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Abstract: In this paper, as direct impacts of Q. Guan's results on the 
conjugate analytic Hardy H2 norm and the recent results by Akira Yamada 
for the product of reproducing kernels in connection with operator theory 

we will introduce fundamental open problems for the Bergman and weighted 

Szego kernels and the related topics. We will also refer to more recent surpris-
ing and profound results by Q. Guan and Z. Yuan on the weighted Bergman 
kernels and weighted Szego kernels on the line of Oikawa-Sario's problems, 
Suita's conjecture and Yamada's conjecture. Furthermore, we will refer to 

more up-to-date results for the related norm inequalities and applications. 
The symbolic result is: quotient may be represented by product. 

Since the RIMS meeting, the publication deadline was so long, another 

meeting: 

The Research Meeting for the Potential Theory, Nagoya 2023.2.10-12 

was held and the page restriction was 25 pages (the talk paper was 35 pages), 
this article was reasonably arranged with the addition of the new information. 

The published materials were reduced. 
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1 Introduction 

In order to state the contents in a self contained manner, first, we shall 
introduce the needed basic materials. 

The Bergman kernel 

Let D be a bounded regular domain on the complex z = x + iy plane whoes 
boundary is composed of a finite number N of disjoint analytic Jordan curves. 
Let AL2(D) be a Hilbert space (Bergman space) comprising analytic func-

tions f(z) on D and with finite norms IIJIIAL2(D) = {J JD lf(z)l2dxdy}ぅ． As
we see simply, f→f (z) (z E D) is a bounded linear functional on AL2 (D). 
Therefore, there exists a reproducing kernel K(z, u) such that for any u E D 

and for any function f E Aら(D),

f(u) = j L f(z)~dxdy. (1.1) 

From K(z, u) = K(u, z), K(z, u) is analytic in u (complex conjugate). 
So, we shall denote it as K(z直）． Thisis the Bergman kernel of D or on D. 
Let G(z, u) be the Green's function for the Laplace equation on D with 
pole at u E D. Then, we have the identity 

K(z, u) = --=-2防G(z,u) 
1f oz街"i. (1.2) 

Here we shall introduce the adjoint L-kernel for K(z直） by

L(z,u) = --= 2 82G(z, u) 
1r 8z8u 



76

The adjoint L kernel L(z, u) has one double pole at u on D such that 

1 
L(z, u) = + regular terms 

1r(z -u) 2 

of the second order. Furthermore, along the boundary 8D we have the 
identity 

K(z直）dz=-L(z, u)dz. (1.3) 

This important identity shows that the Bergman kernel is indeed an ana— 

lytic differential K (z直）dzand it is continued analytically to the double -
closed Riemann surface -of D, and at the symmetric point u of百ithas the 

same double pole as in the above. So, the Bergman kernel is a fundamental 

differential on the closed Riemann surface. 

The Szego kernel 

Let H2(D) be the Hardy 2 analytic function space on D. A member of the 

class has nontangential boundary values belonging to L2(8D). Let AL2(8D) 

denote its closed subspace in L2(8D), and we introduce the norm in H2(D) 
by 

{!an lf(z)l'ldz|}}く (X)
For a function f E AL2(8D), as we see from the Cauchy integral formula, 

since f→f (u), u E D is a bounded linear functional, there exists a repro-
ducing kernel K(z, u) satisfying 

f(u) = in f(z)~ldzl. 
8D 

As in the Bergman kernel, K(z, u) is analytic in可， andso we shall denote it 

by K(z直）． Thisis the Szego kernel of D or on D. A 
The important concept is the adjoint L kernel L(z, u) for K(z, u). That 
is, it is a meromorphic function on DU  8D and only at the point u, it has a 
simple pole 

L(z, u) 
1 

z, u) = ~ + regular terms 
21r(z -u) 

， (1.4) 
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and along the boundary [)D it satisfies the relation 

1 ̂ 
K(z, u)ldzl＝マi(z,u)dz. 

1, 
(1.5) 

This adjoint L kernel is a uniquley determined by these properties on DU8D. 

