. The tachyon field on Dp-Dp string has
U(N)4 x U(N)— symmetry, but this symmetry decreases to U(N) on the tachyon vacuum. The detail

of this is discussed in [31] and the next section B.
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This is a configuration space of g(x) in (B3311). Topological number of this g(x) field
is m1p_1(U(N)), as we saw in section Z24. 7p_1(U(N)) ~ Z when D is even, then this

topological number denotes the topological number of the mass.

Odd dimension case

In odd dimension, the mass field is N x N matrix valued but the mass matrix is
Hermitian. This mass matrix has U(N) symmetry, not U(N)y x U(N)_. At the
r — oo point, this mass matrix is changed U(NN/2) x U(N/2). This is discussed in [37]
in the context of tachyon condensation. The configuration space of the mass matrix at
r — o0, or g(x),is U(N)/(U(N/2) x U(N/2)), which is called as Grassmann manifold.
This is also the same as the SSB of flavor symmetry in odd dimensions. The homotopy

group for this Grassmann manifold is known as

o (U(N/2[>](><NI>J<N/2>) =7

This is the topological number of the mass in odd dimensions.

(for odd D) . (3.3.19)

Relation to topological insulator

In fact, this classification appears as the classification of topological insulators. In the
context of topological insulators, the structure of the Hamiltonian is important. The
classification of the Hamiltonian corresponds to the classification of topological insula-
tors, and Hamiltonians are written as some matrices. This structure of the Hamiltonian
is the same as the structure of g(x) in our mass matrix.

Topological insulators are also classified by K-groups.[33, B4] In our classification of
the mass matrix for odd and even D corresponds to type A and AIII for topological

insulators, respectively.

3.4 Relation to string theory

Many of our results have natural interpretation in string theory. In fact, it is well-known
that the CS-terms for unstable D-brane systems (D-brane - anti-D-brane systems and

non-BPS D-branes) can be written by using superconnections™ [I5, I8, I'7, IR] as

Sce = /Cch(]—") : (3.4.1)

16 A5 in the previous sections, we omit the terms with curvature represented by the A\—genus.
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where C' is a formal sum of Ramond-Ramond (RR) n-form fields (n is even or odd for
type IIA or type IIB string theory, respectively.) and F is the field strength of the
superconnection for the gauge field and tachyon field on them,™ and it is natural to
anticipate the appearance of the superconnection in anomaly analysis of quantum field
theory counterparts.

An easy way to realize even dimensional systems having fermions with manifest
chiral symmetry is to consider a Dp-brane (p = —1,1,3,5,7) with D9-branes and
D9-branes in type IIB string theory.[36]® On the Dp-brane world-volume, (p + 1)-
dimensional fermions are obtained in the spectrum of p-9 strings and p-9 strings. Here,
a p-p’ string is an open string stretched between a Dp-brane and a Dp’-brane, and p
corresponds to a Dp-brane. It can be shown that p-9 strings and p-9 strings create
positive and negative chirality Weyl fermions, respectively. When we have N D9-D9
pairs, there are N flavors of fermions and the U(N) x U(N) gauge symmetry associ-
ated with the D9-D9 pairs corresponds to the U(N), x U(N)_ chiral symmetry for
the (p + 1)-dimensional system realized on the Dp-brane. The CS-term of the D9-D9
system is written as (B2) with F being the field strength of the superconnection of
the even type (B133), in which A, and A_ are the U(N) x U(N) gauge fields given
by 9-9 strings and 9-9 strings, respectively, and 7' is the tachyon field obtained by 9-9
strings. The tachyon field 7" is in the bifundamental representation of the U(N) x U(N)
symmetry. It couples with the fermions with Yukawa interaction and the value of the
tachyon field plays the role of the mass of the fermions. When |T'| — oo, the fermions
decouple, which correspond to the annihilation of the D9-D9 pairs.

Similarly, odd dimensional systems with N Dirac fermions can be obtained by plac-
ing a Dp-brane (p = 0,2,4,6,8) with NV non BPS D9-branes in type IIA string theory.
In this case, the CS-term for the non-BPS D9-branes is given by (82), where F is
the odd type given by (BII3). Here, A and 7 in F are the U(N) gauge field and
the tachyon field, respectively, on the non-BPS D9-branes. The tachyon field T is a
Hermitian matrix of size N and transforms as the adjoint representation of the U(N)
symmetry. There are N Dirac fermions in the spectrum of p-9 strings, which are in the
fundamental representation of U(N), and the value of the tachyon field corresponds to
the mass of the fermions.

Although the CS-term (B=Z2) for the unstable D-brane system was originally derived
by the computation of the interaction with the RR fields, it can be determined by the

requirement of the anomaly cancellation as argued in [38, 39, 40, 41, 42, 43]. For the

17See [3H] for a generalization.
18A T-dual version (N, D4-branes with Ny D8-D8 pairs) is used in [37] to realize QCD in string
theory.
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brane configuration above, the standard argument shows that the anomaly contribution
from the CS-term for the unstable D9-branes (82-) and the Dp-brane

sgg—/Mcch(f) , (3.4.2)

where M is the D = p+1-dimensional Dp-brane world-volume and ch(f) = exp (ﬁ f ) is
the Chern character for the U(1) gauge field on it, is given by the anomaly (D + 2)-form

of the form™

27 [ch(F)ch(f)] .y - (3.4.3)

Note that (B43) can be written as 277 [ch(F)] ., by absorbing the U(1) gauge field on
the Dp-brane into the U(1)y part of the gauge field of the unstable D9-brane system.
This contribution is supposed to cancel the anomaly contribution from the fermions,
which is indeed the case with our proposal (BZ3d) and (B=3), provided that the
tachyon field is identified with the mass as 7' = m. From the dimensional analysis, the
cut-off A is of the order of the string scale, though the precise relation between A and
the string length [, is not clear.

The argument above suggests that the anomaly is characterized by the anomaly
(D + 2)-form written in terms of the Chern character of the superconnection. However,

as we will discuss in section 11 and BT, since the T dependent part of the anomaly

(D + 2)-form drops out in the naive use of the anomaly descent relation, it is important
to have more evidence for this statement. Let us show that the analysis in section 21
is consistent with the D-brane descent relation [44, 31, 32].%

It is known that a Dg-brane (¢ is even/odd for type ITA/TIB) localized at x! = 0
(I =1,2,--+,9 — q) can be realized as a soliton in the unstable D9-brane system by
choosing the tachyon field as in (A130) with n = 9—¢ and u — oo. [31, BZ] In fact, the
tachyon configuration with (271=30) is related to the generator of K-groups K(R") ~ Z
or KYR") ~ Z for even or odd n, respectively, given by the Atiyah-Bott-Shapiro
construction [47], and these K-groups correspond to the Dg-brane charge. When we
have the Dp-brane extended along x* =0 (u = 0,1,--- ,p) with 9—¢q < p, the Dg-brane
corresponds to the codimension (9 — ¢) interface considered in section BT3. (¢ = 8

and ¢ = 7 correspond to the kink and vortex considered in sections K and 12

respectively. )
For this intersecting Dp-Dgq system, it can be shown that there is a Weyl fermion

localized at the (p + ¢ — 8)-dimensional intersection in the spectrum of p-g strings,

To be more precise, we should consider an anomaly 12-form of the form 27i [ch(F)ch(f)dg—p)],,,
where dg_,, is a delta function (9 — p)-form supported on M.

