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ABSTRACT: The island rule provides the consistent method to tackle the black hole informa-
tion loss problem. Holographic derivation and replica wormhole derivation of the island rule
suggest that the quantum information inside a black hole can be extracted from an island
region through the Hawking radiation. We are interested in the operational procedure to
recover the black hole information from the Hawking radiation. Hayden and Preskill studied
the condition to succeed decoding of a quantum state thrown into a black hole by consider-
ing the black hole dynamics as a random matrix. Chandrasekaran and Levine studied the
Hayden-Preskill decoding protocol in another chaotic system, the SYK model. These two
models can be studied by the theoretical framework of quantum error correction, in which
the Petz recovery map is constructed as a general recovery map for a quantum noise channel
when the Knill-Laflamme condition is satisfied. We study properties of the Petz recovery
map in chaotic systems, such as the Hayden-Preskill setup for evaporating black holes and
the SYK model. Since these systems exhibit the phenomenon called scrambling, we expect
that the expression of the recovery channel R gets simplified, given by just the adjoint A/
of the original channel N which defines the time evolution of the states in the code subspace
embedded into the physical Hilbert space. We check this phenomenon in two examples. The
first one is the Hayden-Preskill setup described by Haar random unitaries. We compute the
relative entropy S(R [N[p]]||p) and show that it vanishes when the decoupling is archived.
We further show that the simplified recovery map is equivalent to the protocol proposed by
Yoshida and Kitaev. The second example is the SYK model where the two-dimensional code
subspace is defined by an insertion of a fermionic operator, and the system is evolved by the
SYK Hamiltonian. We check the recovery phenomenon by relating some matrix elements
of an output density matrix (T| R[N [p]] |T") to Rényi-two modular flowed correlators, and
show that they coincide with the elements for the input density matrix with a small error
after twice the scrambling time. In this Ph.D thesis, we add the review of fundamental tools
and motivation to understand our paper, which contains the island rule, the Hayden-Preskill
decoding protocol, the theory of quantum error correction, the SYK model, the replica trick

calculation of modular flowed correlators in the SYK model.
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1 Introduction

The black hole information loss problem is one of the most important problems in theoretical
physics. It was proposed by S. W. Hawking in 1975. Hawking showed that a black hole has
finite temperature and evaporates emitting thermal radiation called Hawking radiation by
applying the perturbative quantum field theory (QFT) to the black hole. Although the black
hole is made of some astronomical object written by a pure quantum state, after the black
hole evaporates, only thermal radiation remains and it contradicts to quantum mechanics.
This is called black hole information loss problem. It means that the entanglement entropy of
Hawking radiation Sg = — tr[pr log pr| remains finite quantity after the black hole evaporates
and disappears. Here, pg is the density matrix of Hawking radiation. Against to this paradox,
D. N. Page proposed that since the whole state starts with a pure state |¢)) and time evolves
with a unitary operator, the remaining radiation is written by a pure state pr = U |[¢) (4| UT
and S must become zero even if S gradually increases in the radiation emitting process
since the entanglement between the radiation and the black hole becomes bigger and bigger.
This behavior that Sk increases at first but starts to decrease at some time called the Page
time and becomes zero eventually is called the Page curve. The reason why the Hawking’s
calculation does not realize the Page curve is that it cannot deal with non-perturbative effects
in quantum gravity. It was not until the island rule[1-5] was discovered in 2019 that the
method to consider non-perturbative effects in the black hole physics is developed and we
become able to tackle the black hole information loss problem without contradictions. It has

been over 40 years since the Hawking’s proposal.

The black hole entropy was evaluated as Sppg = ﬁ by J. D. Bekenstein and S. W.
Hawking. Here, A is the area of the event horizon of the black hole and G is Newton constant.
Spn is called the Bekentein-Hawking entropy. It is important that Spy is proportional to not
the black hole volume but the area of event horizon. It seems that the black hole microscopic
freedom exists on the surface of the black hole. From this interpretation, G. 't Hooft and L.
Susskind proposed the holography principle, which suggests that quantum gravity is described
by the boundary QFT. A. Strominger and C. Vafa discovered that the black hole entropy
corresponds to the number of microstate in string theory. Soon after their proposal, the
famous example of the holography principle, the AdS/CFT correspondence was discovered by
J. Maldacena in 1997. It states that string theory, the strong candidate of quantum gravity,
in (d + 1)-dimensional anti de-Sitter (AdS) space has correspondence with d-dimensional
boundary conformal field theory (CFT). Here, string theory in the AdS space is called the
bulk theory comparing to the boundary theory. After Maldacena's paper, it was proppsed by
Gubser, Klebanov, Polyakov and E. Witten (GKP-Witten) that the partition function and

correlation functions in the bulk string theory and the boundary CFT is the same with an



appropriate boundary condition. It makes non-pertubative calculations of quantum gravity
posssible. After the AdS/CFT correspondence was proposed, many important works which
solve CFT problems by calculation of the bulk gravity theory were provided, for example
the Ryu-Takayanagi formula and the Sakai-Sugimoto model. According to the AdS/CFT
correspondence, a black hole in AdS corresponds to the finite temperature boundary CFT,
and since CFT is a unitary quantum theory, it was believed that the black hole information
loss problem is solved by the AdS/CFT correspondence. However the concrete method to
tackle the black hole information loss problem was difficult to discover, so the island rule is

amazing and has a great impact in our study field of quantum gravity.

From here, we introduce briefly the story from the Ryu-Takayanagi’s holographic entan-
glement entropy formula to the East Coast model of the island rule. In 2006, S. Ryu and T.
Takayanagi showed that on some time slice, the entanglement entropy Sa of subsystem A in

boundary CFT is evaluated by the area of a minimal surface in the AdS space as

S4 = min 7Area(7A)

. 1.1
YA 4G N (1.1)

Here, 74 expresses a surface in the AdS bulk which ends on an A’s boundary 0A. This
can be interpreted as an extent of the Bekentein-Hawking entropy Spp = ﬁ. When the
space-time is dynamical, the RT formula is extended to the Hubeny-Rangamani-Takayanagi

(HRT) formula:
_ Area(n§*)  dArea

SA - )
4GN 6')’,4 ,YA:,nyt

~0. (1.2)

By using the Ryu-Takayanagi (RT) formula, we can evaluate the entanglement entropy of
CFT by the gravitational calculation. Inversely, it is expected that quantum gravity in the
bulk can be studied by the entanglement of the boundary CFT. This motivation to reconstruct
the bulk theory by the entanglement of the boundary theory is called bulk reconstruction.
Especially, it is suggested that the bulk region reconstructed by the entanglement of region
A in CFT should be the entanglement wedge Y. 4, which is surrounded by A and the minimal
surface v4. This is called entanglement wedge reconstruction. Here, if the whole state in
some time slice of CFT is a pure state, the entanglement entropy of A and A is the same:
Sa = Sj, so the minimal surface is the same: 74 = 3. In this case the AdS bulk is divided
to two entanglement wedges ¥ 4, % 5. The RT formula holds when the bulk gravity is classical:
GnN — 0. Since we do not know quantum gravity completely, we consider classical gravity
and the bulk QFT as the contribution of G%; semi-classically. According to the entanglement

wedge reconstruction, the RT formula including quantum corrections is

A
S4 = min ext m

Sput(34) | - 1.3
7a Gy T Ohak(¥4) (1.3)



Here, Spuk(24) is the entanglement entropy of the region ¥ 4 in the bulk QFT. We extremize
the quantity inside the square bracket, and choose the minimal value if we have multiple
extreme values. We can obtain the island rule by applying the RT formula including quantum
corrections to an evaporating black hole setup as
Area(0I)

wlk (L 14
el + Sy lk( UR) ( )

S(pr) = minl ext

where S(pg) is the entanglement entropy of Hawking radiation and [ is the island region. We
can interpret the island rule as the fact that the quantum information inside the black hole
escapes out through Hawking radiation, so it can be said that the black hole information loss

problem was partially solved because the Page curve of Hawking radiation is realized.

However, it still remains to be understood the precise way to recover a black hole interior
region from Hawking radiation. It has been realized that for this purpose, it is convenient to
regard the black hole interior as a code subspace embedded in the Hilbert space of Hawking
radiation as a quantum error correcting code [6-8]. For instance, the decoupling theorem
by Hayden and Preskill [6] implies that the black hole interior region is protected against
the erasure of black hole degrees of freedom, which assures the recovery. Once we regard an
evaporating black hole as a quantum error correcting (QEC) code, then the general argument

of QEC [9] tells us that the recovery is achieved by applying the Petz recovery map [10, 11].

In this paper, we study properties of the Petz recovery map in chaotic systems, such
as the Hayden-Preskill (HP) setup for evaporating black holes and the SYK model. Since
these systems exhibit the phenomenon called scrambling, we expect that the recovery channel
R gets simplified, given by just the adjoint Nt of the original channel A/ which defines the
embedding of the black hole interior into the Hawking radiation. Therefore, schematically,

we have

R~aNT, (1.5)

where a is some numerical factor depending on the dimensions of the Hilbert spaces of black

holes and Hawking radiation.

We will see this phenomenon in two examples. The first one is the Hayden-Preskill setup
where the dynamics of an evaporating black hole and Hawking radiation is described by Haar
random unitaries. We do this by computing the relative entropy S(R [N[p]]||p) and show
that it is vanishing when the decoupling is archived. We further show that the simplified
recovery map is equivalent to the Yoshida-Kitaev protocol'!. The second example is one of

the SYK model versions of the Hayden-Preskill setup, discussed in [14]2. In this setup, code

!This equivalence has not been directly shown, but such an equivalence is suggested by B. Yoshida in
[12, 13].
’In [15], the authors discuss another Hayden-Preskill setup in the SYK model, and their setup is different

from ours.



information is expressed as excitations, and a system is evolved by the SYK Hamiltonian.
We check the recovery phenomenon by relating some elements of an output density matrix
(T|RIN[p]]IT") to Rényi-two modular flowed correlators, and show that they give an input
density matrix (T| p|T") with small error after twice the scrambling time. However, there are
still remaining matrix elements, which we need to check, but it is difficult to evaluate them
directly. In an upcoming paper [16], we will give their direct evaluations. In this paper, we
do not evaluate them directly, but indirectly guess their expectations based on the result we

obtained.

We use the paper with Akihiro Miyata and Tomonori Ugajin in the abstract, Introduc-
tion, section 5, section 8, Conclusion and discussion, and Appendices C, D, E, F. We review
fundamental topics on our study in section 2, section 3, section 4, section 6, section 7, Ap-
pendices A, B. This Ph.D thesis is organized as follows. In section 2, we introduce Island
formula and explain the motivation of our study. In section 3, we review the Hayden-Preskill
decoding protocol and the Yoshida-Kitaev decoding protocol. In section 4, we review quan-
tum error correction and the Petz recovery map. In section 5, we start with introducing
a quantum channel induced by the Hayden-Preskill setup, and explain how we write down
the simplified recovery map in the original Hayden-Preskill setup, which is applicable to the
SYK case. We also explain a convenient notation to treat quantum channels induced by
the Hayden-Preskill setup, and in the notation, one can imagine gravitational interpretation
simply. In section 5.2, by using the convenient notation, we compute some relative entropies
to check the sufficiency that we can use the simplified recovery map as a recovery map. Also,
we show that the Yoshida-Kitaev protocol can be written as the recovery map. In section 6,
we review the fundamental topics of the SYK model. In section 7, we review the replica trick
calculation of modular flowed correlator in the SYK model proposed by Chandrasekaran and
Levine. In section 8, we explain one of the Hayden-Preskill setups using the SYK model, and
introduce a corresponding quantum channel. After that, we give the simplified recovery map,
and show that some matrix elements of output results can be written as “Rényi-two modular
flowed correlator”. By evaluating the “Rényi-two modular flowed correlators” analytically,
we show some matrix elements of output results by the simplified recovery map give desired
results. In section 8.3, from the previous section result we have computed, we estimate the
remaining matrix elements of output results, which we are evaluating. The details of the
remaining ones will be reported in the upcoming paper [16]. In section 9, we conclude this
paper with the discussion of our results and future directions. In appendix A, we review the
Uhlmann’s monotonicity theorem. In appendix B, we review JT graivty and Schwarzian ac-
tion. In appendix C, we give another derivation of the simplified recovery map using a Kraus
representation. In appendix D, we show the relation that holds for an EPR state, which is

used in section 5.2. In appendix E, conventions used in section 8 are listed. In appendix F,



we show that, in the SYK version of the Hayden-Preskill setup, some recovery results can be

written as “Rényi-two modular flowed correlators”.



2 Island rule and West Coast Paper

In this section, we introduce the island rule, which gives a motivation of our study. There are
two methods to realize the Page curve: the method of the entanglement wedge reconstruction
in the context of holography, and the method to average the randomness of microscopic
states in quantum gravity without holographic calculation. We call the former method the
East Coast model because it was developed by the Princeton team, and the latter method
the West Coast model because it was developed by the Stanford team. We introduce the
East Coast model in 2.1 and the West Coast model in 2.2. The calculation of the West Coast
model is essentially the same as the random matrix calculation, which we explain in 2.3 where
we also discuss the meaning of the Page curve. Finally, in 2.4, we explain the motivation of

our study.

2.1 Island rule (East Coast model)

We attach two non-gravitational heat baths (Gy = 0) to both of two-sided AdS black hole’s
boundaries in order to collect Hawking radiation like figure 1. We can think of an AdSsy black
hole in JT gravity. We review JT gravity briefly in Appendix B. We can discuss a one-sided
black hole but here we consider the two-sided black hole. The whole pure state in some time

slice is given by
k
1
W) =—= ) [¥i) ® i) - (2.1)
NG ; AdS BH R

Here, total Hilbert space is Hit = Hads BH ® HRr- |¥i)pqs pu € HAdS BH €xpresses a
microstate of the AdS black hole and |i) , € H g expresses a Hawking radiation state. Hads Bu
is defined on the boundary CFT holographically. Since the Hawking radiation and the black
hole make a pure state, if we write a state of the CFT corresponding to the black hole

PCFT,BH, the entanglement entropy of Hawking radiation is evaluated as

S(pr) = S(pcrr,BH)

Area(va)
4G N

Area(0I)
4G N

+ Sbulk;(ZA):| (2_2)

= min ext
74

= min[ ext I: + Sbulk(I U R):|

The third line is the island formula. I in the third line is an island, which is a variable and
decided by extremizing and taking minimal value by this formula. In the second line, we
used the RT formula including quantum corrections. In the third line, we used the fact that
the RT surface of the black hole region in the CFT becomes the surface of the island, and

an entanglement wedge of the Hawking radiation and that of the black hole are complement



Gy =0 AdS BH (Gy #0) Gy =0

Figure 1: Penrose diagram of the AdS black hole coupled to thermal baths for collecting
Hawking radiation. The red line expresses the whole quantum state |¥) corresponding to
(2.1)

Figure 2: Left: Entanglement wedge of black hole. Blue dots express black hole microstates
in the boundary CFTs and red dots express the RT surfaces. Right: Entanglement wedge
of the Hawking radiation. An island region can appear in the AdS bulk.

with each other. See figure 2 for Penrose diagrams. In the East Coast model paper, it is

shown that the island region actually appears after the Page time using JT gravity.

2.2 West Coast model

In this section we review the West Coast model [4] of the island rule, in which the entanglement
entropy is calculated by considering replica wormholes. The replica wormhole saddle is a key
point for realizing the Page curve. First, we consider the setup as a one-sided black hole with
an end of the world (EoW) brane. We can realize this situation by inserting an EoW brane
behind the horizon of a two-sided black hole. See figure 3 for the Lorentzian geometry and
the Euclidean path integral to prepare a Hartle-Hawking state with the EoW brane. We call
this Euclidean path integral, a gravitational path integral. In the original paper, this setup



D

Euclidean

Figure 3: One-sided black hole coupled to an EoW brane. The blue line represents the EoW
behind the horizon. The left Penrose diagram is the Lorentzian geometry. The right diagram

represents the Euclidean gravitational path integral.

is made by Euclidean JT gravity coupled to the EoW brane. The action is

I—IJT“FM/ ds. (2.3)
brane

The pure JT gravity action is

]ﬁ:—iﬂ;Aﬁ@R+8M¢Mﬂ—;AﬁEMR+%+AMVWK. (2.4)

On the AdS boundary, we impose an ordinary boundary condition to be asymptotic free:

1 1
dﬂmﬁiﬂﬁ,¢zz,6%0 (2.5)

On the EoW brane, we impose the following dynamical boundary condition:
Onp=un, K=0. (2.6)

The whole state is given by

k
o) = \}E Z; i) s ® [1) (2.7)

Here, {|1;) 5} is the basis of the black hole system and {]i),} is the basis of the Hawking
radiation system. {|i)p} is the orthogonal basis, but {|1;)z} is not always orthogonal due
to gravitational effects. k is the dimension of the Hawking radiation system. The density

matrix of the Hawking radiation becomes

pr = trp[|¥) (¥]]

|k
=% Z 1) R (| (Wilv) g

,j=1



1

Figure 4: Gravitational path integral to calculate tr[pgr]. The EoW brane is the blue line.

Figure 5: Left: Hawking saddle. Right: Replica wormhole saddle.

If we take the trace of pr to take average of randomness of gravitational microstates as in

figure 4, .
tr[pp] = % Z (ili) g

1 2.9
= Ezlz(sn‘ (2.9)

=71.
Z, o eSBH'X represents a gravitational path integral with the boundary condition which we
are considering. It comes from the topological term of JT gravity (2.4) and gives the Euler
character x. See also Appendix B for the fundamental of JT gravity.
The average of pr has only trivial Hawking saddle. On the other hand, the average of

P (n > 2) and Sg have replica wormhole saddles in which the space-time is connected by

EoW branes. If we take average of p% with figure 5,

k
k] = 75 3 Wildshs (b

ij=1
1 2.1
= = le Z (5¢j52‘j + Zs Z 5”'5]‘]‘ ( O)
i,j i,j
1 2 2
= ﬁ(zlk + Zok?)

,10,



Here, Z1, Zy = €5BH. After we normalize (2.10) with (tr[pg])?, we obtain

o1 2(Zik+ 2k 1 Zy

tr[p%] = =422
vl Z, K722
2.11
1 S % k < eBH ( )
= — +4e VBH = .
k eS8 > ¢BH

Similarly, we can get the average of the entanglement entropy of the Hawking radiation
Sr = S(pr) with the replica trick:

logk k< eBH
SR:{Og <e (2.12)

SBH k>>eBH '

We can realize the Page curve by this result.

2.3 Random matrix calculation

The West Coast model deals with the calculation of averaging randomness of gravitational
microstates. It is essentially the same as the quantum informational calculation with the
random matrix dynamics, which appears in the Hayden-Preskill decoding protocol. In this
subsection, we explain that the purely quantum informational calculation with the random
unitary matrix realizes the Page curve like the West Coast model. As we considered in
the last subsection, we divide the whole Hilbert space to the black hole and the Hawking
radiation: Hior = Hpy ® Hpr. We assume that dimension of each system is dimHgy =
dpg = €588 dimHp = dg, respectively. Therefore the number of qubits is log dgg, log dg,
respectively. As the black hole evaporates, dgp decreases and dg increases. dg also decides

a time scale. The microscopic state of quantum gravity is given by

d d
1 BH OR

— NPT Z ani Vo) g @ |9) R -

a=1 i=1

| W) (2.13)
Here, Cy; is a dpg X dg-dimensional random matrix which represents the gravitational dy-
namics. We use the following Wick contraction-like rule to take average over the Gaussian
random matrix C,;. Here we write the average of the product of less than four matrices,
but the average of the product of more than four matrices is defined similarly as the Wick

contraction.

CaiCly = dapdi; (2.14)

CoaiClaCuCl s = CaiCly - CpCl 5 + CoiCl 5 - CiCly (2.15)

In (2.13), we set the normalization factor by imposing tr[pr] = 1. We take average over Cy; to

evaluate physical quantities such as entanglement entropy. Let us calculate the entanglement

— 11 —



logdgr logdpy

)dR

dr = dpn

Figure 6: Initial growth of S(pr) shows the Hawking’s result logdgr. If we consider the

non-perturbative fluctuation from the randomness of the gravitational state, we realize the

Page curve log dpp. The vertical axis means S(pgr) in qubit numbers.

entropy Sg = S(pr) of the Hawking radiation. The density matrix of the Hawking radiation

iS
d d
] R BH

CaiCl, 2.16
PR = G dnn ]Zmzl )R Gl s (2.16)
and p% is
1 dr dBm
Ph = > Y CailluCsiCly lidg (k] - (2.17)

22
deBH i,j,k=1 a,f=1
By taking average of tr [p%], we obtain

dr dBH

tr[pR = Z Z Cm ng

R BH
i,j=1 a,f=1 (218)
1,1 g dr<dpn
ﬁ dr > dpg .

+ -
dr  dpH

We can calculate average of S(pr) = —tr[prlogpr] = —lim,,1 Optr [,0%] as

(2.19)

logdgr dr < dpg
S(pr) = {

logdpy dr>dpn

See figure 6 for this result. Hawking’s calculation tells only logdgr growth, but we can
reproduce the Page curve behavior logdpy. We can see that the second term of (2.15)
makes a replica wormhole saddle. If we average pp first, then we can consider only Hawking

saddle by (2.14). It is important to understand that if we consider two or more replicas

- 12 —



like the calculation of the entanglement entropy or the Rényi-two entropy, the fluctuation
dpr in pr = pr + dpr cannot be ignored. The order of the fluctuation by the gravitational
randomness is O(e~BH), so it is initially small, but becomes large when the black hole
becomes small. Finally, we discuss the entanglement structure between the black hole and
the radiation. In early time, since there is little radiation, we cannot identify the quantum
information with pg, i.e. pr is a maximally mixed state %' We find m = logdr. However,
in late time, since the radiation system is larger than the black hole system, the radiation is
not maximally mixed. Gradually the quantum information seeps into the radiation system,
and eventually the whole information can be identified by the radiation, i.e. pgr becomes
a pure state. In late time, the black hole system becomes maximally mixed ppg = éiﬁ.
Therefore, the entanglement entropy behaves as Sg = Spy = Spu(ppr) = logdpy and Sg

decreases as dgpy decreases.

2.4 Motivation of our study

The island rule papers elucidated that the quantum information of the black hole seeps out
through Hawking radiation, by the holographic calculation in the East Coast model and by
more abstract randomness calculation in the West Coast model. After the Page time, an
island region appears which is contained in the same entanglement wedge of the Hawking
radiation, so the black hole information can be extracted by the island through the Hawking
radiation. It provides the method to realize an information recovery scenario. We are strongly
interested in the problem whether the quantum information is actually contained in the
Hawking radiation and if so, how we can recover the original information with the Hawking
radiation operationally. We can solve this problem if we succeed to construct a decoder to
recover the original information by collecting the Hawking radiation and acting the decoder
to it. Hayden and Preskill discussed the condition to recover the quantum state thrown into
the black hole by acting some decoder to the Hawking radiation after the Page time. This
discussion provides the starting point of our study. In the next section, we introduce this

Hayden-Preskill thought experiment and the Yoshida-Kitaev decoder to realize the recovery.

,13,



3 Hayden-Preskill decoding protocol and Yoshida-Kitaev decoding proto-
col

In this section, we review the Hayden-Preskill decoding protocol and the Yoshida-Kitaev

decoding protocol.

3.1 Hayden-Preskill decoding protocol

The Hayden-Preskill decoding protocol [6] is a purely quantum informational experiment that
deals with the black hole information loss problem. According to the island rule, quantum
information which consists of the black hole will be emitted through the Hawking radiation
after the Page time. Hayden-Preskill asked that how long does it take for Bob who sits away
from the black hole to catch the information that has been thrown into the black hole by
Alice after the Page time. The answer is that if the decoupling condition is satisfied, Bob
can catch the information immediately. If we think of a finite temperature black hole, Bob
has to wait for the scrambling time. The Hayden-Preskill setup deals with the black hole
dynamics as a random unitary gate. The motivation to consider the black hole dynamics as
a random matrix comes from the fast scrambling conjecture, which expects that the black
hole dynamics realizes the upper bound of the Lyapunov exponent, namely the chaos bound.
When the system realize the chaos bound, the chaos is realized in the scrambling time. The
random matrix dynamics is also considered to realize the chaos bound, so Hayden and Preskill
considered the random matrix dynamics as a toy model of the black hole dynamics. We will

review the setup of the thought experiment.

After the Page time, the black hole has emitted the half of the original black hole. We call
them the old black hole and the early radiation. They can be thought of making a Einstein
Podolsky Rosen brige, namely a EPR state.

da
[EPR) ,; = \/}A Sl liby (3.1)
=1

The old black hole A is maximally entangled with the early radiation B. It is a high
temperature limit of a thermo-field-double (TFD) state. It can be thought of as an infinite

temperature black hole.

ITFD) , PEn/2 1) , |n) g (3.2)

e
Here, Zg is the partition function, Zg =), e_BE".

Alice throws the quantum state |¢); into the old black hole. The density matrix is
pr = 1)y (¥|. This state has the information of complex numbers ¢;.
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Figure 7: Left: |Ycpp), corresponding to eq.(3.4). Right: The state after the decoder is

acted.

dr
[0)p = cili) (3.3)
=1

After the scrambling with a unitary operator U, we have the remaining black hole C and

the late radiation D. The state becomes

U epg = Urasep @ Ig) |¥)r @ [EPR) 45 (3.4)

The density matrix of |V)~pp is pcps = [¥)opp (¥Y]. Bob can access to the radiation
DB, so we trace out the remaining black hole system C. The result state is ppp = tre[pcps]-
The successive process of throwing the state pr to the black hole, scrambling with the random
unitary U and tracing out the remaining black hole is called the Hayden-Preskill noise channel,

which is stated as Nr_pp.

Nr_pBlpr) = ppB (3.5)

The Hayden-Preskill decoding protocol asks the condition that there exists a recovery

map Rpp_7 which acts on the radiation DB and recovers the original state pr.

Rpe-tppB] = VDB—T PDB V[T)B_g“ = pr (3.6)

Vbp_ is called a decoder. Hayden-Preskill show that if the decoupling condition dr <
dp is satisfied, there exists a decoder and we succeed a recovery immediately. Figures of

|¥cpp) and the state after the decoder is acted are shown in figure 7.
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Figure 8: Hayden-Preskill state |V p), corresponding to (3.7)

3.1.1 Decoupling condition

It is useful to introduce an additional system R called a reference system which is entangled
with the diary system T. In this setup, we obtain a Hayden-Preskill state [y p). We describe
the dynamics as a random unitary in this maximally chaotic situation. When we calculate

an entropy, we take average with a Haar measure of the random unitary matrix.
|\I/Hp> = (IR®UTA—>CD®IB)|EPR>RT® |EPR>AB (37)

| p) is shown in figure 8.

If we act (0*| to the R system, then we can reproduce |V¥) ., with some normalization.
Here, if we write |¢) = ). ¢; |i), we define (*| = >, (i| ¢; as opposed to (| = >, (i| ¢;. The
reference system does not have the information of ¢; but is entangled with the diary system
T.