From (1.5) we have the identity 

以z,u)= -L(u,z) on D x D. (1.6) 

The adjoint L kernel L(z, u) is also characterized by the minimum prop— 

erty: 

min laD lh(z, u)l21dzl = laD仏(z,u)l21dzl

Here the minimum is considered on the meromorphic functions {h(z, u)} on 

D with the singularity at u as in (1.4) and satisfying {faD lh(z, u)l2ldz|｝う<
00. 

A deep and important property of the adjoint L kernel L(z, u) is that it 
does not have any zero point on D U 8 D.竹omthis fact and (1.5), 

fo(z; u) = ~ 
k(z直）

L(z, u) 

is th e Ahlfors function of D with respect to u. That is, f0(z; u) is an 
analytic function on D, among the analytic functions satisfying the properties 

f(u; u) = 0, J'(u; u)ミ0 and IJ(z; u)|:'.S 1 on D, 

it satisfies the extremal property f~ (u; u) = max『(u;u). Then, as we see 
from (1.5) and the principle of argument, the function f0(z; u) maps D onto 
the unit disc and the disc is covered N times. Here, we assume D is N-ply 
connected. 
From (1. 5) along 8 D we see 

k(z軍）叫＝—以z,u)2dz. (1.7) 

From this relation, we see that the square of the Szego kernel is an analyic 

differential, it is continued to the double of D analytically that is a closed 
Riemann surface as in the Bergman kernel. In this sense, the Szego kernel is 
a half order differential on the closed Riemann surface and so its properties 
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are very involved for the sake of multi-valuedness on the closed Riemann 
surface. The profound theory for these properties was done by D. A. Hejhal 

[22] and J. D. Fay [18] by using the Riemann theta functions and the 
Klein prime forms. As we see from (1.5), the Szego kernel is a Cauchy 
kernel on the Riemann surface and so it is very important reproducing kernel. 

The Hardy reproducing kernel 

Let几 (D)（几(D),resp.) be the Hilbert space equipped the norm in the space 
H2(D): 

｛土ivlf(z)l'~ldzl} ½ (18) 

（｛土 fav11(z)l2(~;:/ ）―1ldzi}',resp)- (19) 

Here, 8／如 isthe inner normal derivative with respect to D. BG(z, t)／如
is a positive continuous function on 8D and so as in the Szego space, we can 

consider the reproducing kernel Kt(z, u)（瓦(z直），resp.)satisfying 

1 OG(z,t) 
J(u) =云 J8Df(z)Kt(z，可）。~ldzl,

(t(u)＝土J8Df(z)凡(z直）（OG8(：/）―1 ldzl, resp-) 
We call Kt(z，豆） and凡(z直） theHardy reproducing kernel and its conjugate 
reproducing kernel of D. 

For an arbitrary open Riemann surface S, we can introduce the space 
H2(S) similarly and the Hardy reproducing kernel. The reproducing kernel 

凡(z直） isintroduced by W. Rudin in 1955. 
Let G*(z, t) be the conjugate harmonic function of G(z, t) and when we 

form the multi-valued meromorphic function W(z, t) = G(z, t) + iG*(z, t), 
idW(z, t) is a single-valued meromorphic differential, and it satisfies along 

叩，

叩 (z,t) 

枷 z
ldzl = idW(z, t). 
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Therefore, the integral (1.8) is represented by 

1 J |f(z)dz|2 

五 8Didw(z,t)'

This will mean that H2(D) is indeed comprised of analytic differentials 

f(z)dz. Therefore, the conjugate space may be considered on bordered Rie-

mann surfaces with so~e good boundaries. 
For Kt(z, u)(resp.Kt(z, u)), the adjont L kernel Lt(z, u)(resp.Lt(z, u)), 
that is a meromorphic function on DU  8D with only one simle pole at u 

with residue 1, is characterized by the identity, along 8D 

1 
Kt(Z，豆）idW(z,t) =山（z,u)dz (1.10) 

1 ̂ （凡(z可）-;;;= iLt(z, u)idW(z, t) along 8D, resp.). (1.11) 

From (1.10) and (1.11), we have a very important property: 

Lt(z, u) = -Lt(u, z) on D x D. (1.12) 

The relations (1.10), (1.11) and (1.12) show that Lt(z, u)dz is a meromor-
phic differential with respect to z, a meromorphic function in u, and along 

z = u with one simple pole with residue 1; that is the Cauchy kernel of D. 
Therefore, these reproducing kernels are very important as in the Bergman 
and Szego kernels as the third kind of reproducing kernels in one complex 

variable analysis ([45]). These reproducing kernels were examined deeply 

on Riemann surfaces by J. D. Fay [18] and A. Yamada [81] in terms of the 
Riemann theta functions and the Klein prime forms. 

