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Abstract

A signature-based algorithm (SBA) computes a Groebner basis of an ideal by attaching a module
monomial called signature to an element of the ideal and by finding elements of the ideal with smaller
signature first. The algorithm reduces S-polynomials by an intermediate basis as in the Buchberger
algorithm. However it is difficult to directly apply a Fi-like reduction of a matrix constructed from
many S-polynomials and reducers because only a restricted reduction called regular reduction is
allowed. In this article we propose a vectorized polynomial reduction within the framework of the
sequential SBA. We report the idea for realizing this method and we show a comparison between the
new implementation and the existing SBA implementation in Risa/Asir.
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2 Signature based algorithm

signature based algorithm Z¥RN2% 7012, /NROEFEE G2 5. —fRD f € I D signature, &-7'L 7
F—HEOEFRL D, FMZ 6] ZBBLTELW. K 2K, R=Klay,...,2,) £ 35, I =(f1,.... fm)
ZRDATTNETH. M % RO OHIHARAL 5. < % R OHIEF, < %2 R = Rey®- @ Rey
DOINBFENERF &5 5. 703 ) X 49T, HEEEESIGEMI N2 ZHKX fITRL, f O signature S(f)
MHEFRINDS. S(f) & R™ OINBFHIEXTH 5. sigunature 2352 5N TWBZIHN ¢, ¢’ O S ZIHAD
emg —dm'g’ (e,d € K, mym' € M) D& %, mS(g) #m/S(g) 75 p=(g,9') % regular & S X7 LIT
K.mS(g), M'S(g) DOIBREWIE S(p) LEKT 5.

Algorithm 1 signature based algorithm

Input: F=(f1,..., fm)
Output: (F) @ &-7'L 7 F—HJK

L S(fi)<e (i=1,...,m); Syz <+ 0; G+ 0

2: for f € F do Update(f,G, D)

3: while D # () do

4 s« min{S(p) |pe D}; p<+ S(p) =s72% pe D; D+ D\ {p}
5 if s ZEI D123 Syz DL\ then

6 if LM(p) = min{LM(mg) | g € G,m € M, mS(g) = s} then
7: r < Regular Reduce(Spoly (p), G)

8 if 7 # 0 then

9 S(r) < s; Update(r,G, D)

10: else

11: Syz <+ Syz U {s}

12: return G

Algorithm 1 1IZ8WT, Regular Reduce 1%, mS(g) < S(p) 2% m € M, g € G DAH%{E-T Spoly(p) %
i3 5. £z, Update 1%, Hi L ERINZHR r D OERI NIRRT % DSBS 2B, [Al— signature
DRT DS B, LM D/ Db DD AL .

Algorithm 2 Update(r, G, D)
1: New + G & r 2»5{E- 7z regular S X7
2: for p € New do
3: if S(q) =S(p) %% g D PFET % then

& if LM(p) < LM(q) then D < (D\ {g}) U {p}
5: else D < DU {p}
6: G+ GU {7‘}

Algorithm 1 1IZBWTlgd 3 A M35 DIE Regular Reduce TH % . %D 3 A MEdH @ Buchberger
algorithm 12381 % @ & [Alkk, HILI E RBIHRE D AR b2 545208 BIEDAR MR NF 275 LT, Fy
algorithm ¥ [ARRICR T P TORMIEITS Z e kA 5.
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3 SBA ICHBITB F, 21 ILOEH

YT <, IHEEINTT < &R 2073 2 8 2 RET 5:
t,seM 3 5.

1. < BXBOENEF, 37205 tdeg(t) < tdeg(s) 2 HIE ¢ < s.
2. < ¥ < 1% compatible, THbHH t < s BHIF te; < se;.
3. AT TNDOAEERE (f1,..., fm) T DL E, tdeg(tLM(f;)) < tdeg(sLM(f;)) 72 51X te; < se;.

il LT < % grevlex, < % < _E® Schreyer JHF ¥ 3HUE, 2Th5DREZi-3h 3.
DURTC, signature 2% te; TH 2 & E, ZDRKE tdeg(te;) % tdeg(tLM(f;)) LEFKRT .

3.1 F, algorithm DH#RL

Fy algorithm IZBWTIE, D S 7 % F LD TRY MBI THERNT 228, Z OO TNEIZLL N0
DTH5.

