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1 Introduction

The purpose of this article is to consider the background of our recent result [13]
concerning generalizations of the Landau-Zener formula for a two-level avoided
crossing. As in mentioned later, an asymptotic analysis of a 2 x 2 system with
respect to two parameters contains various techniques of semiclassical analysis,
for example, an exact WKB analysis, a semiclassical microlocal analysis and so
on. In order to discuss this topic in a simple setting, we focus on the connection
formula around an avoided crossing and compare each connection formula from
the viewpoint of semiclassical approaches.
In a whole of this paper we treat the first order 2 x 2 system:

ih%w(t):H(t)w(t), teR, (1.1)
ao - (" _5) (12

where h, e are small positive parameters and V() is a real-valued smooth func-
tion. This equation (1.1) describes a time evolution of coupled quantum-states
along two energies ++/V (t)? + 2, which are eigenvalues of H(¢) with a gap
2¢ > 0. The zeros of V(¢) on R means the crossing points between V(t) and
—V(t) and the small parameter ¢ does an interaction at the crossing points.
Because of an interaction e, we can intuitively understand the energies of the
system avoid crossing at the zeros of V(¢). Such a situation is called avoided
crossing and it is our interest in this paper.

Landau in [17] and Zener in [25] individually gave quantitively a transition
between two energies by means of a transition probability, which is a square
of the modulus of the off-diagonal of the change of basis of Jost solutions (see
in §2.1). They consider the case where V(t) = vt with v > 0, that is, V(¢)
and —V (t) cross each other only at the origin. Then the transition probability
P(s,h) is given by

Ple,h) = e 5 (1.3)



for any positive ¢ and h. This formula (1.3) is called Landau-Zener formula.
For this case, as we show the proof in §2.2, we can reduce the equation (1.1)
to the Weber’s differential equation and apply the connection formula of the
Weber’s functions (i.e. the parabolic cylinder functions) to the connection for-
mula around the avoided crossing at ¢ = 0. From the viewpoint of the above
strategy, the generalization of Landau-Zener formula in the context is to find
the corresponding connection formula in the general setting.

We mention in §2.3 that the asymptotic analysis of (1.1) with respect to
two small parameters ¢ and h involves technical difficulties. The parameter h
is called adiabatic parameter, which plays a role of a semiclassical parameter.
One can consult [9], [10], [19] on previous works under an adiabatic approxima-
tion, that is, to take a limit h — 0 for a fixed €. The second author and his
collaborators have studied the two-parameter problems, that is, to take a limit
(e,h) = (0,0). In this case, we must carry out various approaches depending on
the relations between ¢ and h. Hence in this manuscript, we discuss semiclas-
sical approaches to the connection formula near an avoided crossing along the
following contents: In Section 2, we give the common setting and the strategy of
deriving the connection formula through the Landau-Zener model, and also in-
troduce the parameter regimes. We present in Section 3 the connection formula
under an adiabatic regime and also under a non-adiabatic regime. In Section
4, we make a discussion on the comparison with these approaches and finally
refer to the leading term of the asymptotic expansion of transition probability
in each case.

2 Framework of generalizations of the Landau-
Zener formula

2.1 Transition probability

In this subsection we give the definition of the transition probability, and state
the conditions imposed on V() throughout this manuscript.

Condition A. The function V(t) € C°(R;R) has a limit E, € R\ {0} (resp.
E; e R\ {0}) ast — +oo (resp. —o0), and satisfies

V —E, € LY([0,+0)), V —E; € L'((—00,0)), V'eL'(R).

Here we suppose E, > 0 without loss of generality. Thanks to Condition
A, one sees that there exist Jost solutions JF(t) (e € {¢,7}) which satisfy the
asymptotic conditions:

JE(t) ~ exp [%\/EE +e2 t} < cos O ) as t — +oo,
)

sin 6,

J(t) ~ exp {—l—%\/EE—I—EQt} ( —sinf, ) as t — +oo,

cos 0,



where tan20, = £, (0 < 0, < §) and JE(t) behaves similar conditions as
t — —oo. The construction of the Jost solutions can be consulted in [13]. One
also sees that Jost solutions form orthonormal bases (.J;", J7) and (J;5,J,) on
C? for each t € R. Then we can introduce the scattering matrix S(e, h) as the
change of basis of the pair of Jost solutions corresponding to the eigenvalues of
H(t;¢) at the infinity:

(T, 07) = (I, 7)) S(e,h),  S(e,h) = < i;gi;; i;zgzzg ) (2.1)

And then we can define the transition probability P(e,h) as follows:

Definition 2.1. The transition probability P(e,h) is defined by
P(e,h) = |s21(, h)|? = |s12(e, h)|?.

The target of this research is to study an asymptotic behavior of P(e,h)
as both parameters ¢ and h tend to 0. The asymptotics of P(e,h) depends on
the relation between ¢ and h and also on the local properties of V (t) near an
avoided crossing. Thus we assume the following condition:

Condition B. The function V (t) has only one zero at t =0, which is of finite
multiplicity.

