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Abstract

In computer algebra, two kinds of polynomial representations are used. One is the recursive rep-
resentation and another is the monomial representation; see Sect. 1 for details. The resultants were
developed on the recursive representation, and the Grébner bases are computed with the monomial
representation. The key operation in Grobner basis theory is the Spol(G, H) which is defined by
canceling the leading-monomials of G and H by multiplying the lowest-order monomials to them re-
spectively. Similarly, we can define “IrmElim(G, H)”, Elim(G, H) in short, to be an operation which
cancels the leading-terms of G and H by multiplying the lowest-order terms to them respectively.
Both the Spol(G, H) and the Elim(G, H) are “critical-pair”’s of Knuth-Bendix. In this paper, we study
the Elim operation for G, H € K[z, u], where (u) = (u1,...,u,), with > ui,...,u,. The TES is a
degree-decreasing sequence of Elim operations for relatively prime G and H, s.t. deg,(G) > deg, (H),
ie, (Pi:=G, P,:=H, P3:=Elim(G,H), ..., P,:=Elim(Px_2, Px—1)), where P € K[u]. Similarly,
we can decrease the z-degree by computing an S-polynomial set, SpS in short. Let Sylv(G, H) denote
Sylvester’s determinant. We note that most multivariate resultants contain “extraneous factors”.
We can understand the TES by comparing Sylv(G, H) with resultants by the TES and the SpS. The
Sylv(G, H) mostly gives us resultants of large extraneous factors if G and H are sparse. The TES and
SpS, with no extraneous-factor removal, will give us resultants with much smaller extraneous factors
(= Theorem 2 in 3.3), but they seldom give us Sz, the lowest order polynomial in ({G, H}) N K[u].
In order to obtain the §2, we must do as follows: suppose we obtained a resultant P, by TES or
SpS. Then, we compute Elim(E, Py) or Spol(E, P;) for each element E of TES or SpS. We show a
wonderful theory of extraneous-factor removal for TES (= Theorem 3 in 3.3).

(Important parts of the text, such as theorems, are written in English.)

1 Introduction

BN 2 A% IHADOBIRRIR (recursive representation) & BIEXFIR (monomial representation) % & %
Likiiz b, G ¥ H B (2) = (11, .., om) OEEK EOSFERY L, 2150 oy KT 500K
AENENIL c L 55 (d>e)o (@) = (29,..,0m) ETHIE, G & HIZFRO LS LRES,

G = ga(@®)ad + ga1 ()2 4+ go(x)2l,  H = he(x)a$ + heor (&))2$ -+ ho(z)2?. (1)

ZIT, FHEER () ® hy(@) EE 5 o 1KHE L THERIICEBT 5, TNAHREETH S,
—4, MWHARBTEZHA G X H 2 REAOME ULTERBT 5, 22T, HHAZBREE HRE —EN
ZIEE D 6nd L5, TOLDRIEFIZZ 4B 20, BEHEOBILN»S 7V T F—RKiIHEZRmL 5
7=, AiETIFEERIER (lexicographic order; LEX /T & B&EL) DA %KD [5, 6],

G=M + M+ +M, M=M= M,, where
M; = o ay? - am™, ¢ €K, e e NU{0}, M, - Mjsiy = (2)

either [(’471 > (3]'71] or dl > 1 s.t. [Ci,l =€j1, " ,€il-1=€51-1, €] > Cj,l]-

*1 F 305-8571 ZIRIAD < IEK A 1-1-1  E-mail: sasaki@math.tsukuba.ac. jp
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EX(Q) &2 BT, gi(z)ad & My 2ZNEFNGOEBEKCERBLIFY, ThZTN tm(G) KT
Imn(G) £RT, 7, ga(d) & o EERBEFC, TNEN 1f(G) KV 1e(G) & KT, G o FEIHE
EHRIEZRVIR D OZHA 2 TN ZNHERIES L OCBRRBIRLITY, rest(G) K rst(G) &K, G D
2O REHE BB LI, ctm(G) KT,

IV T F—HEEFHAT2ROEAEBIISZERERTH 5 ; MBI 1L SLEADORIRRIGERD
T, SZHAIED D, ZHAG & H #HHAKRBI L2 &, Spol(G, H) IFIRATEERIND (6],

Spol(G, H) := [lmn(H)/C|-G — [lmn(G)/C|-H, C := ged(lmn(G),lmn(H)). (3)

BRIZIRS SHIZITAEROEE Y EZ oA, SMHEADOAL ST, TNETNOERIN S EDT
CIEHY LR, SHEEERXIZER LU TCHNORESIZEET 2ERNTEE THESHMA VAT L L5,
HE E X BIEO R TN > TV 5 O% Knuth-Bendix @ “SEfi{LFIE (completion procedure)” T 5,
ZIT, BRI NAEAEL BTV T HEOL I RO TH S, ZOFIHOEAMIIE, HEADOER
DZDOOET, & To ITHL, TNSDWRIEEH, & Hy 8a2F v V2V SE IS BUSNIDIE ¢ &t &
TNENT, & Ty \IZHNT T, HUWIH Ty i= ¢ xT) — tox Ty 2L, T3 B0 THRITNIE TN ETHES
AN 228 ThHD, T3 (FIEICSEHANIHIGL, £z, Ty BT, THEINDZLEH D, T3 1d T
& Ty OEFFAS (critical pair) L IFEN S, §TRbH, JL 77 —HEFFITHEARI I NAZHES
2B 25EMEETH 5 L At 5, d, —MOEBFES MR VAT LTI, SEMLFNEDME % R
Z MR DEME AR DO Z L BRI AR, FEL I [T, 12 FERBEI W,

AREDIH TR L ST, ZEHANDORB L U CTHIEHAELB & HREHTH & WS R0 5 B H DN 5,
HRRBUST U CHEFASEERTNETH S, HROMEEN T LT T —EKEM > T4~ 5 Hk, A
RGO — 3 TEHRAREB L G ORPEES OBMEREA D > 72, MIILTE S5 HDEEN
LB VESE, TLVHATHEERLLTBI D] LHEVEZON NGO Elim(G, H) TH 5 [13],

