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Abstract

Turbulent transport is a key challenge in realizing nuclear fusion energy, and re-
search based on gyrokinetic simulations is being conducted. In particular, the sim-
ulations employing the local flux-tube model have been extensively performed since
their computational costs are relatively small. While these simulations are capable of
evaluating turbulent transport for given background profiles, they cannot compute the
changes in the profiles caused by the transport.

In this study, we first focus on entropy and perform full- f simulations to investigate
the interaction between profile formation and turbulent transport. This study analyzes
the fluctuation entropy related to turbulent fluctuation, which has been investigated
in previous studies, and the thermodynamic entropy associated with profile formation,
which cannot be computed in local simulations. The equations of these entropies are
derived and the temporal evolution of each term is calculated. In addition to the result
consistent with previous research, which shows that the fluctuation entropy is primar-
ily changed by the entropy generation due to collisional dissipation D and the entropy
destruction due to turbulent transport —I' | it is shown that the thermodynamic en-
tropy is mainly changed by I' and the entropy destruction due to energy input/output.
This indicates that the fluctuation and thermodynamic entropies interact through the
entropy changes caused by the turbulent transport, signifying that the temperature
profile and turbulence interact via the heat flux. I' reduces the fluctuation entropy
and increases the thermodynamic entropy, thereby not generating net entropy. The
entropy equations show that the net entropy is generated due to dissipation in velocity
space. Intuitively, it would seem that a larger flow would result in less randomness
and, consequently, smaller entropy generation. However, it is foud that a larger flow
increases D, leading to greater entropy production.

In applied research on the interaction between profiles and turbulence, we examine
the interaction between profile formation and a vortex mode in the presence of a mag-
netic island. The vortex mode is a mesoscale mode with the same mode numbers as
the magnetic island and previous studies have shown that it significantly impacts on
the turbulent transport. However, the influence of the vortex mode on the profiles and

the resulting changes in the dynamics of the vortex mode are not yet understood. To



self-consistently calculate the temporal evolution of the turbulence, vortex mode, and
background profiles, it is necessary to conduct full- f gyrokinetic simulations. However,
a standard computational method for flux-surface averaging in the presence of a mag-
netic island, necessary for solving the gyrokinetic Poisson equation, does not currently
exist. Therefore, this study develops a new algorithm called the labeling method, which
groups real-space grids based on the nearest magnetic field line. By implementing the
labeling method, the previous study result that the electrostatic potential with the
same mode numbers as the magnetic island and the (m,n) = (0,0) electrostatic po-
tential oscillate together at the geodesic acoustic mode frequency is reproduced. The
ion temperature gradient (ITG) turbulence simulation in the presence of the magnetic
island reveal quasi-periodic transport reduction due to the interaction between the
temperature profile and vortex mode. During the transport reduction phase, both the
heat flux and thermal diffusivity decrease inside the island. If the heating power is
increased, the transport reduction could lead to the formation of a transport barrier
due to the magnetic island.

Many previous studies using global simulations have focused only on the dynamics
of bulk ions and electrons, therefore discussion on profile formation and turbulent
transport in the presence of impurities is insufficient. We analyze the profile formation
and turbulent transport for both positive and negative impurity density gradients.
When the impurity density gradient is positive, an impurity mode (IM) is theoretically
predicted to become unstable and experimentally observed. However, an evaluation
of the turbulent transport through global simulations is not conducted. Therefore,
the IM turbulence simulations are performed. The simulation results reveal that the
impurity particle flux due to the IM turbulence is an order of magnitude larger than
that caused by the ITG turbulence. Additionally, the IM turbulence generates the
inward ion heat flux, leading to an increase in the core bulk ion temperature. The
study also examines methods of controlling particle fluxes through heating in the case
of the negative impurity density gradient, not only to expel impurities but also to
simultaneously facilitate fuel supply. When only electrons are heated, the particle
fluxes are small, and the density profiles hardly change. When only ions are heated,
the I'TG turbulence drives the inward bulk ion particle flux I'; and the outward impurity
particle flux ZT',. These fluxes satisfy I'; + ZI', ~ 0 and the electron particle flux is
small. When both ions and electrons are heated, the bulk ion and electron pinches
are an order of magnitude greater than when only ions are heated. Simultaneously,
the large outward impurity transport relaxes the impurity density profile. This result
suggests that both fuel supply and impurity exhaust can be achieved by the ion and

electron heating.
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Chapter 1

Introduction

1.1 Nuclear fusion energy

Energy demand is increasing with the advancement of society and the growth of
population. On the other hand, thermal power generation, one of the main power
generation methods today, has problems. Power generation using fossil fuels releases
carbon dioxide, sulfur oxides, and nitrogen oxides, which contribute to global warming
and environmental pollution. The main fossil fuels are coal, petroleum, and natural
gas, each with specific advantages and disadvantages. Coal is a fossil of plant dating
from the Paleozoic to around the Cenozoic Era. It is inexpensive and the reserves are
less uneven, however, due to its solid state, coal mining and transportation present
challenges. Petroleum is formed by the decomposition of dead animals and plants
deposited during the Mesozoic Era by earth pressure and geothermal heat, and while it
is easy to handle because it is liquid, the distribution of the reserves is uneven. Natural
gas emits less carbon dioxide than coal or oil. However, storage and transportation of
it pose challenges. Fossil fuels could be depleted because the timescale for consuming
fossil fuels is very short compared to the timescale for making them. Power generation
by fission energy, a method of power generation that does not cause global warming or
air pollution, has also been put to practical use. Fission energy is the energy produced
by the nuclear fission. The binding energy per nucleon reaches a maximum at a mass

number of about 60, as shown in Fig. 1.1.

Figure 1.1 shows the binding energy per nucleon B(Z, N)/(Z + N) as a function of the

number of protons Z and neutrons N based on the semi-empirical mass formula

2

72
23.69(N 2)

B(Z,N) =15.753(Z+N)—17.804(Z+N)*?—0.710 ————————— e

+5(Z,N),
(1.1)
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Fig. 1.1: The binding energy per nucleon based on the semi-empirical mass formula
(MeV) .

where 0(Z, N) is given by

( 12
m (fOI' even Z, N)
12
5(Z,N) = —m (for odd Z,N)
0 (for odd Z + N)

\
Since nuclei with mass numbers greater than about 60 become more stable by splitting,
in a fission reaction, a nucleus with a large atomic number reacts with a neutron and
splits into two or more nuclei, and then releases neutrons. The released neutrons
react with other fissile materials, causing a chain reaction. In nuclear power plants,
electricity is generated by controlling the chain reaction. In addition to not emitting
carbon dioxide, nuclear power has the advantage of relatively low fuel costs. This is
because 1 gram of uranium can extract more energy than can be extracted from 3 tons
of coal. However, nuclear power generation also has the problem of radioactive waste
disposal and risks such as nuclear meltdown. Power generations by renewable energy
sources such as solar energy and wind energy, which emit as little greenhouse gases
as nuclear power generation, cannot play the role of baseload or middle power sources
that the thermal and nuclear power generation currently play. This is because they

cannot generate long-term and stable power.



1.1 Nuclear fusion energy

Is there a way to generate electricity that would solve all the environmental, resource
depletion, safety, and long-term supply problems? Fortunately, there is. It is fusion
power generation. Figure 1.1 suggests that nuclei with smaller mass numbers become
more stable by combining to become larger nuclei. This reaction is the nuclear fusion

reaction. The following fusion reactions could be used in fusion reactors,

D + 32D — 3T (1.01 MeV) + p (3.03 MeV), (1.2)
D+ 2D — 3He (0.82MeV) +n (2.45 MeV), (1.3)
D + 3T — 5He (3.52MeV) + 1 (14.06 MeV). (1.4)

Here, D is a deuterium nucleus, T is a tritium nucleus, p is a proton, and n is a
neutron. These reaction equations indicate that no carbon dioxide is produced in
the fusion reaction. Since about 0.015% of the hydrogen in seawater is deuterium,
deuterium is an almost inexhaustible fuel. Tritium, on the other hand, is virtually
nonexistent in nature, so it is produced from lithium. If the technology to extract
lithium from seawater is established, all the fuel for fusion power generation can be
taken from seawater, and the amount of the fuel is unlimited. Tritium is produced by

the reactions,
8Li+n — jHe +°T (1.5)
3 2 1+ .
Li+n — 5He +n. (1.6)

All reactants in a fusion reaction are positively charged nuclei. This means that in order
for a fusion reaction to occur, the nuclei must be brought closer against the Coulomb
repulsion. In other words, the fuels must be hot enough to cross the Coulomb barrier.
The reaction cross section as a function of the center-of-mass kinetic energy shows that
the DT reaction Eq. (1.4) is the most suitable for use as a fusion reaction [1, 2]. When
the fusion reaction power of the DT reaction is Py, the a—particle heating power P,
is (1/5)P;. Py is approximated as P; o< n*T?, where n is the density and 7T is the
temperature. Therefore, the energy multiplication factor @) is

Py n>T?
P, X nT /TE

=nTTg, (1.7)

where P, is the external heating power and 7g is the energy confinement time. At
@ = 1 (break even condition), the external heating power equals the fusion output

power. () is an important indicator of the performance of a fusion device.
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1.2 Tokamaks

1.2.1 Confinement

For the fusion reaction, the fuels must be heated above 10 keV. Since no material
exists that can withstand such a high temperature, the fuels must be confined so that
it does not come in contact with the wall. We note here that at high temperatures,
deuterium and tritium atoms are ionized and split into positively charged nuclei and
negatively charged electrons. Charged particles are subject to the Lorentz force ¢5/cv x
B in the presence of a magnetic field B, where ¢, is the charge of the particle species

s and v is the velocity. From the equation of motion

dv g
— == B 1.
M = : v X B, (1.8)

it is found that the charged particle rotates around the magnetic field at the frequency
Qg = ¢sB/mgc and radius p = v, /|Qg| = msv,c/|qs| B, where my is the mass of the
particle species s, ¢ is the speed of light, B = |B|, v, is the velocity perpendicular to
the magnetic field. Therefore, for example, when a torus vacuum vessel is prepared
and a magnetic field is generated by applying a current in the poloidal direction, it is
considered that the plasma may be confined without contacting the wall. In reality,
however, a toroidal magnetic field alone cannot confine the plasma for the following
reasons. Since the magnetic field is stronger inside the torus and weaker outside, the
plasma moves due to the magnetic drift
_vi+vl/2Bx VB
Vds = Q. B2

(1.9)

where v is the velocity parallel to the magnetic field. The magnetic drift is in the op-
posite direction for ions and electrons, resulting in charge separation and the associated
electric field E. The E x B drift

vy = —CEBé B (1.10)
caused by the electric field causes the plasma to move outward and cannot be confined.
It is worth noting that the E x B drift is independent of charge and therefore has the
same direction both for ions and for electrons. Here, a coil is placed in the center of
the torus container and a current is applied to generate a longitudinal magnetic field.
Then, an electric field in the toroidal direction is generated from the Faraday’s law of
induction. This electric field creates a plasma current. The plasma current creates a
poloidal magnetic field, which causes the magnetic field to twist. The helical magnetic
field does not cause charge separation due to the magnetic drift, so the plasma can be
confined. Such a magnetic confinement fusion device is called a tokamak. Figure 1.2

shows the coils and magnetic field of a tokamak magnetic confinement fusion device.
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Fig. 1.2: Tokamak [3]. (CC BY 4.0)

The safety factor ¢ = rB,/(RBy) is a value that expresses how much the magnetic
field is twisted by the poloidal field. Here, R is the torus major radius, r is the
torus minor radius, B, is the toroidal magnetic field, and By is the poloidal magnetic
field. The magnetic shear § = (r/q)0q/0r is the spatial variation of the safety factor
and is an important physical quantity in the discussion of instabilities and waves.
When the safety factor is an irrational number, a flux surface is formed. Under static
equilibrium, the equation of motion for magnetohydrodynamics (MHD) is expressed
as Vp = J x B/c, where p is the pressure and J is current density. From B - Vp =
J - Vp = 0, we see that the pressure is constant on the flux surface and that the
current flows on the flux surface. Flute perturbations (k,/kj < 1) tend to grow
on rational surfaces where the safety factor is a rational number where &, and kj
are the wavenumbers perpendicular and parallel to the magnetic field, respectively.
High wavenumber fluctuations in the direction parallel to the magnetic field are easily
dissipated because the plasma is free to move along the magnetic field lines. On the
other hand, in the direction perpendicular to the magnetic field, when high wavenumber
fluctuations occur, they cannot be canceled because the plasma is wrapped around the

magnetic field.

Tokamak plasmas are analyzed using the toroidal coordinate system (r, 6, ), shown
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Fig. 1.3: Toroidal coordinate system.

in Fig. 1.3. € and ¢ represent poloidal and toroidal angles, respectively. The toroidal

and Cartesian (z,y, z) coordinate systems satisfy the relations,
x = (Rp+rcosf)sinp = Rsinp
y = (Ro+rcosf)cosp = Rcosp . (1.11)
z=rsind

The Jacobian J is rR. We put r = ze, + ye, + ze,, from the definition of covariant

bases, the covariant bases of (r, 0, ) are

( 1 or

eT:h—TE:cosﬁsingpex—l—cosﬁcosgoey+siHGez
1 or ) ) .
eg = ——- = —sinfsinp e, —sinfcosp e, +cosb e, , (1.12)
hg 00
1 or .
e,=——-—=cospe, —sinpe
. hy, O !

where h,, hg, and h, are the scale factors in each direction of the toroidal coordinate

system. The outer product of the basis vectors is
e X eyg=e,
eg X e,=e , (1.13)

e, X e. =eg
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which means that the toroidal coordinate system is a right-handed system. From Eq.
(1.12), the first fundamental form I is

[ = r?df* + R*dy>. (1.14)

Since the differentials of Eq. (1.12) are

( 82
€epp = gr _ —rcosfsiny e, —cosbcosp e, —rsind e,
0000
82
§ €pp = &pggp = —Rsinp e, — Rcosp e, , (1.15)
82
€o, = r = —rsinfcosp e, +rsinfsiny e,
L 000y

the second fundamental form II is
11 = —r?df* — RcosOdy”. (1.16)

From Eq. (1.12) and Eq.(1.15), the Gaussian curvature K and mean curvature H are

cos cos 1
K = H=— - —. 1.1
rR’ 2R 2r (1.17)
From Eq. (1.17), the principal curvatures x; and ks are k1 = —cos /R and ko = —1/7,

respectively. Let By be the magnitude of the magnetic field at the magnetic axis, the
magnetic field B is

B B
B (o !B Hobo) (1.18)
qR R
We assume that the inverse aspect ratio ; = r/R is small (¢, < 1), then
By
Y <1 1.19
< (1.19)

is satisfied.

In the absence of a magnetic field gradient, the poloidal cross-section of the plasma
orbit coincides with the flux surface. However, because the tokamak magnetic field
always has a gradient, the particle orbit does not coincides with the flux surface. The
trajectory of the poloidal section of the particle satisfying vy > vs1 can be calculated

from the equation of motion,

d

d_:; = —4sSin 0 (120)
do B

Ty = cosﬁ—l—U”Ee (1.21)

where vgs = (v1 /2 + vjf) /(2 R). Assuming vj is constant, we obtain [2]

d Vs 2 9
7 { (R R[) , ) +z } 0, ( )
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where w; = v By/(rB) = v)/(¢R) is the reciprocal of the time to pass through the

connection length. From Eq. (1.22), the difference between the flux surface and the

particle orbit is A, = v4s/w;. Using the approximation vy, =~ v%,/(QsR), it can be

evaluated [4, 5] as
Uds

|AC| = = 4ps = EtPps, (1'23)

where vpg is the thermal velocity, ps is the Larmor radius evaluated by the thermal
velocity, and p,s = msvrsc/(|qs|Bp) is the poloidal Larmor radius. Equation (1.23)
indicates that the plasma cannot be confined in the limit of zero poloidal magnetic
field because of A. — oco. It is also suggested that a larger poloidal magnetic field will

result in a smaller A, and thus better confinement.

1.2.2 Trapped particles

For magnetically confined plasmas, the scales of temporal and spatial variation
of the magnetic field are much smaller than the temporal and spatial scales of the
gyromotion. The magnetic drift Eq. (1.9) and F x B drift Eq. (1.10) of the guiding
center are also slower than the gyromotion. Thus, points with the same guiding center
can be considered to have the same guiding center at a later time. The adiabatic
invariant J can be obtained by taking integrals along the gyro-orbit [190].

J = j{pg—gda ~ 271'%/1,, (1.24)

where « is the gyro phase, p = m,v + ¢sA is the canonical momentum, and A is the
vector potential. p is the magnetic moment and satisfies
d d [ mgv?
S ) (1.25)
dat dt \ 2B
Equation (1.25) can be proved by perturbation expansion for the equations of mo-

tion [190]. Using the magnetic moment, the kinetic energy can be written as

1 1
W = §msy2 = §msvﬁ + ubB. (1.26)

It can be seen that the particles are subjected to the mirror force Fjj = —uV B in the
direction parallel to the magnetic field lines. Since the kinetic energy and magnetic
moment are conserved, v, increases and v decreases when a particle moves from a
small magnetic field to a large magnetic field. Where v becomes zero, the particle
is reflected. Because the maximum value of the magnetic field By, divided by the
minimum value of the magnetic field By iS Bmax/Bmin = (1 4+ ;) /(1 — &) = 1 + 2¢4,
the condition for a particle to be trapped by the magnetic field is

Yl

(—>2<2Q. (1.27)

v
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Distribution function

- .

Fig. 1.4: Contour plot of the Mawellian. The black curve represents the boundary

between trapped and passing particles.

Figure 1.4 is the contour plot of the Maxwellian. The black curve represents the
boundary between trapped and passing particles. The particles inside the curve are

trapped. The passing particles in tokamak plasmas satisfy

Bp  _1 <ﬂ>2 (Ro — r)(R +1cosf)

2 72 Ror(1 + cos6)

0<
mgvg, 2

(1.28)

Urs

Assuming the distribution function is the Maxwellian and calculating the fraction of

the passing particle apags, we get

0o pCv? 2
s 1 vy + 248 r(1+ cos @)
ass = ————— | Bdusdvgy =1 — | =——,
o /oo /o \/QWTgeXp< 2T Hallsl Ry + rcosd

(1.29)
where C'= (Ry — 1)(Ro + rcos8)/ {2Ror(1 + cosd)}. Equation (1.29) shows that the
proportion of the trapped particles is about ei /2 of the total.

Figure 1.5 shows the projection of the trajectories of trapped and passing particles
onto the poloidal cross section. The red circle represents the flux surface and the green
circle represents the drift surface described by Eq. (1.22). The difference between the
magnetic and drift planes A, is given by Eq. (1.23). The trapped particles have banana

orbits as represented by the blue curve. The banana width A, is obtained from the
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10

Fig. 1.5: Projection of trajectories of trapped and passing particles on poloidal cross

sections.

equation of motion and the trapped condition Eq. (1.27). For v - By > 0, Eq. (1.20),
Eq. (1.21), and Eq. (1.27) lead to

dr
—Vgs8in 0
dt - (1.30)
dQ rv ’ :
2 _
r qRO\/25 \//i sin?(0/2)

where % = cos® 3/(2¢;) < 1, 8 is the pitch angle at # = 0 where the magnetic field is
minimum. In Eq. (1.21), we used pu ~ mv? /(2B;)(1 + &;) and ignored the term due
to the magnetic drift. From Eq. (1.30), we get

dr qps sin 6 g0 — %\/21%2

= [ —df ~ — =
" do /2\/8_15\/2/{2—1—1—0089 Vet

The trapped particle is reflected at (r,0) = (r9,6p). The banana width A, =r — ry at
0 = 0 is obtained [4] as

—1+cosf+rg. (1.31)

qps gqps
A, = VoK ~ 25 1.32
== = (1.32)

Equations (1.23) and (1.32) show that the banana width is ¢, 2 times larger than
A.. Since the trapped particles have a slower velocity parallel to the magnetic field
(v ~ y/€¢v) than the passing particles, they are more strongly affected by the magnetic
drift and deviate significantly from the flux surface. A, > A. > p, is generally satisfied
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11

in tokamak plasmas. The period around the banana orbit 7, is calculated from

dl oy
_ dl = 1.
7o o oW f{” oW’ (1.33)

J| represents the longitudinal invariant and is calculated [4, 7] as

Jy = msj{vdl = 8v2em,Roqu { E(k) — (1 — &*) K(k)}, (1.34)

from Eq. (1.30). The complete elliptic integral of the first kind K (k) is defined as

0<w<1) (1.35)

:/7r do
—Jo \/1—1{281H297

and the complete elliptic integral of the second kind E(k) is defined as

/2
= / V1—k2sin?0df, (0<k<1). (1.36)
0

When the particle is deeply trapped (k — 0), K (k) can be approximated as (7/2)(1 +
k%/2) [5]. From Egs. (1.33) and (1.34), we obtain [4, 7]

= 4ffj;2f<( K) ~ vT}ji;]a‘ (1.37)

The trapped particles move across magnetic field lines due to the magnetic drift. In

other words, the filed line label £ = ¢ — ¢ changes over time. The time variation of &
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3 v? dq
o = Vsd Vip —qb) ~ 0. Rr (q cosf + d—r& sin «9> (1.38)
Taking the bounce average of Eq. (1.38), we obtain [5, 7]
dg v’q
VALS 1.
N <dt> 10,2 ) (1.59)
where G(8, k) is defined as
. E(k) . E(x) 2
=12 —1+45( —= —1 1.4
G(3,kK) [ K(r) + S(K(H)_‘_H (1.40)

and (-), represents the bounce average. Equation (1.39) shows that the direction of the
precession drift is opposite for trapped electrons and trapped ions. Sometimes G(3, k)
is approximated as

G'(3) = 0.643 + 0.57 (1.41)

that does not depend on « [8]. Note that the bounce average of the longitudinal
invariant Eq. (1.34) is (dJy /dt>b = 0. The time derivative of the flux label x =
(1/472) [ B - V04V is

(88 Lo (142

dt qs OJy /oW 7

which indicates that the center of the banana orbit is always on the same flux surface [9].
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1.2.3 Neoclassical transport

In tokamak plasmas, the collision frequency v, which is the frequency at which the
pitch angle changes by 90°, is much smaller than the gyrofrequency. Therefore, the
particles can complete their gyro motion. In the absence of a magnetic field gradient,
the particle can be considered as performing a random walk with a step size p. The
diffusion coefficient in this case is estimated to be Dy ~ vp?. In reality, however, the
magnetic field gradient cannot be ignored, so the diffusion coefficient is always larger
than D.. Since trapped particles become passing particles when they are scattered
by an angle of about ,/¢; by collision, their effective collision frequency is veg ~ v/¢;.
This relationship is derived from the equation for the time variation of the distribution

function f due to pitch angle scattering [4],

of _v a9
O\ 20\

(1—X%) %, (1.43)

where A\ = v /v. When v is smaller than 7, ' given by Eq. (1.37), then both the
trapped and passing particles can complete the orbits represented in Fig. 1.5. The
frequency region satisfying v < Sf/ *up /qRy is called the banana regime. The diffusion
coefficient in the banana regime is evaluated as D; ~ Ei/ zAgyeﬂr ~ & 3/ 2p2q21/ from
Eq. (1.32). Since ¢ is greater than 1 and &, is smaller than 1, D, is significantly
larger than D.. On the other hand, when the collision frequency satisfies v > vy /qRy,
even passing particles cannot complete their orbits. This frequency region is referred
to as the Pfirsch-Schliite regime, and the diffusion coefficient is estimated as Dpg ~
A%y ~ p*¢?v from Eq. (1.23). Dy is 5;3/2 times larger than Dpg. This is due to the
difference in magnitude of A, and A., in other words, the difference in the velocity,
in the direction along the magnetic field, of the trapped and passing particles. The
frequency region between the banana regime and Pfirsch-Schliite regime is referred to
as the plateau regime. In this regime, particles that satisfy the resonance condition
v /vr ~ (VRoq/vr)'/? contribute to the diffusion process [2]. These particles move
over distances of around the connection length while experiencing the magnetic drift
before being scattered due to collisions. The step time is 7, ~ Ryg/v) and the step size

is A, ~ v47, ~ pqur/v|. Therefore, the diffusion coefficient in the plateau regime is

2 2
D, ~ <;j—D A2y (Z—T> ~ pg:T. (1.44)

The diffusion coefficient in the plateau regime is independent of collision frequency.

estimated as

Figure 1.6 illustrates the collision frequency dependence of the neoclassical diffusion

coefficient, summarizing the discussion above.
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Fig. 1.6: Collision frequency dependence of the neoclassical diffusion coefficient.

It is noteworthy that these neoclassical diffusion coefficients do not exhibit a depen-
dence on temperature gradients or density gradients. This characteristic establishes
a precise linear relationship between a flow and thermodynamic force, enabling the
application of the non-equilibrium thermodynamics [10]. In fact, it has been proved
that the Onsager reciprocal relations holds in the neoclassical transport [11]. Although
the neoclassical diffusion coefficients are larger than the classical diffusion coefficient
D, due to the non-uniformity of the magnetic field, the diffusion coefficient is ex-
pected to be smaller in high temperature plasmas because the collision frequency is
proportional to the —1/2 power of temperature. However, the experimentally observed
transport is more than one order of magnitude larger than the neoclassical transport.

This anomalous transport is believed to be caused by plasma turbulence [2, 12].

1.3 Plasma turbulence

1.3.1 Microinstabilities

In fusion plasmas, particle and heat transport across flux surfaces are caused by
turbulent eddies with spatial scales significantly smaller than device size. A typical
example of a small characteristic length is the Larmor radius of ions or electrons.
Microinstabilities that create small-scale eddies and the associated turbulent transport
have been investigated using the kinetic models based on the gyrokinetic theory [13,
96, 15, 16, 17, 18, 19, 20| and fluid models [21, 22, 23, 243, 86, 87]. Both kinetic
and fluid models have their own strengths and weaknesses. The gyrokinetic theory

removes phenomena on time scales below the gyroperiod and spatial scales below the
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gyro radius from the Vlasov equation

dfs_ﬁfs dv 8fs
dt ot dt Vs + dt ow

—0 (1.45)

and Maxwell equations

V-E=irY a [ fd (1.46)

V-B=0, (1.47)
10B
E=--"—" 1.4
VX c ot’ (1.48)
VXB_——ZqS/vfsd?’v—i—la—E (1.49)

using the perturbation theory, as will be explained in the next chapter. The process
reduces the dimension of velocity space by one. The gyrokinetic models are suitable for
the studies of micro-turbulences which are much slower than the gyromotion of charged
particles. However, it is still difficult to conduct analytical studies and numerical
simulations using them because the distribution function is expressed in five dimensions
of phase space: the position of the guiding center X = & — b X v/, kinetic energy w,
and magnetic moment p. Fluid models described in three dimensions in real space are
easier to handle than kinetic models. However, due to the presence of the advection
term in the Vlasov and Boltzmann equations, fluid models have the problem that
the equation for nth-order moment include n + 1st-order moment and the system of
equations is not closed. This is referred to as the closure problem. By employing the
Hammett-Perkins model [21, 22] as a closure model, kinetic effects such as the Landau
damping can be incorporated, and the dispersion relation of the fluid model matches
that derived from a kinetic model. However, the thermal diffusion coefficient in the
fluid simulation using the Hammett-Perkins model are reported to be much larger than
that in the gyrokinetic simulation [27].

The ion temperature gradient (ITG) instability has received the most attention as
a microinstability on the ion gyroradius scale [28, 29]. This is because it is believed to
be the cause of anomalous ion heat transport in the core region. We derive dispersion
relations for slab ITG mode (sITG mode) and toroidal ITG mode (tITG mode) and
discuss the physical mechanisms. The electrostatic linear gyrokinetic equation for

particle species s is given by

0 o) ) s
{61& + i(wg + was) + T—%%} hok, = {82& + i(wg + W*Ts)} e ;éfL Jo (k1ps) fos,
(1.50)

where hge (X, w, i, t) = 6 fae, (X, w0, 11, t) + qs{®)as/Ts fos(w) is the nonadiabatic part
of the perturbed distribution function d fuk, , (¢)as = (1/27) ¢ ¢da is the gyro-averaged
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electrostatic potential, wy = k| - Vg, was = k1 - Vs, Wari = Was{1 + ns(mv?/(2T5) —
3/2)}, ns =dInTy/dInng, wes = {Ts/(esB) Yk -bx Vinng, Jy is the Bessel function of
the first kind of order zero representing the finite Larmor radius effects, and fos(w) =
no{ms/(27T,)}3/? exp(—w/T,) is the equilibrium part (Maxwellian) of the distribution
function. As we use the field-aligned coordinate system [30], the € derivative of Eq.
(1.50) represents the derivative along the magnetic field lines. Considering only the
vicinity of a certain poloidal angle, and assuming a parallel wave number &, the Fourier

transformation of Eq. (1.50) for ions with respect to time yields

hikl -

W — WE — Wsy ePr,
k Jo
W —Wg — Wyeg — ||1)H TS

(hpz’) Joi- (1-51)

Here we assume the adiabatic electron approximation fe, /ng = edy, /T. where ey, is
the perturb part of the density. It corresponds to keeping the electron energy constant
and the mass close to zero, and the electrons move along the magnetic field lines at
an infinite velocity [31]. From the adiabatic electron approximation and the quasi-
neutrality condition 7iek, = g, = [ d*v{—(epr, /T;)foi + hir, exp(—ik. - p;)}, we

obtain the dispersion relation for the I'TG modes:

L S o qsqbkLJO

T. ng w—wg —wg — kT

(kLpi) foir = 0. (1.52)

The condition where the denominator of the integrand in Eq. (1.52) becomes zero
corresponds to the resonance condition between particles and waves. From Eq. (1.52),
it is evident that wg only contributes to the Doppler shift and does not affect the growth
rate. Therefore, for simplicity, w — wg is replaced by w. Under the assumptions of the
long wavelength approximation &, p; < 1 and fluid approximation vp;/|w/kyj| < 1, by
approximating 1/(w — wg — ko) =~ (1/w)(1 + kjvj/w + wai/w + kjvi /w), we obtain
the dispersion relation for the fluid approximation of the ITG modes [32, 33],

Wi 2 9 kﬁcg Wai Wipi
I e R (1— p):o, (1.53)
w w

w w

where p. = ¢ /S, ¢s = /Te/my, Wy = 2¢T;/(eB)k L -bX (b-Vb), Wiy = wyi(14+m:)s 7=
T./T;. Assuming a uniform magnetic field, flat density profile, and steep temperature

gradient, from Eq. (1.53), we get the dispersion relation for the sITG mode:

13 —1+1iV3

5 (1.54)

w = (kﬁc? w*m\)

Equation (1.54) shows that the sITG mode is caused by parallel ion motion. The dis-
persion relation for the slab I'TG modes can also be derived directly from a fluid model

of the slab configuration. From the ion continuity equation, the equation of parallel
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motion of ions, the ion energy equation, and the adiabatic electron approximation, we

obtain
109 | .
;E == zw*iq) - ZUTiszi||7 (155)
oU;
ot
P

where ® = e¢y, /T;, Uy = ‘N/i”kJ_/UTZ', P = Dy, /pi. From Egs. (1.55), (1.56), and
(1.57), the dispersion relation for the sITG mode

w? w 5w 2
S5 | — «i) — 1 — - i — = wi = 1.
{kﬁv%i(Ter ) “’} 3T+(” 3)“ 0 (1.58)

is derived [34]. In the limit vp;/|w/k)| < 1, Eq. (1.58) can be approximated to be

2 Y21 4iv3
w= {kQU%iT (m - §> w*z} %\/_ (1.59)

Equation (1.59) is similar to Eq. (1.54), but the mode does not become unstable when

equal to

n; = 2/3 in this fluid model. The physical mechanism for the sITG mode is as follows.
Temperature fluctuations 7; cause differences in the speed at which ions move along the
direction of the magnetic field lines. This leads to the generation of density fluctuations
n; between the regions where TZ > (0 and where T, < 0, resulting in the creation of
electric fields to cancel the charge separation. The F x B drift due to the electric
fields further increase the temperature in the region 7; > 0 and further decrease the
temperature in the region T, < 0. In this way, the initial fluctuations exponentially
amplify.

By neglecting the dynamics in the parallel direction and employing the long wave-

length approximation in Eq. (1.53), the dispersion relation for the tITG mode

] Waiwagi

is derived. On the other hand, in the fluid model (Eqs. (1.55), (1.56) , and (1.57)), by
substituting the parallel fluid velocity with the diamagnetic drift and introducing the
Braginskii closure [35] ¢ = 5¢p;/(2eB)b x VT; to equation Eq. (1.57), we obtain

109

T 1w ® — dwg; (P + P), (1.61)
oP 5 1
i i(1+n;)we® — I3Wai {CD (—;) + QP] : (1.62)
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From Egs. (1.61) and (1.62), the dispersion relation for the tITG mode

5 T

W= Wi + = (Wai — W) + / TWaias (N —

3 2

;) (1.63)

is derived. 7. is the threshold for the tITG mode, defined as

2
77c—3 1

Wi Wdi

T (Wi Wi 10wy
+—(d+ —2)+— i3
T Wy

(1.64)

In this model, it becomes unstable when 7; > 7n.. From Egs. (1.60) and (1.63), it is

understood that in order for the tITG mode to become unstable, w,,wq; needs to be

greater than 0. This condition implies that the product of the pressure gradient and

magnetic field gradient is positive, indicating that the tITG mode is unstable in the

bad curvature region.

Vp, ———
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Fig. 1.7: Physical mechanism of the tI'TG mode.

Figure 1.7 shows the physical mechanism of the tITG mode. The physical mech-
anism of the tITG mode is similar to that of the sITG mode. With the presence of

pressure fluctuations p;, the magnitude of the magnetic drift, which depends on particle

velocity, varies. This results in regions between the peaks and troughs of the fluctua-

tions where n; > 0 and n; < 0. This leads to the generation of electric fields due to
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the charge separation, and the E' x B drift. As depicted in Fig. 1.7, in regions where
p; < 0, the pressure becomes higher, whereas in regions where p; < 0, the pressure
becomes lower. Thus, the initial pressure fluctuations amplify exponentially with time.

Another ion-scale microinstability that is of interest, similar to the ITG modes, is
the trapped electron mode (TEM) [36, 37]. The ITG mode becomes unstable when the
density gradient is small, while the TEM becomes unstable when the density gradient is
large. When both the temperature and density gradients are large, both the I'TG mode
and TEM become unstable[38, 39]. It has been observed that when the critical gradient
(. = R/Lr + 4(R/L,) = 22 is exceeded, both the ITG and TEM become unstable,
thereby increasing the particle fluxes and changing the direction of convection [40].
Since the TEM is unstable due to the motion of the trapped electrons, we employ the

bounce-averaged gyrokinetic equations for electrons [41]

o 0 A
(E + Z(Cdde)b) hskl = <8t + zw*T6> %fge. (165)

Equation (1.65) is obtained by taking the bounce average of Eq. (1.50), neglecting the
finite Larmor radius effects of electrons, and using (v/(¢R)0hek, /08)y = 0, (dr, )p» =~
¢, , and the fact that the lowest order of hg, is independent of §. From equations

Eq. (1.39) and Eq. (1.41), the precession drift frequency of trapped electrons is

L,
e (3) = wpre%, (1.66)

<wde>b = Wee RTe i

where wyre = wie L, G'(8)/Te. From Eq. (1.65), the adiabatic part of the distribution

function of trapped electrons is determined as

W — WyTe €Pk,

Bk e = — N 1.67
k| ,jtrap W — <(,L)de>b TS fU ( )
Thus, the electron density fluctuation is [9]
Ne noe(/b’CL + 47r\/25,5€¢’CL /OO deUQfoe. (1.68)
Te Te 0 W — <wde>b

On the other hand, in the limit w > vp;/qR, from Eq. (1.51), the density fluctuation

of ions is obtained as

~ €Pk
n, = —nNo

1 Wi Wyi
EL + noeqﬁh {i (]. — o ) F()i — ]{Zi %"z (Fh — FOZ)} 3 (169)

where To; = Io(k? p%;) exp(—k2 p%,), T = L(K2 p%;) exp(—k2 p%,), Iy and I; are the
modified Bessel function of the first kind of order zero and of fist order, respectively.
From Egs. (1.68) and (1.69), we obtain the dispersion relation of the TEM:

414/ 2¢4 w WxTe

2
Wd6>bv fOe' (170)

1+7_< )FO’L n; *eki %“z(rlz FOz -
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Assuming 7 < w, and /&; < 1, and using 1/w ~ 1/w, — iy/w?, Eq. (1.70) can be

approximated as [9]

{1+7(1-To)}— —2\/%( r )3/2 e e {“*e {1+ne ( i —%)} —1}.

Wy pre T pre

We employed the Sokhotski-Plemelj theorem lim., ,1o1/(w — (Wae)p) = PL/(w, —
(Wae)p) — im0 (wy — (wae)p) on the right-hand side of Eq. (1.70). The physical mechanism
of the TEM is similar to that of the ITG modes. The role played by the magnetic drift
in the case of the tITG mode is played by the precession drift in the case of the TEM.
When temperature and density fluctuations occur, the precession drift causes charge

separation and associated E x B drift, which amplifies the fluctuations.

1.3.2 Turbulent transport

When linearly unstable modes grow, nonlinear coupling between modes leads to
the coexistence of countless waves with different wavenumbers and frequencies. The
turbulent diffusion coefficient Dy, for the slab configuration can be estimated from

the continuity equation

on _(9n0 on ~ 7\
E+V~(nV)—§+E+V-<nOV+nV>—O, (1.72)

where V(r,t) = B x V¢/B? is the fluctuation part of the flow velocity. The average
of the fluctuating part of a physical quantity ¥ becomes zero <\i> = 0. From the first
order of Eq. (1.72), we derive the relationship between the fluctuating density and elec-
trostatic potential fluctuation. By extracting the first order terms of Eq. (1.72), we get

the relationship between the fluctuating density and electrostatic potential fluctuation:

1 bxk . Wik egbk
E(V"O)'( B ¢’“) T T

Equation (1.73) indicates that plasma motion generated by the electric field fluctuations

Ng =

(1.73)

couples with the density gradient, leading to the generation of density fluctuations.

Taking the average of Eq. (1.72) results in

Mo v (wV) =0 (1.74)

The second term on the left-hand side of Eq. (1.74) is the term ignored in linear theory.
Modes grow and this nonlinear term becomes larger, causing transport. Since both the
density and velocity fluctuation are superpositions of countless waves, substituting

1 00 ] - 1 oo L .
fl(’l",t) _/ Pin ckr—wel) 1l 41 V(’I‘,t) — %/ Vi pilkr—wit) Jfo (175)

:27T

—00
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into Eq. (1.74) yields

% + V- (/ dk ﬁkV_k 627kt> =0 (176)

o0

We employed the relationships 2md(k 4+ k') = [ exp {i(k + k') - v} dr, wp = wir +
ik (Wir, Tk € R), Wiy = —w_gyr, and 7 = 7_g. The second term on the left-hand side
of the equation Eq. (1.74) represents the divergence of the particle flux T, and since

[' = Dyubno/ Ly, the diffusion coefficient can be written as

L ee ~ L o0
Dy, = —n/ dk 7V g, €7 = Z—n/ dk kyfigd g, 2. (1.77)
no J_co TL()B o
Substituting Eq. (1.73) into Eq. (1.77) yields
& k’ Yk |fzk|2 Te
D, = L, 2wt g | =2 1.
turb </_OO o n% e B (1.78)

Equation (1.78) indicates important things. The first important point is that when
the density fluctuations ng and electrostatic potential fluctuations ¢y are in phase,
no particle transport occurs because of Dy, = 0. Although the E x B drift creates
positive and negative radial flows, the density fluctuations are equal at both regions,
therefore the particle transport cancels out and the net particle transport is zero. The
second important point is that lower frequency waves contribute more to the diffusion
when the fluctuation amplitudes are comparable. Accurate evaluation of Eq. (1.78)
is difficult because of the need to consider nonlinear processes. However, it is possible
to evaluate phenomenologically by using the mixing length theory. Since Dy, is
proportional to exp(2vxt), it becomes a reasonable approximation to consider the only
fluctuation with the highest linear growth rate. In the mixing length theory, a density
fluctuation is assumed to grow until the gradient of them becomes comparable to the
gradient of a equilibrium density (k,n ~ ng/L,). The validity of this assumption has
been confirmed through experiments such as Alcator A and Princeton Large Torus
(PLT) [42]. Substituting this relationship into Eq. (1.78) leads to

Ve

o (1.79)

Dturb ~

Equation (1.79) can be interpreted as a balance between the linear growth of a mode
and the stabilizing effect of turbulent diffusion k2Dyy, [2]. Equation Eq. (1.79) is
consistent with the diffusion coefficient of a random walk where the correlation length
is the radial wavelength and the correlation time is the inverse of the linear growth rate.
The mode width of drift waves, such as the I'TG modes localized on the flux surface
(x = x,,,) where ¢(x,,) = m/n, have been studied by eigenvalue analysis [43, 44, 45],
and Dyyp can be estimated by applying the results to Eq. (1.79). In the sheared
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slab configuration B = (0, Bo(x — x,,,)/Ls, By), the lowest order eigenmode function

satisfies [44]
deo
d_€2 +

The temperatures of ions and electrons are assumed to be equal, and L, represents the

(Eo — &) ¢o = 0. (1.80)

characteristic spatial scale at which the pitch of the magnetic field lines varies radially

near the rational surface. £ and Ej are defined as

ZLn T — T ’iLSQO 1— QO
= Ey=— —k2 1.81
SV g M L, ( ky+1+Ln/LT+QO>’ (1.81)

respectively, and ¢y and 2y are the lowest order normalized eigenfunction and eigen-

value, respectively. Equation Eq. (1.80) is the Weber equation and is isomorphic to
the Schrodinger equation for a particle moving under a harmonic oscillator potential.
Upon assuming |Re(€Q)| > [Im(€2)|, the eigenfunction is a oscillatory function in the
x direction. A physically meaningful solution is one that satisfies lim ;o0 [¢o] — 0
and Im(§2y) > 0 [171]. The asymptotic solution of Eq. (1.80) is given by [45]

. . Ln (-T - x’m)2
1 = — 1.82
|m1‘g10 ¢o = Cexp { ) SL.0 2 } ) (1.82)

where C' is a constant. Thus, the mode width of the drift wave Az is found to be
AT >~ por | —. (1.83)

Equation (1.83) can also be obtained from the balance between the acoustic wave term

and the finite inertial dispersion term in the mode equation (p3/Az* ~ vi ki Ax?/(W?L2)) [47].

Figures 1.8(a), 1.8(b), and 1.8(c) show the the (m,n) = (m,20) electrostatic po-
tentials of the tITG mode for the magnetic shears §;, S5, and S3, shown in Fig. 1.9,
respectively. The parameters other than magnetic shear are the same as for the Cy-
clone base case parameters. The magnetic shears are $;(rs) =~ 0.26, $2(75) ~ 0.48, and
S3(rs) ~ 0.78 at s = 0.5a0 and $3(r) is the same as in the Cyclone base case. Figure
1.8 shows that the mode width of the tITG mode decreases as the magnetic shear
increases, as indicated in Eq. (1.83). Upon assuming that the characteristic timescale
of drift waves is approximately the diamagnetic drift w,;, the turbulent diffusion coef-

ficient can be estimated as

T
Db ~ (Az)% w,; o peog = XaB; (1.84)



1.3 Plasma turbulence

22

Height: [pi]

™,

-100 -50 0 50
Major radius: [p;i]

100

0.4

Heignt: 1py)
o

/
i
e

."“'”””

TS

-0.25

(5

-0.50

-0.75

=100 50 0

50 100 oo

Major radius: [py]

20,m/Tio

en

Height: [pii]
o

\)

//”“\\\\\\\\

(",

7

\ .',( \\\\\\\

=100 50 0 50
Major radius: [p:i]

100

Fig. 1.8: (a), (b) and (c) represent the radial profiles of the (m,n) = (m,20) electro-

static potential. (d), (e) and (f) are contour maps of the n = 20 electrostatic potential.

