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A REVIEW OF RANK ONE BISPECTRAL CORRESPONDENCE OF QUANTUM
AFFINE KZ EQUATIONS AND MACDONALD-TYPE EIGENVALUE PROBLEMS
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KOHEI YAMAGUCHI, SHINTAROU YANAGIDA

ABsTRACT. This note consists of two parts. The first part (§1 and §2) is a partial review of the
works by van Meer and Stokman (2010), van Meer (2011) and Stokman (2014) which established a
bispectral analogue of the Cherednik correspondence between quantum affine Knizhnik-Zamolodchikov
equations and the eigenvalue problems of Macdonald type. In this review we focus on the rank one cases,
i.e., on the reduced type A; and the non-reduced type (C),C1), to which the associated Macdonald-
Koornwinder polynomials are the Rogers polynomials and the Askey-Wilson polynomials, respectively.
We give detailed computations and formulas that may be difficult to find in the literature. The second
part (§3) is a complement of the first part, and is also a continuation of our previous study (Y.-Y., 2022)
on the parameter specialization of Macdonald-Koornwinder polynomials, where we found four types of
specialization of the type (CY,C1) parameters (which could be called the Askey-Wilson parameters) to
recover the type Ai. In this note, we show that among the four specializations there is only one which
is compatible with the bispectral correspondence discussed in the first part.
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0. INTRODUCTION
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This note is written for two purposes. The first purpose is to give a partial review of the bispectral
correspondence [vMS09, vMI1, St14] between quantum affine Knizhnik-Zamolodchikov equations and
the eigenvalue problems of Macdonald type, and the review forms the major part of this text (§§ 1
and 2). The second purpose is to study the relationship between the bispectral correspondence and the
parameter specialization investigated in the authors’ previous study [YY22], and it is fulfilled in §3. We
summarize these two contents in the following §0.1 and §0.2, respectively.
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0.1. Rank one review of bispectral correspondence. The first part (§1, §2) is devoted to the review
of the bispectral correspondence between QAKZ solutions and Macdonald-type eigenvalue problems,
established by the works [vM11, vM11, St14].

Let us begin by recalling on the original Cherednik’s correspondence. We refer to [C05, §1.3] for an
exposition of this correspondence. In [C92a], Cherednik introduced his QAKZ equations for arbitrary
reduced root systems and for the type GL,,. Let H = H (k) be the affine Hecke algebra of type GL,, with
complex parameter k. Hereafter we will call k the Hecke parameter. Also, let 7' := Homgroup (A, C*)
be the algebraic torus associated with the weight lattice A. Then the QAKZ equations are ¢-difference
equations for functions of the torus variable ¢t € T valued in a (left) H-module M satisfying certain
conditions. In [C'92D], Cherednik constructed a correspondence between solutions of the QAKZ equations
for the principal series representation M, with central character v € T, and eigenfunctions of the ¢-
difference operators of Macdonald type.

Below we explain the correspondence for the type GL,. In this case, we can identify A = Z" and
put t = (t1,...,tn),y = (71,-..,7) € T. For a nonzero complex parameter ¢ € C, which will be called
the quantum parameter, let SOLytac(k, ¢)4 be the eigenspace of the Macdonald-Ruijsenaars ¢-difference
operators of type GL,, i.e.,

SOLnac(k, q) = {f(t) € M(T) | Ly, f(t) = p(7) f(t), ¥p € C[T|®"},
where M(T') is the set of meromorphic functions on 7', and L; denotes the Macdonald-Ruijsenaars g-
difference operator [R87, M95] associated to each symmetric polynomial p which acts on the functions

of t. For example, to the first elementary symmetric polynomial e(z) = 27 + - - - + 2,,, the operator L is
given by

n
kt; — k=,
Lt = ZH#TM. (0.1.1)
i=1 j#i v
Here we used the g-shift operator 77, ;, for i =1,...,n:

(o Nty stn) = [t ogtine - tn), f(8) € M(T).
Moreover, let SOLqkz(k, ), be the QAKZ equations of type GL,, i.e.,

M _
SOLaka(k, ), = { £(t) € Hy"™ | € (07 (a0 = (1), A€ A},
where Hy = Hy(k) is the finite Hecke algebra of type A,,_; and H(’JM(T) = M(T) &c Hy. We omit the
precise definition of the ¢-difference operators C& /\)(t). We will explain in detail the case of type A; and
(CY,C1) in §1 and §2, respectively. Cherednik’s correspondence for the type GL,, is now described as

X+t SoLqKz(k7 q)7 — SOLMaC(k, ‘1)7' (012)

