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MATRIX WEIGHTS, SINGULAR INTEGRALS,
JONES FACTORIZATION AND
RUBIO DE FRANCIA EXTRAPOLATION

DAVID CRUZ-URIBE, OFS

ABSTRACT. In this article we give an overview of the problem of finding sharp constants in matrix weighted norm
inequalities for singular integrals, the so-called matrix Ao conjecture. We begin by reviewing the history of the
problem in the scalar case, including a sketch of the proof of the scalar A3 conjecture. We then discuss the original,
qualitative results for singular integrals with matrix weights and the best known quantitative estimates. We give
an overview of new results by the author and Bownik, who developed a theory of harmonic analysis on convex
set-valued functions. This led to the proof the Jones factorization theorem and the Rubio de Francia extrapolation
theorem for matrix weights, two longstanding problems. Rubio de Francia extrapolation is expected to be a major
tool in the proof of the matrix A2 conjecture, and we discuss some ideas which may lead to a complete solution.

1. INTRODUCTION

One weight norm inequalities have been extensively studied since the work of Muckenhoupt and others in
the 1970s. (See [23,26,28] for details and references.) Central to their study is the Muckenhoupt A,, condition.
It gives a necessary and sufficient condition for many of the operators of classical harmonic analysis (maximal
operators, singular integral operators, square functions) to satisfy weighted norm inequalities. There are two
very important results in the study of of A, weights. The first is the Jones [actorization theorem [35], which
gives a complete characterization of the class A,, in terms of the simpler class A;. The second is the Rubio
de Francia extrapolation theorem [53], which, in its simplest form, shows that if an operator is bounded on
weighted L2, then it is bounded on weighted LP for all p, 1 < p < oo. Rubio de Francia’s colleague Antonio
Cordoba [25] summarized this result by remarking that it showed that there are no LP spaces, only weighted
L2

Since the 1990s, there has been a great deal of interest in extending the theory of scalar weights to the setting
of matrix weights: that is, d x d measurable matrix functions W that are self-adjoint, positive semi-definite, and
act on vector-valued functions f These problems were first studied by Nazarov, Treil and Volberg [45,55-57],
who asked if the weighted norm inequalities for singular integrals could be extended to the matrix setting. They
defined a class of matrix weights, .4,,, and showed that the Hilbert transform is bounded with respect to this
class. This result was later extended to general singular integral operators by Christ and Goldberg [11,27].

More recently, attention has been focused on determining the sharp constant in matrix norm inequalities. In

the scalar case, Hytonen [31] proved that the sharp constant in the weighted LP norm inequality is proportional
to [w]j‘jxu’p ~U} and it is an open question as to whether the same bound is true for matrix weights. The best

. - i3 . .
known result is that it is bounded above by [W] AP” ' 7, which, when p = 2 gives an exponent of % rather
than the conjectured value of 1. In the scalar case, most proofs of this result proceed in two steps: first, it is
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proved in the case p = 2, and then it is extended to all p by using a sharp version of the Rubio de Francia
extrapolation theorem. (See [22,32,41].) For this reason, the problem is referred to as the “A, conjecture.”

In the 1990s Nazarov and Treil [45] posed two fundamental problems: extend the Jones factorization the-
orem and the Rubio de Francia extrapolation theorem to matrix weights. These problems were only solved
last year by the author and Bownik [7]. These results are a significant advance in the study of the matrix Ao
conjecture, since they allow the problem to be reduced to the case p = 2.

The goal of this article is to provide an overview of the theory of matrix weights and of the proofs of fac-
torization and extrapolation for matrix weights. It is organized as follows. In Section 2 we provide some
background about scalar weights. We focus on those results which are essential for understanding the subse-
quent development of the matrix theory. In Section 3 we review some of the history of matrix weights. We will
concentrate on the results of Christ and Goldberg [11,27] and the more recent work of Nazarov, Petermichl,
Treil, and Volberg [43]. In Section 4 we will discuss the work of the author and Bownik. Our approach, which
considerably extends the work of Nazarov, et al., builds a theory of harmonic analysis on convex set-valued
functions. This in turn provides the necessary tools to prove factorization and extrapolation for matrix weights.
Finally, in Section 5 we make some final remarks and conjectures about the matrix A, conjecture.

Throughout this paper we will use the following notation. In Euclidean space the constant n will denote the
dimension of R™, which will be the domain of our functions. The value d will denote the dimension of vector
and set-valued functions. For 1 < p < oo, LP(R™) will denote the Lebesgue space of scalar functions, and
LP(R™, R?) will denote the Lebesgue space of vector-valued functions.