(a) and (d) are the simulation result for the case where §;(rs) ~ 0.26, (b) and (e) are

for the case where S5(r5) ~ 0.48, and (c) and (f) are for the case where s3(rs) ~ 0.78.

[By courtesy of Mr. Okuda of Kyoto University]

where we used p, = ps/ag and L, ~ ay.
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Fig. 1.9: Radial profiles of the magnetic shear for each case in Fig. 1.8.

The gyroBohm diffusion coefficient xygp

is proportional to the 3/2 power of temperature, indicating that transport increases

with increasing temperature. Since ygp is proportional to agy', the larger the device
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size is, the smaller the transport is. xgp is the diffusion coefficient corresponding to
the transport brought about by local and microscale fluctuations. On the other hand,

~1/2 and the distance between adjacent

since Ax given by Eq. (1.83) is proportional to §
rational surfaces Az, ~ z,,/(m3) is proportional to §71, Az > Ax,, is satisfied as the
magnetic shear increases. Indeed, from Fig. 1.8, it is evident that as the magnetic shear
increases, the spacing between the rational surfaces decreases, leading to the overlap of
the modes. In such cases, the interaction between modes must be considered [49, 50].
This interaction is due to the cosf dependence of the magnetic field. Due to the
coupling between the magnetic field and F x B drift, the poloidal mode number of
the potential contained in the F x B drift changes by +1. Hence, the equation of
¢m includes ¢,,11 and ¢,,,_1. The mode structure due to toroidal coupling has been

investigated using the two-dimensional eigenequation [51, 52]

J 0

L —, =, 7,0 0) =0 1.85
W, Vi 50 50T 0| 90 0) (1.85)
in the (r,0) coordinate. Upon assuming that the eigenmode are centered on the rational
surface r = r,,, the potential is expressed as ¢ = exp(imf)>_, ¢(r)exp(ilf) where
di(r) = A(x)pexp(—illy) and x = n(dq/Or),,, (r — rm) = kes(rm)(r — rm). Ax)

represents a slowly varying envelope and is written as
A(x) = exp (—z/ 91(x')d:v’> : (1.86)
0

¢ is the shape function and is the same for all poloidal harmonics. exp(—1lfy) cor-
responds to the phase difference between adjacent modes, and 6, is the ballooning
angle. #; in Eq. (1.86) is obtained as 6;(x) ~ —(0w/0z)/(0w/dby)x by expanding
w By + 01(x), ] = w(by, x) which is the first order equation of Eq. (1.85) . Therefore,
from Eq. (1.86), we get

A(z) ~ exp (—zg;"//gé “’;) . (1.87)

For A(x) to converge as x increases, Im((dw/0z)/(0w/00y)) > 0 must be satisfied.
The eigenfrequency is approximated as w(fp,x) = w, (0o, z) + iy(0p, ) ~ w,.(0) +
(0w, /0x)ox + 17y cosBy. The real frequency is dominated by x and the growth rate
is dominated by 6y. From Eq. (1.87), we obtain

AGw) = oxp (et ) = o (- <n<aq/af>rmm>2) - 08

Approximating with (Ow,/Jr)g ~ wa/ L1 ~ 40/ L7, we find
v ~ 4 [ Lrps (1.89)
T :

1/2

V2 /3

ske

’AY(] sin 90

sin Oo(L7ps)
(Ow,/0x)g

Ar -
8<k9ps)
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Ar is one order of magnitude larger than the microscale mode width Az given by
Eq. (1.83). In other words, the drift waves have a mesoscale structure due to toroidal
coupling. Figs. 1.8(d), 1.8(c) and 1.8(f) show contour maps of the n = 20 electrostatic
potential of the tITG mode for the magnetic shears 51, $5 and s3 shown in Fig. 1.9,
respectively. It is found that large mesoscale vortex structures are formed when the
magnetic shear is large. On the other hand, when the magnetic shear is small, the
different modes are difficult to couple, and smooth global structures are not formed.

Using Eq. (1.89) to evaluate the turbulent diffusion coefficient results in

T
Dy ~ (A7) w,; o g X (1.90)

x B is referred to as the Bohm diffusion coefficient, and it is greater than ygp. It
is proportional to temperature, indicating that transport is greater in high temper-
ature plasmas. xp, unlike xgp, does not depend on the size of devices. The flux
tube model (p. — 0) is known to give results consistent with the gyroBohm scale [19].
By performing the global gyrokinetic simulations with different device sizes, Lin et
al. showed that the turbulent transport is consistent with the Bohm scaling where
p« is large and gyroBohm scaling where p, is small [53]. Transport coefficients are
closely linked to confinement performance. the L-mode ITERS89IP scaling 7 ERSP —
0.048 A% 1085 B2 Ry2al k" n®1 P, %% corresponds to the Bohm scaling and the H-
mode IPBI8(y, 2) scaling 5 >0 — 0.145A%1910-98 15 RE39 .58 5078 041 pm069 ¢
responds to the gyroBohm scaling [2], where A is the ion mass number, I, is the
plasma current (MA), By is the toroidal magnetic field at the plasma center (T), & is
the ellipticity, n is the line-averaged density (10?° m™3), and P, is the heating power

In the nonlocal ballooning theory discussed above, the lowest order linear growth
rate is v9(6o, ) = o cos . The linear growth rate is maximized for 6, — 0, and the
mode width is Ar — 0 from Eq. (1.89). That is, at the lowest order, the mode width
of the mode with the largest linear growth rate is zero. Higher order correction terms
for the growth rate need to be taken into account. By taking the correction term as
—40/(kgsAr)? and expanding the growth rate in terms of 6y, we obtain

. (Gwr/ax)o) . ( 02 (&ur/@x)o)
~ cos 0y — —_— | - ] . 1.91
Y Yo ( 0 270‘ sin 90‘ Yo 9 270’90’ ( )

The radial variation in the background profiles has a stabilizing effect. Because flux-
tube simulations cannot account for variations in the equilibrium profiles, they overes-
timate turbulent transport compared to global simulations [48]. From Eq. (1.91), the
ballooning angle at which the linear growth rate is maximized is expressed as

1/3

(0w, /Or),..

— 1.92
ko%yos (1.92)

(GO)max ~ F ‘
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Therefore, from Eq. (1.89), the mode width with the largest linear growth rate is
Sin(e[))max 12

k25%(0o)3

max

Ar =2 (1.93)

(a) (b)
Small |6 ‘_ Large ||

i L l o /
P R

Large Ar, Large v Small Ar, Small ~

Fig. 1.10: Mode structure for small ballooning angle (a) and mode structure for large

ballooning angle (b).

Figure 1.10 shows the mode width and linear growth rate for small (a) and large
(b) ballooning angles. When the ballooning angle is small, the mode width and linear
growth rate are large. On the other hand, when the ballooning angle is large, the
mode width and linear growth rate are small. When poloidal flow Vj or toroidal flow
Vi, is present in the background, dw,/0r replaces Ow,/Or 4+ Ow;/Or in the equations
for ballooning angle and mode width (Eq. (1.92) and Eq. (1.93)). ws = k¢Vp + k,V,
is the Doppler shift frequency. Thus, it can be seen that the background flow has a

significant effect on the linear growth rate of the mode.

1.3.3 Profile stiffness

We consider how turbulence transport affects the density and temperature profiles.

The time evolution of the wave energy € = |egy/T|? is modeled as [54]

0
a—i =2(y — i) &, (1.94)
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where v, = 40 (R/Lr — R/Lr.) is the linear growth rate of the mode, R/Ly. is the
critical temperature gradient, and 7y is the nonlinear decay rate. In this model,
the wave energy does not increase unless the critical temperature gradient R/Lr. is
exceeded. This feature is based on experiments on Joint European Torus (JET) [55, 56]
and turbulence simulation results [48]. They show that turbulent transport increases

rapidly above the critical temperature gradient, as shown in Fig. 1.11.
A
Turbulent

thermal
diffusivity

| .

(R ) R R/Lr

ET ETC

Fig. 1.11: Schematic graph of turbulent thermal diffusivity against R/Ly

The critical temperature gradient inferred from experiments on JET and obtained from
gyrofluid simulations is smaller and closer to a linear critical gradient than that ob-
tained from gyrokinetic simulations [55, 48]. The difference in the results between
gyrofluid simulations and gyrokinetic simulations is explained by the difference in
Rosenbluth-Hinton residual zonal flows [64]. The critical temperature gradient ob-
tained from gyrokinetic simulations is R/ L. ~ 6 and the thermal diffusion coefficient
is XL,/ (p?vr) ~ 15.4[1.0 — 6.0(R/Lr) '] [48]. Calculations incorporating the effects of
plasma shape have also been performed, yielding x  [1.0 — ag(ye/7vL)] [57, 58], where
ap = 0.71(32;)%%(k/1.5) and g is E X B shear rate. In Eq. (1.94), when vy > vy, and
R/ Ly is exceeded, € becomes significantly large, leading to R/Ly = R/Lr.. Therefore,

the temperature profile is

T(r) = T(ao) exp (%L;r> . (1.95)

Equation (1.95) shows that the temperature profile is proportional to the tempera-
ture at the edge T'(ag). In ASDEX Upgrade experiments, it has been observed that
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there exists a linear relationship between the edge and core temperatures [59]. In the
following, we consider the case where v, ~ vy ~ ws, and the fluctuation scale is
sufficiently fast compared to the transport scale. In this case, the diffusion coefficient
D due to the E x B drift is D ~ Dge = vrLpe [54]. Thus, the nonlinear decay rate
is estimated to be yn ~ Ynoe = k2Dge from Eq. (1.79). The ratio of the nonlinear

decay rate 7](\%3) evaluated by the gyroBohm diffusion coefficient Eq. (1.84) to the

nonlinear decay rate 'y](\ﬁ)) evaluated by the Bohm diffusion coefficient Eq. (1.90) is

GB)
7No / 7(
growth is much greater for micro-scale vortex structures than for mesoscale vortex

~ p/Ly < 1. This means that the nonlinear effect of suppressing mode

structures. At the transport scale, phenomena at the fluctuation scale can be consid-
ered steady-state, thus € = (vo/vno0) (R/Lr — R/Ly.) holds. Therefore, the diffusion
coefficient is D = Dg (v0/vno0) (R/Lr — R/Lr.). Substituting D into the energy equa-

tion assuming adiabatic response yields [54]

3 0T _ 0 w (R R\)OT
Dy— [ — — P, 1.
2 825 87” { O’YNO (LT LTC) } 87” + m ( 96)

where P, is the input power. The temperature gradient at steady state is found to be

R 1R 1 R\’ ~INO = R "
ki - 4 P (r)dr. 1.
Ir 2L 2\/(LTC) QTS nDOT/O () (1.97)

Therefore, the difference between the temperature gradient and the critical temperature
gradient A(R/Lr) is obtained as

R R R 1R R —"YNO
Al —)=—— = —— 1+14 ——1 . 1.
(LT) Lr Lp. 2L7 \/+ (LT) ? (1.98)

In the high temperature limit, let us substitute VJ(V%B) and 7](\%) into Eq. (1.98), denoting

the resulting expressions as A (R/Ly)'“? and A (R/Ls)™, respectively. Their ratio is
A (R/Lp)P JA(R/L)'“®) ~ p/Ly < 1. This means that when turbulent transport
scales to the Bohm scaling, the temperature profile is closer to Eq. (1.95) than when
it scales to the gyroBohm scaling. The small variation in temperature profile is often
described as ”stiff,” and it is suggested that reducing the profile stiffness plays a crucial
role in internal transport barrier (ITB) formation [56]. In experiments on JET), it
has been observed that toroidal flow relaxes profile stiffness [55] and that this effect
works particularly strongly in low magnetic shear [56]. The experimental results are
explained by the electromagnetic stabilization of the I'TG mode. [60]. The § dependence
of the electromagnetic stabilization is qualitatively consistent with the 5 dependence of
stiffness obtained in the experiments on JET. § f gyrokinetic simulations have shown
that when the flow shear rate 7o, is small, R/ L. is large but stiffness increases, and

when ;0 is moderate (large but not too large), both R/ Ly, and stiffness decrease [61].
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This is due to the unstable mode changing to the parallel velocity gradient (PVG)
mode [62, 63]. Similarly or even more than toroidal flows, poloidal flows are drawing

significant attention, as we will explain in the next section.

1.3.4 Poloidal Flows

There are three major poloidal flows in toroidal plasmas. They are the geodesic
acoustic mode (GAM) [65], zonal flow [73], and flow due to mean electric field [88],
respectively. GAM is a mode in which the (m,n) = (0,0) electrostatic potential is
coupled to the (m,n) = (1,0) pressure fluctuation due to the toroidal effect. The
zonal flow is the (m,n) = (0,0) flow driven by nonlinear coupling of waves (Reynolds
stress), and the mean electric field is the electric field generated to satisfy the radial
force balance. The characteristics of each are described below.

From Eq. (1.72), the time evolution equation for the normalized density fluctuation
N = a/ny: )

%—ZZ —~ }%sm WVexs + V|V =0 (1.99)

is derived. Due to the toroidal effect, the divergence of the E x B flow is not zero.
k = sinf/R in the second term of Eq. (1.99) is the geodesic curvature. From the
momentum equation ~

ov

nom— - = =Vp+ J x B (1.100)

and the charge neutrality condition
V-J=0, (1.101)

the time evolution equations for VEX g and f/” are derived as

aVExB C? Y .
and -
aVII 272 N7
E + CSV”N = O, (1.103)

respectively [66]. Assuming that the £ x B flow causes up-down asymmetric den-
sity perturbations and that N o expi {(kr, 0, kH)T T — wt} sin f, the GAM dispersion

relation equation
2

2c
—Weam + =T kit =0 (1.104)

S

is derived from Eqs. (1.99), (1.102), and (1.103). Thus, the frequency of the GAM is
obtained as

2 —§(2+k2R2)~i 24— (1.105)
Weam = R2 l T R2 2] '
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From Eqgs. (1.105), (1.102), and (1.103), the toroidal velocity of the GAM is [67]

-1 .
Vi = gcose VExB. (1.106)

From Eqgs. (1.105) and (1.102), the density fluctuation of the GAM is

n [, lep .
n—ozkrp 2+??sm9. (1.107)

Historically, the GAM was first theoretically predicted in 1968 by Winsor et al. They
derived the equation [65]

) 2
w2/|p:n|2jd8=c§ U 5 BV VB

B4
(1.108)
from Eqgs. (1.72), (1.100), (1.101) and
op Opm _
Pimod aztj T'Popig gt +V -V (poprp) = 0. (1.109)

Here, T' is the ratio of specific heats, p,, is the mass density, ¢ is the flux label,
and the integral represents the flux-surface average. The first term on the right-hand
side, which depends on the magnetic field gradient in the B x V1 direction, repre-
sents the GAM. On the other hand, the second term on the right-hand side repre-
sents the normal acoustic mode along the magnetic field. Substituting the magnetic
field B = By/(1 + £;cos0) {ez +r/ <q\/m) 89} into Eq. (1.108) yields the
GAM frequency Eq. (1.105). Equation (1.105) are the result from the fluid mod-
els, and the derivation using the gyrokinetic model was done by Sugama and Watan-
abe [68]. According to the Sugama and Watabae theory (SW Theory), the time evo-
lution of an initially given (m,n) = (0,0) electrostatic potential ¢y, (0) is given by
&k, (0) = ¢, (00) + [¢r, (0) — P, (00)] cos(waamt) exp(yt). The GAM frequency wgam
and decay rate «y are given by [68]

vV 11 Ui 86
= — 1+ — 1.110
WGeAM 5 q (qRo) 121¢2 ( )
and
N 5 [ vp; 12142 [ Lk fng
= -7 “GaM 3
gl 5 (qwaam) R) T2 1861 (W& anm +3)
2

+ —2({56(1@4)1)2 et/ (O g+ 1108 AN + 66)] (1.111)

respectively, assuming W3,y = (¢Rowaam /vTZ-)2 >1land T,/T; = 1.

2
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Fig. 1.12: Time evolution of the (m,n) = (0,0) electrostatic potential based on the
SW theory. The yellow horizontal line is the residual zonal flow based on the RH
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Fig. 1.13: Physical mechanism of the GAM.

theory.

Figure 1.12 shows the time evolution of the (m,n) = (0,0) electrostatic potential
based on Egs. (1.110) and (1.111). The yellow horizontal line is the residual zonal flow
o, (00) = ¢y, (0)/(1+1.6¢%/=}"?) derived by Rosenbluth and Hinton (RH Theory) [64].
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The GAM repeats the cycle: positive radial electric field FE, > 0 — up-down
asymmetric density perturbation dn,—o o< —sin # — negative radial electric field E, <
0 — density perturbation in opposite phase dn,—y o sinf — positive radial electric
field E,, as shown in Fig. 1.13. The radial electric field and density fluctuations
in the figure were obtained from the GAM simulations using the global gyrokinetic
code GyroKinetic Numerical Experiment of Tokamak (GKNET) [92]. The background
density and temperature distributions are n(r) = T'(r) = 1, the magnetic shear is 33,

shown in Fig. 1.9, and the initial distribution function is given as

2
Sf(X, v, pyt =0) =107° [(1) cos (ﬂr> + " gin < )
Qo Qo aogr Qo

The physical mechanism of GAM is described as follows [69, 70]. The E x B flow is

created when a positive radial electric field E,. > 0 is generated. The toroidal effect

fos. (1.112)

leads to larger £ x B flow outside the torus, resulting in the creation of up-down
asymmetric pressure perturbations dp,—g o< —sinf. Due to the pressure gradient, a
diamagnetic current is generated. To maintain the quasi-neutrality Eq. (1.101), a
polarization current flows to balance the diamagnetic current. This leads to changes
in the radial electric field, causing its direction to reverse. GAM has been observed in
many devices such as the DII-D and ASDEX-U [71]. GAM damping tests are widely
used as benchmarks for gyrokinetic simulations [72].
In Eq. (1.100), when 7 does not depend on 6, then w equals zero. In this case,
n =0 from Eq. (1.103). Thus, unlike the GAM, zonal flow has no density fluctuations
and does not oscillate in time. From Eq. (1.99), the velocity in the toroidal direction
is obtained as [67]
Vi = —2qcos 0V, . (1.113)

To investigate the mechanism of zonal flow generation, we introduce the partial ensem-
ble average (-). Using the average, the electrostatic potential ¢ = ¢ +gz~5 is expressed as
the sum of ¢ = (¢), which varies slowly on the large scale, and ¢, which varies quickly
on the small scale. When ¢ and qg are Fourier expanded, the former has a large con-
tribution from low wavenumber components, while the latter has a large contribution
from high wavenumber components. The E x B flow can likewise be separated into
large- and small-scale flow as Vgyg = Vzp + VEX B. The dynamics are described in
the Modified Hasegawa-Mima euqation (MHM equation) [74, 75]

eg

0 0
( + Vyp - VJ_)_QS‘FV Vi——p2 (at+VExB VL)V26¢—

- (1.114)

ot T 1.

The equation represents the dynamics of a two-dimensional slab configuration, with

r =xre,+ye, and k = kxl%x—l—kyl%y. Linearizing Eq. (1.114), we find that the frequency
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of the wave is

k, V. _
The Doppler shift is caused by the zonal flow. From Eq. (1.115), we obtain
Owy, Vi - 2V, k, p? _
= k, — Vs _k+V, 1.11
ok 1T AR (Lt gl S
and
82wk 8‘/*k'yp4 2‘/*p2 ~ ~ 8VZF
- s gk P (kko 1 kok kI) , 1117
Dkok  (1+ p2k2p "~ (1 k)2 (1 ek kT )+ =50 (L.117)

where I is the unit matrix. Taking the average of Eq. (1.114) and extracting the

large-scale dynamics,

d - 9]
aVZF = _6_xny (1.118)

is derived [76, 77] from the incompressibility condition V - Vgyp = 0. R, =
—c*/B? <(8g5/8x)(8g5/8y)> is the Reynolds stress. Equation (1.118) shows that the
zonal flow is generated by the nonlinear coupling of the drift waves. In the limit
q/k < 1 where the wavenumber of the drift wave k is sufficiently larger than that of

the zonal flow g, the Reynolds stress is

c? k.k
Ray B2 (1 + p2k?)2 k ( 9)
Ny, is the wave action, defined [76] as
N =(1 +p§k2)2/dq elrr <Q~§kﬁgqfk:>~ (1.120)

From Egs. (1.118) and (1.119), we obtain the equations describing the zonal flow

0 - 2 0 k. k

Since Eq. (1.121) contains Ng, we close the system of the equations by finding the

dynamics [67]:

governing equation for Ng. Differentiating Eq. (1.120) by time and using ¢/k < 1, we

obtain

ot or Ok ok Or
Equation (1.122) has a Hamiltonian structure, indicating that the action spectrum of

ONi _ 0w ONi  Owe ONe (1.122)

the drift wave is constant along any trajectory derived from the Hamiltonian [67]. From
Egs. (1.121) and (1.122), the linear equation for V,p

Ve =D o V. (1.123)
o1 2 = ZF 5 5 VIF .
is derived, where € is the complex frequency of the zonal low and Dzp is defined as
02 Z kku 8Nk
Dypr=—— [ dk Y . 1.124
2= B / Q — 0wy, /Oky (1 + p2k2)2 Ok, (1.124)
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Equation (1.123) shows that the zonal flow grows with time when 0Ny /0k, < 0.
Zonal flows are believed to be generated through the modulational instability [78,
79, 80]. The complex amplitude a of a quasi-monochromatic drift wave (r,t) =
a(r,t)expi(k - r — wit) of wavenumber k and frequency wy, satisfies the Nonlinear
Schrodinger equation [78]
2
z’% +¢#;§k2 {k:y - %k} .Va
V.p?

. . 4k, p?
s Yk, + Rk + kT — —2C Kk =
(1+p§k2)2{ R } v

21.2\2
(1+p25‘];) ky|&|2a
ps *
(1.125)

from Eqgs. (1.116) and (1.117) when the spectral width Ak/k and the complex am-
plitude |a|/k are of the same order. The coefficient in the second term on the left-
hand side of Eq. (1.125) represents the group velocity v, and does not contribute
to the deformation of a. The third term on the left-hand side is a term propor-
tional to 9°w/0kdk, known as the group velocity dispersion term. This term describes
the deformation of a caused by the change in the group velocity with wavenumber.
The right-hand side of Eq. (1.125) represents the nonlinear frequency shift, and
using ¢ = (1 + p2k?)%k,/p2V.]al?, the solution which is independent of positions is
a = a exp(—ict). Adding perturbations to the uniform solution and performing a

stability analysis, the instability condition for the modulation instability is derived as

{_ Vikyps AV.ky k2 ps (1 + pok?)k,
(

}<0<:>1—3p2k§+p§k§>0.

R IR0 W S
(1.126)
The linear growth rate has the maximum value
1+ p2k?)2k
_ ( +ps ) y|a/|2 (1127)

’Ymax - ‘/:kpg

(Lt o220 o
4 = \/1 S T AT (1.128)
s s’y VxFMs

when

Fig. 1.14 shows the physical mechanism of the modulational instability when the
group velocity is a decreasing function of wavenumber and ¢ > 0. When the amplitude
increases due to fluctuations, since ¢ > 0, i.e., the phase velocity of the drift wave v,
increases, the wavenumber increases in the front and decreases in the back. As the
group velocity is a decreasing function of wavenumber, the group velocity is smaller in
the front and larger in the back. Since the group velocity is the propagation speed of

energy, the amplitude increases further where the amplitude increases. Through such
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Fig. 1.14: Physical mechanism of the modulational instability.

a mechanism, fluctuations exponentially grow. The modulation analysis is also useful
for studying structures called streamers (¢, < 1) [81], which are radially elongated
vortices generated through nonlinear three-wave coupling. Li and Kishimoto showed
by the modulation analysis that zonal flows and streamers are selectively generated by
the anisotropy of a carrier wave [82]. When the drift wave satisfies (k, < k), zonal
flows are generated, and when it satisfies (k, > k), streamers are generated. This
result indicates that zonal flow and streamer generation can be controlled by controlling
the magnetic shear, since k, is proportional to §~'/2 from Eq. (1.83). They showed by
3D electron temperature gradient (ETG) mode turbulence simulations that zonal flows
dominate when the magnetic shear is small and streamers dominate when the magnetic
shear is large [82]. It is worth noting here that ETG turbulence has a slower zonal flow
growth rate than ITG turbulence [83]. This is because in the case of ITG turbulence,
the zonal flow with k| = 0 is not shielded by the Boltzmann electrons, however in the

case of ETG turbulence, the zonal flow is also shielded by the Boltzmann ions.

In order to investigate the impact of zonal flows on turbulent transport, ITG tur-
bulence simulations with the adiabatic electron model were performed using GKNET.
The temperature gradients are (R/Ly;, R/Lz.) = (10,6.92). The other parameters are
the same as for the Cyclone base case parameters. We compared the case of the normal
simulation with the case where the (m,n) = (0,0) electrostatic potential is numerically
removed. Figure 1.15 shows the n = 16 electrostatic potentials for each case. In the

linear phase tvr;/ Ry = 40, the electrostatic potential structures are exactly the same,
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Fig. 1.15: n = 16 electrostatic potential structure with and without zonal flow.
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Fig. 1.16: Time evolution of turbulent heat flux with and without zonal flow.

however after nonlinear saturation tvy;/Ry = 50, the wavenumber of the electrostatic
potentials are different and k, is larger in the presence of zonal flows. This is due to

the deformation and tearing of the turbulent eddies by the zonal flow shear [84, 85].
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As k, increases, the transport is expected to be small because the turbulent diffusion
coefficient becomes small from Eq. (1.79). Furthermore, an increase in k, leads to a
decrease in the drift frequency as indicated by Eq. (1.115). Therefore, the energy of the
drift wave is expected to decrease from conservation of the action density [83]. Figure
1.16 illustrates that the turbulent heat flux is more than two times smaller in the pres-
ence of zonal flows compared to the case without zonal flows. Thus, zonal flows are the
key to achieving fusion power generation because they suppress turbulent transport.
Static zonal flows are more important for turbulent transport suppression, because en-
ergy transport from oscillating zonal flows to turbulence has been observed [86]. Since
static zonal flows are dominant in low ¢ region and oscillatory zonal flows are dominant
in high ¢ region [87], it is better to extend the low ¢ region to improve confinement.
The other poloidal flow in toroidal plasmas is the flow due to the mean radial electric

field. The mean electric field is determined to satisfy the radial force balance [84]

kOT B 1 9p

Bt oo — 2V = — = 1.129
+ Bor qR I wBor ( )
k is the coefficient of neoclassical poloidal flow, given by [72, 89|
1.17 — 0.35,/v4
VP g 1268
o 10TV (1.130)
N 1+ v2e} ' '

The neoclassical poloidal flow rotates in the ion diamagnetic direction in the low fre-
quency range, however as the collision frequency increases, the direction reverses and
the poloidal flow rotates in the electron diamagnetic direction [90, 91]. In the collision-
less case, k equals 1.17 and becomes a constant. In the absence of momentum injection,
the pressure gradient term becomes dominant, leading to the generation of the negative
radial electric field. The Doppler shift frequency due to the mean radial electric field
cancels with the drift frequency of the ITG mode, resulting in a smaller ballooning
angle [92]. From Eq. (1.91), it is evident that the presence of the mean electric field
leads to an increase in the linear growth rate of the ITG mode. Zonal flow evolves
on a turbulent timescale, whereas the mean radial electric field evolves on a transport
timescale. The mean radial electric field is driven by equilibrium profiles whereas zonal
flow is only generated by nonlinear wave coupling [83]. Hence, the mean radial electric
field can be controlled by heating or momentum injection. Imadera and Kishimoto
have shown using GKNET that the ITB is formed by co-injection of momentum [92].
Due to the momentum injection, the toroidal rotation term —rB/(¢R)V) < 0 in Eq.
(1.129) becomes dominant, causing the radial electric field to become positive E,. > 0.
In the inner region where the radial electric field shear is positive, the ballooning angle
is negative and the momentum flux is positive [93]. On the other hand, in the outer

region where the radial electric field shear is negative, the ballooning angle is positive
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and the momentum flux is negative. Hence, momentum diffusion is reduced, large ra-
dial field shear is maintained, and the I'TB is formed. In the case with counter-injection
of momentum, the sign of the generated radial electric field is reversed, so the direction
of the momentum fluxes is also reversed from that in the case with the co-injection of
momentum, and the momentum diffusion is larger. Hence, I'TB is less likely to form

in the case of counter-injection of momentum.
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Fig. 1.17: Spatiotemporal evolution of the heat flux with (a) and without (b) momen-

tum injection. [By courtesy of Dr. Imadera of Kyoto University]

In the case of reversed magnetic shear, the I'TB is also formed by the co-injection of
momentum, as shown in Fig .1.17. Interestingly, in the case of the reversed magnetic
shear, the radial position where the ITB is formed is near the flux surface with the
lowest safety factor gmi,, regardless of the location of momentum sources [92]. This is
due to the fact that the toroidal rotation has the maximum value near the g,,;, surface
by the momentum fluxes and that the toroidal rotation term in Eq. (1.129) is inversely
proportional to the safety factor. Thus, it can be seen that the mean radial electric

field also contributes significantly to confinement improvement.

1.4 Overview of this thesis

Plasma turbulence driven by microinstabilities has been studied through gyrokinetic
simulations. Especially, the simulations employing the flux-tube model have been ex-

tensively conducted since their computational costs are relatively small. While they
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can evaluate the turbulent transport for given background profiles, they do not eval-
uate the changes in the profiles due to the transport and the associated variation in
the turbulence. Research on the interaction between turbulence and profiles remains
insufficient. Since many previous studies using ¢ f global simulations have focused on
the dynamics of ions and electrons, research on turbulent impurity transport and the
associated profile formations is insufficient as well. Impurity accumulation can lead
to increased radiative losses and fuel dilution. Conversely, it was reported that the
stabilization of instabilities by accumulated impurities can improve confinement per-
formance. Therefore, it is necessary to analyze the turbulent transport and profile
formations when the impurity density gradient is positive and negative. In this study,
we first focus on entropy and perform full-f simulations to investigate the interaction
between the profile formation and turbulent transport, and their relationship with dis-
sipation. In addition, the role of equilibrium electric field in profile formation and the
interaction between profile variation and turbulence in the presence of magnetic islands
are elucidated. Subsequently, by conducting ¢ f global simulations that introduce im-
purities, we examine the impact of the impurity mode driven by a hollow (outwardly
peaked) impurity density profile on impurity transport. Furthermore, we investigate
methods to control turbulent transport through heating, to relax a peaked (inwardly
peaked) impurity density profile and simultaneously increase the gradients of bulk ion
and electron density profiles .

In Chapter 2, the gyrokinetic theory is described and the gyrokinetic equations are
derived. The equation of motion in noncanonical Hamiltonian mechanics corresponds
to the equation of the vortex lines of the fundamental 1-form in the seven-dimensional
extended phase space (z,t). Since the equation of motion is derived from the exterior
derivative of the fundamental 1-form, closed forms contained within the fundamental
1-form can be neglected. In the Lie transform perturbation theory, the fundamental
1-form is transformed by the pullback of a map given by vector fields, thereby remov-
ing the gyrophase dependence. This method is simpler than directly averaging the
Vlasov equation over the spacetime scale of the gyro-motion and has the advantage of
rigorously treating symmetries and conservation laws. The drift-kinetic Vlasov equa-
tion is obtained by the guiding center transformation in terms of the small parameter
ep ~ p/Lp < 1. The phase space and energy conservations are strictly satisfied. When
electrostatic potential fluctuations are introduced, the guiding center fundamental 1-
form again has the gyrophase dependence. The gyrokinetic Vlasov equation is obtained
by the gyrocenter transformation in terms of the small parameter e5 ~ e¢/T < 1. In
this study, since the electrostatic approximation is employed, the form of the symplec-
tic part remains unchanged by the gyrocenter transformation, and the Jacobian and

the Poisson brackets are the same as those in the guiding center coordinates. The



1.4 Overview of this thesis

39

density is represented by the distribution function in the particle phase space coordi-
nates, but what is obtained from the gyrokinetic Vlasov equation is the distribution
function in the gyrocenter coordinates. From the push-forward representation of the
densities, the gyrokinetic Poisson equation is derived. The expression of the gyroki-
netic Poisson equation differs between the adiabatic electron model, where all electrons
are treated adiabatically, and the hybrid electron model, where trapped electrons are
treated kinetically.

In Chapter 3, the numerical schemes and algorithms used in the global gyrokinetic
code GKNET are explained. The algorithm implemented to cancel numerical fluxes
near a singularity result in the magnetic field and vector potential becoming discon-
tinuous functions. To resolve the discontinuity by using the gauge transformation,
the gyrokinetic Vlasov equation is reformulated using the curl. GKNET adopts the
Euler method, discretizing the phase space. The gyrokinetic Vlasov equation is dis-
cretized using the Morinishi scheme, which numerically conserves the L1 norm and the
L2 norm, and the time integration is computed using the fourth-order Runge-Kutta
method. The finite Larmor radius effect is evaluated by the Padé approximation or
calculating along gyro-orbits using interpolation functions. The latter method can
more accurately evaluate the gyrophase averaging, but it requires longer computation
times when the Larmor radius is large. The gyrokinetic Poisson equation is solved by
lower-upper decomposition after Fourier transformation along the 6 and ¢ directions
and making band diagonal matrices of r, kg, and k.

In Chapter 4, the gyrokinetic entropy balance and dynamics are discussed. By de-
composing the distribution function f into the equilibrium part fy and the fluctuating
part 6 f and expanding the entropy density s = —flog f , the first-order entropy
density s = —6f (1 + log fy) and the second-order entropy density s = —6 2/ (2f,)
can be defined. Integration of the first-order entropy density over the velocity space is
proportional to the change in the pressure profile and represents entropy change asso-
ciated with profile relaxation. On the other hand, integrating the second-order entropy
density over the phase space coincides with the opposite sign of the fluctuation entropy,
often used in gyrokinetic studies. The fluctuation entropy represents entropy change
related to structure formation in velocity space. While the first-order entropy is the
thermodynamic entropy associated with profile formation, the second-order entropy
pertains to entropy related to turbulent fluctuations. From the gyrokinetic Vlasov
equation, the equations for the first- and second-order entropy densities are newly
derived, and each term of these equations is evaluated using full- f gyrokinetic simu-
lations. It is found that the first-order entropy SW = [s)7d°z primarily changes
due to the entropy generation by heat flux I' and the entropy destruction by energy
input/output —F. Meanwhile, the second-order entropy S@ = [s? F7d°z mainly
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changes by the entropy generation due to collisional dissipation D and the entropy
destruction due to phase mixing —I'. This is consistent with the fluctuation entropy
balance equation obtained in previous studies. The fact that both the first- and second-
order entropies change due to I' implies that the temperature profile and turbulence
interact through the heat flux. I' does not generate net entropy, and the net entropy
is produced through dissipation in velocity space. Intuitively, it would seem that the
larger flow, the smaller entropy generation because ordered structure is large. How-
ever, large flow leads to large D, resulting in increased entropy generation. Therefore,
higher confinement performance corresponds to greater entropy generation. D is de-
termined byI" and is independent of collision frequency. In the entire plasma, since
the first-order entropy increases due to the entropy generation by heat flux, S /ot
and I' are in phase. Locally, the dynamics of the first-order entropy is dominated by
the advection term, leading to an increase in the first-order entropy generation rate
followed by a rise in I'. This suggests a time lag in the heat flux response to change
in the temperature profile, with the delay time being on the order of the inverse of the
linear growth rate. Similarly, the dynamics of the second-order entropy is dominated
by the advection term and it propagates with the heat avalanches. This implies that
locally generated turbulence propagates without dissipation.

In Chapter 5, the effects of magnetic islands on turbulence and profile formation are
discussed. To investigate the interaction between turbulence and profile in the presence
of magnetic islands, it is necessary to perform full- f gyrokinetic simulations. In order to
solve the gyrokinetic Poisson equation, the flux-surface averaging must be performed,
but no standard computational method exists in the presence of magnetic islands. In
this study, a new algorithm called the labeling method is developed, which groups
real-space grid points by the nearest magnetic field line. By implementing the labeling
method, the previous study result that the electrostatic potential with the same mode
numbers as the magnetic island and the (m,n) = (0, 0) electrostatic potential oscillate
together at the GAM frequency is reproduced. In neoclassical simulations, solving
only the gyrokinetic Vlasov equation results in the flattening of the both temperature
and density profiles at the O-point. On the other hand, self-consistently solving the
gyrokinetic Vlasov and Poisson equations reveals that while the temperature profile is
flattened, the density profile is not relaxed. This result is explained by the balance
between the forces due to the mean radial electric field and due to the parallel stream-
ing. The profile formation inside magnetic islands is a critical issue, as it pertains to
the stability of the neoclassical tearing mode. The finding in this study, that the mean
radial electric field maintains the density gradient inside the magnetic island, suggests
the need to consider the electric field that satisfies the radial force balance for properly

evaluating the destabilizing effects. In flux-driven I'TG turbulence simulations with a
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magnetic island, a quasi-periodic transport reduction due to the interaction between
the temperature profile and turbulence is discovered. Since the temperature profile
is relaxed in side the magnetic island, the large temperature gradient is formed at
the inner boundary of the island and drives the I'TG mode. Since the mode satisfy-
ing k| = 0 inside the magnetic island has the same mode numbers as the magnetic
island, a mesoscale vortex mode with the mode numbers grows. Analysis based on
the Hasegawa-Mima equation confirm that the vortex mode is excited by two drift
waves. The vortex mode transports heat from the O-point to the X-point, reducing
the temperature gradient inside the magnetic island. Since the temperature gradient
is small, turbulence is not excited, and the shear effect of the vortex mode prevents
the heat flux from penetrating into the island, resulting in reduced heat flux inside the
magnetic island. However, as the turbulence intensity is small, the amplitude of the
vortex mode also diminishes. When it becomes smaller than the amplitude of the tur-
bulence, the turbulent structure becomes similar to that without the magnetic island.
Turbulence driven by the temperature gradient re-excites the vortex mode, leading to
the quasi-periodic transport reduction. If the heating power is increased, a positive
feedback loop where the temperature gradient at the boundary of the magnetic island
is increased, and the accompanying large radial electric field further increases the tem-
perature gradient may occur. This could lead to the formation of a transport barrier
due to the magnetic island.

In Chapter 6, results on turbulent transport and profile formation in cases of pos-
itive and negative impurity density gradients are presented. While it is theoretically
predicted and observed experimentally that the toroidal impurity mode (tIM) become
unstable when the impurity density gradient is positive, there is no analysis of the
physical mechanisms or evaluation of the turbulent transport by global gyrokinetic
simulations. In this study, a fluid model is first used to analytically derive the condi-
tion under which the tIM becomes unstable. It is demonstrated that the tIM can be
explained as an interchange instability. The tIM simulation results reveal that the im-
purity particle flux caused by the tIM turbulence is an order of magnitude greater than
that caused by the I'TG turbulence. Additionally, it is found that the tIM turbulence
induces an inward ion heat flux, leading to an increase in the core bulk ion tempera-
ture. This is attributed to the significant contribution of the non-diagonal terms of the
heat flux. In the presence of the positive impurity density gradient and the large ion
temperature gradient, the I'TG mode becomes dominant, but it is shown that the large
impurity transport is driven by the subdominant IM. The study also examines methods
of controlling particle fluxes through heating in the case of a negative impurity density
gradient, not only to expel impurities but also to simultaneously facilitate fuel supply.

When only electrons are heated, the particle fluxes are small, and the density profiles
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hardly change. When only ions are heated, the ITG turbulence drives the inward bulk
ion particle flux I'; and the outward impurity particle flux ZI',. These fluxes satisfy
I'; + ZT', ~ 0 and the electron particle flux is small. When both ions and electrons are
heated, the bulk ion and electron pinches are an order of magnitude greater than when
only ions are heated, leading to an increase in their density gradients. Additionally,
the large outward impurity transport relaxes the impurity density profile. These parti-
cle transports are thought to be driven by the dominant I'TG mode and subdominant
TEM. This result suggests that heating can achieve both fuel supply and impurity
exhaust, significantly contributing to the realization of fusion energy. In Chapter 7, a

summary of the results obtained in this study is presented.



Chapter 2

Gyrokinetic theory

2.1 Lie transform perturbation theory

In this chapter, we derive the gyrokinetic Vlasov equation and the gyrokinetic
Poisson equation used in this study. To this end, this section describes the basic
concepts of the gyrokinetic theory and the Lie transform perturbation theory used
to derive the equations. It is noted that since the electrostatic model is used in this
study, magnetic field fluctuations are not considered, however a general discussion is
presented.

As mentioned in the introduction, fluid models cannot precisely evaluate turbulent
transport in fusion plasmas. Hence, when we perform the simulations of plasma turbu-
lences, solving kinetic equations is necessary, however directly utilizing the 6D Vlasov
equation Eq. (1.45) is not practical due to computational resource limitations. There-
fore, a theory has been developed to approximate the gyromotion of charged particles,
which is much faster than the dynamics of turbulence, and to reduce the number of
dimensions to be treated. That is the gyrokinetic theory. In numerical simulations, the
reduction of the dimension reduces the number of required phase-space grids dramat-
ically, and the computation time can be reduced to a realistic level. The gyrokinetic
theory that can deal with phenomena such as drift wave turbulence of which character-
istic time scale is slower than the cyclotron frequency is an approximation theory and
its validity is limited to dynamics satisfying the gyrokinetic orderings. In the gyroki-
netic ordering, our focus is on the parameters ¢,,, €g, €, and &5 [18]. &, is the ratio of
the cyclotron frequency €2 to the characteristic frequency w of fluctuations, satisfying

w
— ~ &, 1. 2.1
0 o K ( )

This shows that phenomena such as cyclotron waves are outside the scope of the theory.

The parameter ep characterizes the ratio of the magnetic field scale length Lz to the
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gyro radius p and satisfies

Loep<l (2.2)
Lp

The two small parameters ¢, e g are common to both the drift and gyrokinetic ordering.

The parameter ¢, is of different order for standard gyrokinetic and drift kinetic theory,

~1 (standard gyrokinetic orderings)
kip~el : (2.3)
<1 (drift orderings)

It is noted that the ordering ¢, < 1 in the drift kinetic theory may also be used in
the gyrokinetic theory. This is because this condition can be used to approximate the
finite Larmor radius (FLR) effects in a simple form that is easy to solve numerically.
In the case of core region ITG turbulence, e, < 1 is considered to be satisfied, and
for instance, the assumption is adopted in the full-f Eulerian code GT5D [117]. In this
study, €, < 1 is applied only to the calculation of the double gyro-averaging which is
explained later. The order of the ratio of the perpendicular to the parallel electric field
fluctuations is estimated to be

OB B g

. 2.4
6EJ_ k’J_ g1 ( )

In the case of the standard gyrokinetic theory, the perpendicular electric field fluctua-
tions are found to be large, however this is not so in the case of drift kinetic theory. &4

is a parameter related to the magnitude of the fluctuation and satisfies

ﬁw%Nég(l. (2.5)

f T
In the presence of magnetic fluctuations, it can be deduced from Eq.(2.5) that the ratio
of the magnitude of the magnetic fluctuations to the equilibrium magnetic field is of
the order of €5. In the case of the standard gyrokinetic orderings, it is easy to see that

6pvl¢ -~ U_E

L. 2.
T vr < ( 6)

This is referred to as the slow flow condition. In the case of the MHD, vg ~ vp is used.
The slow flow condition is satisfied even when €, < 1 and e¢/T ~ 1. However, in this
case, it is pointed out that the rigorous discussion requires the incorporation of higher-
order terms derived from the guiding-center transformation in the quasi neutrality
condition and Hamiltonian [95]. In this study, the four parameters are assumed to
satisfy e ~ g, ~ e ~ £, ~ g5. These are the perturbation parameters when discussing
the perturbation theory. In the standard gyrokinetic theory, parameter ez is used
for the guiding-center transformation, and parameter ¢5 is used for the gyro-center

transformation.
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Since the Lie transform perturbation theory also bears the name of perturbation
theory, the idea is basically no different from other perturbation theories such as the
multiple-scale method. It only pushes unnecessary things into the extra degrees of
freedom. In the Lie transform perturbation theory, the gyrophase is eliminated by
operating the fundamental 1-form, rather than by directly transforming or averaging
the equations of motion such as Eq. (1.45). First, we show that the equation of motion
in the noncanonical Hamiltonian theory [96] can be derived from the fundamental 1-
form. The fundamental 1-form I" on the seven dimensional extended phase space is

written as

I' = v,(z,t)dz" — H(z,t)dt (2.7)

with the seven-dimensional noncanonical coordinates (z,t) and Hamiltonian H. ~; is
expressed by the Lagrangian L and the six-dimensional canonical coordinate (q, p) and

is given by
0L(z, 2,t) 0q(z,t)
= SRR (e ML 23)

Since the equation of motion is the equation of vortex lines of the fundamental 1-

form [13], the exterior derivative of Eq. (2.7) is taken to obtain the equation of motion.