Elim(G, H) := [tm(H)/C|-G — [Itm(G)/C|-H, C := ged(tm(G),ltm(H)). (4)

ER(3) & (4) ZHET UL, “Imn(+)” & “tm(x)” DANED S Z & 2RIFIEEL AU THS, TDI&
75, Elim(G, H) 1% Spol(G, H) & RBKIZIRIEMEEIZ R3O TIE?, & OHEH»IES L,

ETEBMEEOBANS, Spol(G,H) ILHE I T L T F—ERRLKBRCESHEE (2h2IER
MEREL L) 21K T 5, REETIE, 5RA0NL2HEARE F={F,...,Fn, Fu} C Kz, u,
()= (z1, &), (W) = (U1, up) €95, TUT, x1,...,5, 2 ZOIEHIZHEL u DZHA %2155
ZrERANET D, VT T —RIEEIE, F & Fjy) OFERIEZMNE UREIEMLD S 2HA 2 E8T %
DHLST, TOSHLEREMOLEATMEHNL, £ER-2LHERAE F ML, 50261284
TSZHAZERLKET 5, 20 “RBEIEMDOLZIHA” & “H 5D HHITH LT &5 D DEFFHRIED
720, F O (LEX-EFTD) 7'V 7F —EJE GB(F) OFRAETLH A T 7V (F) DRAETL L 25, TDHRIE
L UT, FMEIZZ RG2S (m+ n LT 2 EEBEW 8]), KEENETIE, G 2REB~NZ by
(GdrGd—15---+g0) WHISD B Z LT, HEMBETHANTERET S, EBE. G, H € Kla,u] 2L T,
#EA Prem(G, H) ¥ remainder(hd G, H) 1 K[z, u] 12 & £, deg,(Prem(G, H)) < e TH Y., G
ol H, . a%H ORERZ bVEITE TR TRTIENTES, G L HPHWIERLE, G
EHMPS z 2 HETNEw DZEANPFHETE S, ZNHAREERTH S (9, 10, 2, 3, 4], HRMEFER
% G & HOREARZ MVTRT DPELL Sylvester 175X Tdh 5,

PLE& b, HAMKERIEE SV 7F —HE R 32 BRDMHEEED, HRIdEeEgoTnd Ik
MNord, LrLAars, RELMEREZET  HAKERNIKEDOE A, RETEF (extraneous factor) %

1 Buchberger did not put the “M”. Since the word “reduction” is used in many different meanings, the author attach M
to emphasize that the reduction is performed on each monomial.



GLDOTH D, REEFOFILIF, 20 HALHIEEIZ Macaulay X Dixon 5 2% 2% EHA R D HAKKE A 2
9% U 72 BIZBRIZ ST W T Wz, £ D8, 1980 £ERUZ Kapur & D& 5% < OIFLE BRI F-FrZE
IZHUORAZZH, KL 72, REMAF & Kapur 5 DIZEIZDWTIE [11] 2 BRI N7z, 743, Macaulay
725 OGRS Kapur 5 OGNS, [HAKKERNZTFATRIT 2 MEHLTH S,

T, Elim(G, H) FHRBERHATO XEEERICMR S RVDOT, INEEYRGIETER 2,. .., 1, ZIHIZ
HETE 2, AT, ZOHETIHETE S Ku] OZHRNEZRBERND 2 WV IFFHEEERX LIPS, =20
2R 50 F 5HEIREIE D% P RS (Polynomial Remainder Sequence) £ \W5 DT, G & H 16
IhE 5 EEMEHE DS % TE S (Term Elimination Sequence) & #i%4 L 7z,

G, H € Klz,u] KXT 3 TE S %L 2 OMEIINEIRRZ%, B¥RsDTHS, 2LT, TES
ZHED KRG L 7L 7F —BIKEHE (72720, BERGIHEET) L oBRLIEMIIMIHI D, 7255,
TNREITERAT2THS : TESL LT —REL OBFRE LV ESHARDITIE, Bulid D HERE
ZBET BHEER ARRIED & 5 e 2L B ETH D, TO I L 2 MELHITRE D,

Example 1 FEO-ZEHRR Fo D1 F7IVOBIETT Sy 1351 BRI WER % £
P { G = ot x (v +uv) + 22 x (vt —uv) + (v +uw),
Y =

H = a*x (uww+0?) — 22 x (uwv+0?) + (v2 —vw).

()

ged(lef(G), Ief(H)) = u + v, cont(G) = u, cont(H) = v D IZHEE I N0,

Buchberger £ % Z AR Fo ITHA L TR ONSZHADH T, 28 o BMEE SN LEAIIEC P =
(u—v) Sy, Py =08, Ps=wl,, Py =28 THd, ZIT, S &1 FT7I (F) OBiiT, AT
BB 8y = 3utv + 3ude? + Bvw — 3ued + utvw + wow? + w — duvdw + wow?. BEETIZ,
Ps = A¢G + BgH %723 LR Ag, Bs 2#18R7 % 1 Ag = 22 x (—udv — u?v?) + (2uv + u?0? + yu?),
Bs = 22x(uv+y20?) + (vt +udo + 2uv?), A, B & P, 2%t G & H TRET % “P, = A,G+ B,H"
DRI DT, ERITHRE (Coefficients of Generators, CofGs & 153) L 43 5, CofGs IF =L HAR
DHRSTEHLERRICHEHT S, RIT Ay & By 25175, P 3EER2BACME2T- 72
DT, RESEM (degree conditions) deg,(Ag) < deg, (H), deg,(Bg) < deg,(G) %7z L TWRV, 43,
Buchberger 5352515 % CofGs DFEIEIZDWTIE, Sk [1] D 2 7 3 iz 2 I Nz,

Ay = 2%x(8ulv — 8v?)
+ 2t x (=8u?v + 4uv? — Suvw + 1203 — 8v2w)
+ 2% x(—2uv + 2uw? — 120% + 16v%w)
+  (3u?v + 2uv? + 2uvw + 303 — 1002w + 8vw?)
By = a%x(—8u? + 8uv?)
+ 2t x(=8u® + 12u?v + 8uw — 12uv? + Suvw
+  22x(—6ud + 6u’v + 4uv?)
+  (ud = 6uv + 6ulw + uv? — 6uvw + Suw?).