1

R ¥rp) = N (Urascp ® 1) [¥)p ® |[EPR) 4 (3.8)
— (Urascp ® 1) [¥)p @ [EPR) 4,5 = [¥)cpp (3.9)

The reference system R is maximally entangled with the diary system T. So, if R is
maximally entangled with the radiation system DB, T is maximally entangled with DB and
the information of the diary can be extracted by collecting the radiation DB. This situation

occurs if R is decoupled with C. This is the decoupling theorem.

The result of the decoupling theorem is stated as follows.

d
lore — pr® pclli < % (3.10)

where prco, pr, pc are reduced density matrices:

prc =trpe[|Yup) (YHP|] (3.11)
pr =trepp [|[Yap) (Vup] (3.12)
pc =trrpp [|Yapr) (VEpl] (3.13)
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The overline in (3.10) means average with the Haar measure.

Torc —pr® polls = / dU | pre — pr ® pelh (3.14)

We use two norms ||-||; and ||-||2, which are called the trace norm and the Hilbert-Schmidt

norm, respectively. They are examples of the Schatten p-norm.

IM]1 = tr VMM (3.15)

| M2 = \/tr (MTM) (3.16)
where M is an arbitrary matrix. The two norms satisfy the following relation.
1Ml < [|M[l < Va[|M] (3.17)

where d is the dimension of the Hilbert space that M acts.

By using this relation, (||prc — pr @ pcll1)? is bounded from above by the average of a
second Rényi entropy of prc.

2
(HPRC — PR ® PcHl) <llprc — pr ® pcl?

< dgdcllprc — pPr® poll3 (3.18)

= drdctr [p%c] —1
In the last line, we use the facts pp ~ é—’; and po ~ é%. R and C are sufficiently smaller sys-

tems than the whole system, so they are maximally mixed. This can be proved by evaluating

the distance between the reduced density matrix and the maximally mixed state.
We can calculate the second Rényi entropy of prc

1

— t i
d%di Z UCD7TA UT’A,C’DUC’D’,T’A’ UTA’,C’D’ (319)

tr [phe] =

where the summation is taken over the indices of unitary matrices.

We use the Weingarten calculus to integrate over the Haar random unitary matrix U(d).

1=1 (3.20)
— 1
UininUiyjy = 0152051t (3.21)
1
Uirja UZ-TQJ-Q Uisjs ULM = 25— 03201z * Oisjajsia + OirjaOjuia * OinaOjaic)
1

m (5i1j25j1i4 ' 5i3j46j3i2 + 5i1j45j1i2 ' 5i3j25j3i4) (3'22)
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The last line in (3.22) is an O(d%) subleading term, so in the large d limit we can ignore this

term.

1 1 1 1
Uirjy Uingz Uisjs ULM ~ 20irjaOjrin * 0iajaOgaia + 001ja05ia + ka2 Oaiz

= Ui1j1 U‘T ) Ui3j3 U‘T + Uiljl U'T ’ Uisj:s U‘T (3'23)

1252 144 144 1252

Then the Haar random average of the second Rényi entropy is

—_— 1
tr (ko] = Bd &, Z UCD,TAU}/A,C/DUC’D’,T’A’U}A/7CD/
T
1 T f T T
~ d%d,%; Z (UCDvTAUT’A,C’D ) UC’D’,T’A’UTA/,CD' + UCD,TAUTA/,CD' ) UC’D’,T’A’UT/A,CID)

(dAdD + dec)

- dipd
(3.24)
Using (3.18), we can evaluate the distance between prc and pr ® po as
2 -
(Tore =pr@pcll)” < drdotr [pe] —1
_ dcdp @ B
drds — d%
3.25
& (3.25)
a4

dr\?
&)
In the third line, we used that dimensions of both sides of unitary matrix U is the same, i.e.
drda = deodp.

If the decoupling condition dr < dp is satisfied, R and C decouple with each other and
there exists a recovery map. In the finite temperature case, dp has to be a bit more larger be-
cause the entanglement between the black hole system and the radiation system is weak and
a bit more time is needed to send information with the weak entanglement. The scrambling
time tger ~ Blog S is needed in the finite temperature black hole. In the infinite tempera-
ture limit, f5.; becomes zero thanks to the strongest entanglement of the EPR pair. There
are several kinds of decoder that realize the recovery for the Hayden-Preskill noise channel.
Famous decoders are the Gao-Jafferis-Wall decoder[17] and the Yoshida-Kitaev decoder[18].
Gao-Jafferis-Wall uses unitary gates for the decoder and is known as a quantum teleportation
protocol by a traversable wormhole. Yoshida-Kitaev uses a projection measurement for its
decoder. It can also be thought of as a quantum teleportation using the projection. We

explain this Yoshida-Kitaev decodeing protocol in the following subsection.

,18,



Ha

EPR EPR

Figure 9: Left: Penrose diagram for showing a gravitational image of the HP protocol. We
throw the quantum state pr into the black hole. Right: After the late radiation is emitted

sufficiently, R becomes maximally entangled with the radiation systems.

3.1.2 Gravitational image of Hayden-Preskill decoupling discussion

We show a gravitational image of the HP protocol by illustrating the Penrose diagram (figure
9). After the gravitational collapse, a black hole space-time and a Minkowski flat space-time
emerge. First, the whole quantum state W is divided to an old black hole state |1) 5y € Ha
and an early Hawking radiation state |i), € Hp. We consider the situation of the infinite
temperature after the Page time, so they make an EPR state. We throw the diary state
pr which makes an EPR pair with the reference system R into the black hole. After time
evolution with the black hole’s random dynamics, which we consider the random unitary
dynamics in this section, if the late radiation is emitted sufficiently, the reference system R
becomes maximally entangled with the radiation systems DB and we can collect the quantum
information of the original diary state pp. More realistically, the old black hole and the early
radiation should make a TFD state in finite temperature and there should be a more concrete
bulk picture. We can overcome these requests by considering the SYK model, which we study
in the latter part of this Ph.D. thesis.

3.2 Yoshida-Kitaev decoding protocol

In this subsection, we introduce the Yoshida-Kitaev decoding protocol[18], which is well known
as the concrete decoder for the Haydne-Preskill noise channel. First, we explain the property
of a decoder using the reference system. We act a decoder Vp_ sz to the Hayden-Preskill
state [Up) (See eq. (3.7)) in order to make the state Vg a5 |Yup). See figure 10. As

we comment in the previous section, the reference system R contains the information of the
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Figure 10: The state Vpp |[¥yp) after some decoder acted on the Hayden-Preskill state
|Wrp)

system 7' in the way that R is maximally entangled with 7. In other words, R is the system
before the diary state acts: g (¢*|EPR) zp = \/% [)p ~ |0) 1.
After acting a decoder to the radiation systems D, B, if R and R are maximally entangled,
ie.
VB |¥Hp) = [EPR)pr @ [0)cc (3.26)
then it can be said that the information of T is successfully teleported to R. Here, |¢) cc s
an arbitrary state on CC. The teleportation succeeds if R and R make an EPR state and

then the original state can be recovered on R:
1

RW'EPR) pp = —= ¥)g ~ V)5 - 3.27

(" [EPR) g = = |4 ~ V) (327)

Yoshida and Kitaev said that the decoder in the figure 11 satisfies the property (3.26) and
can be used as the decoder for the Hayden-Preskill noise channel. We call this decoder the

Yoshida-Kitaev decoder.

The Yoshida-Kitaev decoder can be constructed by the following process:

1. Bob, who tries to decode the original state which Alice threw into the black hole knows
that the black hole dynamics is random unitary and can prepare the EPR pair |[EPR) ;5
of variable number of qubits. Bob acts the state (Ip@Uf,»_, pp® 1) [EPR) 75 to [Yyp)

and makes

|Win) = (Irc @ Ip @ Up s, g7 @ 1) [V Ep) @ [EPR) 75 - (3.28)

Here, U*, the complex conjugate of U, physically means the reverse time evolution.

2. Bob carries out the projection measurement on D, D. The projection measurement is

realized by the projection operator Pp = |EPR) 5 (EPR|® I7f. The outcome state is

1
o’ = —Ipc ® Pp) |¥; 3.29
‘ out> @( RC D)’ zn) ( )
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Figure 11: The Yoshida-Kitaev decoder Vg AR
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Figure 12: The probability P, of getting |¥/ ) by the projection measurement Pp =
[EPR) pp (EPR| ® Iop

/
out

Here, P, is the probability of getting |¥/ ,) and represented in the figure 12. |¥/ )

differs from |W,,;) by just |[EPR) 5. However, since pp5 (EPR|EPR) 5 = 1, we need

not mind this in the following calculation.

We show that the Yoshida-Kitaev decoder can be used as a decoder, which realizes a

recovery map by showing that we can express

[Wour) = [EPR) pr @ [#)oc - (3.30)
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We can show this by guaranteeing that the fidelity between |¥,,;) and |EPR)yz becomes
1. C,C can be contracted naturally. We define the projection measurement on R, R as
Pr = |[EPR) z (EPR|. The fidelity is calculated as follows:

F(‘\I’out> ) |EPR>RR) = <\Ijout’ Pr "Ijout>
= <\I}/out‘ Pr ‘\III >

out
_ (Yin| Pr(IrRc ® Pp) |Vin)
Pout
S (¥in|EPR) g p (EPR|W;5,)

P, out

. (3.31)

B deAPout
1

~ drdctr [Pkc]
1

2
ne
In the fourth line, we used Pgr(Irc® Pp) = Pr® (P +Pé~) ® Pp. Here, Pé is the projection
measurement orthogonal to Po = |EPR) .~ (EPR|. Note that the projection measurements

_>

Po, Pé are both positive operators. The arrow in the last line expresses carrying out the
Haar random average. If the decoupling condition dr < dp is satisfied, the fidelity becomes

close to 1, successfully.

We discuss the meaning of the Yoshida-Kitaev decoding protocol here. Why the EPR pair
appears on R, R by the projection measurement on D, D ? Let us think of the entanglement
structure in the state before the projection measurement on D,D. Since the decoupling
condition is satisfied if sufficient late Hawking radiation has been emitted, R is decoupled by
C, so R is entangled with D, D,C, R. In the same manner, since the dynamics of U* also
satisfies the decoupling condition, which means the time-scale around the Page time, R is
decoupled by C' and is entangled with R,C, D, D. Since C and C are the systems which are
decoupled by the whole system, so C and C make a maximal entanglement structure with
each other. Therefore, R, D, D, D make a maximal entanglement structure in themselves.
In this situation, the maximal entanglement structure is imposed to D, D by the projection
measurement on D, D. Thus R and R must make a maximal entanglement structure with each
other, so an EPR pair on R, R is realized. Thinking of the Yoshida-Kitaev protocol as a two-
sided black hole, the EPR pair means infinite temperature of Hartle-Hawking like TFD state.
We can interpret that if the entanglement between two-sided black hole is too strong like the
EPR, then the black hole realizes a traversable wormhole and a quantum teleportation from
one side to the other realizes. We discuss the relation between the Yoshida-Kitaev protocol

and the quantum teleportation in the next subsection.
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3.2.1 Relation with quantum teleportation

Finally, we introduce quantum teleportation and explain that the Yoshida-Kitaev protocol
can be interpreted as quantum teleportation. Quantum teleportation is the protocol to send
a quantum state [¢), which Alice possesses to Bob using the quantum entanglement of a
EPR state which is shared by Alice and Bob. The algorithm is as follows:

1. In its setup, Alice has a quantum state [¢), = 1(0) |0) + (1) [1), to send to Bob.

2. Alice (A) and Bob (B) share an EPR state |[EPR) , 5 so they are maximally entangled.

The whole state can be expressed as

902 [EPR) 5 = 5| Il @ (6(0) 0) + (1) 1))

12 © ((0) 1)+ $(1) [0) )
+15)2a ® ($(0) 1) = (1) [0) ) 532)

+ 12004 @ (¥(0)[0)p — ¥ (1) 1))

1
T2V, Z ipa®@o; ) g -

i=1,z,y,2

1) a1 pas|Y)7a s |2)pa are Bell states on T'A:

uhAzj;meA+mem
1
mwAzﬁ;meA+uhmu> -
ra = 7500 D4 = 117 10)0)
b = —= (100004 — 1) 11).0)

2

5

and they are made by |¢) 5 = ¢(0)]0)5 + (1) |1) 5 by unitary operators I, o, i, =
0,04, 04, respectively. We write these {o;}. These four operations make the Klein four

group which is isomorphic to discrete components of the Lorentz group I,T, P,TP.

3. Alice carries out a Bell state measurement on 7T'A. It measures which of the Bell states
{0 pas1Z)pas | U)pas12)pa) the state on T A is. After this measurement, Bob’s state
is decided to some |1;) g = a5 1) 5.

4. Alice sends the result of the measurement classically to Bob.

5. Bob acts o; to |1;) 5 depending on the measurement result received from Alice in order

to recover |¢) on B.
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This algorithm is made of local quantum operation (LO) and non-local classical communica-
tion (CC), which is called LOCC. Next, we try the same algorithm when 7" makes an EPR

pair with the reference system R. Since the whole state can be written as
[EPR) pr ® [EPR) 4 Vo) Z 1) @ (|1} [EPR) 45)
) | ) | L (3.34)
:ﬂzi:m}?,@ 2%:‘]>TA®U]‘ li)g |
by carrying out the projection measurement on T'A, the whole state becomes

V2 Z oy < fra®o;! |i>) : (3.35)

After receiving the information of j from Alice, Bob acts unitary o; to make the state

(\2 3 libate \z‘>B> @51 - (3.30)

By the projection measurement on T' A, we realize an EPR state on RB. This is the similar
situation as the YK protocol.

In the ordinary quantum teleportation algorithm above, Alice checks the result of the
measurement and send it to Bob classically. This can be expressed with only quantum

operations. We introduce the algorithm below:

1. Alice has [¢), one side of [EPR) 45 and two ancilla qubits |0),, = |00). The initial

state can be written as

[Wo) = |¢)7 @ |[EPR) 45 ® [0) 5,

1 ) 1 (3.37)
= MZZ:WTA@ |O>MA ®o; )
2. Alice makes an interaction between T'A and M4 to make the state
[T1) = My [To) = MZ\ 7A@ i)y, @0 ) - (3.38)

3. Bob also prepares two ancilla qubits |0),,. = [00). If Bob has the state [®¢)p, the

initial state of Bob becomes
1) g = |Po) 5 @ 10) 5y, - (3.39)
Bob makes the rule to act a decoder to |®) 5 as

EB‘CI)>B :szg‘q)@]s@‘j)MB ) (3.40)
J

where ijB is set to be Z{a =0j.
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4. Bob acts the decoder to |¥1). The whole state becomes

W) = (ITam, ® ¥B)[¥1)
-7 S liralile, @ | 32 24 11 (3.41)
1
== idar, i, @ (0507 [0)5) @ li) gy -
2\/§§ M M B TA

5. Finally, we post select to the EPR on M4 Mp, which means acting the projection
operator |[EPR),; /. (EPR|. Since [EPR)y; arn = 5 D k1.2 [K)ar, [K)ar,, the final
state is obtained as

[W3) = [EPR),,, »y,, (EPR|W2)

1 —
= 58 2 Hhay 2 0107 ¥ (3.2

1
=— k k E)pa® .
8\5;\ Iars K arg [F)ra © 1Y) B
Bob succeeds to get [¢) 5.

The situation that the original state can be sent to distant place by a post-selection of the
projection measurement is the same as the Yoshida-Kitaev decoding protocol. That is why

the YK protocol is explained as a quantum teleportation.
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4 Quantum Error Correction and Petz recovery map

The Hayden-Preskill decoding protocol can be reconsidered by the theory of quantum error
correction(QEC). The Hayden-Preskill noise channel N7, p is one kind of the quantum noise
channel which attaches an EPR pair to the original state, then time evolves with a random
unitary gate and traces out the remaining black hole system. The decoupling condition can be
interpreted as a special form of the quantum error correction condition. If the QEC conditon
is satisfied, there exists a recovery map which is realized as a decoder. In the theory of QEC,
if the QEC condition is satisfied, we can constitute the Petz recovery map in general. We
show that the Yoshida-Kitaev decoder is one kind of Petz recovery map in the next section.
In this section, we introduce the basic idea of the QEC theory, quantum noise channel and
quantum error correction. Then we explain the QEC condition and the Petz recovery map

in detail.

4.1 Quantum noise channel
First, we introduce a quantum noise channel .

Definition 1 (Quantum noise channel). Let H and K are finite dimensional Hilbert spaces.
Let B(H) is a set of operators which act to the Hilbert space H. A quantum noise channel N :
B(H) — B(K) (p+ Np]) is defined as a linear map which satisfies complete positive(CP)
and trace preserving(TP). (CP): If p is a positive operator(p € B(H), Y |¢) € H, (¥|p|¢) >
0), Np] is also a positive operator. (TP): tr[p] = tr[N[p]]. We call that kind of the linear
map as a CPTP map.

The CPTP map contains operations such as unitary operators, a measument, attaching
to some environment, tracing out a environment and so on. Then we introduce the adjoint

channel of A as follows.

Definition 2 (Adjoint channel). Let A" a quantum noise channel. Let O € B(K). The
adjoint channel N7 : B(K) — B(H) is defined as a linear map which satisfies the following.

trc [N ] O] = tru[p NT[O]].
It is easy to show that AT is also a CPTP map.

There are two equivalent representations for a quantum noise channel. They are called

the Stinespring dilation theorem and the Kraus representation.
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4.1.1 Stinespring dilation and Kraus representation

Theorem 1 (Stinespring dilation theorem). For any quantum channel N : B(H) — B(K), if
we prepare environment Hepny of appropriate dimensions and some operator peny € B(Henw),

there exists some unitary U € B(H @ Heny) and N can be expressed as follows:

Np) = trepny [U(p © pens)U'] (4.1)

This theorem tells that the CPTP map can be interpreted as a unitary evolution if
we attach an appropriate environment to the state which we consider. The quantum noise
channel is also expressed as the Kraus representation as follows and this expression is usually

more convenient in the theory of QEC.

Theorem 2 (Kraus representation). For any quantum channel N : B(H) — B(K), there
exists the Kraus operators {E;}1<i<dgimy € B(H) and N can be expressed as follows:

Nlpl = EipE] (42)
i
When N is TP, the Kraus operators satisfy the following relation
Y ElE =1 (4.3)
i
The last relation is satisfied because
S gl | = | ElE
i i

Here we check that the Kraus representation is satisfied if we assume the Stinespring

trNp]] = tr =tr . (4.4)

dilation theorem. We set the state in the environment pen, = |eg)., . (€o|. We can assume

env
this without loss of generality because any mixed state can be purified by considering an
appropriate dimensional environment. Then we can construct the Kraus operators in the

following way. See also figure 13.

N[p] = tTreno! [U(P ® Penv)UT] (4.5)
denvl
- Z env’ <61| U |€0>env P env <60| UT ’ei>e7w’ (46)
=1
denvl
= Z E;pE] (4.7)
=1
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Np] trace out

14 Penv
Figure 13: Stinespring dilation theorem can be represented as the form of Kraus represen-

tation.

Let (u;;) a unitary matrix. If we act u;; to the Kraus operator Ej;, then the result

F; = ) . Ejuj; is also the Kraus operator. There is a unitary arbitrariness in the Kraus

operators.
D FipF) = 3 Biuigpuj By
j ijk
i
= Np]
We review the adjoint of Kraus operator here.

tric [N[p]O] = trg Z EipE;LO

)

= Z try [pE,L-T(’)EZ}

(4.9)

= try

p> ElOE;
%

= try [pAT[0]
So we conclude that the adjoint channel is represented by the Kraus operator as follows.

N[O =Y EloE; (4.10)

i
4.2 Quantum error correction

In this subsection, we explain the motivation of the theory of quauntum error correction(QEC)

and the simplest example of QEC[19]. When we consider a quantum computation process

— 928 —



or a quantum communication, quantum states are exposed to quantum errors such as bit
flip error and erasure error and so on. We should construct the theory where the method to
correct the state and recover the original state. That is the main motivation of the theory
of QEC. We reviewed the quantum noise in the previous subsection. In this subsection we
consider the condition where there exists a recovery map R : B(K) — B(H) which satisifies
R[Np]] = p after some quantum noise N acts on the initial state p. That condition is
called the quantum error correction condition(QEC condition). We also study the method
to construct the recovery map which recovers the origianal state p. The Hayden-Preskill’s
decoupling condition is interpreted as a QEC condition where the noise channel is the Hayden-
Preskill noise channel. First we review the quantum error correcting code(QEC code). If we
add redundancy to the original state by some encoding method like adding redundant logical
qubits, it becomes easy to recover the original state. We explain the simplest example here.
The original state is |¢)) = a|0) + b|1) and we assume a bit flip error which causes a bit
flip with a probability p > 0. Without adding any redundancy by the QEC coding, the
expectation that the result state is a|0) + b|1) is wrong with the probability p. Then we
embed the code subspace Hcoge in which the original state |¢)) = a|0) + b|1) lives to a three
qubit Hilbert space Hphysicat and identify a [0) +-b|1) with a [0z) +b|1r). Here we identify |0)
and [1) to [0r) = |000) and [17,) = [111). We write the embedding map V' = Vipge—sphysical-
Let us consider whether we succeed to recover a |07)+b|11) = a|000)+b |111) with a recovery
map R after the bit flip error to one qubit. The answer is that we can recover the original
state by a error detection and a recovery. The error detection is succeeded with the following

projection operators:

Py = |000) (000] + [111) (111 (4.11)
Py = [100) (100| + 011) (011] (4.12)
P, = [010) (010] + |101) (101| (4.13)
P3 = |001) (001] + |110) (110 (4.14)

Suppose for example that a bit flip occurs on the second qubit. Then the result becomes
N[V[pl] = al010) + b|101) = |[tberror). In this case, (Yerror| P2 |Yerror) = 1 and the other
measurements lead to 0. We can successfully detect the error with the four projection mea-
surements. Then we can recover the original physical state a |07) + b|17) with the recovery
map of the bit flip operation to the second qubit and finally recover [¢)) = a|0) +b|1) with a
decoding map V1. Here we point out that we can recover [1)) without any information of a
and b. The above method can recover one or fewer bit flip error but we cannot recover two or
more bit flip error. The probability of two or more bit flip is p. = (1 — p)3 + 3p(1 — p)? and if
p < % then p. < p, so the probability of making wrong expectation becomes smaller with the

QEC code. The process from the encoding to the decoding is summarized as the following
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thysical

Figure 14: The process of the encoding map V to the physical Hilbert space, a noise channel
N and a recovery map R. We recover |[¢) with the decoding map V7.

equation:

VIRINIVIII =p » RoN=1I (4.15)

Here, V is an isometry, satisfying VIV = I. See also the following picture (figurel4).

In the above example, we consider the method made of the projection measurement and
the recovery. However we can construct a recovery map without checking the result of the
projection measurement. Suppose that U; is a recovery unitary operator corresponding to
a projection P; and |i) is an ancilla state. Then in the following equation, W becomes a

recovery map.

w |'€Z}error> =U |¢err0r> |0> = Z (Usz W)error» |Z> (416)

Here, U is unitary and W is an isometry(WTW = I).
(W W ) = 3 (ol (il PTUTU; Py [aia) 1)
]

=" (1| P/ P; [)
i (4.17)

= Z (V1] Py [1ba)
= (Y1]9)2)

See also figure 15 for the diagram corresponding to (4.17).
The encoding map V and the noise channel N' must satisfy the QEC condition for the

existence of a recovery map R. There are several forms of QEC conditions. We introduce two
famous equivalent forms, the Knill-Laflamme conditon and the sufficiency condition. (We call

the sufficiency condition just like sufficiency in later discussion.)
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|| ] 7
w = U = Z ( )
| B
|¢e7‘7‘or> ‘werror> ’0> ’wem«m«> |Z>

Figure 15: diagram of equation (4.17)

4.2.1 QEC conditon(Knill-Laflamme condition)

Theorem 3 (Knill-Laflamme condition[20]). For all quantum state p € B(Hcode), when a
quantum channel N : B(Hcoqe) — B(K) is expressed with Kraus operators {F;}

Nl =3 EipEl,

then the necessary and sufficient condition that there exists a recovery map R : B(K) —
B(Hcode) such that RIN[p]] = p is that the Kraus operators satisfy the following Knill-
Laflamme condition:

Peode B} EjPeoge = 0 Peode (4.18)

Here, Peoqe is a projection operator to a code subspace. (oj) is some Hermitian matriz. When

the Knill-Laflamme condition is satisfied, we call errors {E;} correctable errors.

Proof. <) First, we show that if we assume the Knill-Laflamme condition, we can construct
a recovery map R. « is a Hermitian matrix, so it can be diagonalized to d = ufau where u is
some unitary matrix. If we use this unitary v and make operators Fj, = >, F;u;;, the adjoint
operators satisfy F; I = > u,T“EJ . We showed that {F;} can also be used as Kraus operators,
which are equivalent to {E;}. We get a simpler diagonalized form of the Knill-Laflamme

condition by using {F;}.

PcodeF];[}?chode = Z uLiuijcodeEjEchode
]
= Z u]ziaijujlpcode (4.19)
tj
= di Peode
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Then we consider the operational meaning of Fj,. From a polar decomposition®, Fj, Peoge

is decomposed as the following.

Fchode = Uk \/PcodeF]IFchode
=V dkk Uk Peode (4.21)
= dkkUchodeU]IUk

=V dp PU

Here, we difine Py as
1

Vg

Py is a projection operator because Pl = P and sz = P, are satisfied, so {Py} satisfy

Py = Uk PeodeU} = ——FiPuoacUf (4.22)

> i Pr = 1. From calculation 4.21, we can interpret Fj, as an operator which rotates a state
V) = /P € Heode to Uy 1) € Hphysicar and projects to the subspace Hj, corresponding to

each noise F}j by using the projection operator Pj.

Fi [Y) = Vdix PrUx [¢0) € Hy, (4.23)
We see that subspaces {#} do not have overlap with each other.

UchodeF]I-FchodeUl -0
Vdgrdy

We see that if N acts to p, the state will go to some subspace Hy corresponding to the label

PP, = P[P = (4.24)

k which has no overlap with the other subspaces.

Rather, we can recover the original state p by constructing a recovery map in the following
way. The essence is returning by U, ,I to the original code subspace H.oge- For O € B(K),
suppose a recovery map R : B(K) — B(H):

R[0] =Y UL P.OPU; (4.25)
k

3From the polar decomposition, any linear operator A is decomposed by using a unitary operator U and
positive operators J, K as follows:
A=UJ=KU (4.20)

Here, J and K are defined as J = VATA, K = VAAt. We call UJ and KU, left polar decomposition and
right polar decomposition, respectively.
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Then we can show that we recover p by this recovery map.

RIN(pl] = Ul P.FypF) PU,
kl

= Z U]ZP]IEPcodechodeF}TPkUk
Kl
1

=2 UL Uk Peode F}\ Fi PeodepPeode F)) Fi Peode UL Uk
kl

(4.26)
1

= — drkO0k1 PARKO
i zkl: kkOkIPAkKOk]

= Z dyp
!