By a cube we will always mean a cube in R™ with sides parallel to the coordinate axes. The Lebesgue
measure of a cube, or of any arbitrary set E, will be denoted by |E|. By a weight we mean a non-negative,
locally integrable function that is positive except on a set of measure 0. We define w(E) = [, w(x)dz,

and we let fQ w(z)dr = |Q|™'w(Q). By LP(w) we mean the scalar weighted space with measure w dz,
LP(R™, wdx).
Given v = (v1,...,vq)" € RY the Euclidean norm of v will be denoted by |v|; from context there should

be no confusion with the notation for Lebesgue measure of a set. The closed unit ball in {v € R? : |v] < 1}
will be denoted by B. Matrices will be d x d matrices with real-valued entries. The set of all d x d, symmetric,
positive semidefinite matrices will be denoted by S;.

Given two quantities A and B, we will write A < B, or B 2 A if there is a constant ¢ > 0 such that
A<cB. If A< Band B < A, we will write A ~ B.

2. BACKGROUND: THE SCALAR THEORY OF WEIGHTS

In harmonic analysis, a fundamental class of weights are those that satisfy the Muckenhoupt A,, condition,
introduced in [42]. Given 1 < p < oo, w € A, if

la, = sup (f wioyas ) (f wiay=> dz) <,

where the supremum is taken over all cubes. A weight w is in A; if

[w]a, = supesssupw(x)_ll[ w(y) dy < oo.
Q Q3= JQ
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The quantity [w] 4, is referred to as the A, characteristic of a weight. These weights arise naturally in the
study of Hardy-Littlewood maximal operator,

M (@) = sup ]{e @)l dy - xe(@),

where the supremum is taken over all cubes. For 1 < p < oo, the A, condition is necessary and sufficient for
the maximal operator to satisfy the weak (p, p) inequality

C
w{zx e R": Mf(x) > \}) < t_P/ |f(2)|Pw(x) dx,
R’n
and for 1 < p < oo it is necessary and sufficient for the strong (p, p) inequality

/ Mf@Pu@)de < C [ 1f@)Pw() de.

Rn

Recall that a Calderén-Zygmund singular integral T is a bounded operator on L2 (R™) for which there exists
a kernel K (z,y), defined on R™ x R™ \ A, where A = {(z,z) : x € R"}, such that if f € L(R"™) and
x & supp(f), then

Tf(x)= /R K(z,y)f(y) dy.

The kernel satisfies the size and regularity conditions

Kyl < o
lz =yl
|’
|z —y[to’
where |z — y| > 2|h|. The A, condition is also sufficient for a singular integral operator to satisfy the weak
and strong (p, p) inequalities; moreover, it is necessary for non-degenerate singular integrals such as the Riesz
transforms. See [23,26,28, 54].

|K(z +h,y) = K(z,y)| + |[K(z,y + h) = K(z,y) < C

The weak (p,p) inequality for singular integrals can be proved using kernel estimates and the good/bad
decomposition of Calderén and Zygmund (see, for instance [26]). The strong-type inequality was originally
proved by comparing the norm of the singular integral operator to that of the maximal operator. Coifman and
Fefferman [13] proved that given p, 0 < p < oo, and w € A, for any ¢, 1 < ¢ < o0, there exists a constant
depending on [w] 4, such that

2.1 /n T f(z)Pw(z)de < C - M f(z)Pw(zx) d.

Here, T is the maximal singular integral, defined by

T* f(x) = sup |Tc f ()] = sup
>0 >0

/‘7 | K(z,y)f(y) dy|,

which dominates the singular integral pointwise. They proved this by proving a so-called good-X inequality:
there exists 0 > 0 such that for every v, A > 0 and for every cube Q,

w{z € Q: T*f(x) > 2)\, Mf(z) < 7A}) < Cr°w(Q).

An alternative proof of (2.1) using the sharp maximal operator was given by Journé [36]; see also Alvarez and
Pérez [1].

For the past three decades there has been a great deal of interest in determining the best constant in the
strong (p, p) inequality for singular integrals in terms of the A, characteristic of w. This question was first
considered by Buckley in the 1990s [8]; it became the subject of concerted effort when Astala, Iwaniec and
Saksman [2] proved that sharp regularity results for solutions of the Beltrami equation hold provided that the
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Beurling-Ahlfors operator satisfies || T'f|| o) < Clw]a, ||f|l £ (w) for p > 2. This problem was extended to
all Calderén-Zygmund operators and all p > 1: it was conjectured that

max(1,p’—1
I F N[y < CO0 T p) [l s =D £ o).

By the Rubio de Francia extrapolation theorem, which we will discuss below, it suffices to prove this when
p = 2; for this reason this problem was referred to as the A5 conjecture. It was studied by a number of authors,
including Lacey, Petermichl, and Volberg [37,48-50], and was finally solved in 2010 by Hytonen [31,33]. His
proof was quite difficult and we will not consider it.