KiF, APIEOZLHNRZ, WX 14 OWEOFTHNZRTH S, T I TIE, “DERANVE VIR
EVOHEDORRREZ, VT F—HEOREITE T D CofGs % AWTER BB ETEBE L b o7z,
ZIZT, Ay & By DRI S mnh Y, AT Ay 2 HT, By 2 GTEHSTAREZS, Wi
LEARNZERI R -T2, BEETIL, INSHREORAZERT 5,

Ayy = remainder(Ayy, H) = —22x (2u?v + 2uv?) + 3u?v + 2uv? + 2uvw — v3 + 20w,

Bip :=remainder(B11,G) =  22x (203 + 2uv) + ud — 2u%v — 2ulw + w? — 2uvw.

DF = fi(wa! + fiia(wal =t -+ folu) DL E, cont(F) = ged(fi, fi-1s. .., fo) TH%.
3@, H € Klz] D5, (A;, B;) 1 Coefficients of Bezout’s identity £ IFE41% %%, Bezout’s identity 1% Euclid OHLIE R
DRARZDHEDTH S, 505G, ERTIIEERLEATL2E 3 ETHE XWDT, CofGs DHNLWRKTHS S,
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quotient(Ay1, H)-G + quotient(By1,G)-H =0 72D T, AnG+BhnH =58 BMEonsd, EH5FIE
LBz, ZOZLIF RIS T HITE N VWETEE Lz, SFHIEE 3 ETH R 5, //

ZE AL DFEIE, FIZT L 7T —BERIEOGEHIL, SEBLHERA A T 7V ORIEILE Spol(G, H)
EEZHWARTWEEIETERY, LloTWnwaE55, L, 2k ed “ZEARITSLTIE, L4l
2R U7z CofGs DMEZMXIE, SZHAZ GRS LI e h<, 177 NVORERIET TOREILAH
PRSEGCDHEHETEIRTE 2, 46, CofGs DMHEEAMKIE, TESIZL > THIRIZIETISND Z L %
MELUTHL, ZLEARITH LT, £EAHELZZDITTIERWA, SZHERAMELRITHEATTILD
BARGEEIHTE 2 L EH I > TnD, 728, EEAGFZTOMEEZETT DRI,

2 Definition of T E S and Derivation of various formulas

AFETIE, deg,(G) > deg,(H) %iii7= L 2HLL EDOIHZKFD, relatively prime G, H € K[z, u] »5lh % %
TES (P1:=G, Py:=H, P3y:=Elim(P, ), ---, Pit1:=Elim(P;_1, ), ---, Py:=Elim(Py_2, Py_1)),
Pp € Ku)), 8% A2 5%, & Eim(P,_1,P) \Z8WT, P, & P, %1% operand, eliminator & IFF.3,
HIZE T, Spol(G, H) & O¥ILIMEARFIT 5720 Elim(G, H) % (4) N TEHL 7208, EEFIROBIE»S
Xz ZRIZHLUZAPRO G, MOESIZEERDS ; 2L THEHNRIEIALTH S,

(6)

Pi+1 = Ehm(Pl,l,P,) = [le(P,)/Cl]PL,l — [le(Pi,l)/Ci]-léiPi,
¢; = ged(Ief(P—1),1cf(P;)), 0; = deg, (P—1) — deg, ().

2.1 Generation rules of T E S and basic properties of TE S

IR E (P, P}, BIEKE {P_1, P} &35 &, TESOERBAIIIRO=D>TH 5,
BHI1 @ operand Py IZBIREDORKNIREGTTH 5,
:  climinator P; (ZBIFIEDIKY DILTH 5,
= P41 :=Elim(P_1, P) 2487 5,
B2 ¢ = P ZBEE»SHIRT 2,
B3 = P ZFHEEICANT 2,
TE S QEAMMEEIZIRO=ZDTH 5,
PEFIA  : deg(Piya) < deg(Piy) <= d; & deg(P) ;
div=di, diy>d; DFEEETESEDS,
MEB  :  operand IGBIIEE DIRBURADILIEN,
di1 = d; DHFE, —BEIZEE SR,
— TESIE—2iamMnd 3,
MEC : FAUZEKXZEEE eliminator (25 2 & HH 5,
(deg, (Pi1) > deg, (P)+2 B8 ).
= T E S % abnormal & -3,

9, fhN (branching) D54 (15, deg,(Pi_1) = deg, (P) D¥ity) DRz &R 5,
BB, EAhrnOERORIIES D HNDT, REITEKYIE 5 2 5,
Rl @ Py i £ 55 %R E operand 3ZR 12K S AW,
<~ Elll’Il(Plfl,PZ) = 7EliIl’l(PZ', Pz'—l) @io



R 2 : Pio Tld operand :BR OAEDHND (Fidd @Y ),
Py =Elim(P,_1, P) = Prio = Elim(P,, Piys).
Py =Elim(P, P ) = Pis = Elim(P;_y1, Ps).
WINDHE S Py =Elim(Piy 1, Piio).
Fs  « Earhzeclnld, REIECORBERIESNS,

LEORHE L 2R T, FEF “TESE L+ HE52RVWTENZ LEEGRULED, Do OEXT, “Pys
DR ATHET 27 L&MWz, R 3 ITDWTIEEE 3 HE i cE AR 2,

RIZ, abnormal %254 ([A—%EH r (> 1) [, eliminator & LTI N S) 25EL < dBR 2, D
728, TESHHEHED S abnormal &7 555G %%, TE SH® abnormal 72 EHREIL Pf DK SI2 %
DTS %5 = P{=G, P{,,=H, ZDHA, (P, P, -+, P/, P[,,) % abnormal %2 2RI & T 5 ;
P, =H W2z P{,, i3 Elim ERECHHTREERTERL, Pl TS & 512 deg(P)) = deg(P),,) &
BHWRMEND Y, TOHAER (P, P,) TRAPNT 5DT, P, % abnormal 7| DRFEE L Ui,
FREDOESIZEDTE S D abnormal EEDOERAR L MEIZIXTH 5,