1. H25MEils S T 2ED 5.
L, EXEEND S RT &2 2ERI D 15

2. WO L7 S R7 2 THINT 2 DI T707% reducer VA b EAES.
symbolic preprocessing & ML 5 712V X 4 (Algorithm 3) TIT 5.
BN 2 et D 2 HIEX OV XA P b5 60 5.

3. HIEA DY X MfE-> T, S ZIHK, reducer 27 MUVICEHT 5.
4. 1§60 TeRT PRI TITHRED , 6T 5.
T(p) % p CBN B BERSED Y 2 F 2T 5.

Algorithm 3 SymbolicPreproc(S,G)

Input : SR7DEE S, ZHAES G

Output :P = {Spoly(p) | p € S} DIL%E G BT 3 EHIBICHIITE 3
ZHAES Red BXU,
P U Red \ZHN 2 2 TOHIBEREW R T

1:we()

[

: for p € S do w < merge(w, T (Spoly(p)))
: Red + 0; T + ()
: while w # () do
if LM(g;) | TOP(w) % %723 g; DIF{ES % then
r TIE{F&U)) - gi; T < merge(T,T(r)); Red < Red U {r}

7: w PHEEHEN LT T ORREITEMT %
8: return (Red,T)
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3.2 SBA TF, 21 )LOBEHN%EITSBEORES

3 HiTii Tz < ITBT 2 IREDILTIE, SBA IF, SR7Z DX O/NEVIHIUE X 5. SBA IZEW
T, B d—1RD SRT7HPETUHE N2 L, Sq 2T d RD S R7 2R T 5. Thk, Fy Ll
I Sy BEU reducer EEZITINCEBRLTHNL LS T2, LRDXIRAIIERETIDEDLD 5.

1. BRI regular fifTITH 2 FIREE O HEE

HIH m 25 reducer h THEFITZ 22008 500, m DYHK T % S ZIHAD signature ISKEFT 5. Lo
T, F; @ symbolic preprocessing @D % £ TIIA 14T, signature 2% & L7z symbolic preprocessing
BITORUDD 2.

2. Sq 72VF T signature DERED d DEJEHRL Tz L IER 520w

regular fFIDHIRIC L D, LM(g) 2MEzd LM(R) (h € G) TEID YIS g DVERINDGED D 5.

Z DA, FiTZ d RD S R PEREINEHEDDH D, d ROWIHNH 7 72T THNBME
% Z 2T/ %. ¥7z, symbolic preprocessing T3 5417z reducer list TIEHT LW S R7 2 ffify T =R
WHREMED S % .

Bz, 2. oBHIZE D, Sy D HMEo72475h 618 5N R % G I1ZBINT % 7715 Tld algorithm D 1E4 1
ZORTHE LN, Ko T AT T 2 5K 703, 73y X4 BIKIE Algorithm 1 25T
L, RHRIED A Z R T PRI LTITS HIEZ2BRHT 2 281255, KD LABRD L 51Tk %:

o S; DHILD regular flifIZRFET 2 reducer Y A b % signature %% & L 7z symbolic preprocessing
TIED, BT PUcZf L TH L.

o Algorithm 1 2 [fkk, o TW3 Sy DILD S B/ signature DITLENRZ FIUITEH L T, reducer
Y A b T regular fiif3 %. regular HfIDOFERAE T2 0 TROVFERIENZ FIUICEI L T reducer
YA MBS 3.

3.3 SBA ICBITAEHDORY ML

3.3.1 signature ZZ[E L7z symbolic preprocessing

symbolic preprocessing HUZHIATN ¢ 23BIN 7z & = FEIANRE reducer g (&, LM(g) | t 23 T%L, ¢ 23
signature s @ S R7ICHKT 258, s - Ll\/f(g) (g9) DW= TRENDH B, X HIT, L IFEBD S RT7ITH
KT HAMENDH L. ¥ D S R7DHRNC t BBINTDH, ZIDBRINL regular I THi#IT = 25851
&, i TE 2 g ZIBATEARDEDDHSD. ZD XS5 reducer DEOF LT, Dl ed 2005k
BEZLND.

HEL LM(g) |t 2D 3y S(9) Db g 2HES
t D SZIHARD regular fHFNCHANT, K regular fHfIATEETD, T D g T regular fifyT =
LW, W, TORRTD G 2R TAXF Yy VT HREDH 5.