When the components of the Lagrange brackets is defined as

L=yt ] = 2 2
wy = [24,77] = 9 B (2.9)
the exterior derivative of Eq.(2.7) is written by
= — .t J _ - 7
T=dl =) wyds' Ndz ((% + 821.) dz* A dt. (2.10)

i<j
The first term on the right-hand side is the Lagrange tensor. The interior product of
the vector field

dz* 0 0
= - 4 — 2.11
V=wos "o (2.11)
and the 2-form given by Eq.(2.10) is
, dz , ovi OH , Ov; OH
— 2 oidsd i
iy Y o wijdz? + ( 5 + 8zi) dz (815 + 8,2@') dt. (2.12)

When iy T = 0 and the components of the Poisson bracket, which is the inverse matrix

of the Lagrange bracket, is written by

~ 0¢*Op,  Oq* Opy’

JI= {2} (2.13)

we obtain

dz* - (OH 0y,
— g == 4 21
= (aZjJr at>' (2.14)
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Equation (2.14) can also be derived by directly calculating the Euler-Lagrange equation
from the Lagrangian expressed in the noncanonical coordinates [97]. From Eq. (2.14),
we can see that transforming the fundamental 1-form is equivalent to transforming the
equation of motion. It is important to note that since the equation of motion is the
equation of vortex lines of the fundamental 1-form, it is determined by the exterior
derivative of the fundamental 1-form. This means that the equation of motion does
not change when closed forms are added to the fundamental 1-form Eq.(2.7). In the
Lie transform perturbation theory, the original fundamental 1-form I' is transformed
into

L= (T")'T+ds, (2.15)

through the pull-back by a map T~!. T is a map that is given by a vector field G and
is defined as
T = exp (eG). (2.16)

S is a scalar field and dS in Eq. (2.15) vanishes when we take the exterior derivative.
It means that dS does not affect the equations of motion. Expanding I',T',~, H, and
S as

a=ag+ear+e’as+---, (a=I,I,7HS), (2.17)

we obtain the equations:

Ty =Ty +dSo, (2.18)
fl = Fl - ‘CGFO + dSl, (219)
_ 1

[y =Ty — Ll + écéro +dSs. (2.20)

L is the Lie derivative given by the vector field G. When it acts on a fundamental
1-form, we get
Lol =(dig+icd)D (2.21)

by the Cartan’s homotopy formula [98]. The Lie derivative is a differential operator
that does not change tensor properties, and from Eq. (2.21), it is evident that the Lie
derivative of a 1-form remains a 1-form. For the reason that the exterior derivative of
the fundamental 1-form is the equation of motion, the first term on the right-hand side
of Eq. (2.21) is not necessary to calculate since it disappears anyway. Henceforth, when
performing calculations involving the Lie derivative of 1-forms, we implicitly assume
that terms arising from the first term on the right-hand side of Eq. (2.21) are included
in the exterior derivative of scalar fields, and we will not explicitly write. Here, we
define the maps

T, =exp(e"G,), (n=1,2,3,---) (2.22)
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by vector fields G, (n = 1,2,3,--+) and introduce the composite map T = - - - T3T51}.
The fundamental 1-form is pulled back by the inverse map of the composite map [13].

In this case, the relations

Ty =T+ dSo, (2.23)
Iy =TI,—LgTo+dSy, (2.24)
_ 1

I'n =19 — EGlFl + (§£é1 — £G2> o+ dSs, (225)

are established between the transformed fundamental 1-form T’ and the original funda-
mental 1-form I". The G,, and S,, appearing here correspond to the degrees of freedom
in perturbation theory, and the gyrophase dependence can be removed by choosing
them well so that the gyrophase dependence is eliminated. In this study, we are not
interested in orders higher than the third order, so it is enough to know G1, G, and
S1. We do not consider higher orders as in Eq. (2.17), but only up to the first-order
a=ag+ea, (a=1,v HS).

Next, we will obtain the expressions of G, G, and 57, and the symplectic com-
ponents and Hamiltonian after transformations. We assume that the zeroth-order
Hamiltonian H, before transformations is independent of the gyrophase. First, we cal-
culate the symplectic components. From Eq. (2.24), the transformed first-order 1-form
7, can be expressed as

¥ = — ig,wo + dSh, (2.26)

where we denote the exterior derivative of v, (n = 0,1,2) as w,, = dv, (n = 0,1,2).

By solving Eq. (2.26) for the components of the vector field G, we obtain
Gjl = {Sl, Zj}o + A’Ylit](l)'ja (227)

where J is the component of the Poisson bracket obtained from the zeroth order 1-

form 7 and it is used to define the Poisson bracket of arbitrary scalar functions F' and

G,

OF 8G
= v -

{F.Gho= Ty 557

Ay, is defined as Avy; = v1; —7;,; and represents the difference between the symplectic

(2.28)

components changed by the pull back transformation. The second-order 1-form is
obtained as .

72 — —z'szo — §iG1 (wl + 51) (2'29)

from Wy = d7, and Eq. (2.25). It is noted that the closed form arising from the Lie

derivative disappear because the second-order scalar field is zero. G5 is obtained as

4 1 .
G4 = — 3G (Wit + Buws) (2.30)
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from %, = 0. The transformed first-order Hamiltonian H, can similarly be calculated,
and from Eq. (2.24),

Hy = Ky +7,; {#', Ho}, — {S1, Ho}, (2.31)

can be obtained. K is the effective first-order Hamiltonian before transformations,
and is defined as K, = H; — vyy; {2, Hy},. We chose the first-order gauge function S,
such that (S7) = 0, where (-) represents the gyro averaging operation. S; is determined

from the equation

{S1, Ho}y = K1 — (K1) (2.32)
This equation can also be derived by the variational principle [99] and we obtain
Hy = (K1) +7y {Zia HO}O . (2.33)

The transformed second-order Hamiltonian can be calculated in the same way by Eq.

(2.25). The gyro averaged second-order Hamiltonian is obtained as
Hy=-3 ({81 {81, Ho}o}y) — (Ay15 {27, Ku})

1 ; 1 , A
— 5 (A8 e, Hobo) = 5 (Middns {22, {=, o}, ), ) (2.34)

where \y; = v1; + 7, is the sum of the first-order symplectic components before and
after transformations. The Lie transformed symplectic components and Hamiltonian,

as well as the vector and scalar fields were obtained.

2.2 Gyrokinetic Vlasov equation

In order to derive the gyrokinetic Vlasov equation, the particle coordinates z =

(x,v) are transformed into the guiding-center coordinates Z = (X,U,(,u) by the

guiding-center transformation and further into the gyrocenter coordinates Z = (X, U, ¢, 1)

by the gyrocenter transformation. First, let us derive the equations describing the mo-
tion of particles in the guiding-center coordinates. In the following, we consider the
electrostatic model and assume that the magnetic field is constant with time. The

fundamental 1-form ~ is written
e 1 9
v = <€mv + —A) ~dx — 5§m]v| dt (2.35)
c
in the particle coordinates. It is noted that e should strictly be written as g because
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We aim to remove the gyrophase dependence through the guiding-center transformation
from Eq. (2.35), however, the gyrophase does not explicitly appear in Eq. (2.35). To
address this, we perform a coordinate transformation in velocity space. The velocity v
is divided into the component parallel to the magnetic field u = v-b and the component
perpendicular to the magnetic field w = v — ub. The unit vector perpendicular to the
magnetic field is defined as ¢ = w/|w|. From a = bx ¢, we construct a right-handed set
of unit vectors (a, b, ¢). Using the unit vectors @ and ¢ perpendicular to the magnetic

field, we define the unit vectors e; and ey as
e, = cosaa — sinae (2.37)

and

e; = —sinaa — cos ac, (2.38)

respectively. « is the gyrophase and the angle between a and e;. The unit vectors
e, and e, constitute a right-handed set of unit vectors (e, ez, b). After performing
the transformation of the velocity coordinates and expressing the velocity in terms of
u,w = |w|, and «, Eq. (2.35) becomes

v = <5mub + emwe + ZA) ~dx —¢ (%mu2 + %mwz) dt. (2.39)

The fundamental 1-form Eq. (2.39) is transformed by the pull back of the inverse map
of the map Tgc = exp (€V) which is given by the vector field

0
E—p~V—p-Ra—a, (2.40)
where p and R are defined as
p= ngva and R=Ve; ey, (2.41)

respectively. The vector field V' is a part of the vector field in the standard guiding-
center transformation [100]. If it is necessary to systematically remove the gyrophase
dependence to higher orders to derive the drift kinetic equations, the standard vector
field should be used. Since we focus mainly on turbulent rather than neoclassical
transport, we do not consider higher orders in the guiding-center transformation. The
vector field V does not change its form depending on how the gyrophase is chosen [97].
When the gyrophase is shifted by v, denoted as o/ = o + ¢, R transforms into R’ =
R+V1), and the a component of the vector field V' changes from —p- R to —p-R’, which
means that the form of V' remains unchanged. Using the map Tc, the fundamental
1-form is transformed from Eq. (2.15) to I' = (Tgé)* v+ dS. From the perspective
of considering the transformation as a coordinate transformation, it corresponds to

the transformation from the coordinates (@, u, o, w) to coordinates (X,U,(,W). By
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obtaining 7 in the passive point of view [15] from Egs. (2.18), (2.19), and (2.20),
and disregarding the second-order terms with the gyrophase dependence in the X

component, we get
1
v=(SA+emUb) - dX + 2 pdc (ﬁmUQ + MB> dt, (2.42)
c e

where p is the magnetic moment and is defined as

mW?  muw?

p= = o (2.43)
We introduce the modified vector potential
A=A+ g%Ub (2.44)
and the zeroth order Hamiltonian
Hy = %mU2 + ub, (2.45)
and Eq. (2.42) can be written as
y= EA* dX + gQ%Mdg — cHydt. (2.46)

Calculating the components of the Lagrange bracket from Eqs. (2.46) and (2.9) reveals

that the non-zero components are only

(X, X7) = “eu B, (2.47)
(X', U] = —emb;, (2.48)
€, 1] = —82?, (2.49)

where B* = V x A* is the modified magnetic field. €;;; is the completely antisymmetric
tensor of rank 3, being +1 for (i,7, k) being an even permutation of (1,2,3), -1 for
(i, 7, k) being an odd permutation of (1,2,3), and 0 otherwise. The determinant of the
Lagrange bracket is <€6m4B|’|k2 where Bif = B*-b. We can see that the Jacobian J
of the transformation from the particle coordinates z to guiding-center coordinates Z
becomes Bjj/m [101]. From Eq. (2.46), the Poisson bracket is

OF 0G  OF 0G B oG OF
F Gy =2 (29 90O -1 A vwvpsE 2
{7 G = cm(ag on on ag>+€ mB; (V oU 8UVG)
— O_C .
X (b VX VG), (2.50)

where F' and G are arbitrary scalar functions. The terms of Eq. (2.50) are arranged in

2

the order of 72,71, and €°. Each term corresponds to the gyromotion, motion parallel
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to the magnetic field, and motion perpendicular to the magnetic field, respectively [18].

It is noteworthy that replacing the differential operator V in Eq. (2.50) with

r_ 1 0

yields the same equation obtained by performing the standard guiding-center transfor-

mation. From Eqs. (2.50) and (2.14), we obtain the equations of motion:

dcz): - fB” %}éo * e;ﬁb x VHo (2.52)
% - _753** - VHy (2.53)
% B %ia_},? (2.54)
sz_l; =0 (2.55)

Since the equations do not depend on gyrophase, when the initial distribution function
in the guiding-center coordinates is independent of gyrophase, the distribution function
F(Z) = (T5)" f(Z) does not depend on gyrophase even after the time evolution.

Hence, we obtain the drift kinetic equation:

FdX dU OF
OF X gpy LWOE

ot | dt o v (2.56)

Next, an electrostatic potential fluctuation ¢; is introduced. The Hamiltonian
becomes
H=Hy,+¢cH,, (2.57)

where Hy = e¢;. It is noted that € on the right-hand side of Eq. (2.57) should
strictly be written as 5. Since the electrostatic potential fluctuation has gyrophase de-
pendence, ¢1 (Tgéw,t) = ¢1 (X + p+ O (%), 1), the Hamiltonian also has gyrophase
dependence. T, 5é:1: denotes the particle position in the guiding-center phase space. The
transformation to remove this gyrophase dependence is the gyrocenter transformation,
which is a transformation from the guide center coordinates Z = (X, U, (, 1) to gyro-
center coordinates Z = (Y, U, ¢, ﬁ) from the viewpoint of considering the transforma-
tion as a coordinate transformation. We will denote all quantities transformed by the
gyrocenter transformation with an overbar. In the case of the electrostatic model, the
symplectic structure does not change because there is no vector potential fluctuation.
Therefore, the gyrocenter transformation does not change the equations of motion or
the Jacobian. It is worth mentioning that even in the case of the electromagnetic model,
by introducing the electromagnetic fluctuation A; initially and performing the stan-

dard guiding-center transformation with the particle velocity as v/ = v + (e/cm) Ay,
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the electromagnetic fluctuation can be pushed into the Hamiltonian [32]. The com-
posite map Tgy = - -+ T375T) is defined by the map T, = exp (¢"G,,) (n =1,2,3,--+)
determined by the vector field G,, (n = 1,2,3,--+) as in Eq. (2.22). The Gy, G, and
Sy involved in this transformation and the transformed Hamiltonians H = (Téﬁl()* H
have already been computed in the previous section. From Eqs. (2.27), the vector field

(G, is obtained as
Gl ={S.2}. (2.58)

Because K; — (K;) = Hy — (Hy), the first-order scalar field satisfies

{S1, Ho} = epy — e (1) (2.59)

from Eq. (2.32). Thus, the first-order scalar field is represented by an indefinite

integral, as

si=¢ / T, (2.60)

where ¢, = ¢ — (¢1). The transformed Hamiltonian is obtained from Eqgs. (2.33) and
(2.34) as

— — e ~
H1:6<§Z§1> and H2:—§<{Sl,¢1}>, (261)
respectively. Approximating the second-order Hamiltonian, we obtain
_ ez 0 /-~ e? 0
Hy~ —— — {2V = ——— = ({¢2) — (6,)?). 2.62
2~ 55 () = —apa (6D — (0)?) (262)

Equation (2.62) is often used as the second-order Hamiltonian of the electrostatic

model [18, 95]. In summary, the transformed Hamiltonian is

_ 1 —
= §mU2 + 7B + e (D) (2.63)
where =
_ . _ 26 0¢1
Ry o (2.64)

Therefore, the fundamental 1-form becomes
y = SA* dX + %ﬁdz — Hadt, (2.65)
where the modified vector potential is defined as
A=A+ %Ub. (2.66)

The equations of motion are obtained as

iX B aﬁ+ c
dt _mB|T8U eB;

bxV H, (2.67)
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dU B _
- _ .V H 2.

dt mB Vi, (2.68)
d¢ e OH
B Rl 2.69
dt  cm on’ (2.69)
dp

ag— 2.

I 0 (2.70)

Substituting Eq. (2.63) into these equations of motion yields the widely used equa-
tions [117, 118, 103]

dy — C — —2 — e
E—UbﬂLeBlTbx(eV(@ijU b-Vb+uVB>, (2.71)
dU B*  _ _
— =———-(eV(®) + uVB), (2.72)
dt mB”
d¢
— = 2.73
a7 (2.73)
dp
- —0. 2.74

The second, third, and fourth terms on the right-hand side of Eq. (2.71) represent the
E x B drift, curvature drift, and V B drift, respectively. The first and second terms on
the right-hand side of Eq. (2.72) represent the force due to the electric field and the
mirror force, respectively. Since the equations do not depend on gyrophase, when the
initial distribution function in the gyrocenter coordinates is independent of gyrophase,
the distribution function F(Z) = (Tgy)

after the time evolution. Hence, we obtain the gyrokinetic Vlasov equation:

* J—

F(Z) does not depend on gyrophase even

OF dX —— dUOJF

2.3 Gyrokinetic Poisson equation

Since the electrostatic potential also varies with the motion of charged particles, an
equation describing the field is necessary. This is the gyrokinetic Poisson equation, also
referred to as the quasi-neutrality condition. In this section, we consider only protons
and electrons. Assuming the quasi-neutrality condition ng; = ng. holds initially, we
obtain

a(r) = o (7) (2.76)

from Eq. (1.46). It is note that since the Debye length is sufficiently small, the left-hand
side of Eq. (1.46) can be neglected. The gyrokinetic Poisson equation is obtained by

expressing the fluctuation densities by the perturbed part of the distribution functions
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§F,(Z) in the gyrocenter coordinates. Using the Dirac delta function 4, the ion density

at position r is described as
n;(r) = /dﬁzfi(z)ég(:v —r)

= /d677 [(Tev) Fi] (Z) 8° ([Tt=] (Z) — ), (2.77)

where the distribution function in the guiding-center coordinates is represented as the
pull back transformation of the distribution function in the gyrocenter coordinates [95,
104]. J is defined as J = J (Z). (Tay)" Fi can be approximated as [19]

€¢1 OF 0i
B 0’

(Tay) Fi~ Fi+ {51, Foi} ~ Fi + — (2.78)

where the distribution function in the gyrocenter coordinates F; is divided into the
equilibrium part F; and the fluctuation part 6F;. We assume the local Maxwellian

for the equilibrium distribution function and Eq. (2.78) becomes

(Tay) Fi = Fo; +6F; — ;fl Fo;. (2.79)
By approximating the guide center coordinates with [Tééa:} (7) ~ X +pusing p =

p(Z),

ni(r) = /ﬁ?ﬁm 5 (X +p—r) +/d677 5F, 8 (X +p—1)

/dGZ J i Fud*(X+p-) (2.80)

Z

is obtained from Eq. (2.77). Since the first term on the right-hand side of Eq. (2.80)

is ng;, the ion density fluctuation is expressed as

e;leoz P (X+p—r). (281)

(]

= [02T6F 5 (X +p-r) - [027

The second term on the right-hand side of Eq. (2.81) represents the gyrokinetic polar-

ization density. We denote this term as

i, = —/dﬁij ;fl Fo 0 (X+p—r). (2.82)

)

There are two commonly used representations of 7, One representation uses the double
gyro-averaging. By using §° (Y +p— r) = exp (ﬁ : V) 53 (Y — r) and neglecting the
gradients of the background profiles since they are of higher order, we obtain [105]

e [#ZT0 (X0 fFue 0 (K ). e
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Substituting ¢, (Y + ﬁ) = ¢ (Y + ﬁ) — <¢1 (Y + ﬁ)> into Eq. (2.83) yields

iy = — / PXP (X —1) T, + / PZT6 (X —7) 5 Fo e 7% (00 (X + 7))
’ ’ (2.84)
The second term on the right-hand side of the equation represents the double gyro-

averaged electrostatic potential. By using

(o)) (X) = — / dUdzdC T Fo, <ep-w>2¢1 (X), (2.85)

Noi
n, is expressed as [19, 106]
€no;

iy = — / P (X —r) T, (X) + / PXP (X 1)

%

((¢1)) (X).  (2.86)

This is the representation using the double gyro-averaging. The other is the approxi-
mate representation by taking the long wavelength limit €, < 1. By using the zeroth-

order Bessel function of the first kind,

2w _
Jo(z) = % / el ¢ (2.87)
0
because
(01 (X +7)) = [ dhbua Xy (k). (259

n, can be represented as

P — / PXF (X ) T4 / PZT5 (X —r) =T / dkdie ™ X Iy (kp)?

7

(2.89)
From the theory of Bessel functions we have the expression,
>0 W’ AN
/ AV T exp <__2> Jo ( - ) — W2y (K267), (2.90)

where Iy is defined as ['y(b) = Iy(b)e™® and I is the zeroth-order modified Bessel
function of the first kind. In the long wavelength limit, I'y is approximated as [31]

Lo (K7 p7) ~ 11—k p;. (2.91)

From Eq. (2.89), Eq. (2.90) and Eq. (2.91), we get [117, 118]

7, — / PXS (X~ 1) DOV 5V n(X), (2.92)
From Eqgs. (2.76), (2.81), and (2.86), we obtain the gyrokinetic Poisson equation

o [ @K (X ) (60— ((61))) + dren, = dre / FZT6F, & (X+p—1),

Abi
(2.93)
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where
T

4rngge?
is the Debye length of particle species s. From Egs. (2.76), (2.81), and (2.92), the long

wavelength approximated gyrokinetic Poisson equation

Aps = (2.94)

- / X5 (X 1) 1 LT 6, + dmen, = de / FZ T F, 8 (X +p—r)

. (2.95)
is derived.

In this study, we employ the adiabatic electron model and the hybrid electron
model [107, 108]. The adiabatic electron model assumes that electrons can move very
fast in the direction parallel to the magnetic field and, as a result, always satisfy
Boltzmann equilibrium. The flux-surface averaged electron density fluctuation can be
assumed to be zero. Therefore, the electron density fluctuation in the adiabatic electron

approximation can be expressed as [109]

ENpe

ne = T (Cbl - <¢1>f> : (2.96)

The second term on the right-hand side of Eq. (2.96) represents the flux-surface av-
eraged electrostatic potential fluctuation. Substituting Eq. (2.96) into Eq. (2.95), we

obtain the gyrokinetic Poisson equation in the adiabatic electron model:

1

2
Pi
- +_

Abe

2
>‘D7j

~Vi-5V.io(X)

(2.97)
In the adiabatic electron model, as discussed in the Introduction, turbulent particle lux
becomes zero, preventing the study of particle transport. The dynamics of electrons
are largely disregarded, making it impossible to conduct research on TEM turbulence.
However, it is not possible to perform electrostatic gyrokinetic simulations using the
full kinetic electron model. This is because the wy mode [110, 111}, the electrostatic
limit of the kinetic Alfvén wave, appears. The frequency of the wy mode, wy =
(ky/k1) \/WQZ-, is of the same order as the cyclotron frequency. Consequently, from
the perspective of the gyrokinetic ordering, the wy mode is considered unphysical. To
simulate electron dynamics while avoiding the wy mode, we employ the hybrid electron

model. In the hybrid electron model, the electron density fluctuation is defined as

Ne,(mn)=(00) = / d°Z T 6F e mmy=00) 0 (X +p — ),

OépatssnOeegzﬁl,(m,n)?é((),O)

ﬁe,(m,n);ﬁ(o,o) :/ d677 5F6,trap,(m,n);ﬁ(0,0) 53 (Y + ﬁ — ’l") — T

Qpass Which is the flux-surface averaged fraction of passing electrons, is given by Eq.
(1.29). Equation (2.98) means that the (m,n) = (0,0) electron density fluctuation

(¢1(Y> - <¢1(Y)>f> = 87726/ (0F(X +p,U, 7)) JdUdp.

(2.98)

(2.99)
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is calculated with the full kinetic electron model. On the other hand, Eq. (2.99)
implies treating (m,n) # (0,0) passing electrons as adiabatic electrons and consider-
ing only the dynamics of (m,n) # (0,0) trapped electrons. This allows us to avoid
the emergence of the wy mode associated with (m,n) # (0,0) passing electrons and
simultaneously enables simulations for the TEM arising from the motion of trapped
electrons. Substituting Egs. (2.98) and (2.99) into equation Eq. (2.95), we obtain the

gyrokinetic Poisson equation in the hybrid electron model.



Chapter 3

Global gyrokinetic code GKNET

3.1 Normalized equations

In this chapter, we provide an overview of the global gyrokinetic code, GKNET
(GyroKinetic Numerical Experiment of Tokamak) [112], employed in this study. For
clarity, the gyro-center coordinates (X, U, i) and the guiding-center distribution func-
tion Fy = Fo, + 6F, are denoted as (R, v, i) and fo = fos + 0 fs, respectively. In
GKNET, the equations are described in the toroidal coordinates as shown in Fig. 1.3,
where R = (1,6, p). The motion of the particle species s is computed by numerically

solving the gyrokinetic Vlasov equation:

of. dR dvy O,
L

7, = Msrc sn colly 1
ot = dt dt A Sare + S + Cloot (3:1)

where S, Ssnk, and Ceoy are the source, sink, and collision terms, respectively. The
advection velocities on the left-hand side of Eq. (3.1) are given by Eqgs. (2.67) and
(2.68). The electric field that varies due to the motion of plasma is calculated by the
gyrokinetic Poisson equation Eq. (2.95).

The toroidal coordinates are periodic in the 6 and ¢ directions and possess a sin-
gularity at » = 0. In numerical calculations of advection equations like Eq. (3.1), the
presence of a singularity can lead to a breakdown in the conservation properties near
the singularity. As an example, we consider a physical quantity g(r, 0,t) that satisfies

the advection equation

dg(r,0,t) 0
ot = _E {U(T’Qat)g(r787t)} . (32)
When discretized using a second-order central difference, it is represented as
dg Vit+1,k9j+1,k — Vj—1,k9j—1,k
= =- - ’ ’ = =T i1k 3.3
ot n IAr Jj+1,k + Jj—Lk ( )

We let Ar and A6 respectively represent the grid spacing of the minor radius and

poloidal angle. The value of an arbitrary function a on the polar coordinates at the

o8



3.1 Normalized equations

29

point (jAr, kAG) is denoted as a;y, and the flux is defined as I' = vg/(2Ar). We con-
sider that the radial direction is discretized by N, grid points. It is straightforward to
see that summing over j from 2 to N,+1in Eq. (3.3) yields I'y y 419y —I'n,41.6— ' Ny 12,5
Due to I'y ;+1I'9 , the numerical conservation properties are compromised. In nonlinear
simulations, ensuring the conservation of conserved quantities is of importance from the

perspective of the reliability of the computational results. In GKNET, an algorithm

ensuring the conservation properties near the singularity has been implemented [113].

(a) (b)

Fig. 3.1: (a) Fluxes at kAf and (b) fluxes at kA0 + 7.

Figure 3.1 (a) and (b) show the fluxes at poloidal angle kAf and at poloidal angle
kAO+m, respectively. Ny represents the number of grid points in the poloidal direction,
and for clarity, the point (jAr, kA#) is denoted as (j, k). Figure 3.1 shows that one
point could have two notations when the radial discretization is performed across the
singularity in the polar coordinate system. For instance, (1, k) and (2, k + Ny/2) both
point to the exact same location. Since the fluxes I'y; and I'y;qn,/2 are equal, by
inverting the sign of I'; ;, and summing in the poloidal direction, it cancels out with
Iy k4n,/2- In GKNET, this is achieved by reversing the sign of the magnetic field and
vector potential for » < 0. However, by merely inverting the signs of the magnetic
field and vector potential, they become discontinuous functions, and their derivatives
diverge. To alleviate the discontinuity, the magnetic field and vector potential are
parallel transported using a gauge transformation. To accomplish this, Eqs. (2.67)
and (2.68) are reformulated as [92]

dR 1 B c c
“r_ - A) + =2 “H ~ Sy x(H 4
it ~ B, v (V x A)+ stu” (V x b)+ . sV xb qu x (Hsb)| , (3.4)
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Fig. 3.2: Radial profile of the function Rb, before and after the gauge transformation.

Figure 3.2 depicts the radial profile of Rb, both before and after the gauge trans-
formation (Rb, — Ry). b, is the unit vector in the toroidal direction of the magnetic
field. From Fig. 3.2, it is evident that using the gauge transformation ensures conti-
nuity at » = 0. In other words, one chooses the gauge degrees of freedom to ensure
continuity at r = 0. By employing this method, it has been confirmed that there is an
approximate 35% improvement in energy conservation when we conduct a simulation
up to t = 1000 Ry /vr;.

Normalization is performed as follows.

< r U BOM Hs

QOit7 ) ) 2 7T
Pri VUrs MsUps 1L0e

) — (t, ), Hs) (3.6)

* 3

(% _A b fsvr, T—0> — (B, A6, fon,T,) (3.7)
Tos = Ty(rs) and ngs = ng(rs) are the temperature and density at r, = 0.5a¢, respec-
tively. By, vrs = \/m, Qo; = eBy/m;c, and ppr; = vp;/Qo; are the magnitude of
the magnetic field at the magnetic axis, thermal velocity, ion cyclotron frequency, and
ion gyro radius, respectively. At r,, the temperatures of ions, impurities, and electrons
are always assumed to be the same Ty, = Tp.. It is noted that while time normaliza-
tion is used as {2y;t during calculations, the simulation results are output with time
normalization tvyg/Ro. The normalization time tvyo/ Ry = 100 corresponds to about

0.22 [ms] in real time. This was estimated with the ion density as ng; = 5 x 10! [m~3],
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the ion temperature as Ty; = 2 [keV], the equilibrium magnetic field as By = 2 [T],
the toroidal minor radius as ay = 0.34 [m], and the major radius as Ry = 0.95 [m].

Normalizing Eqgs. (3.4) and (3.5), we obtain

dt rRB* {\/7 - (gﬁe)] " %UQ la(ggw) B agie)}
&3

(3.8)
4 ,H ’I“bg) _ _ O(HSRbSD) _ 8(Hs7“b9)
’ qs 00 8@ ’
1do 1 mi 0A,  O(RA,) LG ob.  O(Rb,)
rdt  rRB? ms | Op or Oy or
: (3.9)
L iy ob,  O(Rb,)|  qi [0(Hsb:) O(H,Rb,)
ds ° 880 or gs 8@ or ’
Ldp 1 m; d(rAp) _0A, [ O(rbe) b,
Rdt rRB: my | or 00 SUH or 00
" (3.10)
LGy d(rby) b, ¢ [O(Herby)  O(Hyb,)
g | Or 06 qs or 00 ’
dyp 1 ﬁ O(RA,)  O(rAy)| 0H, N 0A,  O(RA,)| 0H,
dt rRBj, 00 dp or Oy or 00
(rdy) 0H;, g 0 I(Rb,)  O(rbe)
me { or } 9 g [ar {Hs [ R dp
0 O(Rb,) 0 d(rby)  Ob,
el [5G b {75 E )
(3.11)

Substituting the magnetic field B Eq. (1.18) and Hamiltonian Eq. (2.63) into these

equations leads to

d
j_r = Vox + V1 (312)
1do
T~ = voy + vy, (3.13)
1d
T+ % vyt (3.14)
dUH
\7% - UOU” + /UlUHa (315)
where
Vor = & (12 4 puB) — 9 (Rb, — Ro) (3.16)
gs | a0 ’

010 = (O)as g (B0 = B0) = 50 (D)o B0 + 5 (@rbe) . (31)
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fm; 0O 0 ¢ O
Voy = — —U|| or (RA,) — 7 (Uﬁ + NB) or (Rb, — Ro) + gﬂ& (BRb, — Ro),
(3.18)
0y = 5 (s By~ (B B) — O e (Bb — B, (319)
1y or as ® as,r=0 "0 as Oy 0 :
m; 0 qi 0 ¢ O
Vo = [ gy (rAe) + 0 (vi +pB) I (rbo) — o ar (Brby) , (3.20)
= 2 () Th0) + () s = (1) (3.21)
Viz = or as 00 as gy T0y) :
m; O 0B g 0 0
Vou, M[ o (RAg) 55 + <M ar { 59 (B Ro)}
(3.22)

o {0 g 0, = )} = {0 (0, - R (3

The zeroth order velocities represent the motion along the magnetic field and magnetic
drift, while the first order velocities signifies the E x B drift. While £ x B drift
inherently does not depend on the particle species, in the gyrokinetic theory, it varies
by species due to the FLR effect. (¢),,, ._, is evaluated using a fifth-order polynomial

interpolation. Normalizing the gyrokinetic Poisson equation, we obtain

Ngg Mg Nos q$ %
— ; nerVJ_ n VJ_QS = _ne + Z <// 5fsB”Sd'U||d[L>as . (324)

Noe 4i

In the case of the adiabatic electron model, n. is given by
e = 2 (6= (0)7) (3.25)
In the case of the hybrid electron model, n. is given by
e, (m,n)=(0,0) = / / 0 fe(mm)=(0.0) Bjjedvy dps (3.26)
and
Me,(m.n)#(0.0) = ;—:%ass@m,n)#om + / / 0 fe trap,(m.n)#(0.0) Bjedv)dpi- (3.27)

Among the five-dimensional coordinate (r, 8, ¢, v, 1), the radial r, poloidal angle

., and magnetic moment p directions are decomposed by MPI. For the u direction, it
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is set to hold data for one grid per core. The coordinates in the r and 6 directions are
each divided based on the square root of the quotient obtained by dividing the total
number of cores by the number of the grid number in the p direction. For instance,
when we perform a simulation using 2048 cores, the coordinates in the p direction are
divided into 8 regions, and the coordinates in the r and 6 directions are divided into

16 regions each.

3.2 Vlasov solver

3.2.1 Morinishi scheme

The gyrokinetic Vlasov equation Eq. (3.1), when the terms of the right-hand side
are ignored, is a hyperbolic partial differential equation, which can generally be written

as of
ot tu oxt

where © = (R,v)). Since the density, energy and entropy also follow the advection

i0F _ 0, (3.28)

equation, their time evolution can also be calculated by the algorithm for solving Eq.
(3.28). The primary numerical schemes for solving the gyrokinetic Vlasov equation are
the Particle-in-cell (PIC), Euler, and semi-Lagrangian methods [19]. In PIC methods,
by placing markers randomly in phase space and following the motion of the mark-
ers along their characteristics, the distribution function is computed. This method has
issues such as sampling noise and challenges associated with the implementation of col-
lision terms. A renowned code that employs the PIC methods is ORB5 [114, 115, 116].
In Euler methods, phase space is discretized and the distribution function is computed
using a finite difference scheme. This approach is subject to challenges such as restric-
tion on the time step due to the Courant-Friedrichs-Lewy (CFL) stability condition
and issues with numerical dissipation. A renowned code that employs the Euler meth-
ods is GT5D [117, 118, 119]. The semi-Lagrangian methods can be viewed as a hybrid
approach, incorporating the advantages of both PIC methods and Euler methods. In
semi-Lagrangian methods, the distribution function is calculated using the fact that
the distribution function at a node x,,q. at time ¢t + At is equal to the distribution
function at the point z* at time ¢ on the characteristics [120]. Because z* is not nec-
essarily on a node, an appropriate interpolation scheme should be used. A renowned
code that employs the semi-Lagrangian methods is GYSELA [120, 121, 122]. GKNET
is a code that utilizes the Euler methods, discretizing the phase space and computing
the distribution function using the fourth-order Morinishi scheme [123, 124], a type of
finite difference method. The term “fourth-order” implies that the truncation error of

the differential operator is O ((Ax")4) where Az’ is the grid spacing in the direction
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2. This can be verified by substituting the exact solution into the difference equa-
tion. The reason for employing the Morinishi scheme is that it numerically conserves
both the L1 and L2 norms. The proof is provided as follows. From the phase space

conservation

o’
oxt

=0, (3.29)

Eq. (3.28) can be expressed as

of | i
T5 + ( 'f) = (3.30)

9, v?, 0" = Ju. The Morinishi scheme was

where J is the Jacobian and v = (v",v
originally proposed for incompressible fluids, and Eq. (3.29) corresponds to that in-
compressibility condition. The fourth-order Morinishi scheme rewrites the second term

on the left-hand side of Eq. (3.30) as
0

Ot (sz) =

and then discretizes the differential operators in Eq. (3.31) using the fourth-order cen-

(’f) 5" % (3.31)

tral difference scheme. The fourth-order central difference of the differential operator

in the r direction is given by

da _aj+2klm+8(lj+1klm_8aj71klm+aj72klm 4

Z2 = kim0 (Arf), 3.32

or|p 12Ar (ar%) (3:32)
where a;;,, represents the value of a function a(x) on the node P = (0.5Ar +

JATr, 0.5A0 + kAY, IAp, 0.5Av) — 0.5L,, + mAwv) in the phase space. Discretizing Eq.
(3.31) using Eq. (3.32), we obtain

0

, 1
ot (Ulf) =

- 3Ar { (U;vkvlvm Sitrkam = Vg im fj—l,k,l,m)
P

9
(Uj klm Jikt2im — U klm fj,H,l,m)
0
U k+1,0,m Jik10m — Vjk—1,1,m fj,k—l,l,m)

0 0
(Uj,k+2,l,m Jik+20m — Vjk—21m fj,k—zl,m)}
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1
+ _3A90 { (Ufk,l,m fika41,m — U;-’ik’l?m fj7k7l_17m)
L, ., .
8 Wikt fikivem = Vi fiki-2m)
® ®
+ (Uj,k:,l+1,m Jiki+1m — Vi k1—1m fj,k,l—l,m)
L, .
~3 (Uj,k,l+2,m Fikj+om — Vi k1—9m fj,k,l—2,m)
UH U”
T 3Av {(Uj,k,l,m Jikdme1 — VS ktm fM’l’mfl)
1 UH ’l)H
= 5 (kiom fiktons2 = Vjltm fikiom-2)
’U” ’U”
-+ ('Uj,k,l,m+1 fj,k,l,erl — Uj,k,l,m—l fj,k,l,mfl)
1 UH ’UH
- g (Uj:k:l,m-‘rQ fj7k717m+2 - Uj,k,l,m—Q fj,k,l,m—2)
+ O (Ar', A0Y, A, Avy) . (3.33)

When we sum (or integrate) Eq. (3.33) over all directions, most terms cancel out, leav-
ing only the fluxes at the boundaries. Thus, the conservation of the L1 norm has been
demonstrated. Similarly, the conservation of the L2 norm can also be demonstrated.

Upon multiplying Eq. (3.30) by f and then discretizing it, one obtains

0 - 1
faxi (v'f) b B E{ (fi+1ktm Viedim Jigetam = Fiktm Vit im fi-tkim)
1 ' '
~ 3 (fix2mtm V5 pm Fikim = Fiktom Vg g im Ji-2kim)
+ (fitm Viv1ktm Jittktm — Jimtkim Vjgim Fisem)

(fikdom VS yonim Fitzmim — Sim2ktm U gim Fikim) }

0 0
(fikarim Vs Jiskwm = Fikdm Yok 10m fik—10m)

_l’_
w
>~
>

0 0
(fj)k+21l7m Uj,k,l,m fjuk)l7m - fjuk)l7m Uj,ka,l,m f])k_2)lam)

0 0
+ (fiktam Vi Fikttim — Fik—tim V5 pim Fikim)
1 9 0
~ 3 (fitam V5 pronm Jikrzim = Fik—20m Vgt Jikim)
1 ® ®
+ 3ASO (f]7kvl+17m /Uj,k,l,m fj7k7l1m - fj7k7l1m /Uj,k’,l*].,m f]7k7l_17m)

1
- g (fj7k7l+21m vfk:,l,m fj7k7lvm - fj7k7lvm ’Ufk,le,m f]7k7l_27m)
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+ (szkzlvm Uﬁk,l—i—l,m f]7k7l+19m - szkvlflzm ,U‘fk,l,m fj7k7l9m)

1
- g (fj7k7l7m /U;O,k},l-‘r2,m fj7kvl+27m - fj’kal727m Uﬁk‘,l,m fj7k7l7m) }

1 o
" 380 {(fj,k,l,mﬂ Vikam Jiktm = Fiktm Vikim 1 fikim-)

(f.] k7l7m+2 vj k l m f.] k7lvm f]7k7l7m j k) l m—2 f]’k’l7m72)

OOIH

’U v
f] kvl7m j ‘}C,l,erl f]vkvlvm—"_l - fj7k7l7m 1 ] ‘]‘C l ,m fj7k7l7m)

~—

(fjk‘lm ]‘}glm+2fjklm+2 f],klm 2V ]klmf],klm)}

OOI>—‘

+ O (Art, AG*, Ap*, Avﬁ) . (3.34)

When we sum Eq. (3.34) over each direction, just as in Eq. (3.33), only the boundary
values remain. Thus, the conservation of the L2 norm is also demonstrated. The
numerical conservation of the L2 norm is of importance for the suppression of numerical
oscillations. It is worth noting that the proof of these conservation laws is analogous
to that in the Arakawa Jacobian [125, 126].

3.2.2 Source/sink model and collision operator

The source term S and the sink term Sg, in the normalized gyrokinetic Vlasov

equation are given by

1 1 o
Ssrc = Asrc 5rcl < e 22 — 6_2> e—uB 3.35
e (53

and
Ssnk = Asuk (1) T {fs(t = 0) = fs(8)}, (3.36)

respectively. Ag. and Agy are the radial profiles of the source and sink terms, re-

-1

7ol and 7 are their corresponding time scales. The source term causes

spectively; T,
the temperatures to rise over time, which corresponds to the increase in the particle
velocities due to heating. In this model the source term is constant in time. Increasing
7o increases the heating power. If there are no collision terms, there is a possibility
that the distribution function may become negative in low velocity region because of
this term. Hence, a collision term is essential when a source term is included. Equation
(3.36) is a Krook-type operator, which acts to bring the distribution function closer to
the initial one. This enables the suppression of numerical oscillations at the boundaries.

The collision term C.p is a self-collision operator abd given as

C’coll - CT(fs) + PfOS‘ (337)



3.2 Vlasov solver

67

The first and second terms on the right-hand side represent the test particle operator
and field particle operator, respectively. In this study, we used the linear Fokker-Planck
operator [91]

0 0
Cr(fs) = vy {D%fs - st} : (3.38)

as the test particle operator. The diffusive operator D and the convective operator V

are defined as

D=

3 /7 <a0>3/2 o d(v) — G(v) (3.39)

2(q(r = 0.5a0)Ro) \ Ro . VT, 2v
and

U”
—_— — D N

respectively, where v is defined as v = \/ <vﬁ /2 + uB) /T, and v, = qRyVss/ (stgfh)
is the dimensionless collision frequency. The collision frequency v, is given by

AT ngg)log A

2,,2
3 mZvy,

, (3.41)

VSS

where log A is referred to as the Coulomb logarithm. A is defined as A = Ap/r. and is

/3 are the distance of closest

proportional to (rq/r.)*/? where r, = €?/T, and rqy = ns
approach and the average distance between particles, respectively. Because we consider
a weakly coupled plasma where the kinetic energy is larger than the potential energy of
the interaction, A is large [190]. It is noteworthy that A corresponds to the number of
particles in a Debye sphere. The error function ®(v) and the Chandrasekhar function

G(v) are respectively defined as

B(v) = % /O et (3.42)

and Sel0)
P(v) — v

Gv)= ——— v 3.43

(v) = =" (343

The collision term acts to restore the distribution function to a Maxwellian
1 vﬁ +2uB
s = —_ . 3.44
fO \/TT;? exXp < 2Ts ( )

If the distribution function is a Maxwellian, the collision term becomes zero. This
can be easily verified by substituting a Maxwellian into Eq. (3.38). The field particle
operator is defined such that the velocity space integration of the product of the collision
term Cgo and a vector M = (1, v, vﬁ + 2,uB)T is zero. This ensures the numerical
conservation of the density, momentum, and energy. The operator P is given by [127,
128]

P =—[aF(z) +bG(x,£) + cH(x)], (3.45)
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where

and

a,b, and c are defined as

a= /CT(fs)delld,U7

b= /U”CT(fS)BdU”du,
and

c= / (vif + 2uB) Cr(fs)Bdvydp,

respectively. F(x),G(x,&), and H(z) are defined as
P =135 (o0 - 150,
6 mé

H(z) = %@w (as(x) - O”fl—f)) ,

respectively. Egs. (3.51), (3.52), and (3.53) satisfy

and

/MF(x)fgsde”du: 0],
0
0
/ MG () fosBdvydp = [ 1|,
0
and
0
/MH(Z‘)stBd'U”d[L: 0],
1

respectively, hence it is evident that

/ Moo Bdvydyi / M (Cr(f) + P fos) Tdvydy = | 0

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)



3.2 Vlasov solver

69

3.2.3 Time integration

When we calculate the integration of a function vector y(t,41) = y™* at time

t,+1 using a single stage explicit method, it can generally be expressed as
y" ) =y At F(t,,y™) (3.58)

using an appropriate approximation function F(t,,y™*"), where At represents the
time step size, and t,, 11 = t,, + At. The computation time and accuracy depend on the
choice of the function F'.