For the conjugate Hardy norm 

1 r l1'/_¥12f8G(z,t) ―1 u -I 1 r If (z) dz I 2 
云J8D|f(z)| (ol/z) |dz| ＝i j8D tdW(z,t)' 

we obtain the best possible norm inequality: 

j L IJ'(z)l2dxdy :'.S ~ laD ~信悶， (1.13) 

and from this we see the naturality of the norm looked curriously. This 
inequality is not so simple to derive and for its proof we must examine deeply 
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the relations among the Hardy reproducing kernel, its conjugate kernel and 

the Bergman kernel ([45]). 
For the Bergman kernel and the Szego kernel on D, we have the basic 
and deep relation 

K(z直） ＞＞ 41rK(z, u)2 

-the left minus the right is a positive definite quadratic form function -

which was given by D. A. Hejhal [22]. This profound result was given on the 
long historical lines as in 

G.F.B. Riemann (1826-1866); F. Klein (1849-1925); S. Bergman; G. 
Szego; Z. Nehari; M.M. Schiffer; P.R. Garabedian (1949 published); D.A. 

Hejhal (1972 published). 

It seems that any elementary proof is impossible, however, the result will, in 
particular, mean the fairly simple inequality: 

For two functions cp and心of几(D),we obtain the generalized isoperi-
metric ineq叫 ity

~ J l lcp(z)い(z)l2dxdyこ土J8D怜(z)l21dzl土J8D加(z)I 2 I dz I, (1.14) 
and we can determine completely the cases holding the equality here. In the 

thesis [42] of the author published in 1979 the result was given. The author 
realized the importance of the abstract and general theory of reproducing 

kernels by N. Aronszajn. In the paper, the core part was to determine the 
equality statement in the above inequality, surprisingly enough, some deep 

and general independing poof was appeared 26 years later in A. Yamada 

([82]). A. Yamada was developed deeply equality problems for some general 
norm inequalities derived by the theory of reproducing kernels and it was 

published in the book appendix of [30]. Very recently his theory is developing 

much more in［叫
0! cours:, in th~ t~esis" we ?an fi叫 ~ome funda1:1en~al "ide~ for.nonlinear 
transforms. In particular, for the special case cp三ゆ三 1,for the plane mea— 

sure m(D) of D and the length£ of the boundary we have the isoperimetric 
inequality 

41rm(D)さだ．

Meanwhile, for the Hardy reproducing kernel we can give the conjecture in 
the converse direction, from the case of doubly connected domains 
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1rK(z,u)＜く凡(z,u)応(z直） (1.15) 

([45]). From the relation we can derive various results, the conjecture will 

be, however, very difficult to solve. 
The author attacked to this problem several years, it was, however, im-

possible to solve it and in those days, the author derived the above result 
applying the result of Hejhal conversely to the general theory of reproducing 

kernels by Aronszajn. The author thinks for the conjecture we must use 

the deep theory of J. D. Fay, however, his profound theory seems to be too 
deep and great for the author. So, from the viewpoints of fundamental re— 

sults and applicable analysis, the author turned his research interest for the 

general theory of reproducing kernels. 