HiE2 smm =min{S(p) |p€ Sa} & L, ﬁ(y)S(g) < Spin ZM72F g BHIUIZENEMLS . BVGEI
24 LM(g) S(g) hOHDEAES.
ZDEMT D regular IR TE B,



3.3.2 FfICECLT d kD S RT7 DILIE

RIEICIRART2 X 512 Sy DILDPIRHNIHI721C d KD S TP T B ATHEMNED D D, 20 S LIz
IZ symbolic preprocessing TIEIRNLH > 7z BIHAD TN 2 W 5EED D 2 Z D L 5 R HIEX 2 it E 3
reducer L TEL BEDRH 3. Sy 55 symbolic preprocessing T3 S 7z HIHN Y 2 b % T, reducer
YA M% Red ¥ 55%. p¢d Sqg 785 SRT7ENMT 255,

e T(Spoly(p)) C T D&
Spoly(p) % regular ffi#y3 2 DI 1472 reducer 5T TIZV A MZHEDT Red 13T DEFEZ 5.

e T(Spoly(p)) ¢ T D&HE

Spoly(p) IZX3 % symbolic preprocessing DFEFAG S N7 HIHA Y 2 b, reducer Y R b & ZHLZ2H
T, Red 0% —F 5.

3.3.3 Fy AZ1ILDOEHN%EITS SBA

Wi TR 72 7152 D A7z SBA 23 Algorithm 4 T®H %. SymbolicPreprocSig (Algorithm 5) 13,
signature % # & L 7= symbolic preprocessing #5473 5.

Algorithm 4 SignatureBasadAlgorithmF,(F)

Input: ZIHXES F = (f1,..., fm)
Output: (F) @ &-7'L 7 F —HiE

1:S(fi)+e (i=1,...,m); S« 0

2: for f € F do Update(f,G,D)

3: while D # () do

4 d <+ min{tdeg(S(p)) | p € D}; Sa + {p | tdeg(S(p)) = d}; D <~ D\ Sy
(R,T) < SymbolicPreprocSig(Sq, G); VR «+ PtoV (R, T)

ot

6: while S; # () do

7: s« min{S(p) | p€ Sa}; p< S(p) =5 72% p e Sq; Sq < Sa\ {p}
8: if s ZEDYI5 S OILHRW then

9: if LM(p) = min{LM(mg) | g € G,m € M, mS(g) = s} then

10: if T(Spoly(p)) ¢ T then

11: (Rp,Tp) < SymbolicPreprocSig({p}, G)

12 R « merge(R,R,); T + merge(T.T,); VR « PtoV(R,T)
13: r < RegularReduceV (Spoly(p), VR, T); S(r) < Smin

14: if r # 0 then

15: Update(r,G, D); R <+ merge(R,{r}); VR + merge(VR, PtoV({r},T))
16: Saq < SqU{p € D |tdeg(S(p)) =d}; D+ D\ Sq

17: else S < SU{s}

18: return G

10-12 1728, HIHRY 2 b T IZHERRWIEBE U 8A1C reducer YA N R & T 2{ED IHTHET
»H5.
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Algorithm 5 SymbolicPreprocSig(S, G)

SymbolicPreprocSig(S, G)

Input : SR7DEE S, ZHAES G

Output :P = {(Spoly(p), S(p)) | p € S} DIL%E G IZBIF % regular filifT
IFHI i T % 2 ZIHA L signature DRT7 LG Red B LU,
P U Red \ZHAN 32 TOHIENZ i~ 725] T

1w < ()

2: for p € S do w < merge(w,T(Spoly(p)))

: Smin < min{S(p) [p € S}

: Red < 0; T <+ ()

: while w # () do

g < FindReducerSig(TOP(w), G, Smin)
if g # 0 then

m < T&?((;g); T <+ merge(T,T(mg)); Red < Red U {(mg,mS(g)}

9: w DS EN LT T OKREISEMT %
10: return (Red,T)

Algorithm 6 FindReducerSig(t,G, Smin)

Input : I ¢ ZUEEES G, IR 5,0,
Output :LM(g) | t 222 mS(g) D372 2 XL/PEW g € G (RWHEZ0)

1§ < 0; 9min < 0
2: for g € G do
3: if LM(g) | t then

t
4: m < m

5: if mS(g) < Smin then return g
6: if s =0 or mS(g) < s then

T s = mS(Q)ﬂ Imin = G

8: return g,in

FindReducerSig (Algorithm 6) &, 3.3.1 i /58t 2 25479 5. 5 THZHIRT 2 &, /78t 1 2547