A bispectral analogue of Cherednik’s correspondence is investigated by van Meer and Stokman [vMS09)
for type GL, who introduced the bispectral QAKZ equations using Cherednik’s duality anti-involution
x: H — H of the double affine Hecke algebra H (see Definition 1.1.4). The bispectral QAKZ equations
are consistent systems of g-difference equations for functions on the product torus 7" x T, and splits up
into two subsystems. Denoting by (¢,7) € T' x T the variable, we have:

e The first subsystem only acts on ¢, and for a fixed 7, the equations in ¢ are Cherednik’s QAKZ
equations for the principal series representation M., of the affine Hecke algebra H C H.
e For a fixed t € T, the equations in v are essentially the QAKZ equations for M;-1 of the image

H* C H.
This argument can be extended to arbitrary reduced and non-reduced root systems, as done by van Meer
[vM11] for reduced types and by Takeyama [T'10] for the non-reduced type (C)Y,C,,).

After the build-up of bispectral QAKZ equations, it is rather straightforward, except for one issue, to
make an analogue of Cherednik’s construction of correspondence to the bispectral eigenvalue problems
of Macdonald-type. Below we explain the case of type GL,, again. Let SOLpmac(k, ¢) be the bispectral
eigenspace of the Macdonald-Ruijsenaars g-difference operators of type GL,,, i.e.,

SOLinac (k. q) 1= { f(t,7) € M(T x T) if;{c (é 73 - 2;%);((;,’;/)) Vp € (C[T]e,,}

where M(T x T') is the set of meromorphic function on 7' x T, and LZ,LZ denote the Macdonald-
Ruijsenaars g-difference operators attached to each symmetric polynomial p, acting on functions of ¢ and
2
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type || Dynkin | orbits | Hecke parameters

Askey-Wilson 0 1 O1U02U03U04 | ko k1 o h
01 1 t 1 t

A 01 O3 t 1t 1
Rogers == 02 1t 1 1

Oy 21 1 1

TABLE 0.1. Type A; subsystems in (CY,C;) and parameter specializations

v, respectively. For the first elementary symmetric polynomial e(z) =21+ -+ 2z, they are given by

3 | o PR 9 | e

i=1 j#i i=1 j#i

Note that Lf is the same as (0.1.1), and the parameters ¢ 1, k! in L} are the reciprocal of those in L;,.

Next, let SOLyqkz(k, ¢) be the solution space of the bispectral QAKZ equations of type GL,, i.e.,

Cieony,e) &V faMy) = f(t,7) }
C(e,t(u,))(tv’)/)f(tv quﬁ/) = f(f“’)/) VA #Ee A ’

where H MITD) M(T x T) ®c Hyp. We omit the exact definitions of the g-difference operators
C(t()\%e)(t ) and Ce ¢(uy) (¢, 7), and refer to § 1 and §2 for the explanation for type Ay and (CY, Cy).
Mimicking (0.1.2), the resulting bispectral correspondence is written as

X+: SOLpqkz(k, ) — SOLpmac(; q).

SOLyquca (ks q) == {f(t 1) € HMTXD)

The issue here is the existence of (some nice) asymptotically free solutions of the bispectral QAKZ

equations, i.e., the non-emptiness of the source, which was carefully proved for type GL,, in [v)M11, §5,
Appendix|. The same argument works with minor modifications for reduced and non-reduced root types
(see [St14, §3]).

In this note, we give a review of the bispectral correspondence explained so far. Since the correspon-
dence itself looks rather abstract, we decided to concentrate on the rank one cases and give detailed
computations.

e In §1, we consider the reduced root system of type A;. The associated Macdonald-Koornwinder
polynomials are the Rogers polynomials.
e In §2, we consider the non-reduced root system of type (Cy,C;). The associated polynomials
are the Askey-Wilson polynomials.
The GL5 case could be included, but it is essentially the same with Ay, and we will not treat it.

0.2. Specialization of parameters in the rank one bispectral problems. The second part (§ 3)
is a complement of the first part, and is also a continuation of the paper [YY22] on the parameter
specializations of Macdonald-Koornwinder polynomials. There we classify all the specializations based
on the affine root systems, which appear as subsystems of the type (C),C,) system. The obtained
parameter specializations are compatible with degeneracies of the Macdonald-Koornwinder inner product
to the subsystem inner products.

In the rank one case [YY22, §2.6], where the polynomials in question are Askey-Wilson polynomials,
we discovered four wayb of specializing the type (C}, C1) parameters to recover the type A;. Table 0.1
is an excerpt from [YY22, §2.6, Table 2].

In §3, we study the relation between our parameter specializations and the bispectral correspondence.
First, let us recall that the bispectral correspondence is constructed using the duality anti-involution
of the DAHA H. As discussed in § 2.1 (2.1.16), the duality anti-involution * of H acts on the Hecke
parameters in the way

(KT, k5, 15, 85) = (k1,01 ko, o).