=p

In the third line, we used P,I = ﬁU & ProdeF) ,I . In the fourth line, we use the Knill-Laflamme
condition. In the final line, we use the fact* that > 1 du =Y, p =1. Here we define p; as the
diagonal element of d.

—) Next, we show that if a recovery map exists, the noise channel A/ and its Kraus operators

satisfy the Knill-Laflamme condition. Suppose p € B(Hcode ), then
N[p] = N[Pcodeppcode] (4.28)

Since a recovery map exists,

R[N[p]] = PeodepPeode (4.29)

Since R is a CPTP map, it can be expressed with the Kraus operators and satisfies the TP

relation.
R[O] =Y ROR!, Y RIR =1 (4.30)

In the Kraus representation, equation (4.29) becomes

Z RjEiPcodechodeEjR;f‘ = PeodepPeode (4'31)

ij
Then we get the equations as follows:

RjEiPcode = CjiPcode ) PcodeEgR]]; = C;‘rkpcode (432)

“Since N satisfies TP, by using (4.21),

Peoge = Z PcodeFiTFiPcode - Zpipcode (427)

is satisfied and so we conclude Zz pi = 1.
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From these equations,

Z PcodeE;rRLRk:Echode = Z C;'rkckjpcode (433)
k k

By using the TP relation of the recovery map ), R,TCR/C = I in the left hand side of the last
equation, we get

PcodeEgEchode = (CT C)ichode (4 34)
= aichode

We write o = ¢l ¢ and this matrix is an Hermitian matrix. In the end, we derived the
Knill-Laflamme condition(eq.(4.34)).

O
4.2.2 Sufficiency

Another form of the QEC condition is sufficiency[21], which is equivalent to the Knill-
Laflamme condition. We give the statement of the theorem without proof. See also appendixA

for more detailed discussion on the relative entropy and sufficiency.

Theorem 4 (Sufficiency[21]). For all quantum state p, 0 € B(Hcode), the necessary and suf-
ficient condition that there exists a recovery map R : B(K) — B(Hcoge) such that RIN[p]] = p

is that the relative entropy between p and o satisfies the following equation(sufficiency):
S(pllo) = SNpl [| No]) (4.35)
Here, the relative entropy between p and o is defined as
S(plle) = tr[p(log p —logo)] (4.36)
When the above equation is satisfied, N constructs so-called "sufficient algebra”.

S(plle) > 0 defines the distance between the quantum information p and o. It is a

quantum extension of the classical relative entropy:

S(p,q) = Zpi(logpi —log i) (4.37)

Here, p = (p1,p2,- -+ ,pn) and ¢ = (q1,q2, - ,qn) are probability distributions. H. Umegagi
made great progress in applying operator algebra to the relative entropy and construct the
theory of quantum relative entropy[11], which is the fundamental of quantum information
theory especially in continuous, infinite dimensional quantum information theory. When p

and o are close to each other, the relative entropy comes down to the Fisher information.
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According to the Uhlmann’s monotonicity theorem [21](See also appendix A), for the
CPTP map N, the relative entropy S(p||o) monotonically decreases in general:

S(pllo) = SN pllINo]) (4.38)

We can interpret that the noise channel acts as a coarse graining and the quantum informa-
tion becomes blurry due to the noise because the relative entropy measures the uncertainty
between two kinds of information. The derivation from the success of QEC to the conditon
of sufficiency is easy to check. If there exists a recovery map R : B(K) — B(#) such that
RINp]] = p, since R is a CPTP map,

S(plle) = SN plllNe]) = S(RIN[pl][ RN [o]]) (4.39)
is satisfied. Since the first term and the third term are the same, sifficiency
S(pllo) = SN pl|IN[o]) (4.40)

is satisfied for the noise channel N.

4.2.3 Relations between QEC conditions

Here, we check the relations between QEC conditions. First, we show that sufficiency is

satisfied in an assumption of the Knill-Laflamme condition. We use a replica trick
— 13 3 13 7
trlplog p] = lim tr[p" log p] = lim 9y tr[p"] (4.41)
in calculating the relative entropy.

SWNIpllINo]) = trNp](log Np] — log N'o])]

_ 3 (4.42)
= Tim 0 [ex{(V[p)"] — tr [ o] (Vo))" ]
By using the Knill-Laflamme condition, the first term becomes
r n
tr[(Np])"] = tr (Z EipE] )

L\ 4

=tr| > EypEl EypE] - Ei,pE]
[ 91,92, yin i
[ i (4.43)

=tr| > pE] EypE] - E; pE] E;
1,02, in |

J— . . . . . . s
== E azlzgalzzg Qg tr[p ]

11,12, ,in

= trfa"] tr[p"]
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In the third line, we use the cyclic property of the trace. By similarly calculating the second
term of (4.42),

SWIPIN[o]) = lim 9 [exla™](tx]p"] — tr[p0™'])]

= lim [0, tr[a"] - (tr[p"] — tr[po" ")) + tr[a”] - Oa(tr[p"] — tr[po™'])]

= tr[a] - S(pl|o)
(4.44)
From the Knill-Laflamme condition,
Z PcodeE;EiPcode = Z aiiPcode (445)

The trace preserving property of A/ leads to ), E;r E; =1, so we get
trla] = oy =1 (4.46)
i

Thus we get the sufficiency S(Np]||No]) = S(p||o).

Next, we show the relation between the Knill-Laflamme condition and the decoupling
principle, which we introduced in the Hayden-Preskill protocol. The Knill-Laflamme condition
leads to the decoupling between reference system which is isomorphic with the code subspace
and the environment system. In the Hayden-Preskill setup, the situation that the quantum
information thrown into the code subspace T completely flows into the radiation systems
D, B is equivalent to the decoupling between the reference system R which has the same
information as the code subspace with an EPR pair and the remaining black hole system C.
Here, before a time evolution with a random unitary, Hphisicar i8 TAB (Hcode is T') and the
environment Hep, does not exist. After a time evolution, Hppysicar is DB and Heny is C. (See
diagram of figure 7.) However the environment is contained in the physical Hilbert space, we
distinguish the subspace to be traced out from Hpnysicar and tell "environment” Hep,. By

preparing H,.y isomorphic to Heode, the whole system after the noise channel becomes

deode
1
V) = —=— |0y Em Vi) physicar lem)
\/@ ; ; ref —m ¥/ physical 1~M/env
) (4.47)
1 code -
= (Iref ® UN) \/T;d (Z ’Z>ref ‘wi>physical> ’€0>env]
code \ ;21
By defining Pref,envy Prefs Penv aS
Prefenv = trphysical[|\1j> <\I]|] (448)
Pref = trenw [p'ref,env] y  Penv = trref[pref,env] (449)
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and using the Knill-Laflamme condition, we get the decoupling between the reference and the

environment:
1 : .
Pref.env = T Z Z ’Z>ref <]‘ ® ‘em>en'u <en‘ " physical <¢j’ EILEm ‘¢i>physical
code ij mn
1 . ) 4.50
- (d S i) yes <Z|> ® (Z Qn |€m) oy <en|) (4.50)
code mn
= Pref @ Penv

We can show the opposite in the similar manner. In conclusion, the Knill-Laflamme condition

is equivalent to the decoupling principle.

4.3 Petz recovery map

From both the Knill-Laflamme condition and the sufficiency, it is derived that the Petz

recovery map

RESFI0) = 3N [N[o] HONTo] 4] o (4.51)
can be used as a recovery map for the quantum noise channel N'. Here, O € B(K) and
Rfef\f : B(K) — B(H). o is an arbitrary state in the code subspace: Yo € B(Hcode)-

4.3.1 Construction of Petz map

We derive the Petz recovery map from the quantum information discussion used in the proof
of the Knill-Laflamme condition. This is the method developed by Barnum and Knill[22]. In
eq.(4.21), if we define wy, = P,Uy then

FiPeoge = /D PrUs = /Prwi (4.52)

Here, di; = prdr;. By using the expression of w; and w,i:

1
wy = PUy = \/ﬁFchode = U Peode (4.53)

1
w}; = U]IP]I = U;IPk = \/ﬁpcodeF]I = PcodeU]lL (4‘54)

and eq.(4.24), we find that {wy} are isometries.

whw; = 641 Preode (4.55)

From the calculation of (4.26), we found that R in eq.(4.25) realizes the recovery map.
Eq.(4.25) can be written as
RIO] = wlOw; (4.56)
J
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We repeat the recoverability check here. Since A can be expressed as
N[p] = N[Pcodeppcode]
= Z FiPcodechodeFJ

- (4.57)
= piwipw]
i
we calculate
RINp]] = Zpiw}wipw;rwj
ij
= ijpcodeppcode (458)
J
=p
In the last line, we used ), p; = 1 from the TP property of N:
Prode = Z PcodeF;'TFiPcode = szijz = Zpipcode (459)

Suppose o is an arbitrary state in the code subspace o € B(Hcode). Then Piogeo Peoge = 0 8

satisfied. In fact, w} is expressed as follows.

We give a proof:

=

(rhs) = J%PcodeFj (Z piwiowj>

_ ot 3 LR

= 02W,;~\/Di —w;o 2w, 4.61
1 _1 i

:UZPcodeU ij

J
To derive the second line, we squared the second line, acted to the first line and used ), P; = I.

From eq.(4.60), we get
w; = Nlo] 2 Fjo? (4.62)

Substituting w!

5 wj to eq.(4.56), we get the form of the Petz recovery map.

R[O] = Zw}@wj
J
= ZU%F}N[U]_% ON[O’]_%F]‘U%
J (4.63)

= Ro (0]
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4.3.2 Derivation of Petz map with operator algebra

In this section, we rederive the Petz recovery map with operator algebra. This is the derivation
by Petz[10, 21, 23], which we discuss in more detail in Appendix A. Sufficiency S(p||o) =
S(Np]||N[o]) is satisfied if and only if

plo™ = NT[N[p]"No] ] , vt e R (4.64)

We get the sufficiency by acting —i% and t — 0 on both sides of this equation. For some
unitary U,
SWpUt|UaU") = S(pllo) (4.65)

is satisfied, so we can change the sufficiency relation for a little bit:
S(ollor™™ po=) = SN N[N To]72) |, V1,5 € R (4.66)
By the similar manner as deriving eq.(4.64) from the sufficiency, we can derive
Uz’slpita—i(t-i-sl) — A [N[U]iszpit./\/[o_]—i(t"rsz)} (4.67)
By analytic continuation ¢t — —i, s1 = s9 — s + %, we get
052 po i3 = N1 [N[a]is—%/\/[pw[a]—is—%} (4.68)
By continuing the calculation,
p=o5a NT [N[a]w*%/\/[p]/v[arisfﬂ o2
= o REE N[0 N pN [o] 7] o™ (4.69)
_ Rﬁ(}(}zted Petz[Af] ]
We defined the rotated Petz map:
Rf’%/qtedPetz[O] = O_—isRietN; [N[U]is ON[U}—is} ol (4.70)

It reduces to the Petz map by taking s = 0. From here, we derived the Petz recovery map

from the sufficiency as the QEC condition.

4.4 Petz lite — chaotic case

The Petz recovery map is too complicated to understand the operational meaning directly.
However in some chaotic systems such as the Hayden-Preskill setup and the SYK model, the

Petz recovery map is known to reduce to a simpler form “the Petz lite”:

RUC[0] = ¢ NT[O] (4.71)
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c is some normalization constant. In next section, we study the recovery map for the Hayden-
Preskill noise channel. We expect that the Petz lite realizes a recovery. In this section,
we explain why the Petz map reduces to the simpler Petz lite in scrambling channel[4].
When scrambling is realized, Kraus operators are expected to realize a flat spectrum and the
diagonal element of the diagonalized Knill-Laflamme condition is the same with each other.

If we repeat eq.(4.19) for convenience,
PcodeFZ‘Tl?chode = dichode = piéijpcode (472)

{pi} realize a flat spectrum:
1

PL=P2= " =Pn=7 (4.73)

env

In this case, the noise channel and the recovery map satisfy
N[ codechode szwzpw = Z wzpw (474)

erw .
0] = Z wj@wi
i
= denv Z PcocleF‘iJr @ Epcode (475)
i

- dem;PcodeNT[O]Pcode
This is the Petz lite.
We can derive the Petz lite from the operator algebra method. If in eq.(4.64), we take

the analytic continuation ¢t = —i and take 0 — I.oqe = Prode, We get
P = -Pcode/\/Jr [N[p]N[Icode}il] Peode (476)

If we take N[leode) to a flat spectrum: N{leoge] = 1 a1 we get the Petz lite

upp N'[p]>

P = dem)})coale-/\/'Jr [N[p“Pcode (477)
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5 Recovery map for the Hayden-Preskill channel

The Hayden-Preskill setup is a tractable toy model for studying information flow in evap-
orating black holes. The setup consists of a black hole A that has been emitting Hawking
radiation B. We are particularly interested in the system after the Page time where the black
hole has emitted more than half of its original entropy °, therefore approximately forming a
maximally entangled state |EPR)4p. Suppose Alice throws a quantum state pp (often called
a diary) into this old black hole. Then, as the black hole further evaporates A — C + D by
emitting late Hawking radiation D, information thrown into the black hole will eventually
appear in total Hawking radiation DB. Here, we denoted by C' the remaining black hole after
emitting the late radiation D, see the left panel of figure 16. The analysis of Hayden and
Preskill [6] showed that the diary appears in Hawking radiation almost immediately, namely

after the scrambling time.

To see this, it is useful to introduce an additional system called reference R and form
a maximally entangled state |EPR)grr with the diary 7. Then, in this setup, the initial
condition of the process is |[EPR)rr ® |EPR) 45.

Owing to its chaotic dynamics, information of the diary thrown into the black hole gets

scrambled and spreads over the entire degrees of freedom. The resulting state is given by
Wrp) = (Ir®Urasc,p ® 1) [EPR) g+ ® [EPR) 4 5, (5.1)

where Ir and Ip are identities in R and B respectively, and Ur a—c,p is a random unitary
matrix from A, T to C, D, which models the chaotic dynamics of the black hole. By finding
the Hilbert space with which R is mostly entangled, one can find where information of the

original diary is in the final time slice. See again the left panel of figure 16.

The surprising result of HP is summarized in the following inequality,

d 2
lonc —pupelt < (§7) 6.2
D

where ||Al|; = tr VATA, PRC, PR, pc are the reduced density matrices of (5.1) on the indicated
subsystems, dp, dr are the Hilbert space dimensions of subsystems D and T respectively,
and in the left hand side we take average over random unitaries. This inequality (5.2) implies
that if one collects a sufficient number of late Hawking quanta so that dp > dp the system
of the remaining black hole and the reference becomes no longer correlated prc = pr ® po,

and therefore the information of the diary has to be encoded in Hawking radiation DB.

>We follow the notation of Yoshida-Kitaev [18].
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Figure 16: Left: Hayden-Preskill setup, corresponding to state (5.1). Right: Its decoder.

This result is also natural from the viewpoint of the framework of quantum error correc-
tion. A quantum error correcting code is a scheme to protect quantum states (logical states)
in code subspace Hcoqe against various errors. Such an error is mathematically modeled by a
CPTP map called quantum channel A/. The basic idea of quantum error correction is protect-
ing these quantum states in code subspace H.y4e by embedding it to the larger Hilbert space,
often called physical Hilbert space Hys. In the HP protocol, the Hilbert space of the diary
Hr corresponds to Heoge in QEC, and Hpys is Hpp. The quantum channel N :T — DB, is
obtained by tracing out the remaining black hole and the reference system degrees of freedom
C and R from [¥pp) in (5.1) with replacing the reference state [EPR) 1 by v/drpr [EPR) R 7
(pr is an input state),

Nr—p,B [pr] = trc [(UT,A%C,D ® Ip)(pr ® |EPR) 4 g(EPR|)(Uf. 4 . p ® IB)]

1 dD dB dC dT
— D > 5 > Lo ot
B % Z Z ‘D>D<D, ® ‘B>B<B, Z Z UC,D;T,B (pT)TT’ Ucz[ij)éz'
D,D'=1 B,B'=1 C=1 7 1'=1

(5.3)
We call this quantum channel the HP channel.

Then, a general theorem of QEC” tells us that the decoupling condition is equivalent to

the existence of a recovery map R : DB — T which satisfies
R [N[pT]] =pr Vpr € Hr. (5.4)

This again implies that the information of the diary is recoverable from Hawking radiation
DB. See the right panel of figure 16. Moreover, the concrete expression of the recovery map

is known [9], and is called the Petz recovery map

REGZ 7] = o2 NT[(Wo]) 2 r(No]) 3]0 2. (5.5)

5We note that the possible maximum number of late Hawking radiation dp is given by the input for the
Haar random unitary, implying dp < drdg. Due to this bound, the combination dr/dp can not be 0, but at
most 1/dp. Thus, the exact equality does not hold prc = pr ® pc, as long as dp is finite. This means that
strictly speaking, the recovery of the diary from Hawking radiation is, at best, approximate. However, for a
sufficiently large dimension of the early radiation, dg > 1, we can almost ignore the deviation from the exact

factorization of prc for late times.
"See, e.g., [24, 25] for the theorem.
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where o is a full rank arbitrary density matrix on the code subspace Heoge. N ~1/2 factor of
the Petz recovery map is difficult to compute in general. One way for doing this is, as in [4]
first making the replacement A —1/2 _y N where n is a positive integer, computing it for
all n, then taking analytic continuation n — —%. Also, the N =1/2 part is preventing us from

having an operational meaning of the map.

However, in systems exhibiting quantum chaos, we expect that the recovery map gets
simplified, because N[o] has a flat spectrum, therefore the approximation R ~ N T appears
to be possible®. If this is the case, since p ~ N [Np]] for arbitrary density matrix p in the
code subspace, therefore the relative entropy between them S(p||NT [N p]]) vanishes.

For the HP channel, the adjoint HP channel N is given by

J\@,B—W[ODB] =tra,p \EPR>A,B<EPR\ (UCJI[‘,A—>C’,D Ops UT,A—>C,D)}

(5.6)
=8 (TFD| (U} 4 ,c.p ® Ip) (Opp ® Ic) (Ur,ac,p ® 1) |TFD) 4 5.
Here, the adjoint channel is defined by the relation”
trp, B [Nr—p,B [pT] ODB] = trr [pTN£,B—>T[ODB]} . (5.8)
For later convenience, we introduce a correctly normalized recovery map
; 1 dpdp
REfosrlOpp] i= 55 + =3 Z N g [Ops]. (5.9)
and define it as the Petz-lite'?. Here, N is the normalization constant
d 2
N = <D> +1, (5.10)
dr

determined by the condition try {Rlﬁitg 7 [Nr=p,Blor] ]} = 1, where ot is some reference

state in T". In the Haar random case, the choice of the reference state op is not important as

long as it is normalized.

8In appendix C, we give another equivalent argument supporting our expectation of this simplification in
terms of the Kraus representation of the HP channel.
9More generally, for a quantum channel A, its adjoint channel is defined by the similar relation,

tr [\ [p] O] = tr [p/v* [O]] . (5.7)

0The terminology “Petz-lite” is introduced in [4], and we also use this terminology in this paper.
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With this N, the Petz-lite can be expressed as
1 dgdp

dD 2 dT
L2 +1
<dT) "
=g~z de Nb g1 [OpE],
1+ (-

(dD>

where in the second line, we used the relation dgdr = dodp due to the unitarity of the Haar

R 7 [Opg] = N}, 57 [Op5]

(5.11)

random unitary. For the parameter region dr/dp < 1, the normalization is just given by d¢,
which coincides with an expression obtained from another discussion. In appendix C, we give

the discussion.

5.1 West-coast notation and replica-wormhole-like objects

In the following, we are interested in the typical properties of the recovery map R for the
HP channel N. To investigate these properties, we will consider replicated quantities, such
as tr(NM[pr])" involving a product of Haar random unitaries and its average. Since such
averaging involves Wick type contractions between various pairs of Haar random unitaries in
the product, it is convenient to introduce a graphical notation that manifests which pair of
unitaries are contracted. Therefore, here we introduce a notation similar to the one employed
in [4] for modeling the black hole microstates and their statistical properties, and call this

West-coast notation.

To begin with, let us define the following black hole microstate on C, involving a Haar

random unitary
dc
)¢ = Vdedp Yy IC)Ucrs (5.12)
C=1

Here, {|C)} is the set of basis states on the Hilbert space H¢ and the index i collectively denote
the indices for both late radiation D and early radiation B, i : (D, B) or more concretely
|i) = |D) ® | B), thus the label ¢ rums from 1 to dpdp = k.

In the following, we use this type of states ‘w;‘p> o to write quantities of our interest,

instead of random unitary matrices Uc p.7 g. Under this notation, we can write

do
<¢1T 77/)]T,> =dcdp Z Uz'T;C,T Uc,r.j (5.13)
C=1
and therefore the HP channel (5.3) is given by
|k dr o
Nroplor =gz 01+ 35 (oF ol tondes. (514)
irj= T1=1
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In this notation, we call the subscript index ¢ Hawking radiation index, and the superscript

T code index.

The West-coast model treats each of these microstate |1;) by a single-sided AdS black
hole with insertion of “end of the world brane” (or EoW brane in short) labeled by the
index ¢ behind the horizon. This state has a Hartle-Hawking type preparation, in terms of
a Euclidean path integral with the EFoW brane which starts from the Euclidean conformal
boundary. In this model, the overlap between two such states (v;|1);) is computed by a
Euclidean gravitational path integral on a region of Euclidean disc enclosed by the part of

the asymptotic boundary (an interval) and the EoW brane in the bulk.

With this gravitational path integral picture in mind, here we explain the fact that there is

a simple diagrammatic prescription to compute a product of such overlaps [, (4™ |@Z1b.$>11
without directly applying the formulae for the Haar random averages, which becomes quite

involved when the number of unitary matrices appearing increases.

Then the prescription is the following:

1. For each overlap in the product (¢f;”|¢;’n’:> draw an interval with two endpoints, and
associate the labels (i, a;,) to one end and (jp,, by,) to the other. (In the West-coast
model, this interval with indices at the endpoints provides the boundary condition to

the gravitational path integral for the product of the overlaps.)

2. The n intervals prepared in this way have 2n endpoints in total. We pick up two of
these endpoints and connect them by a line, which we call the EoW brane. We repeat
this until all the endpoints are connected to the other by EoW branes. There are many
different ways to do this. One possibility is that the endpoint of the m-th interval is
always connected to the other endpoint of the same interval. Or the other possibility
is that the endpoint of the m-th interval is always connected to the point on the next
(m + 1)-th interval.

3. Each diagram D constructed in this way contains n EoW branes. We then associate
each EoW brane in the diagram with a Kronecker delta factor. If the EoW brane is
connecting two endpoints with the labels (i;,a;) and (j, by,), then this factor is given
by 0iyjmOasby- We compute this for all EOW branes in the diagram and then multiply
these factors. Let us denote this factor for the diagram by Ip.

4. Since each diagram can be regarded as (disjoint union of) two-dimensional surfaces, we

can associate an Euler number xp to the diagram. We then pick up the factor (d¢)XP

Tn the West-coast paper, this quantity is just called the product of overlap and denoted without the bar,
ie., HZ:1<¢?$W?::>’0MS = H%:1<¢§$|¢§$>WC‘~ We will use the convention with the bar to keep in mind

that we do average over random unitaries in the computation.
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Figure 17: Diagrams for computing the average of overlaps (5.19). A black line connects two

1

points that appear in the same overlap, and the blue lines correspond to the EoW branes in

Haar random averaging. Left: The disconnected diagram. Right: The connected diagram.
which corresponds to the gravitational path integral part in the West-coast model. We
then sum the total factor Ip(dc)XP for all possible diagram D.

5. The average of the overlaps is equal to the sum of these factors over all possible diagrams;

n

[[ @il = > Ip(de)®. (5.15)

m=1 DeAll diagrams

Let us provide a few examples. First, for the single overlap <w;[ ij'>. We can easily

evaluate it

- do
<’(p’LT w]T,> = dC dD Z UZ’tC,T UCvT,;j

C=1
| ——

= dc 65 07T/,
where in the second line, we used the general result for two Haar random unitaries

1
Ua,bUld = — 0adObe (a, be,d=1,--- ad)- (5'17)

d

This result can be easily reproduced from the West-coast prescription.

Next, let us evaluate the Haar average of the combination of the overlaps for later con-

T T
(ol uty - (v o). (5.18)
Clearly, by setting 77 = T» = T and 7] = Ty = T’, the above combination reduces to the

venience,

2
¢JT'>) . We can evaluate the above quantity by the diagrammatic

variance of the overlap ‘ <@Z11T

prescription mentioned above (see figure 17),

TR

¢¢T2> ~ (do)? 601,17 - 051y, + do Sudryms, - 85501377 (5.19)
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This coincides with the result obtained by using the Weingarten formula,

1
Uay by U<1L1,d1 “Uasz by UcTz,dz T B2_1 (Gardi Oy * OasdsObses T OardsObics * Oazdy Obsc: )
1
d (d2 _ 1) (5a1d1 5a2d2561625b201 + 6a1d25a2d1 6b101 5b2c2)

+
(a,b,C,d: ]-a ?d)
(5.20)

In general, the prescription introduced here correctly computes the average over Haar
random unitaries in the product of overlaps, as long as the rank of the random unitaries
d=dc dp = dr dy is large.

Furthermore, the adjoint channel (5.6), in terms of the West-coast notation, is given by

dr k
1 /
N porlOpsl = —— S |01 - > (WF [wl) (il Opg i) . (5.21)
kdc 4 ij=1

Below, using this graphical expression, we evaluate several relative entropies to check the

validity of the approximation R ~ N/T.

5.2 Relative entropy: Sufficiency

As we have mentioned, the decoupling condition (5.2) implies that there is a recovery map for
the Hayden-Preskill channel (5.3). Another characterization of the existence of the recovery
map R for given N is the notion of sufficiency [10, 11, 21]. To state this, let us first recall

the fact that relative entropy satisfies the monotonicity property
S(pllo) = SN pl|IN[o]) (5.22)
for any CPTP map N. By repeating this, we have
S(pllo) = SNIpl|IN[o]) = S(R N [p]] IR [No])), (5.23)

therefore if the recovery map exists R o N = 1lcoge, then S(pllo) = S(N|p]||N]o]), for any
density matrices on the code subspace. This condition is known as sufficiency, and it was
shown that if N satisfies this condition, the recovery map is given by (5.5). Here we would
like to check the HP channel (5.3) does satisfy sufficiency, by directly computing the relative
entropy S(N[p]||[N[o]) in the presence of the quantum channel N !2.

Since our interest is a typical result under the Haar random average, we consider the
Haar averaged relative entropy, S(N[p]||NV[o]). To evaluate the relative entropy, we use the
replica trick [28]

STV = lim —— (log it W] - logr WV 1)) . (5.24)

n—1mn —

12866 [26, 27] for related discussions on original Petz map cases.
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T i1

Figure 18: Left: The dominant diagram for (5.26) when dp < dr (disconnected diagram).
Right: The connected diagram dominating the sum at dr < dp.