T

5. SZHKE, XT7 MUTEE LTz reducer V A MZ XD regular flifI%1T 5 DD Regular ReduceV

(Algorithm 7) T® %. reducer U A b %, JLHIHDA > 7 v 7 A% X — ¥ 3 287 MLVORSNI AT

%

DY PtoV (Algorithm 8) TH 5.
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Algorithm 7 Regular ReduceV (p, R, T')

Input : ZIHK p, reducer 4l R = (ro,...,r—1), BERI T = (to,...,t1_1)
Output :p Z R T regular fii#y L 7=4E55HE

1
2

6:

cp=coto+ -+ c—1ti—1 @Z%’U(—(CU,...,Q,Q
cfori=0tol—1do
3:

(’I‘i, Si) < Rl
if v; #0 and r; # 0 and s; < S(p) then
v v —v; -1y (r; DIFFRIIITH L TOHRER)

return voto + - +vi—1ti—1

Algorithm 8 PtoV (R, T)

Input : ZIHA L signature DR7 DES R, FIHAY] T = (to,...,t-1)
Output B2 7 MWL 72 reducer | VR = (VRo,...,VR;_1)

1: fori=0tol—1do

2:
3:
4:

if LM(r) =1t; %% (r,s) € R2MF{E3 % then
r/LC(r) = Zle citi; T2 Z v+ ((i1,¢1)y .y (igycr)); VR < (v, 8)
else VR; + (0,0)

5. return VR

4

SHERSEERZ Risa/Asir 20230315 on MacBookPro M1 Max TfT - 2245 %759, nd_sba (Algorithm

1), nd_sba_f4 (Algorithm 4), 8 XUE# & LT nd_f4 (simplify ZHEL TV Fy) OFHEREZ R

R

SRR NI LR 2 L O THALIBMTH 2. K 4 PR Faogos, K 2 PVEHEUA LT AR

RCH2. ANATT7ME, RVFI—=FHIZILHNBN2HDTH .

hrandom(n,d,m) 1 dense 7% n ZEFE X d X m [ATERINIE A T T7LTH 5.

4.1 E%8
4.1.1 ABRFAELOFERICOWVWT

nd_sba ¥ nd_sba_f4 ZLKT 2 ¥, GRIK - TIX, nd_sba_f4 23K 10 GFREEETH S, 2, H

HEBAHRIA ETOFIHEa X P ORELREDZ D Z Z PO LTWRIRTH 5.

WL DRI L, 3.3.1 HiTik\72 symbolic preprocessing (28} % 2 DD DK BT o072, £

3 IZBWVT total 1FEROFHERFME, symb & symbolic preprocessing DFIEKRERH, (find) 1% symb D5 5,
reducer % H-0UF 2 DIZhh o 2B 2R3, 81 (FIRZ L) TIX, 2RO R 72 2858035
2703, find DSMRIHIC K E <72 D, total D78 D DN Z LD 286035 5. —/iTHE2(FRH D) TIZ,
RIRDFIRKERIA T8 1 X DH BBENDH 2P, find D total [T BEEIEZ S KELERVL. ZhbD
Bl 2BY, 582 Z2F 74 L MCT3DHALLED X SITILAZ 5.
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nd_sba nd_sba_f4 nd_f4
ecol2 24 4.3 9.6 nd_sba nd_sba_f4 nd_f4
ecol3 220 28 80 dl 0.80 0.80 0.23
ecol4d 2300 220 770 extcyc6 2.2 0.80 0.28
katsurall 36 4.4 27 855 2.0 1.7 0.18
katsural2 330 25 220 filter9 2.9 7.2 0.094
katsural3 2900 160 1700 ilias13 6.2 2.7 0.36
noon9 17 6.3 26 redecol2 5.6 1.2 3.2
noonl0 230 61 320 reimer6 4.6 1.5 0.97
noonll 4100 690 4500
nd_sba nd_sba_f4 nd_f4
hrandom(8,4,6) 570 74 230
hrandom(8,4,7) 2300 170 840
hrandom(8,4,8) 3100 220 940
hrandom(9,3,8) 280 28 130
hrandom(9,3,9) 270 26 110
hrandom(10,3,10) | 6500 460 2400
* 1. A LCoitH
nd_sba nd_sba_f4 nd_f4 nd_sba nd_sba_f4 nd_f4
assurd4 4.5 2.1 0.92 jef26 48 21 15
chemkin 10 3.1 0.65 jef26s 16 8.9 1.9
cohn3 11 6.3 1.8 katsura9 16 2.1 13
cyclic7 6.5 2.0 2.3 katsuralQ 220 21 150
discret3 230 210 1700 kinl 2.7 2.3 1.8
dl 20 8.9 3.6 kotsireas 1.8 0.59 0.32
ecol0 4.0 0.87 1.8 mckay 340 250 23
ecoll 53 8.2 100 noond 5.3 2.2 14
ecol2 910 110 380 noon9 97 22 190
extcych 71 20 8.1 pinchonl 43 16 0.62
855 75 36 8.0 rbpl 6.6 1.9 4.2
fabrice24 8.8 4.9 1.0 rbpl24 8.9 4.7 1.1
filter9 220 96 340 redcyc? 4.6 1.2 2.6
il 2.8 2.1 3.8 redecol0 1.2 0.21 0.90
ilias13 9100 2600 46 redecoll 8.0 1.2 6.3
ilias_k_2 54 17 4.7 redecol2 65 7.5 47
ilias_k_3 94 40 7.7 reimer6 67 10 46
2. HEEUA LToitA