Although we treat in this paper the case where the number of zeros of V (¢)
is one, we can consider the case where V() has a finite number of zeros as in
the references [15], [22], [13].

We can not obtain, at least in the adiabatic limit h — 0, the scattering
matrix S(e, h) directly by computing the Wronskian of Jost solutions, so that
we must get a help of the connection formula of suitable solutions around an
avoided crossing (i.e. a zero of V/(t)) as in the next subsection,

2.2 Strategy in the Landau-Zener model

The Landau-Zener model, where V(t) = vt with v > 0 constant, means that
V(t) and —V(t) linearly cross each other at ¢ = 0. This model makes clear
the strategy of analyzing the connection formula. In this case, the modification
of Jost solutions is required for the sake of the definition of the phase func-
tions at infinity. As in Appendix of [21], the modified Jost solutions can be
expressed by the Weber functions Dy (z), Dx(—%), D—x—1(iz), D_x—1(—iz) and
their derivatives, since the equation

BE-C e

can be reduced into a single-valued equation (Weber equation)

d*w 1 22
W+<)\+§Z>w0’ (23)



where

‘ h\? _=; 1 &2
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The connection formula of the Weber functions is known in [23] as

<DD1(:(Z¢)Z)> = ( \/;Mj% ip‘{z_&em *2> (D)\D)\f(z:)iz)). (2.4)

TO+D €

Denote the modified Jost solutions by j:_L (e € {r,£}) and the change of basis
of them by S(e,h) as (JEJ) = (J5J")S(e,h). We can derive the connection
formula S(e, h) from (2.4) as follows:

i (h\N V2m  —Ami —Ami
: ~r (25)" v5ye ¢ €
S(E7h) = 6_)\(71—@' ) 1 (2_1)))\ Vor 6—% (25)
Az VR T(=N)

Hence we obtain the transition probability (i.e. Landau-Zener formula (1.3)):

2

e

P = |e_)‘7m-‘2 — e vh . (26)

From the above argument, the following questions are crucial for the strategy
of generalizations of the Landau-Zener formula.

Q.1 What are appropriate solutions corresponding to Weber functions?

Q.2 What is the connection formula (see (2.4)) between the appropriate solu-
tions?

Q.3 What is the connection formula (see (2.5)) between the local change of
basis of the original equation (1.1)?

2.3 Parameter regimes

Generalizations of Landau-Zener formula have been studied along the context
of an adiabatic approximation h — 0 for a fixed ¢ > 0. In this context the
transition probability decays exponentially with respect to h and this fact con-
sists of the adiabatic theorem in quantum dynamics (Bohr’s correspondence
principle in quantum mechanics). However, in the case of the two-parameter
problem where (£, h) — (0,0), Landau-Zener formula claims that the transition
probability tends to 1 as £ goes to 0 faster than h. Hence, even if we take the
adiabatic limit h — 0, the transition probability does not decay exponentially
against the adiabatic theorem depending on the relation between € and h.

In the case where the zero of V(t) is simple like the Landau-Zener model,
we introduce the two regimes that both parameters ¢ and h tend to 0 with
h/e* — 0 (resp. €2/h — 0) called adiabatic regime (resp. non-adiabatic regime)



as in [2], [22]. The condition of the non-adiabatic regime implies that the speed
of the confluence of so-called turning points is faster than the adiabatic effects
(see §3.1). Hence we may roughly understand the adiabatic regime can be
applied the exact WKB method to and the non-adiabatic regime can not be.
The difference of these two regimes appears clearly in the connection formula
as in the next section. Moreover we can consider the case where V'(¢) has a zero
of higher order and then see that two regimes are determined depending on the
order of zero.

3 Connection formula around the avoided cross-
ing

The purpose of this section is to investigate the connection formula around the
avoided crossing under various regimes mentioned in §2.3. Here the connection
formula means the asymptotic behavior of the change of basis over the zero of
V' (t). We employ appropriate solutions near the origin under each regime.

3.1 Method of the exact WKB solution to 2 x 2 system in
an adiabatic regime

The method of WKB approximations is useful for expressing appropriate solu-
tions near the avoided crossing under the adiabatic limit h — 0, and moreover,
under the adiabatic regime (g,h) — (0,0) with h/e? — 0, an exact (complex)
WKB method still works. In this subsection, we first treat the case where the
multiplicity of the zero of V(t) denoted by m satisfies m = 1, and at the end
of this subsection we refer to the application of the exact WKB method to the
general case where the zero is of finite order m > 2.

In order to apply the exact WKB method introduced by [8], [6], we assume
only in this subsection an additional condition:

Condition C. The function V(t) is analytic in a complex domain B, , C C
containing the origin, where B, , = {t € C; |Ret| < o, [Imt| < p} for positive
constants o, p.

Fix an € > 0 small. Under Condition C, there exist only two simple zeros
of V(t)? + &% in B, ,, one of which is denoted by ((g) with Im((¢) > 0 and
the other by ((g). One sees that ¢(¢) and ((¢) are complex-valued crossing
points between two energies 4+/V (¢)? + €2, which are called turning points and
crucial singular points in the exact WKB solutions. Note that ((¢) behaves like
C(e) ~ ig/v as ¢ — 0 and that both turning points ¢(¢) and ((¢) converge to
the origin, which is the crossing point of V() and —V(1).

