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Characterizing graphs with fully positive semidefinite 
Q-matrices 
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*~O)IAJ$0)~:ffi;~~:·-:n ,-c ~:l1im-fo§1lll [6] ~ ;::'_'l'.1, ,t.:t.: ~ t.: 1, 'o 
1"tlx99ffl$~rd:I t ~:l, C J::OJ *-{~~ A t ~ O)J:.OJ~~ cp: A---+ C O)tJ:l (A, cp) OJ~ t ""0 

&!:> 0 o ~ ~ ""0 cp iJ!~~""c' &!:> 0 t ~;l, ~JjUfJ~{t-e &!:>-::> -C, cp(lA) = 1 ii>-:) cp( a*a) ? 0 ( a E A) 
~rilillt.::'t" ~ t ~1,, 5 (IA ~:l A OJ${ft5c~~9)o A O)jc~:l ({~~S"J) ffl$~15( t rli¥~ih00 
WU ;{Ji, lit$~Fdl (0, F, P) ~:Jt L, A ~:,1,:1i'.S"J~:fl" W.t~ui$~~~#-O) JJx:'t"Pf~ *-{~~ 

( ~ ~ -e * t L, -C~:l~jtl=tofi!'.~!&0) t L,, cp = lE (M1'iJ{[l[) t 't" 0 t, (A, cp) ~:l{~~El"Jlit$ 
~Fdl~:t~ 0 o #FPf~t~,WU t L -c ~:l, IAJfft (·, ·) ~tif-::)JW Hilbert ~Fdl D ~:J-t L -c, A= L(D) 
~ D J::O)~JiUf3{'Fffl~1:ll.ifHf{'Fffl~~tif"'.) ti O)~#-OJJJx:'t" *-{~~t L,, ${ft~:7 l-1vw ED 

~--::)ufilJE'.l,-C 'Pw(a) = (w,aw) (a EA) t't"0 t, (A,cpw) ~;l{~~El"Jlit$~FdJ~;:t~00 ~ 
~, {:f~O){~~El"Jlit$~Fdl (A, cp) ~:Jt L -C, mi Hilbert ~Fdl D t ${ft~ :7 l- Jv w E D, & 
11*-~jqj~'.-!Jr·: A-+ L(D) i)t{i':(£L,-C, cp(a) = 'Pw(1r(a)) (a EA) tt~0 ~ tiJ!)}iJ,00 

G = (V, E) ~~*5t~$i!l!~'7 7 t L,, o(x, y) (x, y EV)~ x, y FdJO)ieifflt ('t"t~:btijim 
~~0J:R6) t 't" 00 fit371JiJ! V O)jc""0~;t*f"1Vt Gnt.: C J::O)fiJIJ~#-OJift@;~ Mv(C) 
t l,, A E Mv(C) ~ G O)l,ttffi91J t 9 00 9t~:b1=>, 

{
1 ifx~y 

Axy = (x,y EV) 
' 0 otherwise 

""0&!:>0o~TL~G(0)00,G~Rmfl"~tfiJE'.Ll5o ~O)t~,A1:~JJx:6h0C 
{~~A= C[A] iJ!JE'.* IJ, ~ n~ G O)~ffi1"tlx t rli¥~o 6 -C, q E ffi. ~--::)u!ITJE L Q-fi 
9'J Q = Qq E Mv(C) ~ 

(Qq)x,y = q8(x,y) (x, YE V) 

1::'JE'.~00 t~:h\ 0° := 1 t~fR't"00 ~ G~:JJL~x EV ti--:)u!ITJEL, GibbsiR.Ml:l!:(* 
t.: ~:l~m~~iR.Mlx) cpq,x ~ 