Then, we see from Table 0.1 that the specialization corresponding to the orbit Os is the only one which
is compatible with the bispectral correspondence reviewed in the first part. Under this specialization,
we obtain the following commutative diagram (Theorem 3.1.2).
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(cy.cn)

SOL{ i < SOLyaw
SOL{?&KZ _Al) SOL[,MR
X+

Notation and terminology. The following is the notation and terminology used throughout this note.
e We denote by N = Zx :={0,1,2,...} the set of non-negative integers.

We denote by §; ; the Kronecker delta on a set I > 1, 3.

We denote the unit of a group by e or 1.

Linear spaces are those over the complex number field C unless otherwise stated, and we de-

note by Hom(V, W) and End(V) the linear spaces of C-linear homomorphisms V' — W and of

endomorphisms V' — V. We also denote by @ the standard tensor product ®¢ over C.

e A ring or an algebra means a unital associative one unless otherwise stated.

e We denote C* := C\ {0}, regarded as the multiplicative group.

e We use the Gasper-Rahman basic hypergeometric notation [GR04] for ¢-shifted factorials

(l'? Q)oo = H(l - mqn)v ((L’l, cee 7$r;Q)oo = H(:L'i:,Q)oov

which are understood as complex numbers if they converge (e.g., if x,x;,¢ € C and |¢| < 1), and
as formal series of ¢ otherwise. For n € N, we set

r

(1 @)
(l‘; q)n = ([E ntl. ) ; ('rlv"'7x7';q)" = H(xuq)n (021)
" q)eo bt

e We also use the symbol in [GR04] of the basic hypergeometric series

o0
Ay, «ooy Qryd (a1,...,ar11;Q)n
) { 1, z} =) D R 0.2.2
S R TR A ;(q7bl,...7bT;q)n 022)

e We will also use the g-binomial coefficient

mq - % (0.2.3)

for g € C and n € N. Note that we have [’T’Z]q = % for m,n € N with m > n.

1. TYPE A;

1.1. Extended affine Hecke algebra. Here we recall the extended affine Hecke algebra of type A;
and the basic representation.

1.1.1. The extended affine Weyl group of type A;. We begin by recalling the extended affine Weyl group
of the affine root system of type A;. For the details, see [MO03, §1, §2, §6.1], [vMS09, §2.1] and [vM11,
§2.1).

Remark 1.1.1. Let us note beforehand that we are working in the untwisted affine root system [M03,
(1.4.1)], although [vM11] works in the twisted affine system [MO3, (1.4.2)]. Since we only consider the
type Aj, there is no essential difference, but there are some notational differences. For example, we
define the extended affine Weyl group W as the semi-direct product Wy x t(P) using the weight lattice
P, although in [vM11] it is defined as Wy x t(P") using the coweight lattice PV.

We consider the one-dimensional real Euclidean space (V, (-, -)) with
V=Ra, (a,a)=2. (1.1.1)

Let F be the space of affine real functions on V', which is identified with the real vector space V & Re
by the map (u +— (v,u) +7) — v+ rc for u,v € V and r € R. Using the gradient map D: F — V,
v+ re¢ — v, we extend the inner product (-,-) on V to a positive semi-definite bilincar form on F' by

(f,9) = (D(f), D(g)) for f,g € F.

4
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Let S(A1) == {*a+nc|n € Z} C F be the affine root system S(A;) in the sense of Macdonald [M03].
A basis of S(A;) is given by {a1 == a,ap = ¢ — a}, and the associated simple reflections s;: V' — V for
i = 0,1 are given by

si(v) =v—a;(v)D(a)) (veV), (1.1.2)
where a) = 2a;/{a;,a;) = a; € F. Explicitly, we have
si(ra) = —ra,  so(ra)=(1—-r)a (r eR). (1.1.3)

We denote by Wy € O(V, (-, -)) the subgroup generated by s1. It is the Weyl group of the irreducible
root system R(A;) = {£a} of type Ay in the sense of Bourbaki, and as an abstract group, we have
Wo = (s1 | 3) = Gg, the symmetric group of degree 2. Let us also denote the fundamental weight @
and the weight lattice A of the root system R(A;) by

w = %(17 N=ZwCV.

Then the Wy-action (1.1.3) preserves A.
We denote by t(A) :== {t(\) | A € A} the abelian group with relations t(\) t(u) = t(A+p) for A, u € A.
The group t(A) acts on V by translation:

tNv=v+X (AeL,veV). (1.1.4)
Then the extended affine Weyl group W of S(A1) is defined to be the semi-direct product group
W =Wy x t(A) (1.1.5)

which acts on V faithfully. In other words, the group W is determined by Wy and t(A), and by the
additional relations

s1t(\)s1 = t(s1(N) (A € A) (1.1.6)

with s1(\) given by (1.1.3).