Generally, since it is difficult to evaluate the Haar average of logarithmic functional, instead

of the expression, we consider

SV ~ lim —— (log irVIo] ~ log x WV 1)) . (5:25)

n—1

It is known that in the large Hilbert dimension limit, this quantity is almost equal to the
original one [29, 30]. For a moment, let us focus on the first term of (5.25). Using the

West-coast notation (5.14), the trace tr [N[p]"] can be written in terms of overlaps,

n—1

ko dr
Z: Z U( lm+1>meTm) (5.26)

tr [NV ]p]"]

where iy = i,, and the bold fonts ¢, T in the summation symbol mean the sum with respect
to the set of indices; S8, =SF _ ... 3k

io=1 ip—1=1"
In computing the Rényi entropy (5.26) we need to evaluate the product of overlaps
| - < \wzmH} with [¢]') = [¢]) and its Haar random average. We do this using the

dlagrammatlc technique introduced in the previous section.

Among all possible diagrams, we are particularly interested in the ones dominating the
sum, both in early times (dp < dr) and late times (dp > dr). We now argue that the
fully-disconnected diagram (the left panel of figure 18) where, for all EoW branes, the starting
point and endpoint are on the same interval dominates in early times, and the fully connected
diagram (the right panel of figure 18) where the indices form a single loop, dominates in late

times by explicit calculations. The calculation here is very similar to the ones in [4, 30].

First, let us evaluate the contribution of the fully disconnected diagram. Since the con-

tribution of this diagram is evaluated as

n—1 n—1
[Twhwiny | =de T1 (Sminesdtm, ) - (5.27)
m=0 discon m=0
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The contribution of this diagram to the Rényi entropy is

dr
—_— 1 1
t n =— -k (do)" =——(t " (5.28
r [N[p] ] fully discon (k‘ dC)n ( C) TZ::I/)T1T1 PTT, PT,T, (kj)n_l ( r [p]) ( )
Similarly, the value of the fully connected diagram is given by
n—1 ~ n—1 1
[T @i =de I] (6g,0m,) = CINGPT| = ey o).
m—=0 m—=0 ully conn (dC)
fully conn
(5.29)
Combining these two results, tr [N[p]"] is given by
—_— 1
tr [Np]"] = — = (tr [p])" + —— = tr[p"] + -+, 5.30
(! (o) (>:30)
where - -+ means contributions coming from partially connected saddles.

Since there are upper and lower bounds on tr [p"], that is, 1/(d7)"! < tr[p"] < 1, we

can see that

—_— 1 n 1 n
tr [N p]"] = D (tr [p]) +Wtf[P [+
2
9 .

Thus, when the necessary condition for the decoupling condition, dr/dp < 1, holds, the

dominant contribution is given by the fully connected saddle.

We have to carefully evaluate the precise range of m where the value of the connected
saddle gets larger than that of the disconnected saddle. This value of m depends on the
density matrix p on the code subspace, and gets maximized when it is the maximally mixed
state p = Ip/dp. Therefore, after k > dcdr, the connected saddle becomes the dominant one

for all density matrices in Hcode-

Next, let us evaluate the second term of (5.25). This computation is completely parallel

to the above computation. In terms of the overlaps, it is given by
1 k dr n—1 ~ n—1
n—1 T, Tm
[NVl = e 2 2 (H (Wi rwz-m@) Pr, (H ) 632
=1 T,f':l m=0 m=1

The contribution of the fully disconnected diagram and the connected diagram to the
second term of (5.25) can be evaluated, again by substituting the result (5.27) and (5.29)

HMMNM“Wmm:u;AUMHHMWH VIV oo = ——r tr [00" 1]

(de)
(5.33)
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Thus, using these results, we obtain
1 1 1

tr [N [plN[o]"~1] = P tr[p] (tr[o])" " + e tr [po"1] 4 -
—— k<de & dr < (dT>2 (5.34)
(k)" dp
;tr [pg"—l] k> dodp < (dT>2 <1
(de)" dp
where --- again means contributions coming from partially connected saddles, and also in

the second approximate equality, we assumed that 1/(d7)"" 1 < tr [pa”fl] < 1 in order to

obtain the conditions!®.

Now that we have evaluated the two terms that appeared in the relative entropy, we can

obtain the resulting relative entropy

SINTAIVTo]) ~ lim —— (1og bx Vo] — log tr IN[pIN o™ 1])

n—1n—1
dr\?

0 k<<deosdr < | —

lim (log tr [p"] — log tr [pa”_l]) k> dcdr < dr 2 <1
(n—>1n—1 dp

dr\”
0 k<<dosdr< | —
dr\?

S(plle) k> dcdr < 1 < 1.

\ D
(5.35)

Thus we can conclude that, when the condition dy/dp < 1 is satisfied, the relative entropies

obeys the relation

SWIpllIV[e]) = S(pllo). (5.36)
This result implies that the condition of sufficiency holds for the Hayden-Preskill channel
when (%)2 < 1.
5.3 Check the recovery map

We argued that in chaotic systems, the Petz recovery map (5.5) gets simplified and is reduced
to so-called Petz-lite map RY*defined in (5.11). In this section, we show this by checking

2
S(RLt [N pr]] |lpr) =0, when <ZIT)> < 1. (5.37)

n—1

'3If the support of the density matrix p is not contained in that of o, then tr [po”~'] = 0, implying the
divergent relative entropy S(p|lo) = co. In that case, we would need another treatment, thus we do not

consider such a case in this paper.
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for any density matrix pr on the code subspace. This means that at sufficiently late times,
one can recover pr from the state of the Hawking radiation N[pr] by applying the recovery
map RUMte,

One can show this by computing the relative entropy by the replica trick similar to (5.24),

SR Moo lpr) (1og tx(RE N [p]])" — log tx(RE [N pT)) . (5.38)

= lim ——
n—1n—1

In terms of Haar random unitaries, R [N[p7]] is given by

R Wlpr]] = % ’ d]jljD 'NlT),B—>T WNr—p.5 [Pl
. ]. dT T T/ 1 dT k T T 7 T
=5 2 P 2 el ) (e o) i
T,7'=1 T1T'=1147j5=1
(5.39)

Therefore the first term in (5.38) is given by

RN = s 3 S 3 T (vl (vl

T,T/:l ’f‘,’fv:l 7’7.7:1 m=1

T,
Vi > mef;n> :

(5.40)

We compute this by following the procedure explained in section 5.1, namely by preparing
an interval for each overlap, and connecting the endpoints of the intervals by EoW branes,
then evaluating each diagram generated in this way. As shown in the figure 19, the m-th
replica consists of two intervals with indices for Hawking radiation 4,,, j,,. Therefore, it is
clear that when k = dpdp is sufficiently large, the dominant diagram is the one connecting
the endpoint with the index i,, in the first interval to the endpoint of the second replica
with the same index in the same replica (the right panel of figure 19). Similarly, we connect
the endpoints with j,, in this replica. This is because, if there is an FoW brane connecting
endpoints with distinct Hawking indices (say i, j), then the value of the diagram is significantly
reduced in the large-k limit because of the Kronecker delta factor d;; coming from the EoW

brane.

This means that in the dominant saddle, two different replicas are not connected by any
EoW brane, because they start and end at the same replica. This means that the Rényi

entropy is a self-averaging quantity

(R Vo) = o (RE V) (5.41)

A similar statement holds for the second term of (5.38); therefore, we conclude that the

relative entropy of our interest is also self-averaging,

S(RM Nlprll [lor) = S(RM* [Nprl] llpr)- (5.42)
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Figure 19: Diagrams for the product of overlaps appearing in the calculation of (5.40). Left:

disconnected diagram. Right: The connected diagram.

when k is sufficiently large. This implies that in the relative entropy, one can replace

RUte [N [pr]] with its average Rt [N [pr]]. The average of the density matrix is given by
R W] = — (o () I (5.43)
pril= < dr > 2 \” dp dr |- '

A more precise way to argue this is the following: Let us compute

tr [(RLite o]l - RLite[/\/'[pT]])Q] = tr [(Rb W pr]))?] — tr [(RLWN[/)TH)Q] .

(5.44)
Then, the right hand side of the above equation is given by
— (2+dptr + (d
(Nk(dc)2dT)2 kdo | k2 ( T [p] (dr) )
1 2 2 2 1 2
(5.45)
which becomes small when k& > dodr. By plugging this expression, we have
S(RYt Npr]]llpr) = S(RY* [Npr] |lpr)
It dr\
Slpll— k<decedr< | — (5.46)
dT dD
dr\”
0 k>dedr < | — | < 1.
dp

Thus, for early times k < d¢, the relative entropy is non-vanishing unless p = Ip/dp, but
for late times do dr < k, the relative entropy is vanishing. This result implies that when
k> dodp, RM* indeed works as a recovery map.
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5.4 Relation to the Yoshida-Kitaev protocol

So far, we have shown that when k > dcodr, the Petz-lite RU* ~ AT indeed works as a
recovery map. However, we have not discussed the physical interpretation of the Petz-lite.
Thus, in this subsection, we explain the interpretation by showing the equivalence between
the Petz-lite and the well-known Yoshida-Kitaev (YK) protocol. The relation between the
Yoshida-Kitaev protocol and the Petz map has been suggested by Yoshida [12, 13].

In [18], Yoshida and Kitaev proposed an interesting recovery protocol for the object
thrown into the black hole T' from late and early radiation DB. A brief summary of their

protocol is as follows:

1. In addition to the original Hayden-Preskill setup, introduce a copy of the diary and the
reference, denoted by R'T’. We choose the state on R'T” to be an EPR state. Bob can
manipulate Hawking radiation DB and R'T’. Before applying the decoding protocol,
the state of the total system is

Wrp) @ [EPR)r77, (5.47)
where |V p) is the state on RCDB given by (5.1).

2. We then use the early Hawking radiation B and the copy of the diary 7" to simulate
the black hole dynamics by applying U* which is the complex conjugate of U for the
time evolution of the original system. After the simulation, the total system consists of
RCDR'C'D’, and the state is

3. Post-select to the EPR pair on DD’. If it succeeds, the state on RR’ is the EPR state

with high fidelity, meaning the success of information recovery.

The quantum circuit for the protocol is shown in the left panel of figure 20. Combining these

steps, the quantum channel R}l;,]fg _ g for the Yoshida-Kitaev (YK) recovery map is given by

Rb5r [ODB]

1 *
= oz trer | Do {EPRI U vy (ODB © |EPR) v <EPR\) UL 7vcr.p [EPR)p |
(5.49)

where Nyk is a normalization factor given by

Nvk = |p,pr (EPR|Wy )| = + (5.50)
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Figure 20: Left: Yoshida-Kitaev decoding protocol. Right: operator transpose that pro-

viding the key equivalence (5.54).

For the above YK recovery map, we show the equivalence between the YK recovery map
R\DﬂfB _ p and the Petz-lite (5.9), R%fg _,7 up to the isomorphism Vr_,r/ between systems T’
and R/,

RS r [OpB] = Vi RES 1 [OpB) Vi g (5.51)

where Vp_, pr is explicitly given by

dr

Vrp = dr 7 (EPRIEPR) 1 p = Z

T=1

T>R, T<T‘ . (5.52)

The argument for the equivalence is summarized in the right panel of figure 20. We start
with the YK recovery map (5.49). First, we rewrite the trace of subsystem C’ in the YK
recovery map as

trer [O] = do ¢, (EPR| (Ic ® O) [EPR) ¢ o (5.53)
and introduce two EPR states [EPR), b, and [EPR) ¢ 0.
Next, by using (5.53) and the relation (see appendix D for the derivation)

Ul prspr [EPR) ¢ o ® [EPR) , p = Uarse,p [EPR) 4 5 ® [EPR)p v (5.54)
the YK recovery map (5.51) can be rewritten as

Rb'5r [OpB]
do

= M (A.B(EPR|® 11 (EPR|) {UI{,THC,D (ODB ® |EPR) ¢ g <EPR\) UA,T—)C,D:|

x (IEPR),  ® [EPR) 7,

d
= N75K (T,T/ <EPR!EPR>T,7R,)
x a,B(EPR] [UZJE,A—KJ,D Ops UT,A—>C,D} |EPR) 4 p
% (7w (EPRIEPR) . )
dc
~ (dr)? Nyk Vi Ng,B%T,A [Op,5] V%HR,,

(5.55)
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where in the final line, we used the definition of the isomorphism (5.52) and the adjoint HP

channel (5.6). Additionally, the above overall constant (dT)(éicNYK coincides with that of the
Petz-lite (5.11), since
dc dc
= , 5.56
(dr)? Nyk <dT>2 (5.36)
I+ (-
dp

where we used the definition of Nyk, (5.50). Therefore, the above expression implies the
desired relation (5.51).
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6 SYK model and OTOC

The Sachdev-Ye-Kitaev (STK) model[31-36] is one-demensional quantum mechanics with all-
to-all random coupling made of N Majorana fermions. It gives a great insight of holography,
quantum gravity and also condenced matter physics such as strange metal and non Fermi
liquid. We review this SYK model here because we use this model as the chaotic system caus-
ing scrambling in the latter half of our paper. In the large N limit, the SYK model becomes
solvable and in low energy (IR) limit, it has a conformal symmetry. Small deformation from
the IR CFT theory is stated with the Schwarzian theory, which is a holographic dual theory
of JT gravity, so the SYK model is used in study of traversable wormhole in two dimensional
gravity. JT gravity with matter coupled is a fundamental tool of East Coast model of Island
rule, which we explain briefly in Appendix B. In this section, we introduce the basics of the
SYK model. First, we introduce the definition of the SYK model and show that in the large
N limit, the thoery becomes classical and solvable with a Schwinger-Dyson equation of the
propagators G and . We explain this by two methods: diagrammatic perturbation theory
and an effective action. Then we show that in low energy (IR) limit, G and ¥ have confor-
mal symmetry, so G can be decided as a conformal two point function. Next, we derive the
Schwarzian theory as a small deformation by CFT. Finally, we briefly explain the calcula-
tion of four point functions. There, behaviors of soft mode contributions by the Schwarzian
action in out-of-time orderd correlator (OTOC) case and time orderd correlator (TOC) case
are different in time dependence. In OTOC case, the correlator grows exponentially in time
whereas independent of time in TOC case. This behavior caused by scrambling of the SYK
model and has strong relation with quantum chaos. We explain OTOC and Lyapunov growth

briefly in the end.

6.1 Definition of SYK model

In this section, we review the fundamental topics of the SYK model, following the paper of
Sérosi [33] and the paper of Trunin [34]. The SYK model consists of N Majorana fermions

with all-to-all random coupling. The action is

N N
Iy = [dr |3 Y e@omn(n) = 3 3 Tubu@unam| 6
i=1

’ i7j7k7l:1

where 7 is a Euclidean time and is obtained by the Wick rotation 7 = ¢t. Fermion operators

1; is Hermitian (1/}3 = 1);) and satisfy the anti-commutation relations:
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Here, N is even (N = 2K, K € N). We set a complex basis

*(1/)21 — 112i41)

g

(6.3)
CIZE(%H-WQHQ =1, K,
then we get canonical commutation relations of fermions:
{eigy ={cl. e} =0, {ecjy =4y (6.4)
A vacuum state |0) is defined by ¢; |0) = 0 and then we get a general state as
(eD)™(e))™= -+ (ch)™ [0} (mx=0,1) (6.5)

There are 25 = 2% states. These are the irreducible representation of the Clifford algebra.

Jijii is chosen randomly and independently by the Gaussian distribution with mean p = 0

and variance o2 3"7 . It means that the probability distribution of J;;x; is
N3JZ,,
P(Jiji) = exp <— 12}2 (6.6)

In the above explanation, we think of a four-body interaction. We can generalize it to g-body

interaction (¢: even)

H=it > ity (6.7)

1<iy <+ <ig<N

Here, J;,...;, is chosen randomly and independently by the Gaussian distribution with mean

Na—1
theory, we can get the deep and important essence of the SYK model.

p =0 and variance 02 = (‘1‘12”2. By thinking of % expansion and taking large ¢ limit of the

6.2 large N

In the large N limit, the SYK model becomes solvable and gives a classical equation of motion:
the Schwinger-Dyson equation. We derive the Schwinger-Dyson equation by two methods.

First we explain a pertubation theory of coupling J

6.2.1 Diagrammatic derivation of Schwinger-Dyson equation

The mass dimension of ¢ is 0, so J;;1; and J have the dimension of energy. A time ordered

two point function is defined as

Gij(T = 7') = (Tei(r);(7"))

(6.8)
= O(1 — T)(Wi(7); (1)) — O(7" — )W (T")i(7))
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where O(7) is the Heaviside function and (1) = e™ ;e ™. We define an averaged two

point function as
1
Gir—1)=— E Gi(r—1) (6.9)

We think of a free theory before explicating perturbation theory. In the free theory, H = 0

because of zero coupling, so 1;(7) = 1;. Then the free propagator becomes

Gle(r =) = (00 = )~ O — )ity + vy
(6.10)

1
= §5ij sgn(t —7').

Here, we used the symmetry of ¢ <+ j in Gfree( — 7') and the anticommutation relation
(6.2). The signature function is defined as sgnT = ©(7) — ©(—7). Averaged free propagator

becomes

Gfree

N
Z Gfree -

sgn(r —7')

Z\H

(6.11)

| =

In order to consider a thermal system with finite temperature 5 = %, we move from

g ) with a monotone

the Euclidean line 7, € (—00,00) to the Euclidean circle 7. € [—5, 5

function such as

Tline = tan 7T7—cg"cle (612)
Teirele has B periodicity: Teirele ~ Teirele + 8. Thermal two point function is defined as
Gij,p(r —7') = (TWi(1)1;(7")) 5 (6.13)
| N
Ga(r —7) =+ 2 Gii (T — 1) (6.14)
1=

where (---)3 denotes the average over the canonical ensemble:

trfe=BH ]

o=t 6.15
()o =" remm (6.15)
In the free theory, the propagator and the averaged propagator become
1 ot —=1
Gf;eeﬁ( ,) = §5usgn <Sln (B)> (616)
1 _
G(r — ') = Lsmm <sin m(r—7) = >> (6.17)
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This reflects the fact that the thermal propagator is antiperiodic with 7 — 7+ 3. Indeed, for

T>0,
T e_BH i\ T i
Gijp(T+8) = il ﬁ[i;]ﬁ)%(o”
tr[gi(r)e P y;(0)]
B trle=AH]
tr [e™ P4 (0)hi(7)]
tr[e—AH]

r[e BPH i (7)1 (0
= [ tr[:f(ﬂb)[;/)]( ) = —Gij,5(7)

(6.18)

In the third line, we used the cyclic property. Also Gij7 5(7 —7') is antisymmetric with 7, i.e.
Gijp(T —7') = =Gij p(7' = 7).

From here, we consider the perturbation theory of a four-body interaction. It can be easily
applied to a ¢-body interaction theory. By an ordinary calculation of the loop correction
to the free propagator, a two point function is obtained as the product of Jj;i’s. Then
we take average of randomness of .J;;r;’s, which is written as (J---J)y where J’s express
Jijii’s. Because of the average over the Gaussian distribution, the product of even number
of J’s can be divided to the product of (JJ); called a "disorder pairing”. We divide like
(J---J)yg—=(JJ)y---(JJ)s. The disorder pairing is calculated as

J2
<Ji1j1k111 Ji2j2k2l2>J = 3! N3 5i1i25j1j25k1k251112 (6‘19)
There are several ways of the disorder pairing in the Wick contraction calculation. In the
Feynman diagram, a four point vertex corresponds to Jjjr. Diagrams which contain odd

number of J;;;; become zero. For example,

S ) = (JiguGir)s = 0

The diagram with two vertices is the following melon diagram. There is one (J.J); so it

is necessary to calculate one disorder pairing.

_ o o free ;yfree free
@ N <JlljlklllJ12]2k2l2>JGlll2Gk1k2Gj1j2

= 3!J2(Gfree)35ili2 = O(NO)
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When we consider a melonic diagram with more than two vertices, we must consider sev-
eral disorder pairings because there are several ways to divide (J---J); to (JJ)j---(JJ).
In fact, disorder pairings between different melons cause O(N~!) suppression and it is nec-
essary to think of only disorder pairings in the same melon if we take the large N limit.
For example, the following melonic diagram with four vertices has three ways of division
(JIJJT) g = (JJ)s(JJ);.

<Ji1j1k111 Ji2j2k2lz Ji3j3k3l3 Ji4j4/€4l4>J

free /free Afree p¥free free pyfree free
X Gty Glai Glgly Ghishy Gsja Cor ks G

= (<Ji1j1k111 Ji2j2k212>J <Ji3j3k313Ji4j4k4l4>J
+<Ji1j1k111 Ji3j3k313>J <Ji2j2k212Ji4j4k4l4>J
+<Ji1j1kll1 Ji4j4k4l4>J <Ji2j2k212Ji3j3k313>J)

free (¥free (¥free sfree free yfree free
X G Gl Gty Gk G Gk, G155

The first term, which takes disorder pairings in the same melon, becomes

12
free free ~free ~free ree free ~free __ (3)
(Jivjrkrts Jigjakata) J (Jisjsksls Jisjakals) T Gliis Glyig Gty Ghisky Giaga Ghiks Girga = 5

= O(N?)

J4 (C;vfree)ﬁi(sili2

(6.20)
On the other hand, the second term, which takes disorder pairing between different melons,

becomes

free free ~free ~free ~free ~free ~free (3‘)2 1 4 ¢ ~free\4
<Ji1j1k1l1 Ji3j3k313>J <Ji2j2k212‘]i4j4/€4l4>]GlligGlgi4Glgl4Gk3k4Gj3j4Gk1k2Gj1j2 = 4 N2 J (G ) 5i1i2

=O(N7?)

(6.21)
and is suppressed by O(N~1). The third term is similarly suppressed by O(N~!). Therefore,
we can carry out the ordinary process of loop correction to propagator, in which two point
function G(7 — 7’) is obtained by the expression like figure 21. If we express a self energy %

and define a bilinear kernel as

(4B)(r.7) = [ dr" (1B ) (6.22)
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Figure 21: Loop correction to the propagator to calculate G(r — 7’). Dotted lines express

disorder pairing.

Then we get the Schwinger-Dyson equation as follows.

G = Gfee | Glreeyyfee
— Gree[] 4 nGiee 4]
— Gfree]] — nfree] 1
— [(GfeeyL 3]

(6.23)

Because of (G¢¢)~1(7,7') = §(7 — 7/)0,s, we can express the Schwinger-Dyson equation as
G=10, -3 (6.24)
where Y is calculated as
S(r,7") = JA[G(r,)]? (6.25)
In the ¢-body interaction theory, the Schwinger-Dyson equation can be obtained similarly as

G=10, - %!

(6.26)
Yy = J2qe!

6.2.2 Effective action

In this subsection, we introduce the large N effective action I.¢; of the SYK model and
expalin that the Schwinger-Dyson equation is derived as the classical equation of motion
extremizing I.rr. We assume g = 4 here, but the generalization to the g-body interaction is

straightforward. The partition function is expressed as the path integral

1
Z(Jijwi) = /D”%‘ exp | — / dr | 35 oo+ Y Tgutibtedn | |- (6.27)
i 1<i<j<k<I<N
We evaluate (Z) j, the average of the partition function about J;j; and derive large N effective
action. The essence of the calculation is giving up the path integral calculation in N Majorana
fermion field ¢); in eq. (6.27) and changing the variables to the fermion bilinear field G(7, ")

which is constructed by averaging large N Majorana fermions. Let us explain the method.
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Since J;jx; is chosen randomly and independently from the Gaussian distribution with mean

. 1J2
1 = 0 and variance o2 = %’V—JB,

N3 ‘]izjkl

1<i<j<k<I<N N3

2
This integral can be carried out by the formula f dre—ax’+be — \/ge%a and we obtain

2
Z>J = /D¢l exp —/ClT; 2221/11(7')(")71/)1(7') + Z % //deT/(imf)ﬂZ)M/)l)(T)(%%%M)(T/)

1<i<j<k<I<N
(6.29)
Using ¢?(7) = 0, the second term can be rewritten as
4
Y. W) (N Wabybw) (7) = 5 [Z Gi(T) il ] : (6.30)
1<i<j<k<I<N
Then just like the Faddev-Popov path integral method, inserting 1:
1= / DGS (NG(T, ) - qui(fm-(f'))

’ (6.31)

= /DGDZexp

_];//deT’Z(T,T’)< 7,7) szpz (T )]

to the path integral. Here, G(7,7’) is the fermion bilinear field defined as G(7,7') = + >, 1 (7)¢i(7')
and the first line expresses the constraint. 3(7,7’) is the Lagrange multiplier giving the Delta

functional. After inserting 1 to the path integral, we obtain

7y, = / DyDGD exp | - / dry S vilT)0r(7)

—% / / deT’NE(T,T’)< T ZW Zr’) (6.32)
+ J;N / / drdr’ (G(T,T’))“}.

Carrying out the path integral about ; by using the Gaussian Berezin integral formula

fdweféw‘w = v/det A, we obtain

J_/DGDE [det (8, — ¥)]% ex { //deT ( _JG4>] (6.33)

= / DGDYe NlerslGE]
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Here we defined the large N effective action I, ;¢ [G, X] = —1 log(det(9; — X))+3 [ [ drdr' (2G—
J;G‘*). We keep in mind that det(d, — %) means det(6(r — 7/)0, — X(7,7')). We find out
that the reason why N3 factor is contained in the Gaussian distribution is that we can ex-
clude N from the effective action I.fs. N behaves like 11, so the large N limit is correspond
to the classical limit. Finally, by applying the principle of the least action to I.ff, we can
obtain the Schwinger-Dyson equation. In ¢-body interaction theory, the large N effective

action becomes
I ¢|G,E] = —flog(det (0r — X)) //deT YG — —Gq) (6.34)

and the Schwinger-Dyson equation is eq. (6.26).

6.3 Conformal limit

In low energy (IR) limit, the SYK model becomes a one-dimensional CF'T. We see the behavior
of the SD equation (6.26) in IR limit. The coupling constant J has the dimension of energy,

so IR limit means w < J. Using i0, = w, the SD equation in the Fourier space becomes

1 ,
w = —iw — X(w). (6.35)

Since ¥ o J? > w, we can drop the first term in the right hand side and the IR equation

becomes G(w)X(w) = —1. By inverse Fourier transform, we obtain the IR equation:

/dT"G(T, (", ) =6(r - 1),
Y(r,7') = J*[G(r, 7)) .