'Pq,x(B) = (QqOx, Box) = L Bx,y qa(x,y) (B E A) 
yEV 

~: l I) ;E~ Q O ~ ~ ""0, Ox ~:l j'';J..,~ M~-e &!:>Qi)!, J{lv~ O)j:\ (~~: QqOx) ~;ljf35:\Et9t~~ 
ic-eS 00 *f.:, G OJrnifflfl~'i1:l lJ trill~:lfl"~,f[)-e&!:J 0 ~ t ~:B::~6ht.::1,,o 
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fffflm 1. AQq = QqA -jp-:) Qq >,:c O (~1E5E{il'I) tJ 6ti, 'Pq,x Li AJ:OJ~l\fmt tJGo -ttJ:b 
t;, (A, cpq,x) ti{~-i't~Hl&s.~rJ1--e a!:> Go 

□ 

Gibbs tFLM• cpq,x ti 1970 i:J::{~t: Haagerup t: J:: IJ El EBtlfJ:OJ Cayley ~'7 7, -ttJ:btJ 
1:EJ{U*~::t-t L, "C~~ ~ nt.::o Bozejko ~ ( cf. [1]) ti-~OJ*-? Cayley 7'7 7~~::t-t L, "C 
Gibbs tFLM•~~~ L, td1!, WU [5] vili!affl1EJ{U ~l7 7 ~I& IJ J:~ft.:o Gibbs tFLM-~:-::>v, 
"C, J:: IJ~L, < vi [6] ~~jffl~;h,t.:1,,0 1,,fn,t:-ttJ::, flffffll t:J:: 1J Qq OJ~1E5E{i!'I'tivi* 
~m~ --e a!:> IJ , ~ OJ ~lt@i-~ ~ ;t G : 

1r(G) = {q E JR: Qq >,:c O} 

J;)Jf, :,fs:f/ili--C:-vi ;:_ O)m-@rt:OJb?'± § T G ;:_ t t: l.,, (J:OJ~~vi~1t!~;h, "C) G OJ)m?fiiH& 
'tivif&5E L,tJ1,,;:. t ~:-t Go ~ t.::, G ;v;i ]l,~OJbiP 6 tJ Gt~ vi 1r(G) = JR t tJ G OJ"C:', 
J;,ff--C:-vi G OJ]lg.ti~t: 2 .!;)._I: t l., J:: 5 o ~ f71;v, G;:. t t l., "C, SJJ 6 iJ,t: 0, 1 E 1r( G) 
'1:'a!:>IJ, V1:-:)"C1r(G)vi~--@i--C:-titJ1,'o ~6t:, <bL.,Qq ►,:c0tJ6ti, ~~L,t.:2Jl,~'1:' 
~;t*{t~t 6:ht.::±iM'J3nJ 

<b ~ 1E5E{i!'I--C:- a!) I)' ;:_ ;h, J:: IJ 1r( G) C [-1, 1 l t tJ G ;:_ t <b 71;v, GO tJ;;J3, Q-fi37Uti-~ 
OJli!aM~rJ1 r = (X, d) --et5E~--e~, f.tt-:)"Cmir 1r(r) iJ!fpJ:f".lJH:~;t 6:hGiJ;, 1r(r) ti r 
OJ Hilbert ~rJ1.r-_OJ.=~:l:lllb~bOJ::Z~'1:' <b ~t~T G (Schoenberg OJ5EJ:.I) : 

~!12 (cf. [12, Section 9.11). li!aM~rJ1r = (X,d) ~:J-fL,, ~vilm{i!'I--C:-a!:>G: 

(i) [O, 1] c 1r(f) t tJ Go 

(ii) f!ia!:>G Hilbert~rJ11-L.r-_O)-=~:t11lb~b~~-:Jo -ttJ:b'f:;, ll0(x)-0(y)ll 2 = d(x,y) 
(x, y EX) ~rrlillt.:T'&".{t 0: X--+ 1-l ;vtffttT Go 

(iii) d ii X J:OJ~5E{i!'I~--C:-a!;) Go TfJ:b'f:;, LxEX f(x) = 0 ~rrlilit.::"t{f~O) f E Co(X) 
~: J-t L, "C ~ iJ! nx: IJ .ll.-::> : 