20See, e.g., [A5, 48] for reviews.
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obtained by quantization of the open string. This is consistent with the analysis of the
localized fermionic zero modes in section Bl

Furthermore, we can obtain k Dg-branes with U (k) gauge field a on them by choosing
the tachyon and gauge fields as (-1=33) and (E1=34). Then, one can show that the CS-
term for the Dg-brane is reproduced from (B=) by inserting (E1-33) and (E1=34) into
(B2) and integrating over the transverse space [48] (see also [46]), which corresponds
to the procedure in (A1=33). As the anomaly contribution from the CS-terms for the
Dp-brane and Dg-branes precisely cancels that of the Weyl fermions created by the p-g
strings, the anomaly polynomial for these Weyl fermions is given by (E1=34), which
is completely parallel to the discussion in section B for the localized fermionic zero

modes.
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Chapter 4
Applications

The anomalies we calculated in the previous chapter B can be applied to some systems.

In this chapter, we consider some systems in which the anomaly has non-trivial effects.

4.1 Anomalies on interfaces

In this section, we consider mass profiles with isolated zero loci, which we call interfaces,
and show that the anomaly carried by the fermions localized on the interfaces can be
easily extracted by the formulas obtained in section B=2. As pointed out in [12, 49], the
anomaly of the localized modes implies the existence of a diabolical point in the space

of parameters of the theory, which will be mentioned at the end of section ET3.

4.1.1 Kink (codimension 1 interface)

We consider a D = (2r + 1)-dimensional system given by (B2234) with a kink-like mass

profile as

m = u(y)ly = uyly , (4.1.1)

2r+l is one of the spatial coordinates and u is a real parameter. Since the

where y = x
mass m diverges at |y| — oo, the operators DD and DD have discrete spectra as
required in section BTl

To simplify the discussion, we assume that the gauge field as well as a(z) are

independent of y. Then, the integration over y in (B2243) can be done and we obtain

log J = —i sgn(u)/a(aﬁ) [ch(F)],, , (4.1.2)
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where sgn(u) = u/|u| is a sign function and the integration is taken over the 27-
dimensional space along z'~?" directions. Note that this result is independent of the
cut-off A, and hence it survives in the A — oo limit. The dependence on the parameter
w is only through its sign. Knowing this fact, for some purposes, it may be convenient
to take the |u| — oo limit as

\ul|i£>%o ch(F) = sgn(u)d(y)dy ch(F) . (4.1.3)
In fact, (E2I2) does not depend on the detail of the profile (E-I). As it is clear from
(BZZZ1), we get the same result (A-12) for any function u(y) satisfying pu(y) — doo (or
p(y) = Foo) as y — +oo.

The expression (A1) agrees with the anomaly for Weyl fermions in a 2r-dimensional
spacetime. In fact, (-I2) is identical to (22336) with (E2239) provided we identify
(Fy,F_) = (F,0) for u > 0 or (Fy,F_) = (0, F) for v < 0. We interpret this as the
anomaly contribution from the Weyl fermions localized on the interface at y = 0. As
a check, it is easy to show that there exist positive or negative chirality Weyl fermions
at the interface as the zero modes of the operator D = I) +m with « > 0 or v < 0,
respectively.[60] To see this, let us consider the Dirac equation Dy = 0, where D is

defined in (B2234). Working in the As.1 = 0 gauge, this equation can be written as

lp(%)w + 72r+1@yw + ,U(y)w =0 , (4.1.4)
where
) 2r
m( r) _ ZV“(@A +A,) (4.1.5)
p=1

is the Dirac operator in the 2r-dimensional space. Then, we find a solution localized

around y = 0:

Y(T,y) = e 2y () (4.1.6)
where ¥ = (2!, -, 2?") and 9?7 (&) is the 2r-dimensional Weyl fermion at the interface
satisfying

2r T T T I
lD( )¢(2 ) —0 ’ 72 +1¢(2 ) zsgn(u)w@ ) (417)

Note, however, that the anomaly contribution of the localized Weyl fermions are
known to be canceled by the contribution from the bulk via the anomaly inflow mech-

anism [61]. Outside the region with p(x) = 0, the one loop effective action contains a
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term with the CS (2r + 1)-form, whose gauge variation precisely cancels the anomaly of
the localized fermions. Our result (E212) can be interpreted in two ways. One is that
the variation of CS-term simply vanishes when the gauge field and the gauge variation
are independent of y, and (E-I2) is the contribution of the localized fermion. The other
is that the anomaly of the localized fermion at y = 0 is canceled by the contribution
from the CS-term, but the variation of the CS-term also produces the same amount of
anomaly at y = £o0, which gives (A-124). We will make more comments on the relation
to the anomaly inflow below.

Let us next discuss the anomaly (D+2)-form (B=31). Inserting (2-11) into (B=31),

we obtain
Lyys(A,m) = —2y/mi e ™ din [ch(F)]grps = df () Lypsa(A) | (4.1.8)

where Iy, 19(A) = —27i[ch(F)]s42 and

xT

(@) gf@:%amg. (4.1.9)

1
VT o

A possible choice of I3, , satisfying the relation Ip,o = dI},, in (B31d) with
D =2r+1is

15, 5 (A, m) = f(m)Io4a(A) | (4.1.10)

Since this is invariant under the U(N) transformation, we have 6,13, ,,(A, m) = 0 and
the anomaly I;,,, related to I3, by the decent relation (B2314) vanishes. However,
this does not mean the m dependent anomaly (D + 2)-form Io,3(A, m) is useless. In
fact, we can extract the information of the anomaly from the fermions localized at the
interface from (B-IR) as follows.