Jigt 2 Jigt1
total symb(find) | total symb(find)
ecol3 28 4.0(1.3) 23 4.4(2.9)

ccold | 220 23(6.8) | 180  26(17)
katsural2 | 25 3.1(0.59) 22 3.1(1.1)
katsural3 | 160 14(2.2) 140 15(5.7)

noon9d | 63  1.9(0.93) | 94  5.1(3.9
noonl0 | 61 12(6.8) | 100 53(46)
noonll 690 100(64) 1300  770(710)

=

3% 3: symbolic preprocessing DL

4.1.2 BFEHELOFERICOWVT

AR LTS, I D nd_sba_f4 2% OFIT, 2 5 EEHTH 223, iUk, AHEBUA L TOFHELX
W X D RBOHEI R MR ERETE SDIGENRZ N Lo TRAORRTHS. M LTH
Z BIA DX, nd_sba 23, PN DU 7= regular i T & % reducer # 2D F 5 DIZXT L, nd_sba_f4
TIEEBD S ZIHA % regular fifITE 2 X 57 reducer ZHELICIT 2 WS RiTH 5. nd_sba TIHIC
MM T2 /1ke LT, #1 signature 23h/NT&H % reducer 23K 2 JiikETEEL TAz. £41%, £ 2 TH

WHNTA DU 7z reducer  signature /)N reducer nd_sba_f4
chemkin 10 5.7 3.1
dl 20 16 8.9
ecoll 53 37 8.2
ecol2 910 430 110
filter9 220 360 96
ilias13 9100 5300 2600
katsuralQ 220 140 21

£ 4: reducer D 2T HI2 K % nd_sba DFIEIRFRH D L

WD S5, ZOHBTRERENONZEDDAEEDZDDTH LD, filterd DX I M X - TE
{7%5b0%, GE(LT2H DD, nd_sba_f4 LIIMEARL LTRERELD S HDEHDTH D, nd_sba_f4
DEEMICIT Z MO HEDRHE X5 TH 5.

B, TTTHWERIOD S5, filter9, ilias_k_2, ilias_k_3 IZBWT, H 3 LXBDIHFHHFIZ, S %18
HNTHT 72 7 BUIHADYBIAL T, symbolic preprocessing D=0 D H UB4E T 7.

4.2 Fro

SBA IZBWT Fy A& A NVOITAIERIZ I D AN AT e LT, F4/5 [2] & MatrixF5 [4, 5] 2%
. B IS, signature 2% L 7z symbolic preorocessing #1795 Z £ DAZHRE L TEHE D, termination
DHAEE L, BN OWTOE IR Ww. HE, 23 d D Macaulay 1752 E 5 T regular fifiz
MY T 28ERTHIMR e LTHITT 5. AT LTGHREREFHED LTI 6HubshTw s 035H
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BB WHEEN. 2 2Tl TEE, IR, A MEDMRRAEX Nz, BRIV SBA O HARRE T, &
regular fi#Y % X2 MBI TITZ 2 & 5 ICHIURZBINT 2 D DTH 5. ITHRIECHIRA D&, 72, ik
TAT, B2 WIFFNDBINEI N 272 Y, Fy (B 21750 & 1722 U2 0D, H 2 OB L TidkE
BENH B Z e 3bhroiz.
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