We set the phase functions of the exact WKB solutions with a base point
ac By, as

2q(t) := z/ VV(8)? + £2ds, (3.1)



where the branch of the integrand /V(¢)? + 22 is taken as ¢ at t = 0. The level
set of the real part z,(t) is called Stokes lines emanating from ¢ = a. The Stokes
lines emanating from the turning points ((¢),((¢) play an important role of
characterizing a complex domain where the asymptotic expansion of the exact
WKB solution corresponds to that of exact solutions. Now we illustrate with
Figure 1 the location of the turning points ¢, (, the Stokes lines (dashed lines),
the branch cuts (waved lines) and the base points 7,7, (,{ € B, , := B, ,\{¢,(}.
near the origin in B, ,. From [20], we admits the following proposition.
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Figure 1: Configuration in B, ,

Proposition 3.1. Under Condition B, Condition C with m = 1, and the above
notations, we have the four exact WKB solutions given by

vy (0.6rih) = oxp [+ 500 a0, 2000 =,
U (t,C.7:h) = exp %(f) M_(2(®))w_(=(), 2(F); h) =",
W (1,¢, 6 h) = exp :ﬂT“’: M. (0w (2(0), 20 1) = T, Y
U_(t,C, 7 h) = exp _ Zflgt)_ M_(2()w_(2(8), 2(T); h) = WL,

Here M1 (z(t)) are matrices of the forms:

= (500 00 weon - (Sri=s)

and the amplitude w4 (2(t), z(b)) are the vector-valued functions determined by



a resummation based on an integral recurrence 2 x 2 system of the variable z
with base point z(b) (b=1r,0,7,0).

Note that, since the form of K(z(t)) is independent of the base point of
the phase a, we omit the index a of z,(t) in the expression of M (z(t)) and
wy(z(t),z(h)). One of the kernels of two integral operators of the recurrence
system is the derivative of log K (z) with respect to z and the other is the same
derivative multiplied by the exponential factor e¥22/". Consulting the references
[6], [20], we see that the resummation goes well in a neighborhood of t = b € B, ,
and the four exact WKB solutions (3.2) are well-defined there. Moreover, if the
integral path from the base point z(b) to z is taken as the canonical curve
introduced later, then the latter integral operator gains O(h).

We pick up one of the important properties of the exact WKB method, called
Wronskian formula. In order to state the Wronskian formula, we introduce
canonical curves of type + in B, , from a fixed point b to ¢ along which +Re z,(t)
increase strictly, for a fixed a € B,,. We set ¥ := {(,(} and denote the
Wronskian of two vector-valued functions f, g by W[f, g] := det(fg).

Lemma 3.2. If there exists a canonical curve of type + from by to b— denoted
by v, there exist a function E,(h) depending on -y such that the Wronskian
between any exact WKB solutions of type + with the same base point of the
phase satisfies

W[\IjJr(ta a, bJr; h)7 v (tv a, b*; h)] =2+ g’)(h) (33)
for h small enough, where E,(h) = O(h) as h tends to 0 for a fired ¢.

We can estimate &, (h) more precisely with some positive constant C' as

Ch

< -
[£5(R)] < dist(y; X)

(3.4)

for h small enough, where dist(y;X) = . inf y|z< (t)|. Remark that, if v is close
€7,0€%

to turning points as e — 0, the Wronskian formula (Lemma 3.2) is broken down.

Our interest of this subsection is the connection formula between the four
WKB solutions (3.2), which is the asymptotic formula of the change of basis
T‘local (E, h) given by

(WL 08) = (W07 ) Tigeal (2, ), waﬂah)==<ﬁl T”>. (3.5)

721 T22

The direct computation leads to the representation of Tjocal(g,h) by means of
the Wronskians of the solution (3.2) as follows:

W (L) W (LT 2(Q)/h

Tioeu(e.h) = | 7/ 7) (7 :
W(T}/) ezc’(C)/h m

W, 7) W (r,7)



where #/(by,b_) stands for the Wronskian W[W (t,a,by;h), ¥ _(t,a,b_;h)],
and { (resp. /) is the same point as ¢ (resp. £) after turning clockwise around
¢ (resp. () and passing through the branch cut on the upper (resp. lower)
half plane. As in Figure 2 illustrating canonical curves as densely dashed lines,
we can find canonical curves for the Wronskians in (3.6), although we need to
look for such curves on the other Riemann surface. Hence from Lemma 3.2, we

obtain the following asymptotics of the elements of Tiocai(e, h):

Proposition 3.3. Under Condition B with m = 1 and Condition C, the ele-
ments of Tiocal(€, h) admit the asymptotic behavior

h h
|711|=|T22|=1+O<€—;> as E—2—>0, (3.7)
IT1a| = 21| = e W™ AE) (1 + O(h)) as h—0, (3.8)

where A(e) is the action integral defined by the turning point ((€) as follows:

"e
A) —2/0< JVER T 2 dt,

with the branch of the integrand the same as z¢(t), that is, ITm A(g) > 0.