{ P, = [ef(H)/¢,| P}~ lef(P}) /% H (1< j<r), -

¢; = ged(lef(P)), Icf (M), 0% = deg, (Pj) — deg, (H) > 0.

a) TES»HEHE S abnormal & 72 5 HE+4r 1%
deg, (Blim(G, zdee(@)—des(H) 1)) > deg, (H) TH %,
b) TES®D&EHFEHNSTH abnormal IZ749 X 5,
c) deg(G=P]) > deg(Py) > -+ > deg(P.) > deg(H) TH 5,
d) Pl,, DK Py = Elim(Pl, H) 5 5WE 57,
deg(P)) = deg(H) DGE KD PNT 5,

a) ¥ b) BEWIES S, () RED, P OYHE 2% H THESNDDT, 6 > 0745 deg(Pl,) < deg(P))
THY, §j=01F j=r OHBEICOAELHES = c), abnormal T E S DRI (P, H=P],,) T
HBHH, d) O Py lE, HEAPNBELZ2ENZED ST, normal &2 T E S ZFHE & FLKT,

2.2 An example of computing braching T E S

Example 1 (continued) : Branching %229 TES, (G, H) & BAKMIZEIHE L THAL S,
Py =G =2t (u® +uwv) + 2% (u? — wv) + (u? +uw), cont(P) = u, cont(Ps) = v.
Py = H = 2% (uv +v?) — 2% (wv +v?) + (v2 —vw),  ged(lef(Py),lef()) = u + v.
Py := [(uv +v3)/(u+0)] x Py — [(u? +uwv)/(u+0)] x Py = 222020 + u?v — uev? + 2uow.
T E S DA 5 branching 2HE > TW5 = ZODOR%BHT S !
ged(lef(Py), et (P3)) = u, ged(lef (Pe), lef(Ps)) = v.

Pyp = [(2u2v) Ju]x Py — [(u? 4+ uv) Ju] x 22 Py = 2% (udv — 2u0? — 2u?vw + uvd — 2uv?w) + 2uv + 2uvw.
Pyo = [20%0/v]x Py — [(uv +v?) Jv]x2? Py = 2%(—3udv — 2u%0? — 2u?vw + uvd — 2uv?w) 4+ 2u?v? — 2uvw.

TODRKEE SICEHT S |
ged(lef(Ps),1cf(Py1)) = uv, ged(lef(Ps), lef(Py2)) = uv.
Psy = [lef(Pyy) /uv] x Py — [(2u2v) /uv] x Py = 3uv + 3udv? + dudvw — 3u2v® + (5 terms) = Sy.
Psy := [lcf(Pya) /uv] x Ps — [(2u2v) /uv] X Pga = —3u*v — 3uv? — 4ubvw + 3u?v® — (5 terms) = —S,.

v—, EvIUMRE .. —&IZS AHTEb Rk | //
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2.3 Derivation of CofGs for each element of TE S

H1#D Ex.1 T, 7L 7 —HEFIEHIZEN S LA D CofGs DEEMZBA, HEMIITES
WHLTEEA2 (ARMTIEZS TERVDED: ), REITIE, £9 AG+ BH = P, %ifi7=§ CofGs
(A, By) € Klz,u)? %2, TE S7%normal Z&¥5% & abnormal 235512565 U TR % (2B H T 5,

TE S normal 254 : (A1, B1) = (1,0), (A2, By) = (0,1) XHHTH B, T2, Aipy, By 2

Ai+1 = [ICf(Pl)/Cz] Ai—l — [le(R—l)/cz] IéiAi,

. ®)
Bi+1 = [lcf(R)/cZ] Bi—l — [le(APZ_l)/Cl] xT ZBZ',

BAEFRARTIHHTE S I LI, i CET 2 RMETHIICRE 2, £72, TESORKIHE P, € Klu]
LTI, RADET B deg(Ar) ¥ deg(By) D& (Ag, By) = (0,1) I2H5<,

deg(Ay) = 03 + -+ + 0p—1 = deg(H) — deg(Pi—_1),

deg(By) = 02 + -+ + 0p—1 = deg(G) — deg(P—1). Y

TESDOEE P, OEUE i (U TN EZD, A & B OWEUTHFARND Z, 2.1 HioMEA XD
deg(Air1) > deg(A;_1), deg(B;y1) > deg(B;—1) TH5., Lho>T, 8) KL OIXANEFELN 5,

h]m(Ai+1) = 7[1(?f(1)/,j,1)/6i] m‘sf h]IIl(Al), ltm(B,+1) = 7[1(}f(1),,j,1)/(1,j] .’1751 ltm(B,) (10)

{RiZabnormal 285 & @D CofGs : BIffi & [Akk, P{=G > P{  =H (§72bb5%EHEHD r HAS abnormal)
ET 5, HEZ (AL B = (1,0) oA, REHE P (2<i<r) IZNL, AG+ B/H = P! %&ilirz
T (A, B)) € Klz,u)® 28R (7) CHEDEHET 5, i=2 TR, Pj=[lcf(H)/d]G - [lcf(P])/c}]z% H
2 ged(GLH) = 1 WA, (A, BY) = ([Icf(H)/d), —lcf(P])/})z% ) & —HEizkE b, i=3 TU,
ALG + BLH = P} = [Icf(H) /Py — cf(Py) /chle® H % DT, FiLD P, #Fi70 G & H TR L,
Al = [lf(H) /) [Ict(H) /c,], By = —[lcf(H)/ch][lef(P})/c})ad — lcf(Py) /dylz® HESNB, AL & A
iR AL = [lef(H)/c))- A, %7 L, By & By & By = [lcf(H)/d) By — lcf(P}) /)= %377,
BDREDIT, i=4 DEBABIE LIS, A, = [lef(H)/d)ct(H)/c)Ict(H) /] = [lef(H)/c4] x Af,
By, = —[lef(H)/c4)[Ict(H) /) [\cf(PL) ) ]a®t — [Icf(H)/c4)[\ef(Py) /chle® — [lcf(P})/ch]a® A3 5Nz,
B} & B4 IZHHMLR B = [lcf(H)/ch]x B — [lcf(P}) /c4)a% %ili7=d, Zhdk LU0 IRATH 5,