L f(x)f(y) d(x, y) :( 0 
x,yEX 

;:.;:.--e,~~)~XJ:OJ~~-~~mOJ•~-fflM•~~OJ·-@i~~~ 

Haagerup-? Bozejko [1] ~Ii, G ;v!*O) t ~ Ii 1r(G) = [-1, 1] t tJ G;:. t ~~ l.,f.:o ~ 
t.::, Bozejko-Szwarc [2] vi, Coxeter t!f J::OJ Cayley ~'7 7 OJt~-@rt:, [A]f.mOJ~s:t~!iESJJ l., 
t.::o -1J, WU [5] lili!a/111EJ{U~'7 70J~3'U'1:'a!:>G Johnson ~'7 7 t Hamming 7''7 7t:-::> 
1,,"[, J:JmO) Schoenberg 0)5EJ:j[~ffl1,,"[ [O, 1] C 1r(G) t fJG ;:_ t ~~l.,f.:o J:: IJ ~:ifr~;:: 
tJ "".) "C, Koohestani-fig:/ffl-lE q:t [7] Ii, ?fim'J I it !!!!1¥.7/~ 7 ,;x - ~ J ~t'if-:J Il[:fl 3 .I;).J: OJ Ji!g 
111:EJ{U 7" 7 7 '1:' 1 ~J q jJq '1:' tJ 1,, <b OJ~:-::> 1,, "C, q-i E 1r( G) ( i = 0, 1, 2, ... ) t tJ G ;:. 
t ~!iESJJ L, t.:: (-~~:~ q ii 0, -1 J;).j'f.OJ~-{i!'I~l&G )o ;:. OJ J:: 5 tJffi/111:EJ{U-7'7 7 OJ,fjlJ 
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t l,--Cff~#:lFq J::()) Grassmann ~-7 77J!~?;,7J'I, :=. O)ijl@;ff~_&{,$:O){_j'[~ q 7J1J5:t tJ: Go 
Voit [14] t:l: Grassmann ~-7 7 v:-:Jt ,--c, J!tJ: 0-¥~~ .fflt ,--c !AJ~())Mf*~fit-::o ~-7 7 
0) Q-fi':JIH:-:Jt,--cvi, [8, 9] t$P.~6:h-t-::l'o 

2022 ft: 8 }=j v: Poland()) B~dlewo --C!ffl1i6 :nt-::OO~~lllv::ti$:t ,--c1, Marek Bozejko .E£: 
~i 11r( G) = [-1, 1] t tJ: 0 •*a$i1li ::7· 7 7 ()) ( ~ \, 'H~m:11 vni--r ~ 0 7]> J t rpi\,' 7]> vt t-:o 
*fiWiO)±M*~i:=.O)rpit,v:~.:z0t())--c~00 *i"- ~())flff/ffl7J1~1J1'z:-:J: 

~~3.G~mM$~~77tT0t~,~~!AJffi--C~0: 

(i) -1 E 1r(G) t tJ:00 

(ii) G ~::1:=ff~:7·7 7'1."~00 

6 G v:, (i) &rJ (ii) 7Jl~ IJ 1'z:-:J t ~, 1r( G) ~i o v:M 1.., --cttffli--r ~ 0 o 

:=. (})flff/fflv: l IJ, [o, 1 J c 1r( G) t tJ: 0 l -5 tJ:=ff~:7-'7 7 a ~%:m:{1vt:ntf ~ t, :=. t v: 
tJ: Q O ;E:E!i[ 2 ~iul7J>v:~ ()) l -5 tJ:%:m:1111 ~lj.;z --c ~it' Q 7Jl, ~\, '~ t, t ~i § t ,ftt 'o ~ 
v:~~ Q ±M*~::l:~'7 7:E!l[~i¥JtJ:%:m:11~t ~lj.;z Q O G ())~~ l, t-:: 2 Ut~ x, y v:tt L 

G(x,y) = {z EV: 8(z,x) = 8(z,y) -1} 

t :J:3 <a TtJ::b'ts, y l I) t X 0)7:fv:Jlit,]JigO)~ft@;--C~ Go 

~W4.G~JJit,(~#2~J::O)mM$~~77tT0t, ~~!AJffi--C~0: 