(6.36)

This means that we can drop 0, in IR limit. We can show that G and X satisfy a conformal

Ward identity with a conformal dimension A = %:

G(r,7') — [ (1)@ (T2 G(p(r), 0(7"))
S(r, ) — [ (1)@ (7)) 2V (o(1), (1))

with some reparametrization 7 — (7). We found that in the IR limit large N SYK model has

(6.37)

a conformal symmetry, which is realized as reparametrization symmetry 7 — ¢(7). w < J is
equivalent to |7 — 7/| > J~!. This reparametrization symmetry is broken away from IR due
to Oy term. In the CFT, the form of correlation function is decided without solving equation

of motion made by specific Lagrangian. By the conformal Ward identity, the conformal two

point function is decided as (¢p(x1)d(x2)) = |xfOT;Stl ~ for some quasi primary ¢(z), we can

expect that in IR limit, G(7,7") becomes

b
T/PA Sgn(T — 7',) (638)

Ge(r,7) = ’
-
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with some constant b. Here, the subscript ¢ of G, means ”conformal” and A is a conformal
dimension. We can guarantee this solution and decide b by solving the IR equation. If we
consider an ansatz like

sgn(r —7")

Ge(r,7") = bda(r —7'), Se(1,7) = JqufldA(q,l)(T —7),da(r —7) = A (6.39)

|7 — T

the second equation of the IR equation (6.36) is satisfied. Thus we solve the first equation,

which is G(w)X(w) = —1 in the Fourier space. The Fourier transformation of da (7 — 7') is

da(w) = 2i cos(rA)T(1 — 2A)ﬁ (6.40)

inw > 0, and w < 0 case is considered by da(—w) = —da(w). Plugging this into G(w)X(w) =
—1, we can conclude
Ge(r,7") =bda(r — 7')
Zc(Ta 7—,) = Jqu_l dA(q—l) (T - T/)
sgn(r —7')
da(T) = ———%+-
)= s (6.41)
1
A=-—
q

1 1 1
bq:7[J2<2—q>tan;r

We obtain the exact solution in IR limit. In the UV theory, we can also get an exact solution.
UV means 7 < J 71, s0 J = 0,5 — 0 leads to G ~ 9. We obtain G(7,7') — isgn(r — 7/)
in UV limit.

In a finite temperature theory on the circle 7 ~ 7 4 3, the thermal two point function is
obtained by the relation (6.12) as

2A
Gae(r,7) =10 S sgn(t — 1)
’ 5o =)
A (6.42)
1 1
x .
P o
We used that for 7 € [—g, g), sgn <tan %) = sgn (sin %) = sgn(7) is satisfied. By the
analytic continuation to the Lorentzian time ¢t = —i7, we find that
1 1 _2mA
Gpolt) o 5 ~oce B (6.43)
(BJ)a sinh%t

and this becomes exponentially small as the time scale t; = % ~ . We call this as a

”dissipation time”.
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6.4 Schwarzian action

In the previous section, we saw that in IR limit, the large IV classical theory has a conformal
symmetry and the saddle point of the two point function G is decided to conformal two point
function without solving the full SD equation. The appearance of 0, due to leaving away from
IR limit breaks the conformal symmetry. In this section, we review this symmetry breaking
carefully, following the paper of Trunin [34]. We consider ¢ = 4 case. We divide the effective
action (6.34) to a conformally invariant part and a non-invariant part: I.yr = Icpr +Ig. We

call Ig the Schwarzian action. Iopr and Ig are written as

4
Icpr = —% log (det(—E(T, 7"))) + ;//deT/ <Z(T, ™G(r,7') — JZG(T, 7")4> , (6.44)

__//deTQsT—T 10.G(r, 7' _—//deT'G (G, (6.45)

where we defined Gy (r,7') = §(1 — 7/)0r. Icrr reproduces the IR equation (6.36). Ig is
not effective in IR limit (8J > 1) and is expected to be proportional to 5%], representjn% the
physics around |7 — 7| < J~!. We consider the deformation from the saddle point (G,>) as

G=G+ \(Sgl Y =3+ |G|6%. Ly is written as

1 . ~ _ -
Ijr =~ 1 /dﬁdngngméE(ﬁ,Tg) (|G(T1,7’2)| G(11,73)G(72,T4) |G(Tg,7’4)|) 0% (13,74)

1 3.J2 :
+ 5 dridm (5G(7‘1,7‘2)(52(7’1,Tg) — 7(5G(7’1,T2)

1 2
= — 5o (0S| K 1%) + (6G|5E> _ ﬂ (6G15G) = L4 [6G, 5%],
(6.46)
where we defined the ladder kernel K as
K(11,72;713,74) = —3J2|G (11, 7)| G(11,73)G (12, 74) |G(73, 1) (6.47)
and |A) = A(r,7') is acted by K as
K|A) = /dT3d7‘4K(7’1,7‘2;T3,7‘4)A(7‘3,7‘4). (6.48)
An identity operator is defined as
1
I(T1,79;73,T4) = 5 (0(11 — 13)0(12 — T4) — 0(T1 — T4)d (T2 — T3)) (6.49)
I'A) =[4)
and an inner product of |A) = A(7,7') and |B) = B(7,7') is defined as
(A‘B> = /dTldTQA*<7'1,TQ)B(T1, 7'2) . (6.50)
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The ladder kernel K and the identity operator I are antisymmetric under 7, <> 75 and 73 <> 74,

and symmetric under (11, 72) <> (73,74). After we integrate out the Lagrange multiplier X,

we obtain
I.;7[6G] = —log / Dixe lers0GIE] — 34‘]2 (6G| (K™Y =1)]6G) . (6.51)
If we take IR limit of this action naively, we may think of as
1u31166) — Torsl66] ~ 2 (56 (K. — 1) 5G) (6:52)

where K, is the ladder kernel (6.47) with G changed by G.. However, this naive guess cannot
fully treat the fluctuation around the saddle point. The conformally invariant action (6.52)
becomes zero if we consider the fluctuation §G which conserves the conformal invariance.
Using G = G.+ % and ¥ = J2G2 +3J2|G.|dG and solving the IR equation (6.36), we reach
(I — K:)0G = 0 and (6.52) becomes zero. Thus we must study how Is changes under the
conformal transformation (6.37). After the reparametrization 7 — ¢(7), G¢(71,72) changes

" _sgu(n — 1) ¢'(m)2¢ (1)
Geln) @) == T s Totm) — plma)PS (6.53)

If we expand this near 7 = 71"2”2 in the power of 7190 = 7 — 79,
A
G(11,72) = G.(11,72) (1 + ET122 Schlp(T), 7] + (’)(7'132)> (6.54)
" /1 2
where Schlp(1),7] = % -3 (%) is the Schwarzian derivative. Using this and dropping
O(13,) term, we can evaluate the Schwarzian action as
1 —1 1 —1 ~ A 2
Is = —5 (Gyt6G) = —5 drdri2Gy~ (112)G(T12) 5 Ti2 Schp(T), 7]
A 9 =
= —35 [ dn20(112)0n, (ThG(r2)) [ drSchlp(r), 7] (6.55)
=555 [ ansna, (G) [ arschlotr).

where n = Jr2. We set ag = %fdn d(n)0oy (772@(17)). This can be calculated as ag ~
0.48 x % by smearing §(n) and introducing suitable UV and IR cutoffs. We reached the

concrete form of the Schwarzian action:

Is = —0‘75 dr Sch[p(r), 7] . (6.56)
In the finite temperature theory, it becomes as follows.
as [3 mo(T)
Ig=-=2 dr Sch [tan L4 ,T:| (6.57)
J J-s B
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6.5 Four point function

In this subsection, we explain the calculation of the four point function of the SYK model,
following the paper of Trunin [34]. We consider the following averaged four point function,

which is averaged over large N Majorana fermions:

N
% > T i) i ()5 (73)eb; (a))

ij=1
= [ P6D2 61 G m) + 1 (Glon, )G, ) — Gl 7)) | N1
(6.58)

Here, I sy is the partition function which the effective action I.s is used for the path integral.

=

We can set 7 > 19,73 > T4, 71 > T3 without loss of generality. We define G as a saddle point

(classical solution) of I.rs and define the connected four point function as follows.

N
1 s -
F (71,7573, 74) = N2 Z (Ti(11)i(2)Y;(13)(14)) — G(71, T2)G(T3, T4) (6.59)
ij=1
In the IR limit, G is the conformal two point function Gf . We consider a small deformation
from the saddle point G = G2 which conserves the conformal symmetry as 6G! and a small
deformation which breaks the conformal symmetry as dG=. If (7) is some reparametrization

which conserves the conformal symmetry,
8Gl(11,m2) = GE(p(n1), ¢(72)) — G2 (11, 7). (6.60)

The connected four point function F can be expressed in the following expansion:

1
F=Fot+ / D6GIDSGHDY (5G (11, 72) + 6G* (11, 72))
x (6GI (13, 74) + 6G* (73, 14)) e~ NUorr+ls) (6.61)

1
=Fo+Fs+ Ferr+ O <NQ>
Here, the bare four point function Fp, the Schwarzian term Fg, the CFT term Fopr are
defined as: )

Fo = N(é(n,m)é(mﬁg) — G(11,73)G(2,74)) (6.62)

B [ Do e=Nisle]
[DSG+ 6G* (71, 72)0G* (73, 74) e~ Nleps[6G*]
[ DSGL e~ Nless10G]

Fs = (6G (11, 72) 6G (73, 14)) s (6.63)

Forr = (6GH (11, m2) 6G* (13, 74))orr =

(6.64)

— 67 —



respectively. The term which mainly contributes to the exponential growth by OTOC in large
BJ is the Schwarzian term Fg, which is calculated by the path integral with the Schwarzian
action Ig. Although Fopr also shows OTOC behavior, Fg is larger than Fopr by the
factor 8J, so we focus on evaluating Fg. We review the formula to calculate Fg in the next

subsection. See [34] for the detailed derivation.

6.5.1 Soft mode contribution of four point function

The Schwarzian term of the connected four point function can be evaluated by the following

equation.

Fs(T1,7T2; 73, T4) <5G” (71,7'2)5G!|p(7'3,7'4)>3
G§(71,72)G§(7'3,T4) Tl,Tz)G’B(T3,T4)
3

T1
/ d7'5/ dT@ (50(75)50(7)) s | 515552 536564
T T4

512 534

(6.65)

Here, we defined s;; = 2sin (%) and 00(t) = Sch (tan@ 7'> — 1. We repeat the

definition of the Schwarzian derivative: Sch(f(7),7) = % -3 (?f) .
By the expansion of the Schwarzian derivative and omitting the boundary term and
O((p(1) — 7)) terms, the two point function of O can be evaluated as follows.
BJ

(30()30(7s))s = 53 11 — 2m(rse) — 270" (1) (6.66)

Here, 756 = 75 — 76. C' is the coefficient which appears in the Schwarzian action. In the case
of 79 < 73, the integral in (6.65) overlaps whereas in the case of 7o > 73 there is no overlap.
We should divide in cases to an OPE case and an OTO case for the evaluation of (6.65).
Here OPE is a time ordering case, so we call this a time ordered correlator (TOC), and OTO

stands for an out of time ordering and we call this out of time ordered correlator (OTOC):

TOC: 2> >To>13>1 >0,
(6.67)
OTOC: 2n > >13> 10 > 74 > 0.

In TOC case, the integrals over 75 and 74 decouples and the Schwarzian term is evaluated

as:
Fs(11, 72 73, 1 pJ
/ (71, T2 ;3 T4) _ BJ < 712712 B 1) ( 734734 — 1> ) (6.68)
G2 (11, 72)GE (13, 74) 8rC N \ 2tan 52 2 tan =53¢
The concrete example of TOC case is 71 = g +it, 79 =it, 73 = 0,74 = —g. If we extract the
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contribution of the Schwarzian term of the four point function, TOC becomes

1 . 1
TOC(t) = 3 D tr [wi(t)p%(t)wj(())piwj(0)]
ij=1

(B A (B B o B
=G (2) G (2> + F (2 + it,1t; 0, 2) (6.69)
~ G <§> G <§> + Fs <§ t it it; 0, —§>

VT const

28J ' N

In the first line, we regularized the four point function by p = %6*5[1 because the product of
simultaneous operators appears and it is necessary to smear them with some density matrix.

In TOC case, the correlator does not depend on t.

In OTOC case, the Schwarzian term becomes

Fs(T1,72;T3,7T4) _ 1 B;] [ 3 sin 712;34 m sin(712;34 — Ti2) m sin(Ti2;34 — T34)
G2 (r1,m2)GE (r3,m)  87C N L 8 sin (%2)sin (%)  16sin (42) sin (¢) ~ 16sin (52) sin (52)
T 2T12.34 — T12 — T34 3T 1 +31 1

 8tan (7172) tan (%4) '8 tan 7172) 8 tan (%)
T12 T34
N (2th - 1) <2th - ) }
(6.70)

Here, we defined ;5.1 = % — % The concrete example of OTOC case is 1 = g—i—it, Ty =

—

—g +it, 73 =0,74 = —g. If we extract the contribution of the Schwarzian term of the four

point function, OTOC becomes

|
) ¢ (§> o (i i _%t; " _g) (6.71)
)é(

G g) + Fs <§ + it —%t; 0,—§>

We can see Fg exponentially grows in § < t < flog 5—]\9 We call the time Blog% ~
Blog N = tser as scrambling time, around which OTOC(¢) becomes small.

The reason why we consider the decline of OTOC(t) [34] is that the correlator which
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measures the quantum chaos

C(t) = —tr (pE[V (£), W(O))o [V (1), W (0)))

= 2TOC(t) — OTOC( f) OTOC< f) (6.72)

exponentially grows as C(t) ~ %e“t when OTOC(t) rapidly decays around the scrambling

time tser ~ Blog N. Here, N > 1 counts degrees of freedom of the quantum system. We
defined TOC(t) and OTOC(t) of general quantum operators V' (t) and W(0) = W as

TOC(t) = tr (V(t)p%V(t)Wpéw)
1 1 1 1 (6‘73)
OTOC(t) = tr (pzv<t)pzwpw(t)pzw) ,

which are regularized by the density matrix p = e~ #. The form of C(t) = —([V (), W (0)]*)5

before the regularization comes from the generahzatlon of

ZZ “PEn (0] [¢' (t), P (0)]T |out) (out| [¢"(t), p (0)] [n) = —([¢"(¢),p" (0)]*)s,
no (6.74)

which is the appropriate average of Ay _out = (out| [¢*(¢), p? (0)] |in). This is quantum exten-
sion of the classical chaos. The classical chaos is the phenomenon that phase space trajectories

from the original small deviation exponentially grow after a time evolution as
16X (B)]| < [[6Xofjerme=* (6.75)

where we consider an equation of motion X ( ) = F'[X(t)] and defined §X* = X’ — X{}. Here,
A = Apae 1S the biggest eigenvalue of

and does not depend on the initial point
‘9XJ 6X=0 P P

X or the choice of the norm. If we choose || X|| = >, |X?|, we get

‘ 5X'(1) ‘ . ‘ o4'(1)
3X3(0)| ~ |93 (0)

' (0. ()} ps| ~ (6.76)

where {-}pp is a Poisson bracket and it can be extended to a commutator in the quantum
physics: {¢*(t),p’(0)}ps — —%[¢*(t), p’(0)]. That is why we considered (6.74). We call A as
the Lyapunov exponent. In the theory of the quantum chaos, the fast scrambling conjecture
claims that r in C(t) ~ %€ and OTOC(t) ~ (VV)z(VV)s — A e is bounded from above
as k < %” The upper bound is realized when considering the black hole dynamics. It implies
that black hole dynamics is most chaotic and it scrambles quantum information most rapidly

in the scrambling time tg; ~ Blog V.
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6.6 Motivation to consider the SYK model in our study

Here, we explain the motivation to consider the SYK model in our study to find the recovery
map for the black hole information loss problem. First, in the former half part of this paper,
we considered the black hole dynamics as a random unitary matrix and it is too abstract
and idealistic. It is more realistic and worth considering that we consider the spin system
made of Majorana fermions with random interaction. Second, in the Hayden-Preskill setup,
the black hole and the early radiation make an EPR, pair and it is the infinite temperature
limit. The black hole and the radiation should make a TFD state which can be prepared by
the thermal path integral as the setup of the Hartle-Hawking state. Finally, we would like
to study the recovery map in QFT. By the holographic point of view, studying with QFT is
important. The SYK model is the holographic dual theory of JT gravity, which makes an
AdS; black hole in the way similar to the original AdS/CFT correspondence but different in
its boundary condition. Both JT and SYK have the Schwarzian action in their perturbation
in coupling constants. The SYK exhibits scrambling in OTOC four point function and it is
thought of as exhibit fast scrambling in the context of the bound on chaos. Therefore, to
study the recovery map in the SYK is important. In the next section, we review the method
to evaluate a modular flowed correlator in the SYK, which is used in the study of the Petz

lite recovery map in section 8.
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7 Replica trick calculation of the SYK model

In this section, we introduce the application of the SYK model to the Hayden-Preskill setup.
This was precisely dicsussed in the paper of Chandrasekaran and Levine[14]. In this paper, in
the first setup, old black hole R makes a thermo field double (TFD) state with the old radiation
L. We repeat the definition of the TFD here: |TFD), , = \/% S, e B2 10y ) p = (B).
Zg is a partition function: Zg =) e PEn Then quantum information made of Majorana
fermion operator g is inserted into the right black hole system on the time Tk and the
right system is time evolved by the SYK random dynamics Ur = exp(—itHsyk;r). After the
time evolution, the right system will be divided into the remaining black hole system r and
the new Hawking radiation K. As the Hayden-Preskill protocol, we consider how much new
radiation we need in order to recover the original quantum information. In order to identify
this quantity, the paper [14] defines the price of g in terms of |3) as the number of qubit of
K which is necessary to reconstruct the information of ¢ from radiation systems L, K after
tracing out r. This discussion appeared in the paper of Chandrasekaran, Faulkner and Levine
[37], in which gravitational calculation in the bulk side is carried out, and its application to
the SYK model is studied in [14]. The price is expressed in form of modular flowed correlator,
which is defined as an expectation value of fermion operators and a modular operator appeared
in the Tomita-Takesaki theory. Our study uses this modular flowed correlator, so we define
this and explain how to evaluate it. We summarize what we discuss in this section. First,
in 7.1, we define the price of an operator. Then in 7.2, we explain the relation between the
fidelity susceptibility and the price, and see the form of modular flowed correlator. In 7.3,
we explain the replica trick calculation of the SYK, whose method is essentially the same as
other QFT model. We write down the Schwinger-Dyson equation in 7.3 by the method of the
replica trick and then solve the Schwinger-Dyson equation in 7.4 in large 8J limit because we
are interested in the Schwarzian theory deformed a little by IR limit. Finally we explain the
result of the analytic continuation to the Euclidean time and the integer number of replicas
in 7.5.

7.1 Definition of price

First, we define a price of the QEC code. As we study in section 4, a physical Hilbert space
contains a code subspace: Heode C Hphysicat = H. B(Hcode) is the set of operators which
act to vectors in Heoge, and it construct von Neumann algebra A. We assume that H can
be decomposed as H = Ha ® H 5. Ha is the Hilbert space on A. We write Hcoge;a as the

restriction of the code subspace to A.

Definition 3 (reconstruction of von Neumann algebra). For all p € B(Hcoqe), if there exists
pA € B(Hcode;a) such that p|v) = palw), V|Y) € Heode, We say that the von Neumann
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Figure 22: Left: Chandrasekaran-Levine‘'s SYK Hayden-Preskill setup. Right: The more

abstract picure

algebra A can be reconstructed on subspace A. It is known that when A can be reconstructed

to A, there exists a recovery map for erasure of A: IR s.t. Rotrz = 1.

Definition 4 (price of von Neumann algebra). Price p(A) of the von Neumann algebra A is

defined as a minimal number of qubits of A such that A can be reconstruced to A.

In short, the price of QEC code defines how many qubits is necessary to construct a
recovery map for the erasure channel of A. It can be interpreted as a restricted version of the

Knill-Laflamme condition to erasure channel. We also define price of a physical operator.

Definition 5 (price of physical operator). For all physical operator O in B(H), consider a
reference state |¢) € H such that (¢|O |¢p) = 0. Then sub-algebra A(g C B(H) which is
constructed by O |¢) (¢|+ h.c. is isomorphic to the algebra of a single qubit. We define a price
of the physical operator O in terms of |¢) as py(O) = p(.AdO)).

Chandrasekaran and Levine studied the Hayden-Preskill setup in the SYK model by
considering the situation of inserting a Majorana operator g to the right system, time
evolving by the SYK dynamics and tracing out r. They evaluate the price pg(¢r), the
minimal size of K necessary to reconstruct the sub-algebra AgR by radiation systems LK.
This is just the Hayden-Preskill analog in the SYK model. See figure 22 for this situation.

7.2 Fidelity susceptibility and modular flowed correlator

In this subsection, we explain the condition to reconstruct the sub-algebra AiR by LK from
viewpoint of bulk reconstruction. We consider light cone coordinate z+ =t +z = e’ gz~ =

t — x and make a excitation state with conformal primary ¢r of CFTy.

[¢5) = Zsp(a™ = —e7,at =€) |) (7.1)
Here, |Q2) is vacuum state of CFT,;. We regularized with imaginary boost Ai{zw = af{/ T ®
025/ " and normalized with Zs = (25in0)?2?. op, oy, are vacuum reduced density matrices:

or =trr[|Q) (Q]],or = trg[|2) (©2]]. We assume a light particle Ay < 1 with no backreaction.

Then we consider time evolution of |¢s) and study how long it takes to be contained by
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entanglement wedge of LK, which is inside the quantum extremal surface (QES). We consider

a time evolution

[65) = A" [65) = 165(Tr)) - (7.2)
We consider a code subspace as follows:

Heode = Span{|Q> ) |¢5(TR)>}

(7.3)
= span{|Q), ZsA%or(Tr) |0} .

In the Hayden-Preskill setup in the SYK, |Q) becomes |5) = Zgl/Qe_g(HL+HR) |0) and the
code subspace is Heoge = span{|5),¢(Tr) |5)}. We study the condition that H.eq. can be

reconstructed on LK. We consider the following embedding map.

U0 (Th)) = ;5 (10) 5 12) ey + 1) 5 165(TR)) 1) (7.4)

Here, E' is a reference system used in the Hayden-Preskill setup. If the decoupling condition

I(E : 1) ~ 0™ is satisfies, there exists a decoder V, = such that
KL—KLEE
Vikorokii [YLkrE) = [EPR) g ® [Ug o) . (7.6)

However, I(E : r) =~ 0 is hard to calculate, so we consider the alternative condition that Pauli
X and Pauli Y made by |2), |¢s) can be reconstructed on LK. We define

ox = |¢s) (Qf + ) (¢s]

(7.7)
oy = i(|¢s) (2] — [92) (¢s])

and define excited states with ox y as ‘wi(’y> = eiAIXY |2). When the excitation with ox y

is reconstructable on LK, the fidelity between the vacuum on r and the excited state ‘wf’y>
becomes 1. By the Uhlmann’s theorem, the fidelity is expressed as

F (Y 19r) = sup | (v | Unic 1) (7.8)
ULk

Here, Up g is unitary on LK. In A < 1 limit, the fidelity can be expanded as

F (wic,y

M Mutual information of A and B is defined as

Q; r) =122 (XY, Qir) + O(N3). (7.9)

I(A:B) = S(A)+ S(B) — S(AUB). (7.5)
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We call x (@bX’Y, Q; r) fidelity susceptibility and when x < 1 the information can be recon-
structed on LK. x is evaluated in [37] as

(X, ) = T gs [ (ER(TR = 10)AF $(TR + id)) 1 {Or(TR = i)AF J; (TR +i9))
X y N by 2 N stie S
™ sinh *5* cosh 5

. (7.10)
We call correlators in the form of <¢R(TR—Z'5)A7:‘% ¢r(Tr+i6)), ”modular flowed correlator'®”.
In [14], modular flowed correlator is evaluated concretely in the SYK setup as
1
(cosh(m(T, + T + 5)) — CoL sinh(ms)em(T-Tr))*>

(WL(TL) ALK YR(TR))p ~ (7.13)
Here, Cg is constant made by SYK parameter and A is conformal dimension. We can use
this equation to calculate the fidelity susceptibility x. Price is the number of qubit in K when

x becomes zero. The result is obtained as
ps(r(TR)) = N(1 — cge*™®). (7.14)

7.3 Replica trick and Schwinger-Dyson equation

From here, we introduce the concrete replica trick method to calculate the modular flowed
correlator in the SYK model, following the paper of Chandraselaran and Levine [14]. As
we explained in the previous subsection, we prepare the systems L, R which are thermally
entangled and make a TFD state. L represents the early radiation and R represents the
black hole system. After time evolution, R is divided to the late radiation system K and
the remaining fermion system r which corresponds to the remaining black hole in the bulk.
r consists of N — K fermions. We assume N > 1 and K > 1 are even, and K is small
compareed with NV, i.e. % < 1. The TFD state of LR is given by

_1
8) = Z, e~ T+ o) (7.15)

15Modular flowed correlator takes form of the expectation value of particle operators, modular operator A
and modular conjugation operator J. They are defined in Tomita-Takesaki theory of operator algebra. Let
‘H Hilbert space on AU A, and let A4 algebra constructed by operators acting on the subregion A. Tomita
operator Sy 4 is defined as

Syaalp)=a'|y), Vae Aa (7.11)

for |¢) € H. When we polar decompose Tomita operator as
Sy,a = Jw,AAL/’i , (7.12)

Ay, a and Jy, 4 are named as modular operator and modular conjugation operator, respectively. When Hilbert
space decomposes as H = Ha ® H z, the modular operator also factorize as Ay a4 = pa ® pgl. When H is
finite dimensional, it is always satisfied.
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where Hy, Hr are the SYK Hamiltonians of L, R, respectively. Zg is a partition function.

The vacuum state |0) is defined as a maximally entangled state which satisfies
(W +ih)[0) =0, j=1,--,N (7.16)

We consider that a particle operator 1 lives in . We insert ¢z to the TFD state and make

a regularized state )
i) = 7, * Ak 18) (7.17)

Here, Ap = pzl ® pr is the modular operator of TFD where p;, = e #HL and pr = e PR, If
we consider time evolution of the operator g, the operator becomes 1 R(TR) =p RZTRI/J RpgR.
We should study fidelity susceptibility and modular flowed correlator to identify when entan-
glement of TFD can be reconstructed on LK, whereas it is reconstructed on r at first. It is
hard to evaluate the original modular flowed correlator <LZJ§| AiLSK ‘¢§> 8 for some particular
i € r. In large N theory, it is sufficient to consider the average of N — K fermions. Therefore,

we concentrate on the evaluation of the averaged modular flowed correlator

ZSK }¢Z§>B

(ALK ) s
G (7.18)
- NZ Z WL W © A2 P oh(T)s

Here, we should take care that the modular operator to consider is not Ap = pp ® pzl but
ALk = pLK @ py I because we consider reconstruction on LK. We make the Scheinger-Dyson
(SD) equation and appropriate boundary conditions by replica trick of integer n. Then in
7.4, we solve SD equation in large $J limit and in 7.5 we consider analytic continuation to
n — 1 and p — is.

We consider p = 2,n = 4 case in Euclidean signature: (3| (7)(p% @ pr)r(7") |8). We
draw diagram for replica trick. See from figure 23 to figure 26. First we prepare |53) as figure

|8) (B] and 1r(7")|3) are prepared as figure 24. We can also prepare reduced density
matrices like ppx and p, as figure 25. Finally we can use the prepared operators to make
(Bl e (1) (pLk @ pr)Yr(T')|B) as figure 26.

By figure 26, we can identify the boudary condition of the SYK Majorana fermions.
Fermions in K live in circles of length 8. There are n circles of length 8. On the other hand,
fermions in r live in circles of length nB. There is one circle of length n3. We derive SD

equation of n-replica theory using the above boundary condition. The Euclidean action is

Z Z@bk)@ p + Z Jig i --déf’ (7.19)

k=0 \i=1
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Figure 23: TFD state of L, R, |3). Arrows represents Euclidean path integral and red dots

represent the same Euclidean time.