Lerner and Nazarov [38—40] and Conde-Alonso and Rey [14] gave a new and simpler proof of the As
conjecture. As part of their proof they introduced the technique of sparse domination. Let D be any translation
of the standard dyadic grid. A collection S C D is said to be sparse if there exists a collection of pairwise
disjoint sets { £(Q) : Q € S} such that for each Q, E(Q) C Q and |Q| < 2|E(Q)|. A sparse operator is an
averaging operator of the form

Tsf(x) (7[ e dy) \ol@).

QeS

They showed that given a bounded function of compact support, there exist a finite collection of dyadic grids
{D,,}}\_, and sparse families {S,, }2_; such that

N
ITf(2)| <CY Ts, (|If)(x)-

Given this, the A, conjecture reduces to proving the corresponding estimates for sparse operators. This is done

in two steps. First, weighted L? bounds are proved using an argument in [17]. Let w € Ay and let 0 = w™

1

By duality, there exists i € L?(w), ||h||12(w) = 1, such that

1T 12y = / Ts /() h(x)w(a) do
<2Z][ flx dx][ z)w(z) dz|E(Q))

QeS

v w@o@ 1 |
=220 @ [ @ e [ ) ap@)

<2wla, Y / M (fw)(z)o(z)MEh(z)w(z) dz

QES

< 2fwla, / N2 (fw) ()0 () M2 A () w(z) da
Rn

< 2w] 4, | ME(fw)| 12 (o) | MER 12 ()

< 8[wla, [ fwllrzo) 1Al L2 (w)

= 8[w] A, I/ | 2 (w)

Here, ]\713, is the “universal” dyadic maximal operator defined with respect to the grid D and the measure w da:

]f[d (r)fgup /|f Nw(y) dy - xo(z),
QeD

where the supremum is taken over all dyadic cub~es in the grid D. This operator is bounded on L?(w) with a
constant independent of w (see [26]). Similarly, M| c‘f is bounded on LQ(O').

The proof that sparse operators satisfy weighted L” bounds with the desired constant follows at once from
the Rubio de Francia extrapolation theorem. Here we state it in a “sharp constant” version first proved by Drag-
icevié, et al. [22]. (See also [18].)
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Theorem 2.1. Given py, 1 < pg < 00, suppose that for some operator T' and for all wy € Ap,, the inequality
| @l e de < Ny (Gwola,,) [ 1@l ds
holds. Then for all p, 1 < p < oo, and all w € Ay,

/D%” ITf(2)[Pw(z) de < Npy([w]a,) / f (2)|Pw(z) da.

Rn
The proof of extrapolation ultimately depends on three things:

(1) The duality of A, weights: for 1 < p < oo, w € A, if and only if o = w? e Ap,and [0]a, =

[w]ﬁp_l. This is an immediate consequence of the definition of A,, weights.

(2) A quantitative bound for the maximal operator: for 1 < p < oo, [|M fl|r(w) < C[w]g;lHﬂ
This was first explicitly proved by Buckley [8] but was implicit in Christ and Fefferman [10].

(3) The Jones factorization theorem: for 1 < p < oo, w € A, if and only if there exist woy, w1 € Ay such
that w = wow}_” . This was first proved by Jones [35], but a much more elementary proof was given
by Coifman, Jones, and Rubio de Francia [12]. (See also [15].)

Lr(w)-

With the first two facts we can define the Rubio de Francia iteration operator, which is also fundamental to
the proof of the Jones factorization theorem. Let M be the Hardy-Littlewood maximal operator and w € A,
1 < p < oo. Given a non-negative function h, define

. MFh(x)
Rh(x) = > s —
=5 2 1M1 (o)

It then follows from the definition and the properties of A, weights that

(1) h(z) < Rh(x);
@) [IRR| o)y < 2017l Lo (w)s
(3) Rh € Ay and [Rh]a, < 2||M|| o) < Clwlf 7

We briefly sketch the proof of extrapolation. For simplicity, we will only consider the case when pg = 2,
and we will not give the proof that yields the best possible constant. (For complete details, plus references to
other proofs, see [15,18].) Fix p, p # 2, and w € A,. Let R be the Rubio de Francia iteration operator
defined above, and let Ro be the operator corresponding to o = w' e Ap. Then by duality there exists
h € LV (w), [|h[| 1 (,y) = 1. such that

17 lzriwr = [ T (@)lh(a)u(a) da

< / ITF(@)[R1 f(2) E R () E R () (z) de
.