2 Basic open problems 

For the space H2(D), by exchanging 

1 8G(z, t) 

27r 01/z 

with a general positive continuous function p, we consider the weighed Szego 

space Hf (D) and the corresponding the weighted Szego kernel Kp(z亙） and
the conjugate kernelら(z,u); that is, for the space 

{!av 1/(z)l'p(z)ldzl} ½ < 00 

with the weighted norm, we consider the reproducing kernel Kp(z直） satis-
fying 

J(u) = in J(z)的~p(z)ldzl.
8D 

and 

1 
的(z直）p(z)ldzl=マら(z,u)dz, 

t, 
(2.1) 

along 8 D. In particular, note thatら(z,u) has a similar singularity at z = u 
as L(z, u). 
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For the weight p―1, we see that the very important relations as in the 

Hardy case 

ら(z,u)= -Lい (u,z) 

and 

的(z,u)Kp―1(z，可）dz=―ら(z,u)Lp-1(u,z)dz. (2.2) 

From the boundary relations (2.1) and (2.2) on kernels, for any simply 

connected regular domain we have the identity 

41rK(z,u) =氏（z,u)Kp-1(z直）． (2.3) 

We do not know whether the case (2.3) happens for N > l for 
some p. Note, in particular, that for this case we have the similar result in 
generalizations of the inequality (1.14) for the weighted Szego norms. 

Now, we can state the basic open problems: 

Basic big open problems: 

(A) Look for the condition of p such that 

佐 K(z直） ＞＞的(z直）Kp-1(z，可）

is valid. 

{B) Look for the condition of p such that 

年 K(z直） ＜＜的(z,u)Kp-1 (z，可）

is valid. 

(2.4) 

(2.5) 

By the deep result of D. A Hejhal and our example, this open problems 

are valid, in general, as very difficult problems. We can state the partial open 
problems as in 

Partial big open problems: 

(A') Look for the condition of p such that 

佐 K(z，芝）＞柏(z，芝）Kr1(z，芝） (2.6) 

is valid. 
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{B') Look for the condition of p such that 

4訊 (z互） ＜的(z,z)Kr1 (z，芝）

is valid. 

For doubly connected domains N = 2, since the differentials 

4サK(z，豆）dz石—氏(z，豆） KP-1(z, u)dz石

(2.7) 

is one dimensional first order differential that is complex Hermitian form of 
dz面 theabove basic big open problems and partial big open problems are 
the same problems. 
We do not know whether they are always the same problems or 

not. 

It is very interested in the result of S. R. Bell and B. Gustafsson ([2]) 
that for the Hejhal case, also for N = 3 both problems are same. 

3 Q. Guan's results 

Surprisingly enough, since 40 years later after publication of [22], for some 
open question proposed there, an entirely unexpected partial solution was 

published in [12] that is an entirely new result. 
For the conjecture (1.15), he proved that 

1rK(z，芝）こ凡(z，芝） (3.1) 

and surprisingly enough, he completely determined (solved) the equality 
problem. Here note the important fact 

凡(z,t)三 1.

His interest is on the long and large topics on the Oikawa-Sario's problems 

and the Suita conjecture that determine the magnitudes of many conformal 
invariant quantities. 

We recall the following solution of the conjecture posed by Suita [35]. 
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Theorem: ([11]). Let c13(zo) = limz→zo exp(G(z, zo) -log lz -zol)-Then 
(c/3（zo)) 2 S 1r K (zo，可） and(c/3(zo)戸＝吠(zo，可） holdsfor some zo E D if 
and only if D conformally equivalent to the unit disc, i.e. N = 1. 

Note that 

(c/3(zo))2さ訊(zo，Zo)

that was proved by Blocki in [8] for planar domains D. 
We can see the great impact of the Suita conjecture from many internet 

sites like Wikipedia; Suita conjecture, however, we see its frontier information 
in [20] and [36]. In particular, it seems that the impact of T. Ohsawa was 
great who introduced and connected to several complex analysis group and 

to several complex analysis. For a complete version of Yamada, see [37]. 

For some detail and global information on the Suita conjecture, see Oh-

sawa ([21]), the last 5 stories. 

Then, Guan derived the inequalities 

(c13(zo))2 S訊 (zo，可） S瓜(zo，可）

that mean that the values (c13(z0))2 and瓜(zo，可） arethe extremals for 
the value K(z0，To) and he solved completely the eq叫 ityproblems for these 
inequalities by an elementary means. 
For the various meanings and applications of the left hand side ineq叫 ity

see [21], and so, we are interested in some applications of the right hand side 
ineq叫 ity.