Ay = Ief(H) /) x A, Bl = ef(H) /] < B, — [ef(P) [clla?

deg, (A4j,,) =0, Itm(B], ;) = [lcf(H)/c;] x1tm(Bj). ()

FERA I 22 D THA T BEE T 5,

3 Usage of TE S for two-polynomial systems

R, HAMERE L 'L 7 F —REERE OBICIXIFE A AR 2o 72, BIEIRBEDP S 2L HTIC
XINBPoT-DTH 5, BiEDMEE XML 1EEL DL 2R UL, 722 21 Wang IZFEVERE F
RUZE ERLTWS [18] A%, FEHITEBEOEFBLIZER R, 722, “LHEAR F = {G, H} ELT
iZ, TES & “EZEHOREZM|FEHE S Spol DES” L OMITIFEVERYH 5, AETIIE -MiT, %
DR E EHOE THRRT 2, WWTHE HITE, “ZHARORMETEGAT 2HEEL5 X225 Thm2 &
AT 5, EiX, FOIHIE LT 2017 FEC [16] 1ZF L 72 & OIXEHER DM OB AT H - 72,
T T, SR (2023 &) IZHBIHE A DR REEHE T o 72, AR TIERFEEIICINZ, [HIEH & DX



£175, Buchberger Hikl%, FEABMMHEEI N (BRI T ) LEHA L HOL AL O SLEHA%
WRIZHER L, 1T T NVORETEERT 5, BT, ThelAfa ke TE SITHLTTT 5,
T OFER, FIZ CHRMER LIRARLTEH LWEZA S EHA T LT,

9, AMCTEELLHZRTEHEA2Thnos UTIRT 5, GEIICIE [15] &30k 8] 2RI iz,

Theorem 0 Let GB(F2) be the reduced Grobner basis of (F2) w.r.t. the monomial order x = uy, ..., u,
(the w-order may be any). Then, we have GB(Fo)NK[u] = {S5}. (Hence, any polynomial in (F)NK[u]
is a multiple of S5.) |

3.1 Deep relationship between the T E S method and Buchberger’s method
9, BVHEREIZEARL O, HHLHEIRRT 5,

Ex.2 Given G :=z* (u+v) + 22 (u—2w) + (2v+w) and H :=z* (u—w) + 22 (2u+v) + (v—2w),
eliminate only the z%-term of {G, H} by both the Elim operation and Buchberger’s method.

% {G, H} 2 LT E, :=Elim(G, H) = (u—w)xG — (u+v)x H 2FEFT 5L - HIWHEINT,
E; = (u—w)[2? (u—2w) + (2v+w)] — (u+v)[z? (2u+v) + (v—2w)] 2145,

Wz, - EE SELHEANERTIT D DD, Buchberger FiEIXA[ER IR Y SLIHAEME1TS DT,
FRENZSLHEALTZ2ERTE LI, G=zu+stv+Rg, H=z'u—z*w+ Ry LEEMZ 3,
T2, Spol /e LT, 722 Spol(G,H)=G - H=as*v+a2*w+ Rg — Ry = G3, =
Spol(G, G3) = —xtuw + 2*v? — (u—v) Rg + (u+w) Ry G, —(u—w) Rg + (u+v) Ry =: Ej,
Spol(H,Gs) -+ - —(u—w) Rg + (u+v) Ry = By 2183, RCHh3L8Y, E,=F Ths, [/

HEEMELTEONDZDLHAOHT, LD F WREEFOLHATH 5 Z L1, Elim(G, H)
HEPEHERNTH S Z 212k b, Elim(G, H) FIECHJJEA, TESORHBITS 5,

LRI E LT RO EIREFE SN D BB FEETIE, UYARLNS GH H EEBUEEPSHKY,
F e Kz, u] 12U, Flo & FOEDS S oKD ! U EOLTOHOMAERT LT 5,

Theorem 1 Let deg(G) =d > e=deg(H). Let € be any integer s.t. e > € > 0 and at least one of
Gle—1—G|e and H|o—y—H]|. is not zero. Let Por and f’er be the lowest-order polynomials obtained
by eliminating all the and only the terms of G| and H )., as follows. The P. is obtained by the TES
method, by tracing all the branches encountered and finding the lowest-order polynomial. The ﬁe/ is
obtained by Buchberger’s method. So, deg,(P.) = degx(ﬁe/) <¢'. Then, P = cP,, where c € K.

Proof 188 ¢’ 13 G and/or H D END—DDHEZEDTWBHA, ZOIZ LIFERIZIIBELRIRTH 5,
FEEROEIFEIZB T, B ¢ RiFOHEHERZRZ S CTEIMZ 2 DAMENL R ERNTH S,

T, REE Py = Elim(P,_1, ) &, P_y & D, OFHES LEHELTHLONEZ S DLIEAD
FCREIENOS D TH S, 5085, %< O Elim HREA28 VT G|, kO H|, OEHEEN OIS,
WK, HAPNDBMELRE L2550, 2TOEEZWLY, Th o0 TIHEPRKOLHEAZEOHL,
T P, & LTWb, Lo T, P, 3R HNE T2LEATH S,