Figure 24: Left: The diagram which represents |3) (5|. Right: ¥z(7')|3), where an particle

operator is inserted at the Euclidean time 7/.

where superscript (k) is replica index. Then we define the averaged propagator G(7,7’). Since

r and K has N — K and K fermions, respectively,

' / ;| N=E / ‘
GPn ) = 5% ; Iy ® ey (ier), (7.20)
G = g L el e k). (7.21)
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””"ﬂ

o

PLK =
Pr =

Figure 25: Left: The diagram which represents prx = tr,.[|5) (8]]. Red lines represent the
same Euclidean time. Right: The diagram which represents p, = trpx[|5) (8]].

PLK PLK

Figure 26: The diagram which represents (8| ¢L(7)(p2 x @ pr)r(7') |B).

— 78 —



Assuming N, K, N — K > 1, large N effective action becomes

I= —% (Atrlog(0-1 — k) + (1 — A) trlog(0-1 — X))

n—1 (]uk)
1 B ) . )
+5 2 /0 deT’<(1 =N (1, 7GR (7, 7Y 4 XS (7, )GEN () (7.22)
7,k=0 r

J2

-5 (A6E ) + (- NG, T'))q>

where we defined X, = »@k) and X = % < 1. The number of replicas is n. SD equation

becomes 1 1
I — gk s — (2(4:k) 7.2
(571 - 2K>j,k SN DN “ e
. , . . —1
Sk = 50k = j? (AG%"“) +(1- /\)G?’k))q : (7.24)

Fermions in K live in a circle of length 8 and those in r live in a circle of length nS, so the

boundary condition becomes
Gt B ) = —GEP ot )
GIP (B, 7) = GITII (0, 7)) (0<j<n-2) (7.25)
G (57, 7) = ~GPR (0%, 7).

See also (6.18). From the anti-commutation of @DZ@ (1), the conditions

<

GUH) (1,7') = —G(k’j)(T/,T)

r

. . (7.26)
G%’k) (r,7") = —G%’J)(T',T)
are satisfied and when fermions exist simultaneously, for 0 < j <n —1,
. . 1
GOt ) =GRt ) =5 (7.27)

is satisfied.

7.4 Solution of SD equation

In this subsection, we solve the SD equation obtained in the last subsection in the large 8J

limit. In leading order, SD equation (7.3) becomes

0,Gk(1,7") — (Zxk x Gk)(7,7') = 16(7 — 7')
0rGr(1,7) — (B % Gy)(7,7) = 16(7 — 7) (7.28)

S0 — 508 = g2 (ngv’ﬂ)q*l + 2= 1) (GFY - 6o (G&JF’“))H +0(\?)
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where we defined the star product as the matrix product of continuous time indices and

replica number indices:
‘ n—1 .3 '
(M N)UR) (7, 71) = Z/ dr MO (7, YNGR (77 71 . (7.29)
1=0 70

To solve SD equation, we set the ansatz

G, =Gro+ NG+ O()\Z)

) (7.30)
Gg = GK,[) + )\GKJ + O(/\ )

as the perturbative expansion of A. Later we do not use bold face for matrices of time and

replica indices expect for 1. A% order of G k) (1,7") becomes

G (r,7) = Gug(r = 7'+ jB — kB). (7.31)

Here, G, is the thermal two point function of temperature n3, since fermions in r live in a

circle of length n3. To find Gk o, we use reduced SD equation for G
0-Ggo— E&?) *Ggo=16(r—7) (7.32)

and the boundary condition that G%’k) (1,7') lives in a circle of lengh £.

Now we tackle A order of G,.. The equation for G, ; becomes
—0,1x G + X% Gy + (¢ — 1)J?*GI2G 1 %G = —(¢ — 1)J*(Gx — G)GT?x G (7.33)

where we defined G = G),3. We regard G,.1 as the function of two time indices which both

live in a circle of length ng:
GIP (r,7) = Gra(r + 3B, 7 + ). (7.34)

Therefore, we consider the star product which carries out integral from 0 to nj for G, ;. By

acting G from the left on both sides of (7.33) and use the equation of motion for G, we get
(1—-K)xGp1=J*(q—1)G*(Gxg —G)GT?xG (7.35)
where we defined the ladder kernel
Ko(11,72;73,72) = —J*(q — 1)G(713)G(724) GT*(734) - (7.36)

We write 7;; = 7; — 7;. The connected four point function F, which is defined by

N
N 2 (Tt () = Gl + SFru ) (137)
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can be expressed with the ladder kernel and the bare four point function Fy as

F:

* Fo
1- K. (7.38)

Fo(T1, 12573, 71) = G(113)G(T24) — G(T14) G (T32) -
We act 1%& to (7.35) and obtain

J2

Gr,l - 2

nB nB
(g — 2)/0 dT/O dr' F(ry,mo;7,7) (GK(T, ) — G(r, 7'/)) GI72(r, 7). (7.39)

We need to solve Gk . Writing the reduced SD equation (7.32) for Gk o more explicitly,
it becomes .
OrGE (7 = 23 (GUO)T Gl = oo(r — 7). (7.40)
1

It is convenient that 7,7’ in G (7, 7’) are defined from 0 to nf. However, G lives in a circle
of length 3. Thus we define Gk (7,7') as

Gr(r ) =GP (1 — 7' — k)1(r)1(r) (7.41)
5.k

where we defined 1;(7) as

1ﬂﬂ—{10<7<j+n. (7.42)

0 (otherwise)

Hereafter, j < 7 < j+1 means j3 < 7 < (j+ 1)3. By differentiating Gk o(7,7") with respect

to 7, we obtain
0-Gro(,7) = JPGU G = 6(r = 7') + Y 6(7 — j)discGr (4, 7) (7.43)
J

where we defined the discontinuity of G from j — 1’th circle to j’th circle as discGk (j,7") =
Gr(jT,7) — Gk(j7,7'). Then we set an ansatz which satisfies (7.43) as

Gr(r,7)=G(r—7)+ > G(r = DamG(m — 7). (7.44)

lm

We solve ¢, later. By the boundary condition that Gg lives in a circle of length §5:
Gk (jt,7) = —=Gg(j +17,7'), the ansatz becomes

Y GG D+ GG+ 17 0)eum = —(8jm + Gj1m) - (7.45)
l
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By plugging this back into (7.39), we can calculate as follows.

J2 nB nB
Gralnim) = la=1) [ dr [ dr’ S eunF(rmymim )G DG m )G 1)
0 0 Im

1 nB np
- 2 chm/ dT/ dT/Kc(lam;7'> 7-,)]:(7-177-257-7 7/)
m 0 0

1
=3 chm (F(11,1250,m) — Fo(r1, 7251, m))
m

(7.46)

In the second line, we used the fact that the ladder kernel is
K.(l,m;7,7") = J*(q — 1)G(r,)G(m, )G *(r,1'). (7.47)
In the third line, we used that K. x F can be calculated as
K. xF = Kc*;*fo

= F(11,m2;1,m) — Fo(r1, 7251, m)

and the symmetry relation F (11, 79; 73, 74) = F (73, T4; T1, T2).

From here, we assume only large N limit, so we can use the result in any parameter
region of #J and ¢g. Finally we solve ¢, for large 5.J limit to use in the next section. In large
BJ limit, the thermal two point function is effective only when fermions are simultaneous

2

because G is proportional to (/,%,)E We assume finite ¢. We can drop [ # j or j + 1 in

(7.45), so we get
1
5 (Civrm = €jm) = Gj1m + Sjim - (7.49)

By using c¢j; = 0, ¢jp, is solved as

Cim = 25gn(j —m) + O ((é) 3) | (7.50)

We can conclude that in large J limit, G, ; is given by

n—1
Gra(m1,m2) =2 Z(]‘"(ﬁﬁz;l,m) — Fo(r1, m231,m)). (7.51)

I>m

7.5 Analytic continuation

In this section, we review the calculation result of modular flowed correlator. We consider
K < N and take leading order in A\ = % In order to evaluate (7.18), we should analytically

continue
1
N-K

N—-K
> Wh(r) (Pl ® o) wh(7)s (7.52)
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from integer n and k < n and take n — 1 and k — is. We must also analytically continue
7 — i1, and 7 — —iTg to get (7.18). We can realize this by taking the first fermions on k’s

replica and the second fermions on the first replica and considering

N-K , k n—1—k\, /i ('
Go(r+ k,7') = NiK Z (WL(r)(pik ® pr " )¢R<T)>,3‘

i=1 tr [sz]

(7.53)

Since 9% (1) live in the left side, we should do path integral to carry the operator to the left
system and take 0 < 7/ < % and % <7 <1 Weset g =1 as the last subsection.

We consider large £J limit in this subsection. By using (7.51), we obtain

2
Gr(r, ) =Gu(r —7') + % Z(}'(T, sl,m) — Fo(r,7'51,m)) + O ((ﬁ) ) . (7.54)

I>m

Analytical continuation which we consider is 7 — 7 + k and then 7,7’ — % + 1T, —tTr. The

first term is thermal two point function so it becomes

L L N - 20
Gn<7‘+k‘—|—2—7>—>01<7‘+2+zs—7‘>—b<cosh(TL_TR+S+Z.5)> . (7.55)

where b is defined with conformal dimension as

B (%—A)tanwA 1
binr = BJ)? , A= 5 . (7.56)

Since the bare four point function Fy is the product of thermal two point function and at most

polynomial growth. Exponential growth comes from OTOC parametor region of connected

four point function F. We can write this as the single sum and the double sum as

k n—1 k
Zf(7+k,7’;l,m) = F(r+k,751,0) + Z Zf(T—}—k,T’;l,m). (7.57)
I>m oTOC =1 l=k+1m=1

The single sum term Zle F(t + k,7';1,0) is calculated by contour integral in the paper of

Faulkner, whose result is

k . s o) . / . ! .
. 1/2
) }‘(7+k,7’;l,0)—>m/ dt/ gy T i85 208 £ is+1/2,0), (7.58)
=1 2 Jo —o0 cosh(m(s" — 1))

Exponentially growing part comes from OTOC parameter region 7, > 73 > 75 > 74 and it is

evaluated in [35] as

_ BJIFy sin(7 (75 — 73))
2005q%m sin(7r7'1_2) Sin(71’7'3_4) ’

F(r1, 12373, 74) = (7.59)
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where ag is coefficient which appears in Schwarzian action and Fy = G(112)G(7134). J is

)12 —1 (g—1)! X
defined by o? = (qN;);i] = 2qq (qul,)'lj, ie. J = \/212(1# We defined 7'5 =7 7.

Eventually, the single sum term is analytically continued to

Ek:f( 4k, 7'31,0) = C(BT, q) e /OO g5 — 105 3) (7.60)
T 77— ; ) ) T 19N, N M
— 1 cosh' P22 (n(T, + Tr+ 5)) J—0o  cosh' 22 (zs!)
where fo(s,s) and fi(s', s) are defined as
fi(s',s) = "8 s), folss) = tanh (7 (s + s')) — tanh(ms’), (7.61)
and C(BJ,q) is defined with SYK parameters as
b27T4ABj
C = —. 7.62
(37.0) = "L (7.62)
The double sum term is also evaluated by contour integral and the result becomes
n—1 k W(TL—TR) [e’e) lf ( )
e 2082, S
Flr+k,7;1,m) = —C(BT,q / 2
lzk;q mzzzl ( ) ( )COSh1+2A(7T(TL +Tr+5)) J—oo cosh! 22 (s5)
(7.63)

where fa(s2,s) is defined as
671’(—281—82—8)

_'27:2/dt/dt/ - (7.64
fa(sa —i/2,8)=m o Jo U7 ) oo cosh®(m(s1 + t1)) cosh2(m(s1 + s + to + ic)) (764

Combining the single and double sum parts, we obtain the modular flowed correlator in

appropriate index and Lorentzian time as

1
N-K

N-K ‘ . 2A
; <¢L(TL)AfKAT¢R(TR)> =b <COSh(7T(TL + TR)))

Ebﬂ'QAACA(Bju Q)BW(TL_TR) 2ms
N cosh'*22(n(Ty, + Tg))

—1)

2A
~ b 7;( 27s *
COSh(?T(TL + TR)) — WCAe”(TL*TR)(e -1)

(7.65)
In the second line, we write only leading order in % - Ca. Here, Cx is defined as
I'(A)
C q) = C(BT,q) - 7.66

We see that the modular flowed correlator is written in the form of (7.13).
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8 Recovery map for the Hayden-Preskill channel in SYK

So far, we have given the evidence that the Petz-lite works as a recovery map under the Haar
random unitary, which is highly chaotic. In this section, we argue that this continues to hold
for a more realistic but tractable model of chaotic dynamics: the Sachdev-Ye-Kitaev (SYK)
model [31, 32, 38]. In this paper, we briefly explain the relevant calculations, leaving details

in the upcoming paper [16].

8.1 Setup of SYK Hayden-Preskill protocol

In this section, we explain the setup to study the Hayden-Preskill-like protocol (what we call
SYK HP channel) in the SYK model. This was first introduced in [14, 37].

The SYK model is a theory of N Majorana fermions ;, and its Hamiltonian is given by

H = (i) ST g tis i (8.1)

1< <ig < <1q <N
where ¢ € 2N (¢ > 2), jiiy-i, is @ random coefficient drawn from a Gaussian random distri-
bution with zero mean and the variance <‘712”2@q> = J%(q—1)!/N97L,
Following [14], we consider two copies of the Hilbert space of the SYK model, say left
SYK system L and right one R. Hereafter, we denote the Majorana fermions on the left

system by ; 1, and ; g for the right. For notational simplicity, we use the convention

{vi, 5} = 263, (8.2)

for the anti-commutation relation for the fermions on the same side. In this setup, the right
SYK system corresponds to early radiation degrees of freedom of the original Hayden-Preskill
setup, and the left SYK system corresponds to the rest; the union of the diary system and
the initial black hole before the action of the random unitary, or equivalently the remaining
black hole plus late radiation degrees of freedom after the unitary evolution. In particular,
the left system L is divided into two subsystems, say L and K ; the former corresponds to the

remaining black hole, and the latter to the late radiation part of the original HP setup.

On the union of the above SYK systems L and R, we consider the following thermo-field
double (TFD) state ;

ITED), j = Z~'/2(B) e PHLHHER/|0) | (8.3)
where Z(3) is a normalization factor of the state, and |0); 5 is given by [39]

[45,.(0) +i9;,r(0)][0), g = 0 for Vj. (8.4)
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Note that the thermo-field double state (8.3) satisfies the relation (Hy — Hg)|TFD) = 0.
This TFD state corresponds to an entangled state between the initial black hole and the

early radiation.

The code subspace (a diary system) of our interest is two-dimensional, and let us denote
two basis vectors by |0) and [1). This code subspace is embedded into the physical Hilbert
space LR by an isometry. The image of the code subspace is spanned by the TFD state
|TFD), p and the excited state ¢; ,(0) [TFD) . Here, we assume that the Majorana fermion
;i 1,(0) acting on the TFD state lives in the subsystem L, i € L. More explicitly, by the
isometry, the states in the code subspace |T) (T' = 0,1) are mapped to

ITFD); for =0
1% Ip) (IT)y @ [TFD) ) =4 1 8.5
VrL»r @ Ig) (|IT)r ® | )L,R ——¢i,.(i0) [TFD); . for T =1, (5
(Z5)>
where 1; 1,(i0) is the regulated Majorana fermion operator
i, (i6) = e~ *Mrap; 1(0)e’ T, (8.6)

and J is an infinitesimal cutoff parameter to normalize the state with the operator insertion
even in the conformal limit, where the SYK model has an effective description in terms of the

reparametrization modes [35]. Zs is its normalization factor given by the two-point function

1 N-K

Zs = Nk ; Z(lﬁ) tr [e_ﬂHL%,L(—i(S)T,Z)i,L(M)}

N_K (8.7)

= N i % Z Z(lﬁ) tr |:6_BHL€26HL1/)LL(0)6_26HL1;Z)i,L(O)i| _ G5(26),

=1

“”, but averaged over the

This normalization factor is not for the specific Majorana fermion
region L with N — K sites. We expect that the difference between the two only appears in sub-
leading terms with respect to K/NN because of typicality. Therefore, we use this normalization

factor (8.7) for later convenience.

Using the above embedding, we can holographically prepare an initial entangled state
between the early radiation and an initial black hole containing a diary in the SYK model.
For this system, we consider a unitary time evolution on the left system L by the SYK
Hamiltonian Hy,,

Ur(t) =exp (itHp) . (8.8)
By this time evolution, information in the diary gets scrambled and uniformly distributed

over the left SYK system after the scrambling time. The resulting state is

|Vsyk up) = (IRet ® UL(t) ® IR) (IRet ® VI, L1 @ IR) <|EPR>Ref7T ® |TFD>L,R> , (89)
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which corresponds to the state (5.1). In figure 27, we give the circuit diagram corresponding
to the state (8.9).

We are interested in recovering the diary information from the early and late radiations
R and K by using the Petz-lite for the SYK HP protocol. As in (5.3), the SYK HP channel

. SYK; . SYKg
——> >
Ref | [ K | R
UL(t)
L

|EPR)Ret, 7 |TFD) 1 r

Figure 27: Circuit diagram corresponding to state (8.9).

/\/'zswf}( p representing error is obtained by tracing out the remaining black hole part L in the
final state (8.9),

NIS“XI%,R[PT] =try [ULVT,L—>L (pT ® |TFD>L,R<TFD|> V'},L—>LUH ‘ (8.10)

This channel maps a density matrix on the diary 7' to the one on the late and early radiation
system K, R. Also, the adjoint N, IS(Yg_T)T of the SYK HP channel is given by

NI?%&T[OKR] =trR [’TFD>L,R<TFD’ (VLT—>T,LUIJ£ Okr ULVL%T,L)}

(8.11)
= 1o (TFD|(V/} UL Okr ULV 7,0 )ITFD) .

The above quantum channels are analogous to the original HP channel and its adjoint for
the Haar random unitary. However, we note that there is a difference between them in the
sense that the SYK HP channel and its adjoint include the embedding map V', which induces

(fermionic) excitations.

8.2 Some matrix elements of the Petz-lite and Rényi-two correlators

Now that we have prepared the SYK HP channel and its adjoint, we can construct the Petz-

lite map for this channel. As in the Petz-lite for the Haar random case (5.9), we consider the
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Petz-lite for the SYK case,
Lite,SYK 1 SYK
RK?;HT [Oxr] = NiNK,RlT[OKR]; (8.12)
SYK

where Ngyk is the normalization factor, which is determined by the condition
Lite,SYK [y rSYK
trp [RI;J;T [NT_>K7R[UTH] ~1 (8.13)

Here, o is some reference state in 7" for the normalization. We take it to be o7 = |0),(0].

For this choice, the normalization factor is given by

SYK
Nevi = D (TWlg e INPXrl0)r ON] 1) (8.14)
T=0,1
We note that due to this normalization, we can see that the Petz-lite (8.12) for the SYK HP
protocol has a similar overall constant with the Petz-lite for the original HP protocol (5.11).
To see the similarity, we first rewrite the Petz-lite (8.12) with the normalization factor (8.14)

as follows,

Lite,SYK SYK
Ricpor Okl = N 1 Okr), (8.15)

1+ (dz) (NS (AR R0 O] 1)

where <cf L>5 is an effective dimension of subsystem L defined by the purity try [(pi)ﬂ of
the TFD state with respect to the subsystem'®,

Ot VYT Rl10)2-(01)10) = trxcr [ (prcr)?| =ty [ (7)) = <d1> (8.16)
L/g

The effective dimension is analogous to the dimension of the remaining black hole in the
original HP setup. Indeed, in the infinite temperature limit S — 0, the effective dimension is

almost reduced to the actual dimension of subsystem L .d i= 9 717, However, in general,
the effective dimension is smaller than the actual dimension due to the property of the purity

I < dA.. < d,.. 8 F

16We note that in our setting, subsystem L is smaller than the complement system KR.
1"For Majorana fermions, a annihilation operator is constructed from two Majorana fermions, and the

corresponding creation operator is given by the Hermitian conjugation. In other words, two Majorana fermions
forms a single qubit. Thus, a Hilbert space constructed from m Majorana fermions becomes a 2™/2_dimensional

Hilbert space. See, e.g., [33] for the review.
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where this effective dimension becomes closed to 1 in 8 — oo and dj in 8 — 0. With this
effective dimension, we can compare the Petz-lite (8.15) for the SYK model to that for the
original one (5.11) in the HP setup

i d
Lite,HP C
RDITEHT [Opp] =

The similarities between the quantities in the HP and the SYK are summarized in the fol-

lowing identifications;

I A (8.18)
() e (dr), N Vo O

Also, we have the unitarity constraint on the dimensions of the Hilbert spaces, dr dg = d¢ dp.

By using the relation, we can rewrite the dimension as

dr\? dodr
_ 8.19
< dD) dndy’ (8.19)

from which we have the following identification

2
SYK S 1 dr dr dr
<1‘NK,PHTT [NT\QI%RHOMO!HIU — do : (dD) = 5 dp =5 (8.20)

This might be a good ratio to understand current physics; if we have a sufficiently large
amount of Hawking radiation compared with the diary, dr < dg dp = k, the ratio becomes
almost 0. As we will soon see, the left quantity also becomes almost 0 around and after a

critical time.

With this discussion of the normalization factor in mind, we consider a matrix element

of RI;;tEEE;K [j\/’%i}}{ R[pT]} for a general density matrix pr in the Hilbert space of the diary,
Lite,SYK [ /S
(T|Ry T NP Rlor]] |T7) - (8.21)

To check whether the Petz-lite works as the recovery map, it is sufficient to see whether the

following relation holds (approximately) or not,
Lite,SYK ?
(TR WSk alpr]|T') = (Tlpr|T') - for Vpr. (8:22)
Checking the above relation is equivalent to focusing on the matrix elements

(TR [N ), (7] 1) & (o)

T’> . YL TL T, T (8.23)
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Generally, we have 16 components of the above matrix, but half of them, including odd
Majorana fermions, are trivially vanishing due to the fermionic parity of the SYK model. In
other words, matrix elements which satisfy (T'4+ T’ +T +T') =1 mod 2 are vanishing.

Now, we focus on three non-zero matrix elements, and briefly explain how we can evaluate
them!8. First, we consider the T,T',T,T" = 0 case. If (8.23) holds then since its right hand
side is 1, and therefore the following identity holds,

-1

~

1R ORI VRS £ 1001 10) = (1 +(dz) - VR VR RL0) (O] rl>)
(8.24)

The second one is for the T,T" = 1, T, T" = 0 case, where the matrix element is expected

to become 0. In this case, we can see that this matrix element has the same ratio as above,
5 SYK
), Ny (WEE Rlloyr (o] 11)

L
(dz), - NGRS [N rl10) 70| 11
(8.25)

? ite,S
0~ (1R INEYS m 10V (0] (1) =

The final one is for 7,7 = 0, T, 7" = 1, the matrix element (8.23), which is expected to

be 1, becomes
7 SYK
£), - ONRRSy [NEYK Rl0) (Ll 1)

dz) - (NSRS (MRS rl10) 20| 11
(8.26)

? Lite,SYK
1~ (ORE T INPY R r [10) (1] (1) =

The rest of matrix elements
Lite,SYK Lite,SYK
OIRE o NP r I ONTIT) . (URE R [N ek (11 (L] 11) -

are difficult to evaluate directly, as we will mention in footnote 21. In the next section, we
evaluate these matrix elements indirectly from the results of this section.

Thus, to see the recovery (8.23), we need to study the behaviors of the matrix elements
of NTA/ which appear in the right hand side of (8.24), (8.25), and (8.26). In order for the

recovery to happen, these have to satisfy

(1), - CINRRL VRS Rl (0] 1) = 0, (8.27)
(dz) - O NP a0 (110 = 1 (8.28)

18The details of the calculation will be discussed in the upcoming paper [16].
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We study the behaviors of the left hand sides of (8.27) and (8.28) below. To this end,
it is convenient to rewrite the quantities as correlators. From the definitions of the channels
(5.3) and (8.11), we obtain the left-left correlators

. 1 TED|y; (t —id) ({7 ® i L(t+10)|TFD
(1), N VSl o] 1) = - AP0 g pucn) vt - D)ITED)

Y

trx R [(PKR)z}
(8.29)

(a1, NS NS all0) (0] 11 = - (TFDIc(t = 9) (pg ® Ticr) dinlt +4)ITED)
J trK R [(pKR) }

)

(8.30)
where the two fermions are put on the left system, and pxr and p; are defined by
pi = tricn [|TFD), o(TFD]],  picg = tr; [[TFD), o(TFD]]. (8.31)
We give the derivation of the correlators in appendix F.
We also note that the numerators in the above correlators can be written as
(TFD|t; 1 (t — i0) (I; ® prr) ¥i,L(t + i6)|TFD) w2)
=trgp [tri |:¢1'7L(t + 1(5) ‘TFD>L7R<TFD‘ ¢i,L(t — Z(S)T] ,OKR} ‘
and
(TFD|¢s 1,(t — i0) (p; ® Ixr) it 4 i6)|TFD) (8.33)
8.33

= tr [tricn [0 (¢ +0) [TED) o (TFD| i 1t — i6)1]| pg |

These expressions are also useful to see that these quantities are related to “Renyi-2” quan-

tities, as explained below.

Below, we would like to evaluate these correlators analytically, but the expressions (8.29)
and (8.30) are not suitable for analytic treatment. This is because they are “specific site”
correlators; thus, we can not apply the large-N techniques to evaluate them. However, since
we are basically interested in typical behaviors under highly chaotic dynamics in our setup,
the specific choice of the embedding would not be essential. Therefore, below, we consider the
“typical” embedding of the code information into the whole L system uniformly. Therefore,

we replace these correlators with their averages on L,

1 (TFD|¢;1(t — i0) (I; ® prr) ¥i,L(t+i6)|TFD)

Zs trx R [(PKR)ﬂ
N-K , ] (8.34)
Sy 1 (TFD|s,r(t —d) (If ® prr) ¥iL(t +1i0)|TFD)
N-K i—1 Z§ trKR [(PKR)Q]
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and
1 (TFD|y; (t —id) (p; ® IKkr) ir(t+i0)|TFD)

Zs trgr [(PKR)Q]
N-K . . (8.35)
L1 3 1 (TED|y;1(t —i8) (pz ® Ixr) PiL(t +i0)|TFD)
N—K = Zs trxr [(PKR)Q}

These replacements would change the correlators in sub-leading orders of NV, but the essential

physics would not be changed, because of typicality.

These averaged two-point functions are special cases of the (right-left) modular-flowed

correlators of the form
| K (TEDJn(r) (0717 @ plg) tin(7)| TFD)
N-K i=1 [IOKR]

where one of the fermions is put on the left system, and the other one is on the right system.

: (8.36)

In the Euclidean regime, they are computed by using the replica trick in [14] when K < N.