From ¢(g) = O(e), the action integral satisfies A(c) = O(c?), so that the
modulus of the off-diagonal entry decays exponentially as h/e? tends to 0, called
the adiabatic regime.

Remark 3.4. This connection formula is guaranteed by the existence of the
canonical curve between both base points of the erxact WKB solutions in the
Wronskian. In our setting, the turning points C(E),@ converge to the origin
as € — 0. If the canonical curve is pinched by these turning points, the error of
the Wronskian formula becomes worse (see the error term E(h) in (3.4)). In
particular, as €%/h — 0, the Wronskian formula is no longer valid. This fact is
the technical difficulty of two-parameter problem from the viewpoint of the exact
WKB method.

From the above remark, for example, the asymptotic expansion of the Wron-
skian # (r, £) is not uniform in ¢, since the canonical curve from r to £ is pinched
by ¢,(. Conversely, if the canonical curve is away from the turning points, the
Wronskian formula is still true uniformly in small €. In the case where the
zero of V(t) is simple, the asymptotics of the off-diagonal entry, which gives the
transition probability, is O(h) uniformly in ¢, since the canonical curve from r
to 7 and also to [ drawn by densely dashed line is not pinched by the turning
points (see Figure 2).

We can extend the exact WKB method to a general case where there exist
a finite number of zeros of V(t) on R. Then the scattering matrix (i.e. the
change of basis of the Jost solutions) is given by the product of the local change
of basis near each zero. The asymptotic expansion of the transition probability



Figure 2: Canonical curves in B, ,

obtained by the exact WKB method is valid under the adiabatic regime h/c? —
0. Therefore, as in the next subsection, we must find another approach in the
non-adiabatic regime £2/h — 0.

Moreover we can develop the exact WKB method into the case where the
zero is of finite order denoted by m. In this case, turning points exist around
the origin like the power roots of order 2m. Denoting them by (1(g),. .., {m(e)
and their complex conjugates, we have

m)! (2k—1)7i

C(e) ~ (V(T(o))ﬁeT em (e —0).

The exact WKB method remains valid even in this case. Taking p suitably
small, then even if m is larger than 2 we can find a similar configuration in B, ,
to the case m = 2, that is, there exist only four turning points in the box B, , as
Figure 3. According to [20], one sees that these turning points closest to the real
axis determine the leading term of the asymptotic expansion of the transition
probability. We skip the details of the argument but give the asymptotics of the
elements of Tjoca as follows:

Proposition 3.5. Under Condition B with m > 2 and Condition C, the ele-
ments of Tioeal(€, h) have the asymptotic behavior

h
|T11| = [T22| =14+ O <€M> (3.9)

i

erAi(e) 4 (=1)mHleiAm(e)

|T12| = |T21] =

ho s
+(9<m+leﬁ“(5)> (3.10)
£ m

as h/emT+1 — 0, where Ag(g) is defined similarly and behaves when ¢ — 0 as
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Figure 3: Configuration in B, ,

follows:

Cr(e) N
Ape) = 2/ VIR T 2dt = 0", (3.11)
and a(g) ;= min{ImA; (¢),ImA,, (¢)}.

The asymptotic behavior (3.11) implies that |791| is exponentially small with
respect to e /h < 1 as well as the case m = 1. However the Wronskian for-
mula, which gives the transition probability, does not have asymptotic expan-
sions uniformly in ¢ even if the the number of the zero of V() on R is only one.
As in Figure 4, the canonical curves from the intermideate point ¢ to § cannot
help being pinched by the turning points (1, (,, and their complex conjugates
gathering at the origin.

3.2 Method of the solution to microlocal normal form in
a non-adiabatic regime

In this subsection, we assume that the zero of V(t) is simple and consider the
non-adiabatic regime: (¢,h) — (0,0) with £2/h — 0. As we mentioned in the
previous subsection, the Wronskian formula in the exact WKB method does not
work in the non-adiabatic regime. The aim of this subsection is to introduce
a microlocal normal form, called branching model, and its solutions along the
context of [22].

The original equation (1.1) is of the following form:

hD; + V(1) €

Fovlt) = < c hD, — V(t)

) P(t) =0, (3.12)



Figure 4: Canonical curves in B, ,

where D; = %%, can be transformed into so-called branching model (microlocal
normal form) of the first order 2 x 2 system:
V2y  p
Qo(y) = o(y) =0, (3.13)
po V2uD,

where y = €2 /h is a crucial small parameter of the non-adiabatic regime. This
model was introduced in a single-valued case by Helffer-Sjostrand [11] (see also
Mirz [18]). A 2 x 2 system depending only on one parameter was studied first
by Kaidi-Rouleux [16], and also by Fermanian Kammerer-Gérard [4], Colin de
Verdiere[3], Fujiié-Lasser-Nédélec [6] in other settings.