< (L rorrase) Rau@ as) "

1 1
— 2 2
=171,

2

, Rif(x)Ra(hw)(x) d;n)

JRn

We estimate each term separately. The estimate of 5 uses the properties of the iteration operators:

L= R f@)w(z)r Ra(hw)(z)w(z) 7 do

< ||R1fHLT’(w)HRQ(hw)HLP’(a)
< Al 1wl Lo (o0
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< 4HfHL1’(w)'

To estimate 1, we use our hypothesis, the fact that by the Jones factorization theorem, Rf1(f) 'R f2 € Aa,
and the estimate for I5:

I = [ 170 PR () Rallu) o) do
= C/ |f1PR f(2) " Ro(hw)(z) dz
R’n

<C [ [f(@)[Ra(hw)(x) dx
R
< Cl.
If we combine these inequalities, we get the desired result.

Remark 2.2. Note that in this proof of extrapolation, we only use the easier half of the Jones factorization
theorem: that if wgy, wy € Ajp, then wowi_p € A,. This property, referred to as “reverse factorization”
(see [18]) follows at once from the definition of the A, and A; conditions. We will return to this fact below.

3. MATRIX WEIGHTS AND MATRIX-WEIGHTED NORM INEQUALITIES

In the 1990s, Nazarov, Treil and Volberg in a series of papers [45,55-57] considered the question of whether
the theory of Muckenhoupt weights could be extended to matrix weights applied to vector-valued functions.
Beyond the intrinsic interest of this problem, their original motivation came from problems in the study of
multivariate random stationary processes, and from the study of Toeplitz operators acting on vector-valued
Hardy spaces.

To describe the problem, we define some notation. Let f = (f1,..., fa)- Given a singular integral 7', define
it acting on a vector-valued function by

—

Tf=(Tf1,....,Tfq)
It is immediate that if 1 < p < oo and f € LP(R", R?), then HT.ﬂ|Lp(Rn'Rd) < C’Hﬂ|Lp(Rn,Rd).

To define weights, recall that Sy is the set of d x d, self-adjoint, positive semi-definite matrices. A matrix
weight is a measurable function W : R™ — S;. We define an associated scalar weight using the operator norm
on W:

W (a)lop = sup W (2)¢].
cer?
|§1=1

We define the matrix weighted space LP(W) = LP (W, R", R?) with the norm

£l (wy = (/}R |W(z)%f(m)\pdx> ’

Note that when d = 1, this reduces to the scalar space LP(w). Also note that W+ is well-defined since W
is positive semi-definite. (We note in passing that in [7] we defined this space with Wr replaced by W. We
believe that this is the correct way to define matrix weighted spaces, but here, for consistency with the earlier
literature, we use the historical definition.)

With this notation, the problem posed by Nazarov, Treil and Volberg is the following: given 1 < p < oo,
prove there is a Muckenhoupt-type condition on matrix weights so that the inequality

[ wi@rsara<c [ whese)rd

21
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holds for singular integrals. Treil and Volberg [56] first solved this problem on the real line for the Hilbert
transform when p = 2. They showed that this inequality holds if W satisfies an analog of the A5 condition:
< 00.

W (z) dz ' W (z) dx :
Q Q op

This condition, however, does not extend to the case p # 2. An equivalent, but more technical definition of
matrix A, in terms of norm functions was conjectured by Treil and used by Nazarov and Treil [45] and by
Volberg [57] to prove matrix-weighted norm inequalities for the Hilbert transform. Their idea was to replace
matrices with norms on R%., Here we sketch their definition; for complete details see the above references
or [7].

3.1) [W]a, = sup
Q

Let p: R™ x R? — [0, 00) be a measurable function such that for a.e. 2 € R”, p(z, -) is a norm on R¢: that
is, given v, w € R%and a € R,

(1) p(x,v) = 0if and only if v = 0;
@ pla,v+w) < pla,0) + plo,w);
B3) p(z, av) = |alp(z, v).

For instance, given a matrix weight W, we can define a norm by pyw (z,v) = |W(z)v|. Define the dual of a
norm function p* by

pzv)= sup  [(v,w).
weR? p(z,w)<1

Finally, given a cube (), and 1 < p < oo, define the average of a norm function on ) by

ha(e) = (f plavyraz)
With this notation, they defined a norm p to be in A, if for every v € R,

(P o) < C{p)po)”

When d = 1 this immediately reduces to the Muckenhoupt A,, condition.