The point is that the factor f(m) in (EII0) does not vanish but approaches
:l:%sgn(u) at y = +oo. Therefore, the relation Iy 3 = dIJ, 4o With a gauge invari-
ant (2r +2)-form 19, does not imply that I3 is trivial as an element of cohomology
with compact support. To find the anomaly for the localized modes, we decompose
I3, in (AII0) into a local part that vanishes at y — 00 and a closed form that does

not contribute in the relation Iy, 5 = dI9,,, as
Igr—i—Q(Av m) = Igrl?&—CZal(A> TAfL) + dw2r+1(A’ fﬁ) (4'1'11)
with

LS A m) = = df () ]5,1(A) . warn (A ) =f(M) I, (4) . (41.12)
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where I3 ,,(A) is the CS (2r + 1)-form satisfying Ir,2(A) = dI9,,,(A).
We interpret 199%"(A, m) as the part that gives the anomaly localized at the inter-

face. Integrating I9'9%"(A, m) over the y direction, one obtains a CS (2r + 1)-form
ID9N(A) = — / 1999 (A, m) = sgn(u) 19, (A) (4.1.13)
{y}

which is related to the anomaly I31°%(v, A) for the Weyl fermions localized at the
interface by the descent relation 9,153 (A) = dI,°* (v, A) in (B314). Here, [,
denotes the integral over y. The anomaly (2r + 2)-form for the localized fermions is

given by
Towal (A) = / Toves(A, ) = sen(u) Forsa(A) - (4.1.14)
{v}

The second term in (E-I1T) corresponds to the anomaly contribution from the bulk
that cancels the anomaly localized at the interface around y = 0 through the anomaly
inflow [61]. To see this explicitly, it is convenient to take the |u| — oo limit, in which
f(m) and df (m) approach a step function and a delta function 1-form with support at
y = 0, respectively:

f(m) — %sgn(u) sgn(y) , df (m) — sgn(u)d(y)dy . (4.1.15)

Then, I9)9%'(A, m) is completely localized at y = 0 and wa,+1 becomes
. 1 .
w2T+1(A7m> — _ngn<m)[§r+1(14) ) (4116)

which can be interpreted as the CS-term in the bulk induced from the path integral of

the massive fermions, which precisely cancels the anomaly localized at the interface.

4.1.2 Vortex (codimension 2 interface)

Next, consider a D = (2r + 2)-dimensional system (B=Z1) with a vortex-type mass
profile given by

m=pu(z)ly =uzly , (4.1.17)

where z = 21 — jp?r+2

and u is a complex parameter. Here, we assume that the
gauge fields as well as the parameter « are independent of z, and satisfy A, = A_ = A

and Ay, 11 = Ag,.o = 0, for simplicity.
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Then, (BZ2333) implies

log J = —z'/a(x) [ch(F")],, . (4.1.18)

This agrees with the anomaly of a 2r-dimensional system with Weyl fermions and it
is interpreted as the anomaly contribution from the Weyl fermion localized on the
interface at z =z = 0.

Again, we can explicitly find localized Weyl fermions as follows.[62, 63, 51] For this
purpose, it is convenient to choose o* = vér) (u=1,---,2r+1) and 02 = —ily,
where vér) (pw = 1,---,2r) are gamma matrices in 2r-dimensions and 7(22’:;1 is the

chirality operator for them. In this case, the Dirac equation Dy = 0 can be written as

PPy + 2Py, — P02y Tz = 0, (4.1.19)
ID(QT)¢_ + 2(P+8§ _ P_az)¢_ + UZZM — 0 , (4120)

where ) is defined in (ET3) and Py = (1 + 7(22’":31) is a projection operator
that projects to positive/negative chirality spinors in 2r-dimensions. Then, we find a

solution localized around z = 0:
Vi (F,2,2) = V_(T, 2,7) = e 2Py (7) | (4.1.21)

where we have assumed u to be real and positive without loss of generality, and ") is
a positive chirality massless Weyl fermion in 2r-dimensions. A negative chirality mode
can also be obtained when the mass is m = uz 1y, which represents an anti-vortex.

The role of the anomaly (D + 2)-form (B=3) can be discussed in a similar way as
the codimension 1 interface considered in section B-I1. For the mass profile (E117),
the anomaly (D + 2)-form (with D = 2r 4 2) becomes

osa(A, ) = dfy () Lyria(A) | (4.1.22)

where Io,19(A) = —2mi[ch(F)]9y 4o is the anomaly polynomial for a Weyl fermion in
2r-dimensions and f; is a 1-form given by
fi(m) = 4i (1 — e"mP) (dlogm — dlogﬁﬂ) . (4.1.23)
T

Note that f; is non-vanishing at |z| — oo, while its derivative

dfy (i) = %dﬁﬂdm o 17l (4.1.24)
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decays exponentially as |z| — oo, and approaches a delta function 2-form with support

at z =7 = 0 in the u — oo limit. The integral of df; over the z-plane is normalized as

/df1 =1, (4.1.25)

The CS-form I, 4(A, m) satisfying Io,4(A, m) = dI3,, 5(A, m) can be chosen as

19, (A7) = i) Farsa (A) = I35 (A, 71) + s -2(A, 1) (4.1.26)
where
NS A, m) =dfy(m)19,,,(A) ,  wyse(A,m) = — fi(m)I,,,(A) . (4.1.27)

Here, I9 ., (A) is the CS-form satisfying Io,42(A) = dI, ., (4).
The anomaly contribution of the fermions localized at the interface, denoted as
I3lecal(A) | is related to

13195 4) = /{ A = 0 (4) (4.1.28)

where [, denotes the integral over the 2-plane, by the descent relation dl;° =

51}]8}101&1. In other words, it is characterized by the anomaly polynomial
I;(;‘f;<A> = / 12r+4(A7 T%) = I2r+2(A) . (4129)
{z.2}

On the other hand, wy,2(A, m) gives the bulk contribution of the anomaly that cancels

the anomaly on the interface.

4.1.3 Interfaces of higher codimension

The discussion in sections BT and B-T4 can be generalized to the cases with interfaces

of higher codimensions. We are interested in the interfaces with Weyl fermions on them.
A codimension n interface in D = (2r+n)-dimensional spacetime can be constructed

by giving a mass of the form

m(z) =u Z | (4.1.30)
=1
where I'! (I =1,2,--- ,n) are matrices of size N = 2/("=1/2 related to n-dimensional
gamma matrices 7! by
Al =11 (for odd n and D) , (4.1.31)
FI
Al = o (for even n and D) . (4.1.32)
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In this case, it can be shown that there is a Weyl fermion on the interface at ! = --- =
2" = 0 obtained as a localized fermion zero mode, as we have seen this explicitly in

sections B0 and BT for n = 1,2. This generalization comes from the string theory,

which we considered in section B4. We will give an indirect argument for this fact for
general n in connection to index theorems in section B=32.
It is also possible to get k& Weyl fermions by replacing I'! in (2130) by 1;, @ I as

m(z) =u) 1, @Iz (4.1.33)
I=1

In this case, the gauge group is U(kN) or U(kN). x U(kN)_ for odd or even D,
respectively, and the vector-like U(k) subgroup of the form g ® 1y with g € U(k) is
unbroken. Then, £ Weyl fermions coupled with U(k) gauge field a can be obtained by
setting U(kN) gauge field A as

A=a®1ly . (4.1.34)

It is straightforward to check that the anomaly for these Weyl fermions on the interface
can be obtained by inserting the mass profile (-1233) and the gauge field (E-1=34) into
our formulas (B=3)—(B=333) and (B=31)—(B=313). In particular, the expressions (E1T14)

and (A1=29) of the anomaly (21 + 2)-form for the localized fermions are generalized as

B(0) = [ Brsnsa(A7). (1.1.35)
where fn denotes the integral over 2! (I = 1,2,---,n). This agrees with the anomaly

polynomial for 2r-dimensional Weyl fermions coupled to the U(k) gauge field a.