Surprisingly enough, Guan derived there the following identity: 

For any fixed t E D and for any fixed analytic function f on D which is 
continuous on DU  8D) the identity 

holds. 

叩。 1 〗~f /4e-2G(z,t)ミr}lf(z)l2dxdy 
1 
= ~ ln IJ(z)l2(8G(z, t)／枷）―1|dz|
8D 

(3.2) 
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Main Result: 

The following inequalities seem to be interesting on its own sense: 

Theorem: For any given E > 0 and for any fixed analytic function f(z) 
on DU  8D, there exists (a large) r : (0 < r < l) satisfying the inequality 

j i IJ'(z)l2dxdy -E :S 1 
D 

~ J J,,-2G(z,t)>rl IJ'(z)l2dxdy. 
{ e-2G(z,t)ミr}

This inequality may be looked as an isoperimetric inequality, because 

the Dirichlet integral on a domain is estimated (restricted) by the Dirichlet 
integral on some small boundary neighborhood of the domain. Here, the 

neighborhood size and estimation are stated by the level curve of the Green 
function, precisely. 

Even the case of the identity function f(z) = z, we can enjoy the senses 
of the estimation and the result. 

Essence of the Proof of the Main Result 

The integral of the conjugate analytic Hardy炉 (D)norm seems to be not 
popular, however, the norm will have a beautiful structure and the norm is 
conformally invariant. Furthermore, we obtain the inequality: 

For any analytic function f(z) on DU  8D, we have the ineq叫 ity

J fn 1J'(z)l2dxdy :S 1 iD lf'(z)ド(oG(z,t)／枷）―1ldzl. (3.3) 
This result was derived from some complicated theory of reproducing ker-

nels in ([23]). The eq叫 ityproblem in the ineq叫 itywas also established; 
that is, equality holds if and only if the domain is simply-connected and the 

function J'(z) is expressible in the form CK(z, t) for the Bergman reproduc-
ing kernel K (z豆） onthe domain D and for a constant C. 
This surprising result was derived from some comparison of the magni-

tudes of the Bergman and the Rudin (Hardy炉） reproducingkernels. See 
the original paper ([12]). Its source was given by [22] and then the topics 
were cited in the book [27] in details. 
We can obtain the main result by combining of the Guan identity and 
this inequality. 
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Remarks 

We note the following interesting problems: 

Problem 1 : How will be some generalization of the Guan identity for 
a general weight for (8G(z, t)／加）ーl?

Problem 2 : We can consider similar inequalities for various function 

spaces. For example, how will be the case for the harmonic Dirichlet integrals? 

Problem 3 : The structure and proof of the equality (3.2) are very 
complicated (involved) and the Guan identity is very unique. So, we are 

interested in some direct proof of the theorem. 

Problem 4 : The theorem seems to be valid for a general domain D 

and for general analytic functions with finite Dirichlet integrals on D apart 
from the proof in this paper. However, in the theorem r is depending on the 

function f and therefore the generalization of the theorem is not simple. 

For the equality (3.2), note the inequality 

(~ J L lf'(z)l2dxdy) 2 =（土laD躙 J'(z)dz)2 
三土laDIJ(z)l2¥ldzl~ laD IJ'(z)ド(aG(z,t)／枷）―1|dz|．

Note that the relation of the Bergman norm and the weighted H2 norm 

is very delicate. See [22, 23, 27]. 

4 Akira Yamada's results 

A. Yamada ([39]) gave the various interpretations for the deep result by D. 
A. Hejhal ([18]) from the viewpoint of the operator theory. In particular, 
he introduces the operator that corresponds the tensor product of two Szego 
spaces to the Bergman space by the restriction to the diagonal set of D x D 

and its adjoint operator. He examines the integral operator realizations of 
the operators and their interesting properties in detail. 
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5 Addition with the new paper [15] by Q. 