Later, Roudenko [52] gave an equivalent definition of \A4;, that more closely resembled the scalar definition:
forl <p<oo, W e A,if

(3.2) Wla, = sup][ < |W%(x)W7%(y)\§; dy) dx < oo.
Q JQ Va
Frazier and Roudenko [24] also introduced the concept of matrix .4; weights: W € A; if
(3.3) (Wla, = sup Ebbbup][ W= (@)W (y)]op dy < 0.
TEQ

Norm inequalities for Calderén-Zygmund singular integrals in R” were proved by Christ and Goldberg [11,
27]. Treil and Volberg had earlier noted that a key obstacle to proving matrix-weighted inequalities was the
lack of a maximal operator that did not lose the geometric information embedded in a vector-valued function.
A key component of the proofs in [11,27] is a scalar-valued, matrix weighted maximal operator (now referred
to as the Christ-Goldberg maximal operator):

M flz) = sup ][ W (@)W @) ()| dy - xo(x).
Q JQ

The motivation for this definition comes from the following observation: if 7" is a singular integral operator (or
indeed any linear operator), then 7" satisfics || T'f || .» w) < C||f|| z»(w) if and only if the operator Ty, defined
by

—

Ty f(x) = W(z) 7 T(W ™7 ) (z)
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satisfies || T f | .» &» gay < Cllf || L @n ra)-

The first step was to prove that if W € A,, 1 < p < oo, then Myy is bounded from LP(R™ R%) into
LP(R™). This required the introduction of an auxiliary maximal operator A7, defined by

My f(x) = sup][ IWEW () F(y)] dy - xo ().
@ Jo

Here, Wg is a constant matrix defined as follows: given the norm {pw ), ¢, let K}, be the closed unit ball in
R? with respect to this norm:

Ky = {v e R: (pw)pqv) < 1}
Then K7}, is a convex set in R?, so there exists a unique ellipsoid of maximal volume, called the John ellipsoid
and that we denote by E?), such that Eg c Ki, c \/EE% Finally, there exists a matrix Wg such that
E(g = WgB, and the norm induced by this matrix is equivalent to (pw ), . The matrix Wg is referred to as
the reducing matrix associated to W on (). Note that when d = 1, Wg is just the p-average of the weight.

They showed that the auxiliary maximal operator maps LP(R™, R?) into LP(R"); this can be done using
Calder6én-Zygmund cubes and an argument analogous to that for the maximal operator. Then, via a stopping
time argument, they showed that || My f{| Lr (rn ga) < Cl|Mw f|l Lr @ ra).-

Given this maximal operator, to prove weighted norm inequalities for singular integrals they adapted the
ideas of Coifman and Fefferman to prove a good-\ inequality. Define

Tiy fla) = sup (W (2) T (W% ().

Then for every smooth function f with compact support, they proved that there exist constants 0 < b < 1 and
¢ > 0 such that for all A > 0,

— — — —

Hz € R™ : Ty, f(x) > A\, max{Mj, f(x), Mw f(z)} < cA}| < %b”\{x e R™ : Ty, f(z) > bA}.

As in the scalar case, this approach to proving matrix weighted norm inequalities does not yield quantitative
estimates on the constant in terms of the [WW] 4, characteristic. After the proof of the scalar A, conjecture by
Hytonen, it was conjectured that the corresponding result holds for matrix weights: for 1 < p < oo,

7 max{1,p'—1 7
1T fllzowy < CIVTR P 7| oy
This problem was first considered by Bickel, Petermichl and Wick [6] and by Pott and Stoica [51] when p = 2.
More recently, Nazarov, Petermichl, Treil and Volberg [43] showed that when p = 2, they can get a constant

E
of the form C'(n,d, T)[W]3,. (Also see [20].) Their proof is based on a deep generalization of the sparse
domination estimates described above in the scalar case; they then estimate their sparse operator using square
function estimates.

The sparse operator introduced in [43] replaces vector-valued functions by averages that are convex sets.
They show that given f € L°(R™, R%), there exists a finite collection of sparse sets {S,, }N_; such that

N
(34) Tflz)eC> > UfMexal@),

n=1QES,

where ((f))¢ is the convex set

(o = {é k) Fly)dy < k € L(Q), k] < 1}7

23
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and the sum is the (infinite) Minkowski sum of convex sets (see below for a definition). They referred to this
estimate as a convex body sparse domination. To complete their proof, however, they did not work directly
with these convex set-valued functions, but rather replaced them by vector-valued sparse operators of the form

T flz) = zijmeﬂm

QeS”

where for each Q, ¢ is a real-valued function supported on @ x @ such that, for each z, ||¢¢ (2, -)||s < 1.
These they estimated using square function estimates.

In the case p # 2, quantitative results were proved by the author, Isralowitz and Moen [16], who got a
constant of the form

1 1
Cln.d,p, )W, 77 7.

They used the sparse domination result of Nazarov, et al. and reduced to the vector-valued sparse operators,
but instead of using square function estimates, they adapted techniques from the theory of A, bump conditions
in the study of scalar, two-weight norm inequalities. In both proofs there is a loss of information: even in the
scalar case these techniques do not yield the A5 conjecture. So the problem becomes to work directly with the
convex set-valued sparse operator.