(i) 1r(G) = [-1, 1] t tJ: 00 

(ii) G 7J' G ~ 0 ~}'z:7:f f,$: (Tllc$P.~) ~())~~;/fflilbj6b7J!f¥t£T 0 o 

(iii) G ~i=ff~:7•7 7--C~ IJ, 7J>"'.J, x1 ~ x2, x3 ~ x4 , x3 E G(x1,x2), x4 E G(x2 ,x1), 
xs E G(x1, x2) n G(x4, x3) ~~--C71lillt-::T l -5 tJ:]Ji,~0)1i-:JlJl (xi, x2, x3, x4, xs) ~t~ 
t-:tJ:t' (~ ~i~m!M{l~~T)o 

(iv) G~i=$~'77--C~IJ, 7J'"'.J, ~m!L,t-:t"0)2JJigx,yv:-:Jt,--ctG(x,y)~i8--C~ 
00 TtJ::b'ts, G(x, y) IAJO) 2 JJit,(r~())~m*1Ji!lHii0-f G(x, y) v:~*:h-0 o 

JE:f!I[ 4 9'"0) (ii) t (iv) ()) !AJ{~t'Hi Djokovic [4] v: l 0 o :=. :=. --C, ~--CtJ:t ,ffi-j@j- ~ v:tt L,, 
~11:n~ QE vi~ O)ff~$:5tffiir~#:~Uit,(ffiir t T 0 ::7·7 7--r~ IJ, =-:J())JJigvi, t, 
-f:n7J,-7:f7J!@7:f7J' G~*~-"'.)!13( IJ ~v,--cf~ G :h-0 t ~ v:~m!6 --l±" 0 o ~ El :!fa-7J!ff~.&m 
irt:3. t 1RJET 0 (})7J!~iffit:3. t -~ -5 7Jl, :=. :=. --r'viffl€~ffi-j@j-())tj-j@j- t WfTo QE 0) 2 JJit,(r~O) 
jj!e/ll!Hi~:h,G ())j-fffj;~()){l[~v:~L, \i'o *f-=, QE 7]> /:> Hilbert ~r~ £2(~) ~())=~:lililbj6 
ht::l:Elr&v::ll~6:h-00 JE:f!l[4(iii) ())n-:JlJl0)1J!Jt 1..,--c~i, (~ilf:)K2,3 7Jl~0: 

M 
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fffi/m3 tJE:f.ll[4 OJ~iES}H:-::J1,,--cti, ~::st [13] ~;::'J[1,,t;:t.::~t;:1,,o 
G irl'*O) t ~ ~: 1r(G) = [-1, 1] t tJ: G 2::. t ~:%~:~~td1:l', *;b:tJ1~1frtJ:jffl1'z:7J~~:~~ 

~g©~©G2::.t~~O)~~;m•~nG~S65: 
{ 1,5} 

{1} {4} (4,10) 

(1,6) 0 

(3) 
(2,7,11} (3,9) 
.... -· {2} 

(2,7) 
{3,8) 

I: ;b:l'~~_&ffi-\@rOJ t ~, jffl}'[7Jf* QE ~;J:Ji!g1'lft1E~IJ~7 7 t t,J: G ;b:l', ffi!i~Nffi-\@rO) t ~ti~~ 
~:~•T Gt;:©~:, ffiMIE~IJ ::7°7 7 O)JE'.~~ Zieschang [16] OJ?frt{i~;:~lj "'.J --CY L,1)tif.R L, --C 
ch-J:5: 

~- 5. :im~-'-*itit/'7 7 G = (V,E) /;J:, ~~P7,j (i,j,h = 0, 1,2, ... ) ;b:l':{¥T=£l..,--C, 2JJt~ 
x,y r~OJJi!g/ii!E;b:l' h tJ: 6~im'~: 

l{z EV: a(x, z) = i, a(z, y) = j}I = Ptj 

;b'>}JJ<:t) }L-::J t ~, Jle/tt:iEJflJ~ S Gt\,' 5 o 

2'.:. O)JE'.~~;:1At 5 t, jffl}L)J~ QE ~;J: I: iJ'>ffili~ffi-\@rO) t ~~;:ti Ji!gJ!lftIE~IJ::7''7 7 ~;:t,J: Go "Jlg 
~;b'>fflli~O) Ji!eMIE~IJ ~l 7 7 ~: ~;J:, {t!H:IE~U*ib"~tf 6 n GO ~ --c' ~~Nffilii!EIE~IJ ::7· 7 7 ~: 
-::JI, ,--c ~;J:~OJ~:W:ib'>S G : 