Guan and Z. Yuan 

The result of Q. Guan was very surprised from the line of D. A. Hejhal and 
J. D. Fay based on the representation (3.2). On this line Q. Guan and Z. 
Yuan got very deep and surprising results [15]. This direction was suggested 
by the conjecture of A. Yamada [36] that is a generalization of the conjecture 

of Suita: 
Let u be a harmonic function on D, and let p = e2u. For the weighted 
Bergman kernel K ff (z立）

Yamada's Conjecture: 

汽z)さ1rp(z)K:(z，乏）．

In [11], Guan-Zhou proved the Yamada conjecture, and more general 
weighted versions were developed surprisingly and deeply in [13] and [14]. 
Following this line, Q. Guan and Z. Yuan is developing the corresponding 
result with the weighted Hardy H2 reproducing kernels, and their results are 
too deep and complicated to state them simply. A typical case may be stated 

as follows: 
Let入beany positive continuous function on 8D. By solving the Dirich-
let problem, there exists the continuous harmonic function u on the closed 

domain of D satisfying that u =吋log入
Then, they obtain surprisingly: 

k入（ロー1(z, 芝)~ K:3--2u(z互）．
珈．）

In particular, they are developing a detail and deep analysis for the iden-

tity (3.2). 
Q. Guan and Z. Yuan gave a very delicate and profound property of 

叩 (z,t) 
枷

for a very general situation for the Green function from the view point of the 

identity (3.2). For its complicated structure, it seems that the result is at 
this moment abstract in nature. However, as a typical case they were able 

to get the result for the general weighted Hardy H2 norms. 
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This line was not an expected direction, however, we see that the results 
show more wide field for our mathematics. For example, how will be the 

values 

K 
（入（辛）―1)-1 (z，乏）av. 

and 

k入（汽S,z))―1(z，芝）Kい（□ ）―1)―1(z，芝）
av. 

？ 

Moore and surprising addition with the new 

paper [16] by Q. Guan and Z. Yuan 

They furthermore consider the complete version for the product space D x 
D X D X.．. X D e C叫indeed,they surprisingly formulate the complete 
version and complete results containing the equality problems for the related 
estimates with the great paper. 

See also [17] for a weighted version of Suita conjecture for higher deriva-
tives. 

In addition, S. R. Bell and B. Gustafsson [2] is discussing on the Hejhal's 
result and the Suita conjecture from a very interesting viewpoint. 

6 One basic meaning of the norm inequalities 

Now, we see an important meaning or application of the ineq叫 ity(1.14); 

that is, when we且xany memberゆofH2 (G), the multiplication operator 

¢ ← cp(z)ゆ(z), (6.1) 

on H2(G) to the Bergman space is bounded. Therefore, by the general theory 

for general fractional functions, we can consider the generalized fractional 
functions: for any Bergman function f(z) on the domain G 

f(z) 

心(z)'
(6.2) 

at least in the sense of Tikhonov (we will refer to this later); that is, we can 
consider the best approximation problem for the functionsゆ(z)-1f(z) by the 
functions H2(G). See [5, 7] for more detailed results. 
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As a very special fraction, we can consider the division by zero and divi-

sion by zero calculus. See [31, 32] for the details. 
As an important contribution of the theory of reproducing kernels is on 

the following fact: 

For bounded linear operators on some reproducing kernel Hilbert 

spaces, we can give analytical and numerical solutions for the op-
erator equations. 

7 Quotient and product 

We shall consider quotients g / f of general functions f and g in some deep and 
natural meanings, in a natural setting. The general theory of reproducing 
kernels will give the natural theory of the problem. In particular, we will 

consider the division by any functions containing the division by zero. We 

wish to know the meaning of the function g / f when the function f has zero 

points, with the definition of g / f. 
First, what is a function y = f(x) on (a, b)? For even the typical functions 
L2 (a, b) having a good looking, we will not be able to get the functions as the 
corresponding from the points on (a, b) to some space on R or C, indeed the 
points are too many to consider them. This question will be more clear when 

we consider the inversions 1 / f of the functions f ofら(a,b). Therefore, we 
will realize a function as a member of the function space, and the function 
space represents the functions as a global property over each point value. 

The general theory of reproducing kernels will give the natural theory of 

the problem for the quotients g/ f of general functions f and gin some deep 
and natural meanings. 