4. CONVEX SET-VALUED FUNCTIONS AND MATRIX WEIGHTS

The convex body sparse operator of Nazarov et al. introduced a powerful new tool into the study of matrix
weights. Building upon these ideas, we further developed the theory of convex set-valued functions to prove
Jones factorization and Rubo de Francia extrapolation for matrix weights. This problem was first raised by
Nazarov and Treil [45]:

Actually, the whole theory of scalar (Ap)-weights can be transferred to the matrix case except
two results...the Peter Jones factorization and the Rubio-de-Francia extrapolation theory. But
today (May 1, 1996) we do not know what the analogues of these two things are in high
dimensions.

Their assessment at that time was somewhat optimistic: for instance, there is still not a complete theory of
reverse Holder inequalities for matrix weights (though see [21]). Nevertheless, they did identify two funda-
mental problems in the study of matrix weights. While factorization and extrapolation are interesting in and
of themselves, they gained greater importance with the study of the matrix .45 conjecture. As we described
above, extrapolation played an important role in proving the scalar A5 conjecture. Moreover, for a number of
technical reasons matrix A, weights are easier to work with than matrix A, weights, p # 2. (E.g., the simpler
definition (3.1) can be used.) Therefore, it seems natural to try to prove a sharp version of extrapolation in the
matrix case.

Both results have been fully proved for matrix weights. Here we state the two main theorems from [7].

Theorem 4.1. Given 1 < p < oo, then W € A, if and only if there exist commuting matrices Wy, Wy € Ay
such that

W = WoW, "
Remark 4.2. For simplicity and ease of comparison to the scalar case, we state Theorem 4.1 assuming that
the matrlces Wo and W7 commute. We can remove this hypothesis, but to do so we must replace the product

W W" with a more complicated expression, the geometric mean of the two matrices: see [5].
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Theorem 4.3. Given py, 1 < pg < o0, suppose that for some operator T and every Wy € A,

( /. IW"’“TfI’“dl)) " <N, ([Wolpn)( / |Wﬁﬂp"dx)”°
R™ Rn

Then forallp, 1 < p < oo, and W € A,

(L. 'W%Tf”"dw))'l’ <nw( [ wifras)”

Remark 4.4. We actually prove a more general version of Theorem 4.3, replacing the operator 7" by a family
of pairs of functions (f,g). This more abstract approach to extrapolation was first suggested in [19] and
systematically developed in [18]. As an immediate corollary to this approach we get via extrapolation vector-
valued inequalities of the form

</ <Z\W )T fio( |q>§dx)% < (/}R (iW(I)J‘k(I)Iq)gdmf

1 < g < oo. Such inequalities appear to be new in the matrix weight setting.

Remark 4.5. In Theorem 4.3 the function N, depending on NNV,,; has exactly the same form as the functions
gotten in the sharp constant extrapolation theorem of Dragicevic, et al. [22]. This is precisely what is needed
to reduce the matrix 45 conjecture to the case p = 2.

The proofs of Theorems 4.3 and 4.1 are both long and extremely technical, and it is beyond the scope of
this article to give many details. Instead we will provide a conceptual overview of the proofs and of the tools
we developed for them. As part of the proof we have begun to lay the groundwork for studying harmonic
analysis on convex set-valued functions. These results are of interest in their own right. Moreover, beyond
their application to proving these two theorems, we believe that it will be useful for exploring more deeply the
convex body sparse bounds of Nazarov, et al., and so will be an important tool for proving the A5 conjecture.
‘We will return to this point in the next section.

Underlying our proofs of Theorems 4.3 and 4.1 was the systematic philosophy of trying to replicate the
proofs of extrapolation and factorization in the scalar case, particularly the elementary proofs of these results
in [15,18]. As we noted above, the proofs of extrapolation and factorization depended on the duality of scalar
A,, and sharp bounds for weighted norm inequalities for the maximal operator; these in turn were used to build
the Rubio de Francia iteration operator. Extrapolation further required the Jones factorization theorem, though
as we saw in the proof sketched above, we only used the easier direction of this result.

The fundamental technical obstacle to the proof was lack of an appropriate definition of the maximal op-
erator. While the Christ-Goldberg maximal operator My, was sufficient to prove strong (p,p) bounds for
singular integrals, it has the drawback that it maps a vector-valued function f to scalar-valued function ]\wa
Therefore, it cannot be iterated, and so cannot be used to construct a Rubio de Francia iteration operator. To
overcome this problem, we passed from vector-valued functions to the larger category of convex set-valued
functions, and defined a convex-set valued maximal operator.

We begin with some definitions related to convex sets. For complete details, see [7] and the references it
contains. Let IC denote the family of all convex sets K C R? that are closed, bounded, and symmetric: i.e.,
if x € K, then —z € K. Sometimes it is necessary also to assume K is absorbing: that is, that 0 € int(K).
However, we will not worry about this technical hypothesis. Given a set K C RY, let |K| = {|v] : v € K};
given a matrix W, define WK = {Wv : v € K}; note that WK is also a convex set. Given two convex sets
K and L, their Minkowski sum is the set K + L ={u+v:u € K,v € L}.