The branching model (3.13) has a couple of solutions

s =y (). s -y (7E). e

where Y (y) is the Heaviside function. The properties of these distributions
can be found in [7]. Moreover the differential operator @ commutes with the

operator <(1) é) CF,, where C is an operator of taking its complex conjugate,

that is, Co(y) = ¢(y), and F, is a semi-classical Fourier transform:

Fulul( Su(z)de. (3.15)

1 _ig
§) = oz /R e r
Then the functions ¢*(y) and ¢ (y) given by

sw=(1 y)emdw. Tw- (] f)ersw e

11
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are also solutions of (3.13). Computing ¢*(y), ¢"(y) by using the property
CF,= f;lC, we obtain the relation between the pairs (¢",¢7) and (¢*, ¢ 7).

Proposition 3.6. Let R be a 2 x 2 matriz such that (¢+¢") = (¢"¢")R. Then
R is of the form: R = <2‘; _Z> with

ful”) _Tp 1 _ip i
=yet, = ve 4 . Y= = 21 ——=. 3.17
p=" g=ne %, = iRt ( 5 ) (3.17)
The proof of Proposition 3.6 is done by the direct computation that the
semiclassical Fourier transform of solutions ¢*(y),é' (y) are reduced to the
integral expressions of the Gamma functions. From the reflection property of
the Gamma function:

P()P(1—2) = —— = 2™ (eC\2)

sinmz  eimz — eminz

and thanks to ¢/p = e~7 € R, the constants v, p and ¢ satisfy

2 2
Ly N | P —q 1
2= (eBh —e750) 7, P2 -lg?P =1, —==. (3.18)

p p

The change of basis R in Proposition 3.6 gives the connection formula of the
appropriate solutions replacing the exact WKB solutions. The relation between
the solutions of the branching model (3.13) and those of the original equation
is given by Proposition 3.9 based on the following microlocal reduction.

First, the following lemma guarantees the existence of a local smooth change
of variables which allows us to replace V(¢) by a linear function near the crossing
point.

Lemma 3.7. There exist a small neighborhood U, U of the origin and a change
of variables f : U — U such that f(0) =0, f'(0) =1 and f(t)f'(t) =V (t) for
anyt e U.

Note that the function f is determined independently from the parameters
¢ and h. The proof of this lemma can be done by constructing f(¢) concretely
for ¢t in a small neighborhood of t = 0 as follows:

1
2

flt) =t (1 + 9t /01/: s3(1 — J)V”(tsa)dods) . (3.19)

Putting ¢y (2) := ¢(f~'(V/ht)), we see that the equation (3.12) becomes

D.+z VA(F Y (Vhe)
VA(FY (Vh) D, -z
Recall that 4 = £2/h — 0 implies that ¢ — 0 uniformly with respect to h €

(0, hg] for some fixed hg > 0. Notice that (3.20) is a regular perturbation
problem of order /.

Prpy(2) = ( > $1(2) = 0. (3.20)



Second, we apply the Neumann lemma to (3.20). According to Lemma 11
in [22], there exists a C°°-matrix M (z; /g, h) =1d + > (1% My (z; h) such that
E>1
the equation (3.20) becomes

Pythy(2) = (Di/; 2 D:/E Z) Ua(z) =0, zel, (3.21)

where 1p3(2) := M (z; /11, h)1(2).
Now, by using a change of scaling = ,/uz, we can regard the equation
(3.21) as a semi-classical problem with respect to p.

uDy + x m

Pyips(w) = < [ D, —

Jum@ =0 wevEL  G2)
where ¢3(z) := ¥a(x/ /).

Finally, we employ the so-called Egorov type theorem by means of the Fourier
integral operator. Let Uz be the Fourier integral (metaplectic) operator asso-
ciated with the rotation 7/4 on the phase space T*R:

%(zfg,z—l—f) € T*R.

The Fourier integral operator U= is given, in the book of Helffer-Sjostrand [11],
by

kr @ TR (2,) —>

eFIT [ i w2 s 42
Uelle) = T J et I

for u in the space of tempered distributions. We notice that the microsupport
of Ulu] is given by the canonical transformation tz of the microsupport of u.

Lemma 3.8. We denote the symbols of the diagonal entries of Ps and Q by

pl(I,f):f—‘—l‘, p2(z:f):f*m:
a1 (y,m) = v2y, @ (y,m) = V2.

Then the operators

P, — (pi”(%qu) Iz ) Q= (qi”(way) p >
I Py (z,1nDs) ) Iz 45 (y, nDy)

satisfy
Uz'pyf (2, 1D:)Us = (po kz)”(y,nDy) = q;(y, nDy), (j=1,2).

Let x € C§°(R) be identically equal to 1 near I. Then we put

o) = U3 [x () )| )

13
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The equation (3.22) is equivalent to

x
Vi
The right-hand side of (3.23) is of O(;>°) uniformly on /71

Qoty) = -iviy! [ () vate)| (323)

Summing up, we obtain the following proposition:

Proposition 3.9. There exist hg > 0 small enough and coy > 0 independent of
€ and h such that the equation (3.12) has a solution given by, as €2/h — 0,

g

bltieh) = M <%f(t); %h) Uslol (51®)+0 ((;)OC) B2

uniformly on h € (0,hg] and t € {|t| < cov/h}, where ¢ is a solution of (3.23),
and f and M are given in the above reduction.