A function y(t) is assumed to be sufficiently smooth, and its derivative is assumed

to be expressed using the function f(t,y) as

dy
W_ ft.y). (3.59)

Expanding y(t + A) up to the order of At yields
y(t +At) = y(t) + Atf(t,y). (3.60)
Thus, from Egs. (3.75) and (3.77), we obtain

F(t,y)=fty). (3.61)

This scheme is referred to as the first-order explicit Euler method, and can be repre-
sented as
Yyt = 4™ L AL (t,, y™), (3.62)

The implicit scheme with the same approximation function F' is represented as
Yyt = 4™ L At F (g, y" ), (3.63)

which is known as the first-order implicit Euler method. In the case of implicit methods,
unlike explicit methods, since there is data at time ¢, on the right-hand side, it is
necessary to solve a system of equations, which takes longer than explicit methods.
On the other hand, explicit methods are often vulnerable to numerical instabilities
and typically require a larger number of grid points. In the first-order explicit Euler
method, to reduce the truncation error to one-tenth, one must decrease At to one-tenth,
resulting in a tenfold increase in computational effort.

By retaining higher-order terms in the Taylor expansion, it is possible to improve
the first-order Euler scheme and construct a more accurate scheme. However, in the
case, higher-order derivatives of f(¢,y) appear, making it less desirable for numerical
computations. In Runge-Kutta methods, in order to enhance accuracy without includ-

ing derivatives of f(t,y), a linear combination of f(¢,vy) is used as F. The function F
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of the 2-stage 2nd-order Runge-Kutta method (RK4) is denoted as

k= f(t,y) (3.64)
ko = f(t+ a1 At,y + B ki At) (3.65)

where a1, 821, wy, and ws are unknowns. Among the unknowns, two can be arbitrarily
chosen, while the remaining two are determined from the expression where y(t + A) is
expanded up to the order of At? and from Eq. (3.66). The commonly used expression
for the method is

.

ky = f(t,,y™)

ey = f(t, + At,y™ + ki At) (3.67)

At
y(n+1) — y(") + 7 (kl + k2)

\

which is referred to as the Heun’s method. The function F' of the 4-stage 4th-order
Runge-Kutta method (RK4) is denoted as

(k1= f(t,y) (3.68)
ky = F(t + a1 Aty + Borki AL (3.69)
ks = f(t + aAt, y + B31k1 At + [k At) (3.70)
ky= f(t+ asAt,y + Buki At + Bk At + BisksAt) (3.71)

L F(t,y) = At(wi kg + woks + wsks + wyky) (3.72)

where aq, ag, as, (o1, 831, P32, Ba1, Paz, Paz, Wi, ws, w3, and wy are unknowns. Among
the unknowns, two can be arbitrarily chosen, while the remaining eleven are determined
from the expression where y(t + A) is expanded up to the order of At* and from Eq.
(3.72). The commonly used expression for the method is

(

ky = f(t,,y™)
1 1
ky=f (tn + A, y™ 4 §k1At>

1 1
ky=f (tn + AL, y™ + §k2At> : (3.73)

ky=f (t. + At y™ + k3At)

At
y("“) = y(") + F (kl + 2’(32 + 2]63 + k4)
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The stability of these numerical time integration methods is analyzed using a linear
ordinary differential equation,
dy

ay _ 74
7 Ay, (3.74)

where \ is an arbitrary complex constant. The exact solution of Eq. (3.74) is y = yoe™
where y(0) = yo is the initial value. For Re(\) < 0, it converges to 0 as ¢t approaches
infinity. The conditions under which the numerical solutions obtained by the first-order
explicit Euler method, first-order implicit Euler method, RK2, and RK4 do not diverge

as the number of time steps approaches infinity can be expressed as

1+2 <1 (Explicit Euler),

1
‘ <1 (Implicit Euler),
1—-=2
L,
1+z+§z <1 (RK2),
Ly, 15 1,
1+Z+§Z —|—62 —|—§Z <1 (RK4),

respectively, where z = AAt.

Figure 3.3 shows the stability regions for the 1st-order explicit Euler method, 1st-
order implicit Euler method, 2nd-order Runge-Kutta method (RK2), and 4th-order
Runge-Kutta method (RK4). From Fig. 3.3, it can be observed that for a large value
of |Re()\)|, one must select a smaller value for At when employing explicit methods.
On the other hand, the implicit Euler method is always stable in the region where
Re(A) < 1. Additionally, from the figure, it can be observed that as the order of
the Runge-Kutta method increases, its stability region expands. It is noted that the
first-order explicit Euler method is equivalent to the first-order Runge-Kutta method.
However, it should be cautioned that even if the exact solution converges for Re(\) < 0,
it doesn’t guarantee that the numerical solution from the fourth-order Runge-Kutta
method converges.

In GKNET, numerical integration is computed using the 4-stage 4th-order Runge-
Kutta method. It is known that in Runge-Kutta methods of five stages or more,
increasing the number of stages does not necessarily increase the order of accuracy.
For instance, the maximum order of accuracy for a five-stage Runge-Kutta method is
fourth-order, which is the same as that of the RK4. When the advection terms in Eq.
(3.30) is discretized using the Morinishi scheme as in Eq. (3.33), Eq. (3.30) becomes
an ordinary differential equation with respect to time

dfjpim 1 0
=7 (v'f) . (3.75)
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Fig. 3.3: Stability regions for the first-order explicit Euler method, first-order implicit
Euler method, second-order Runge-Kutta method (RK2), and fourth-order Runge-
Kutta method (RK4).

Omitting the subscripts representing the position, and denoting the right-hand side of

the equation as Fis(f), we obtain

df
L) (.70

Thus, the algorithm employed in GKNET for computing the distribution function
f+1) at the subsequent time from the distribution function ™ at the time step n

can be expressed as

(
k1 = Fi (f(n)>

1
@:Fg0@+§hm>

1
<@:ﬂ5f@+§@m) : (3.77)

fot) = g % (k1 + 2ko + 2k + ky)

\
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3.3 Field solver

3.3.1 Finite Larmor radius effect

The gyrophase averaging represents a kinetic effect and appears in the gyrokinetic
Hamiltonian Eq. (2.63) and the gyrokinetic Poisson equation Eq. (3.24). The gyro-
phase average of a physical quantity ¥ is represented by

(W) =Y Uiy (kip)e™ ™. (3.78)

There are two methods to compute the finite Larmor radius effect. One approach is to
calculate the effect using the Padé approximation of Jy [129]. When we use the Padé

approximation, J, can be approximated as

1

o) e

(3.79)

Figure 3.4 represents a plot of the Bessel function Jy and its Padé approximation as
a function of k£, p. From Fig. 3.4, it is evident that the Padé approximation provides
a good approximation of the Bessel function in the long wavelength region. However,
in the high wavenumber region, the Padé approximation overestimates the gyro aver-
aged value. In GKNET, because the real space is discretized, when the FLR effect is

evaluated by the Padé approximation,

(1 - %Zvi) (W), =W (3.80)

is solved. This equation is derived from Eqgs. (3.78) and (3.79). For electrons, since
pe is extremely small, (¥),. equals ¥. By normalizing and discretizing Eq. (3.80), the

system of equations

e (i) ()

L f2((W)ajr — (Pag-1)  (Dayrz — (Va2 ™
{ f*

- Y
T

3Ar 12Ar

(W)a,j—2 = 16(W)a,j-1 + 30(P)a,; — 16(P)a 41 + (V)a,—2
12Ar

Ty

=0, (3.81)

is obtained. In Eq. (3.81), (V), and ¥ are Fourier transformed in the 6 and ¢
directions, and (V), ; is given by (¥)a; = (¥)a(0.5A7 + jAr, m,n). Equation (3.81)

is solved using the lower-upper (LU) decomposition.
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kip

Fig. 3.4: (a) Plot of the Bessel function and its Padé approximation. (b) is the enlarged

view of (a).

Another approach is to directly compute the gyrophase averaging by constructing
interpolation functions on poloidal cross-sections [130]. Figure 3.5 depicts the Larmor
motion centered around a point (r,0) on a poloidal cross-section. The coordinates

(reLRr, OrLr) of a point P on the circular trajectory are represented by

reLr = \/72 + p? + 2rpcos(a — 0) (3.82)
and

(rsinf + pcosa > 0)
TFLR
OpLr = , (3.83)

21 — arccos  Zesftecosa) - (pgin § 4 peosa < 0)
TFLR

rcosvrpcosca
ArCCoS <rc050+ cosa)

respectively. fppgr is defined such that it does not exceed 7. The point P (rpLr, OrLR)

typically does not lie on a grid point. Therefore, interpolation is required to determine
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(rcos@ + pcosa,rsinf + psin )

p./

0

Fig. 3.5: Gyromotion centered around a point (r,0) on a poloidal cross-section (a

~
L

modified version of Fig. 3.2 from the reference [130]).

the value of a function at the point. When the discretized points in the r and 6

directions are defined as r;,0;(i = 1,2, 3, --) in ascending order, rp g and fpp g satisfy
T[T‘FLR/AT+2.5] S TFLR S T[TFLR/AT+2.5]+1 (384)
and
H[GFLR/A0+2.5] S QFLR S Q[QFLR/A9+2.5]+17 (385)
respectively, where [-- -] is the floor function.

For interpolation, as illustrated in Fig. 3.6, the values of ¥ at the 16 grid points
surrounding the point (rprr,0rLr), Vi (1 = 1,2,...,16), are used to determine an
interpolation function F(r,#), and the value of ¥ at the point (rppg, frLr) is evaluated
as F(rpLr, OrLr). F(r,0) is defined by

3 .
F(r,0) = Z a;; (r — r[rFLR/AT+2.5])Z (9 — Q[GFLR/A0+2.5])J ) (3.86)
i,j=0

where a;; (i,j = 0,1,2,3) are real coefficients. By imposing the condition that the
interpolation function F'(r,#) matches ¥; (i = 1,2,...,16) at the 16 points surrounding

the point (rpLr, OrLr), the coefficients can be determined as follows.

1

= ————=(— ¥ + 9V — 9V 3w U3 — 30
as3 INTINE ( 1+ 9% 11t oW + W3 14

+3W5 — Uig + 3Wy — 3V3 + Wy + 3U5
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(rFLR, OFLR)

TFLR/AT+2.5] ) 9[9FLR/A9+25] )

Fig. 3.6: Grid points used for interpolation and the corresponding function values (a

modified version of Fig. 3.7 from the reference [130]).
— 906 + 9U7 — 3 — 3Uy) (3.87)

1

az2 = —m(q’l — 3V + 3V — Uy — 3Wy + 3W3

— Wy — 205 + 6Wg — 607 + 2y + W) (3.88)

1

Qg3 = —m(‘h —6Wig+ 3V — Vg + 20y — Wys

— 20y + U5 — 3W5 + 606 — 3U; + 3Wy) (3.89)

1

ag2 = —m< - \111 + 2\1110 - l1111 + 2\112 - \113 + 2\115

— 4 + 207 — ) (3.90)

1

agy = —m( — 2\112 — 18@10 + 18\1111 — 6\1112 — \Ijlg + 3\1114

- 3\1’15 + \Ij16 + 6\112 - 6\113 —|— 2\114 - 3\115
+9Wg — 97 + 3Ws + 60y) (3.91)

1

a13 = —m( - 2\111 - 9‘1’10 + 18\1111 - 3\1112 + 2\1113 + 3‘1114
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—6W5 + Ui — 3Wy + 6W5 — Uy +6P5

+ 906 — 1807 + 3Ug — 60y) (3.92)
1

30 = —cr3 (U5 — 3W6 + 307 — Ty) (3.93)
1

ap,3 = _6A93 (3\1110 — Wy + ¥y — 3\116) (3.94)

1
g1 = —m@q’l +12W 0 — 6Wyy + U3 — 22Uy + Wy

— 4Ty + 2T + 35 — 6U6 + 3U; — 6Wg) (3.95)
= ! (21 4 3T — 6011 + Uyp + 3T, — 60
12 = 12ArAG2 1 10 11 12 2 3
+ Uy — 405 — 606 + 1207 — 2Ug + 20y) (3.96)
1
G20 = —m( — \115 + 2\116 - \1[7) (397)
02 = ~5ga(~ Vo ¥+ 200) (3.98)
¢ 270
1
al’l = —m< - 4\111 + 18\1110 - 36\1111 —+ 6\1/12 - 2\1113 - 3‘1’14
+ 6\1115 - \Ij16 - 6\112 + 12\113 - 2\114 - 6\115
— 90 + 18F7 — 3 + 12) (3.99)
1
ai = —@(2\115 + 3 — 607 + Us) (3.100)
ap1 = —w(—6\1/10 + \1114 + 2\112 + 3\116> (3101)
ap0 = Vg (3.102)

By substituting (rgrr, @rLr) which is obtained from Eqs. (3.82) and (3.83) into Eq.
(3.86),

16
F (rFLRy 0FLR) = Z Cn‘Ifn (3103)
n=1
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is obtained. The coefficients ¢, (n = 1,2,--- 16) can be determined by substituting
all equations from (3.87) to (3.102) into Eq. (3.86) as follows.

1 1 1 1 1 1
01=:ggaﬁyi-igﬂﬁyﬁ-151%93+-zlﬁy§%-181@yd%—18 Tays

1 1 1
- gxiyd - 696(11/3 T gty (3.104)
1 1 1 1, ., 1 1,
Co = 12xdyd + 4$d?/d + 6xdyd 5¥aYd — 6$dyd +— L
1, 1 , 1 1, 1, 1
ST — “Taya — Y+ Y- % 3.105
+3%aYa = yTaYa + gTa¥a = Ya + 5Ya — 3V ( )
1 1 1 1 1 1
C3 = T5%aYd — JPaVa — Tota¥d T JaVa + GTaYa — GTaYq
1 1 1
- gxiyd + 5%93 — 3%aYd (3.106)
1 1 1 1 1 1
€4 = — %wiyﬁ + Exf}yﬁ - 1—8902?/65 + %xdyg - Exdyﬁ + 1—8xdyd (3.107)
1 1 1 L, 1 1,
C5 = 12xdyd + 695dyd + 41}13/(1 2%@/01 12$dyd G dYa
1 1 1 1 1 1
— —TqYa + STays + =Tayq — =Ty + STE — =2 (3.108)
4 3 6 6 2 3
1 1 1 1 1
C6 = JTaYd — 5aYd ~ 5Tala + Ta¥a — JaYe — T4y
1 1 1 1 1
+ §$¢21yd + §9Udy3 + 1 FdYd + 5903 — x5 — 3%d
1 1
+ Y= Ya—Ya+ ] (3.109)
1 1 1 1 1 1
Cr = = JTaYa T Taa + JTWi — 5T+ Y+ 5Ty
1 1 1 1
= (Tl — Talq — yTaa = 5T+ STq+ Ta (3.110)
1 1,y 1., 1 4 1 , 1
Cg = 1295(19(1 gra¥a — TpTal¥d = Jo¥dla T pldYa + 75TdYd
1, 1
t+ STy — T 3.111
6 4 g ( )
1 1 1 1 1 1
Co = ﬁmiyi 12 dyd 4 y3 + 4x§y§ - grciyd + 6%93
1 1 1
+ 595?1%1 - gﬂfdyd 3TdYa (3.112)
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1 1 1 1 1 1
€10 = = Tl T JTaVa T STy — STl T 5TaYa + T4y
1 1 1 1
7 Zxdyfl — 5%dYd — §y3 + §y3 + Yd (3.113)
1 1 1 1
cu = 1553@/3 - Zazﬁyﬁ - le’?zyg + Zf?zyﬁ - 55’53% - 5“3/3
1 1
+ §$3yd + 5%@/3 + ZaYa (3.114)
1 1 1 1 1
G2 = = T5%aYa T Tg¥a¥a + GTaYa + T3Taa — T5%aYa — GTava (3.115)
1 1 1 1 1 1
C13 = — %l‘gyf} + Exiyg + %ﬂfzyd - Exdyg - Ex?lyd + gTdYd (3.116)
1 1 1 1 1
Cla = — ﬁxiyi - 5333113 - §9€3yd - Ewdyg + 6333% + E%yd
1, 1
3 3.117
+ 6J7d 6yd ( )
o = — ol ol e S - et e (3119
12 12 12 6 12 6
1 454 1 4 1 3 1
Cl16 = —T — =Yg — —=TqY; + —=x 3.119
16 = 35 dYd 36 dYd 36 dYq 36 dYd ( )
xq and y,4 are defined as
T —T T 's 0 _ 9
pg = PR T Mreun/Art25] g = JPLR T Vlrin/A0+25] (3.120)

Ar AO

respectively. For the electrostatic model, since 24 and y4 do not vary with time, ¢, (n =
1,2,--+,16) remain constant. In GKNET, each core only possesses a portion of the
information in the r and 6 directions. Therefore, it is not guaranteed that a core has
all the values of a function at the grid points around a point (rpLr, frLr). Therefore, in

advance, the cores receive the values at the grid points corresponding to the maximum

gyro radius ppax ~ \/ 2pimax/ (1 — ag/Ry) from other cores, and the the poloidal cross-
sections one core handles are extended. For partially ionized impurities with large
mass, the gyro radius becomes large, which increases communication between cores

and makes the calculations more time-consuming.
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; w—— Padé === Real space
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Fig. 3.7: Linear growth rate of the tITG mode with Padé approximation and with

real space evaluation.

Figure 3.7 shows the linear growth rate of the tI'TG mode for the case where the
Padé approximation is used and the case where the real space interpolation method is
used. In the long wavelength region, the linear growth rates of both cases are consistent.
This is consistent with the result in Fig. 3.4, that the Padé approximation is valid in
the long wavelength limit. However, in high wavenumber region, the linear growth rate
is different between the two cases and the mode number for which the linear growth rate
has a maximum value is also different. The previous study has shown that evaluating

the FLR effect in real space interpolation method gives more reasonable results [130].

3.3.2 Velocity space integration

The integral in velocity space appears on the right-hand side of the gyrokinetic
Poisson equation Eq. (3.24). The v direction is discretized in equidistant intervals in
the same way as in the real space, and the integral in the direction is computed by
the rectangle rule. On the other hand, in the p direction, since there is no need to
differentiate in that direction, it is discretized non-uniformly to allow high-precision
integration with fewer grid points. Specifically, it is discretized using the points ob-
tained by applying an affine transformation to the zeros of the Legendre polynomial,
and the integration is computed using the Gauss-Legendre quadrature. In this section,
we derive the Gauss-Legendre formula as implemented in GKNET.

Orthogonal polynomials are a sequence of polynomials {P,(b)}>°, that satisfy

degP,, = n and exhibit an orthogonal relationship

LIPy(0)Pr(D)] = Mabns An £ 0 (3.121)
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for any given n,m € Ny where £ is a linear functional from C[b] to C [131]. It can
be readily proven that orthogonal polynomials can also be defined as a sequence of

polynomials that satisfy a three-term recurrence relation
P,(b) = (anb+ 5y) Pu1(b) — v Pr_2(b). (3.122)

P_1(b) is equal to 0. ay,, Bn, 7 € C are given by

( /"Ln
a, = 3.123
Hn—1 ( )
P, 1(b)P,_
)\n—l
anﬁ[bpn—l(b)Pn—Q(b)] an)\n—l ,unﬂ'n—Q)\n—l
o _ _ 3.125
\ K /\n—2 an—l)\n—Q M%_l)\n—Q ( )

where 1, is the leading coefficient of P,(b). In the case of b # ¢, from Egs. (3.122) and
(3.125), we obtain

Su=Su1 =5 L b= )P ()P (0), (3.126)
n—1
where 5, is defined as
1
S, = P {P,(b)P,_1(c) — P,_1(b)P,(c)} . (3.127)
n\n—1

By summing from n = 1 to n = N and substituting Eq. (3.123),

Pa(b)Palc) _ pn—1 Py(b)Py_1(c) — Py—1(b)Pn(c)
An UNAN -1 b—c

(3.128)

is derived. It is known that P,(b) (n > 1) has n zeros within the domain and the zeros
of P, (b) (m > n) exist between any zeros of P,(b). Hence, we can take the zeros of
Py(b) as b; (1 =1,2,---,N). By substituting b = b;,c = b,(j # k) into Eq. (3.128),

we obtain

=

— P,(b;)P,(b
(b;) P (by) —0 (3.129)
An
n=0
By substituting b = by, into Eq. (3.128) and then taking the limit ¢ — by,
N-1
{Pa(0r)}* — pv—s : 1

= Pn_1(by) Py (b)) = — 1

nz_o " e T 1(bk) Py (br) ~ (3.130)

is derived. From Egs. (3.129) and (3.130), the Lagrange interpolation coefficients are

obtained as

N-1 I, b=b; (J#k
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The interpolation formula gy (b) using /N sample points of a function g(b) is represented

as
N

av(0) =" gbn) LYV (0). (3.132)

k=1

The integral in the direction of u for a function g(u) is approximated as

1’=:j£ " gy, (3.133)

where L, is a cut-off velocity. For Eq. (3.133), by applying the transformation y =

(b+1)L,/2 and performing the Lagrange interpolation Eq. (3.132), it can be expressed

as

1 1 N-1 ( N L
I= % /1g(b)db ~ % /1gN(b)db = Z% {kz %akPn(bk)g(bk)} A—ln /1 P, (b)db.

o (3.134)

We consider the Legendre polynomials as orthogonal polynomials { P,(b)}>°,. The Leg-

endre polynomials are orthogonal with respect to the L2 norm over the closed interval

[—1,1]. From the perspective of the three-term recurrence relation, they correspond to

the case where a,, = (2n — 1)/n, 5, =0, and ~,, = (n — 1)/n, satisfying

bP,(b) = (2n — 1)bP,_1(b) — (n — 1) P,_2(b). (3.135)
In this case, from
/ 1 P, (b)Py(b)db = %5,%0, (3.136)

Eq. (3.134) becomes

)
I=>" — arg (br). (3.137)
k=1
Upon using
L L L
Wy = 7"% and = 7”bk + 7", (3.138)
Eq. (3.137) can be rewritten as
N
1= wiglm) (3.139)
k=1

Equation (3.139) is used in the p direction integration in GKNET. The positions of the
zeros b, and the weights a; are precomputed and are stored in a text file. In GKNET,
this file is read, the values are loaded into arrays, and the integration is then performed

using the arrays. a, satisfies

A 2 2(1 — b2
HNAN = __20-6) (3.140)

T v Proa () P(br) (L= 82) Pi(0r)?  (NPy_1(by))”

Qg
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derived from Eq. (3.130),

N
2 2k —1
Ay = pv =] — (3.141)
k=1

and
(1 —2%) Py(z) = nP,_1(z) — nzP,(z). (3.142)

We precompute a;, using Eq. (3.140).

The Gauss-Legendre formula Eq. (3.139) using N sample points provides an exact
integration value, barring rounding errors, when g(1) is a polynomial of at most 2NV —1
degrees. Assuming g(u) is a polynomial of degree 2N — 1 or lower, upon transforming
with po = (b+ 1)L, /2 and then dividing by Py(b), with the quotient being ((b) and

the remainder being R(b), we obtain
g(b) = Px(b)Q(b) + R(D). (3.143)

Upon integrating Eq. (3.143) and given that Q(b) is a polynomial of at most degree N —

1, it can be expressed as

L 1 L 1 L 1 I 1
ju/lg(b)db: - g Py (0)Q(b)db + = 3 R(b)db = 7“/1 R(b)db.  (3.144)

On the other hand,

> wieg(br) = wiPy(b)Q(be) + Y wiR(b) = Y wiR(by). (3.145)

k=1
Since R(b) is a polynomial of degree N — 1 or lower, Eq. (3.144) and Eq. (3.145) are
equivalent. This indicates that when g(u) is a polynomial of at most 2N — 1 degrees,

Eq. (3.139) provides an exact integration value, excluding rounding errors.

3.3.3 Algorithm

The field solver algorithm in GKNET differs between the adiabatic electron model
Eq. (3.25) and the hybrid electron model Eqgs. (3.26), (3.27). This is because, in
the case of the adiabatic electron model, it is necessary to evaluate the flux-surface
averaged electrostatic potential. When it is approximated as (¢); ~ (¢)o, it has
been confirmed that the collisionless damping of zonal modes cannot be accurately
simulated. (U)g, represents the average of ¥ in the 6 and ¢ directions. It is necessary
to evaluate (¢), without approximation.

First, we describe the field solver algorithm in the adiabatic electron model for the
case of a pure plasma. Since ng = ng = nge in the case, dividing both sides of the
equation by n = n; = n, yields

Do+ 76— (8)) =2 (3.146)
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where D and p, are defined as

0? 1 10n\ 0 1 02

Ps = <// (5fs B\TS dU||d,u>as, (3148)

respectively. The right-hand side of Eq. (3.146) is computed using the methods ex-

rnor

and

plained in the previous two sections, concerning the gyrophase averaging and velocity
space integration. Equation (3.146) cannot be solved directly because (¢); on the left-
hand side is not known. In the adiabatic electron model, ¢ is obtained by the algorithm
illustrated in Fig. 3.8.

K—C Field solver algorithm h

Step 1: ¢ = ¢ — ($)o,,

_ [ ¢ rRdbOdy
I [[rRdbdy

Step 3: (¢)

Step 2: <;Z§> [[ ¢ rRd6dy

l _

s JIrRdde | | Step 4:6 =6+ (d); — (B)

=

Fig. 3.8: Field solver algorithm in the adiabatic electron model.

In Step 1, d: = ¢ — (¢)g,, is determined. By taking the 60, ¢ average of Eq. (3.146),
and since ((¢) )y, = (9),

1 1

D($)op + = (D)oo — (D) 1)

- (i) (3.149)

n

is obtained. By subtracting Eq. (3.149) from Eq. (3.146), we obtain

D¢ + % = —, (3.150)

where on is defined as
on=p;i —(pig.,- (3.151)
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Since (¢) does not appear in Eq. (3.150) and on is known, ¢ can be determined. To
solve Eq. (3.150), on is discrete Fourier transformed in both the 8 and ¢ directions.
For the discrete Fourier transformation, the pencil decomposition [132], which divides
the processor grid into two dimensions, is used. We employ the software package
P3DFFT [133] for this purpose.

w-Pencil f-Pencil r-Pencil
01" 4 k(p/r o kw/r "
r r ke
processor : 0

= =2ar) Eaal) &
&=V &0 £

processor : 1 B ‘J *> 5 u

processor : 2 L%% Transposition ///—/75% Transposition //7/%

r A -

— — 0

1D-FFT 1D-FFT OUTPUT

<

N
N

processor :

Fig. 3.9: An example of a 2D Fourier transform using the Pencil decomposition.

Figure 3.9 illustrates the algorithm for fast Fourier transformation in the 6 and ¢
directions using P3DFF'T, when four processors are employed. Upon inputting the real
number array data which is gp-oriented pencil, the 1D fast Fourier transformation is first
performed in the ¢ direction. After arranging the data from ¢- to #-oriented pencils
by an all-to-all exchange, a fast Fourier transformation is performed in the 6 direction.
After transposing the data from 6- to r-oriented pencils by calling MPI_ALLTOALL,
the complex array is outputted. By performing the discrete Fourier transformation,
only the differential operator in the r direction remains in Eq. (3.150). By discretizing

Eq. (3.147) using a fourth-order central difference,

Gj—s — 16¢;_1 + 300, — 160,41 + by

12Ar?
4dji—dio1 1djr0— dja 1 1 m?~ g _ S\ﬁj
(= - L T
3 2Ar 3  4Ar ;i Lp; r T.;, n;
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is obtained. At the boundary 57 = 1,2, when m is even, from ¢; = ¢g, ¢2 = ¢_1, Eq.
(3.152) is

~ B ~ ~ _ _ _ 2 _ e o
1461 15¢2+¢3 (2¢1—§¢2+ 1¢3> (l— ! >+m_2¢1+ I :%

12Ar2 1 Ln,l 1 Te71 ny
(3.153)
for j =1 and
—15$1+3o$2—16<53+$4 7T~ 2~ 1-~\/1 1 mi~ Gy oy
12A7"2 le ¢3 + ¢4 T2 Ln72 + 7"% ¢2 + T672 N N9
(3.154)

for j = 2. On the other hand when m is odd, from ¢; = —¢o, P2 = —¢_1, Eq. (3.152)

18

466, — 170y + ¢ 2~ T~ 1~ 1 1 2. 4, on
P1 P2 ¢3+(_§¢1_E¢2+E¢3)(__ )+m_2¢1+ ¢ _ 0m

12A7r2 r1 Ly ry Teq ny
(3.155)
for y =1 and
176, +300, — 1605 + 61 (35 25 11\ m* s Gy oms
12AT2 (bl ¢3 + ¢4 T Ln,? * T% ¢2 * Te,2 B na
(3.156)

for j = 2. The left-hand side of Eq. (3.152) is an N, x N, square matrix, where N,
represents the number of grid points in the radial direction. The system of equations is
solved using the LU decomposition. Since the matrix is a banded matrix, computational

costs can be significantly reduced by employing the calculation method illustrated in
Fig. 3.10.

Figure 3.10 shows the algorithm of the LU decomposition for the case of NV, = 6.
The element of the matrix in the ¢-th row and j-th column is denoted by a;;. The
blue squares indicate the calculation for the lower left triangular matrix, while the red
squares represent the computation for the upper right triangular matrix. The numbers
written inside the circles located at the upper right of each square represent the values
of the loop variable. By proceeding with forward elimination as in Fig. 3.10, LU
decomposition can be achieved efficiently. The obtained 5 is transformed back to the
real space using the inverse Fourier transformation with the P3DFFT. In Step 2, the

flux-surface average of gg is computed. It is obtained from equation

<~>f il orR dodyp

°), = [[rRdode

R dfd 3.157
QRO / ¢ . ( )
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(all ai2 ais 0 0 0 \

1 (D 0 0
217 (@22 Q237 Q24

2 2

as31 0L32Q a33 aszp

3
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ass O

Fig. 3.10: Algorithm for the LU decomposition for a 6 x 6 matrix. Blue squares
represent the computation of the lower triangular matrix, while red squares indicate

the computation of the upper triangular matrix.

In Step 3, we find the flux-surface averaged electrostatic potential (¢) ;. By substituting
<245> = (6); — (d)g., into Eq. (3.149), we obtain
f
(@)
f .

D{G)s = (oo, + D (3) + 7
All the terms on the right-hand side of Eq. (3.158) are known. Thus, by discretizing
as in Eq. (3.152) and using the LU decomposition, (¢), can be determined. Finally,
in Step 4, using <$>f = (¢) s — ($)o,, and 5 = ¢ — ()0, the electrostatic potential is

determined from

(3.158)

6=6+0)—(3), (3.159)
In the hybrid electron model, the gyrokinetic Poisson equation can be solved more
directly compared to the adiabatic electron model since it does not contain (¢)r. We
consider hydrogen plasma with impurities (s = z). In this case, ng. # ng;. Upon Fourier

transforming Eqs. (3.24), (3.26), and (3.27) and subsequently discretizing them, we

obtain
noi o Mozme 0\ G2 = 1661 + 300, — 16041 + §j
Noe " Noe M; - 12Ar2

_ TNoi ddj1— dja o 1¢j+2 — ¢j—2 5 i ‘_lnz‘,j+1 —Nij-1 lni,j+2 — Nij-2
3 2Ar 3 4Ar ri 3 2Ar 3 4Ar

Noz M F Pj41 — i1 1¢j — ¢j—2} (nz,j n dnzjpm —nzy1 Ing e —Nsjo

Noe My | 3 2Ar 3 4Ar Tj 3 2Ar 3 4Ar
no; Nz €2

= i ——— s — Pei 3.160
n()ep Jt Tios e@,p J T Pey ( )

for (m,n) = 0,0 and

noi o MozMe ¢j—2 — 1601+ 300; — 164,11 + P42
; 12Ar?

)
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Cnoi (4941 — 01 1@ —@ia]| [Ny . dnijer —nigo1 1o —nijo
Noe | 3 2Ar 3 4Ar ;

Noz M F Pj+1— ¢ 1gje — ¢j—2} (nz,j n dngip =i 1ngj40 — sy

Noe My | 3 2Ar 3 4Ar T 3 2Ar 3 4Ar
2
No; Nz My m e j No; Noz €2
+ (—n” + N _2¢j O‘pass(by —Pijt ———Pzj — Petrap,j
Noe Nge M s T e,j Noe Noe €;

(3.161)

for (m,n) # 0,0. At the boundary j = 1,2, when m is even,
<n0i Moz M ) 1401 — 1502 + ¢3
2,1

ni1
Noe Noe My 12Ar2

No; 1 TLZ”l 1 2 3 1
t e A [ - ¢2 + 12¢3} { . Ar (3"”1 izt 12"“3)}

noz mz N1 1 2 3 1
+ Toe T3 AT { ¢ ¢2 + Cbs] { Ar (3nz,1 172 + 12nz,3)}

2
No; Tz My m ne 1 Mg Npz €2
+ ( U2 + 2,1 D) ¢1 + T apass¢l Pi1 —Pz,1 — Pe,trap,1
Noe No; 7 Tl el Oe Npe €;

is used for j =1 and

noi, L M0=Ms —15¢1 + 30¢3 — 16¢3 + ¢4
#2 12A72

Noe Noe My

No; 1 N2 1 7 2 1
t e A [ o= ¢ + 12@} { ry  Ar <12n“1 3Mtis 12"“4>}
noz mz n, ,2 1 7 2 1
t e i Ar { o1 = ¢ ¢4} { e Ar (12”2"1 3l T 12"“)}

No; Tz My m Te,2 Nog
+ ( N2 + N2 ey P2 + " Qpass P2 = o Pi2 +
2

Noe Noe M Teo2 Oe Noe €;
is employed for j = 2. On the other hand, when m is odd,

No; n Mo mzn 4601 — 17¢2 + ¢3
»1 12A72

Noe Nge My

ng; 1 2 7 1 nip 1 2 7 1
e A { 30 %t 12¢3} { . Ar ( gt T g2 T ghis

Noz My, 1 UZSI 1 2 7 1
e i A7 { o= 2¢2+ 12¢3} { . Ar ( 3Mat T g2t ghes

2
Mg Nz My m ne 1 o4 Noz €2
+ ( ni1 + UZR B ¢1 + T Oépassgbl Pi1 + _pz 1 = Pe,trap,1
Noe No; ™My Tl el Noe Noe €;

is used for j =1 and
(nm Moz Mz ) —17¢1 + 302 — 1603 + ¢4
Tz 2

N2
Noe Noe M; 12Ar2
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To; 1

201 - 00+ 50| {

No, My 1

Noe Ar

Nge M; Ar

2
m

nz,Z) 2 ¢2 +
e My T3

is employed for j = 2.

B¢1 - §¢3 + %@} {

5

Ty

ne,2

Te,2

)

T9 Ar

apass¢2 =




Chapter 4

Gyrokinetic entropy balances and

dynamics

4.1 Entropies in nonlinear and nonequilibrium plasma

4.1.1 Thermodynamic entropy

In thermodynamics, the thermodynamic relations are described in the Pfaffian form.
When a system can be described by only two state variables, it always possesses an
integrating factor; however, for systems with three or more state variables, this is not
necessarily the case. For a Pfaffian equation with three or more state variables, the
existence of an integrating factor implies the presence of points in a certain neighbor-
hood that cannot be reached along the solution. This signifies that within a vicinity of
a thermally equilibrated state, there exist states that cannot be reached from the state
through adiabatic processes [10]. This is called the Carathéodory principle. This is
equivalent to the second law of thermodynamics and the principle of entropy increase.
In thermodynamics, entropy is defined as heat (which is not a state variable) divided
by thermodynamic temperature.

We assume that the heat @) that transfers energy during a process, depends on n
state variables X = (X1, Xs, .-+, X},). 0Q can be expressed as

5Q = i YidX; (4.1)

i=1
using Y = (Y1,Ys, -+ ,Y,), which a vector function of X. The adiabatic condition
0Q) = 0 implies that the system can only reach states in directions orthogonal to Y,
and according to the principle of Carathéodory, there always exists states that are inac-
cessible. This implies that in the case where a state on the surface Z(X;, X, -, X,)
spanned by vectors orthogonal to Y transitions to a state on the surface located dZ

away, 0@) is necessary. Using an integrating denominator ¢(# 0) for any arbitrary X,

90
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we obtain

7 = ? (4.2)

To prove that the integrating factor is solely a function of temperature, we consider
the composite system of the two systems. When the heat 6QW is provided to one
system and the heat §Q® to another, the total heat 6Q® is given by §Q® = sQ™ +
§Q@. From Eq. (4.2), 6QW = t0dZ® (i = 1,2,3) is satisfied. Let t®) depend on the
a parameter 6 that is common to {t(i)}izl,zg. From

+(2)

+)
dZW + —~dz?, (4.3)

G
Az = +3) +3)

it is evident that Z) is a function of Z() and Z®. Therefore, t1) /t®) and ¢t /t®) are
independent of 6 and

1ot 1ot 1 ot®
Moo~ @ 00 t® 09 (44
is satisfied. Upon integrating the function that depends solely on 6:
g(0) = % log t®, (4.5)
we obtain
9 =T(O)FD (Z2V), (4.6)

where, 0 is a constant, F(?)(Z®) represents an integration constant, and 7(6) is defined

) T(0) = exp { /9 9 g(e)de} . (4.7)

When we consider the parameter 6 as empirical temperature defined by phenomena
such as the volumetric expansion of mercury, the function 7'(6) depending solely on 6
can also be interpreted as temperature. By definition, 7'(¢) > 0 is trivial. Since T is
defined by ¢(f) common to all systems, it is independent of the properties of a system.
Substituting Eq. (4.6) into Eq. (4.2), we obtain

, . . 5@(@')
FO(Z9)az® = : 4.
(27) () (48)
The right-hand side of the equation is named thermodynamic entropy,
L 6QW
A4S = _ 4.9

From this definition, the additivity of thermodynamic entropy is evident. It is worth
noting that the thermodynamic entropy is defined by the difference between states.
According to the third law of thermodynamics, entropy becomes zero at absolute zero.

Following this, we determine the zero point of it.
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In information theory, entropy is characterized by the Shannon-Khinchin axioms.

Let A,, be an n dimensional simplex

An:{(fly afn)eR

fizo,ifizl}. (410)
=1

The Shannon-Khinchin axioms are the following four requirements imposed on the
function S(f1, -, fn). (I) For any n € N, the function S is continuous with respect to
(fi,-, fa) € A,. (II) For any n € N, the function S attains its maximum value with
fi=1/n(i=1,--- n). In other words, for any fi,---, f, € Ay,

S(fi,- 7fn)§S(l>"',l) (4.11)

n n

is satisfied. (IIl) The following equality holds.

(4.12)

S(fivv+  fuma) = S(f1, - ,fn>+2f,-s(fﬂ fm>
=1

£
where fi; > 0 and f; = >0 fi; (Vi = 1,--- ,n,¥j = 1,---,my;). (IV) For any

(flu"' 7fn) S An?
S(frsee o fa 0) = S(f1, - fa) (4.13)

is satisfied. The function satisfying these conditions is uniquely determined as
S(fr,- fa) ==X filog fi, (4.14)
i=1

where ) is a positive constant. This is referred to as the Shannon entropy. In the I"
space, let the number of microscopic states be denoted by W. Assuming that each of
these states occurs with equal probability, f; is given by f; = 1/W. By choosing A such

that A = kg, from the equation, we obtain
S =kglogW. (4.15)

While the statistical entropy is derived from the Shannon entropy, the converse is,
of course, also possible. We assume a discrete probability distribution f; follows the
Boltzmann distribution at energy F;. By using the partition function Z, f; can be

represented as f; = e ¥ /Z. Therefore, from

and the Helmholtz free energy

1
F=—glogZ, (4.17)
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E—-F
S=="_-
T

= Tiﬁ {zl: fi(log fi +log Z) + logZ}
= —kp Zfz log f;

is derived.
The fluid definition of entropy density is [190]

T3/2
s =nlog (—) . (4.18)
n

The corresponding entropy flux is given as Jy = sV + Q/T where Q is the heat flux.
From Eq. (1.72) and the energy equation

3dp 5
§d—f+§pv-v+w:vv+v-Q:o, (4.19)

we obtain the time evolution equation for the entropy density in the fluid model [190],

O0s
el R - 4.2
5 +V.-J,=o, (4.20)
where 7 and oV —-
o= L _Q (4.21)

T T2
are the viscosity tensor and entropy generation rate, respectively. A more refined
entropy density equation was derived by Giircan and colleagues [134]. They first de-
rived the time evolution equation for the two-point correlation function (0f16fy) =
(0f(x1,v1)0 f(x9,v7)) from the drift kinetic equation. By taking moments of the equa-

tion, they derived the Guyer-Krumhansl constitutive relation

0Q 0 or

where I'g = —(\?/7)(0Q/0r) is the flux of heat flux, y is the heat diffusivity, 7 is the
mean response time of the heat flux to the changes in temperature gradient, A is the
flux penetration length which represents the cross-correlation length between the flux
and the gradient. These parameters are nonlinear functions of the turbulence intensity:.

In the limit A — 0, Eq. (4.22) converges to the Maxwell-Cattaneo relation

oQ T
Tor T T Q=0. (4.23)

Furthermore, in the limit 7 — 0, the equation reduces to Fourier’s law

orT

Q=-x5,- (4.24)
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Fourier’s law Eq. (4.24) means that the heat flux responds instantaneously and locally
to changes in the temperature gradient. On the other hand, the Guyer-Krumhansl
relation indicates that the heat flux responds non-locally to changes in the temperature

gradient with the response time 7. The solution of Eq. (4.22) is

/
//XIC (t,t' 7, r") gr )d "dt’, (4.25)

where

r(r—r")% 1 , ,

—_— — —(t—t t>1). 4.26
mm i R G
These describe the global nature of the heat flux. From Eq.(4.22), the heat transport

equation

Kt t',rr') =

aor  0Q
— — T 4-2
or + or 0 (4.27)
and the extended Sackur-Tetrode equation
ds 0 TQ 0Q
— = —logT — —— 4.28
ot ot XT2 ot’ ( )

we obtain [134]

os 0J, Q? o [ 1Q

Tt e (£,
ot or  XxT? or \ xT?

where the entropy flux J; is given by J, = Q/T — (7Q/XxT?*)Tg.

In an adiabatically isolated system, the entropy flux at the boundary is zero. Hence,

(4.29)

from Egs. (4.20) and (4.29), the entropy production rate is zero in a steady state. On
the other hand, in a open system which a steady heat flux flows into and out of from
the outside, the entropy production rate does not become zero even when the time
variation of entropy is zero. In this paper, such a state is referred to as a quasi-steady

state.