As discussed in [12, 49], the anomaly contributions from fermion zero modes localized
on the interfaces implies that there is at least one point in the space of parameters of
the theory, called a diabolical point, at which the theory is not trivially gapped. In our
examples, it is of course clear that the massless point m = 0 is the diabolical point.
However, since the anomaly takes a discrete value, the existence of the diabolical point
is robust against continuous deformations of the theory. In fact, as we have seen, the
anomaly depends only on the asymptotic behavior of the mass profile. The existence
of the diabolical point can be shown without examining the theory at the massless
point. This point is more explicit in the Callias-type index theorem (E=3184) discussed
in section =32
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4.2 Anomaly in spacetime with boundaries

Since the fermions cannot propagate in a region with infinite mass, it is possible to
realize a spacetime with boundaries by considering a spacetime dependent mass that
blows up in some regions. In this subsection, we discuss the anomaly driven by the
boundary condition imposed on the fermions, using our formulas obtained in section
B2

4.2.1 0Odd dimensional cases

Let us first consider a D = (2r 4 1)-dimensional system of N Dirac fermions with

y = ?"*! dependent mass given by

(mo+u'(y— L))y (L <y)
m(y) = p(y)ly = moly O0<y<L) , (4.2.1)
(mo 4+ uy)ly (y <0)

where u, u’ and mg are real parameters.” We assume that the gauge field is independent
of y in the y < 0 and L < y regions.

When |u| and || are large enough, this system can be regarded as that of N Dirac
fermions with mass mg living in an interval 0 < y < L with boundaries at y = 0 and
y = L. The boundary conditions for the fermion fields follow from the requirement that
they do not blow up at y — 4o00. The discussion around (BT4)—(E1-2) implies that

the corresponding boundary conditions are

(72T+11/) - sgn(u)@/)) ly=0 =0, (72T+1¢ - Sgn(“,)w) ly=2 =0, (42.2)

which are equivalent to one of the boundary conditions considered in [b4].
In this setup, the formula (B2245) implies that the Jacobian is

log J = ik_ /0 a[ch(F)],, + ik /L a[ch(F)],, , (4.2.3)
with
1 - 1 p ~
K zésgn(u) + f(mo) , Kt zésgn(u) — f(mo) (4.2.4)

1Strictly speaking, since aim has delta function singularities at y = 0, L, the assumption that we
made above (B2228) is not satisfied. However, it can be shown that these singularities do not contribute
and the result is unchanged. Alternatively, one could replace u(y) with a smooth function with the

same asymptotic behavior as (B2270), which also gives the same result.
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where mg = mg/A and f(z) is the function defined in (A19), and « is assumed to be
independent of y in the y < 0 and L < y regions. When the cut-off A is sent to infinity,
while keeping my finite, f(mg) simply vanishes and we get

1 1

K zésgn(u) , K zisgn(u') . (4.2.5)

Note that each term in (E223) with (E=23) is proportional to the anomaly contri-
bution from a Weyl fermion in 2r-dimensions. However, since the coefficients k. are
not integers, it is not possible to interpret this result as the contribution from the Weyl
fermions localized at the boundaries. This is because the wave function of the fermions
are not completely localized at the boundary in our setup, unless we take the |mg| — oo
limit. One way to understand (E=23F) is to use the anomaly inflow argument given in
section E11. Namely, the anomaly contributions from the modes localized at y = 0
and/or y = L are canceled by the bulk CS-terms, but the gauge variation of the (half-
level) CS-terms implies non-vanishing surface terms at y = £oo, which gives (E=X3)
with (E223) as o and F' are independent of y for y < 0 and L < y. On the other hand,
one can argue that x4 can be shifted as k4 — x4 £+ § by adding a local counterterm of

the form
Ser = / Vich(F) (4.2.6)

where V' is the U(1) gauge field, and including its gauge variation in the Jacobian
(B=23). Therefore, only the combination sy + k- = (sgn(u) + sgn(u')) is free from
this ambiguity.

It is nonetheless useful to find the anomaly contribution of the localized fermionic
zero modes. Assuming that mg is very large and the y-dependence of the gauge field
is negligible, the solutions of the Dirac equation (ET4) in the region 0 < y < L are

approximately a linear combination of exponentially increasing and decreasing modes

as
- ~ o—TOY (2r) /= moy,,(27) [ = 497
W(Z,y) >~ e MUY TT) + eMVP(T) (4.2.7)
@) .
where ¥’ satisfies
2r r r r r
P =0, PHGEY = 4yl (428)

Then, the boundary conditions (A=22) imply that there are Weyl fermions localized
near the boundary with chirality sgn(u) and sgn(u’) localized around y = 0 and y = L,

if sgn(mg) = sgn(u) and sgn(mg) = —sgn(u'), respectively. The anomaly contributions
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of these localized modes are obtained by formally taking the limit |mo| — oo in (E=24),2

in which we have

K —%(sgn(u) + sgn(my)) , Ky —%(sgn(u’) —sgn(my)) . (4.2.9)

4.2.2 Even dimensional cases

In this subsection, we consider a D = 2r-dimensional spacetime with boundaries real-

ized by the mass profile

u'(y— L)g(x) (L<vy)
m(z) = p(y)g(z) = 0 O0<y<rL) (4.2.10)

uyg(x)  (y<0)
where y = 2?", g(x) € U(N) and u,u’ € C. Since the phases of u and u’ can be

absorbed in g(x), we assume u,u’ > 0 without loss of generality. We take a gauge with
A., = A_, =0 and assume that the gauge fields (A4, A_) and g(x) are independent of
y in the y < 0 and L < y regions. Since u(y) vanishes in the region 0 < y < L, the g(z)
dependence in this region drops out. Therefore, we can choose g(z) to be discontinuous
in the region € < y < L — e with 0 < € < L, and the configuration of g(z) at y = 0 and
y = L can be topologically different.

As discussed around (E=232) for the odd dimensional case, by the requirement that
the fermion fields do not blow up at y — 400, the boundary conditions corresponding
to the mass profile (Z210) are obtained as

(V*"Y? =) [y=o = 0, (4.2.11)

where 19 = (9 1) Y = (gf, ).“ Therefore, this system can be regarded as that of
massless N Dirac fermions on the interval 0 < y < L with a boundary condition
(z=z1m). Note that this boundary condition (EZZTT) depends on the spacetime coor-
dinates through g¢(z). With fixed g(z), the boundary condition (E=2IT) breaks the
U(N); x U(N)_ gauge symmetry down to the U(N) subgroup that consists of ele-
ments (U,,U_) € U(N); x U(N)_ with U_ = gU,g~'. However, as it is evident
from our construction, the boundary condition (E=ZI1) is invariant under the gauge

transformation

Ay —AY A —AY g—U_gUT, (4.2.12)

2In this limit, only the localized zero modes are expected to contribute, since the modes with energy

greater than A are suppressed by the heat kernel regularization (B=2719).
3This type of boundary condition with constant g was introduced in the bag model of hadrons. [55]

The cases with g = 1 or g = ¢ were considered recently in [66, 54].
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and it makes sense to consider the anomaly with respect to U(N); x U(N)_ even at
the boundaries.