To obtain the colinear relations between the appropriate solutions Uz [0°]
(e =F,4, 1L, T) and exact WKB solutions, we study the microsupports of them
on the annulus in the phase space. Note that, on the annulus of radius O(h)
in the corresponding complex plane, we can treat the exact WKB solutions
away from turning points, since they are (9(52). Comparing the microsupports
of Uz [¢] with those of the exact WKB solutions, computing the asymptotics
of Uz [#] by the stationary phase method with respect to p = £2/h, and also
combining the asymptotics of R in Proposition 3.6, we can find the connection
formula of Tjocar given in (3.5) under the non-adiabatic regime as follows:

Proposition 3.10. Suppose Condition B with m = 1. There ezist g > 0 and
ho > 0 small enough such that for any € and h with % € (0, po] and h € (0, ho]
the transfer matriz Tiocal(€, h) has the following asymptotic behavior:

vl lq

Tiocal(g, h) = 1; C((Zjl) (1+(9<\/ﬁ)+0<%>), (3.25)
ip D

where p,q are given by (3.17), ¥ = ?jf + Eh—z log % and C stands for the operator
of taking the complex conjugate.

3.3 Method of the fundamental solution to the diagonal
in a non-adiabatic regime

In the case where a non-adiabatic regime, that is, € with some power tends to
0 faster than h, we must adopt other approaches instead of the exact WKB
method. When V() has the zero with a finite multiplicity m larger than 1,
that is V(t) and —V(¢) have a tangential intersection, the microlocal approach



introduced in the previous subsection is not applied immediately. Recalling
that the connection formula by the exact WKB method (3.9) is valid under
the adiabatic regime h/e% — 0, we regard the regime EMTH/h — 0 as the
non-adiabatic regime in the case of the zero of higher order. Hence our interest
in this subsection is to find suitable solutions near the origin and the connection
formula between the bases composed by those solutions under the non-adiabatic
regime £ /h — 0.

The approach by means of fundamental solutions, which we introduce in this
subsection, is based on the works of [24] in a single-valued Schrodinger equation,
of [5] in a 2 x 2 system of Schrodinger equations with a transversal crossing of the
potentials, of [1] in a similar system with tangential crossings and in particular
of [12] in a first order 2 x 2 system with a tangential crossing. Here we give the
idea of these methods of fundamental solutions along the our recent work [13].

We precede this approach with the construction of solutions to (1.1) under
the non-adiabatic regime. Let I be a small interval containing 0. For any
continuous function u and for any point so € I, we define an integral operator
K = K(u, so) by

K 50) (1) == Lu(t) £8d (3.26)
If u* satisfy respectively
(]Zi + V(t)) =0 on I, (3.27)
the operators K* := K (u®, s*) for any s* € I are fundamental solutions:
hd I
< 7 + V(t)) K¥f=f for feC(I), (3.28)

where C(I) is the Banach space of continuous functions on I equipped with the
norm || f||¢(ry := supy | f(z)]. Our equation (1.1) turns into the integral system:

P1(t) = —eK Teha(2),
1/)2(t) = 76K71/11(t).
Notice that K+ are independent of . Let us fix

(3.29)

uE (t) = eFh Jo Vis)ds
For the choice of the endpoints s and s~, we have the following proposition:
Proposition 3.11. For any s—, sT € I, we have

= O(h~ ),

(2k+1)m

O(h~ ™),

H(K$Ki)k“$ucu)

(3.30)
| K= (KFEK*)ku

V' uF o =

where we consider the Banach space of continuous functions on I with the sup
norm || fllc(ry = supy |f ().

15
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The proof of Proposition 3.11 follows the next lemma based on the degen-
erate stationary phase method (see e.g. [14]):

Lemma 3.12. On a compact interval I C R, the integral

Ii(h) = /1 exp (% /t:V(s)ds) dt (3.31)

is estimated as O(h) as h — 0 when V' does not vanish on I. If ty is the unique
zero in I of V', one has

Zi(h) = wph7 + O(hwiT), (3.32)
where Wy, s given by
1
2 1 (m+ 1)l |7
Wy = r s 3.33
R <m—|—1> <2V(m)(t0)> K (3:33)
with
cos [ m: even
2(m+1) ' ’
N, 1= ) (3.34)
sgn(V ™) (to)) i
v —— m : odd.
2(m+1)

From Proposition 3.11, we construct the solutions w™ and w™ by

Z(EQKJFK*)kuJr
wh =wt (KT, K~ ,ut) = k20 , 3.35
(K ) K™Y (KK )Fut (3:35)
k>0
and
—eK™* Z(EQK*KJF)ku’
wo=w (KT,K ,u"):= k20 . 3.36
( ) 2(521&7K+)ku7 (3.36)
k>0

Examining the fundamental solutions more precisely in the proof of Propo-
sition 3.11, the integral factors of | K*uT(t)| respectively are estimated as O(h)
if the integral region of K* does not contain ¢+ = 0. Hence we have

o (v HOEN
u/+—< ) ) INn{+t>0} (3.37)

if £57 > 0 and

g

- O(e) on
= (u N O(EQ/h)> In{+t>0} (3.38)



if £51 > 0. These asymptotic behaviors imply that the construction by means
of the iteration with fundamental solutions gives not only local solutions near
an avoided crossing but also those away from an avoided crossing.