@I Buchberger 2% P DEBIEDOLIEHANE2EIHTE S0, Thb, THIIIE P (269 5 CofGs 4
ZRJHT S ; 20 CofGs FNFHMIR {G, HY 5 P, \ZE 3 “REERH 2RTH5, REREIHLD
D Buchberger #EZ AT E LV, ULard, P, OFMEIL Elim HAEDFITH S5 5, H4 D Elim G
Buchberger IHIZZEBTENE D TH S, 440 Elim HH%E Py, = ¢P_1 — 2% P, &35, ZIT,
6 = 1f(P)/ci, ¥ = 1ef(Pi1)c; THBN, ¢ 17ETHSE UTRBETE T 5, ¢ & o EHR
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RETO u OFHERZH, 052 PHARBUCEBMUT ¢ BET ) ERL, ¢ =51 +50+ -+ 55,
Y=ty Ftgt -ty $1=83> =8y, 1 =ty -1, £T 5 (s, and/or t, IFEKBHEDEB),
b# Elim B85S, ZOEMBEFICEHT Y oxlct(Py) — o xIcf(P) = (¢ — o) = 0 72 BAESER
Thd, TOEENIPIEARBUIEBL THLURELT D, T5IT, Ry :=rest(P_), R; := rest(P;)

LBE, d=deg,(P1) ETHUE, Ll Blim HER FRO L SICRES ((6,9) & (6,) IXFAMH),
(514 s)x(ti 4 +t)a+ ¢Ria] = [(tr+ -+ 1) x (st + -+ s,) -2 + v Ry (12)

J:itwc l‘d 0){%&%%5 C\f-y %{?ﬁ\i)’(if (jl,jz) 0:)‘@1\/1 571t72 = tj28j1 @Z)_, E%Eo) Sjlth kEg'B@ t]‘zsjl (=
EHIZHBH LA, Thbb, (12) RO o HOREE & BEAKB TREFIHT 5720 T, oD
HEIND, BLEXY, SEHAZFFEITLITHLL, ERICHRITEMATEHEI NG, O

Remark 1 FEEHITe =129 2 L HMOEHERMBIIETE S, £25, Thml CEIND P 131 F
TV DEALTE Sy T\, 180 Ex1 TS5 7451, P BFHER P ICHET 2, EB, P s Db,
ZH 5D CofGs ISR A3, S 1%, P LMOZIEA LD SHIHA s 2L IZFHELTHELND,
BB, REIE Re L SEIEA s #FHULAVWT S, 23ELTR37, LWSHLMELOTHS, /)

3.2 Computing §2 without constructing any Spolynomial

Theorem 2 (S and Inaba [16]) Let G, H € K[z, u], with deg(G) > deg(H) > 1, be relatively prime, Py, €
K[u] be the last element of PRS.(G, H), and Ay, By, € K[z, u] be the CofGs of Py. Let Sy be the lowest-
order element of GB({G,H}), and A Be K[z, u] be the CofGs of Sy. If A and B satisfy the degree
conditions, deg(A) < deg(H) and deg(B) < deg(Q), then we have Py ged(cont(Ay), cont(By)) = ¢S,
where ¢ € K. If A and B do not satisfy the degree conditions, we can convert them to M:mainder(g7 H)

and remainder(é, G), respectively.

Proof HRERFEFRIEICEET 2 AL EMIE, “RBRMEEZRZT Ay & By i P o —HEHNIZEE S, &
YIET B, SOBE, AL B BREEMEEERTR5IE, Thmo »5 P, = C8,, C € Ku), ¥ %,
(Py, A, Br) = Cx (55, A, B), £ 729, C = c ged(cont(Ay), cont(By)), c € K, LE ¥ 5,

WIZ, A¥ BOUEGEL%RE RN EE%2 B R D, P 3T 7V (F) DEFED X, Thm.0 12 X,
Py =C8, #ii7=T2HERX C e Klu| BWFET 2., C 2MixIE, EHOBHITH PO & 5 121z r0
TE5, 08, ROBEETIIMHE D72 remainder(A4, D) % rem(A,D) &#£7,

Bife AG+BH =S8, & CSy =P, = A,G+ ByH ¥ 55, Cx(AG+BH) = C Sy = AyG+ByH =
(CA—A)G+ (CB—By)H=0 %135, gcd(G,H)=1% %, CA-A, ¥ CB—B, 3ZTNZENH ¥ G
OB = rem(CA— Ay H) =0 5D rem(CB-— By, G) =0 B $5 (22T, C % remainder 3
BRICRT O, HE GIZEBBETC O—Hb1cf(H) & 1cf(G) KBDNDAREMLHZ 05 TH D),
B deg(Ag) < deg(H), deg(By) < deg(G) &9, rem(CA— Ay, H) = rem(CA, H) — A, =0 D
rem(CB-By, G) = rem(CB,G)—B, =0 £720, ¥ 5(Zrem(CA, H) G+rem(CB,G) H = A,G+B,H =
P, = CS, #3430 T, remainder HERND C M T I MW TES, BELD, 4 = rem(A,H)7
é::rem(E,G’) tply, AG+BH=23, %135, O

Remark 2 LFlOGEHIE, @3 [16] D Theorem 2 DFEHH & A UIZH A 2%, [FHEHX D Theorem 2 1E A
D Thm.2 &34 < Bied, @ [16) Tl&, &b EZEAGBIE Lemma 1 £ 2 TH 5, Lemma 1 TIE, A&
B D &R TG % 72 S 720 R DRI ~ := ged(lef(G), Icf(H)) DI THBZ L%, GE H



@ Elim #2 % Rl L T#EWCT WA, DWT Lemma 2 T, (A, B) = (rem(A4, H),rem(B, G)) € K[z, u)?
THDHILEHENTWVWS, X [16] D Theorem 2 i, Al DAEHDE BT T 5, //

Thm.2 155 1 =0 Ex.1 12T 25D T, EEOFHTIE CA & OB 25 H & G TH->TH Y,
Ex1DFEEZOEEFETLTCVS, #HLb, LEADFMIFT— o LERNIERI N - ITEVRN,
& ZAMBRTIET, GEIAIE 2023 £ 1 HICHKR SN0 TH 5, PARTOGEIE, 2017 FED [16] (25L&
N7=H DT, FFITEMTHEEIMOIZ WL, A B 2EERDOTTESANT 3 2\ 5 A THEL LR
THo7z, UHIOFIHBEAREDE 572 IRVIE> THALDEHEITAMLS S,