We use the result to compute “Rényi-2” (left-left) modular-flowed correlators (8.34) and
(8.35) from the Euclidean (right-left) correlator (8.36), by taking the limits k¥ — n — 1 (and
k — 0), and n — 2, then analytically continuing to the Lorentzian regime. We note that
there is a difference between the above correlator (8.36) computed in [14] and our correlators
(8.34) and (8.35), namely that in (8.36) two fermions are living on opposite sides but in our
correlators they live on the same side. In our setup, one can relate the correlator to the
following diagrams (figure 28).

We study the correlators in the large-SJ limit because their analytic expressions are
available in the limit. One can instead work in the large-g limit while keeping the value of
BJ finite. We will not do this here because it is the former limit where the generalization to
two-dimensional CFTs is straightforward [16]. The right hand side of (8.34) and (8.35) in the
Euclidean regime are evaluated in the large 5J and K < N limit as

(TFD|v; (1) (If ® pxr) vir(r")|TFD)
N K Z " [ 2
rkR |(PKR) }

! K / / K 2
:G25(7+2B—7)+2N (F(r+28,7;8,0) — Fo(r + 28,7 8,0)) + O <> ,

1 sz( (TFD|. (1) (p; @ Ikr) tir(7")|TFD)
N -K

i1 tTKR [(PKRﬂ (8.38)

/ K / / K 2
:G25(7+5—7’)+2N (F(r+B,7;8,0) = Fo(r + B,7';8,0)) + O (N) )
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try |,.(t +i8) |TFD)y r(TFD| ¢ , (t — id)

prr = try |[TFD) . r(TFD]]

tricn [wu(t +i8) |TFD) a(TFD| v , (t — ié)]

pi =trkr “TFD>LYR<TFDH

Figure 28: Diagrams for the path integral calculation of the correla-
tor (8.29) with using the relation (8.32) (Top), and the other correla-
tor (8.30) with (8.33) (Bottom). The red regions in the figure corre-
spond to subsystem RK, and the blue regions correspond to subsystem
L. The semicircles correspond to the Euclidean segments that prepare the
TFD states. Orange dots represent the insertions of the SYK Majorana
fermion with the regularization, v; r,(t + i9). The combination of the up-
per two semicircles with the operator insertions corresponds to the density
matrix tr7[1); , [TFD), p(TFD| ¢ ] (and trgglth;, |TFD) o(TFD| ] ,]),
and the remaining combination represents the other one pgpr (and pj).
Solid green arrows in the figure correspond to /2 Euclidean evolutions.
The two insertions are separated by Euclidean time 25 (Top) and 8 (Bot-
tom). These separations are directly related to 7+ 25 and 7+  appearing
in (8.37) and (8.38) respectively.
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Here, G25(7) is a Euclidean thermal SYK two-point function for subsystem L with periodicity
2(3, and F (711, 2; T3, 74) is the connected SYK four-point function, which is related to the bare

one Fy(71,72;73,74) by the so-called ladder kernel K (71, 72; 73, 74),

1
Fn, i3, ma) = /dT /dT/ 1 — Ko7, 7057, T’)}—O(T’ i)

Fo(r1, 7273, T) = Gop(713)Gap(Ta2) — G2p(T14)G25(T32), Tij = Ti — T},
Kc(TlaTZ; 7_377—4) = —J2(q — 1)G25(7’13)G26(7’24) (G26(7-34))‘1—2 )

(8.39)

In the SYK model, these two-point and four-point functions are well-studied in many

papers, e.g., [35, 36, 40-43]. See also [33, 34] for the review and references therein.

The Euclidean times 7,7" in (8.37) and (8.38) are continued to the Lorentzian time
with a regularization parameter 0 < 6 < 1; 7 — —it — 6,7 — —it + 0. In this way,
the correlator (8.37) is continued to Lorentzian time as an out-of-time ordering correlator
(OTOC), 11 > 73 > T2 > 74, under the condition 1 <« fJ < N/K. This correlator with the
ordering is given by [34, 35],

. TI'
S | —=712;34
: _ 267 w <ﬂ ’ )
P mim ) = Galna)Gnm g 1175 (5 2)m (53] -

B 2 B 2

where Ti2.34 = (11 +72)/2 — (13 + 74)/2, and C' is a constant related to an overall constant of

the Schwarzian action derived from the Schwinger-Dyson equation of the SYK model [34, 35].

Thus, we have the following continuation
F(r+28,78,0) 5F(—it — 6 + 28, —it + §; 3,0)

287 , T cosh <%t>

= 2G25(26 — 26)G25(5) - 20 |17 2 - (@)
B

(8.41)

g &P (t)
~ —2Gap(28 — 20)Gap(B) - 2520 o 7?5 '
S <B>

In particular, the correlator is exponentially growing in time. On the other hand, the other
correlator (8.38) is continued to Lorentzian time with the ordering 73 > 7 > 79 > 74 under
the condition 1 < J <« N/K, therefore it is not OTOC. The correlator with the ordering
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T3 > T1 > To > T4 1S given by

-7:(7—177—2; 73, 7_4)

28J T ™ T
= —Gap(T12)G2p(T34) f = + —1 34 —
¢°rC 23 tan T2 tan ( Z . T2 23 tan T
g2 g2 g2

and its analytic continuation is
F(r+B,738,0)

s F(—it = 5+ Bu—it + 6 8,0) = —2Gas(8 — 26)Gag(8) - qur‘é [1 - <72T - ”;) tan <7“5>] .

Clearly, this is time-independent, unlike the previous case.

We do not evaluate bare four-point functions Fy(71,72;73,74) for (8.37) and (8.38), be-
cause they are particular combinations of the thermal SYK two-point functions with the
power low behavior with respect to time, therefore they do not give dominant contributions

to the correlators (8.37) and (8.38).

Combining the above results, we can obtain the analytic expressions of the quantities
(8.37) and (8.38),

(dz), WL, IV R0 I

exp (ﬂt>
1 28J K p

' K sin <) (8.44)
p
o G28(28-20) | Gap(B) 28 K <7Tt>
T Ga(2) “in <7r5> 2c NP\ |
p

and

(1) | OV NSl )
~ 215 [GQﬂ(ﬁ —26) — Gap(B — 26)Gas(B) - qii‘é . % [1 - <72’ - ”;) tan <”5‘5>] b ]
R N

where --- includes bare four-point functions Fo(71,72; 73, 74), would-be sub-leading terms,
coming from the replacements (8.34) and (8.35) in (8.29) and (8.30), and the sub-sub-leading
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terms of the averaged correlators. In the final lines, we ignored them. These ignored terms
do not change the essential physics of the discussions below. Thus, for simplicity of the
discussions below, we do not consider their contributions explicitly, but we need to keep in

mind that these ignored terms include order-(K/N) contributions.

Let us consider the consequences of the above results. First, we focus on the ratios
G25(26—20)/G3(26) and Gag( —25)/G(26) appearing in the above results. Since the SYK
two-point function under the conformal limit 8J > 1 is given by [35],

[Bsin I

2A

1 1

Gp(r)="b [ a ] ; A= 7 J?bin = <2 — A) tan TA, (8.46)
B

we can evaluate the ratios as follows

(W _ cos? <”;> , (8.47)
B
and G 25 5

ng(;é)) _ sin? (%) . (3.48)

Thus, these ratios can not be 1 simultaneously for general § and §. However, since A = 1/q
when ¢ is large, these ratios are close to 1. We give plots of the above two functions for
several ¢ in figure 29. As we can see from plots 29 or directly from (8.47) and (8.48), we need
to consider a (relatively) large-g regime, which implies that the SYK Majorana fermion has

a small conformal dimension, A = 1/¢ < 1, in order to achieve recovery.

One may wonder why here we take the large-¢ limit, because the (SYK), is chaotic for all
g > 4 thus the identities (8.27), (8.28) are expected to hold for any value of ¢ in this range.
Nevertheless, here we have to take the large-q limit because we define the code subspace using
the SYK Majorana fermion operator ;7 and the calculations of the relevant correlation
functions can be possible only in the large-5J limit where the entanglement between L and
R is weak. Because of the weakness of the entanglement, the recovery is only possible when
the dimension of the operator that defines the code subspace is small, implying the necessity

of taking the large-g limit.

Next, we consider the two-point function Ga5(8) appearing in the sub-leading terms. The

two-point function Gag(3) can be written as

The above expression includes (1/3.J)%, thus in 8.J — oo limit, the SYK two-point function

Gap(3) vanishes. We also note the g-dependence of the SYK two-point function. Plots of the
above function and 3JGas(8) for several ¢ = A1 are given in figure 30 and 31 respectively.
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q=4(G25(20 — 26)/G5(20))
q=4(Gas(B — 20)/G5(20))
----- q=10(G25(28 — 20)/G5(20))
----- q=10(Gas(B — 26)/G5(26))

.
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Figure 29: Plots of ratios (8.47) and (8.48) as a function of 5J for smaller
q (Top), and for larger ¢ (Bottom). Here, we set 6J = 0.1. For large ¢

regions, all the ratios become close to 1.
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Figure 30: Plots of the SYK two-point function Gag(/3), (8.49) as a function of 3.J for several
g=A"1
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Figure 31: Plots of 8JG25(83) as a function of BJ for several ¢ = A~!. The dotted line is
just BJ, which is equivalent to 5JGog(5) under the ¢ — oo limit.

The plots show that as ¢ increases, the two-point function Gog(3) and BJG25(B) take larger

values.

Thus, from the above discussion, in the strict 8J — oo limit!?, we have Gas(B) — 0,
hence the second terms including Ga(f) in (8.44) and (8.45) vanish if we keep the exponential
factor exp (wt/f) in (8.44) fixed. Therefore, in this strict fJ — oo limit, we can not have
contributions from the second terms including Gag(f5) in (8.44) and (8.45). These terms are

of order K/N and crucial for the following discussion.

Finally, let us focus on the time dependence of the results (8.44) and (8.45). First, we
focus on the second case (8.45). This result is time-independent at least up to the K/N-order,
and the second term is always suppressed by the time-independent factor at the K/N-order,
thus the second term is very small compared with the first term. This implies that the
quantity (8.45) is almost given by the ratio Gog(8 — 20)/G3(25), which becomes close to 1

when ¢ is large.

Next, we focus on (8.44). Because of the exponential time-dependent factor, this corre-
lator has crucially different behavior as a function of time from (8.45). For early times ¢ < 1,
the exponential in the second term can be approximated by 1, they are similar. However,
because of the exponentially growing factor, the perturbative expansion with respect to K/N

breaks down, similar to the fact that the perturbative calculations of OTOCs in 1/N become

9We note that to consider the perturbative expansion, we have assumed 8J < N/K, and also implicitly
assumed q < N/K for large q. Thus, we can not take the 8J — oo or ¢ — oo limits, unless we take the
N/K — oo limit. However, the limit N/K — oo implies that there is almost no Hawking radiation compared
to the entire Hawking radiation K/N — 0. Intuitively, in such a situation, we would not be able to recover

the diary information from the Hawking radiation.
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invalid. The time scale of this breakdown can be estimated by equating the second term with

the first term in (8.44). From the condition, we can find a critical time #+2°,

K s I3 N
N exXp <l8t*> ~1 - te = ; log <K> = 2tSCrama (850)

where we introduce the usual scrambling time tgcram [44] given by

_ B N
tSeram = - log %) (8.51)

Using this time scale, we can rewrite the correlator (8.44) as

(di) - VR VR rl10) 2 O] 1)

L Gos(28-20) | Gas(B) 28T (N ¢ 2] (8.52)
Gﬂ(Q(S) . (7-[-5> qQC p 92 Scram s
sin | —
&)
where we introduce the Lyapunov exponent Ay, for a black hole with temperature 3,
27
AL= g (8.53)

Thus, around the critical time, which is twice the scrambling time, we can see that the
overall coefficient of Ga5(26 — 20)/G25(25) becomes very small as usual OTOC correlators.
This reproduces the expected result (8.27) under the condition 8J > 1.

From the discussion so far, we have confirmed that the matrix elements (8.24), (8.25)
and (8.26) do behave as we expect them to under the condition 1 < fJ < N/K.

8.3 Expected properties of the Petz-lite under the SYK dynamics

So far, we have confirmed that the matrix elements we computed (8.27) and (8.28) reproduce
our expected results under the conditions of relatively large-q interaction, after the critical
time ty = 2tgeram. Additionally, of course, the following trivial matrix element is equal to 1
by the definition,

(d1) - OV NS Rll0) (001 10) = 1. (8.54)

2In defining the critical time, we might have the ambiguity of which factors should be included in the
critical time (or correspondingly the scrambling time), e.g., 8J and also G2g(3). However, as we saw before,
the two-point function is typically order one Gag(8) = O(1), thus we might not need to include the factor to
the scrambling time. Another factor 1/sin (%5) can be set to be O(1) by setting the cutoff § suitably. For
the other factor 8J, since we have the condition 8J < N/K, the factor can not give a significant contribution
compared to the leading factor N/K; thus, including the factor would be redundant. Therefore, the critical

time here would be the simplest choice.
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Also, we can obtain the same consequences for two related matrix elements. Let us explain

them. First, the matrix element (8.27), which becomes close to 0, is directly related to

~

(dz) - VRS VRS R0 O10) = (dz ) - OV VEX S rlln) (1] 10} (8.55)

via the definition of the adjoint channel (5.7). Thus, this matrix element also becomes close

to 0 after the critical time, and the behavior is consistent with our expectation.

Next, for the matrix element (8.28), being almost equal to 1, we have the following

relation through the definition of the adjoint channel (5.7) again,
7 S 7 S
(dz) , ORIV L0 (110 = (dz) - (NGRS VR R (OI]10) - (8.56)

Thus, although we have eight non-trivial matrix elements (8.23) that should be checked,
we already know the behavior of the above five matrix elements, and there are still three
matrix elements. However, since two of them are related by complex conjugation, essentially

we need to investigate the following two matrix elements

(dz), - (O INFESall) 2 O] 1) (5.57)
and
(dz) - (VRS INEE SRl 11 1) (8.58)

Here, the first matrix element is related to the following one

({de), - OWEEL NESeal) o1 ) = () - NS VS alo) 1] 0.
(8.59)

In evaluating these matrix elements, we can not directly use the technique of [14], unlike
the cases for the matrix elements (8.29) and (8.30)?!. In the upcoming paper [16], we will
report their results, but here we explain their expected behaviors from our obtained results.
To this end, it would be useful to introduce the Kraus representation of the quantum channel
(8.10),

dj
NS rlor) = > S pr EJYS (8.60)
m=1

21'We briefly explain the reason why the evaluations of the matrix elements (8.58) and (8.59) are difficult.
The reason is that they do not have simple expressions like (8.32) and (8.33) naively. Of course, for matrix
element (8.58), we can consider a similar expression like (8.32) with replacing the TFD state with the excited
state ¥,z [TFD), 5, but in that case, we can no longer use the techniques in [14], and we need to consider
the modular operator for the excited state. For the other matrix element (8.59), we naively need to introduce

transition matrices, not density matrices, to write it in terms of a correlator.
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where ESYK

is the Kraus operator given by
E,SnYK = Z<m| ULVT,L—>L |TFD>L,R‘ (8.61)

We can obtain this Kraus representation by introducing an orthonormal basis of the subsystem

L as {|m); }dif . We also note that the adjoint channel (8.11) can be written as
LIm=1

df,
N IS(?{BIf—tT[OKR] = ESMOgpEN™. (8.62)
m=1

Using this Kraus representation, it is possible to extract the very important “typical”
relation from our results. Here, the “typical” means that the relation almost does not depend
on the detail of a specific state |m); in the subsystem L, corresponding to a black hole

microstate. First, the matrix elements (8.54) is equal to 1 and can be expressed as

dg

7 SYK .
(dz), - ORIV R0 O110) = (dz) | D x OLER ST BN 0y (0] B B0}
m,n=1
A~ di 2
={dz) > [ OB 0), [,
A m,n=1
(8.63)
and we expect the typical relation
1
7 (OB KT ERYR10) p ~ — B (8.64)

Next, we focus on the matrix element (8.28). This matrix element is also equal to 1, and

we can express the matrix element in terms of the Kraus operators,

d
7 SYK ~
(dz), - O VRO (1IN = (dz) | D7 o OLER ST BN 0y (1] B BRI 1)
m,n=1
(8.65)
By using the relation (8.64), we extract a similar relation,
1
7 (UES ST ESYK|1) ) ~ ——=bn. (8.66)

Finally, the time-dependent matrix element (8.27), which almost vanishes around the
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critical time t., can be written as

g,
7 SYK S 7 S S S S
(di) - VR VRS rll0) 2 O = () D2 o QLESSUERY™ 00 (0] BN}
m,n=1
. L 2
=(dg), > | QIEYSEN0),|
B m,n=1
(8.67)
From this expression, we expect the following relation and its complex conjugation,
T (UER ST ERYR(0) 7 ~ 0, (8.68)
around and after the critical time.
Combining the above expectations, we obtain the typically expected relation??
1
v (T|EJYEYRIT!), ~ ———0mndrr for t > t,, (8.69)
a - (d ,

which corresponds to the Knill-Laflamme condition [20].

Using this relation, the remaining matrix elements (8.57) and (8.58) are expected to

behave as follows

g,
7 SYK 7
(dz), - OWRRSy Vel N1 = (dz) | 37 OB EDS (1) (0] BBy
m,n=1
~ 0 for t 2 t,,
(8.70)
and
g,
7 SYK 7
(dz), OWRRLy VS /lDr (T = (dz), 30 (UEREDS 1 (1 B Y1)y
m,n=1
~ 1.
(8.71)

These results are, of course, consistent with our original expectation (8.23), but the discussion
so far using the typical relation is indirect (8.69). Nevertheless, since this typicality is strong
enough for a highly chaotic theory, we expect that nearly identical results can be obtained
by direct calculations of the matrix elements (8.57) and (8.58).

22Here, we check the Knill-Laflamme condition from our obtained results. However, in principle, it would be
possible to investigate the Knill-Laflamme condition directly by introducing a basis [39]. It would be interesting

to investigate this topic.
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9 Conclusion and discussion

9.1 Conclusion

In this paper, we studied a recovery map for the Hayden-Preskill type scrambling channel
N. We showed that one can use a simplified recovery map, called Petz-lite, consisting of
the adjoint channel AT with a suitable normalization factor. We considered two examples,
the Hayden-Preskill setup and the SYK model, and showed that in both cases, the Petz-lite
indeed works as a recovery map. Also, we found that if the Petz-lite for the SYK case is
used to recover information of a given code subspace, it takes twice the scrambling time
for the recovery. However, in the SYK model case, we did not evaluate all of the matrix
elements necessary to show the recovery because of technical difficulties. Instead, we indirectly
evaluated them in section 8.3. In the upcoming paper [16], we will explain their results, and

also some generalizations of our results.

Let us discuss our results. First, we focus on the physical interpretation of the critical
time given by twice the scrambling time, ¢. = 2tscram, When the matrix elements give the
input information, R[N [p]] ~ p. It was argued in [44] that information of a diary thrown into
a black hole appears after the scrambling time. This means that, after the scrambling time,
the HP scrambling channel V' maps the diary information to Hawking radiation completely.
However, even if the diary information appears in the Hawking radiation, it is difficult to
get it directly since the information is uniformly embedded into the Hawking radiation. To
extract the information, we need a recovery operation given by the Petz-lite R ~ NT. Since it
is the adjoint of the HP channel NV, it again takes the scrambling time to apply the recovery
map. Thus, in total, we need to wait for twice the scrambling time for the identity (8.23) to
be satisfied.

Next, let us explain the bulk interpretation of our results?®>. The bulk interpretation
comes from the island prescription [1, 2]. First, the Hayden-Preskill setup concerns post-
Page time regimes. In these regimes, there is an island, which is a non-trivial entanglement
wedge of Hawking radiation in the black hole interior. Thus, if one throws a diary into a black
hole and waits for the scrambling time, then the diary enters the island region, implying that
the diary is encoded into the Hawking radiation in a very complicated way. The mechanism
that the thrown diary is encoded into the Hawking radiation corresponds to our quantum
channel . To recover the diary information from the Hawking radiation, we need to consider

the recovery operation corresponding to the map R ~ Nt. The recovery map is given by the

23We note that since currently there is no clear understanding of a dual gravitational theory for a subset of
the SYK Majorana fermions (or Majorana spin chain), we can not check the interpretation using the gravity
side explicitly at least in the context of NAdS2/NCFT; context. However, there are several proposals for such

a gravitational treatment, e.g., in [14]. One would be able to use them to check the bulk interpretation.
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adjoint channel of the quantum channel N. In the bulk side, the action of the adjoint channel
NT means that the “reverse” process of the original quantum channel N?*. More precisely,
the “reverse” process is given as follows: first, we start from the output state provided by the
action of the quantum channel N, implying the diary is located on the island at some time
slice 3. The application of the adjoint channel AT is then interpreted as replacing the future
of this time slice 3 by a white hole. Because of the replacement, the diary on the island region
of the original black hole is coming out from the horizon of the white hole. Here, the reason
why the white hole appears is that the adjoint channel includes the Hermitian conjugation of
unitaries U (and UT) compared to the quantum channel A. Thus, the diary thrown into the
black hole reappears from the white hole induced by A'T. This bulk interpretation is consistent
with the critical time. This is because, after throwing the diary, it takes the scrambling time
for the diary to enter the island region, and in the “reverse” process, it would also take the

scrambling time for the diary to go outside the island region and the horizon.

9.2 Discussion

Finally, we end with discussing some of our in-progress works and future directions:

Analysis in high temperature regime, §J < 1 In this paper, we have focused on the
large-4J limit (low-temperature limit) in the SYK model to make the calculation analytic
and for the purpose of the generalization to a two-dimensional CFT case. In the limit, we
can use emergent conformal symmetry of the SYK model, and also we would be able to use
semi-classical intuition of the dual Jackiw-Teitelboim gravity, but we have a relatively weak
initial entangled state |TFD);  between the left and right SYK systems. Due to this weak
entangled state, we would require some conditions to consider a successful recovery protocol,
e.g., large-q regime. Thus, analysis without taking the large-5J limit would be interesting.

In that case, we would need to consider numerical approaches.

Direct bulk analysis and relation to other protocols In this paper, we studied the
recovery protocol from the boundary CF'T perspective. One would be able to consider corre-
sponding bulk computations. Also, it would be interesting to figure out the relation between

other proposed protocols, e.g., [45-48] and ours?.

Generalization to (Holographic) CFTs and other systems While this paper focuses

on the SYK model, which is a 04 1-dimensional quantum system, it can also be interpreted as

24Here, we note that in these two processes, we need to use two different (remaining) black holes since,
in defining the quantum channel, (remaining) black holes are treated as internal degrees of freedom of the

quantum channel.
25For such protocols, one can characterize protocol by computing “price”, “distance”, etc. as in [14, 49, 50].

One would be able to find the relation between our results and such quantities.
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a spin chain with ¢g-body SYK interactions. Thus, we can interpret that the SYK model has a
spatial direction effectively. As a result, we expect that a similar analysis can be applied to a
two-dimensional CFT exhibiting chaos, e.g., two-dimensional holographic CF'T. Indeed, one

of the Hayden-Preskill setups in a two-dimensional holographic CFT is introduced in [37].

Also, there are other possibilities for generalizations to other systems exhibiting chaos.

For example, studying the Petz-lite in a chaotic spin chain would be interesting.

Chaotic-Integrable transition In this paper, the chaotic nature is important for the
simplification of the Petz map to the Petz-lite. Thus, if a system does not exhibit a chaotic
nature, in other words, the system is integrable, then the Petz-lite (also the original Petz map)
is not expected to work correctly. This is because, in an integrable system, the decoupling
condition is not expected to hold. In the framework of the SYK model, we can prepare
integrable and non-integrable (chaotic) situations by adding two-body interaction [51]. Using

the setup, we would be able to study the Petz-lite.

Higher dimensional code sub-space? The SYK version of the HP setup studied in this
paper treats the two-dimensional code sub-space spanned by the vacuum and the excited
state. However, in a more realistic situation, one needs to deal with code sub-spaces with
dimensions greater than two. For example, the interior of a black hole, when it is viewed as a
code subspace embedded into the Hawking radiation, the dimension of its Hilbert space has to
be large enough to accommodate a part of the semi-classical QFT degrees of freedom to have a
geometric interpretation of the black hole interior?®. To this end, one would need to consider a
more complicated embedding involving, for example, states like ¢; 1.1;-; 1, |TFD) LR In that
case, we can evaluate corresponding matrix elements in principle, but it would be difficult to

evaluate them analytically since we encounter higher-point functions.

Another possibility for higher dimensional code sub-space is to consider a random em-
bedding and the double-scaling limit. For example, we might be able to use the state
kij Vi | TFD) L.r» Where r;; is random like observables in the double-scaled SYK model
[53]. In this case, by taking the double-scaling limit and using chord diagram techniques, we
might be able to evaluate the resulting matrix element analytically. Also, this might open up
an interesting connection between QEC in the SYK model and recent discussions of the von

Neumann algebra of quantum gravity, in particular, [54].

260f course, the interior degrees of freedom may appear to be infinite, but almost all of them can not
contribute due to post-selection [52]. Even in that case, there can be degrees of freedom with Bekenstein-

Hawking entropy.
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A Uhlmann‘s monotonicity theorem

In this appendix, we review the derivation of the Uhlmann’s monotonicity theorem by follow-
ing the paper of Petz [21]. In subsection 4.2.2, we explained that if there exists a recovery
map R : B(K) — B(H) such that R[N |[p]] = p for a quantum state p € B(H) and a given
noise channel N : B(H) — B(K), the sufficiency S(p||lo) = S(N|[p]||N]o]) is satisfied for any
p,0 € B(H). Here, the relative entropy between two density matrices p,o € B(H) is defined
as

S(pllor) = trlp(log p — log )] (A1)
In section 4, we defined quantum noise channel N as a linear map which satisfies complete
positive (CP) and trace preserving (TP). However, in order to prove Uhlmann’s monotonicity

theorem, we can loosen the CP condition to 2-positive for A.

Definition 6 (course graining). Let p,o,7,v any density matrices contained in B(#H). A
linear map N : B(H) — B(K) is called course graining if A satisfies the following two

conditions:

L. [N [o]] = trl] (TP),

2. If <ﬁ Z) is positive, (%E j\\/‘/ED is also positive (2-positive).

Course graining N satisfies Schwarz inequality:
Nlp'p] = N[pINT[p]" ,Vp € B(H). (A.2)

Since course graining contains CPTP noise channel and essentially use Schwarz inequality for
the proof of Uhlmann’s monotonicity theorem, we can discuss N is noise channel which we
explained in section 4. Adjoint of course graining is also defined as explained in section 4:
adjoint Nt : B(K) — B(H) is defined for p € B(H) and O € B(K) as tr[ON[p]] = tr[NT[O]p].
NT is also a course graining and satisfies Schwarz inequality. We show the statement of

Uhlmann’s monotonicity theorem.