Let 6 > 0 be a small constant independent of £ and h, and set

I :=[-6,0, Ir:=1[0,0], Ki=K(®u* ~d), Ki=K(u* +9), (3.39)

(i.e., sﬁ = 49, sf = —§). From Proposition 3.11, we can define four solutions
wg on Ig for S =L, R by

wy = wH(K$, Ky, ub). (3.40)

One sees that for S = L, R each (wd,wg) is a basis of the solution space on Ig
and that the property of the symmetricity:

(01 é) wg = w (3.41)
holds. Let Tioca be the change of basis as
(wi wyp) = (wh, wi)Th. (3.42)
Then we obtain the connection formula:

Theorem 1. The 2 x 2-matriz To = T'(c,h) admits the following asymptotic
formula:

To = 1d — ipt Taut, + O(2, + ph757) (3.43)
With fiy = eh™ ™41 and
0 wm
Toub = (wm 0 > . (3.44)

Here, the constant w,, is given in Lemma 3.12.

We remark that, from the relation (3.41), the matrix Ty satisfies the following

symmetry
Ty = <E T_:2> . (3.45)

72

The proof of this theorem is based on the degenerate stationary phase
method (Lemma 3.12) of the oscillatory integrals coming from the composi-
tion of the fundamental solutions K*. The e-independence of the fundamental
solutions implies that the local solutions w§ correspond to £V (¢) but not to
the energies ++/V (t)? + 2. We recall that each entry of the change of basis Tj
can be expressed by the Wronskian and also that the Wronskian is independent
of the variable t. Thanks to the definition of the bases (w};, wg) and (w},wy),
more precisely to the construction of the solutions, one sees that there exist
2 x 2 constant matrices Ag, Az, such that

(wh(0),ws(0)) =1d + Apg, (wf(0),wy (0)) =1d+ Ap. (3.46)

17
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Hence the change of basis Tj can be represented by
To= (Id+ Ap)~'(1d + Ay). (3.47)

The representation (3.47) implies that the connection formula can be derived

from computations of asymptotic behaviors of w§ (0) with respect to ¢ and h
m+1

with the regime EmTﬂ/h = (i) ™ — 0. From Lemma 3.12, we obtain

) __m 0 Wm __m_
As =~ Lenst (wm 0>+0((sh 7)), (3.48)

This is the idea of the proof of Theorem 1.

By matching the asymptotic behaviors of the local solutions w§ on suitable
subinterval of Is for S = L, R, (3.37), (3.38) with those of the exact WKB
solutions U’ , ¥4 , we have the following relations

wh = —iv", wg = -V,
N T (m:odd), N —iw®  (m:odd),
wyp, = ey Wy, = ¢
—iWU  (m:even), —VU.  (m:even).

Hence we obtain

Proposition 3.13. Suppose Condition B with m > 2. As (g,h) — (0,0) with
Ly = eh™m+1 — 0, the following holds.

N [m]2
1 —WmMm 1
,rlocal = < wlu > < 0 é) + O(M?n + /flmherl ): (349)

Wi fm —1

where w,, is given in Lemma 3.12 and [m]y stands for m (mod 2).

4 Comparison among the connection formulae

Let us enumerate the connection formula as (,h) — (0,0) depending on each
regime.

(A) Landau-Zener model (i.e. V(t) = vt): We have

i (h\N V2x - Ami —Ami
5 _%(%) r—v°¢ ° €
Se,h) = | A oA L(Q_v)A Vor -2zt (4.1
A5 VRO T(=X) ’

where \ = £2/2ivh.

(Btra) Linearly crossing (i.e. transversal intersection) model under the adiabatic

regime h/e? — 0: Denoting the entries of Tiocal (s, k) by (Tjk(g, k) 1< k<2,
we get

h h
|7'11|_|7'22|—1+(9< > as — — 0, (4.2)

g2 g2

10| = |1 | = e~ #MAE (1 4+ O(h)) as h—0. (4.3)



(Btan) Tangentially crossing (i.e. tangential intersection) model under the adi-
abatic regime h/e"m — 0: Putting Tiocal(e, h) = (i (e, h))1<j k<2, We

have
h
[T11] = |T22] =14+ O <E)
- , (4.4)
12| = a1 | = |ex M) 4 (—1)" e A& L O ( s, e%a(s)>
et

as h/e"n" — 0, where a(e) := min{ImA, (¢), ImA,,(¢)}.