As we noted above, every norm has associated to it the convex set which is its unit ball. The converse is also
true: to every convex set K these is associated to it a unique norm, px on R%. Moreover, arguing as we did
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before, there exists a matrix W such that px = py. While we generally want to work with matrices W € A,
at key points in the argument it is necessary to pass to working with more general norms and the underlying
convex sets.

We now define convex-set valued functions F’; there is actually a well-developed theory of such objects, but
it does not appear to be well-known among harmonic analysts: see [3,9]. Let F' : R™ — K be such a map.
There are several equivalent ways to define measurability of such functions F; for our purposes a useful and
intuitive definition is that there exists a countable family of functions f;, : R" — R¢ such that for almost every
z,

F(z) = {fr(z) : k € N}.

Such functions are referred to as selection functions.

Given such a convex set-valued function F', we can define for each z the associated John Ellipsoid F(z).
This ellipsoid-valued function is measurable. This fact has been used in the literature (see, for instance, Gold-
berg [27]) but we could not find a proof in the literature; a proof is given in [7].

The integral of a convex set-valued function can be defined using selection functions—this object is referred
to as the Aumann integral [4] (see also [3]). Given 2 C R™ and a function F' : 2 — K, define

—

SYQ, F) = {f € LY(Q,RY) : flz) € F(z)}.
Then the Aumann integral of F' is defined to be the set

/QF(t)d:c: {/Qf(:r)dxfe SI(Q,F)}

It can be shown that since F'(x) is closed, bounded and convex, the Aumann integral is also a closed, convex
set in R,

There is a close connection between the Aumann integral and the convex averages ((f))¢ used by Nazarov,
et al. to define their convex body sparse operator. Given a vector-valued function f, define I’ f'(’I‘) to be the

— -

closed convex hull of the set {f(z), — f(z)}. Then F'r is a measurable, convex set-valued function, and

(Fla = Fre)dr
Thus, the convex body sparse operator T's is a convex set-valued function as defined above.

We use the Aumann integral to define a convex set-valued maximal operator. Given F' : R™ — K, let

MF (x) = conv (LQJ]QF(Z!) dy - XQ(m))%

that is, M F' is the closed, convex hull of the union of the Aumann integral averages of F' over all cubes
containing z. Then M F(z) is a measurable, convex set-valued function. The intuition behind this definition is
that the Hardy-Littlewood maximal operator finds the largest average in magnitude, and so uses the supremum.
The convex set-valued maximal operator finds the largest average in magnitude in each direction; to preserve
the information about direction we take the union of all averages.

It should be noted that this maximal operator does not preserve some natural subsets of K. For instance,
given a vector-valued function f, then M F' 7 can be an absorbing convex set that properly contains the convex

set that is the closure of { M f, —-M f }. If F is ellipsoid-valued—that is, ' = WB, where W is a matrix valued
function—then M F’ need not be ellipsoid valued.

The convex set-valued maximal operator has a number of properties that correspond to those of the Hardy-
Littlewood maximal operator: for convex set-valued functions F' and G, almost every x € R™, and « € [0, ),
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(1) F(z) C MF(x);
(2) M(F + G)(x) C MF(x)+ MG(x), where the sum is the Minkowski sum;
3) M(aF)(x) =aMF(x).

The maximal operator M also satisfies L? norm inequalities. For 1 < p < oo, define L{-(R™,| - |) to be the
collection of all convex set-valued functions F' such that

10 g o) = (/R ‘F(I)|pdx> =
Then for 1 < p < oo we have that [ M F|[r.@n |y < Cl|F|| L. @n )

Weighted norm inequalities for the convex maximal operator are governed by the matrix A, weights. Define
LE(R™, W) = Li-(W) to be all convex set-valued functions F' such that

1 P
Pl = ([ W @F@Prdn)” <.
Theorem 4.6. Givenp, 1 < p < oo, and W € A,, for every F € L{.(W),
IMF 1z wy < Cln,ds p) W I Fllp ow-

The proof of Theorem 4.6 uses the L? norm inequalities for the Christ-Goldberg maximal operator My ;
the sharp constant in terms of [W] .4, was proved by Isralowitz and Moen [34]. It would be of interest to have
a direct proof that did not require using the Christ-Goldberg maximal operator.

We now define the analog of the A; condition for convex set-valued functions. Given F' : R" — I, we say
that F' € AY if MF(x) ¢ CF(x). Denote the infimum of all such constants C' by [F] Ax. There is a very

close relationship between convex set-valued AY and matrix A;.

Theorem 4.7. Given a matrix weight W, W € A, if and only if F = WB € AYX, and [W]4, = [F]Alrc.