For this configuration, the field strength of the superconnection (BZ34) becomes

. ( g ) ( F{ — i1y i(dfily — (A~ — A%)fi) ) ( g )
Iy i(dply + (A- — A9)f) F_—*ly Iy

-1
_ ( 9 1 ) (—*lan + Fiet + F e +idjioy + (A — A%)o) ( g : ) ,
N N
(4.2.13)

where 1 = p/A, A% = gA g7+ gdg! and FY = gF,;g'. The second line of (E=213)

is written in the notation introduced in (BT) with oy = (?(1)) and oy = (?75'). Then,

we obtain
Str(e”) = e # Str (eFJgre++F*e_+ﬁ(Af—Ai)"2 (1+ idﬁaﬁ) , (4.2.14)

and, hence, the Jacobian (B2230) becomes

log J — —i /0 _elenF) (P, /

y=

. alwly—1 +1 /o alwley—1, (4.2.15)

where we have assumed that « is independent of y in the y < 0 and L < y regions, and

defined
— L B o —t2 Flet+F e +t(A_—A%)oy )]
w=1 ; (27?) /0 dte [Str <e + Do) (4.2.16)

This w is a formal sum of differential forms on the boundaries (i.e. y =0 and y = L

planes). The 1-form and 3-form components of w are

W :%Tr (A —4%) | (4.2.17)
W], = — #Tr ((A _A9Y(F. 4 FY) — %(A _ Ai)?’) | (4.2.18)

One can show that this a generalization of CS-forms satisfying
dw|y=0,L = (ch(F-) — ch(Fy)) ’y=0,L ) (4.2.19)

and it is manifestly invariant under the gauge transformation (A-212). To show (E=219),

consider the L <y region and note that w at y = L can be written as

Wly=1 :/ ch(e) | (4.2.20)
{L<y}
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where |, (L<y) denotes the integration over y with L < y. Then, applying the exterior
derivative d = d, +d,,, where d, = Ei’;}l dxz*9, and d, = dy 0,, and using the fact that
ch(e”) is a closed form, we obtain

dwly—r, :/ d,ch(e”) = —/ d,ch(e”) = —ch(e”)|,—1 , (4.2.21)
{L<y} {L<y}

which implies (B=219).
An important observation is that even if the gauge fields are set to zero, (E=Z18)

can be non-vanishing. In fact, for A, = A_ = 0, we obtain

wlors = (;-ﬁ) S Tadg ). (12:22)

When the spacetime is of the form S?"~! x {y}, the integral of this form over S? ! gives
a winding number in my,_1(U(N)) represented by the map g : S*~! — U(N). If the
winding number at y = 0 and y = L are the same, a function g : S* ' x {y} — U(N)
that interpolates the configuration of g at y = 0 and y = L can be found and the

Jacobian (B2Z13) can be canceled by the gauge variation of a local counterterm

Sct. = — / Viwlar—1 , (4.2.23)
O<y<L

where V' is the U(1)y gauge field and [w]s,—; is given by (B2222). However, when the
winding numbers at y = 0 and y = L are different, this is not allowed and there is an
anomaly.

Another interesting situation is the case with g(x) = @1y and A = A, = A_.
In this case, the formula (E-27186) implies

w= 5 ch(F) . (4.2.24)

Therefore, when the spacetime is of the form S* x 5?72 x{y} and the winding number of
¢ on S! for y = 0 and y = L are different, there is an anomaly for the U(1)y, symmetry

in the presence of a non-vanishing background vector-like gauge field on S22

4.3 Index theorems

From (BZTT) and the first expression in (B2219), we find that the integral of Z(x) gives

the index of operator D:

/deI(x) =n, —ny = dimker D — dimker D' = Ind(D) , (4.3.1)
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and the result (B2229) implies an index theorem written in terms of the superconnec-

tion:®
Ind(D) = /[ch(f)]p : (4.3.2)

When we set m =0 and A_ = 0 in an even dimensional case, this formula reduces to a
more familiar form of the Atiyah-Singer (AS) index theorem: Ind(Ip) = [ ch(F,). Thus,
(E2372) is a generalization of the AS index theorem, which includes spacetime dependent
mass and is supposed to hold even when the spacetime manifold is odd dimensional
and/or non-compact, provided that the spectra of DD' and DD are discrete.

Here, we discuss some of the implications of this formula. We will not try to make
the statements mathematically rigorous.® Nevertheless, we hope they are useful and

worth mentioning.

4.3.1 Atiyah-Patodi-Singer index theorem

The Atiyah-Patodi-Singer (APS) index theorem [57] is an index theorem for a Dirac

operator on an even dimensional manifold N with boundary, stated as
~ 1
Ind(D) = /ch(F)A(R) — 577(sz) : (4.3.3)

where D is a Dirac operator on N, 7(ilD,) is the eta invariant of a Dirac operator on
the boundary denoted as D, (see (E231)).°

In this subsection, we first generalize (E=323) to include the spacetime dependent
mass m and then apply it to the system considered in section =222, Let us consider a
system in section B2 with D = 2r-dimensional spacetime of the form N = M x I,
where M is a (2r — 1)-dimensional manifold with coordinates z# (u=1,2,---,2r — 1)
and I = [y_,y,] C R is an interval parameterized by y = 2% € I. For simplicity, as in
the previous sections, we assume M to be flat and the ﬁ—genus is omitted.

It is convenient to choose o* in (B223) such that 0®" = 1y—1 and o# = iy (u =
1,2,---,2r — 1) with v* being the (2r — 1)-dimensional gamma matrices. Then the
operator D defined in (B223) and its conjugate D' can be written as

D=0,+H, , D' =-9,+ H,, (4.3.4)

4A quick way to get the expression of the index from the results of the Jacobian in the previous
sections is to set a =4 in log J as Ind(D) = log J |a—i.

5See, e.g., [27] for mathematically rigorous description of index theorems using the superconnection.

6See [68, bY, BO] for recent physicists-friendly formulations and derivations. See also [E1] and
Appendix [Al
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in the Ay, = A_, = 0 gauge, where

.4 (2r—1) 1
—i) m
H, = + B , 4.3.5

Yy ( m lm&ZT 1) ) ( )

2r—1 2r—1
PEY =N O+ A) . PV = @A) (436)
pu=1 w=1

Note that although H, is y-dependent, it does not contain the derivative with respect
to y and it can be regarded as a Hermitian operator acting on spinors on M. Here,
the mass m can depend on both z* and y. When M is non-compact, the mass should
diverge at infinity, as the examples considered in sections Bl and B2, so that H, has a
discrete spectrum.