(Ctra) Linearly crossing (i.e. transversal intersection) model under the non-
adiabatic regime £2/h — 0: Then we get

ol 14
D up €
Tiocal (e, h) = <1 +0 (\/E) +0 <—>> . (45)
1 ,
=4 671191 Vh
ip P

where p, ¢, are the same as Proposition 3.10.

(Ctan) Tangentially crossing (i.e. tangential intersection) model under the non-
adiabatic regime emTtl/h — 0: We obtain, as j, = eh™ w1 — 0,

1 —wmpm) (0 )™ ) 1
Tocal = i 0 + Oy, + pinh™+7),  (4.6)

W —1
where wy, is given in Lemma 3.12 and [m]s stands for m (mod 2).

In addtion, we summarize the answers of the questions in §2.2 as in Table 1.

Q.1 | Q2 | Q3

L-Z model Weber functions (2.4) (2.5)
adiabatic m =1 | exact WKB sol.’s (3.2) (3.6) Prop.3.3
adiabatic m > 2 | exact WKB sol.’s (3.2) [20] Prop.3.5
non-adiabatic m = 1 sol.’s to BM (3.13) Prop.3.6 | Prop.3.10
non-adiabatic m > 2 sol.’s to IS (3.29) Thm.1 | Prop.3.13

Table 1: Comparison among the semiclassical approaches

Actually one more connection between such local solutions and Jost solutions
is required for a study of the scattering matrix, however the matrices enumerated
as above are essentially the same as the scattering matrix in the sense of the
modulus of each entry. Therefore we can derive the transition probability from
the off-diagonal term in each connection formula. In fact, if we suppose that
V(t) = vt in the case m = 1, we find the Landau-Zener formula in the square
of the modulus of the off-diagonal entry as follows:
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(A) From X\ = £2/2ivh, one sees

. 2
le= 2 = ’e*(%)” =e oh, (4.7)

(Btra) In this case, the turning point {(¢) = ic/v and the action integral A(s) is
computed explicitly as

ie/v 2ie

Ale) =2 ; V((vt)2 +22dt = /0 V1—s2ds= ;—262, (4.8)

so that the Landau-Zener formula appears in the leading term of |72 |?;

v

2 2
1 2 €
|67FImA(5)|2: ‘67}%(2%/5 ) 2671:’_".

(Ctra) From the definition of p, ¢, i.e. (3.17), we have

2
=2

2
4 :eiguzefﬂ;;h

z—‘ =7
p

ye
e

_rmu
4
i

, (4.9)

U=y
4

where p = 2 /h, that is, p stands for (y1)? under the notation of ji,,.

A similar consideration for the case of the tangential crossings (Btan) and
(Ctan) with V(t) = v, t™/m! (v > 0) leads us to a generalized Landau-Zener
formula under the adiabatic and non-adiabatic regimes.

(Btan) According to [20], the action integrals A;(e) and A,,(¢) can be computed
explicitly as

T m+1 F L ! %
Ai(e) = Cpezme 5 , Cpm = &m)) <ﬂ) (4.10)

(m + 1)1"("21—:;1 Upn

and A,,(e) = —Aj(e). Then one sees that Im A;(¢) = Im A4,,(¢) holds.
We have the leading term of the transition probability FPp:

771’,'1»1 . ) . 1
Py = 4sin? <Cm(cos QL)E ; + %ﬂ') e 2C0m(singim)e m/h (411
m’ h

Notice that the prefactor of Py oscillates faster as h/emT+1 — 0 and the
quantity of Py is estimated by exponentially small factor. This fact is
consistent with the adiabatic theorem (Bohr’s correspondence principle).

(Ctan) In this case, the transition probability depends on the parity of m. More
precisely the leading term of the transition probability I is given by

2
1—9m <Lm> if m is odd,
hm+T

) (4.12)
£ . .
Ym (—m> if m is even,
hm+1

0 =



where )

= (%) ()

1—(-1)™ ., ™
x (1 S .
< T Gy
The formula (4.12) implies that the contribution to the transition proba-
bility issues from +V(¢) not from energies +/V (t)? 4+ ¢2. This difference
also appears in the phase function of the local solutions which consist of
the bases near the avoided crossing.

Remark 4.1. While the formula (4.12) with (4.13) in the case where m = 1
corresponds to the Landau-Zener formula, the formula (4.11) does not so. More
precisely the decay rate is same but the multiplication prefactor is mot. This
difference arises from the fact that the turning points (i.e. zeros of V()% +¢2)
are crucial in the adiabatic regime whereas the crossing point (i.e. the zero of
V(t)) is so in the non-adiabatic regime.

(4.13)

Although, in this manuscript, we treat only the case where the number of
the zeros of V(¢) on R is one, we can naturally extend this problem to the case
where V(t) has a finite number of zeros as in [15], [22]. Since the scattering
matrix can be expressed by the products of the local change of basis near each
avoided crossing, these connection formulae enumerated in this subsection are
an essential part of such further generalizations. Finally we remark that the in-
teraction effects between the avoided crossings can be found in the non-adiabatic
regimes as in [22], [13].
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