This content will represent a very interesting nature of the theory of 
reproducing kernels such that for an arbitrary function we considered some 

representation of its inversion [28] and as its great extensions we obtained the 
explicit representation [6] of the implicit functions in the theorem of implicit 

function existence. 
Now, for some general two functions f, g on a set E, we will consider the 
quotient 

g
-
f
 

(7.1) 
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In order to consider such a function (7.1), we shall consider the related 
equation 

fi(p)f(p) = g(p) on E (7.2) 

for some function Ji on the set E. If the solution Ji in (7.2) on the set E 
exists, then the solution Ji will give the meaning of the fractional (quotient) 
function (7.1). So, the problem may be transformed to the very general and 
popular equation (7.2). 
Here, the serious problem is the case of the zero points of the function f; 

because we can not give the meaning of the function (7.1) there, intuitively. 
However, except the zero points off, the solution Ji gives the quotient (7.1) 
point wisely. 

In this starting point, the function f is initially given. So, for analyzing 

the equation (7.2), we must introduce a suitable function space containing 
the function f1 and then we find the induced function space containing the 

product Ji・ f. 
This idea means that the function g has a natural restriction, because 
it is the product of the function f and Ji of some general function space. 
(Children are intrinsically influenced by their mothers. g is children; the 

initial f is mothers.) 
Then, we will be able to consider the solution of the equation (7.2). Here, 
on this line, we will show that we can discuss the above problem in a very 

general setting. Indeed, this will be performed for an arbitrary function f 
on the set E that is non-identically zero on the set Eby using the theory of 
reproducing kernels. 

At first, we note that for an arbitrary function f(p), there exist many 
reproducing kernel Hilbert spaces containing the function f(p); the simplest 

reproducing kernel is given by f(p) x f(q) on Ex E. In general, a reproducing 
kernel Hilbert space HK(E) on E admitting a reproducing kernel Kon Ex E 

is uniquley determined by a positive definite Hermitian form (kernel; now 

f(p) x f(q)) and the space is characterized by the very natural property that 
any point evaluation f(p) is a bounded linear operator on HK(E) for any 

point p E E. Therefore, secondary, we shall consider such a reproducing 
kernel Hilbert space HK1 (E) admitting a reproducing kernel K1 containing 

the functions Ji (p). 
Then, we note the very interesting fact that the products Ji・ f determine 
a natural reproducing kernel Hilbert space that is induced by HK1 (E) and 

HK(E). In fact, the space in question is the reproducing kernel Hilbert 
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space H凡K(E)that is determined by the product K1 •Kand, furthermore, 
we obtain the fundamental norm inequality 

llfi!IIHK1-K(E)さ||JiIIHK1 (E) llf llHK(E)・ (7.3) 

This important inequality (7.3) means that for the linear operator (f)J(jリ
on HK1 (E) (for a fixed function J), defined by 

釘(fリ(p)三 fi(p)f(p), (7.4) 

we obtain the inequality 

||半汀(Ji)IIHK1K(E) ::S Ill叶IHK1(E) IIJIIHK(E)・ (7.5) 

This means that the mapping (multiplicative operator) VJJ is a bounded linear 

operator from HK1 (E) into H粕 K(E).See [30], Tensor Product of Reproduc-
ing Kernels; pages 105-109. 

Moore-Penrose generalized solution 

As the very natural solution of the operator equation (7.2), we will consider 
the best approximation, for any function g of the space H的 K(E)

筵鳳（E){ I|叫）一9IIHK1K(E已｝， (7.6) 

that leads to the Moore-Penrose generalized solution of (7.2). 
So, simply we will recall the essential and general properties of the best 

approximation from [30], pages 166-169 and ([30], pagel 78). 

Now we shall apply the above general theory to our case. The situation 

will be essentially simple. 

At first, 

や/(g)(p)= (g,平1K1(・,p))HK1K2(E)= (g, J(・)K1(・,p))HK1K2(E) 

and the existence of the best approximations is that g is represented in the 

product for some function Ji 

g=fd 
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and the best approximation function is Ji itself. In the present case, 

Hk = {<p！＊釘；JiEHい(E)}= {f』;JiE HK1 (E)}. 