Hot heat bath Cold heat bath
T(r)

Fig. 4.1: Simple model of temperature profile in quasi-steady state for magnetically

confined plasma.
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We calculate the entropy production rate in the simple composite system shown
in Fig. 4.1 under a quasi-steady state. T} and 7T, represent the temperature at the
magnetic axis and at the edge, respectively. The plasma is divided into n subsystems,
with the temperature of the hotter side of the subsystem i (1 < i < n) denoted by T;_;
and that of the cooler side denoted by T;. Ty = T}, and T,, = T, are established. In
a quasi-steady state, the entropy of the subsystems remain unchanged. The entropy

generation of the subsystem is given by

T =0;, (1<i<n). (4.30)

Summing over all subsystems in the equation, we obtain

-~ Q Q
;ai =7 7 (4.31)

>, o; balances the negative entropy production rate (1/7, — 1/T.)Q at the bound-
aries, and the net entropy production rate for the sum of the subsystems is zero. The
entropy production rate of the composite system is given by [136]

T, — 1T, >0
Tth -

Swhole = 8+ »_§+ 80 =Q (4.32)
i
where s, and $. represent the entropy production rates of the high-temperature and
low-temperature heat baths, respectively. The entropy production rate of the compos-
ite system is always larger than zero. The entropy production rate is proportional to
the temperature gradient, which is enhanced by the generation of zonal flows. The or-
dered structures of zonal flows leads to an increase in entropy, representing the degree
of disorder. That appears counterintuitive at first glance. To address the problem,
the concept of scale separation was proposed [137], suggesting that the formation of
macroscopic structures does not influence the entropy generation at microscopic scale.
We address this issue through the analysis based on the gyrokinetic theory. In systems
far from thermodynamic equilibrium, based on the principle of maximum entropy pro-
duction which posits that entropy production is maximized to most efficiently alleviate
non-equilibrium states [138, 139, 140|, at the microscopic scale the most disordered
state is realized, while at the macroscopic scale an ordered flow with maximum energy

emerges.

4.1.2 Fluctuation entropy

In turbulence transport studies based on the gyrokinetic theory, the fluctuation

entropy

_ [0 s
55_/2f0dZ (4.33)
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is employed. The distribution function f is normalized. From the gyrokinetic Vlasov
equation, the gyrokinetic Poisson equation, and suitable approximations, the evolution

equation for the fluctuation entropy is derived as [141, 142]

065

el I'— D, (4.34)
where I' and D represent the entropy generation due to heat flux and dissipation,
respectively. This equation establishes a direct relationship between transport and
dissipation. Due to the high temperatures in fusion plasmas, the collision frequency
is exceedingly low. Consequently, the limit where the collision frequency approaches
zero might serve as a good approximation. However, from Eq. (4.34), when D = 0, we
obtain 06S5/0t = T". This implies that, even if the electrostatic potential is saturated,
the entropy continue to increase indefinitely with time, never reaching saturation. This
is referred to as the entropy paradox [143] and was confirmed by Eulerian gyrokinetic
simulations of collisionless slab ITG turbulence [144]. The fluctuation entropy 4.5
increases due to the formation of fine-scale structures in the distribution function from
phase mixing. The ballistic mode [145] is a kinematic effect observed not only in
plasmas but also in neutral gases. We show that the initial density fluctuation decay
with time due to phase mixing [22]. For simplicity, let us consider a distribution

function g(z,v,t) that satisfies the advection equation

dg =~ 0dg
N + Vo = d(t)go- (4.35)

The function gy represents the initial distribution and is given by

go(%v)zwe—#/(zv%: 00 o=e*/(208) 4 5(0). (4.36)

/2T, /2T,

The solution to Eq. (4.35) is

(no +n eik(x_”t)> e/ (%), (4.37)

1
T, v,t) =
g9(x,v,t) oot

Equation (4.37) indicates that the wavenumber k, = kt in the velocity space increases

with time. From Eq. (4.37), the density fluctuation is given by

(0) e F*ort*/2, (4.38)

il

A(t) =

which signifies that the initial density fluctuation decays with time.
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Fig. 4.2: Temporal evolution of the distribution function satisfying Eq. (4.39).
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Fig. 4.3: Plot of the cross-section at x = 0 in Fig. 4.2.

Figures 4.2 and 4.3 illustrate the formation of fine-scale structures in the distribution
function due to phase mixing. These figures are obtained by numerically solving the
advection equation

Oh(z,v,t) Oh(x,v,t)
4 =0 4.39
ot T ox ’ (4.39)

describing the evolution of a distribution function h(x,v,t), with a given initial distri-

1 2 — 100
h(z,v,0) = Ee_(”_l":’)Q/Q {1 + 0.3 cos (%) } : (4.40)

bution
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The numerical scheme employed is the CIP-CSL2 scheme [146, 147]. As time progresses,
the structures become more refined, and when k, becomes equal to the wavenumber
corresponding to the grid width, the distribution function reverts to the initial one.
The fluctuation entropy can be interpreted as one of the f-divergences, specifically the
Pearson divergence [148]. Due to the formation of fine-scale structures, the distance
from the reference distribution f, increases, leading to an increase in 9.5.

The ballistic mode can also be interpreted as entropy transfer in the Hermite space.
The equation describing entropy transfer is derived from the normalized gyrokinetic

Vlasov equation for the slab model,

8 . / "
o500k TiOUkOLi = Y b(K X K" )b fie
K +k"=k

= ik, |1+ (of = 1= K1) + O] fo + Coan(30),
(4.41)

where 1, = ¢, exp (k? p?/2) and © represents the angle formed between the magnetic
field and e,. We multiply both sides of Eq. (4.41) by 0f;/fo and integrate them, and

then the real parts are taken. ¢ f; can be expressed as
6.fr(vy) Z O f . Hn(v)) folvy), (4.42)

where H,(v|) is the n-th order Hermite polynomial and is defined as

H,(v)) = (—1ymert2 ot (4.43)

n

de
Due to the orthogonality of the Hermite polynomials

/Hm(v||)Hn(v)evﬁ/2dv|| = n!v 27T5m7n, (4.44)

the first term on the left-hand side of Eq. (4.41) becomes

Z/d \\Wk Zz—n"éfkn

This equation indicates that the fluctuation entropy can be expressed as an infinite

(4.45)

series of velocity moments. From equation
/H ’U” v”)v”e vil/2 dU” =nlV2mwd,_1 m T (TL + 1)'\/ 5n+1 ms (446)

the second term on the left-hand side of Eq. (4.41) is

/ZZ@Uky f dUH /Zzzl@k U||5fk:n6f kn (UH) (UH)\/IQ—

e vﬁ/de”
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=3 N> 0k 00 o {00+ (0 D11}
k m n

= - Z Z 1Ok, {n!g?k,n—lg?z,n +(n+ 1)!5}&75?2@4-1} :
k n
(4.47)

The first term on the right-hand side of Eq. (4.47) represents transfer from the n — 1th
order to the nth order, while the second term signifies transfer from the nth order to
the n — 1th order. The Lenard-Bernstein model [149]

0 0 —v2/2 8 Hn aHn
Ccoll<5fk> = Vav| <U|| 81} ) (5fk = \/_6fkn I < av + UH aUH ) (448)

is used here as the collision model. From 0H, /0v| = v|H, — Hy;1, the collision term

in the equation becomes

_ZZZ/ S}knafka Hpe 1oy = ZZ nvn'(éfkn

In summary, we obtain [150]

(4.49)

d
E 5Sn + (57170 Z |5¢k|2 {2 — Fo(k’i)}] = Jn-1/2 — ‘]n+1/2 + 571,27]@ — 2V’I’L5Sn, (450)
k
where . )
550 = > 5l ’5},% , (4.51)
k
Jn-1/2 = Z Okyn! Im (gﬁ,n_lgﬁ,n) ) (4.52)
k
and
Jny1/2 = Z Oky(n + 1)! Im <5fk,n5fk,n+1> : (4.53)
k

Entropy is transferred to higher order 4.5, by the transfer functions .J,,_1/2 and J, 41 /2.
This is consistent with the decay of the initial density fluctuation shown in Eq. (4.38).
It is noteworthy that the dissipation term —2vndS,, is proportional to n. No matter
how small the collision frequency is, when n increases due to the ballistic mode, the
dissipation effect becomes non-negligible. The entropy paradox is due to the fact that
the collision frequency is zero. It was reported that the entropy paradox is resolved
and a quasi-steady state is achieved when the collision frequency is not zero in the
Eulerian gyrokinetic simulations for the slab ITG mode turbulence [150]. In this case,
Eq. (4.34) shows that I' = D is satisfied. The relationship implies that the entropy
production due to the heat flux I' is determined by a different mechanism from the

entropy production due to the collision D, and D is determined such that I' = D. If
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the causal relationship were reversed, no entropy would be generated by the heat flux
in the collisionless case, which is clearly erroneous [143]. The fluctuation entropy is
used as an important benchmark for steady state [19]. In studies using the flux-tube
Eulerian code GYRO [151], the flux-tube Eulerian code GKV [152], and the global
PIC code ORBS5 [153], the entropy balance equation was calculated, confirming that a
quasi-steady state is achieved. On the other hand, from the drift kinetic equation and
adiabatic electron approximation, under the assumption that the initial distribution
function is the Maxwellian, Kosuga et al. derived the time evolution equation for the

fluctuation entropy [154]

L e T A KA AR A e
1 . 5 (6fCeon(3f))
+f<J||E||>}+/d U | 459

where (V,V) = n7! [ dPv (v — (V) (V;6f) and (J|E)) = e [d*v (v — (V])) OE)).
From Eq. (4.54), the lowest order entropy production rate

2
O _ pyp-2_ "vze (0 4.55
0 = it — ( 2 (ve) (4.55)
and the first order entropy production rate
2 2
ny 0 nll;
U(1>:_2v(8_<v”>) S— (4.56)
v7 r VX

in the case of ITG turbulence are obtained. vzr X, and 11, are the linear growth rate
of zonal flow, momentum diffusion coefficient, and residual stress, respectively. The first
term on the right-hand side of Eq. (4.55) is the entropy production rate due to profile
relaxation, which is always positive, and the second term is the entropy destruction
rate due to zonal flow generation, which is always negative. The first term on the right-
hand side of Eq. (4.56) is the entropy production rate due to viscous heating, which
is always positive, and the second term is the entropy destruction rate due to intrinsic
toroidal rotation generation, which is always negative. These equations suggest that
even in the case of no collisions D = 0, 5S/0t = 0 is satisfied if 0(*) = ¢ = 0 due to
the generation of zonal flows and intrinsic toroidal rotation.

Fluctuation entropy transfer is frequently used as a method to investigate nonlinear
interactions in plasma turbulence. This is because the fluctuation entropy is conserved
even in systems where energy is not conserved, allowing us to investigate the entropy
transfer between modes from the three-wave interaction term.

From entropy transfer analysis, it was observed that in the case of the ITG turbu-
lence, radial low wavenumber components are transferred to high wavenumber com-

ponents via zonal flows, resulting in reduced heat transport [155]. Conversely, for the
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ETG turbulence, the rate of zonal flow generation is lower, thus diminishing the effect.
For the ITG turbulence in LHD, when the magnetic axis is shifted inward compared
to the standard configuration, the transfer from low wavenumber components to high
wavenumber components is enhanced, leading to turbulence suppression and an im-
proved confinement performance [156]. It was elucidated that zonal flows driven by
the TEM turbulence meditate the entropy transfer of the ETG modes from low to
high radial wavenumber regions [157], and the turbulence at electron scale reduces the
entropy transfer from turbulent modes to zonal modes [158].

It is noted that besides the linear phase mixing, there exists nonlinear phase mixing
that at spatial scales smaller than the Larmor radius, drives the structure formation
of f(vy) more rapidly than parallel phase mixing drives f(v)). In the inertial range in

electrostatic turbulence, klw/ 3

scaling was theoretically predicted [159]. This predic-
tion was corroborated by simulations using AstroGK [160] and observed experimentally
using MPX (magnetized plasma experiment) device which is a mirror linear plasma

device [161].

4.2 Gyrokinetic entropy balances

4.2.1 Simulation settings

The relationship between the thermodynamic entropy and the fluctuation entropy
remains unclear to this day. Furthermore, a thermodynamic entropy equation corre-
sponding to the balance equation for the fluctuation entropy Eq. (4.34) has not yet
been derived. Full-f gyrokinetic simulations are essential for research on these issues.
This is because, in the local flux-tube model that fixes the background temperature
gradient, it is not possible to evaluate the thermodynamic entropy associated with
profile relaxation. It is anticipated that the results concerning entropy production at
constant heat flux, discussed in the previous section, are reproduced in simulations
using the fixed-flux model. In full-f gyrokinetic simulations, poloidal flows include
not only zonal flow but also mean radial electric field. Therefore, we can accurately
evaluate the correlation between poloidal flows and entropy production. There are two
conflicting research findings regarding this correlation. One suggests that poloidal flow
leads to a larger temperature gradient, resulting in increased entropy production [137].
The other posits that entropy decreases due to the ordered structure introduced by the
poloidal flow. We aim to elucidate which of these findings is true [154].

We perform flux-driven full-f gyrokinetic simulations. Due to the necessity of
longe time computation until the background profile reaches equilibrium, we employ
the adiabatic electron model to reduce computational costs. We use the Maxwellian

as the initial distribution function. The Maxwellian maximizes entropy under the
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condition that the Hamiltonian is constant. This is referred to as the maximum entropy
principle and can be readily proven by solving the constrained maximization problem

using Lagrange multipliers [142].

(a) (b)
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Fig. 4.4: (a) Radial profile for source term and sink term. (b) Radial profile for density,

ion temperature, electron temperature, and safety factor at initial time.

Fig. 4.4(a) shows the radial profile of energy source and sink. These are given by

1 —04
ASrc(r) = 5 |:1 + tanh (—xToaoao>:| (457)

and

Ay (r) = exp {—%} . (4.58)

The timescale for the energy source is 7., = 0.01, which means that the input power
is 2 MW. The time scale parameter of the energy sink is determined to satisfy the
energy balance, 7., = 0.1. Figure 4.4(b) represents the radial profiles of density, ion

temperature, electron temperature, and safety factor at initial time, given respectively

by
. I T — 0.5@0
n(r) = exp {_Ln tanh <—7, ) } ) (4.59)
. 7- T — 0.5610
Ty(r) = exp {_L_Ts tanh <T) } , (4.60)
and
2\ 2
q(r) = da (—) + G, (4.61)
Qo
where

2
T = Arexp {— (%@) } ; (4.62)
0
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Ar = 0.3ap, g, = 2.18, and ¢, = 0.85. At r, = 0.5a9, R/L, = 2.22, R/Lp; = 9,
R/Ly. =6.92, ¢ ~ 1.4, § ~ 0.78. Except for the ion temperature profile, they do not
change with time. Simulations are performed using the minor radius ay = 150p; and
the inverse aspect ratio ag/Ry = 0.36. The gyrokinetic equations are computed in a
1/4 wedge torus by taking velocity spaces v = —dvp; ~ dvp; and v, = —5vp; ~ dury
on grids (N;, Np, Ny, Ny, N,) = (96,192, 48,96, 16).

4.2.2 Entropy density equations

By expanding the entropy density s®V = —f;log f;, we can obtain both the first-
order entropy density sV = —4f;(1 + log fo;) and the second-order entropy density
s® = —§f2/(2fy;) [162]. The gyrocenter phase-space integral of the second-order

entropy density is equal to opposite sign of the fluctuation entropy 45 given by Eq.
(4.33). In other words, the second-order entropy represents the discrepancy between
the reference distribution fy and the distribution function f. The second-order entropy
can also be interpreted as a kinetic extension of turbulent energy. The equation for the
second-order entropy and the equation for zonal flow shear have the same structure as
a predator-prey model [154]. The fluctuation entropy plays the same role of turbulent
intensity. On the other hand, the first-order entropy is linked to the thermodynamic

entropy. Integrating the first-order entropy density over velocity space yields

30P, 1 n?
S(l)z// O Fdogdp = ==L —6n; [ 1+ =1 : 4.63
s Jdvydp o o +2Og2wn3 : (4.63)

where ion pressure fluctuation 6 P; and ion density fluctuation dn; are defined as

P, = %// Of; (vﬁ + ZMB)deHd,LL, and on; = // 0 fi T dvydp, (4.64)

respectively. In the adiabatic electron model, since én; ~ 0, it follows that S ~
30P;/(21;). This means that the first-order entropy represents the entropy change due

to profile relaxation.

(all

The time evolution equations for the entropy density s®V, first-order entropy den-

(2

sity s, and second-order entropy density s can be derived by multiplying the ion

gyrokinetic Vlasov equation

df; ~ 0f;
aJ; v 82 - Ssnk + Ssrc + C’coll (465)
by T = — 7(1+1log f;), YV = —F (1 +log fo:), and T? = —T6f:/ fos, respectively.

Here, z = (R,v)) and v = ({R, H},{v, H}). The entropy density equation is

95 9 i .(all) (all) (all) (all)
‘-7 at = _8Zi (._71} S ) + Ssnk + Ssrc + C(coll : (466)
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Equation (?7?) represents the continuity equation for the entropy density. When the
right-hand side of Eq. (4.65) is zero, the entropy is conserved. The first-order entropy

density equation and the second-order entropy density equation are

95V 0 . 010
gt - _azi (jvzs(l)) + (1 + lOg fOl)j af +oa+ Ssnk + Ssrc + Ccoll (467)
and
s 8 5fz ? 0 foi () (2 (2)
8t = (j?) ) +5 ‘7 f() 8Zi - Ssnk + Ssrc CYcollv (468)

respectively, where (%) = () (¥ = Sauk, Ssre, Ceon ; s = all, 1, 2) and « is defined
as

=—0fT vi% (log foi) - (4.69)
C is included in both Egs. (4.67) and (4.68) and represents the interaction between the
first- and second-order entropy. In this study, this term is referred to as the interaction
term between the first- and second- order entropy, or simply the interaction term. As
can be seen from the presence of the interaction term, the mth-order entropy density
equation also contains terms other than mth-order, exhibiting a hierarchical structure
reminiscent of the BBGKY hierarchy. This arises from the fact that the distribution
function f; encompasses both the transport scale fy; and the fluctuation scale § f;. It is
worth noting that Eqgs. (4.67) and (4.68) are obtained without approximation. The sec-
ond term on the right-hand side of Eq. (4.68) represents the interaction term between
the second-order entropy density and the third-order entropy density (1/6)(6f3/f2).

In general, mth-order entropy can be defined as

(— foilog for (for m = 0)
—5£;(1 +log foi) (form = 1)
(m) _
T (l - —) (" foi (for even m and m > 2)° (4.70)
m m-—1
1
(_ — _) (" foi (for odd m and m > 3)
-1 m

\

where ¢ = 0f;/ foi- By multiplying Eq. (4.65) by

_j<1 + lOg fOz) (fOI' m = 0, 1)

1
rm) _ —jm(’m_l (for even m and m > 2) 7 (4.71)

1
J———¢mt (for odd m and m > 3)

m—1

\
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we obtain the mth-order entropy density equation

ds©®
form=0. J—— i = SO 4 Sbnk +c oll? (4.72)
ds© ds™ dfo;
form=1 J Zt + T fz + I f“ = SW g Lot (473)
ds™ 1 1 dfoi -
for even m and m > 2: J ilt -7 (mgml 4 ECm) % — Sszz) + Ss(nk + Ooll’
(4.74)

ds™ 1 1 dfy;
for odd m and m > 3: JS— +J | ——=¢ (™ o = SS:Z) + S '+ o oll ;
dt m—1 m dt

(4.75)

where (™ = Y™ (1) = Sgu, Sere, Ceon). Equation (4.73) is identical to Eq. (4.67).
The second term on the left-hand side of the mth-order entropy density equations
Eq. (4.74) and Eq. (4.75) represents the interaction with the m — 1th-order entropy
density, while the third term represents the interaction with the m + 1th-order entropy
density. When the interaction term between the mth-order entropy and the m + 1th-
order entropy is positive in the mth-order entropy density equation, it is necessarily
negative in the m + 1th-order entropy density equation, and vice versa. Therefore, the

interaction terms do not produce a net entropy.

4.2.3 Entropy production and dissipation

First, we investigate the interaction between the thermodynamic entropy (first-
order entropy) and the fluctuation entropy (second-order entropy). By integrating o

over both the time and gyrocenter phase space, we obtain

t t Sfiv,  30fv v? dfiv
d5d: 5 tvr DY) v YJiYr
[ [ arni /O/Wdzdt(Ln L

/,LO
T, or

+ 0 fivy

9
+5f {UH,H} 0 fw ;a—§>. (4.76)

Figure 4.5 shows the time evolution of each tem on the right-hand side of Eq. (4.76).
The third term is at least 6.6 times larger than the other terms. Since the third term
corresponds to the heat flux, the interaction term can be approximated as entropy

change due to heat flux.
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Fig. 4.5: Time evolution of each tem on the right-hand side of Eq. (4.76).
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Fig. 4.6: Temporal and spatial profile of turbulent heat flux divided by temperature

and interaction term.

As shown in Fig. 4.6, the spatiotemporal structures of the turbulent heat flux divided
by temperature and the interaction term are similar. This further supports the ap-
proximation that the interaction term corresponds to the entropy change due to the

heat flux. The turbulent heat flux is given by

Q(Ta 67 90) = / (UE,T‘ - UE,r,n:O) <%7)2 + /LB> fjdv”d,u, (477)

where vg ;. ,—0 Tepresents the n = 0 component of the £ x B drift, which contributes to
neoclassical transport. The fact that the interaction term represents the entropy change
due to heat flux indicates that the background profile and turbulence are interacting
through the heat flux.

Figure 4.7 shows the time evolution of each term in Eqgs. (4.67) and (4.68) integrated
in the gyrocenter phase space. The second terms on the right-hand sides of Egs.
(4.67) and (4.68) are nearly zero, and therefore are not plotted in the figure. For

large |v| and/or large p, fo is almost zero. As a result, it is extremely difficult to
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Fig. 4.7: Temporal evolution of each term in the first- and second-order entropy
equation. The vertical black lines (tvr;/Ry = 300 and tvr;/ Ry = 900) represent the
time it takes for the first- and second-order entropies to reach the quasi-steady state,

respectively.

compute numerically the terms including 0 f/ fo, such as the second-order entropy. For
small LU” and small L, direct computation of these terms becomes feasible. However,
in this case, the conservation laws are violated and unphysical entropy oscillations
are observed. Moreover, the potential structure and turbulent heat flux cannot be
accurately evaluated [142]. In this study, we assume that the entropy of the third
order and beyond is sufficiently small. By subtracting the first-order entropy S from

all) " we compute the second-order entropy S = S — 51 The fact

the entropy S¢
that the interaction between the second-order entropy and the third-order entropy is
small supports this assumption.

The first-order entropy density is of the first order, while the second-order entropy
density is of the second order. However, as shown in Fig. 4.7, the production rates of
the first-order and second-order entropies are of the same order. This is understood as

follows. For simplicity, the radial direction is divided into two regions: the region with
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a smaller radius has a temperature denoted as T}, and the region with a larger radius
has a temperature denoted as 7T,. When there is a pressure change dP; due to profile
relaxation, from Eq. (4.63), the change in the first-order entropy is

OP; OP, T, — 1T,
3 i § Z_35P,L(h c>>0

sS — 2 ==
2T * 2T, 2 T,T.

(4.78)

As indicated by Eq. (4.78), integrating the first-order entropy radially leads to a
cancellation of increases and decreases in entropy. Consequently, the production rate
of the first-order entropy becomes of the same order as that of the second-order entropy.

Figure 4.7(a) suggests that first-order entropy is not changed by collisions. This is
due to the fact that velocity integral of the collision term C’(Sl)l = Con YW in the first-

order entropy density equation is analytically almost zero. To show this, we compute

// ClBdvydyp = — //(1 + log foi) [Cr(fi) + P foi] Bdvydp. (4.79)

The first term on the right-hand side of Eq. (4.79) is

//(1 110 foi)Cir( f;) Bdvydyt {1 + % log (2;%) } o 21Ti ‘. (4.80)

From

1 n?
// aF(x) fo; log fo; Bdvydp = 3 log <W) a, (4.81)

and

// cH () foi log fo; Bdvjdp = — ! ¢, (4.83)

2T;

the second term on the right-hand side is

1 n? 1
//(1 + log foi)P foi Bdv)dp = — {1 + 5 log (27rTi3) } a+ o7 c. (4.84)

Therefore, [[ C’(Eil)lede,u = 0. In general, when a collision operator conserves density

and energy, the first-order entropy is not changed by the collision term. It is noted that
it is in the collision theory only that the change in the first-order entropy by collision is
strictly zero. In the gyrokinetic theory, because the Jacobian is B|’|k =B +uvyb-V xb,
not B, the first-order entropy change due to collision is not strictly zero. Figure 4.7
indicates that while the second-order entropy reaches a steady state at tvr;/ Ry ~ 300,

it takes 900 R, /vp; for the background profile to achieve equilibrium.
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Fig. 4.8: Time evolution of electrostatic potential for each toroidal mode number. The

black vertical lines represent tvr; /Ry = 100,300 and 900, respectively.

As shown in Fig. 4.8, the linear instability saturates at tvp;/ Ry ~ 100. The second-
order entropy reaches the steady state after nonlinear saturation. This result is con-
sistent with the results of GKV simulations [155]. The time it takes for the first- and
second-order entropies to reach the steady state corresponds to the time it takes for the
background profile and turbulence to reach that, respectively. Thus, the time differ-
ence can be interpreted as the difference between the timescale of transport and that
of turbulence. Even in the quasi-steady state, the first-order and second-order entropy

exhibit differences.
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Fig. 4.9: Frequency spectra of the first-order and second-order entropy generation

rates (a) and their autocorrelation functions (b) in the quasi-steady state.

The probability density distribution (PDF) of the first-order entropy production
rate and that of the second-order entropy production rate in the quasi-steady state
(tvri/ Ry = 1500 ~ 3000) are close to Gaussian. The standard deviation of the PDF

of the first-order entropy is about twice as large as that of the second-order entropy,
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with their skewness being nearly identical. Figure 4.9 shows the frequency spectrum
and autocorrelation function of the first-order entropy production rate and the second-
order entropy production rate in the quasi-steady state. High-frequency components of
the second-order entropy production rate are larger than that of the first-order entropy
production rate. This is consistent with the fact that the timescale for turbulence is
faster than that for transport. The autocorrelation function of second-order entropy
production rate decreases more rapidly than that of first-order entropy production rate.
Interestingly, the autocorrelation function of the heat flux is close to the average of the
autocorrelation functions for the first-order and second-order entropy production rates.
This might reflect that the heat flux arises from the interaction between the background
profile and turbulence.

From Fig. 4.7, the first-order entropy balance equation and the second-order en-

tropy balance equation can be approximated as

&
a‘; - / arRdz + / (S + 850 ) rRaz =T — B (4.85)

and @
8‘; = / arRd’z + / CWrRd’z = —T' + D, (4.86)

respectively, where ' = [arRd’z, E = — [ <S§?§D + Sgi?) rRdPz, and D = [ C

represent the entropy production rates due to heat flux, energy input and output, and
collisional dissipation, respectively. Equation (4.85) means that S*) changes depending
on the thermodynamic terms, such as the heat source and sink terms. Equation (4.86)
is equivalent to Eq. (4.33) and means that S changes depending on kinematic terms,
such as the collision term. In some previous studies [19, 144, 150, 155, 156, 157, 158],
it is seen that the fluctuation entropy balance equation contains a term represent-
ing the time derivative of the square of the potential, dWj, /dt = d/dt[Re((1 — Ty +
(T;/T)|ow. |?) — (T3/T.) (k. )[* Ok, 0]/2. This term is included within the interaction
term of Eq. (4.86). To explicitly represent dWj /dt, one must substitute the continu-
ity equation and quasi-neutrality condition into the interaction term. Asin Eq. (4.33),
D in Eq. (4.86) is determined by I'. —I' can be interpreted as the entropy change
due to phase mixing that forms fine-scale structures. As indicated by the arrows in
Fig. 4.7(b), after the formation of fine-scale structures, entropy increases due to the

irreversible process of collisional dissipation.

Figure 4.10 depicts Crp, Csayp, and Cgayge. They are the cross-correlation func-
tions (CCF) of T' and D, 9S™" /0t and T', and 9S™M /0t and S /Ot respectively. For

VrRdPz
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Fig. 4.10: Cross-correlation function between interaction term I' and collision term
D (blue), between first-order entropy production and I' (red), and between first- and

second-order entropy production (green).

time series X (¢) and Y (¢), their cross-correlation function is given by
Cxy(r) =Y X(t+71)Y(t), (4.87)
t

where 7 is a time lag.

Crp reaches its peak at 7 = —4.65Ry/vr;. This suggests that fine-scale structures
form without dissipation for 4.65Ry/vr;. Cgayp indicates that the first-order entropy
production rate and the entropy generation due to heat flux increase simultaneously.
As indicated by Eq. (4.86), 05® /0t is determined by —I' and D. Reflecting this,
Csage takes its maximum value at 7 = —23.65R/vr;. This suggests that on average

it takes 23.65Ry/vy; for the fine-scale structures to dissipate due to collisions.

The figure is a schematic diagram of the first-order entropy balance equation and
of the second-order entropy balance equation. Figure 4.11 is a schematic diagram
of the first- and second-order entropy balance equation. In the quasi-steady state,
Eq. (4.85) illustrates the entropy balance between the energy source/sink and the
heat flux (interaction term). On the other hand, Eq. (4.86) indicates the entropy
balance between the collisional dissipation and the phase mixing (interaction term).
The interaction term does not produce net entropy, which means that the energy
input/output term and collision term are balanced. In other words, the quasi-steady
state is achieved by profile formation in real space and structural dissipation in velocity
space.

Given a constant positive I', in the absence of collisions D = 0, Eq. (4.86) indicates

that the second-order entropy continues to decrease indefinitely. This is the same as the
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Fig. 4.11: Schematic diagram of first- and second-order entropy balance equations.

conventional entropy paradox. Given a constant positive I', in the absence of energy
sources and sinks £ = 0, the equations show that first-order entropy continues to
increase indefinitely. This is a new type of entropy paradox. D and E are determined
by I', and I' = E = D is satisfied in a quasi-steady state. Kosuga et al. pointed out the
existence of a steady state where the entropy production due to profile relaxation and
the entropy destruction due to zonal flow generation balance each other, satisfying I' =
0 [154]. This corresponds to the trivial steady state of the fluctuation entropy satisfying
['= D = 0 [144]. For the case of I' = 0, the temperature gradient becomes infinitely
large, and thus the first-order entropy does not reach a steady state. Therefore, this
particular steady state is unlikely to be observed in reality.

Net entropy is generated in velocity space, and turbulence in real space does not
contribute to entropy production directly. Therefore, even when there are ordered
flows like zonal flows in real space, they do not lead to a reduction in entropy. The
turbulence suppression by zonal flows is anticipated to lead to the generation of entropy.
Moreover, from the entropy balance equation where D = FE| it is inferred that the
entropy production is independent of collision frequency. To verify these hypotheses,

we conduct simulations for cases with collision frequencies of v, = 0.2 and v, = 0.05.

Figure 4.12 shows the time evolution of the main terms in the first- and second-
order entropy balance equations for v, = 0.2 and v, = 0.05. It can be seen that when
the collision frequency is high, the first-order entropy become smaller, even though the

entropy production due to heat flux become larger. This is explained by the collisional



4.2 Gyrokinetic entropy balances

113

le7
151(a) 1st-order —— [arRd®zdt (v.=0.2)
1.0 Jarrd®zdt (v.=0.05)
: 0.5 = == &1 (b, =0.05)
£ 0.0 RS T —_— S (v, =0.2)
~0.5 1 -""--..____~ - = [s)rRd5Zdt (v.=0.05)
~1.01 T~ — [sQRd5Zdt (v.=0.2)
o 250 5(')0 75;0 10I00 12I50 15I00 17l50 2000
le7
: |(b) 2nd-order =" | — JCc@mRdZdt (v.=0.2)
o5 ] == o — = [Cc®mRd5Zdt (v.=0.05)
E B0 i e e e s §2 (v,=0.2)
5 —0.5 s (v. =0.05)
~1.01 —[arrRd®zdt (v.=0.05)
—151 — —J[arRd®zdt (v.=0.2)

250 500 750 1000 1250 1500 1750 2000
tvrilRo

Fig. 4.12: Time evolution of the main terms in the first-order (a) and second-order

(b) entropy balance equations.
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Fig. 4.13: Spatiotemporal evolutions of the absolute value of radial electric field shear
for v, = 0.2 and v, = 0.05.

damping of zonal flow. As illustrated in Fig. 4.13, The high collision frequency results

in a reduction in both zonal flow and poloidal flow shear. Consequently, with increased
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collision frequency, the turbulence suppression effect due to the poloidal flow shear
becomes weaker, leading to an enhanced heat flux and associated interaction term.
When the heat flux is large, the time required for the sink term to reach a quasi-
steady state is reduced. As a result, the first-order entropy reaches a steady state more
rapidly. Therefore, in cases with a higher collision frequency, the first-order entropy
is smaller. On the other hand, the second-order entropy does not depend on the
collision frequency. This is because the more entropy is reduced by fine-scale structure
formation, the more entropy is produced by collisional dissipation. The second-order

entropy might be dependent on the driving source of turbulence.
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Fig. 4.14: (a) Time-averaged ion temperature profiles and (b) temporal evolutions of
D for v, = 0.2 and v, = 0.05

Figure 4.14(a) shows the radial profile of the ion temperature, averaged over tvr; /R =
1000 ~ 2000. The temperature gradient is larger when the collision frequency is
smaller. Particularly for r/ap < 0.5, the improvement is pronounced. The figure
indicates the formation of the large radial electric field shear in that region, suggesting
that the large temperature gradient is formed due to turbulence suppression. Figure
4.14(b) illustrates that for v, = 0.05, despite the collision frequency being 4 times
smaller than that in the case of v, = 0.2, the entropy production is larger. This indi-
cates that entropy production is not dependent on the collision frequency but is reliant
on the temperature gradient. In other words, ordered flows such as zonal flows can
significantly increase entropy production. Yoshida and Mahajan also pointed out that
zonal flows lead to a significant increase in entropy generation, based on their analytical
results using the heat engine model of the plasma boundary layer [137]. They proposed
that while zonal flows are generated on a macroscopic scale, entropy is produced on a
microscopic scale. On the other hand, our results suggest that entropy production is
not explained by scale separation. We demonstrate that entropy is produced in velocity

space, and that flows in real space do not directly contribute to entropy production.
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In the local gyrokinetic model, the fluctuation entropy balance equation Eq. (4.86)
is assumed to be locally satisfied. To validate this assumption, we vary the radial
integration range and calculate the temporal evolution of the terms in the second-order
entropy balance equation. The results are presented in Fig. 4.15. As the integral range
becomes smaller, the contribution from the advection term becomes larger. Locally, the
advection term is one order of magnitude larger than the other terms. This suggests
that turbulence is not simply dissipated locally. In other words, Eq. (4.86) does not

hold locally. This might be due to heat avalanches, necessitating a global analysis of

turbulent transport.
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Fig. 4.15: Temporal evolution of the terms in the second-order entropy balance equa-
tion for radial integration ranges of 0 < r/ag < 1 (a), 0.3 < r/ag < 0.7 (b), and
0.49 < r/ay < 0.51 (c).
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4.3 Gyrokinetic entropy dynamics

4.3.1 Nonlocal heat transport

Figure 4.15 suggests that turbulent transport exhibits global rather than local char-
acteristics. The non-local nature of turbulent transport is evaluated by the kernel
(generalized diffusivity) K, in

Qr) = — / K (r, r’)%dr’. (4.88)
GYSELA and XGC-1 simulation results show that it is represented by the Cauchy-
Lorentz distributuion [163]

A AJ2
Kol = SR+ =P

(4.89)

A is a parameter that represents the turbulence intensity and is proportional to
(q§2>r\/ (R/Lt), — R/Ly.. A is a nonlocality parameter, which is larger than the tur-

bulence autocorrelation length. This indicates that turbulent transport exhibits nonlo-

cality. A corresponds to the avalanche size and E x B staircase width. F X B staircase
is a quasi-regular shear flow pattern. At scales smaller than A, transport is dominated
by avalanches. The temperature profile becomes corrugated due to heat avalanche
jam, leading to the formation of F x B staircase from the radial force balance Eq.
(1.129) [164].

Turbulent transport exhibits long-range correlations not only in space but also in
time. The long-time correlation of time series data can be evaluated by the Hurst
exponent [165]. The Hurst exponent for time series data {X;}¥ | is calculated from the
rescaled range (R/S) statistic as follows [166]. We construct a subset of the time series
data, {X;}77.,, t,n € N, and utilize it to generate a new dataset, {Y;};*}',,, where
YViei = X; — X(t,n), X(t,n) = 31", Xi1i/n. The standard deviation of {X;}17,
is obtained from S(t,n) = /> i, Y2,. From {Y;};*]" |, we generate a new dataset,
{Z;}itr,,, where Zy; = Y, Yiiy. The adjusted range R(t,n) is defined as

R(t, n) = maX{Zt+1, Zt+27 et Zt+n} — min{Zt+1, Zt+27 e, Zt+n}. (490)
The average of R(t,n)/S(t,n) can be expressed as

0 — Cn', (4.91)

where C' is a constant and H represents the Hurst exponent with a range of 0 to

1. When Xi, X5, -+, Xy are mutually independent, H = 0.5 from the central limit
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theorem. For time series data exhibiting long memor, H > 0.5 is observed. Simulation
results from GKNET indicate that for turbulent heat transport, H ~ 0.7 [167].

It is believed that models based on self-organized criticality (SOC) can explain fea-
tures of turbulent transport such as long-range correlations in time and space as well
as the critical temperature gradient depicted in Fig. 1.11 [168, 169, 170, 171]. Dynam-
ical systems with SOC spontaneously maintain a critical state without the need for
external interventions [172, 173, 174]. A commonly used model to represent SOC is
the sandpile model [175, 176]. When sand is continuously dropped onto a sandpile, the
pile accumulates until it reaches a point where the sand starts to low downward. Con-
sequently, the sandpile doesn’t grow infinitely tall, but instead achieves a statistically
steady state. The sandpile model is a cellular automaton that simulates this dynamics.
Instead of steadily releasing energy, the system accumulates it and releases a burst of
energy once a critical threshold is exceeded. The similarities between turbulent heat

transport and the sandpile model are summarized in Tab. 4.1 [176].

Tab. 4.1: Analogies between turbulent heat transport and sandpile model [176].

Turbulent transport Sandpile model
Turbulent eddy Cell
Critical gradient for instability ~ Critical sandpile slope

Local eddy-induced transport  Number of grains moved

Total energy Total number of grains
Background fluctuations Random rain of grains
Turbulent heat flux Sand flux
Mean temperature profile Average slope of sandpile
Transport event Avalanche
Electric field shear Wind shear

Figure 4.16 shows the frequency spectrum of turbulent heat flux at r = 75.8p;.
The spectrum has three characteristic frequency regions that appear in the frequency
spectrum of systems with SOC [175, 176]. The low frequency range where the power
spectrum is proportional to w® corresponds to large avalanche events that release stored
energy all at once and exhibits a long-time correlation. The frequency of such large
avalanches is proportional to the input energy. This is because the time it takes

to re-establish the significant temperature gradient after the catastrophic bursts is
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Fig. 4.16: Frequency spectrum of turbulent heat flux at » = 75.8p;.

proportional to the energy source. The intermediate frequency domain is related
to the overlapping avalanches. This suggests the lack of characteristic scale for the
avalanches [177]. The high frequency range which is proportional to A corresponds
to small scale avalanches that do not interact with each other. Similar frequency
spectra was reported in many previous studies. The heat flux spectra in the global
fluid code [177], GT5D [118], GYSELA [178], GENE[179], and GKNET [180] suggest
that turbulent heat transport has the properties of SOC. The ion saturation current
spectrum observed in the stellarator device W7-AS [181], the frequency spectrum of
electron temperature fluctuations in the tokamak device DII-D [182], the spectra of
the floating potential and density fluctuations in the TEXTOR [183], the frequency
spectra of density fluctuations in both Tore Supra and Castor Tokamak [184], and the
frequency spectrum of electron temperature fluctuations in the HL-2A tokamak [185]
are all consistent with the theoretical predictions of SOC. This is noteworthy because
it implies that despite the differences in device configuration (e.g., stellarators ver-
sus tokamaks) and diagnostics, the underlying turbulent transport mechanisms share
commonalities which can be captured by the concepts of SOC, which could provide
a unifying framework to understand intermittent, avalanche-like transport in fusion
devices. In HL-2A, an increase in the temporal and spatial correlation lengths was
observed after supersonic molecular beam injection (SMBI) [185]. This indicates an
enhanced SOC, leading to an increase in inward heat avalanches, thereby raising the

core temperature. This contributes to confinement improvement.
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Fig. 4.17: Spatiotemporal evolution of time derivative of (a) flux-surface averaged

turbulent heat flux and (b) first-order entropy.

4.3.2 Entropy advection

Figure 4.17(a) shows the spatiotemporal evolution of the time derivative of the flux-
surface averaged turbulent heat flux. The dotted circles and the dashed circles represent
outward and inward intermittent heat avalanches, respectively. Figure 4.17(b) shows
the spatiotemporal evolution of the first-order entropy production. In this section,
when evaluating entropy, we employ the Maxwellian based on the density and tem-
perature that are time-averaged in the steady state as the initial distribution. Con-
sequently, Fig. 4.17(b) illustrates the extent to which the pressure has deviated from
the steady-state profile. The dynamics of entropy are dominated by entropy advection,
and the time derivative of entropy is almost equivalent to the advective term. From
Fig. 4.17(b), it can be observed that the bumps of the temperature profile propagate
with the outward heat avalanches, while the voids of the temperature profile propagate

with the inward heat avalanches.

Figure 4.18 provides an illustration of the propagation of bump and void. The bump
propagates outwardly because the temperature gradient at the outer front exceeds
the critical gradient. Conversely, the void propagates inwardly because temperature
gradient at the inner front is larger than the critical gradient. In the model based

on the theory of SOC, both bump and void have identical probability distributions
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Fig. 4.18: Schematic diagrams of avalanche propagation.

owing to symmetry. However, in real plasmas, the symmetry is broken by the mean
radial electric field [186, 187]. From the radial force balance Eq. (1.129), the radial
electric field shear OF, /Or is proportional to the curvature of the temperature profile.
As illustrated in Fig. 4.18, the bump has a negative temperature curvature, while
the void has a positive temperature curvature. Therefore, the bump and void induce
negative and positive radial electric field shears, respectively. When the background
radial electric field shear is positive, the presence of a bump leads to a reduction in
the shear, whereas the presence of a void results in an increased shear. Therefore, only
the bump propagates outward. Conversely, when the background radial electric field
shear is negative, the presence of a bump enhances the absolute value of the shear,
while the presence of a void diminishes the absolute shear value. Hence, only the
void propagates inwardly. In this manner, the symmetry between bumps and voids is
broken. The background radial electric field shear, as shown by Eqgs. (4.60) and (1.129),
is negative for r/ay < 0.5 and positive for r/ay > 0.5. Figure 4.17(b) illustrates that
for r/ag < 0.5, the voids propagate, whereas forr/ag > 0.5, the bumps propagate. This

is consistent with the symmetry-breaking avalanche theory.

Figure 4.19(a) shows the CCFs of the first-order entropy production rate and the
interaction term in the inward avalanche region at r/ay = 0.4 and in the outward
avalanche regions at r/ap = 0.6 and r/ay = 0.7. Figure 4.19(a) represents the local
counterpart of the red line in Fig. 4.10. Figure 4.10 indicates that the first-order
entropy production rate and the interaction term are in-phase, while Fig. 4.19(a)
demonstrates that there is a time lag between their increases or decreases. This rep-

resents a delay in the heat flux response to changes in the temperature profile. The
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Fig. 4.19: (a) CCF's between first-order entropy production and interaction term and

(b) CCFs between interaction and collision term.

heat flux increases approximately tvp;/ Ry ~ 1.4 after the temperature rises. It is note-
worthly that this time lag is of the same order as the inverse of the linear growth rate
of the tITG mode. The first-oder entropy production rate is positive for bumps and

negative for voids, hence their signs of the CCTs are opposite.
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Fig. 4.20: Spatiotemporal evolution of (a) fluctuation entropy production and (b) the

absolute value of electric field shear.