The eta invariant of a Hermitian operator H is defined as

n(H) Eli_r}(l)n(s, H), n(s,H) Em /000 dt t° Try (He_t2H2> . (4.3.7)

where the trace Try is over the Hilbert space H on which the operator H is acting and
s — 0 limit is taken after analytic continuation of n(s, H) on the complex s-plane. [67]

n(s, H) can be written as a sum over eigenvalues \ of H as
n(s,H) =Y sgn(A)|A ™. (4.3.8)
A

Here and in the following, we assume that H does not have a zero eigenvalue, whenever
it is used in n(H) or n(s, H). For the massless case, the eta invariant of H, reduces to

the difference of the eta invariant of the Dirac operators ilD(fr_l) and ilD(fr_l) as

N(Hy)|meo = —n BT ) + nip® ) (4.3.9)

Then, as it is explained in Appendix [A, the index of D is given by

1 _
Ind(D|;) = lim [ch(F)|ar + = [n(H)P=Y* (4.3.10)
A=o0 Ju cycn, 2 Y/ y=y-

where F is the field strength of the superconnection (B334) with A — oo taken after
the integration, [f(y)]%=+ = f(y+) — f(y-) and Ind(D|;) denotes the index of the
operator D acting on spinors on M x I with the following APS boundary conditions.
For the operator D, when the wave function at y = y4 is expanded with respect to
eigenfunctions of H,,, the components with the negative (for y = y.) or positive (for

y = y_) eigenvalues of H,, have to vanish. The conditions for the operator D' are
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the same as D with the replacement H,, — —H,_ . These boundary conditions follow
from the requirement that wave function of the fermion does not blow up at y — +o0,
when the system is extended to the y < y_ and y, < y regions with a y-independent
configuration for y < y_ and y; <y. (See Appendix [Al)

Let us apply (E=310) to the system considered in section 232, Using (E=39), the
formula (A2310) with [y_,y4] = [0, L] becomes

1ud(los) = [ _E) = (), = g [oan ) - nn ]
(4.3.11)

which is the APS index theorem for the massless Dirac operator defined by D|,,—¢ with
the APS boundary conditions. On the other hand, for [y_,y,] = [—o0, +0o0], (E32)
can be used, and from (E=2T3), we obtain

Ind(D) = /0 Ieh(F) — (P, + / el - / Bl @312)

This is interpreted as the index theorem for the massless fermions in the interval [0, L]
with the boundary condition given by (E=2LT).

The difference between (E=311) and (EZ3T2) can be evaluated by applying (E=310)
to the cases with [y_, y;| = [L, +00] and [—o0, 0] (More precisely, (A T2) and (ATIT3)
with ng = 0.) :

(Pl o) = [ s+ 5 (0GB = n(ap ™)

y=L 2

a1 — 5 (16 D)

Y

y=L

Ind('Dl[_oom) = —/

y=0

(4.3.13)

y=0
In particular, it implies a well-known relation between eta invariant of a Dirac operator

and the CS-form w defined by (E=Z18):

[ = 5 (w6 = an ) (tmod Z) (43.14)

4.3.2 Callias-type index theorem

To illustrate the importance of the mass parameter (or the Higgs field) in the formula
(B32), let us consider the case where the gauge fields are turned off. The spacetime
manifold is chosen to be a D-dimensional plane R?, where D can be either even or odd.
In order to have discrete spectrum, we assume that the mass diverges at infinity. To

be specific, the asymptotic behavior of the mass is assumed to be as

m —rg(x) (as 7 — 00) , (4.3.15)
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where r = /7,77 is the radial coordinate of R” and g(z) € U(N) is a unitary matrix
that only depends on the angular coordinates of R”. For odd D, g(z) is also required
to be Hermitian.”

Then, the right hand side of (E=33) can be easily evaluated by using (BTX). The

result is
1nd(D) = [ ch(F) - | (j)g%/@ﬁ((gdw)ﬂ—l) . (for even D)

i o 1 D-1
\ (g) @ /SD1 Tr ((dg) g) s (fOI' odd D)
(4.3.16)

where SP~! is the sphere at r — oo. The former (even D case) is the same as the
integral of (-222) over SP~! and the latter (odd D case) agrees with expression of the
index for Callias’s index theorem.[62]

We can apply these formulas for the configuration given by (E1=30), in which g(x)

is given by

I,

g(x) = . ZF x . (4.3.17)
=1

Inserting this into (E=318), we obtain Ind(D) = (—1)[%1, which is consistent with the

fact that there is a fermionic zero mode as suggested in section E1=3 from the existence

of the anomaly.

"Here, we assume g(z) to be unitary for computational simplicity. However, this condition can
be relaxed to g(x) € GL(N,C), as an invertible matrix (or invertible Hermitian matrix) can be
continuously deformed to a unitary matrix (or unitary Hermitian matrix, respectively), keeping the

invertibility.
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Chapter 5

Conclusion

5.1 Conslusion

In this thesis, we have investigated about the anomalies of free fermions with spacetime
dependent mass. The main result of chapter B is, that the anomalies of spacetime
dependent mass can be written by the anomaly D + 2-form (a generalization of the
anomaly polynomial, which is described in section BZXT) of (BZ3I). This anomaly
can be calculated by Fujikawa’s method. This anomaly has some applications, which
we discussed in chapter B. In section B, we considered the interfaces made by the
spacetime dependent mass on which Weyl fermions are localized and confirmed that
our formulas can be used to extract the anomaly of these localized Weyl fermions.
The boundaries of spacetime realized by making the mass large in some regions were
studied in section 4. A notable example was a system with the spacetime dependent
boundary conditions (E=211) considered in section =22, It was found that there are
contributions to the anomaly from the boundaries, even when the gauge fields are turned
off. Implications to the index theorems were discussed in section E-3, in which the AS
and APS index theorems for the operator D defined in (B=23) and (B=23H) were given,
and the application to the Callias-type index theorems was briefly described.

5.2 Future direction

In this paper, we have considered complex Dirac fermions. An obvious interesting
problem would be to generalize our discussion to systems with real or pseudo-real
fermions, for which there are 8 families of theories. For this purpose, the concept of
real superconnections and their realization on unstable D-brane systems considered in

[@R] would be useful.
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We can understand this anomaly as a mixed anomaly between the chiral (or flavor)
symmetry and the parameter space of the mass.[I2, [33] The topological nature of the
parameter space is important to condensed matter physics, and there is an application
to this direction.[B3]

This anomaly can also be applied to the anomaly matching. As we saw in the
rewiew part (22371), the anomaly matching has been discussed only about gauge fields.
Spacetime dependent mass can be regarded as a background field, so we can treat it as
a kind of background gauge field. To discuss the anomaly matching for this spacetime
dependent mass, creating the WZW term with the background mass term might be
useful. If we consider the WZW term for this anomaly, we can apply the anomaly
matching for more various kinds of QFTs.