Theorem 5 (Uhlmann’s monotonicity theorem). For dencity matrices p,o € B(H) and
course graining N : B(H) — B(K),

S(plle) = SN ]|V [o]) - (A.3)
Proof. We prove by relative modular operator method, which was developed by Araki for
modular theory of operator algebra. We assume p,o € B(H) invertible and define relative

modular operator A as
Ar=o1p ' 1€ B(H). (A.4)
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A can be written as the product of positive operators L, K:

Lt=or
Rr=rp ! (A.5)
A=LR=RL.
Since log A can be evaluated as
logA =logL +log R
g g g (A.6)
=logo —logp,
relative entropy between p and ¢ can be evaluated as
S(plle) = tr[p(log p — log o)]
= (p'/?, (log p — log o) p'/?) (A7)
= —(p'?, (log A)p'/?).
We assume N[p] is also invertible and define Ay € B(K) as
AgO = N[o]ONp]™', O e B(K). (A.8)

If we use logx =

Joodt (L+6)7t = (z+6)71) and trp] = (p%/2,pY/2) = 1, the relative
entropy can be written as

S(pllo) = —(p"/?, (log A)p*/?)

= /OO at ({2, (A + 0711 — (1407 —
0
Similarly S(N[p]||NV[o]) becomes

SWIplIIN[0]) = —(Np]' /2, (log A)N[p]/?)

/oo dt ((N[P]l/Q’ (A + t)_lN[p]1/2> . (1 n t)_l) (A.lO)

0

Thus if we succeed to prove

(P2, (A + )7 p %) > (N2, (A + 1) TN [p)?)  VEeR, (A.11)
we can tell the theorem is true.
We define V' : B(K) — B(H) as follows:
VONIp|Y/? = NT[0]p'/? (A.12)

- 108 —



Then we evaluate ||\ t O] pl/ 2|2 using Schwarz inequality as follows.
INTIO]0 2|2 = tr | pA O AT
<tr [p/\/ t [OTO]}
= tr [/\/’[p]OTO]
= |ON[p]/??

(A.13)

In the second line, we used Schwarz inequality and in the third line, we used the definition of
adjoint map. Since |[NT[O]p/2||? < |ON[p]/?||?, we find that V in (A.12) is a contraction.
By similar evaluation, we can said that VIAV < Agy. Using this and the fact that f(y) =

(y +t)~! decreases monotonically, we can show the inequality:
(Ao +t) L <(VIAV +0) P <VI(A+1)7 V. (A.14)

If we apply O = I to (A.12), we get Vj\/[p]l/2 = pl/2. Using these relations, we can calculate

" VN2, (A + ) VN [p]/?)

=

= N2 VT(A + 1) VN ] /?) (A.15)
> (Np]M2, (Mg + ) N [p]/?)
y (

A.11) and thus we proved Uhlmann’s monotonicity

(o, (A+1)""p)

We succeeded to prove the inequalit

theorem. ]

Next, we focus on the condition for equality. The necessary and sufficient condition of
the equality of the theorem S(p||o) = S(N[p]||N]o]) is

N2 VA + )T VN[p]' ) = (Vo] V2, (Do + 1) TN [p]/?) - VEER. (A.16)
This comes from the equality of the second inequality of (A.14):
VI A+H)71V = (Ag+ )7t (A.17)
By acting A[p]'/? to the right and using VAN[p]"/? = p'/? which we showed above,
VIA + 0712 = (Ao + 1) N[p]Y/?, VYt eR. (A.18)
By differentiating this in terms of ¢,

VIA 4+ )72 = (Ao + 1) 2N[p]Y/?, VteR. (A.19)

- 109 —



By using these, we can evaluate as

IVIA + )71 p 22 = (Ao + 1) N [p]2, (Mg + ) N [p]'/?)

= (Ao + ) 2N[p]"2, Np]'/?)

= (VI(A +1)72p"2 Np]'/?) (A.20)
(A+6) P2 (A + ) VN [p)?)

1A+ 22

If we write € = (A + £)'p/2, €VVIE = VI = ] = €1¢ is satisfied, so VVTE = ¢
Therefore, we get
VVH(A+8) "2 =(A+1)"1p /2. (A.21)

Applying this to (A.18), we obtain

V(Ao + 1) N[p)Y2 = VVT(A + 1)~ 1pl/?

CBso (A.22)

By Stone-Weierstrass approximation, we can use V f(A¢)N[p]'/? = f(A)p'/? for some func-
tion f. We use this for the function f(z) = 2% and get

VAUN )2 = A%pH/2. (A.23)
By using (A.12), the left side becomes
VAINTp]? = NT[AY] 2. (A.24)

Thus we get the relation

NT[AY] = A, (A.25)

Since A = op~! and A¢ = N[o]N[p]~!, we have derived the relation (4.64) explained in
section 4.2.2:
NTIN[o]ENp] 7] = o p~. (A.26)

We can summarize the result as the following theorem.

Theorem 6 (The condition for equality of Uhlmann’s monotonicity theorem). Let N :
B(H) — B(K) some course graining and let p,o € B(H) and N'[p],N|o] € B(K) be invertible
density matrices. The necessary and sufficient condition to satisfy S(p||o) = S(N|p]||N]o])

s the following equivalent conditions:
1. NT [N Np]~#] = o%'p~i, VteR

2. NT(log N[p] — log N'o]) = logp — logo
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We can derive the second condition by differentiating in terms of ¢ and setting ¢ = 0. In
subsection 4.3.2, we constructed the Petz map by using this relation (A.26). Thus we can
tell that if sufficiency is satisfied, the recovery is possible by constructing the Petz map. We
showed that if recovery is possible sufficiency is satisfied in 4.2.2. We have succeeded to prove

the both directions, so here we end this appendix.
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B JT gravity and Schwarzian action

In this appendix, we explain Jackiw-Teitelboim (JT) gravity model briefly from introducing
the action to deriving thermal entropy with Schwarzian action, following the paper of Sérosi
[33]. It is two-dimensional dilaton gravity, which exhibits AdSs geometry. Magnetically

charged Reisner-Nordstrom solution in four dimension:

+ - 2

2__(T—7")(T—7”) 2 r 2 2 7002

ds® = 2 dt +(r—r+)(r—r*)dr + rodQ)3,
F = Qsinfde A db, (B.1)

r* = Qlp + El% +\/2QElp + E21%

is the classical solution of Einstein-Maxwell action
1 4 l% %
SEinstein—Maxwell ~ ﬁ d x\/jg Rg - ZF;WF . (B2)
P

R, is Ricci scalar of the metric g,,, and F),, is the field strength of Maxwell field. dQ3 is the
line element of the two-sphere. Q is the magnetic charge and Ip = /G is the Planck length
and F is the excitation energy:

E=M - Q : (B.3)

lp
When this black hole is extremal, i.e. E = 0, if we consider near horizon limit, the metric ds?
becomes AdSs x S2. To see this, we define the new coodinate
z= Qlp

r—prt

(B.4)

and take the limit [p — 0 with z fixed in order to consider the near horizon limit » — ™. In

this limit, the metric becomes

ds® ~ 15Q? (W + dQ%) . (B.5)
AdS; metric is written as
ds® = lids_dti_;d% (Poincaré)
_ “Haasdutdu” ut = arctan(t + z) (Global light cone) (B.6)

~ sin?(ut —u)
—dv? + do® +
# ut =Y 5 g (Global) .

sin” o

2
= lAds
laqs is the curvature radius and it corresponds to Ip as laqs = [p@. In Rindler coordinate

(p, T), which corresponds to Poincaré coordinate (¢, z) as

(1 = cosh p)e™/? — sinh pe~7/2
(14 coshp)e™/2 +sinh pe=7/2"’

et = (B.7)
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. . )
we can write the metric as ds? = I3 44(dp* — sinh? pdr?).

Static and spherically symmetric solution of Sginstein—Mazwell 1S Obtained by imposing

the ansatz o
ds® = hijdaida? + YDd0? i 5 =1,2 53
F = Qsinfd¢ A df '
and restricting to two-dimensional (2!, 2%) = (¢,7) plane, Sginstein—Mazwell Teduces to
4 — 1 _
SEinstein—Mazwell — ﬂ/dth —h |:62¢ (Rh + 2(81!))2) +2 - 56 2¢Q2ﬁ3:|
P
(B.9)

4 1
— l;/dtdr\/—h [®2Rh +2(0®)* 42 — 2<I>_2QQZ§_—,} ,
P
where we set ® = e¥. This is the special instance of general dilaton gravity model:

! /d%\/Th [@2Rh +A09)2 - U <¢2>] (B.10)

= 167Gy

d2

where U is an arbitrary scalar potential and A is dimensionless coefficient for kinetic term.
P2 is called a dilaton field. When the dilaton is constant, this action exhibits the solution
of AdSs. Setting the dilaton to constant ®? = ¢y and extremizing the action, we obtain the
relation between laqs, d, ¢o:

2 o)
- —U’ <> =0. (B.11)
4s T d?

d is the extremal length scale, which is d = [pQ for Reisner-Nordstrém example. It relates to

UV length scale of AdSy. We consider a small deformation for the dilaton to consider some

dynamics:
=¢o+¢ (ol <1) (B.12)
and set cutoff on z = ¢
e 1)

since in Poincaré coodinate the dilaton expected to diverge as ¢ ~ % (z — 0). We can expand
the potential U (dg) around ®? = ¢q:

- 167r1GN [/d%\/jh <¢0Rh U (f;g))

+ / d*zvV—ho <Rh+ Eh ) (B.14)

AdS

/d2 4<Z>0(i)¢] +00r).

We used (B.11) in the second line. The first line is Einstein gravity in two dimensions. IR
divergent volume term [ d?z+/—hU(¢o/d*) can be removed by local counter term. Adding
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boundary term, this gives Euler character because of Gauss-Bonnet theorem and it becomes
topologically invariant. The second term is the action of JT gravity and gives dynamics. The
third term can be ignored since it is O(n?). ¢ ~ (length)? should be proportional to Gy = 1%

. B3 sE  (09)2 .
and F, so ¢ is expected to be ¢ ~ FA45—, Goid 18 evaluated as

272
RN G ) B

got+¢  dotd  laasdot o (B.15)
where we used g% = 22/13 jq. If we set ¢y = d? and use (B.11),
d¢)? U1 2
o LTS = 0wl o) = 06, (B.16)
d2

After removing the volume term and setting l;gs = 1, the action governing the dynamics

inside the cutoff surface is written as follows.

¢0 / 2
I= —
167G d“xv—h Ry, +

1
167Gy

/d%\/ths (Rp +2) (B.17)

Next, we discuss Fuclidean JT gravity to consider boundary theory. In Fuclidean signa-

ture fiorentz = —Euclidean, TLorentz = —%TEuclidean AdS, is the hyperbolic disk:
dt* + dz*
ds* = ——— (Poincaré)
z (B.18)

= dp? + sinh? pdr®  (Rindler)

Euclidean action is

I=- d“zvh 2 K
167G [ " zvVhRy, + o

1 (B.19)
- d*zVh¢(Ry +2) +2 K| .
e [/M VR o(Ry +2) + /8M¢b ]
We added the Gibbons-Hawking-York term, which is necessary to impose Dirichlet boundary
condition on the boundary of the manifold M. K is the extrinsic curvature K = — h(hT(’Tv %;1 ),

The boundary condition of ¢ is given by ¢3. The first line is topological Einstein-Hilbert term.
The second line is the dynamical part. We consider boundary time v and the boundary curve
u > (t(u), z(uw)). Unlike ordinary AdS/CFT, we impose dynamical UV cutoff to the induced

metric of the boundary curve:
1
glhay = = (e <1). (B.20)

This condition implies the relation between parameters as

z=e\/(t)?2 + ()2 =et' + O(3). (B.21)
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Variation in ¢ leads to R = —2, which tells that the metric is AdSy. Then we study the
boundary term since it breaks SL(2,R) symmetry of the reparametrization of the boundary

time. The boundary term is

1
Thay = — K
bdy 87TGN /8/\/1 ¢b

o /du¢ i (B.22)
- 8tGy ) e ’
In the second line, we used (B.20) and set the boundary condition for the dilaton as
(U
g = o) (B.23)

€

where ¢,(u) behaves like the source for the operator in ordinary AdS/CFT. Calculating the

extrinsic curvature K by using 7% = (¥, 2'), n® = \/t’2z+7(_zl’ t'),

t/(t/2 + 2/2 + Z/Z”) N
(t72 + 2/2)3/2 (B.24)
=14 Sch[t(u), u]e? + O(eh)

K =

where we again met the Schwarzian derivative:

W — 375”2

Scht(u),u] = 5772 (B.25)
We obtain the Schwarzian action
1
Tsay = — / du e (1) Sch[t(w), 1] (B.26)
81G N

We assume that the boundary value of the dilaton is constant: ¢,(u) = ¢.. We want the
solution of this action. The equation of motion is
Schlt, u]
=0 (B.27)
We should look for the non-constant function which makes the Schwarzian constant. Using
the relation Sch[fog,t] = ¢'2Sch[f, g] +Sch[g, ] and setting the boundary limit of the relation

between Poincaré to Rindler (B.7) ¢(u) = tan @, we obtain

1
Sch[t,u] = Sch[r, u] + 57'2 . (B.28)

If 7(u) is linear, the Schwarzian is constant and that is the solution. Since Euclidean Rindler

7 has 27 periodicity, so we get the solution:
_ 2m

7(u) = ?u (B.29)

- 115 -



Plugging this solution back into the Schwarzian action, we obtain

1 Or
Isey = =272 C = = .
Sch 7T Cﬁ’ C SrCn

(B.30)

When G — 0, boundary partition function is Z () = e ’sav. Since topological Einstein-

Hilbelt term gives ground entropy —Sp, total on-shell action becomes

1
Tgray = —So — 27rzCB . (B.31)
Thus we get the thermal entropy of near extremal black hole as
5 C
Sin = (1= f0s)log Z(5) = So +4m° . (B.32)

We find that this is proportional to black hole temperature.
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C Derivation of the Petz lite using the Kraus representation

In this appendix, we derive the Petz-lite with a different normalization factor based on paper
[22]. See, e.g., §10.3 of [19] for related reviews.

We start with the Kraus representation of the HP channel (5.3). The Kraus representation

can be introduced by expressing the trace as

Nr_p B pr] = tre {(UT,A—>C,D ® Ip)(pr ® |EPR) 4 5(EPR) (U} 4 ,c.p @ Ip)

dc
=Y c(ml(Urasc,p ® 1) [EPR) 4 g pr ap (EPR| (UL e p ® Ip)lm)e
m=1

dc
= Z EmpTE;Lw

m=1

(C.1)
where |m) is an orthonormal basis of subsystem C, and E,, is the Kraus operator defined
by

E,, = ¢ (m| (UT,A—)C,D ® Ip) |EPR>A7B . (C.2)

Here, we note that since the state |m), is a basis state of the remaining black hole C. We

also note that the adjoint HP channel is expressed in terms of the Kraus operators,
dc
N[O =" ElOE,. (C.3)
m=1

Using this Kraus operator, let us investigate the Knill-Laflamme condition [20],

dc
PcodeEannPcode = amnPeode <amn = a;m € Cwith Z Omm = 1) , for Vm,n =1,--- ,dc.

m=1
(C.4)
where P,.,q. is a projection operator onto a code subspace in general, but in our setup, P.oqe
is assumed to be just given by the identity operator P,.,q. = I, since all input states should
be recoverable under the Hayden-Preskill setup. If this condition holds, we can construct a

recovery map?’.

Under Haar random averaging, we can easily evaluate the Knill-Laflamme condition from

the expression (C.2) and Haar average (5.17),

1
ENLE, = —8mnlr. (C.5)
do

This result appears to imply that the Knill-Laflamme condition holds always under the aver-

aging, but this is not correct. This is because, even if the Knill-Laflamme condition is satisfied,

?7See, e.g., §10.3, in particular, theorem 10.1, of [19] for the review.
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2
higher moments of the Knill-Laflamme condition, e.g., ‘PcodeELEnPcode‘ , might not hold due

to contributions coming from Weingarten calculus. We can see their contributions by directly

evaluating the second moment?®,

2 1 d
PCOdeE’I-i’-I’LEnPCOde ~ (dC)2 'IT |:5mn + dDZB:| (CG)

where we used the known result (5.20) with large-d approximation. Thus, when we do not

have enough Hawking radiation D, B compared to the diary T, that is, dpdp < dr, we can
not ignore the second term, implying the breakdown of the Knill-Laflamme condition. On
the other hand, in the opposite limit dpdp > dr, where we have enough Hawking radiation,
we can ignore the second term, and we get the Knill-Laflamme condition. We note that this

is consistent with the decoupling condition (5.2), since the unitarity means the relation

dr 1 (dr\’
dpdp  dc (Ch)) ’ (©7)

and the factor (dr/dp)? gives an upper bound of the decoupling condition (5.2).

Next, we construct a recovery map for the HP quantum channel. With the Knill-
Laflamme condition in mind, we consider the following map, which is equal to the adjoint HP
channel up to the overall factor d¢,

dc
R[O] :=dc Y B, OE, =dcNT[0]. (C.8)

m=1

Under the Haar random average, this map gives

dc
RINTprl] =dc Y EhEnprELEn,
m,n=1
dc
~de Y [ELEinE,TZEm + EJnEinEJLEm}
myn=1 (C.9)
do
1 tr [pr]
=d — |G I
szn;1 (dc)? [ o1 dpdy T]
dr\? 1
= ) . =T
pPT + <dD> dT T,

where in the second line, we used the fact that in the large-Hilbert space dimension limit,
Weingarten calculus reduces to Wick calculus, and in the final line, we used tr pr = 1 and

the relation drdp = dodp. In the third line, we encountered the Knill-Laflamme condition

%8See also [55] for related discussions.
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for the first term (C.5), and the second term disturbs the Knill-Laflamme condition. These
two terms in the third line correspond to the first and second terms in (C.6). Thus, under
the situation dgdp > dp where the Knill-Laflamme condition holds (approximately), we can
ignore the second term of the above result, implying that the map (C.8) works as a recovery
map. This is a quantum information theoretic derivation of the Petz-lite. However, we note
that the recovery map here is a little bit different from the one (5.11) up to the overall factor,

but the difference almost vanishes when the condition dgdp > dr is satisfied.

Finally, we end this appendix by giving the connection between the Petz map and the
Petz-lite in terms of the Kraus operator and the Knill-Laflamme condition. Generally, since
the coefficients (ayyy) is Hermitian, we can diagonalize the Knill-Laflamme condition by some
unitary (Uy.y,) as follows [19],

dc
Proie Fl FryProde = AmOmnProde ()\m ER,with > Ap =1, Ay > o) , for Vm,n =1,--- ,dg,

m=1

(C.10)
where Fyy, =Y Upn By is the newly defined Kraus operator. Using this Kraus operator, one
can define the following map

do 1
R[O] = Z TPCOdSFqLOFmPcode- (C.ll)

m=1""

This map can also be expressed in terms of the original quantum channel by introducing some

full rank reference state o as follows [22]
R[O] = o'/2NT [(N[a])*w o (N[a])*lﬂ] al/?, (C.12)

and this is exactly the Petz map. In the recovery map (C.11), the factor \,, prevents us
from directly giving the adjoint channel N, and we need to introduce the curious factors
(No])~Y? and o/2. However, for the case where Ay, = 1/dc (m = 1,---,d¢), one can
consider the map (C.8) instead of the above map. As we have seen, the Haar random case

with the Knill-Laflamme condition (C.5) is certainly this case.
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T/

D C B’ T’ C D B
Ug;’,D’—>B,T’ UT,A—)C,D
O/ D/ T A
|EPR> c,cr |EPR>A’B
|EPR) b, p/ |[EPR) 7 7/

Figure 32: Diagrams representing left and right hand sides of the relation (5.54). Left: The
left hand side of the relation. Right: The right hand side of the relation. The left and right

diagrams are equivalent.

D Operator Transpose for the EPR state

In this appendix, we derive the relation (5.54) algebraically. We can show the relation directly

as follows;

Udr o1 |EPR) ¢ v ® [EPR) f, 1
= (IC ® ID ® Ug/ D’*)B,T’) ‘EPR>C,C’ ® |EPR>D,D’

de dp o
\/m Z Z ‘ >C,D ®© C’D>C/,D/>

C=1D
do dD dg dr

- LI LY

=1D=1B=1T=1
dc dp dp dr

- FR LYY

=1D=1B=1T=1

dg dr o
dBdT Z z_: <UATHCD ‘B T> > ® ‘B,T>

T
(UC/,D'—>B,T'

e, D> ®)B,T>

BT

== (UA,TA)C,D & IB & IT/) |EPR>A,B (%9 |EPR>T,T’
=Uar—c,p [EPR) 4 g @ [EPR)p 1,

<BT

¢, D>CD )B’T>BT' CD<é’

D’ Uar—c,p ’B,T>

UC’ D'—B,T"

¢.p)
c'\D’

AT

(D.1)

where in the fifth equality, we used the unitarity condition of the Hilbert space dimensions

drdp = dc dp.

O

The above relation implies that the left and right diagrams in figure 32 are equivalent.
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E Convention in the SYK Hayden-Preskill protocol

In this appendix, we gather some important definitions and conventions that we use in section

8.
Majorana SYK fermions

e Anti-commutation relation

{¥i, 5} = 265
e The unitary time evolution operator

Uy =U,(t) =exp (itH,) (o= L,R)

e Positive direction of time evolutions in left and right SYK systems (in Lorentzian sig-
nature)
bin(t) = Upthi (U] = ey, (0)e He,

¢i,R(t) = U};iﬁLR(O)UR = @*itHRwi,R(O)eitHR’

which can be written as
ial) = Ay P a(OAY = Ao ()AL (a =L, R), (B.1)
where Ay, = Aél is the modular operator defined by
AL =pL®@pp =e KL gefn = e~ (KL=Kr), K,=pH, (a=L,R). (E.2)
Here p, (o = L, R) is defined by
o1 = tr [[TED), y(TFD|] . pp = try [|TFD), (TFD]] (E3)

In the Euclidean signature, one can rewrite the above formal formula as

bia(r) = Ajia(0)AL " (a =L, R), (5.4)

@[3

and recover the Lorentzian operator by the analytic continuation 7 — —it.

e Euclidean regularization parametrized by the cutoff ¢
wi L(t + 25) = ei(t+i5)HL ¢Z L(o)e—i(t+i5)HL — e(_6+it)HL¢}i L(o)e(d—it)HL (E5)

This regularized operator is related to the Euclidean evolved operator (E.4) by contin-

uation 7 — —it + 4.
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SYK Hayden-Preskill channel
e SYK Hayden-Preskill channel (8.10)
NP plor] =t [ULVT,LHL (PT ® |TFD>L,R<TFD|) VIt,L%LUz}
e Adjoint SYK Hayden-Preskill channel (8.11)

NS [Oxr) = tr g [ITFD), o(TFD] (V] U} OkcnUnViors )|

= r,r (TFD| (VgHT,LUz Okr ULVLHT,L) ITFD);
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F Derivation of correlator from quantum channels

In this appendix, we give the derivation of the relations (8.29) and (8.30). We can derive the

relation graphically, but below, we give an algebraic derivation of the relation.

We start with the derivation of the relation (8.29), which can be obtained straightfor-
wardly from the definition of the quantum channels (8.10) and (8.11). We first note that,
from the definition of the quantum channel (8.10), the state |0),(0| is mapped to

NISWXI}(R[|O>T<OH = trj UL |TFD>L,R<TFD| Uz (F.1)
= Ur prr Uk,

where we used the fact that (Hr — Hg) [TFD); g leading to U [TFD); p = Ug|TFD); g,
and pgr is defined by (8.31). For this density matrix, we consider the action of the adjoint

channel (8.11), and take the following matrix element;

S
AN [Unprer UL 1)

tr [(PKR)Q}

where we used the definition (8.16). Using the definition (8.11), we can evaluate the denom-

(i), NS VRS allo) 0N 11) = C m

inator as
SYK
AW [Unprcr UL )

= (,r (TFD|® 7 (1 |)< LHTLU Ur pxrUj ULVL—>TL>(|TFD>L,R®’1>T)

1
= 5 Ln (TFD| (1/; | (—i6) UL Un prer Ul Up w166 ) )) ITFD),

1 F.3
=~ Lr (TFD| (Um/ﬁ (—id) Ul prer Ur i 1 (i0) U )|TFD (-3)

)

1
— — . ;g (TFD| (ULw (=i6) U prcr Up 1.1,(i8) U )yTFD

Zs

1 _ .
= — - 1, (TFD| (], (t — i0) prcr i, (t +i6) ) [TFD); p,

Zé 9 b

where in the 4-th equality, we used the relation U |TFD); p = Ug|TFD); . Thus, by

combining the above expressions, we obtain the relation (8.29),

(dz), WSy IV l0)r 0N = o (TEDJiL(t — ) (If ®pKR)2 it +i6)|TFD)
o trx g [(PKR) }

L —1
Next, we derive the relation (8.30). Since <d£>6 = trggr [(PKR)Q] by the definition

(8.16), we focus on the remaining factor <0|N2YI£<_T,T [N;EI%R[|O>T<1|]]} [1). To evaluate the
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factor, we use the definition of the adjoint channel (5.7),

(ONR g IVESe R0V (111 11)

=trg.R [ YS“\—/>I§(7R[|O>T<1”NYS“EI%,R[|1>T<O|H

= tricn :tri [UL ITFD) , (TFD| 4], (—i8)U} | tr; [UL%L(M) ITFD),, (TFD| UH ]

= tricp [ tr; [UR|TFD), o(TFD| 9!, (~i0)U} | UpU try [Ur46s.1.(i6) [TFD) , (TFD| U] |
= trigp | Untry, [|TFD) , o TED| Upwf  (~i6)U] | trj [Unt,1(i8)U}, | TFD) , o(TFD|| Uf]
= tricn :tri [\TFD) L.7(TFD| UL o] L(—z’é)UH tr; [ULwi,L(ié)Uz ITFD),, R<TFD@ }

= tric g :tri [\TFD>L7R<TFD\ Wit - ié)] tr; [@bi,L(tHa) \TFD)L,R<TFD\} } .

(F.4)
By explicitly introducing bases for the traces, we can rewrite the last expression as follows,

trig | try | ITFD) o (TFD| vl (¢ = i8)] try [01(t +i0) [TFD), o(TFD] |
dxdr  df

= Y > (knrlal® al) (JTED), oTFD| o, (¢~ i6)) (|o') @ la);)

a,a’=1a,a’=1

< (xr (o] @ 1 {a']) (viclt +0) [TFD), p(TFD|) (|0} xep © |a);)
dgdr  df

= Y > Lr(TFD[¢], (t —id) (|o/) p ® la)})

a,a’=1a,a’=1
x (xr{a|® f(al) [TFD)p (TFD| (|a)xp @ [a');)
< (kr{d|® f (d]) ¥iL(t +1i0) |TFD) 5
= L. (TFD| 4] (t - id) (trKR [|TFD>L7R(TFD|} ® IKR> Vi,(t +i8) | TFD) | p
= 1. (TED| 4] (t —i0) (p; ® IxR) vi,L(t +i6) [TFD) 4,

(F.5)
where dy,dg, d; are the Hilbert space dimensions of subsystems K, R, L respectively.

Therefore, we get the relation (8.30),

<c&>ﬁ- (OIS INEYE Lll0) (1] 1) = 215 (TED[;(t —i9) (p @ Icr) Vip(t+18)|TFD)

K,R—T |YVT—K,R 2
trxr [(PKR) }
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