Figure 4.20 shows the spatiotemporal evolution of the fluctuation entropy and the
absolute values of the radial electric field shear. It can be seen that the turbulence
propagates with the heat avalanches. This result is consistent with the simulation

results for the collisionless slab ITG turbulence [162]. The first-order and second-order
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entropies are in-phase in the outward avalanche region, while they are out-of-phase in
the inward avalanche region. This relationship markedly differs from the one shown
by the green line in Fig. 4.10. In Fig. 4.20(a), the solid circles represent regions
where the fluctuation entropy significantly changes from positive to negative, implying
a substantial reduction in turbulence intensity. FromFig. 4.20(b), it can be observed
that in these areas, the shear flow is four times the average value. This means that
the turbulence is suppressed by the strong shear flow. Figure 4.19(b) depicts the local
CCF's between the interaction term and the collision term. Its global counterpart is
represented by the blue line in Fig. 4.10. From Fig. 4.19(b), it is seen that the
relationship indicating the dissipation of fine-scale structures holds true locally as well
and is independent of the direction of the avalanches. However, locally, the contribution
from the entropy advection is more significant than that from the entropy production

due to dissipation.



Chapter 5

Effects of magnetic island on profile

formation

5.1 Magnetic island and plasma turbulence

Magnetic fusion devices such as tokamaks and stellarators confine high-temperature
plasmas by nested flux surfaces. Due to perturbations with tearing parity, the topology
of magnetic fields changes, leading to the formation of a magnetic island [188]. It is
noteworthy that even instabilities such as the ITG mode, which only have twisting
parity in the linear regime, can generate tearing parity through nonlinear parity mix-
ing [189]. A magnetic island structure can be understood from the discussion presented
below [190].

In a coordinate system (x, 6, (), a magnetic field can be described as
B(x,0,¢) = V¢ x V(x,0,() + Vx x V0, (5.1)

where y and 1 respectively represent the toroidal and poloidal magnetic flux divided by
2w, 6 and ( are generalized angles for the poloidal and toroidal directions, respectively.
Equation (5.1) is the Clebsch representation of the magnetic field, and it always satisfies
V - B = 0. The equations for the magnetic field lines,

d_X_BX_B-VX

d¢ ~ B¢ B-V¢ (52)
and
@ B B_9 _B-V/Y (5.3)
d¢ B¢ B-V( '
can be expressed
dx _8@& dg o
ac 09’ d¢ Oy (54)
by using
_ oy o o
Vi(x,0,¢) = 8XVX+ 80V€+ aCVC (5.5)

123
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and .

Vx xV0-V( = ﬁ (5.6)
Equation (5.4) is equivalent to the Hamilton’s canonical equations. 6, x, ¢, and 1
correspond to the position, momentum, time, and Hamiltonian in Hamiltonian me-
chanics, respectively. In the case of an axisymmetric tokamak, the magnetic field does
not depend on (, therefore dy)/d{ = 0. This corresponds to the Hamiltonian being
independent of time in Hamiltonian mechanics. If 1) depends only on y, then from
Eq. (5.4), the solution is (¢,6) = (¢g, 00 + (/q), where ¢y and 6, are constant, and
q = dx/di is the safety factor. § = 0y + (/q indicates that when ¢ is a rational num-
ber, the magnetic field line returns to the poloidal angle 6y, and when ¢ is an irrational
number, it does not return to #y. Instabilities like resistive [191, 192] and neoclassi-
cal [193, 194] tearing modes lead to magnetic field fluctuations at a rational surface
q(xs) = qs = mo/no. In tokamaks, the reduction of bootstrap current due to magnetic
islands induces their growth. However, in stellarators, due to the negative magnetic
shear, the decrease in bootstrap current causes magnetic islands to shrink [195]. The

perturbed part of 1) can be approximated as

!

S

implying that the Hamiltonian is completely integrable. On transforming 6 into a =
0 — (/qs, Eq. (5.1) becomes

1
B =V( x (Vw—q—VX)+VxxVa

= V( x VY, + Vx x Va.

The Hamiltonian after the transformation v, is defined as

wax®=wuww—ix (5.8)

Because of the discussion near the rational surface, we can substitute x = xs + ¢ and
obtain [190]
1 dq

e A (5.9

X=Xs

wh(év a) - -

When the magnetic field perturbation 0t (xs, «) is proportional to cos(ma), Eq. (5.9)
is equivalent to the pendulum Hamiltonian. As illustrated in Fig. 5.1, the magnetic

island structure can be seen from the orbits in phase space.
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O-point X-point
i

Fig. 5.1: Magnetic island structure

Magnetic islands have traditionally been believed to degrade plasma performance.
This is because magnetic islands possess a radial component, and there is a potential
for the background profiles to be flattened due to the parallel streaming, which is faster
than the E x B drift. This characteristic profiles have been confirmed in numerous
experiments to have a significant impact on turbulence and confinement. In LHD, the
impact of an (m,n) = (1, 1) static magnetic island generated by external perturbation
coils on the ion temperature profile and poloidal flow was investigated [196]. Similar to
the electron temperature profile, the ion temperature profile is flattened inside the mag-
netic island. Furthermore, because the poloidal low becomes zero inside the magnetic
island, a poloidal flow shear was observed at the boundaries of the magnetic island.
Experiments on HL-2A showed that the flow inside the magnetic island is nearly zero
with minimal density fluctuation, while at the boundary of the magnetic island, there
is a large flow shear and large density fluctuation [199]. Similar results was obtained
in experiments on J-TEXT [198]. In DII-D experiments, a reduction in turbulent fluc-
tuations was observed at the O-point of the neoclassical tearing mode islands [200]. In
the experiments on LHD, when the magnetic island width exceeds 15% to 20% of the
plasma radius, the poloidal low within the magnetic island no longer remains zero and
the direction of the poloidal flow reverses across the island [196]. Similarly, in KSTAR,
a reversal of the poloidal flows direction across the (m,n) = (2, 1) magnetic island in-
duced by an external resonant magnetic perturbation (RMP) field was observed [197].
These poloidal flows increase towards the O-point. It was suggested that these re-
versed flows could suppress turbulence, maintaining a large temperature gradient at
the boundaries. Regarding toroidal rotation, it is nearly zero in the ¢ = 2 region in
KSTAR [197]. In JT-60U experiments, no toroidal rotation was observed inside the

magnetic island, while a significant toroidal flow shear was observed at the boundaries
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of the island [201]. Significant improvement in ion heat transport inside the magnetic
island was observed, with the thermal diffusivity being an order of magnitude smaller
than that outside. These results could be related to the formation of the internal
transport barrier on the rational surface [202, 203, 204, 205]. In experiments on LHD,
when a magnetic island is present, the electron temperature increases significantly after
the onset of on-axis electron cyclotron heating (ECH) compared with the case without
the magnetic island [206]. The foot point of the electron ITG was observed to move
outward in conjunction with the movement of the magnetic island (rational surface) in
experiments conducted on Heliotron-J [207].

The impact of magnetic islands on plasma turbulence and associated turbulent
transport has been investigated using gyrokinetic simulations. ¢§f ITG turbulence
simulations by ORB5 were conducted with the introduction of an (m,n) = (3,2)
magnetic island [208, 209]. They assumed the adiabatic electron approximation and,
for simplicity, ignored the n = m = 0 mode. Outside the O-point region, despite
the high temperature gradient due to the flattened temperature profile within the
magnetic island, the heat flux is small. Instead, it was found to be larger near the
X-point region. This is attributed to turbulence vortices being torn apart outside
the O-point region by the n = 2 mode generated by inverse cascade, similar to the
turbulence suppression by zonal flows. ITG turbulence simulations in the presence of
an (m,n) = (2,1) magnetic island using GTC also demonstrated that the turbulence
is considerably weakened inside the magnetic island, and the particle and heat fluxes
peak near the X-point [210]. The dynamics of electrons was computed from the drift-
kinetic equation. In the simulations, only five toroidal modes were considered: the
zonal mode (m,n) = (0,0), the mode same as the magnetic island (m,n) = (2,1), and
the high n modes (m,n) = (10 ~ 30,9), (10 ~ 30,10), (10 ~ 30,11). It is believed
that the turbulence is suppressed due to the flow shear from a vortex mode formed
by nonlinear coupling. The vortex mode, which is a mesoscale turbulent vortex with
the same toroidal and poloidal mode numbers as the magnetic island, was reported
in simulations by the flux-tube code GKW [211, 212, 213]. Kinetic electron dynamics
was retained in the simulations. The flow shear induced by the vortex mode not only
suppresses turbulence and enhances the temperature gradient at the magnetic island
boundary but also inhibits turbulent advection from the X-point to the O-point. It was
pointed out that the presence of the turbulence inside the magnetic island originates
from drift-direction advection and is not due to turbulent diffusion [214]. On the other
hand, as the magnetic island width W increases, radial heat transport due to the vortex
mode increases, competing with the heat transport by the parallel streaming. The
dependence of the turbulent transport and profile on the island width was examined
in greater detail by the flux-tube code GENE [215]. It demonstrated that when the



5.2 Numerical method

127

island width exceeds W; ~ 33p;, the temperature profiles is flattened and the vortex
mode appears. Furthermore, when W > W, it was found that the radial electric field
shear is proportional to W and the turbulent particle and heat fluxes decrease by an
order of 1 ~ 2.

These simulation results shed light on the impacts of a magnetic island on mi-
croturbulence. On the other hand, since the studies were based on ¢f gyrokinetic
simulations, there was insufficient discussion of the influence of magnetic islands and
the vortex mode on background profiles. It is important to investigate the influence,
because variations in the background profiles are likely to influence the dynamics of
the vortex mode. Additionally, it was reported that the mean radial electric field, orig-
inating from the large temperature gradient at the boundaries of a magnetic island,
exerts a significant influence on turbulence [216]. In this study, initially, neoclassi-
cal simulations using the full-f PIC code XGC1 were performed to self-consistently
compute the evolution of gyrokinetic ions and drift kinetic electrons, determining the
background profiles. It was found that the flow due to the mean radial electric field
is large at the O-point and small at the X-point. By using the obtained background
profiles, linear gyrokinetic simulations were performed by the § f PIC code gKPSP. In
this code, the evolution of gyrokinetic ions and bounce-averaged electrons is solved.
The simulation results indicate that the shearing rate due to the mean radial electric
field across the O-point of the island is close to the maximum linear growth rate of
the TEM, suggesting that the majority of modes are suppressed by the flow shear.
Therefore, the large electron temperature gradient is maintained. This result suggests
that the flow shear has the potential to suppress turbulence in the vicinity of magnetic
islands, regardless of the existence of a vortex mode. From these points of view, full- f
simulations are urgently required in which the background profiles and turbulence are

solved self-consistently.

5.2 Numerical method

5.2.1 Velocities and forces

In this study, the (m,n) = (2, 1) static parallel vector potential fluctuation

Ia’f’zBO

0A| = h(r)cos(20 — ) (5.10)

is introduced as in previous studies [216, 210]. h(r) = exp [—(r — Lyp;)?*/(I.p?)] is the
dimensionless radial profile for the vector potential fluctuation. I, = 0.003, I, = 108.6,
1. = 289.7, are the dimensionless parameters for the intensity, center position, radial

extent of the fluctuation, respectively. As indicated by the star in Fig. 5.2(a), q(I,) = 2.
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Magnetic island width is W ~ 22p; ~ 5cm, evaluated by

LI
W= \/ng b ;. (5.11)

This width is the same as in the reference literature [210]. Figure 5.2(b) represents

the contour plot of the vector potential fluctuation given by Eq. (5.10). The magnetic
island width is much larger than the typical turbulent vortices, and the vector potential

fluctuation is symmetrical.
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Fig. 5.2: (a) Radial profiles of safety factor and magnetic shear. The center of the

magnetic island is also shown. (b) Contour plot of the vector potential fluctuation.

The magnetic field B is derived from B = V x A such that

(r=13)
B, = —2],11 e sin(20 — )
R
(r=1y)? I,r? _-1)?
By = qLR - 2[a% e T cos(20 — ) +2(r — 1) I—C% e e cos(20 — ) .
Ry
By =R

(5.12)
Since the vector potential fluctuation and the corresponding magnetic field fluctuation
are zero at r = 0, the numerical scheme which enables us to avoid numerical errors at
the singularity can be used without modifications. The magnetic field has the finite
radial component, which is not present in the axisymmetric tokamak field. This can
potentially lead to the relaxation of the profiles within the magnetic island due to

motion along the field. Furthermore, the magnetic field has ¢ dependence, and the ¢
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derivative is not zero. In the presence of the magnetic island, from Eqgs. (3.8) ~ (3.11),

the ion velocities and forces in each direction are given as

B 0
vor = (v + #B) 55 (Rby = Ro) = (vff + uB) 5 (rbe) + v 55 (64)

0 0
- E ((Cb)ainso - <¢>m}r:0R0) - <¢>aiE(Rbso - RO)

Viy =
9 o,
- %(«wmbr) + <¢>az%7
0 0 0
Yoz = U”EOGA(’) + (v + uB) E(Tbe) - ME(H)&B)
ob, 0
o (vﬁ + 'uB) 00 + M%@TB%
0 o) o) ob,
U1z = _5 (<(b>aﬂ’b9> + <¢>0”;E(Tb9) + % (<¢>azbr) - <¢>aiw7
0 0B 0 0B 0 0B
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g |00 { 5 = rtth, = B} — o (@0 { 0o - G}

The Vlasov solver for the case with the magnetic island is the same as that for the

axisymmetric tokamak magnetic field.

5.2.2 Calculation of flux surface average

In the absence of a magnetic island, the flux-surface average of ¢ is given by

27 2
/ ¢ rRdOdy

(B)f = 5" am : (5.21)
/ / rRdfdy
o Jo
By expanding ¢ as

$=> Gmp ") (5.22)

and substituting it into Eq. (5.21), we obtain

-
(9)r = oo+ R_ORG[¢1,O]~ (5.23)

The equation (5.23) indicates that flux-surface averaged quantities are represented by
the zonal mode and its sidebands. The second term on the right-hand side arises due
to toroidal effects. Fig. 5.3(a) shows the contour plots of the flux-surface averaged
electrostatic potential calculated by Eq. (3.158). In poloidal cross-sections, magnetic
surfaces are represented by countless circles with the same center and the m = 0 mode
is dominant. The m = 1 mode is small because it cancels out between the high field

side surface and the low field side surface.

When the magnetic field structure is varied by a vector potential fluctuation, the
calculation of the flux-surface average becomes challenging. Without it, it is impossible
to solve the gyrokinetic Poisson equation, both in the adiabatic electron model and in
the hybrid electron model. This is because even in the hybrid electron model, the
adiabatic response is assumed for (m,n) # (0, 0) passing electrons. It has been pointed
out that without appropriately considering the electron response, the vortex mode does
not appear [209]. Therefore, in the presence of a magnetic island, (@) =~ Gum.n)=(0,0)

is not valid. To address this issue, several methods have been developed to date [217],
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Fig. 5.3: Contour plots of the flux-surface averaged electrostatic potential calculated
from Eq. (3.158) (a), using the tracing method (b), and using the labeling method (c).

however, to our knowledge, no standard method has been established. Therefore, in
this study, we develop a new method for calculating the flux-surface average. First,
we verify whether the results obtained by applying the methods in the absence of a
magnetic island match with Fig. 5.3(a).

A method called the tracing method is developed as an intuitive and accurate

approach. This method consists of the following three steps.

1. The equations for the magnetic field lines

dr

=0
dy

5.24
@ _ R .
de  qRy

are calculated using all real-space grid points as initial values, and the coordinates

of intersections with each poloidal cross-section are computed.

2. The coordinates calculated in step 1 are not on the nodes, thus interpolation
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functions are used to determine their values from the values at neighboring grid

points.

3. The flux-surface averaged value at each grid point is obtained by summing all
values along the magnetic field line from that point and dividing by the total

number.

The equations for the magnetic field lines need to be computed N, x Ny x N, times,
which is time-consuming. However, since steps 1 and 2 only need to be performed
once, the effective computation time can be reduced to virtually zero. The equations
are solved using the Runge-Kutta method. At the grid number N, the CFL condition
may not be satisfied or the accuracy may degrade. Therefore, we compute the magnetic
field line equations using the grid number 4N, in the toroidal direction. The flux-
surface averaged electrostatic potential obtained by the tracing method shown in Fig.
5.3(b) significantly differs from that presented in Fig. 5.3(a). This is attributed to
memory limit constraints. In the tracing method, due to the time-consuming nature
of repeatedly solving the magnetic field line equations and loading the computational
results, interpolation coefficients are stored in memory. However, due to the necessity
of storing all the intersections between the magnetic field lines originating from every
grid point and all poloidal cross-sections, as well as the interpolation coefficients, the
memory usage exceeds its limit. For instance, in the case of the Cray XC50, only 2GB
per process can be utilized. For instance, if we trace the magnetic field lines for 500
toroidal rotations and use a 4-point interpolation, it requires memory on the order of
terabytes. Therefore, it is not feasible to trace the magnetic field lines for more than
1000 toroidal rotations due to the memory constraint. Figure 5.4 indicates that tracing
for about 100 laps is insufficient to construct a flux surface. Instead, approximately
1000 rotations are necessary to properly form the flux surfaces. The reason for the
incorrect results shown in Fig. 5.3(b) is considered to be the overestimation of low

poloidal number modes due to the insufficient formation of the flux surfaces.

We improve the tracing method and develop a new method called the labeling

method consisting of the following three steps.

1. By calculating the equations of the magnetic field lines with different initial values
in the radial and poloidal directions, we obtain the coordinates of the points
constituting the flux surfaces on poloidal planes. Each magnetic field line is

traced 3000 laps in the toroidal direction to construct the flux surface.

2. The distance between the 3D discretized grid points in real space and the points

obtained in step 1 is calculated, and then the grid points are grouped according
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Fig. 5.4: Poincaré plots at ¢ = 90 in the absence of magnetic islands. From left to
right, the plots represent the magnetic field line trajectories after 10, 100, and 1000

toroidal rotations, respectively.

to the magnetic field line that minimizes the distance. The maximum number of
groups is the number of initial values when solving the equations of the magnetic

field lines.
3. We take the average for each group.

Similar to the tracing method, since steps 1 and 2 need only be performed once initially,
the effective computational time is essentially zero. When there is no magnetic island,
there is no gap between the grid points and magnetic flux surfaces. From Fig. 5.3, it is
evident that the labeling method provides a good approximation. However, it is noted
that the labeling method cannot fully reproduce the flux-surface average given by Eq.
(5.23). Due to the same grid number on the high magnetic field side and low magnetic
field side, the (m,n) = (1,0) mode disappears with the flux-surface averaging. This
issue comes from perceiving a flux surface as points rather than as a face. To achieve
accurate calculations of the (m,n) = (1,0) mode, improvements to the method are

necessary.

The equations of the magnetic field lines in the presence of the magnetic island are

given by » .
é = — QIa;—Oh(r) sin(26 — )
df R R
— = —— —2I,—h(r) cos(20 — . (5.25)
T R, ) cos(20 = )
. TR
+2(r — Iypi) = —5—h(r) cos(20 — ¢)
\ IC ZRO
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Fig. 5.5: Grouped grid point in the poloidal plane at ¢ = 155° and ¢ = 255°.

Figure 5.5 shows an example of grouped real space grid points calculated by the labeling
method, where points of the same color represent the same groups (the flux surfaces),
and the small blue dots are the numerical solutions of Eq. (5.25). For clarity, the low-
resolution case (N,., Ny, N,) = (12,36, 36) is shown. The distance between flux surfaces
and grid points reaches its maximum at the O-point and is given by v/r2A02 + Ar2p; /2.
It becomes smaller as the grid size decreases. For the parameters used in this study,
(N, No, N,,) = (96,160, 144), The largest gap is calculated to be 1.07p;.

Figure 5.6(a) represents the Poincaré map obtained by tracing the magnetic field
lines for 3000 laps in the toroidal direction. It is noteworthy that the magnetic field
is asymmetric in the poloidal direction and possesses ergodic regions. This comes
from a toroidal effect. For (N, Ny, N,) = (80, 160, 160), the result of calculating the

flux-surface average of
m=79 79

o= Z Z 100 cos(mé — ny) (5.26)

m=—79 n=0
using the labeling method is also shown in 5.6(a). Not only does the (m,n) = (2,1)
mode have a relatively large value, but due to the toroidal effect, several modes other
than the (m,n) = (2,1) harmonics have finite small values. On the other hand, if the

toroidal effect is ignored, as shown in Fig. 5.6(b), only the (m,n) = (2,1) harmonic
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Fig. 5.6: Magnetic field structures and mode components of the flux-surface average,

in the presence of the
island (Db).

magnetic island (a) and in the case of the simplified magnetic

modes are non-zero. In this case, the magnetic field is given by

(d
é = — 2I,rh(r)sin(20 — )
o 1
— = - —2I,h(r)cos(20 — . (5.27)
= 2~ 2LLh(r) cos(20 — )
I, r
+2(r — Iyp;) ——h(r) cos(20 — )
\ Lo p;

However, this approximation breaks the Gauss’s law for magnetism V - B = 0 and
the phase space volume conservation /0R - (JdR/dt) + 8/0v (Jdv;/dt) = 0, which

are required for the Morinishi scheme. In order to avoid numerical noise caused by

small amplitude modes due to the toroidal effects, only the main modes (m,n) =

(0,0),(2,1),(4,2) are

averaged values.

extracted by a numerical filter. It is applied only to flux-surface
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5.3 Effects of magnetic island on profiles and tur-

bulence

5.3.1 Profile flattening

We conduct neoclassical transport simulations in the presence of the magnetic is-
land. The simulations are performed for a tokamak with ag = 150p; and ag/ Ry = 0.36.
Although wedge torus configurations are often used to save computational cost in full-
f simulations, such an approximation cannot be adopted in this study because the
magnetic island with n = 1 is introduced. L, and L, are the same as those in the pre-
vious chapter. The grid numbers used in the simulations are (N, Ny, N, Ny, N L) =
(96,160, 144,80, 16). The initial density and temperature gradients at r = 0.5aq are
(R/L,,R/Lri, R/Ly.) = (3,3,3) and below the linear instability threshold for the
toroidal ITG mode. Their radial profiles are given by Egs. (4.59) and (4.60).
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Fig. 5.7: Temporal evolution of radial average of ¢y and ¢,

Figure 5.7 shows that the (0,0) and (2, 1) components of the electrostatic potential
oscillate at the same frequency wRy/vp; = 2.17. This frequency corresponds to that
of the GAM. This result is consistent with the simulation results obtained by GTC
in the presence of the (2,1) magnetic island [210]. The (0,0) and (2, 1) electrostatic
potentials are phase-shifted by 7/2 from the (1, 0) electrostatic potential. The electric
field that gives rise to the polarization current to counteract the diamagnetic current
caused by the (1,0) pressure fluctuation is phase-shifted by /2 with respect to the
(1,0) electrostatic potential. This suggests that the (2, 1) electrostatic potential orig-
inates from the electric field responsible for generating the polarization current. The
result suggests a connection with the synchronization of the GAM and magnetic field

fluctuations observed in HL-2A [218]. This oscillation of ¢ does not appear unless
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the flux-surface average is accurately computed. Without using the labeling method,
the gyroknetic Poisson equation is computed in the same manner as in the absence of
a magnetic island. In the case, the (2, 1) electric field is underestimated, and the (0, 0)
electric field is increased instead. As as result, the (2, 1) electric field does not involve
with the GAM dynamics. A GAM oscillation with a long period and a small damping
rate, which originates from the magnetic field structure of the island, was theoretically
predicted and confirmed in simulations using GKW [213]. However, it it not observed
in our simulations. This might be attributed more to globality or island width than
to differences in electron response or the radial force balance. This is because it is not

observed even in GTC simulations using a drift kinetic electron model.
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Fig. 5.8: Radial profile of time averaged parallel flow at the O-point.

Figure 5.8 shows the radial profile of time averaged parallel flow. Inside the mag-
netic island, the flow is zero, and a large flow shear is observed at the boundaries
of the island. It is considered that the flow is formed to satisfy the radial force bal-
ance. This result is consistent with the experimental findings in JT-60U where the
toroidal flow inside the magnetic island is zero and the large flow shear is formed at
the boundaries [201].

Figure 5.9 shows the time averages of (a) the ion density profile and (b) the ion
temperature profile at the X-point and O-point. The light blue dotted lines indicate the
boundaries of the magnetic island. (V) indicates the case where only the gyrokinetic

Vlasov equation is computed, and (V + P) indicates the case where the gyrokinetic
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Fig. 5.9: Time averaged radial profiles of (a) ion density and (b) ion temperature at

the X-point and O-point.

Vlasov equation and the gyrokinetic Poisson equation are solved self-consistently. Pro-
file corrugation of the density and temperature might be due to the ergodic region
due to the toroidal effects. When only the gyrokinetic Vlasov equation is computed
with the electrostatic potential being zero, both the density and temperature profiles
are flattened at the O-point. On the other hand, when solving particle motion and
field self-consistently, only the temperature profile becomes flat at the O-point, while
the density profile remains almost unchanged from the initial state. It is noteworthy
that this is brought about by the mean electric field rather than by trapped particles.
While previous studies have focused on trapped particles hindering the flattening of
the density profile at the O-point, it is a novel result that the mean electric field plays
this role.

In order to investigate the mechanism of this phenomenon, we examine the force
balance in the direction parallel to the magnetic field. This is because the flattening
of the profiles is brought about by the motion along the magnetic field. Multiplying
the gyrokinetic Vlasov equation by ”||B|T /m;, integrating it over vecoity apace, and
averaging it over the poloidal and toroidal directions, without any approximations, we

obtain the parallel force balance equation,

0 1 0 0 0

— EE(])Hbr)G,sﬂ + E<TLHH7E><B’T>97¢ + §<”H\I,VB,7~>6,¢

- <nAE7”>0,Lp - <nAE0>9,go - <nAE<p>0,<p + <nAVB>9,g0

11

+ AT (nU) o, (5.28)

where we define the fluid quantities as follows;

B*
ntj = // quz'ﬁlidvudu, (5.29)

C
il pxp, = / / v (B x b), fdvdp, (5.30)
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B*
P =m; // vﬁfi%dv”du, (5.31)
c
nlly vp,r = // V) {b X (mivﬁb - Vb + /LVB)}T fidvdp, (5.32)
nAp, = / / — B} E, fudvydn. (5.33)
e
nAEg = // ﬁB;ngidU”d,u, (534)
e
nAg, = // WB:;waidedu, (5.35)
nAvp = / / LB VB fidvydp. (5.36)
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Fig. 5.10: Time-averaged radial profiles of the main terms in the parallel force balance

equation.

Figure 5.10 shows the radial profiles of the main terms in the parallel force balance
equation. The other terms are very small and can be ignored. It is found that, in the

steady state, inside the magnetic island,

1 0

— o Pibr)es = (nAwr)o (5.38)

is satisfied, while outside the island,

(nAvB)e, = (NAgs)., (5.39)

is met. (1/m;)(0/0r){pb;)o,, in Eq. (5.38) is derived from the term representing the

ion parallel streaming in the gyrokinetic Vlasov equation and is zero in the absence of
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magnetic islands because b, = 0. When only the gyrokinetic Vlasov equation is solved,
the parallel momentum is driven by this term, leading to the flattening of the density
profile. On the other hand, when the gyrokinetic Poisson equation is also calculated
self-consistently, the force balances with the force due to the mean radial electric field
(nAgy)e.,, preventing the density profile from becoming flat. This does not imply a
balance between the parallel energy flux due to parallel streaming and that due to the
mean radial electric field and the temperature profile is flattened at the O-point. It
is noteworthy that (1/m;)(0/0r)(p|b,)e,, is determined primarily by the temperature
gradient rather than the density gradient. This is because the primary component of
b, is (m,n) = (2,1), and when it is coupled with the density gradient that has only
(0,0) component, the poloidal and toroidal average of the coupling is quite small.
The gradients within a magnetic island is deeply associated with the stability of
the neoclassical tearing mode (NTM), a large-scale MHD instability that set a limit
to achievable pressure. When the pressure gradient inside a magnetic island decreases,
the bootstrap current decreases, leading to reinforce the NTM growth. The primary
contribution to the bootstrap current comes from the density gradient, accounting
for approximately 65% [219]. Therefore, the question of whether the magnetic island
flattens the density profile is of importance for the realization of commercial fusion
energy, and has been the subject of research. It was shown that when a small magnetic
island rotates at a frequency close to the ion diamagnetic frequency, the density gradient
becomes zero inside the magnetic island. Conversely, when it rotates at a frequency
close to the electron diamagnetic frequency, the density gradient is preserved [220].
When the island width exceeds the radial correlation length of turbulence, it was
observed that the density gradient no longer depends on the rotation frequency of the
island, and the density profile relaxes [221]. Simulation results from GTC revealed
that in the banana region, while the density profile is flattened on the high field side,
on the low field side, the density gradient is preserved due to trapped particles [222].
It was also shown that in the plateau region, the density profile is flattened, and in
the collisional region, a small density gradient exists due to collisional transport across
the magnetic island. The simulation results from GENE indicate that the density
gradient at the O-point shows little dependence on the width of the magnetic island
and, while it relaxes, it does not flatten as much as the temperature gradients [215].
Some believe that the density profile within a magnetic island should be flattened.
In Ref [210], the electrostatic potential was turned off until a flat density profile was
attained, and then they performed self-consistent gyrokinetic simulations. On the other
hand, the results of the neoclassical simulations using XGC1, and HL-2A experiment
results indicate that the density profile is not flattened at the O-point [216, 199]. It is
speculated that the trapped particles maintain a steep density profile at the O-point
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in the reference [215]. We consider that the observed flattening of the density profile
in previous studies is due to the neglect of the mean radial electric field, namely, the
use of the §f gyrokinetic model. When one takes into account the the mean electric
field, the force arising from the radial electric field is balanced by the force due to
the parallel streaming, maintaining the density gradient within the magnetic island.
The destabilizing effect for a magnetic island is smaller than that observed in previous

studies.

5.3.2 Statistical analysis for turbulent vortices

We conducted turbulence simulations in the presence of the magnetic island and
performed statistical analysis of the turbulent vortices. The input power is 2 MW, and
the initial background profiles are such that at r = 0.5a0, (R/Ly,, R/Lri, R/Ly.) =
(2.22,6.92,6.92). The temperature profile is flattened by parallel streaming, and at the
inner boundary of the magnetic island, R/Lp; exceeds 9.5. Therefore, as illustrated
in Fig. 5.11, there exists modes that arise at the boundary of the island. Figure 5.11
shows the contour plots of the n = 22 electrostatic potential at tvy;/ Ry = 60, where
the black line represents the inner boundary of the magnetic island. In the presence
of the island, the maximum value of the temperature gradient is larger and the time
to nonlinear saturation is shortened. In the linear phase, the electrostatic potential is
dominated by the n = 0 and n = 1 components. This is attributed to the radial force

balance.

w/ magnetic Island w/o magnetic Island

Fig. 5.11: Electrostatic potential structure in the presence and absence of the magnetic

island.
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Fig. 5.12: (a) Size PDF of the electrostatic potential inside the magnetic island and
(b) size PDF in the magnetic island and its vicinity.

Figures 5.12(a) and 5.12(b) show the size probability distribution function (PDF)
of the electrostatic potential within the magnetic island (97p; < r < 117p;) and the
size PDF of the magnetic island and its surroundings (80p; < r < 130p;), respectively.
The size PDF represents the distribution of the area of the turbulent vortices in the
poloidal cross-sections, with the detailed algorithm described in Appendix A. While
the turbulent vortices inherently possess a three-dimensional structure, the size PDF
analysis assumes that the two-dimensional turbulent vortices in each poloidal cross-
section are independent of those in other poloidal cross-sections. From Figs. 5.12(a)
and 5.12(b), it is found that in the presence of the magnetic island, turbulent vortices
are sheared, leading to an increase in smaller vortices and a decrease in relatively larger
ones. Moreover, mesoscale turbulent vortices, which did not exist when there was no
magnetic island, are also observed. These large vortices correspond to the vortex mode
with the same (2, 1) mode as the magnetic island. These vortices drifts in the poloidal
direction, thus they are not the electrostatic potential due to the lowest-order force
balance. The reason why the vortex mode grows easily within the magnetic island is
the same as why zonal flows grow readily in the absence of a magnetic island [73, 83].
Since k| = 0 fluctuations do not produce an electric field along the magnetic field
lines, Boltzmann electrons cannot shield these fluctuations, leading to mode growth.
Therefore, within the magnetic island, the mode with the same topology as the mag-
netic island grow nonlinearly. The vortex mode cannot be generated unless adiabatic
electrons are properly treated. If one assumes (¢)f =~ ¢g0, the vortex mode does not
appear. It is considered that turbulent vortices are sheared by the mesoscale flow

shear [223], resulting in smaller turbulent vortices inside the magnetic island.
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Fig. 5.13: Spatiotemporal evolutions of the turbulent heat flux in (a) the presence and

(b) the absence of the magnetic island.
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Fig. 5.14: Heat flux contribution for both positive and negative components against
the size of eddies, and net cumulative heat flux. (a) and (b) correspond to the case of
£ = 0.01, while (c¢) and (d) correspond to 5 = 0.05. (a) and (c) correspond to the case

of the presence of the magnetic island, whereas (b) and (d) correspond to its absence.

Figure 5.13 shows the spatiotemporal evolutions of the poloidal and toroidal av-
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eraged turbulent heat flux (Q)s,, both in the presence and absence of the magnetic
island. The light blue lines represent the boundaries of the magnetic island. It is
observed that heat avalanches do not penetrate the interior of the magnetic island.
Additionally, the radial correlation length of the turbulence is small. These phenom-
ena are attributed to the shearing effect of the vortex mode and the flat temperature
profile. It is suggested that heat could be dammed at the inner boundary of the mag-
netic island. Figures 5.14(a) and 5.14(b) respectively depict the averaged heat flux
contribution for both positive (red) and negative (blue) components against the size of
the turbulent eddies, and the averaged net cumulative heat flux (green) in the presence
and absence of the magnetic island for § = 0.01. The averaged heat flux contribution
is evaluated using the heat flux at tvy; /Ry = 175,200, 250, 300, 350 which are indicated
by the green dashed lines in Fig. 5.13. As shown in Fig A.3, for g = 0.01, it is possible
to reproduce the original net heat flux. In the absence of the magnetic island, the heat
flux contribution has a peak only around 103p?, however when there is the magnetic
island, two peaks are observed around 103p? and 10*p?. Figure 5.13(a) indicates that
tvr; /Ry = 175 corresponds to a bursting phase, and the averaged heat flux contribu-
tion at tvp;/Ry = 175 is similar to that in Fig.5.14(b). Therefore, the peak around
103p? can be concluded to result from transport burst. On the other hand, the peak
around 10%p? originates from the mesoscale vortex mode. This does not imply that
the vortex mode induces significant radial transport. Due to the small value of 3, Fig.
5.14(a) shows the contribution of heat flux from vortices which combine ones with long
radial correlation with the vortex mode. Whether the vortex mode produces heat flux
or not cannot be determined from Fig. 5.14(a). Figures 5.14(c) and 5.14(d) represent
the counterparts for Figs. 5.14(a) & 5.14(b) respectively, for 5 = 0.05. The averaged
heat flux contribution is similar both with and without the presence of the magnetic
island. This implies that the radial heat flux due to the vortex mode is less than 5%
of the maximum heat flux caused by the turbulence. In other words, the heat flux
due to the vortex mode is not zero, but it is small. In our simulations, the vortex
mode contributes to confinement improvement. As indicated in previous studies, there
is a possibility that the heat flux due to low n modes increase as the island width is
enlarged [209, 211].

5.3.3 Impact of magnetic island on confinement

By setting the input power to 16 MW, we investigate how strong plasma turbulence

interacts with the magnetic island and affects confinement performance. The initial ion
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Fig. 5.15: Spatiotemporal evolutions of (a) the turbulent heat flux and (b) the ion

temperature gradient length.

temperature gradient length is R/Lyp; = 10 at r = 0.5a¢. Figures 5.15(a) and 5.15(b)
show the spatiotemporal evolution of the heat flux (@), and ion temperature gradient
length R/Lr;, averaged in the poloidal and toroidal directions, respectively. The green
dotted lines represent the boundaries of the magnetic island. Figure 5.16(a) displays the
temporal evolution of the heat flux averaged within the magnetic island ((Q),,)inside.
and the heat flux and ion temperature gradient at the inner boundary of the magnetic
island, ((Q)o,»)boundary and (R/L7i)boundary- In Fig. 5.15, the areas enclosed by the
orange circle indicate a transport reduction phase. In Fig. 5.16, the corresponding
times are shaded in orange. This implies that in the presence of a magnetic island,
turbulence transport is periodically suppressed. During the transport reduction phase,
the heat diffusion coefficient is confirmed to be less than half compared to the case
without a magnetic island. The large temperature gradient at the inner boundary
of the island is maintained. It increases just before the transport reduction phase.
Figure 5.16(b) shows the temporal evolution of the normalized ¢(21) — (¢(2,1))+ and the
temperature gradient length averaged within the magnetic island, demonstrating that
they are out of phase. The (2, 1) electrostatic potential is in the vortex mode, growing
linearly, and reaches its maximum amplitude just before the transport reduction phase.
During the transport reduction phase, the amplitude of the vortex mode monotonically
decreases and the temperature gradient inside the magnetic island increases. Figure

5.17 shows the contour plots of the electrostatic potential at tvy;/Ry = 175,225,275
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the heat flux at the inner boundary, and ion temperature gradient length at the inner
boundary. (b) Temporal evolutions of the normalized (m,n) = (2,1) electrostatic
potential subtracted by the average and the ion temperature gradient length averaged

inside the island.

and 325 on the ¢ = 3.75° poloidal plane. In Fig. 5.15, tup;/ Ry = 175,225,275 and
325 are indicated by the white dotted lines. From Fig. 5.17, similar to Fig. 5.16(b),
it can be seen that the vortex mode grows until the transport reduction phase and
then decays. It is worth highlighting that while the vortex mode grows, it rotates
in the poloidal direction. The direction of the rotation is in line with the electron
diamagnetic drift direction, which is opposite to the drift direction of the I'TG mode.
This implies that the rotation is due to the mean radial electric field. As the vortex
mode grows, the temperature gradient inside the magnetic island decreases. Therefore,
the drift velocity of the vortex mode also reduces, as shown in Figs. 5.16(b) and 5.17.
During the transport reduction phase, as the amplitude of the vortex mode reduces,
the structure of the electrostatic potential becomes close to that in the case without
a magnetic island, as depicted in the contour plot at tvr;/Ry = 325 in Fig. 5.17.
Therefore, after the transport reduction phase, as shown in Fig. 5.15(a), the heat
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avalanche occurs inside the magnetic island. At this time, as shown in Fig. 5.16(a),
the heat flux at the inner boundary of the magnetic island and its interior is almost

the same.

tvri/lRo =175 tvri/Ro = 225

tvri/Ro = 275 tvri/Ro = 325

-0.20 -0.15 -0.10 —-0.05 0.00 0.05 0.10 0.15 0.20

Fig. 5.17: Contour plots of the electrostatic potential at tvy;/ Ry = 175,225,275 and
325 on the ¢ = 3.75° poloidal plane.

Using the normalized Hasegawa-Mima equation

ol 0 op 0 1ol0)
1-V?) — + | =V— - —V?— | =0 5.40

( )5 T <8x %9y oy Yor) =" (5.40)
we investigate the mechanism by which the vortex mode linearly grows. We expand
b as ¢ = dp, (1) €F7 + Pp, (t) e*2T + Py, (t) e+ using Fourier decomposition. For

simplicity, we consider only the wave numbers kq, ko, and k3 (k1 < ky < k3) that satisfy
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the resonance condition ki + ko + k3 = 0. From Eq. (5.40), we obtain the three-wave

interaction equations [224]:

djfl k2 2 ks Py Py (5.41)
dZZ:Z A2 1 Py D (5.42)
% = AL 1y, O, (5.43)
where AZZJ@T is defined as
Ay, = %1 +1 e (kgokny — kqykra) (K2 — K2) . (5.44)

The three-wave interaction equations describe the energy exchange between three
waves. Indeed, from Eqgs. (5.41), (5.42), and (5.43), we have

d d d
—(Ng, — Ni,) =0, —(V, Ni,) =0, —(V, Ni,) =0 5.45
dt( k3 kl) ) dt( ko T k’3) ) dt< ket k2) ) ( )
where N is given by
1+ k) 2
Nk;p = sgn (k’g — k?,?.) ﬁ ‘Qbkp‘ . (546)
q T

At t = 0, when the amplitude of the wave with wave number k3 is large and the
amplitudes of other waves are small, |¢p,| > |ok, |, |pr,| = 0, from Eq. (5.43), we get
Grs () =~ Pryo (constant). From Egs. (5.41) and (5.42), we obtain

d2 ¢k1 ~ ¢k2

2 M kO3 = N A [P0l (5.47)
and 20 ¢
k k
dt22 2 k:3 k1 ¢k230 - Az;,kgAlZi,kl ’¢k30’2 ¢k2' (548)

Consequently, in this case, ¢, and ¢y, grow exponentially as represented by

Py > Pry X €XP < A’Z;,k3A’,§§,k1 | k0] t) : (5.49)

Since the vortex mode grows linearly, it is found that its growth is not due to the decay
instability that excites two other waves from a single wave. Conversely, we consider the
case where a single wave is excited by two waves. For ¢x1(0) = 0, ¢x,(0) = ¢r,0, and

D3 (0) = Prg0, from Eqgs. (5.42) and (5.43), we obtain ¢y, (t) = ¢r,0 and ¢r,(t) = drs0-
Thus, from Eq. (5.41), we get

By = (AL 1y PrsoProo) T (5.50)

This suggests a linear growth of ¢, and is qualitatively consistent with Fig. 5.16(b).

Therefore, it can be considered that the vortex mode is excited by two drift waves.
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Fig. 5.18: (a) Time evolution of the temperatures at the X-points and the O-point.
(b) Poincaré map of magnetic field lines on the ¢ = 3.75° poloidal plane.

Figure 5.18(a) shows the temporal evolution of the ion temperatures at the X-points
(red and green) and the O-point (blue). The corresponding locations are indicated on
the Poincaré map in Fig. 5.18(b). tvr;/Ry = 175,225,275 and 325 are indicated by
the black dotted lines. With the growth of the vortex mode, it can be observed that
the temperature rises at the X-points and decreases at the O-points. This suggests
that the vortex mode drives the heat flux in the 6 direction. This heat flux leads to
the reduction in the temperature gradient inside the magnetic island, as observed in
Fig. 5.16(b).

The mechanism for the quasi-periodic transport reduction and associated vortex
mode dynamics can be described as follows. When the ITG turbulence is driven by ion
temperature gradients, non-linear wave coupling leads to the linear growth of the vortex
mode inside the island, which has the same topology as the magnetic island (Figs.
5.16(b) and 5.17). With the growth of the vortex mode, the heat transport occurs
from the O-point regions to the X-point regions (Fig. 5.18), leading to a reduction
in the temperature gradient inside the magnetic island (Figs. 5.15(b) and 5.16(b)).
When the temperature gradient becomes sufficiently small, the I'TG mode is no longer
excited, and the drift velocity of the vortex mode decreases (Fig. 5.17). During the
transport reduction phase, both the heat flux and thermal diffusivity decrease inside
the island (Figs. 5.15(a) and 5.16(a)). The amplitude of the vortex mode decreases,
while the temperature gradient inside the magnetic island increases (Figs. 5.15(b) and
5.16(b)). When the amplitude of the ITG turbulence exceeds that of the vortex mode,
the electrostatic potential distribution becomes similar to that in the case without a
magnetic island (Fig. 5.17). At this point, the ITG turbulence behaves as if there is

no magnetic island, resulting in the heat avalanche inside the magnetic island (Figs.
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5.15(a) and 5.16(a)). When the amplitude of the vortex mode is large, heat avalanches

cannot penetrate into the interior of the island.