~II 6 (Weichsel [15]). jffl}'[JJ~~:~~~:g©~© G~~ffiMIE~IJtl7 7 t;J:~~jffl1'z:7J~, 
,00-1}-1 ::7 iv, &U:'=ffl{I:: Odd ::7''7 7 OJ ch-~ S Go 

2::. 2::. ~, II:I = 2m+ 1 ;b'>'aJ~O) t ~, {_ft~;b'> m *td;J: m+ 1 0) I: O)ffi37tffi-\@r~f*~:~~~ 
hG QEO){J~Jt::7°77~0m+l t~L,, =!!!11:;0dd~'57tllf~(cf. [3, Section9.1D])o 
jffl1'z:7J~~:~~~:g©~© Gffi!i~.&ffiMIE~IJ~l7 7 OJ{JIJ~ (ffili~) jffl1'z:7J~-'?IE~U*.l-jy'H:J! 
-::J~t G 2::. t, ~ 6 ~:AJfm~sn~i:tn6 ~?t~T G 2::. t ~;J:, Jl!JJ5K~1,,ro~/mt2' tJ~.l:bhGo 

2::. 2::. ~~;i:~iHH;J:~~tJ:\, 'ii\ Coxetedf:t W J:O) Cayley ::7°7 7 ~:-::JI, ,--c ~;J:, IEOJ;v- 1-
~~0Jffi-\@r~ II t L,, ~ x E w ~:J-J'l..,--C, x ~: J: lJ 11,0);v- H:~~ hG II O)jc~~OJ 
ffi-\@r~0(x) tW< t, 0~;J:jffl}'[7J~Qrr.,__O)~~g©~b~:tJ:Go 

~ --c, liJf~ffi~~OJ~i!i:rOJ 7 7"7- l- 7 ::7 H:~;J:~~-'-*iti~'7 7 OJ=;~J:.lbi';i6h~l$C~:-::J 
1,,--cf&-'¥~:~§T-yJE:~SG ~~~~t;:;b'l', ~~O)~fl~t;J:~Ji'aJ:!cOJP'1~*~~~r~ib'>:~ 
--Cl..,*"'.)t;:o 2::.h~;J:, ~f,ffi-Zakiyyah [11] ~:J: IJilJ)...~ntdi~SIJ, ~~JE:~~hG: 

QEC(G) = sup{ L f(x)f(y) a(x,y): f E Co(V), L lf(x)l2 = 1, L f(x) = o} 
x,yEV xEV xEV 

JE:f.ll[ 2 ~: J: lJ, G iJ, 6 S G Hilbert @r~.,__OJ=~:f:.l©~biJ'l'#ttT G 2::. t t, QEC( G) ~ 0 

~;J:~{[l'[~SGo *t;:, -~~:QEC(G) ;;?:-1 ~SI), ~~ib'>fixl)}'[-::JO)~;J:GiJ'>:1c~::7·7 

70J~-\@r~:~6hGo ~f,ffi [10], &U:':f OJ§[Jtl::stifiR~~~!ffi~nt;:1,,0 =~g©~ch-JE:~ 
~: !ffl L, --C ~;J: -1/2 ;b'> S G ffiOJ ~{[!'[~: tJ: "'.) --C :J3' I), QEC( G) < -1/2 ~?llilJt;: T ~, 7 7 OJ~~ 

~:~;J:iJ,tJ: I) OJtlJ~ib'>iJ□ :b Go 2::. OJ J: 5 tJ:::7°7 7 ~!c~T G 2::. t ib'>§rOJ §~~S Go 
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