For the multi e multiplicative operator cpル＝ fif,practically we can assume 
that it is injective and furthermore, we assume that the operator 

I.pf'PJ'PJやf

is an identity on HK1. Then, the above theory is clear all and we can obtain 
the result: 

For the product g = !if; f1 E HK1 (E), f E HK(E), we obtain the repre-
sentation 

fi(p) = (f(P2) (g(p1),J(p1)凡 (P1,P2))HK1K(E),f(P2)凡 (P2,P))
H凡K(E)
(7.7) 

In particular, when g = 1 ・ f EH粕 K2(E), we have the representation 

fい＝（f(p2) (1, f (P1)凡 (P1,P2))HK1K(E),f(P2)凡 (P2,P))HK,K(E). (7.8) 
HK1K(E) 

Quotient was represented by Product. 

However, the situation is not so simple and Section 7 was published in 

the paper ([34]) in some complete form and the part was deleted. 

8 More examples for 

the Bergman-Szego spaces 

By using complete orthonormal system expansions of the Bergman and Szego 

kernels, we can represent the Moore Penrose generalized fractions in terms 

of a Taylor expansion; however, in the representation we have, in general, 
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some complicated numerical solutions. From the paper [7], we shall see the 
typical results. 

Theorem: For any F(z) = I:'::=o bご E叫， theBergman space and 
for any fixed fo(z) = amzm in 1ls (with m 2': 0 and amヂ0)and, the Szego 
space, the Tikhonov fractional function (f F，入）（z)for瓜＝応， 1{=加，
and Lf =Jo・ f is given by 

00 

（恥）（z)＝ど a五bn+m n 
z. 

n=O 入(n+m+1) + laml2 

In particular, by tending入→ 0,we obtain 

Corollary: For any F(z) ＝区~=Obご E 加， the Bergman space and 
for any fixed fo(z) = amzm in Hs (with m ~ 0 and amヂ0),the Szego space, 
the Moore-Penrose fractional function UF,o)(z) for応＝恥， 1-i=叫， and

Lf =Jo・ f is given by 

00 

UF,o)(z)＝ど如m已
n=O 

Note that the terms 

m-1 

こ似Zn
n=O 

are negleted interestingly and the result is the same by the division by zero 
calculus. 

By the Beurling's theorem (see [10]) on invariant subspaces (see page 84, 
Corollary 7.3), we obtain 

Theorem: For any fixed f0(z) E 1-is, the Szego space, the adjoint L* of 

the multiplication operator L : 1-{8→叫 Lf= fo(z)f(z) is injective if and 

only if Jo is an outer function. 

This section was published in the paper ([34]) and the part was deleted. 
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9 Norm inequalities in Sobolev spaces 

We have similar results and theory for the Sobolev spaces as in the Bergman 
and Szego spaces. For example, let p be a positive continuous function on 

(a, b) satisfying p E L1(a, b). Let fj be complex-valued functions on (a, b) 
satisfying limx• a —o fj(x) = 0. Then, we have the ineq叫 ity

lb l(J1(x)加））’|2 dx U: p(t)dt) p(x) 

:S 2 jb IJ{(x)l2~ lb I且(x)|2dx 
a P(x) a P(x)' 

when the integrals in the last part are finite. Equality holds here if and only 

if each h is expressible in the form C,]的(x，四） forsome constants Cj and 
for some point x2 E [a, b] which is independent of j. Here, Kp(x, ・) is the 
reproducing kernel of the Sobolev space with the norm 

lb If{ (x)l2立＿く 00
a IJl¥-/1 p(x) 

([25, 33]). 
We considered various norm ineq叫 itiesand their applications, however, 

the materials were published in ([33]) and the part was deleted. 

10 Division by zero 

We note that the famous division by zero 1/0, 0/0 and any fractional g/0 
for f三 0are O and the zero function, respectively, trivially in our sense in 

the both senses of any Tikhonov functionals with any parameter a > 0 and 
a=  0. See [31, 32] for the details. 
This section was published in ([33]) and the part was deleted. 
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