Chapter 6

Impurity transport and profile

formation

6.1 Toroidal impurity mode turbulence

6.1.1 Stabilization and destabilization by impurities

It is believed that the accumulation of impurities can degrade confinement per-
formance due to increased radiative losses and fuel dilution. However, when benefits
brought by impurities outweigh the adverse effects, the confinement performance can
be improved due to impurities. In tokamaks such as Impurity Study Experiment (ISX-
B) [225, 226], TXTOR-94 [227, 228], HT-7 [229], DII-D [230], and TFTR [231, 232],
as well as in stellarators like LHD [233, 234, 235], the confinement improvement due to
impurity injection was observed. In ISX-B, it was reported that puffing of neon led to
an increase in ion and electron temperatures and electron density, with their gradients
becoming more large [225]. Without the puffing of neon, the energy confinement time
does not depend on the density. However, in the presence of neon, it was found that
the energy confinement time increases proportionally with the density [226]. Similarly,
in TXTOR-94, it was observed that with neon seeding, there is a rise in radiated
power Pr.q/Piot > 60%, and the enhancement factor increases proportionally with the
density [227]. P..q and Py represent the radiated power and total heating power, re-
spectively. The confinement performance improves beyond the ELM-free H mode, and
the density exceeds the Greenwald density limit. Adverse effects on fusion reactivity
due to impurity seeding were not observed. This can be attributed to the reduction in
sputtering as the edge temperature decreases, and the intrinsic impurities decreases by
the amount the neon increases. Furthermore, the Li- and Be-like states of Ne, which
are responsible for most of the radiation, have a longer ionization time compared to

intrinsic impurities, resulting in the observation of a poloidally symmetric radiating
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mantle at the plasma boundary. The radiation can dissipate the energy uniformly
over the walls. This high-confinement regime, characterized by the radiating belt and
strong density peaking, is referred to as the radiative improved (RI) mode. During
the RI mode, the root mean square values of the potential fluctuations, the density
fluctuations and poloidal electric field fluctuations decrease by half, and the turbulent
particle transport reduces by a factor of 4-7 [228]. The cross-power spectrum of the
density and electrostatic potential diminishes across all frequencies. The turbulence
suppression in the RI mode does not originate from the £ x B shear but is attributed
to the stabilization of the ITG mode due to changes in the ion temperature and den-
sity profiles. The initial density peaking is triggered by a reduction in the turbulent
particle transport due to a decreased linear growth rate, stemming from the increase
in the effective mass and charge [236, 237, 238|. The RI mode by neon puffing was also
observed on HT-7 [229]. Both energy and particle confinement improve simultaneously,
with the electron density doubling and the profile steepening, and the central electron
temperature increases by 1.4 times. A reduction in the turbulence was observed in
the core region. In DII-D, when neon was injected into an L-mode plasma, increases
in the confinement performance and neutron rate were observed despite the rise in
the radiated power and dilution of bulk ions [230]. The density fluctuation spectrum
at r/ag = 0.7 is reduced by a factor of five due to impurity injection. Notably, for
kips > 0.35, the fluctuation is almost entirely suppressed. Unlike the RI mode, the
radial electric field is believed to play a significant role. Impurity seeding reduces the
growth rate, resulting in a reduction in the turbulent momentum transport. With the
reduced momentum transport, the toroidal rotation increases, leading to an increase in
the E' x B shearing rate. The E x B shearing further suppresses the turbulence. Gy-
rokinetic simulations confirmed that the shearing rate surpasses the linear growth rate
due to the impurity injection. In the TFTR plasma with an input power of 16-22MW,
xenon injection leads to a significant increase in the density and ion temperature [231].
The electron density increase due to the impurity gas is not prominent, indicating an
enhancement in particle confinement. While impurities cause an increase in radiated
power, the change in the electron temperature is small due to the rise in ion-electron
equilibration power q.; ~ n(T; — T.)/T¢ /2 In TFTR supershots, immediately after
xenon puff, an increase in the poloidal velocity near the edge was observed, and the
radial electric field increases by a factor of three. With krypton injection, the £ x B
shearing rate increases across the entire profile compared to cases without impurity
puff [232]. In LHD, high ion temperature plasmas are achieved with the formation
of an ion transport barrier due to carbon pellet injection and intensive neutral beam
heating [233]. Because the electron and impurity densities have a hollow (outwardly

peaked) profile, this high confinement mode is different from the RI mode. When the
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electron density exceeds a threshold, the ion temperature rather decreases with increas-
ing the electron density. When the carbon density becomes less than a threshold, a
rapid increase in the thermal diffusivity is observed [234]. In a separate experiment,
by injecting boron powder, enhancements in ion temperature, electron temperature,
stored energy, and confinement time was observed [235]. It was found that the density
profile becomes hollow and there is a reduction in recycling and impurity influx from
the plasma-facing components. With the injection of boron powder, it was found that
the low-frequency components of the turbulence decreases, while the high-frequency
components increases. The improvement in confinement is believed to be related to

the suppression of the I'TG turbulence.
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Fig. 6.1: Linear growth rate of the I'TG mode in the presence of impurities for R/ Ly, =
6.

Figure 6.1 shows the linear growth rate of the I'TG mode in the presence of fully
stripped carbon (C, A = 12, Z = 6) at a concentration f. = Zn,/n. = 0.2. The
gradients of the background profiles are given by (R/Lzs, R/Ly.) = (6,3) at r =
0.5a9. In tokamaks, the ITG mode is stabilized when the impurity density has a
peaked (inwardly peaked) profile, and conversely, it becomes unstable with a hollow
impurity profile. These results are consistent with the findings obtained from numerical
computations of gyrokinetic integral equations [237, 239] and gyrokinetic simulation
results from GYRO, XGC1, and gKPSP [240, 241]. In addition to the stabilization of
the linear ITG mode by a peaked impurity profile, full- f ITG turbulence simulations
with adiabatic electron approximation by XGC1 demonstrated that when the impurity
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density has a peaked profile, the peak of the turbulence wavenumber spectrum shifts
towards the lower wavenumber side, and the turbulence intensity decreases for all
wavelengths [240]. Additionally, it was shown that impurities can enhance the E x B
shear. In global § f simulations by gKPSP, the formation of a robust £ x B staircase
due to impurities and the consequent suppression of heat transport were reported [241].
The improvement in confinement observed in experiments due to impurity injection
can be understood to be driven by a peaked impurity profile. How injected impurities
form a peaked profile is an intriguing question. The direction of the turbulent impurity
particle flux can vary depending on the background profiles and the instabilities driving
the turbulence [243, 244, 245], meaning that injected impurities do not necessarily
accumulate at the center. There are reports suggesting that the outward turbulent
particle flux can exceed the inward neoclassical transport [252, 242], and that the
particle flux can be altered due to the interplay between turbulent and neoclassical
transport [246, 247]. In DII-D, when the ion temperature gradient is large, it has
been observed that the impurity density profile becomes hollow due to the strong
outward convection of impurities [248, 249]. This outward convective flux is driven by
temperature screening.

In this study, we focus on the toroidal impurity mode (tIM). The instability condi-

tion for the impurity mode in slab geometry,

n; Lni (,I%/Te>ne + n;

<0, (6.1)

was first derived by Coppi et al. [250]. The impurity mode, as represented by Eq. (6.1),
is characterized by becoming unstable when the density gradient of bulk ions and that
of impurities are opposite. In experiments involving argon supersonic molecular beam
injection into H-mode plasma in HL-2A, the IM turbulence was observed [251]. In the-
oretical research, through the analysis based on the gyrokinetic integral equations, it
was shown that the tIM becomes more unstable as the impurity concentration and the
absolute value of the impurity density gradient increase [236, 237]. Furthermore, the
quasi-linear impurity particle flux due to the tIM turbulence was shown to be about an
order of magnitude larger than that due to the TEM turbulence [251]. However, nonlin-
ear fluid simulations and nonlinear gyrokinetic simulations for the tIM turbulence have
not yet been performed, leading to an incomplete understanding of turbulent transport
caused by it. The hollow impurity profiles which could drive the IM were observed in
several experiments such as KSTAR [252], HL-2A [253], and LHD [254]. Impurities are
not necessarily injected solely for the confinement improvement. They can be used to
address issues such as mitigating a large influx of carbon [255] or suppressing edge-
localized modes (ELMs) [256]. Additionally, impurities can be introduced for a divertor

heat load reduction [257]. Understanding how the injected impurities are transported
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by turbulence is an important issue. Therefore, investigating the transport caused by

the IM turbulence is meaningful from these perspectives.

6.1.2 Stability analysis and physical mechanism

The instability condition for the tIM can be derived using a fluid model and the
adiabatic electron approximation as in Ref. [34]. The density n, of particle species
s can be expressed as the sum of an equilibrium part ng, and a fluctuating part ng.
The time evolution of the perturbed density of the particle species s is given by the

continuity equation

Ons

BT + V- {ns(veg +v,5)} =0, (6.2)
where the ' x B drift vg and the diamagnetic drift v,s are defined by
bx Vo b x Vn,
=Tos——— .
Vg B ) ps Os qsnsB 3 (6 3)

respectively. For simplicity, the flat temperature profiles are assumed and the inertial

drift is neglected. In local slab coordinates (z radial, y poloidal, and z along B), bx V¢
s (—0y¢,0;0,0). Eq. (6.2) becomes

On 0P 0P On
ot - ZsTsn()sU*sa_y + ZsTansvDs ay + VUps—7— ay = O, (64)

where 75, = Toe/Tos, Ves = Tos/(ZseBLys), vps = Tos/(ZseBLp), and ® = ep/Ty. =
(n; + Zn.)/nge. From Eq. (6.4), we obtain

on, on; on, on; on, on,
zJcUxz Z zJcVUxz zJc z Z zJc 2 a9 z o — 0
— 7. fv 8y T, fev 8y + 7. fup 8y+ T. feUD Jy +vp Iy

ot

o i O, O O, Of; ’
%7 -7 iJiUsi 5 iJiUDi A iJiUDi % ==

BT — 7 fiv (‘3y 7 fiv By + 7 fivpi 8y+ T fivpi 8y+ Day 0

(6.5)

where f. = Zng,/nge and f; = ng;/noe = (noe — Znop.)/noe = 1 — f. represent the
impurity concentration and the bulk ion concentration, respectively. Considering plane
waves, we get

(_w - ZTzfcw*z + ZTzfctz + WDZ) ﬁz + ( Tzfcw*z + Tzfctz) n; = =0
(6.6)

(_ZTifiw*i + ZTifiwDi> 7:Lz + <_w - Tzfzw*z + Tzfztz + WDZ) n; = 0

where w,s = vysky, Wi = vpiky,. From the conditions where the density fluctuations of

bulk ions and impurities have non-trivial solutions, in the limit wp, — 0, we obtain

W? + (T fiwwi — T fiwpi — Wpi + ZT, foz) W

— 2T, fewsr (—T; fiwwi + T fiwpi + wpi) + To fewir (—Z7T; fiwsi + Z7; fiwpi) = 0. (6.7)
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The instability condition is equivalent to the discriminant being negative; hence,

D = 12 flw?, + 2272 f202, + (Tifi + 1)°wh; + 22757, fi fowsitss

- QZTiTzfifcw*zwDi + QZTzfcw*zwDi - 27-1'2fi2w*iwDi - QTifiW*iWDi <0, (6-8)

is derived. In the absence of impurities (f. — 0), the mode is stable because D =
(7s fiwsi — Tifiwpi — wps)? > 0. In this model, because D = (7; fiwsi + 2T fowsz)? > 0
without the gradient of the magnetic field (wp; — 0), the instability does not occur.
This is because the model does not account for the motion parallel to the magnetic
field, which plays an important role for the slab IM. When w,;wp; < 0 and wy;w,, < 0,
the mode is stable because D = (7;fiws + 27T, fowsr — Tifiwpi)? + 27 fiwd, + wh, +
27T, fewswpi — 27; fiwsiwpi > 0. When w,;wp; < 0 and wy;w,, > 0, it is also stable
because D = (27, fows, + wp;i)? + 72 fRw?, + 12 fPwh, + 27 fiwd, + 2277, fi fewsiwsr —
2777, fifewwwpi — 277 fRweiwpi — 27Ti fiwsiwp; > 0. Therefore, for the mode to grow,
the condition w,;wp; > 0 must be satisfied. This is satisfied in the bad curvature
region. When w,wp; > 0, wyw,, > 0 and wp; > w,;, the mode is stable because
D = (Tifiwwi + ZT fewsr — T3 fiwpi)? + wh; + 227, fewswpi + 27 fi (Wpi — wii) wpi > 0.
When w,;wp; > 0, wyws, > 0 and wy; > wp;, it is also stable because D = (7; fiw.; —
T fiwpi — wpi ) + 2272 f2w?2, + 227, fowswpi + 2277, fi fo(Wii — wpi)ws, > 0. Therefore,
for the mode to be unstable, w,;w,., < 0 must be satisfied. The condition indicates that
the density gradients of bulk ions and impurities must be in opposite directions. For

these reasons, the instability deserves to be called the tIM.

We consider the background profiles depicted in Fig. 6.2. The gray vertical dashed
line indicates r = ry = ap/2 and the gradients of the temperatures and densities
are (R/Lps(rs), R/ Lne(rs), R/ Lni(rs), R/ Lyn.(rs)) = (0,3,5.75,—8). The introduced
impurity is carbon with f.(rs) = 0.2. The temperatures are normalized by the electron
temperature at s, To. = T.(rs). Similarly, the densities are normalized by the electron
density at 75, nge = n.(rs). The normalized ion density and impurity density at r, are
0.80 and about 0.03, respectively. The density gradients are not independent of each

other and satisfy . r
R Inm U0
Lui(r) 1— fe(r) '

Given the electron density profile and impurity density profile, the ion density profile is

(6.9)

determined from Eq. (6.9). The gradient of the electron density and impurity density
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Fig. 6.2: Radial profiles of density ng and temperature T (s = i, e, z). These profiles

are also used as the initial ones for the tIM simulations.
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Fig. 6.3: Value of each term on the left-hand side of the instability condition (6.8)
normalized by the first term. The blue line represents the cumulative sum. The
parameters (fe, R/Lpe, R/ Lni, R/Ly.) = (0.2,3,5.75, —8) shown in Fig. 6.2 are used to

evaluate the values.

reaches its maximum value at r = r, while the gradient of the ion density peaks around
r = 0.55p;.
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Figure 6.3 shows the value of each term in D at ry normalized by the first term.
The blue line represents the cumulative sum. Since the cumulative sum is negative
(D < 0), the mode is unstable in the profiles shown in Fig. 6.2. Figure 6.3 indicates
that the major terms in D are the first, fourth, and eighth terms, therefore D can be

approximated as
D ~ 7'3 fwfi + ZZTiTzfiwa*iw*z — ZTifiw*iwDi. (610)

The second term on the right-hand side of Eq. (6.10) represents the contribution due
to the necessary condition w,;w,, < 0. Because it increases with the absolute value of
the impurity density gradient |R/L,.| and impurity concentration f., as |R/L,.| and
fe increase, the linear growth rate increases. The third term on the right-hand side of

Eq. (6.10) represents the contribution from the necessary conditions w.;wp; > 0.

Fig. 6.4: Physical mechanism of the tIM.

We regard the tIM as one of interchange instabilities and consider that it grows
through a mechanism similar to the I'TG mode depicted in Fig. 1.7. Figure 6.4 shows
the physical mechanism of the tIM that we propose. The stability analysis indicates
that the bulk ion density must have a peaked profile and the impurity density must
have a hollow profile to destabilize the tIM. Therefore, the effective charge Z.4 has a
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hollow profile. Because the magnetic drift is proportional to A = 1/Z.g, regions where
the electrostatic potential is positive or negative are created by an effective charge
fluctuation 0A. The electrostatic potential gradient generates the electric field that
creates an F x B drift. In the bad curvature region, the E x B drift increases the

amplitude of the fluctuation, leading to exponential growth of the mode.

6.1.3 Impurity mode turbulence simulations

We conduct collisionless 6 f simulations with impurities. The radial profiles of
the safety factor and magnetic shear are shown in Fig. 5.2. The time evolution of

the perturbed guiding center distribution function is given by the gyrokinetic Vlasov

equation
96 f, uB?: 90 fs
ot + U”b Vdfs BlTS -VB aUH
_ c s o vy, Ofs
= —Uys - V(st Bﬁs [<¢>a5> 5fs] + Ts fOsv*s V<¢>as ms <E >as 32)” (611)
where (E*)as (B*/B”s) V{@)as, [{D)as; 0.fs] = b+ (V(d)as X VO fs) = (BlTS/C)’UES :

Viéfs, vps = (C/BHS)bXV<¢>as is the E'x B drift, vgs = (¢/qsBj,)bx (/JJVB—FTTLUzb'Vb)
is the magnetic drift, v,, = (¢Ts/ qulTs)b x Vn fy, is the diamagnetic drift. The gyro-
averaged electrostatic potential (¢).s is evaluated by using the Padé approximation
(D)as =~ ¢/(1+p2ky /4) [129]. Tt is necessary to introduce a source model that prevents
relaxation of the equilibrium profiles in order to investigate the steady-state transport
in nonlinear global simulations [258, 259]. However, the source term is ignored in
the simulations. Decaying turbulence simulations are performed. The electrostatic

potential is obtained by solving the gyrokinetic Poisson equation

2 2
VPV, LV 6+ dren,
)\Di )\Dz

= 4we/d6Z$53 (R+p;—x)0f; + 47rZe/dGZJZ(53 (R+p.—x)0f..
(6.12)

For the adiabatic electron model, 7. is given by Eq. (2.96), while for the hybrid electron
model, it is given by Egs. (2.98) and (2.99). The simulations are performed using a
1/4 wedge torus of the minor radius ag = 100p; and inverse aspect ratio ag/Ry = 0.36.
The grid numbers are (N, Ng, Ny, N, , N,,) = (64,256, 64,96, 16) and convergence tests

have confirmed that the grid numbers are sufficiently large.
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Fig. 6.5: Linear growth rates of the tIM (R/Lz;, R/L,.) = (0,—8), and the ITG modes

(a) Toroidal impurity mode  (b) Toroidal ITG mode

n =16 n =16

Fig. 6.6: Color map of the n = 16 electrostatic potentials for tIM (a) and I'TG mode

(b).

In this subsection, the adiabatic electron approximation is employed to avoid com-
plications arising from electron dynamics. Figure 6.5 shows the linear growth rates of
tIM and the ITG modes. The initial profiles of the simulation of the tIM are given
in Fig. 6.2. The simulation of the ITG mode (R/Ly; = 6) corresponds to the f. =0
case in Fig. 6.1. In cases where the linear growth rates are comparable, the unstable
spectrum of the tIM is broader than that of the ITG mode. As the linear growth rate

of the ITG mode increases, the unstable spectrum becomes comparable to that of the
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tIM. Figure 6.6(a) shows a poloidal cross section of the n = 16 electrostatic potential,
indicating that a ballooning mode structure is formed. The fact that it is unstable in
the bad curvature region is consistent with the results of the stability analysis. The
peak of the mode is not at r, but is shifted outward. It might be attributed to the
outward shift of the maximum of the ion density gradient. For comparison, the contour
plot of the n = 16 electrostatic potential for the ITG mode is shown in Fig. 6.6(b). It
is found that the ballooning angles of the tIM and I'TG mode are different. Even when
the tIM and ITG mode coexist, in linear phase, it is possible to determine which mode

is dominant from the ballooning angle.

Figure 6.7 shows the parameter dependences of the linear growth rate of the tIM.
The other background parameters are the same as the profiles shown in Fig. 6.2,
(A, Z, fe, R/Lrs, R/Ly,, R/Ly;,) = (12,6,0.2,0,—8,5.75). From Figs. 6.7(a) and
6.7(b), it is evident that as f. and |R/L,.| increase, the linear growth rate also in-
creases. This result is consistent with both the results expected from the stabiliy anal-
ysis and the numerical results of the gyrokinetic integral equations [236, 237]. Figure
6.7(c) indicates, consistent with previous studies [237, 251], that the tIM is destabi-
lized by the ion temperature gradient. As depicted in Figs. 6.7(d) & 6.7(e), we find
that the impurity temperature gradient destabilizes the tIM, and an increase in the
impurity temperature stabilizes the tIM. Figure 6.7(f) shows that the linear growth
rates are nearly identical when the impurity is argon (Ar, A = 40,7 = 18) and when
it is tungsten (W, A = 184, 7 = 40). However, there is dependency on the impurity
species; the linear growth rates for both are about twice as large as for carbon impurity
(C,A = 12,7 = 6). The difference in the linear growth rates is considered to be due
to the FLR effect. The Larmor radii for carbon, argon, and tungsten are pc >~ 0.58p;,
par =~ 0.35p;, and py =~ 0.34p;, respectively. The similar linear growth rates between
the cases where the impurity is argon and where it is tungsten can be explained by
their similar Larmor radii. The smaller linear growth rate when the impurity species is
carbon can be attributed to its larger Larmor radius. When the mass of the impurities
is the same but with different charges, as illustrated in Fig. 6.7(g), the linear growth
rate increases as the charge becomes larger. This is consistent with the results obtained
in prior study. It is confirmed that the real frequency of the tIM is slower than that of
the I'TG mode.

Figure 6.8(a) shows the time evolution of the turbulent ion particle flux (I'; tub) f.r

and the turbulent impurity particle flux (ZT', tub) 7. (), represents the radial average
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dependence (g) on the linear growth rate of tIM.

of a flux-surface averaged value. From 6.8(a), it is found that the large outward ion
Since the tIM turbulence is
driven by the negative density gradient of bulk ions and the positive density gradient

particle flux and inward impurity particle flux occur.
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Fig. 6.8: (a) Time evolution of the turbulent particle fluxes of bulk ions and impurities.
(b) Time evolution of the ion (b) and impurity (c) particle fluxes due to the magnetic

drift and due to the n = 0 component of the E x B drift.

of impurities, it is a reasonable that such turbulent transports are observed. The
particle fluxes of bulk ions and impurities are of the same order. On the other hand,
the heat flux of bulk ions is two orders of magnitude larger than that of impurities.
Figure 6.8(b) shows the time evolution of the ion particle flux due to the magnetic drift
(I'; vB) 1 and that due to the n = 0 component of the £ x B drift (I'; gx g n=0) f,»- Figure
6.8(c) depicts the fluxes for the case of impurities. They are an order of magnitude
smaller than the turbulent particle flux. (I'; vg)s, and (I'; pxpn—o)r» are balanced,
except for the burst phase. This balance establishes more quickly than the balance

between (ZI', vg) ¢ and (ZI', pxp n=o)f,. This is due to the fact that bulk ions reach
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equilibrium (G(ﬁi)f/at =—0/0r{(Live)s + (Ui ExBn=o)f} = O) faster than impurities
by the parallel streaming motion that generates the return current since the thermal

velocity of bulk ions is larger than that of impurities.
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Fig. 6.9: Time evolution of the impurity particle fluxes (a) and the bulk ion heat fluxes
(b) due to the tIM turbulence or the ITG turbulences

Figure 6.9(a) shows the temporal evolution of the impurity particle fluxes and the
bulk ion heat fluxes due to the tIM turbulence or the ITG turbulences. In the ITG
turbulence simulations, the impurity particle flux is evaluated using the trace impurity
approximation [260, 261], treating impurities as test particles that do not affect the
quasi-neutrality condition. From Figs. 6.5 and 6.9(a), it can be seen that when the
linear growth rates of the tIM and the ITG mode are comparable, the impurity particle
flux induced by the tIM turbulence is an order of magnitude larger than that induced by
the ITG turbulence. Furthermore, even when the linear growth rate of the ITG mode is
more than twice that of the tIM, the impurity particle flux due to the ITG turbulence
is less than half of that from the tIM turbulence. In the previous study, it was shown
that the impurity particle flux due to the tIM turbulence is an order of magnitude
larger than that due to the TEM turbulence [251]. The impurity transport due to tIM



6.1 Toroidal impurity mode turbulence

165

turbulence is significantly large, and treating impurities as trace impurities can lead
to an underestimation of the impurity transport. Figure 6.9(b) depicts the temporal
evolutions of the ion heat flux induced by the tIM turbulence or the ITG turbulences.
For a fair comparison, the ion heat flux obtained from the ITG turbulence simulations
are multiplied by ng; = 0.8 and plotted. Since in the simulations, the presence of
impurities has no influence with the quasi-neutrality condition, the ion density is 1.25
times larger than that in the tIM turbulence simulation. The ion heat flux due to
the tIM turbulence is found to be negative, indicating an increase in the central ion
temperature. A heat flux can be expressed as the sum of a diagonal term proportional to
the temperature gradient and an off-diagonal term proportional to the density gradient
in a quasilinear limit. In the case of the tIM turbulence, since the absolute value of the
off-diagonal term is larger than that of the diagonal term, the ion heat flux becomes
negative. Interestingly, when the linear growth rates of the tIM and the ITG mode
are comparable, the absolute value of the ion heat flux due to the tIM turbulence is
larger than that due to the I'TG turbulence, even in the absence of an ion temperature
gradient. When the tIM is dominant, the off-diagonal term is very large, implying that
the heat flux can be negative even if the ion temperature gradient is not zero. Even
when the linear growth rate of the ITG mode is more than twice that of the tIM, the
ion heat flux due to the I'TG mode turbulence is only 1.17 times larger than that due to
the tIM turbulence. It can be said that tIM turbulence can cause significant turbulent

heat transport even with a small linear growth rate.

Figure 6.10(a) shows the spatiotemporal evolution of the radial electric field aver-
aged in 6§ and ¢ directions. It is found that the large scale and robust radial electric
field is formed. Figure 6.10(b) depicts the radial profiles of the change the 6 and ¢
averaged radial electric field (E,)g,, the change of the sum of the turbulent particle
fluxes 0> (ZsLs urt) f = 0((Ligurs) f + (ZT 2 0ur0) £), and the change of the flux-surface
averaged ion heat flux §(Q;)s, during time interval 6¢ = 2 from ¢ = 165. From Fig.
6.10(b), it is considered that the radial electric field is generated by the difference in the
magnitude of the bulk ion and impurity turbulent particle fluxes. In local flux-tube gy-
rokinetic simulations, the sum of the turbulent particle fluxes is always zero because the
equations are derived using the flute approximation, kj/k; < 1. On the other hand, in
global gyrokinetic simulations, the sum of particle fluxes is not necessarily zero, as the
flute approximation is not strictly valid. By assuming the flute approximation and the

limit ag/Ro — 0, >, qsI's = 0 can be proven as follows. From the turbulent particle



6.1 Toroidal impurity mode turbulence

166

0.010
0.8 -
0.005
o 06 A
° 0.000
(a) €, S————
-0.005
021 (Er)g,
! -0.010
100 125 150 175 200 225 250 275 300
tvri/Ro
le—6 le-5
0.0006 A
- 1.5
= 5(E/)e, ¢ -3
0-0004 1=~ 53 (Z T s turb )y . - 1.0
S Y
0.0002 | sm— : B 3 L
s 6{Qi)r 1 g 0.5 .
D [y b
- - | - L
(b) Q 0.0000 - 0 = 0.0 %
lo ~
—0.0002 - - —1 IGIW L o5
- —2
—0.0004 - - —-1.0
L 3
~0.0006 A - -1.5
T T T T
0.0 0.2 0.4 0.6 0.8 1.0
rlag

Fig. 6.10: (a) Spatiotemporal evolution of the radial electric field (E, ). (b) Radial
profile of the change of the radial electric field 6(E,)g, (blue), the change of the sum
of the turbulent particle fluxes § Y (ZsI's ) s (red), the change of the ion heat flux

5(Qi)r (green).
flux 'y = (75(1/rB)0¢/d0) s and the Poisson equation —V3 ¢ = > _¢sns, we obtain
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Assuming the flute approximation, we use the eikonal representation,
Om = b €° (e < ). (6.14)

Because the radial derivative of g%m can be approximated as
0 . 0bm 4. 108
= ¢ tior

The radial derivative term in Eq. (6.13) is
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Substituting Eq. (6.15) into Eq. (6.13), we get

1 1 /0S\*> m?| im , ,

The profile of §(E, )., largely overlaps with that of 6(Q;) ;. Therefore, the zonal flow
induced by the tIM turbulence is also candidate for generating the electric field [187].
However, since the profile of § > (ZsI's jurs) s is closer to that of 6(E,)g,, the electric
field could primarily be driven by the difference of the turbulent particle fluxes. It
was shown that the radial electric field generated by temperature relaxation due to
turbulence transport is about 1/3 compared to that by zonal flow [187]. Therefore, a
similar profile of the change of the radial electric field would likely be observed in the
case of full-f simulations.

The radial electric field can explain the dynamics of (I'; vp)¢ in the burst phase
when (I'; vg) ¢ and (I'; gxp n—o) s are not balanced as shown in Fig. 6.8(b). The E x
B drift due to the radial electric field E, < 0 induces up-down asymmetric density
fluctuations n; o< —FE, sinf, which couples with the magnetic drift vp, o —siné,
leading to (I';vg); ~ (Rwp,); o E.(sin?); < 0 [247]. The dynamics of (ZT, v5);

are also explained by the same mechanism.

6.1.4 Coexistence of impurity mode and ITG mode

In the previous subsection, it was shown that the tIM becomes unstable even with-
out temperature gradients, leading to an inward impurity particle flux and an inward
ion heat flux due to the tIM turbulence. We investigate whether these fluxes are ob-
served in the presence of temperature gradients and a hollow impurity profile. Because
an ion temperature gradient drives the I'TG mode, the presence of a negative ion tem-
perature gradient and a positive impurity density gradient causes the ITG mode and
the tIM to be unstable simultaneously. The mode with a higher linear growth rate
becomes dominant mode. As shown in Fig. 6.1, when the impurity density profile is
hollow, the linear growth rate of the I'TG mode increases. It is inferred that the ITG
mode dominates when the ion temperature gradient is large and the tIM dominates

when it is small.

We perform simulations for the case with small temperature gradients R/Ly, =
4 (Case A), and the case with large temperature gradients R/Lps = 6 (Case B).

Figure 6.11 shows the density, temperature, and pressure profiles of bulk ions (a) and
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Fig. 6.11: Density, temperature, and pressure profiles of bulk ions (a) and impurities

(b). The solid and dashed lines represent the profiles for Case A and Case B, respec-

tively.
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Fig. 6.12: Linear growth rate (a) and real frequency (b) for Case A and Case B in

adiabatic electron model or hybrid electron model.

impurities (b) in Case A and Case B. In both cases, the pressure of bulk ions and that
of impurities are the same. The ion density gradient in Case A is larger compared to
that in Case B. On the other hand, the impurity density gradient in Case A is smaller
than that in Case B. Figure 6.12 shows the linear growth rate (a) and real frequency
(b) for Case A and Case B in the adiabatic electron model or hybrid electron model.
The linear growth rates are similar for Case A and Case B. In both cases, for the hybrid
electron model, the wavenumber at which the linear growth rate peaks becomes lower,
but the unstable spectra are not changed by the dynamics of electrons. The modes in
Case A is more destabilized by the non-adiabatic motion of electrons. Since the real
frequency of the tIM is smaller than that of the I'TG mode, it is found that the dominant
mode is the tIM for Case A and the ITG mode for Case B. We have also confirmed the
dominant modes by the difference in the ballooning angles between the tIM and ITG
mode. The real frequency does not change significantly due to electron dynamics, but

in Case A, at kgp; ~ 0.25, the real frequency is positive (in the direction of the electron
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diamagnetic drift). For the tIM, the effect of electron motion might be significant in the
low wavenumber range. Due to the destabilizing effect of impurities, in the adiabatic
electron model for Case B, despite the ion temperature gradient being R/Lp; = 6,
the linear growth rate is larger than that in the case shown in Fig. 6.5, where there
are no impurities and is the temperature gradient R/Ly; = 9. The turbulent thermal

diffusivity is larger in Case B, while the ion heat flux is larger in the pure ITG mode

case.
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Fig. 6.13: Time evolution of the turbulent particle fluxes (a) and turbulent heat fluxes
(b) for Case A. Time evolution of the turbulent particle fluxes (c) and turbulent heat
fluxes (d) for Case B.

Figure 6.13(a) and (b) show the time evolution of the turbulent particle fluxes and
turbulent heat fluxes for Case A in the hybrid electron model, respectively. Since the
particle fluxes and heat fluxes are qualitatively similar in both the adiabatic electron
model and the hybrid electron model, figures are only provided for the case of the
hybrid electron model. It can be seen that the tIM turbulence generates the outward
ion particle flux, the outward electron particle flux and the inward impurity particle
flux. A notable result is that the ion heat flux is negative in Fig. 6.13(b), despite
the presence of the ion temperature gradient. This increases the ion core temperature
and ion temperature gradient. The absolute value of the ion heat flux is greater than
the sum of the outward impurity and electron heat fluxes, thus the net heat flux is
negative. If a multi-species collision operator is implemented, the temperatures of the

electron and impurity would increase by thermal equipartition. In the quasi-steady
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state, the temperature profiles could be more peaked than the initial ones. This result
indicates that when the dominant mode changes from the ITG mode to the tIM by

injecting impurities into a L-mode plasma, the energy confinement could be improved.

Mode 1 Mode 2 Mode 3

wTRo/’UTi = —1.05 erO/'UTi = —0.84 CUTR()/’UTi = —0.63

Fig. 6.14: Eigenmodes and frequencies of the n = 28 electrostatic potential in the

linear phase of Case B.

Figure 6.13(c) and (d) show the time evolution of the turbulent particle fluxes and
turbulent heat fluxes for Case B in the hybrid electron model, respectively. It can be
seen that the large inward impurity transport occurs even though the dominant mode
is the ITG mode. The impurity transport is larger than in the case of the pure ITG
mode with a nearly identical linear growth rate. However, even though in Case B the
absolute value of the impurity density gradient is larger than that in Case A, since the
dominant mode is the I'TG mode, the impurity particle flux is smaller. The large inward
impurity transport comes from a subdominant tIM. The presence of the subdominant
tIM can be confirmed using dynamic mode decomposition (DMD) [262, 263, 264]. The
details are discussed in Appendix B. Figure 6.14 shows the frequency and corresponding
eigenmodes of the n = 28 electrostatic potential in the linear phase. The real frequency
of Mode 1 is consistent with that shown in Fig. 6.12(b). In other words, Mode 1 is
the most unstable ITG mode. Mode 2 can also be identified as the ITG mode from
its positive ballooning angle and relatively large frequency. A notable result is Mode
3. It has a negative ballooning angle and a relatively small real frequency, indicating
that it is the tIM. The result indicates the presence of the subdominant tIM in the
shadow of the dominant I'TG mode. The contribution rates of Mode 1, Mode 2, and
Mode 3 are 62.2%, 22.6%, and 8.5%, respectively, which means that only three modes

can reproduce 93.3% of the original electrostatic potential dynamics.
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When the temperature gradients are large, as seen in Fig. 6.13(d), the large outward
ion and electron heat fluxes occur. In this case, unlike Case A, impurity injection does
not improve energy confinement immediately. However, it is possible that even for
large temperature gradients, if the impurity density gradient is sufficiently large, the
dominant mode might change to the tIM.

The results indicate that not only neoclassical impurity transport but also the
transport by the tIM turbulence contributes to the inward impurity flux. Once the
impurity density evolve into a peaked profile, the tIM turbulence and I'TG turbulence

are both suppressed, and the confinement performance is improved.
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Fig. 6.15: Radial profiles of the 6, ¢ and time averaged radial electric field (E,)g .
(blue) and the time average of the sum of the turbulent particle fluxes (3 (ZsD's turb) £)¢
(red).

Figure 6.15 shows the radial profile of the 8, ¢ and time averaged radial elec-
tric field (E,)g,+ and the time average of the sum of the turbulent particle fluxes
(O ZsLs purp) £)e for Case A and Case B. Figs. (a) and (b) correspond to the case of
the adiabatic electron model, while Figs. (b) and (d) correspond to the case of the
hybrid electron model. The averaging is taken over 6t = 50. Because the (E,)g .
profile and the (> (ZI's jurb) )¢ profile are similar, it can be inferred that the robust
radial electric field is generated not by zonal flow due to the Reynolds stress, but by
the non-ambipolar turbulent particle fluxes. For the cases where the adiabatic electron
model are employed, the directions of the electric field are opposite between Case A

where the tIM is dominant and Case B where the I'TG mode is dominant. It can also be
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seen that the absolute value of (E, )y, in Case B is larger than that in Case A because
Y- o{ZsLs tury) r in Case B is larger than that in Case A. For Case A in the adiabatic
electron model, Y (ZI's ) s is positive and (E,)g,, is negative since the absolute
value of the ion particle flux is larger. These results are consistent with the pure tIM
turbulence simulation results shown in Fig. 6.10(b). However, in the case of the hybrid
electron model, since e urp > Tigurs + 20 1urts Y o(ZsLs ury) f becomes negative and
(Ey)o,, becomes positive. This result also supports the idea that the radial electric field
is generated by the sum of the turbulent particle luxes. In Case B, the electron particle
flux is smaller compared to that of ions or impurities. In both the adiabatic electron
model and the hybrid electron model, Y (ZI's jur) s is negative and (E,)g,, is positive.
These results are similar to those of the full- f ITG turbulence simulation in a previous
study. In Ref [247], the positive electric field E, > 0 is driven by I'p 1y — Deurs < 0
where I'p jurp and T'c 4y are the turbulent particle flux of deuterium and electrons,

respectively.

6.2 Fuel supply and impurity exhaust by ITG and
TEM turbulence

6.2.1 Impurity exhaust by heating

When turbulence cannot be sufficiently suppressed by impurities, impurity accu-
mulation causes dilution of fuel ions and radiation cooling, thus degrading plasma
performance. In order to deal with the problem, turbulent impurity transport is being
actively studied, because impurity density profiles observed experimentally cannot be
reproduced by the neoclassical transport theory alone, and turbulent transport plays an
important role. It was reported that the diffusivity and convective velocity observed
in DII-D can be modeled as a linear combination of the turbulent and neoclassical
transport [249]. If only the contribution from neoclassical transport are considered, it
was found that the impurity density profiles become either substantially more peaked
or extremely hollow compared to the measured impurity profiles. Similarly, it was
reported that with only neoclassical transport, the impurity density profiles become
much more peaked compared to the measured impurity profiles in W7-X [265]. In this
experiment, it was determined that the turbulent diffusion is 1-2 orders of magnitude
larger than the neoclassical diffusion. To avoid impurity accumulation, it is necessary
to control turbulence and drive a strong outward impurity particle lux. In KSTAR,
by heating the L-mode plasma with the electron cyclotron resonance heating (ECH),
it was observed that impurities are expelled and the impurity density profile becomes

hollow [252]. The ECH effect is most pronounced with on-axis heating and diminishes
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as the heating positions move outward. The impurity transport due to the ECH is at-
tributed to the increase in the diffusivity and convection velocity, and the change in the
direction of the convection from inward to outward in the core region. The turbulent
transport is 1-2 orders of magnitude larger than the neoclassical transport. According
to linear simulations, the instability is the TEM, and the outward convection could be
due to the parallel compression pinch [266]. Similarly, in EAST, it was observed that
with on-axis ECH, in the core region the diffusion coefficient increases and the convec-
tive velocity changes from negative to positive, and the central molybdenum density
decreases to 1/5 compared to that before the ECH [242]. Since the neoclassical trans-
port is an order of magnitude smaller than the turbulent transport, it is believed that
the relaxation of the molybdenum density profile is caused by the TEM turbulence.
These results suggest that heating can control turbulent impurity transport and the
associated impurity density profile. However, in EAST, due to the ECH, not only the
impurity density but also the electron density decreases across the entire plasma radii.
Since fusion power increases with densities, it is desirable for turbulent particle flux of
fuel ions and electrons to be inward. In DEMO-class reactors, fuel supply is challenging
because fuel pellets only reaches 80-90% of the small radius. From this perspective,
an inward turbulent ion particle flux is ideal. In this section, we study how turbulent
particle fluxes are changed by heating in order to investigate how to achieve both fuel

supply and impurity exhaust.

6.2.2 Differences between numerical methods
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Fig. 6.16: Linear growth rate (a) and real frequency (b) for the case with the Padé

approximation and with the real space solver.

When conducting simulations with the hybrid electron model, where both the ITG



6.2 Fuel supply and impurity exhaust by ITG and TEM turbulence

174

mode and TEM become unstable, one must be cautious as the results could vary
depending on computation methods for gyro-phase averaging. As mentioned in Sub-
section 3.3.1, in GKNET, gyro-phase averaging can be calculated in two ways: using
the Padé approximation and by interpolation in real space. Figure 6.16 represents the
linear growth rate and real frequency for the initial gradients (R/Lr;, R/Lye, R/ Lys) =
(10, 10, 2.22), comparing results from the Padé approximation and the real space solver.
The impurity concentration is zero and the grid numbers are (N;, Ny, Ny, Ny, N,,) =
(64,256, 64,96,16). A positive real frequency represents the rotation in the electron
diamagnetic drift direction, while a negative real frequency indicates rotation in the ion
diamagnetic drift direction. As shown in Fig. 7?7, using the Padé approximation tends
to overestimate the high wavenumber components of the linear growth rate. Using the
Padé approximation, the TEM is dominant from kgp; ~ 0.4, whereas when employing
the real space solver, the ITG mode is dominant up to kyp; ~ 0.8. This result sug-
gests that the contributions of the I'TG mode and TEM to turbulent transport vary

depending on numerical methods for gyro-phase averaging.
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Fig. 6.17: Time evolution of the sum of the turbulent particle fluxes and the particle
flux due to the magnetic field drift for the case with the Padé approximation (a) and

the case with the real space solver (b).
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Figure 6.17 shows the temporal evolution of the sum of the turbulent particle fluxes
Yol ZLsurt) o = (Ui ExBnzo) fr — (Ue ExBnzo) s, and the particle flux due to the
magnetic drift (I'; vg) s, in the case with Padé approximation and with the real-space
solver. With the Padé approximation, the turbulent electron particle flux is larger, with
Y {ZsLs turs) r.r being negative, leading to the formation of a positive radial electric
field. On the other hand, for the case with the real space solver, the turbulent ion
particle flux is larger, with > (Z,I's ju) s, being positive, resulting in the formation
of a negative radial electric field. A radial electric field induces an up-down asymmetric
density fluctuation and (I'; vp) s, is increased. When using the Padé approximation
compared to when using the real space solver, the sign of the formed radial electric field
is reversed. Consequently, (I'; v5) s, also has the opposite direction. These differences
can be attributed to the overestimation of the TEM in the high wavenumber region by
the Padé approximation, especially when the linear growth rates of the I'TG mode and
TEM are comparable. In this section, we employ the real space solver. In situations
where the linear growth rates of the ITG mode and TEM significantly differ, or when
only a single mode becomes unstable, although the linear growth rate and real frequency
are overestimated by the Padé approximation, the turbulent transport qualitatively

remains unchanged regardless of computational methods used for gyro-phase averaging.
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Fig. 6.18: Time evolution of the neoclassical impurity transport (a) and the impurity
density profile at tvr;/Ry = 25 (b) in the 0 f simulation and the full-f simulations
where the initial distribution function is the Maxwellian and the numerical solution of

the gyrokinetic Vlasov equation.

Figures 6.18(a) and 6.18(b) show the temporal evolution of the neoclassical impu-
rity transport (Z1', neo) fr= (Z1. vB) £+ + (Z1'; ExB n=0) f» and the radial profile of the
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Fig. 6.19: Spatiotemporal evolution of the radial electric field in the case of the
df simulation (a) and the full-f simulations where f; is the Maxwellian (b) and the

numerical solution of the gyrokinetic Vlasov equation (c).

impurity density at tvy; /Ry = 25, respectively. The gradients of the initial profiles are
(R/Lri, R/Lre, R/Ly,s) = (10, 3,3) and the ITG mode is excited. In the 0 f simulation,
during the linear phase, (ZT', ,c0) fr i zero. On the other hand, in the full- f simulation
with the initial distribution f; as the Maxwellian, the neoclassical impurity particle flux
during the linear phase is about twice as large as the turbulent impurity particle flux.
Consequently, the impurity density profile becomes more peaked. The large neoclassi-
cal impurity transport can be attributed to the large radial electric field resulting from
the initial distribution function not satisfying the gyrokinetic Vlasov equation, and it
is considered to be unphysical. When using the numerical solution of the gyrokinetic
Vlasov equation as the initial distribution function, as shown in Fig. 6.18, no signif-
icant neoclassical impurity transport occurs, and the density profile does not become
peaked. The neoclassical impurity particle flux is 2 orders of magnitude smaller than
that when using the Maxwellian as fy. Figure 6.19 depicts the spatiotemporal evo-
lution of the radial electric field (E,)q, for each case. In the full-f simulation using
the numerical solution of the gyrokinetic Vlasov equation as the initial distribution
function, the structure of the radial electric field resembles that in the ¢ f simulation.
In contrast, the results from the full- f simulation using the Maxwellian as the initial
distribution function show that the radial electric field is an order of magnitude larger
and its structure differs from the other cases. In this case, due to the large Doppler
shift frequency, the ITG mode drifts in the direction of the electron diamagnetic drift.
In this section, when conducting full- f simulations, we use the numerical solution of
the gyrokinetic Vlasov equation as the initial distribution function to avoid numerical

impurity accumulation. The larger linear growth rate in the full- f simulation when
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using the numerical solution as the initial distribution function compared to that in
the o f simulation, is attributed to the mean radial electric field satisfying the radial
force balance. Due to the Doppler shift frequency canceling with the real frequency,

the ballooning angle decreases, leading to an enhanced linear growth rate [92].