Although we have seen that the formulas for the anomaly with the superconnection
are quite useful in some applications, we have not explored much on the significance of
the superalgebra acting on it. It would be interesting if a deeper meaning behind this
structure could be uncovered.
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Appendix A

The APS index theorem

In this appendix, we give a heuristic derivation of (E2310) following the argument given
in the appendix of [61]. The setup is the same as that of section B=371. As mentioned
below (A=310), we extend the system to —oo < y < +00 by choosing a y-independent
configuration in the regions y < y_ and y, < y.

First, we derive one of the key relations:

1 1 12
2r—1 N - - Hj
/M d "z I(x) NG Ah_rélo ATrH ((ayHy) e A ) . (A.0.1)
Inserting
D'D = H} — 92— 0,H, , DD' = H} — 92+ 9,H, , (A0.2)

into (BZ219), we obtain
/ d* o I(x)
M

— i A [ o Py, (erga§+%ﬁayfﬁ(H§—ayHy) 3 eA—128§+%E8y7ﬁ(H§+8yHy))

Y
A—oo

(A.0.3)

where k = ky,/A. As we did around (B2ZZ3), we expand the right hand side with
respect to 1/A regarding k and H,/A to be of O(1). The leading term in the 1/A
expansion gives (ATIT).

On the other hand, (E=372) implies

2 o 2772
_ 2 oo —t?H2
=7 /0 t O, (1(0,H,) o)

. 2 . 762H5
=~ 7 ll_r}é Try <e(8yHy) e ) : (A.0.4)
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Combining this with (AZ0), we obtain

—% n(H,) = /M P2 T(z) | (A.0.5)

which can be used when H, does not have a zero eigenvalue.

Let us assume that H, has zero eigenvalues at finite values of y denoted as y;
(1=1,2,--- k) withy_ <y; <yo < -+ <yg <yy. From the expression in (A=3R), we
see that the value of n(H,) jumps by +2 or —2 at y = y; when one of the eigenvalues
of H, crosses zero from below or above, respectively, while increasing y from y = y; — ¢
to y = y; + € with a positive small parameter 0 < € < 1. It is known that the index of
the operator D is equal to a half of the sum over these jumps [57):"

Ind(D];) %Z Hy o) —n(Hy, )
1 Iy
"2 (U(Hy+) - W(Hy—)) 9 Z (77(Hyi+1*5) B 77(Hyi+e>)

:% (U(H.w) - 77(Hy7>) - % /yHl dy Oyn(H,) , (A.0.6)

i=0 Y Yi

where yo = y_ and yx1 = y,. Using (A03H) and (B2Z29), we obtain the desired result
(A=3T1M):

Ind(D|;) =

N | —

A—o0

(n(Hy+) —n(H,_ )) + lim / » [ch(F)]ar - (A.0.7)

Here, the boundary conditions for the fermions are such that the wave function does
not blow up at y — £oo. In these regions, the Dirac equation Dy = 0 with (E=34) can
be solved by

W =e My, (A.0.8)

where v, is an eigenfunction of H,, with the eigenvalue AL. Therefore, the modes
with Ay < 0 and A_ > 0 are discarded, which gives the APS boundary conditions.

IThis fact can be easily understood in the adiabatic limit,[64, 65, 66]: in which H, is slowly varying
with respect to y. In such cases, the Dirac equation Dy = 0 has an approximate solution of the
form ¢ = e~ /"Xy, where 1) is an eigenfunction of H, with eigenvalue A(y). This solution is
normalizable when A > 0 and A < 0 as y — 400 and y — —o0, respectively. Similarly, a normalizable
approximate solution of D) = 0 is given by 1 = et /"% )y with A < 0 and A > 0 as y — +o0 and
y — —oo, respectively. Therefore, the index is given by the difference of the number of eigenvalues

that cross zero from below and above when y is increased from y_ to y..
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Note that the formula (B=3710) is valid only for the finite interval I = [y_,y.].
When, one wish to apply it for the cases with y_ — —oo and/or y, — 400, one should
be careful about the order of the limit y;. — 4+o0o0 and A — o0, because they do not
commute when the mass diverges at y — 400, as we have seen in many examples in
section A. Let us consider a system defined on M x R with mass diverging at y — £o0.
Suppose |yi| are large enough so that H, does not have a zero eigenvalue for any y
satisfying y < y_ or yy < y. Then, (AT0E) implies that the index Ind(D|;) is the same
as that for I = R. Therefore, in this case, comparing (A=33) and (E=310), we obtain

1
“n(H
277(

Y+

)~ lim <[ch(f>]zr:§n<ﬂy>+ I [ @@l (a0

Since the field configuration of the left hand side and the right hand side are indepen-
dent, we find

n(Hy,) =2 lim / [ch(F)]2r + 10 (A.0.10)
A—oo
Y+ <y
n(H, ) =—2 lim / [ch(F)]2r + 10 (A.0.11)
A—oo y<y_

with a field-independent constant 7. Using these relations, we obtain

1 .
d(Dl, o) =5 (0 —n(H, ) + Jim [ (P (A0.12)
y—<y
1 .
Ind(Dl[—OO,yH) D) (U(Her) - 770) + Ah—I};o [ch(F)]ar - (A.0.13)
Y<y+

These formulas are formally the same as (B2310) with [y_, y.] replaced with [y_, +o0]
or [—00,y4], and 1n(His) replaced with 79. Note that the second term in the right
hand side of (AT T2) and (ATIT3R) is the generalized (gauge invariant) CS-form given
in (Z270) integrated over M.

For example, let us consider the case with compact M. As a simple field configura-
tion, we choose A_ = A, = 0 and m = uyly with a real non-zero constant u. In this

case, we have

—iy10,  uy —0% + (uy)? 0
H, = a ) , H)= (uy) ) , | (A0.14)
uy "0y, 0 —0° + (uy)

and n(H,) is trivially zero for any y # 0. This implies 7 = 0.
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Appendix B

Consistent vs. covariant anomalies

For the massless cases, it is well-known that the consistent and covariant anomalies
are related by the Bardeen-Zumino counterterm.[24] In this appendix, we review the
relation between consistent and covariant anomalies, and sketch the derivation of the
Bardeen-Zumino counterterms for the cases with spacetime dependent mass in the
covariant anomaly for completeness. Our strategy is to find a counterterm to be added
to the covariant anomaly so that it satisfies the Wess-Zumino consistency condition.
Note, however, that this approach is not powerful enough to fix the mass dependence of
the anomaly (D+2)-form for the consistent anomaly. We also point out that anomalous
violation of current conservation laws can be written in terms of supermatrix-valued

currents.