£, v ged(Ief(G), Ief (H)) 25EH 5B, SDBE, WHERMEEHLZEI RV A B AR THSB, BHIC
BriZlid, AL BAEZINENT & G TEHBY, FRPIZ Ko, u] WABEMEERDZ I L7257,
REEAEDENL LR WD T, deg(AG) = deg(BH) > deg(GH) = Itm(AG) + ltm(BH) = 0 A% 7.
IoT, v =1 E6IFHMMBERING, RERS, v =1 = 1cf(G)|lcf(B) ¥ lcf(H)|lcf(A) DL
T35 = ZIERA ¢4 = quotient(Itm(A), ltm(H)) ¥ g¢p := quotient(ltm(B),1tm(G)) & ga + g5 =0
Wit = A=qH+ A, B=qG+B r%3r, A ¥ B EFHATAG+BH=2S,, »>
deg(A') < deg(A), deg(B') < deg(B) %t ¥, ZOHMEEKEYEEIE, AG+ BH = S, » DG
%73 %N A, B AT E B,

Wz, v 41 DEEEEZT -, d=deg,(G), e = deg,(H) 95, ZDHATH, A B OIEERT,
ADe ALY BD d XU LOEDEEEIET v L HWKITRER5E, AL BORKIEZThZh
HY GILARETHKTES, UL, AL BOBKNERRIIRMMBIHETH S, TIT, AL BD
EVEDREIRIZ v DR TR D X 512 AV AL %, TES & Grobner HEZEAMILT 52 & T2
U7z, BIEIOIC K UE, Grobner RIEFHH L TES,(G, H) 5 L IZEVEEYRH 5, TES,.(G,H) O
HHE P TS B CofGs & (A, By) £ 55, P, ® z-IKEEDRBANZONT, A & B © z- KIS 5,
ZUT, yORIBEDESIT A; & B DEFEUTAV AL, FEHICHRIZESOTH 5,

ZOZEEMPIZATEL, yOEBERLY, v IZ P & P, DERBUZIZE TN TWEH, i I 5
ZONT, y OETFA Py OEFED AP AT EMIIH D, 22T, yOERFTHEID, P, O
EREIZIZEENTVWELR P O LRBIZIREENTVWAY, YIET S, TESDEAWNEETH AN
(6) 12 £HUE, ¢; = ged(If(P_q),1cf(P)) 14 ZAERVDT, 1ef(Pq)/5 1E 4 2 a6, 1ef(P)/3 &
FEREERV, ko7, AR (10) €&, 4% Ay & By DERBUIROB->TWE Z 2 bh 5,
U725 TC, TE SOFEIKT UHRTIE, v IZTRT AL & B, OERBUIIE->TWE I 2285 -
=D DFIMERNT, A ElE, G & H OEHIEEZ RS £ TOHDEEHD, v OLHAKWT%2E D
BEThD, XoT, Bl ESZ ZNE G, GhdHk B2 5, 28, EFIETE S A normal 254 T
H 5, abnormal RGEIZH FAMAERYTE D, TNTHERE, HOEEDORIEILEZS D,

Rz Z 2056, ZHEHAOHRRIIEDL, £ - ZEHARDO IV 7+ —HEKFH O & HLOMEIZ
BWHHI N, FHOURBIZ IS BEE TR > TE Wz, 7V 7 F —REFIR O @#E BT 2 —HOmt %
P—_RAFWL N ICFEDdHE, BWHT Thm.2 OFFADOUEICI Y FAZZKEE, TR 5 1F LN
ZH U R WEEIIAE S 7z Z0hs Thm.2 O FIZ#HW2 3 TH 5.,

3.3 New theorem on the extraneous-factor removal for F,

In Buchberger’s algorithm, the lowest-order polynomial §2 of the Grébner basis GB(F2) is computed
as follows. Suppose a resultant Pj(u) has been computed?, and let I := {E1, Es, ..., B} C K[z, u] be

an intermediate basis when the Py has just been computed. Then, the algorithm computes Spol(E;, Py)

DIn actual computation, neither the user nor the system programmer recognizes when the P, (u) is computed.
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for each element F; of I, updating I';. We will do a similar computation for the TES: for each element
P; of the TES, we eliminate x by Py, with the Elim operation. BIfED & Z A “ZIHARIZIRE T N5 5,
2z &0, —IRIBLE B RIRIRTZ o 7 “REMAFBRE” DRI N DTH %,

2 BIZE K U 72 Elim 5 T3 operand % eliminator & z 2 & &, Elim HBEIZ L D 2-IRED N3 T
W<, LAaLads, ZOMATIE LEORAFETTERWV, AHITIE, we allow polynomials in Ku|
as the arguments of the Elim operator. We note that, the formula in (6) gives us Elim(g,h) = 0 for
Vg, h € K[u]. Hence, we add the following " D to Basic Properties of T E S given in 2.1.

MED @ For Vg, h € K[u], we have Elim(g, h) = 0.

Let TES,(G,H) := (P\(=G). Ps(=H), Ps, ..., Py) be “optimal T E S”, in that its last element Py
is the lowest-order polynomial among those computable by applying the Elim operations to {G, H}.

Below, for each element P,_; (1 < i < k—1) of the optimal TES, (G, H), we eliminate « by P with the
Elim operation, and denote the resulting polynomial in K[u] by Py;. We express the GCD corresponding
to ¢; in (6) as 0;; := ged(C, 5, Pr), where C; ; is the coefficient of 2% -term of Pj_;.