6.2.3 Global gyrokinetic simulation results

The turbulent particle fluxes in the I'TG and TEM turbulence have been studied
using the fluid model [243] and the gyrokinetic model [267, 268|, and a quasilinear

particle flux can be expressed as

Iy R R
R— =D;— + Dps— + RV

Uz Lns LTs

(6.17)

The transport coefficients D,, D7, and the convective velocity V, are functions of the
(6.17) represents the

thermodiffusion and is expected to be dominant as a result of heating because it is

temperature and density gradients. The second term in Eq.

proportional to the temperature gradient. In the presence of impurities, there are
degrees of freedom in the particle fluxes as I', ~ I'; + ZI',. Therefore, for example,

when I, is negative, it does not necessarily imply that I'; and I", are also negative.

$

(R/L1i, R/Lte, R/LTz) = (10, 6, 10)

(R/Lti, R/L7e, R/LT7) = (6, 10, 6)

(R/Lti, R/Lte, R/L7;) = (10, 10, 10)
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Fig.  6.20: Linear growth rate (a) and real frequency (b) for the cases of

(R/Lti, R/ Lre, R/Ly,) =

(10,6,10), (6,10, 6), (10, 10, 10).

To investigate the changes in particle fluxes due to heating, we conduct global

0f gyrokinetic simulations using the hybrid electron model for cases of ion heat-
ing (R/Lri,R/Lt.,R/L7.) = (10,6,10), electron heating (R/Lr;, R/Lte, R/Lt.) =
(6,10,6), and ion and electron heating (R/Lr;, R/Lre, R/Ly.) = (10,10,10). A 1/4

wedge torus with ay =
(NT7N07N¢7NUH7N,LL> =

100 and ag/R = 0.36 is employed and the grid numbers are
(80,256, 64,96, 16). The initial density gradients are (R/L,;,
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R/Lye,R/Ly.) = (3,3,3), and the normalized collision frequency is v, = 0.025. The
mass ratio is \/m;/m. = 10 to reduce computational time. Figure 6.20(a) and 6.20(b)
show the linear growth rate and real frequency. It can be seen that the I'TG mode is
dominant for ion heating (R/Lr;, R/Lre, R/Lt.) = (10,6, 10), while the TEM is dom-
inant for electron heating (R/Ly;, R/ Lre, R/Lt,) = (10,10, 10). In the case of ion and
electron heating (R/Ly;, R/Lte, R/Lr,) = (10,10, 10), the ITG mode is dominant in
the low wavenumber region and the TEM is dominant in the high wavenumber region,
with the linear growth rate in the low wavenumber region being larger than that in
the high wavenumber region. In the case of electron heating, the linear growth rate is
the highest. On the other hand, when both ions and electrons are heated, the linear

growth rate is the lowest.
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Fig. 6.21: Radial profiles of the bulk ion, electron, impurity densities for
(R/L7i, R/ Lre, R/ Lt,) = (10,6, 10), (6, 10,6), and (10, 10, 10).

Figure 6.21 shows the flux-surface averaged radial profiles of the bulk ion, electron,
and impurity density at tvr; /Ry = 90 after nonlinear saturation, which are normalized
by ng; = 0.8, ng. = 1, and ng, = 0.33, respectively. In the case of ion heating, the
inward bulk ion transport and outward impurity transport occur, which are roughly
balanced (I';+ ZT", ~ 0). The bulk ion particle flux is negative because the thermodif-
fusion pinch is dominant. In the absence of impurities, I'; ~ I', is satisfied and the bulk
ion and electron density profile become peaked. However, in the presence of impurities,
while the bulk ion density profile becomes peaked, the electron density profile changes
little, and the impurity density profile relaxes instead. In the case of electron heating,
the negative electron particle flux and the negative bulk ion particle flux are balanced

(I'; ~ T',), and the impurity transport is much smaller than that in other cases. When
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the electron density gradient is large and the density gradient driven TEM is dominant,
the first term in Eq. (6.17) becomes dominant, so the bulk ion and electron particle
fluxes are outward, which leads to particle pump-out. In this case, the impurity parti-
cle flux is also outward and the impurity density profile is relaxed. In the case of ion
and electron heating, the particle pinch of bulk ions and electrons that is about one
order of magnitude larger than that in the other cases results in density peaking, as
shown in Fig. 6.21(c). Because the absolute value of the particle flux of bulk ions is
larger than that of electrons, the impurity is exhausted outward (ZI', ~T'. —I'; > 0).
The maximum impurity particle flux in the case of ion and electron heating is about

2.4 times larger than that in the case of ion heating.
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Fig. 6.22: Temporal evolution of the bulk ion, electron, and impurity particle fluxes in
the §f simulation (a) and the full-f simulation (b). (¢) Radial density profile of bulk

ions and impurities for the d f and full- f simulations.

Figures 6.22(a) and 6.22(b) depict the temporal evolution of the bulk ion, electron,
and impurity particle fluxes for the ion and electron heating case, as obtained from the
0 f and full-f simulations, respectively. Due to the Doppler shift frequency, the linear
growth rate and turbulence intensity in the full-f simulation are smaller than those
in the 0 f simulation. In the full- f simulation, the large inward bulk ion and electron
particle fluxes, as well as the large outward impurity particle flux, are observed. These
results are qualitatively consistent with those obtained from the §f simulation. The
neoclassical particle fluxes are an order of magnitude smaller than the turbulent particle
fluxes. Since electrons have a smaller mass and a shorter time to reach equilibrium,
(—Tevn) fr = (=T ExB n=0) for 18 satisfied. As a result, the net electron neoclassical
particle flux is nearly zero. On the other hand, due to the larger mass of the impurities,

the inward neoclassical particle flux occurs. However, since the turbulent impurity



6.2 Fuel supply and impurity exhaust by ITG and TEM turbulence

180

particle flux is much larger, the impurity density profile is relaxed. Figure 6.22(c)
shows the radial profile of the bulk ion and impurity densities at tvr;/Ry = 90 in the
0f and full-f simulations. In both cases, the ion density is peaked and the impurity
density is relaxed. The bulk ion density profile in the ¢ f simulation is more peaked
than in the full- f simulation. This is attributed to the initial bulk ion density and its
gradient being smaller in the full- f simulation compared to those in the J f simulation.
The initial distribution function in the full- f simulation is a numerical solution of the
gyrokinetic Vlasov equation. Therefore, before conducting the full- f simulation, it is
necessary to perform a neoclassical simulation with the electrostatic potential being
zero and the initial distribution function as Maxwellian. Due to the neoclassical particle
transport, the bulk ion density relaxes, leading to a smaller gradient of the initial bulk
ion density in the full- f simulation.

When only the electron temperature gradient is large, the TEM becomes dominant.
In this case, neither the particle pinch in bulk ions nor outward impurity transport
occurs. When only the ion temperature gradient is large, the ITG turbulence drives
a small inward bulk ion particle lux and an outward impurity particle flux. In this
case, since the electron temperature gradient is relatively small, the bulk ion particle
flux and the impurity particle flux are balanced, resulting in the small electron particle
flux. When both ion and electron temperature gradients are large, the large particle
pinch occurs for both bulk ions and electrons, along with the large outward impurity
transport. The dominant mode in this case is also the ITG mode. To achieve both
fuel supply and impurity exhaust, it is essential that the dominant mode is the ITG
mode and there is a large electron temperature gradient. We investigate whether the
electron pinch occurs as a result of the influence of the electron temperature gradient

on the ITG turbulence or if it occurs due to other effects of the electron temperature

gradient.
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Fig. 6.23: Linear growth rate (a) and real frequency (b) for the cases of
(R/Lri,R/Lre, R/Lr.) = (8,8,8),(10,8,10).
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Figures 6.23(a) and 6.23(b) show the linear growth rate and the real frequency for
the cases of (R/Ly;, R/ Lre, R/Lr.) = (8,8,8) and (R/Ly;, R/ Lre, R/ Lr.) = (10, 8, 10),
respectively. The case of (R/Ly;, R/Lre, R/Lr.) = (8,8,8) corresponds to the case
where both ions and electrons are heated. In the low wavenumber region, the ITG
mode is dominant, while in the high wavenumber region, the TEM is dominant. The
linear growth rate of the I'TG mode is larger. The case of (R/Ly;, R/Lye, R/Ly,) =
(10, 8,10) corresponds to a situation where ion heating is further applied from the
case of (R/Lp;, R/Lt.,R/Ly,) = (8,8,8). Due to the large ion temperature gra-
dient, the I'TG mode is dominant across the entire spectrum. In both cases, the
electron temperature gradient is R/Ly. = 8. If a large electron pinch is induced
by the ITG turbulence, one would expect the electron particle flux, along with the
inward bulk ion and outward impurity particle fluxes, to be larger in the case of
(R/L7i, R/ Lre, R/Ly,) = (10,8,10). However, Fig. 6.24 indicates that the particle
fluxes in the case of (R/Ly;, R/Lre, R/Lr.) = (8,8,8) is larger than those in the case
of (R/Lri, R/Lye, R/Lr,) = (10,8,10). This result suggests that even when the tem-
perature gradients and linear growth rate are large, the particle fluxes are smaller. This
implies that a significant electron pinch is not necessarily driven by the ITG turbulence

only.
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Fig. 6.24: Temporal evolution of the bulk ion, electron, and impurity particle fluxes
for (R/LT“ R/LTe, R/LTZ) = (8, 8, 8) (a) and (R/LT“ R/LTe, R/LTZ) = (10, 8, 10) (b)
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mode 1 (CR=57.3%) mode 2 (CR=36.0%)
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Fig. 6.25: Eigenmodes of the m = 20 electrostatic potential the cases of
(R/Lri, R/Lre, R/Lr,) = (8,8,8) (a) and (R/Ly;, R/Lte, R/L7,) = (10,8,10) (b)

We propose the hypothesis that a significant electron pinch in cases dominated by
the I'TG mode is also driven by a subdominant TEM. Figure 6.25 shows the eigenmodes
of the n = 20 electrostatic potential in the linear phase, as obtained by DMD, along
with their contribution rates. For the case of (R/Lr;, R/Lt., R/Lr.) = (10,8,10), it
can be seen that the eigenmode with the largest contribution rate corresponds to the
ITG mode and is dominat. On the other hand, for the case of (R/Ly;, R/ Lre, R/Lrt,) =
(8,8,8), the second largest contributing eigenmode corresponds to the TEM, and its
contribution rate is relatively large. It is worth noting that in this case, the second
eigenmode corresponds to the TEM, even for n = 12, where the linear growth rate of the
ITG mode is the largest. Based on this hypothesis, it can be concluded that the ratio
of ITG turbulence intensity to TEM turbulence intensity is crucial for simultaneously
achieving fuel supply and impurity exhaust. For the case of (R/Lz;, R/ Lte, R/Lr,) =
(10, 8,10), despite the large free energy and turbulence intensity, the small particle
fluxes can be explained by the intensity of the I'TG turbulence being much larger than
that of the TEM turbulence, which did not induce the large electron pinch. From these
results, it is suggested that in order to induce a large inward particle transport of bulk
ions and electrons and a large outward particle transport of impurities, it is necessary

to heat both ions and electrons and maintain an appropriate ratio of the amplitudes
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of the ITG mode and the TEM.



Chapter 7

Summary

7.1 Gyrokinetic entropy balances and dynamics

The first-order entropy density equation and the second-order entropy density equa-
tion were derived from the gyrokinetic Vlasov equation. The first-order entropy cor-
responds to thermodynamic entropy. It can be approximated as S ~ 30P;/(2T;),
representing the entropy change associated with profile relaxation. On the other hand,
the second-order entropy corresponds to the fluctuation entropy and is related to the
turbulence intensity. The first-order entropy and the second-order entropy interact
through the interaction term a. The simulations revealed that a corresponds to the
entropy change due to the heat flux. This implies that the temperature profile in
real space and the fluctuations in velocity space interact via the heat flux. From the
temporal evolution of the first-order entropy equation, it was found that the entropy
production due to the heat flux I' and the entropy destruction due to the energy in-
put/output —F are balanced. The collision term has little influence on the first-order
entropy which is primarily determined the thermodynamic terms. From the temporal
evolution of the second-order entropy equation, it was found that the entropy produc-
tion due to the collisonal dissipation D and the entropy destruction due to the phase
mixing —I" are balanced. This entropy balance is consistent with previous studies and
suggests that D is determined by I'. The causality is also demonstrated through the
CCF analysis. In the absence of collisions D = 0, even when the electrostatic potential
is saturated, the second-order entropy decreases due to —I" infinitely. This is the en-
tropy paradox that has been confirmed in previous studies. We identified a new type
of entropy paradox wherein the first-order entropy increases to infinity in the absence
of energy input/output £ = 0. This implies that £ and D are essential for the system
to reach a quasi-steady state. The second-order entropy reaches a steady state more
quickly than the first-order entropy. However, it takes a longer time than the turbu-

lence saturation time. In the quasi-steady state, the second-order entropy fluctuates
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and its autocorrelation function decays, more rapidly.

The relationship between flow and entropy production is often a subject of debate.
Some argue that when ordered flows like zonal flows exists, entropy, which evaluates
degree of disorder, should decrease. On the other hand, since entropy is correlated with
the temperature gradient, there are those who believe that the zonal flows could lead
to an increase in entropy. The entropy balances indicate that entropy is generated by
D rather than I'. This means that the net entropy is produced in velocity space, and
turbulence and flows in real space do not directly contribute to entropy generation. It
is expected that entropy production rate increases due to the zonal flows. In order to
verify this, simulations were performed at different collision frequencies. The simula-
tion results indicate that entropy production rate correlates with the flow shear and
increases as confinement performance improves.

On the whole, the second-order entropy is determined by —I' and D. However, it
became clear that locally, the second-order entropy is dominated by the advective term.
This implies that the turbulence exhibits non-local dynamics, which was not previously
shown in previous local gyrokinetic simulations. The fluctuation entropy production
rate propagates radially together with the heat avalanches. The positive first-order
entropy production rate corresponds to bumps, while the negative one corresponds to
voids. The bumps propagate with the outward avalanches, and the voids propagate
with the inward avalanches. This is consistent with the symmetry-breaking avalanche
theory. Overall, since the first-order entropy production rate increases by the entropy
change due to the heat flux, 9S™" /0t and T are in-phase. Locally, however, due to the
time lag for the heat flux to respond to change in the temperature profile, I' increases
after the rise in S /dt. The time delay is on the same order as the inverse of the
linear growth rate. The relationship between I' and D holds locally. D increases after
an increase in I'. Locally, the entropy change due to the entropy advection is more

significant than the entropy increase from the collisional dissipation.

7.2 Effects of magnetic island on profile formation

In order to investigate the effects of magnetic islands on turbulent transport and
profile formation, we performed neoclassical and turbulent simulations with a (m,n) =
(2,1) static magnetic island. When magnetic islands are present, the computation of
the flux-surface average is challenging. Consequently, even for the adiabatic electron
model or the hybrid electron model, solving the electrostatic gyrokinetic Poisson equa-
tion is difficult. To address this issue, we developed a novel algorithm called the labeling
method. The method consists of three steps: (1) calculating the equations for the mag-

netic field lines, (2) grouping the 3D real space grid points, and (3) taking the average
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for each group. In the absence of magnetic islands, all grid points are located on the
magnetic surfaces, and the flux-surface average computed using the labeling method
closely matches that of the precise calculation. When a magnetic island is present, it
was confirmed that, in addition to the (0,0) component, the (2,1) harmonics have a
large value. With the implementation of the labeling method, we were able to repro-
duce the previously reported results where the (0,0) electrostatic potential ¢y and
the (2,1) electrostatic potential ¢ 1) oscillate at the GAM frequency. ¢ o) and ¢ 1)
are out of phase with ¢y by 7/2. Therefore, it is considered that the oscillation of
¢(2,1) originates from an electric field that produces the polarization current, balancing
the diamagnetic current.

In the neoclassical simulation, it was found that when only the gyrokinetic Vlasov
equation is computed while the electrostatic potential is zero, the ion temperature and
density profiles are flattened at the O-point, however when both the gyrokinetic Vlasov
equation and the gyrokinetic Poisson equation are self-consistently solved, although
the temperature profile is flattened at the O-point, the density profile is not flattened.
From the numerical calculation of the parallel force balance equation which is derived
from the gyrokinetic Vlasov equation, it was found that inside the magnetic island,
(1/m;)(0/0r) <pr">9,so = (nApr)y,, is satisfied. (1/m;)(9/0r) <p||br>(w represents the
force derived from parallel streaming, and (nAg,), , = <ff(e/m?)B;fErfidedu>97¢ is
the force due to the mean radial electric field. When the electrostatic potential is zero,
the parallel momentum is driven by (1/m;)(9/0r) <p||br>97‘p

to relax. On the other hand, when the gyrokinetic Vlasov equation and the gyrokinetic

, causing the density profile

Poisson equation are self-consistently solved, (1/m;)(8/0r) (pb, ) 5., balances with the
force due to the radial electric field, preventing the density profile from becoming
flat. The issue of whether the gradients of the profiles inside the magnetic island
relax is of importance because it greatly influences the stability of the NTM and the
associated confinement performance. In previous studies, it has been pointed out that
the density gradient inside the magnetic island is maintained due to the presence of
trapped particles and collisional transport. The finding that the density profile does
not relax due to the force from the radial electric field is novel. The destabilizing
effects due to magnetic islands cannot be adequately evaluated unless the evolution
of the background profiles is also computed self-consistently. In previous studies, this
effect could have been overestimated.

The turbulence simulation was conducted for the input power of 2 MW, and the size
PDF was calculated. Inside the magnetic island, it was observed that the turbulence
vortices are smaller than in the absence of a magnetic island. Moreover, around the
periphery of the magnetic island, the turbulent vortices are torn apart, leading to an

increase in the number of small vortices, and it was also noted that there is a decrease
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in the relatively large vortices. This is believed to be due to the shearing effects of the
mesoscale vortex mode, which has the same mode numbers as the magnetic island. The
area of the vortex mode is larger than that of the turbulence vortices. For g = 0.05,
the distribution of positive and negative heat fluxes with respect to the size is similar
in cases with and without the magnetic island. That is, the vortex mode does not

significantly contribute to the radial heat flux.
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Fig. 7.1: Hysteresis of the turbulent heat flux and temperature gradient length aver-

aged inside the magnetic island.

The results of the flux-driven ITG turbulence simulation where the input power is
16 MW revealed a quasi-periodic transport reduction due to the interaction between
the temperature profile and the vortex mode. Figure 7.1 shows the Lissajous plot of the
turbulent heat flux and the temperature gradient length averaged inside the magnetic
island. The color bar represents the time from tvr;/Rg = 55 when the ITG linear
mode saturates. The hysteresis loop reflects a predator—prey relationship between the
vortex mode and the temperature gradient. The ITG turbulence is driven by the
temperature gradient in phase A in Fig. 7.1. Subsequently, the vortex mode grows
linearly due to the nonlinear coupling of drift waves. By an analytical analysis based
on the Hasegawa-Mima equation, it was confirmed that the vortex mode is excited by
two waves. In phase B, the heat transport from the O-point regions to the X-point
region occurs, leading to a reduction in the temperature gradient within the magnetic

island. It is in antiphase with the amplitude of the vortex mode. The vortex mode



7.2 Effects of magnetic island on profile formation

188

drifts due to the mean electric field, and its drift velocity decreases with the relaxation
of the temperature gradient. In phases C and D, because of the shearing effects of the
vortex mode and the small temperature gradient, the heat flux and thermal diffusion
coefficient inside the magnetic island are reduced. As the temperature gradient becomes
small, the amplitude of the vortex mode decreases. When it becomes smaller than the
amplitude of the turbulence, the turbulent structure becomes similar to that in the
absence of a magnetic island. In phase E, because the vortex mode is absent and
there are no shearing effects, the heat avalanche occurs inside the magnetic island.
This result suggests that the mean electric field alone is not sufficient to reduce the
turbulent heat flux and that the vortex mode is essential for transport reduction.

In this study, a internal transport barrier was not observed. This might be due to
the introduction of the relatively small magnetic island W =~ 22p;. In previous study,
it has been pointed out that when the island width W exceeds the threshold width
W, ~ 33p;, the flow shear increases proportionally to W. Therefore, by introducing
larger magnetic islands, there is a possibility that a internal transport barrier could be

formed.
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Fig. 7.2: Hysteresis loops for the input powers of 16 MW (blue) and 64 MW (red).

Another approach to form a transport barrier is to increase the input power. Fig.
7.2 shows the Lissajous plots for the input powers of 16 MW and 64 MW. As shown
in Fig. 7.2, as the heating power increases, the center of the hysteresis loop shifts
to the right. Hence, if the heating is sufficiently strong, a transport barrier could be
formed by the positive feedback loop where the temperature gradient increases, leading
to the larger mean electric field that suppresses the turbulence, further increasing the

temperature gradient.
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7.3 Impurity transport and profile formation

In order to investigate the characteristics of the tIM and turbulent transport driven
by the tIM turbulence, the stability analysis and gyrokinetic simulations were per-
formed for a hollow impurity density profile.

The stability analysis using a simple fluid model indicates that w,;w., < 0 and
wyiwp; > 0 must be satisfied for the tIM to grow. This condition implies that the
ion density gradient is in the opposite direction to the impurity density gradient and
is in the same direction as the magnetic field gradient. These are satisfied in the
bad curvature region. The results of the stability analysis showed that as |R/L,,.]|
and f. increase, the linear growth rate of the tIM increases. These dependences were
confirmed by the linear gyrokinetic simulations. We proposed the physical mechanism
for the tIM similar to an interchange instability. In this model, the tIM is driven by the
effective charge gradient, and the instability occurs when the effective charge gradient
and magnetic field gradient are in the opposite direction. This condition is satisfied in
the bad curvature region when the impurity density has a hollow profile.

The simulations for the tIM were conducted in the absence of temperature gradients.
Despite the real frequency of the tIM being in the ion diamagnetic drift direction, it
was found that the ballooning angle of the tIM is negative. Furthermore, compared to
the case of the pure I'TG mode, the ballooning structure is larger, and the center of
the mode shifts outward. From the nonlinear global gyrokinetic simulations of the tIM
turbulence, it was revealed that the tIM turbulence drives the large inward impurity
transport and the large outward ion heat transport. When the linear growth rates
of the tIM and the ITG mode are comparable, the impurity transport due to the
tIM turbulence is an order of magnitude larger than that due to the I'TG turbulence.
Furthermore, even when the linear growth rate of the I'TG mode is more than twice
that of the tIM, the impurity particle flux due to the tIM turbulence is more than
twice as large as that due to the ITG turbulence. The previous study showed that the
impurity particle flux due to the TEM turbulence is an order of magnitude smaller
than that due to the tIM turbulence. It is found that the impurity transport due to
tIM turbulence is significant. When the linear growth rates of the tIM and the ITG
mode are comparable, despite the absence of a temperature gradient, the absolute
value of the ion heat flux due to the tIM turbulence is larger than that due to the
ITG turbulence. This indicates a substantial contribution from the off-diagonal terms
to the heat flux. Moreover, it was found that the turbulent transport due to the tIM
turbulence does not significantly change qualitatively due to the dynamics of electrons.

A robust negative radial electric field was found to form. The profiles of variations
in (Ey)g, and > (Z['s ) are similar, indicating that Y (Z,I's jure) s contributes
significantly to the formation of this electric field. It is noted that unlike local gy-
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rokinetic simulations, in global gyrokinetic simulations, the flute approximation is not
strictly valid; thus, the ambipolar condition is not satisfied. In regions where the radial
electric field is formed, the turbulence intensity is high, so the contribution from zonal
flows may not be negligible.

Due to their lighter mass compared to impurities, the ion density profile reaches
a quasi-steady-state faster than the impurity density profile. Therefore, (I'; v); and
(I'i ExBn=o) s are balanced earlier. During the burst phase, this balance is not estab-
lished. The dynamics of (I'; vp)r and (ZI', yp)s in this phase are consistent with the
theory of the enhanced neoclassical transport and can be explained by the formation
of the negative radial electric field.

For the small temperature gradients, the linear growth rate of the tIM is larger than
that of the ITG mode, indicating that the tIM is dominant. Because the contribution
from the off-diagonal term proportional to the ion density gradient is large, the inward
ion heat flux occurs despite the presence of the negative ion temperature gradient. The
inward ion heat flux is greater than the sum of the outward heat flux of impurities and
electrons, resulting in the net heat flux directed inward. This result suggests that if
the dominant mode changes from the ITG mode to the tIM by impurity injection, the
central temperatures and the temperature gradients could increase. For the adiabatic
electron model, since I'; j70 + 21", 1urp > 0, a negative radial electric field arises, but the
electric field is small due to the minor difference in the turbulent particle fluxes. In the
case of the hybrid electron model, I'; yyrp — e turt + 21, tury < 0, leading to the formation
of a positive radial electric field. The direction of a radial electric field changes the
direction of the particle transport due to the magnetic drift. In turbulent transport
caused by tIM turbulence, the dynamics of electrons play a crucial role, suggesting
that they cannot be ignored.

In the presence of the large temperature gradients, the dominant mode is the ITG
mode. In contrast to the case where the tIM is dominant, the large outward ion and
electron heat fluxes were observed. It was revealed that the large impurity trans-
port is generated by the subdominant tIM even when the ITG mode is dominant.
By applying DMD to the time series data of the electrostatic potential in the linear
phase, the subdominant mode was detected. Although the contribution rate of the
subdominant mode is only 8.5%, it plays a significant role in transport. The electron
particle transport is smaller compared to the ion and impurity particle transports,
T twrt|y |21 s turn] > |Terurs|- For both the adiabatic electron model and the hybrid
electron model, since I'; y,0p + 21", 4urp < 0, & positive radial electric field is formed.

In the presence of a hollow impurity density profile, the large turbulent impurity
transport occurs regardless of the dominant mode. If the impurity density becomes a

peaked profile by the turbulent and neoclassical impurity flux, the tIM and the ITG
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mode are stabilized. as future work, we plan to investigate the statistical properties of
turbulent transport by performing gradient-driven ¢ f simulations with a source term.
We also plan to verify impurity profile peaking and associated turbulence suppression
due to the turbulent and neoclassical impurity transport by performing flux-driven
full- f simulations.

We explored control methods to simultaneously achieve fuel supply and impurity
exhaust through heating when a peaked impurity density profile is present. When
only electrons are heated, the temperature gradient driven TEM becomes dominant.
In this case, the particle fluxes are small, the density profiles hardly change, and
the initial density gradients are preserved. On the other hand, when only ions are
heated, the ITG mode becomes dominant, and the inward bulk ion particle flux and
the outward impurity particle flux are observed. I'; + ZT', ~ 0 holds, and the electron
particle flux is 56 times smaller than the bulk ion and impurity particle fluxes. The
impurity density profile relaxes, while the bulk ion and electron density profiles remain
largely unchanged. When both ions and electrons are heated, the I'TG mode and TEM
coexist, with the ITG mode dominating in the low wavenumber region and the TEM
prevailing in the high wavenumber region. The linear growth rate is higher in the
low wavenumber region. In this case, compared to when only ions are heated, the
inward bulk ion particle flux that is 7.1 times larger and the inward electron particle
flux that is 14.3 times larger are generated. Since the bulk ion particle flux is large
and ZI', ~ ', — I'; > 0, the impurity particle flux is positive and 2.4 times larger
than that when only ions are heated. As a result, the density profiles of bulk ions and
electrons become significantly peaked, and the impurity density profile is substantially
relaxed. It was found from the full- f simulation that these particle fluxes are driven
by turbulence, and the neoclassical particle fluxes are an order of magnitude smaller
than the turbulent particle fluxes. These results indicate that fuel supply and impurity
exhaust can be achieved when the dominant mode is the ITG mode and there is a large
electron temperature gradient.

With only a large ion temperature gradient, the dynamics of the densities is roughly
determined by the bulk ion and impurity particle fluxes. The presence of a large
electron temperature gradient and the resulting significant inward electron particle
flux are crucial for achieving both fuel supply and impurity exhaust. To investigate
what drives this electron particle flux, we peformed the simulation in the case where
ions are strongly heated and electrons are heated. The I'TG mode is dominant across
the entire spectrum, and the linear growth rate is larger than that when both ions
and electrons are heated to the same degree. However, in this case, the turbulent
particle fluxes are smaller. The result suggests that the large electron particle flux
is not solely driven by the ITG turbulence. We believe that a subdominant TEM
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plays a significant role. This is because the turbulent particle fluxes are larger when
the contribution rate of the subdominant TEM is large, even when the temperature
gradients and linear growth rate are small. It was found that by heating both ions and
electrons and maintaining an appropriate ratio of ITG turbulence intensity to TEM
turbulence intensity, it is possible to achieve both fuel supply and impurity exhaust.
We plan to perform full-f simulations to investigate whether fuel supply and im-
purity exhaust can be achieved by gradually increasing the temperature gradients by
heating from small temperature gradients. Additionally, it is needed to examine the
impurity species dependency in detail. As the charge and mass of impurities increase,
instabilities stabilize, implying that high heating power could be required to exhaust
of high Z impurities using this method. We plan to investigate the necessary heating
power and temperature gradients for their exhaust. In this study, the self-collision
operator is employed, so neoclassical transport was not accurately evaluated. There is
also a need to implement a multi-species collision operator and precisely evaluate the

magnitude of neoclassical transport.



Appendix A

Size probability distribution

function analysis

The size probability distribution function (size-PDF) analysis is a method devel-
oped to elucidate features of real-space turbulent vortices that cannot be captured by
spectral analysis [180]. By using this analysis, the probability distribution function
for the size of turbulent eddies and the contribution of each vortex to the heat flux
can be obtained. The method initially labels each eddy from the real-space three-
dimensional data of the heat flux and electrostatic potential obtained from gyrokinetic
simulations, as illustrated in Fig. A.1. Although turbulent eddies inherently possess
a three-dimensional structure, in this method, two-dimensional turbulent vortices in a
poloidal cross-section are considered independent from those in other poloidal cross-
sections. After labeling the turbulence vortices in each poloidal cross-section, these
results are aggregated, and statistical outcomes are produced. Therefore, as N, in-
creases, the accuracy of the analysis increases. The analysis is conducted using N,
cores. Each core simultaneously labels the turbulence vortices in a different poloidal

cross-section. Therefore, the computational time does not depend on N,,.

To label the turbulence vortices in real space, the data in two-dimensional polar
coordinates Q(r, 0) is first converted to data in two-dimensional Cartesian coordinates
Q(z,y). The conversion formulas are given by r = 2? + y* and § = arctan(y/x). The
number of meshes in the z direction and y direction is given by Ny = N, = N, = 1500,
which is considerably larger compared to NN, and Ny. In the Cartesian coordinates,
the mesh width is Az = Ay = 2ag/N;p; and the cell size is AzAy = (2a9/N;)*p?.
Since Q(z,y) is not a value on the nodes in the polar coordinates, it is necessary to
evaluate the value through interpolation. In this analysis, the bilinear interpolation,
as explained in Fig. A.2, is employed. In Fig. A.2, 01, 05, 11, 3, Q1, Q2, Q3, and Q4
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Fig. A.1: Overview of the algorithm for labeling turbulent eddies.

are, respectively, 6, = 0 — kA0, 0y = A0 —0,, r1 = (1= D)Ar+Ar/2, ro = IAr+ Ar/2,
Q1 =Q(Ar/2+(I+1)Ar,A0/2+ (k+1)A0), Q2 = Q(Ar/24+1Ar, AG/2+ (k+1)A0),
Qs = Q(Ar/2 + (I + 1)Ar,A8/2 + kAf), and Q4 = Q(Ar/2 + IAr,A8/2 + kAD)
where where k = [0/Af] and | = [(r — Ar/2)/Ar| + 1. The areas colored red, blue,

green, and yellow are w; = (12 — r3)0; /2, wy = (13 — r*)01/2, w3 = (r* — r#)6,/2, and

wy = (r2 —1r?)0,/2, respectively. The sum of these areas is

2 .2
=S, = 12T )A0 A1
> ;
=1

Therefore, Q(z,y) is evaluated as
=
= — Qs A2
mw)w;m@ (A-2)

It should be noted that we assume that the values change linearly on the radial and

poloidal direction, the interpolation itself is performed in the polar system.
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Fig. A.2: Schematic diagram of the bilinear interpolation.

For the case where @) is positive (negative), cells satisfying @ > Q. (Q < —Q.) are
considered as occupied cells where ). = BQmax is a threshold value, and [ represents
the cutoff ratio to the maximum heat flux Q.. Previous research has shown that
f < 0.1 needs to be satisfied [180]. However, in the presence of a magnetic island,
the turbulent heat flux cannot be reproduced in Cartesian coordinates unless 5 < 0.01
as shown in Fig. A.3. Figure A.3 represents the average heat flux at each toroidal
angle in both polar and Cartesian coordinates. The red and blue lines respectively
represent the positive and negative heat fluxes in Cartesian coordinates, divided by 15.
The heat flux corresponds to one at tvp;/ Ry = 200 in the simulation with a magnetic
island, as discussed in subsection 5.3.2. (a), (b), and (c) correspond to the cases of
£ =0.05, 8 = 0.025, and 5 = 0.01, respectively, with the ratio of the net heat flux in
Cartesian coordinate to the real net heat flux in polar coordinate being approximately
3%, 56%, and 95%, respectively. In the bottom-right of Fig. A.1, occupied cells are
shown in green and unoccupied cells in navy. In order to label clusters composed of
occupied cells, the Hoshen-Kopelman algorithm [269], which is based on the union-find

algorithm, is employed. Through raster scan, occupied cells are identified and checked
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Fig. A.3: Heat flux in each poloidal cross-section in both polar and Cartesian coordi-

nates.

for adjacency with other occupied cells to determine and label clusters. The Hoshen-

Kopelman algorithm is described by three functions: find, union, and rescan. They

are defined as follows.

function A.1: find

0 N O O = W N =

SUBROUTINE find(label_list, k, N, label)
IMPLICIT NONE
INTEGER k¥ , N , label_list(N) , label

DO WHILE (label_list(k) .ne. k)
k = 1label_list (k)

END DO
label = label_list (k)
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9 END SUBROUTINE find

function A.2: union

1 SUBROUTINE union(left, above, label_list, N)
2 IMPLICIT NONE
3 INTEGER left, above, N, label_list(N), x, y
4
5 CALL find(label, left, N, x)
6 CALL find(label, above, N, y)
7
8 IF (x .gt. y) THEN
9 label_list(x) =y
10 ELSE
11 label_list(y) = x
12 END IF
13 END SUBROUTINE union
function A.3: rescan
1 SUBROUTINE rescan(label, N_I, label_list, N)
2 IMPLICIT NONE
3 integer N_I, N, label(N_I, N_I)
4 integer label_list(N), temp, i, j
5)
6 DO i =1 , N_I
7 DO j =1, N_I
8 IF (label(i, j) .ne. 0) THEN
9 temp = label (i, j)
10 IF (temp .ne. label_list(temp)) THEN
11 CALL find(label_list, temp, N, label(i, j))
12 END IF
13 END IF
14 END DO
15 END DO
16 END SUBROUTINE rescan

N is a constant greater than the number of occupied cells and label list records
the label for each occupied cell. Initially, each occupied cell is assigned a unique label,
therefore, label_list(k)==k is satisfied. If label_list(1)==k then labels 1 and k

belong to the same cluster. When there is an occupied cell to the left or above an



198

occupied cell, find is called, and the label of the neighboring occupied cell is assigned
to that cell. When there is an occupied cell both to the left and above an occupied cell,
union is called. In union, the labels of the left cell x and the upper cell y are checked,
and the larger label is replaced with the smaller label. After calling union, the label
of the upper cell is assigned to that cell through find. After a raster scan, there still
exist the occupied cells that satisfy label list (k) #k. rescan aligns all labels of the
occupied cells with those provided in label_list. Through this algorithm, turbulent
vortices are labeled as illustrated in the bottom-left of Fig. A.1. The size of a cluster
is determined by the sum of its constituent cells, and the heat flux of the cluster is
computed based on the heat flux possessed by its cells. As a result, the relationship
between the area and the heat flux of turbulent vortices is obtained.

By labeling the turbulent vortices across all poloidal cross-sections, the number
of turbulent vortices generating positive heat flux, N*, and the number of turbulent
vortices producing negative heat flux, N—, can be determined. To plot the probability
distribution function P*(S) for the size S* of the turbulent vortices on a logarithmic
scale, we employ dSiog = (10g(Smax) — 10g(Smin))/N; as the size spacing. N, represents
the number of grid points, Sp.x and Sy, are the maximum and minimum size, respec-
tively, given as Spax = 5 X 10%p? and Sy = p?. The size-PDF P*(S) is obtained

as

+
Ns
NE’

where dSinear = exp(log S + dSiog) represents the size spacing on a linear scale, and

P*(8)dShinear = (A.3)

N, Si denotes the number of vortices with an area ranging from S to S + dSinear- Pi(S )

satisfies

SIIlaX
/ PE(S)dSinear = 1. (A.4)
S,

It is noted that N; should be adjusted appropriately, depending on the size and number
of turbulent eddies. Figure A.4 shows the size-PDF of the electrostatic potential inside
the island. The orange dots display the size-PDF for N; = 80, which is very small
compared to analyzing the entire torus, and the blue dots show that for N; = 800.
It can be observed that as N, increases, the size-PDF becomes linear. If the cells are
sufficiently small, vortices of exactly the same area do not exist. If the size spacing is
exceedingly narrow (IN; — 00), there exists only one vortex with an area ranging from
S to S + dSinear- Hence, the size-PDF becomes a monotonically decreasing straight

line.
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Fig. A.4: Size-PDF of the electrostatic potential inside the island.



Appendix B

Dynamic mode decomposition

A description of the dynamic mode decomposition used to detect the subdominant
mode is presented. Dynamic mode decomposition (DMD) is a numerical algorithm
that simultaneously extracts the characteristic spatial structures of time series data
and its frequencies. This corresponds to finding the eigenfunctions and eigenvalues of
the Koopman operator K.

A discrete dynamical system on a state space S is given by
") = F (2®) (B.1)

using the flow map F : & — S which maps the state ) to 2*+Y.  Defining the
Koopman operator K : G — G as

Kg (@) =g (F (@) = (go F) (=),

which advances observables of the state g linearly on the observable space G, from Eq.
(B.1), we obtain
g (z*) = Kg (z®). (B.2)

In DMD, the Koopman operator in Eq. (B.2) is approximated as a matrix A € C**"

that advances the state of a system,
2 ) ~ Ag®) (B.3)

where n is the dimension of the system state. When m snapshots are collected to make

matrices

X=[z® & . gmD X'=[2® 28 . zm |, (B.4)

?

Eq. (B.3) becomes
X'~ AX. (B.5)

200



201

In order to obtain the eigenvalues of A and the corresponding eigenmodes from the
time series data, one first finds the matrix A, that minimizes J(A) = [|[AX — X'||% > 0,
where ||A||r is the Frobenius norm of A. Let a;; be the (i,5) component of A and AT
be the adjoint matrix of A, the Frobenius norm of A is defined as ||A[[% = tr (ATA) =
tr (AAT) =3, ~a?. The best fit matrix A, is given by

ij Qi
AXXT=X'XT, (B.6)
When X has r non-zero singular values, the economy singular value decomposition of

X is given by
X =05V} (B.7)

where U, is an n x r unitary matrix , S.isarxr diagonal matrix with the ordered
singular values along the diagonal and \A/,f is the conjugate transpose of a r x (m — 1)

unitary matrix V,. Substituting Eq. (B.7) into equation Eq. (B.6), A, is expressed as
AU, = X'V,571 (B.8)

Since A, is the large matrix with n rows and n columns, it is unwise to calculate the
cigenvalues and eigenvectors of A,. Using the unitary matrix U, as the change-of-basis

matrix, A, is transformed into a r X r matrix A,:

From Eq. (B.8), A, is obtained as

A, =UXVS (B.10)
A, is diagonalized using a invertible matrix W:
WTAW = A. (B.11)

Ais a r x r diagonal matrix of cigenvalues of A,. From Eq. (B.8), (B.9) and (B.11),
A,® = OA is derived, where ® is defined as

o= X'V,5'W (B.12)

Each column of the n x r matrix ® is an eigenfunction representing a characteristic
spatial structure. Using the eigenvalues and eigenfunctions, the time evolution from the
initial state is described as Y = ®AFP+x() where + denotes the Moore-Penrose
pseudoinverse.

The algorithm for DMD is shown below.

1. Create matrices X and X' from time series data. (Eq. (B.4))
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2. Approximate X by singular value decomposition as X = U, %,V (Eq. (B.7))

3. Obtain A which is a similarity transformation of A as A = UIX'V,51 (Eq.
(B.10))

4. Diagonalize A as W AW = A (Eq. (B.11))

5. Calculate the eigenmodes of A as ® = X'V, 5. 'W (Eq. (B.12))

mode 1 (CR=5.62%) mode 2 (CR=5.18%) mode 3 (CR=4.11%) meode 4 (CR=3.62%) mode 5 (CR=3.22%)

mode 6 (CR=2.86%) mode 7 (CR=2.66%) mode 8 (CR=2.40%) mode 9 (CR=2.22%) mode 10 (CR=2.11%)

mode 11 (CR=2.00%) mode 12 (CR=1.94%) mode 13 (CR=1.84%) mode 14 (CR=1.78%) mode 15 (CR=1.73%)

mode 16 (CR=1.68%) mode 17 (CR=1.64%) mode 18 (CR=1.60%) mode 19 (CR=1.54%) mode 20 (CR=1.49%)

mode 21 (CR=1.47%) mode 22 (CR=1.43%) mode 23 (CR=1.38%) mode 24 (CR=1.32%) mode 25 (CR=1.29%)

Fig. B.1: Eigenmodes of the n = 28 electrostatic potential after nonlinear saturation

for Case B in subsection 6.1.4. “CR” is an initialism for contribution rate.

Because it is difficult to apply DMD to the time series data of the turbulent fluctu-

ations after nonlinear saturation, in this study, it is applied to the time series data of
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the electrostatic potential in the linear phase to detect subdominant modes. Fig. B.1
shows the eigenmodes of the n = 28 electrostatic potential after nonlinear saturation
and their contribution rates. It can be seen that there are complex eigenmodes that
are a mixture of the IM and ITG mode. It is difficult to separate the eigenmodes
into the IM and ITG mode, respectively. The radial electric field changes the phase
velocities and ballooning angles, making the problem even more difficult. Figure B.1
also indicates that even with 25 eigenmodes, only 58.1% of the original data can be
reproduced. This is because turbulent fluctuations are represented by the superpo-
sition of a number of eigenmodes. For the data in the linear phase, the cumulative
contribution rate is 93.3% with only three modes, as shown in Fig. 6.14. The difficulty
in classifying the many eigenmodes into the IM and I'TG mode, respectively, prevents
us from determining the relative fluctuation energies of the IM and ITG mode and

their contribution to the particle and heat fluxes.
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