B.1 Wess-Zumino consistency condition
Let us first introduce the notations for the consistent and covariant anomalies as
G(v) =0,I'[A,m] , (B.1.1)

G (v) = /M 150 (v, A, ) (B.1.2)

respectively, where I'[A,m] is the effective action defined in (E2229), M is the D-
dimensional spacetime and 5V is given in (BZ32) and (BZ3312). By definition, the

consistent anomaly G(v) satisfies the Wess-Zumino consistency condition [67]

5U1G(’Ug) — (SUQG(Ul) = G([Ul, Ug]) . (B13)
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On the other hand, it is easy to check from the explicit expression that the covariant

anomaly satisfies
0p, G (v2) = G*V([v1, v2]) , (B.1.4)
which implies
3p, G (V) — 0, GV (v1) = 2G° (v, v9]) (B.1.5)

and hence the Wess-Zumino consistency condition is not satisfied.
The claim is that G(v) and G (v) are related (up to surface terms and the gauge

variation of local counterterms) by
G(v) = G*V(v) + a(v) (B.1.6)

with

a(v) = (%)DQ/M/; dtt [Strsym <.@v etdAHQAQA)}D , (B.1.7)

where A is the superconnection (B) or (BT-12) for even or odd dimensions, respec-
tively, with T'=m = m/A and

Dv=dv+[Av] =6,A. (B.1.8)

Here, Str™ denotes the symmetrized supertrace, in which 2v, tdA + t>* A% and A are
symmetrized (taking into account the sign flip when the odd elements, such as Zv and
A, are exchanged) before taking the supertrace.

Let us show that the right hand side of (BTH) satisfies the Wess-Zumino consistency

condition (BI33). For this purpose, it is convenient to rewrite a(v) as

0=-(5) [ BeCAN),, e

where [ = [0,1] 5 ¢ and

A=tA, F=dA+ A =1tdA+1°A* +dtA, sz+dt%. (B.1.10)

We also define covariant derivatives ¢ and .@ as

In=dn+ An— (-1 A, Ii=di+ Ai— (-7 A4 (B.1.11)
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where 7 and 7 are supermatrix-valued fields in M and M x I, respectively, and |n| and
77| denote their fermion numbers (mod 2).”

Using the relations

Oy Oy A — 0y 0y A = 5[1,177)2].»4 , (B.1.12)
85, F = db, A+ A, A+ 6,AA = 95,A (B.1.13)

and the Bianchi identity
PF =dF+ AF —FA=0, (B.1.14)
One can show

Oy, (V) — dyy(v1) — a([v1, v2]) = — (%>D/Q /Mx[ Qipsym (_@ (5“2(5@2.21/@?))

i\ D2 B B
I Sym 1 1 .F
= (27r> /MXIdStr ((51,1./4(51,2./46 ) )

(B.1.15)

Using Stokes’ theorem and dropping the surface terms on the boundary of M2 the
right hand side of (BZI1H) is evaluated as

/ d Strvm (%2( Soy Ac” ) - / St™ (8, A b,y A c”)
MxI M
—/ Str™ (.@vl.@vg ef)
M
:/ (d Strey™ (01@1)2 e]:) — Strv® (01@202 e]:))
M
:/ Str™ (vy[vs, Fle”)
M
= [ Str([vi,va]e”) | (B.1.16)
M
where we have used
DF =dF+AF —FA=0, Z*v=d29v+A%v+ ZvA=[F,v]. (B.1.17)

Therefore, we get

Oy (V2) — dpa(v1) — a([vg, v2]) = =GV ([vy, v9]) (B.1.18)

1Recall that the differential form dz* and o are treated as fermions. See section BZI.
2We only keep the parts that contribute to the anomaly (D + 2)-form for the consistent anomaly.
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which implies that the right hand side of (BI) satisfies the Wess-Zumino consistency
condition (BI33).

In section BZ3, we used the fact that there is no difference between the consistent
and covariant anomalies for the U(1)y transformation when the background U(1)y
gauge field V' is turned off. This fact can be easily seen from the expression of a(v) in
(BI20). When v is proportional to the unit matrix and the U(1)y gauge field V is set

to zero, a(v) in (BI2) can be written as

a(v):AévVB(Ao):/M(SU(Vﬁ(AO)), (B.1.19)

where Ag = A|y—g and
Ay = (- o 1dtt Strovm ((eldAott* AT 4 B.1.20
8( 0):(%) /0 st (e )] (B.1.20)

Therefore, this part can be canceled by the gauge variation of a local counterterm.

B.2 Currents and the Bardeen-Zumino countert-

erim

The gauge variation of the effective action I'[A, m] can be written as

§,I[A,m] = /d% (20)* T + (2v)* ) (B.2.1)
where
Jy(x) = %(’g] , Jo(z) = %’(g] (B.2.2)

Here, Af and m® = m®/A are the components of the gauge field and the mass rescaled
by a constant A, and (Z,v)* = (6,A4,)* and (Zv)* = (§,m)* are their infinitesimal
gauge variations. (See (BIR).) J¥ and J, in (BZZ2) are the vacuum expectation
values of the currents §.5/0 A# and the fermion bilinear operators §.5/dm®, respectively.
Note that A here is just an arbitrary parameter. In fact, (B=21) does not depend on A.

J! and J, can be considered as components of a supermatrix-valued current analo-
gous to the superconnection (BZI). To see this explicitly, we choose a basis of the super-
matrices {7y, T, } such that the superconnection can be written as A = Ajdz"T,+mT,,

and introduce a dual basis {7, T*} satisfying

Str(T,T°) =62, Str(T,T°) =67, Sto(T,7°)=0, Str(T,T°)=0. (B.2.3)
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A supermatrix-valued current is defined as
I () = «JV(2) T + +JO(2) T* | (B.2.4)
where x* is the Hodge star operator:

1
) = g SN 0) e d? (B.2:5)

«J O (2) =T, (x) dat - - - dx?P (B.2.6)

Using this, (B21) can be written as

5,T[A, m] = / Str(2v 7) (B.2.7)

and the anomaly equation, obtained as the functional derivative of (BI) with respect

to v(z), becomes

(200 =2

which shows that the consistent anomaly G(v) represents the anomalous violation of

, (B.2.8)

the current conservation law. For example, for the axial U(1) symmetry (with v, =
—v_ = —ialy) in 4-dimensions (E2Z1), the left hand side of (BZZ8) becomes

(D7 Vuya = Ou (UV"Y°P) + 2im (Y7°) (B.2.9)

and, together with the right hand side obtained from (B=33H)¥, (BE=ZR) reduces to the

well-known formula for the axial U(1) anomaly.

From the expression (BI7), we find that «(v) can be written in the form
a(v) = / dPx ((2,0)" P! + (2v)*P,) = /Str(@v ) (B.2.10)
M

where P! and P, are local functions of the gauge field and the mass, and & = «P, T+
« P, T*. Then, the relation (BZIH) implies that the covariant anomaly is understood as

the anomalous violation of conservation laws

(DI )a = —m%va(v) : (B.2.11)

for the covariant currents defined by

JEVH(z) = JH(x) — P (x), J(z) = Ju(z) — Palz) , @)= _F(z) — P(2) .
(B.2.12)

These P*, P, and & are the Bardeen-Zumino counterterms generalized to include the

space-time dependent mass.

3In this local expression without integration over spacetime, the m dependence in (BZ33) drops out
in the A — oo limit with fixed m.
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