The proof of this result required a careful development of the properties of norm functions and their duals
on the one hand, and the properties of convex sets and their polar bodies on the other.

With the machinery we have developed, we define the convex set-valued analog of the Rubio de Francia
iteration operator. Given ' : R" — Kand W € A, 1 < p < oo, define

= MFE(x)
RF(z) =) ——— 7
kZ:O 2*IM1Zp ()

Then RF has the following properties which are the exact analogs of the properties of the scalar iteration
operators:

(1) F(z) C RF(x);

@ IRF |y cwy < 20 F |z owys
(3) RF € Af and [RF] 4x <2

[ M| e (wy-

We now give an overview of the proofs of Theorems 4.1 and 4.3. The proof of factorization in the Jones
factorization theorem follows the scalar proof in [15] closely. There is one major technical obstacle: the
scalar proof uses a variant of the Hardy-Littlewood maximal operator, M, f(z) = M(|f|*)%, s > 1, which is a
sublinear operator. To define M F'(x), requires replacing F by an appropriate ellipsoid (so that the power F'* is
defined) and then proving that the resulting operator is sublinear. The converse, proving reverse factorization, is
very delicate and much more difficult than in the scalar case. We were not able to prove it using the definitions
of matrix A, and A; given by Roudenko and Frazier. For this proof we were required to work with the
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definition of matrix A,, in terms of norms as originally given by Treil and Volberg. Intuitively, the proof can be
thought of as an interpolation argument between finite dimensional Banach spaces.

The proof of extrapolation follows the proof of sharp constant extrapolation in the scalar case given in [18].
Because of the way in which we define the matrix .4, condition, we are also able to include naturally in the
proof a result for extrapolation from the endpoint p = oo; this gives a quantitative version of an extrapolation
result first proved by Harboure, Macias and Segovia [29]. Recently we learned that this quantitative version
was proved earlier by Nieraeth [46,47]. The proof uses reverse factorization and also requires passing between
convex set-valued functions and closely associated ellipsoid valued ones.

5. FINAL REMARKS ON THE MATRIX Ay CONJECTURE

In this final section we return to the matrix Ay conjecture. As noted above, given Theorem 4.3, it is enough to
prove the A5 conjecture in the case p = 2, as our version of matrix extrapolation yields the sharp constants for
the other values of p. Moreover, the machinery of harmonic analysis on convex set-valued functions provides
a way to work with the convex body sparse operator directly, avoiding the loss of information in the proofs
in [16,43] that yielded the best known estimates. We believe that this approach will yield the proof of the
conjecture.

We illustrate this approach by sketching a proof of weighted norm inequalities for the convex set-valued
sparse operator that is quite elementary, but yields a suboptimal constant. By inequality (3.4) this yields an
elementary proof of a matrix weighted norm inequality for singular integrals. Given I’ € L%-(W), by a duality
argument we can show that there exists G’ € Lg-(W™1), G|,z (w-1) < V/d, such that

1TsFlzon < [ (T5P(@), Gl do

If we apply the definition of T’s, linearity, and Cauchy’s inequality, we get

<QZ<J[F dy][G )dy>|E Q)

Qes

= [ (L wtowiww

QeS

][W‘%(x)W%(y)W‘%(y)G(y)dy>dx

Wl

(y)F(y) dy,

<> / My (W2 F)My (W2 G) da
Qes
< || My (W2 F)|| 2 | My (W 2G)l 2,
where Myy is the Christ-Goldberg maximal operator. By the sharp constant estimate for My,
< CWIELIF N 2 o) Gl ez ow )
< C[W]?42HF||L2K(W)

In order to prove the sharp constant result using this approach, we would like to follow the scalar proof
sketched above, which used the universal dyadic maximal operator ]fﬂfj. ‘We have shown that the above argu-
ment can be modified to replace the Christ-Goldberg maximal operators with an operator ]f{gv that is a matrix
weighted version of the universal dyadic maximal operator. If this operator were bounded on L?(W) with a
constant independent of the A5 characteristic of W, then we could prove the matrix A, conjecture. However,
Nazarov, Petermichl, §kreb, and Treil [44] recently showed that there exist matrices W such that ]\7131/ is not
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bounded on L2(TW). It remains an open question whether the above approach can be further adapted to over-
come this obstacle, if a new approach to this problem is required, or if the matrix A5 conjecture is false and an
exponent larger than 1 is required.

As in the scalar case, the currently best known exponent % seems unnatural. However, it is worth noting that
this exponent has recently appeared as a lower bound in the search for the sharp constant for rough singular
integrals [30]. If one could prove a bound of the form [W];(j), where s(d) was some exponent depending in
the dimension d, 1 < s(d) < 2 and s(1) = 1, then a bound larger than 1 might be seen more reasonable.
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