RAIZ Py 25 Py 2FHLTA LS,

Pooy Wz WL T2 0EASMBDT Cy(u)aett + Cro(u) EET, Py £HNT Pooy 25 28
RMETDILEEZ D, 0, =ged(Cry, P) & TN, Popy  Elim(Po_y, Py) = [Pi/01.1]Pocy —
[Ci1/61 1]z Py = [P /011](Craz +Crp)—[Cia/011)a Py = [Py/011]Ch0 2155, Ci € Klu]
Wz, EFLOMEDIZEOMEFKRTTHS, HRAERZ L PO (=0,,) PRESOTVS, ZhiE
HBERDT, Ppog DIHEBAARD, Pyg = Ca 0122+ Co 1221 +Cag KU, 029 :=ged(Capo, Pr)
LR, P, Y EImM(P s, P) = [Py/0as] (Conz®t +Copg) L5, P, ke 28L0OT, 5
BBMEDBETH S, 0y = ged(Cay, P) & LT 22 BHEMETNE, Pops © Blim(P,,, Py) =
[Pr/02.2] % ([Pr/02,1](Ca 1221 +Ca ) — [Cay /021]a21 Py) = [P/02,2][Pr/02,1] Cog DMFEND, Py
S BHERAD Py (T BRERA L AR, HRBE L E5@PRVIRE LS HRTVW S, EilD By
12 &% EBEMDHEEFRIZMEIZ —RIETET, Py (0<i <k) IZHUTIRED Py BRSNS,

{ Pe_i % Cyi(w)a®i + Ciiq(w)a®i=t 4 - + Cio(u)a® L ETH5IE, 13)

Pyyi = [Pr/0i;] - [Pr/0:1)Ci0, where 6;; =ged(Py,Cij;) (1> >1).

7B, ERTBWVT, C; =0 05 YURHVES,

EH I LRIOMRAZE HOREE” LA LD, [MiaDh»? Thid Eidd EEBIEEZFH L SHaTd
MRS, INETHESSRLTER LS, KR P A TT NV (F) DR S, DT, Hxd
HIE P T ENDRENNFORETH D, TOBRPS, FIZIE Py D P 12k 5z DHEEBLE S,
SO, 011 = ged(Cry, P) BEERE YD B, HEIITEZIL, #LS Oy 55 0, BWREING &
BH7255, EOEBICENIZOE P /011 72, DI &L, ged(Cri, Py) #1 THOHIZTHE, 011 1%
P, ORGHAT (D) THB I L 2EEKT 5, P, PORGNTEZRELZWEIZE ST, £5T “HEN
FFXEBTHE-TL B K37, U B, Zhd “HREE” TRTIEs 55 |

TES,(G, H) D&EFE P, (1 <i <k—1) 2AWT P, ORFIERTREERITSBOERESE £ 272, Note
that G and H are relatively prime, hence we will have g # h and ged(v0, gh) = 1, below.

Useful 6, , : {6;;,0ii-1,...,0;1} contains at least one element # 1.
1) The extraneous factors due to C; ;,Cii—1,...,C; 1 are often double-counted. The double-counting
is avoided by computing non-zero LCM(Least Common Multiple) of 6;;,60;;-1,...,0;1.
2) C;; DREX (B ENDPIEXOMEL) IHEE | DEAVNIWVIZEREL, —&IZ P B—FKRE W,
ZFIT, Poo1= Po_g = - DIHIZF =29 7 LTWL DMK TH %,



3) If extraneous factors are found in Pj_;, remove the factors found (< update the P). Since
0;,; = ged(Py, C; 5) = 1 for the updated Py, it is enough to check Py_;_y = Pr_j_o = ---.
Useless 6; , : all the elements of {6;;,6;,-1,....60;1} are 1.
1) Once Py_; is decided to be Useless, we need not check Pj,_; any more.
factrbyGH : the factors of S, which are determind by G and H only.
1) Let g := cont(G), h:= cont(H) then gh is a factor of Sy, where g # h.  In this case,
put G := G/g, H := H/h and compute the lowest-order element of ideal ({G, H}).
2) 70 := ged(ctm(G), ctm(H)) # 1 is a factor of Sa; ctm(F) is the 2°-term of polynomial F.
r ZHET DB, KIRIEIZIE multipliers 23T 5553, EHIH ctm(G) & ctm(H) ORF2EZ 5
ZeiF <, HERERIT ctm(Q) O ctm(H) DO TH 5, 728, ged(y0, gh) = 1o
X) v:=ged(lef(G),Icf(H)) # 1 DGE : Py X Py 72 ¥ OEIREDREERIE v £721F v DN 7-% K+
E UCRDHEMH 555, v is irrelevant to the extraneous factor, because ged(Py, ) = 1.

Theorem 3 First, separate the factrbyGH factors from the initial basis {G, H}, reserve them, and let
{G', H'} be the resulting basis. Next, compute TES,(G', H'), and for each element Py_; of it, check if
0;« is useful or useless, in order P,_y = P,_o = --- = Py. If 0;, is useful then remove extraneous
factors found from Py._; (< update Py), according to the above Usefull 6, ,1). This process stops in a
finite number of steps. After checking all the Py_;s, multiply the reserved factrbyGH factors to the Py,
updated last. Then, the product is the §2.

Proof Theorem 0 assures us that we can find the lowest-order element of ideal ({G’, H'}) as a factor
of P,. The formula in (13) tells us that if 6; ; # 1 then 6;; is an extraneous factor of P;. Hence, the
operation of extraneous-factor removal specified in the theorem removes only exraneous factors of the Py.
This process stops in a finite number of steps, because Py contains only a finite number of factors.

The question is that “does the process remove all the extraneous factors ?”. The answer is YES. The
reason is that the Elim is the critical-pair operation, that gives us the lowest-order element attainable
from the given system, and the operation is applied to the {G,H} as widely and deeply as possible.

Therefore, the process given in the theorem gives us the Ss. O
Note that the Theorem 2 utilizes the CofGs of Py, while the Theorem 3 utilizes no CofGs.

( Elim SERIZ PAYMIRD7Z, % - STRARICEMLZS, —K, E5WSI&ILBBE257)

A B

2 DI H A RIS DR (R S 18K03389) 5 & U4 BORRIFII T - EEIL R
YR — (FERFN) DBREZII T W5, MIEORFICH:D, CentOS L THMIT 5 Lisp MFI% % 17
BEU TN M SR (O - AL T RFHID), B QWIS 0% 5512 B L TR 0 % ik
LTI 7= R A T (D ABCERIE ) B & ORISR (SRS R ) 1< L 27,
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