The group W is generated by s1, 9 and t(). It is convenient to introduce u := t(w)s;. By (1.1.6), we
have u? = t(w) t(s1(w)) = t(w) t(—w) = e. Also, by (1.1.6) and (1.1.3), we can check so(v) = usju(v)
for any v € V. Thus, as an abstract group, W is generated by s1, s, u with defining relations

s2=st=u’=e, wus; =sou. (1.1.7)

For later use, we write down a few relations in W.
t(w) = us1 = sou, t(—w) = s1u = usp. (1.1.8)
t(a) = t(2w) = usjus; = sps1- (1.1.9)
1.1.2. The extended affine Hecke algebra of type Ai. Here we recall the extended affine Hecke algebra

H associated to the affine root system S(A;). For the detail, see [M03, §4, §6.1] and [v)M11, §2.2, §2.3].
Hereafter we fix nonzero complex numbers k € C*.

Remark 1.1.2. Our parameter k correspond to 7 in [M03].
Definition 1.1.3. The extended affine Hecke algebra of type Ay, denoted by
H = H(k) = HY (),
is the C-algebra generated by 71, Ty and U with fundamental relations
(T, —k)(Ti+ k=0 (i=1,0), U*=1, UT; =T,U. (1.1.10)

By comparing (1.1.7) and (1.1.10), we see that H is a deformation of the group ring C[W] of the
extended affine Weyl group W of S(A;) explained above.

In order to attach an element T,, € H to each w € W, let us recall from [M03, §2.2] that we have
the length function and reduced expressions in W. The group W is an extension of the affine Weyl
group Ws = (s1, ¢ | s2,52) of S(A;) by the automorphism u of the Dynkin diagram of S(4;), so that
any element w € W can be written as w = w'u” with w’ € Wg and r € {0,1}. The group Wy is a
Coxeter group, so that it has the length function ¢(-) and reduced expression of each element. Now, let
w' = s;, -+ 8, be areduced expression in Wg with [ = £(w’). Then we define the length of w € W to be
l(w) == L(w') =1, and call the expression w = s;, - - - s;,u” € W a reduced expression of w.

Now, for w € W, take a reduced expression w = s;, - - - s;,u” and define

Ty=T, - T,U" € H.

5



Then T, is independent of the choice of reduced expression. By convention we have T, = 1, the unit of
the ring H.
Next we introduce the Dunkl operator to be

Y :=UT) € H. (1.1.11)
By (1.1.10), Y is invertible and
Yl =T7'U=(T —k+k YU
Also note that these can be regarded as deformations of the translations t(+w) € W given in (1.1.8).
Let us also define
Y =Y'eH (A=lweA, lcZ).
In particular, we have
Y =Y?" = Y2 =UNYUT, =TyT1, (1.1.12)
which corresponds to (1.1.9). We denote by C[Y*!] C H the ring of Laurent polynomials in Y. We have
an isomorphism of C-linear spaces
H =~ HyoC[Y*, (1.1.13)
where
Hy = Hy(k) :=CT. +CT,, =C+CTy (1.1.14)
is the subalgebra of H generated by Ty. We call Hy the finite Hecke algebra of type A;.
1.1.3. The basic representation and the double affine Hecke algebra of type A;. Next, we review the basic
representation of the extended affine Hecke algebra H = H(k), mainly following [MO03, §6.1]. See also
[C05, Theorem 3.2.1] and references therein.

Below we choose and fix a parameter ¢'/? € C*. The extended affine Weyl group W acts on the ring
of Laurent polynomials

ClatY], z:=e" =e*/? (1.1.15)
by letting the generators sy, sg, u operate as
(s100)(@) = f@™h),  (s04f)(@) = flaz™),  (ugf)(@) = f(g"?2™), (1.1.16)

where we indicated the dependence on ¢ explicitly.
Now, using the parameter £ € C*, and define b(z; k), ¢(z; k) € C(x) by

k=t —ka E—k71

clx; k) = T b(x; k) =k —c(x; k) = T (1.1.17)

Then, denoting z; = 22 and x¢ := gz 2, we have an algebra embedding
Ph.q: H(E) < End(Clz*1]), (1.1.18)
Pig(Th) = c(zi k)sig +0(xis k) =k + (2 k) (Sig — 1), prg(U) = ug. (1.1.19)

Note that the image is in End(C[z*!]) € End(C(x)). We call py, the basic representation of H (k).
Using the basic representation py 4, we introduce:

Definition 1.1.4. The double affine Hecke algebra (DAHA) of type A1, denoted as
H = H(k, q) = H" (k, ),

is defined to be the subalgebra of End(C[z*']) generated by X! := (the multiplication operator by z*)
and the image py. 4 (H(k)).

As an abstract algebra, the DAHA H of type A; is presented with generators 77, U, X and relations

(Ty —k)(Ty+ k7Y =0, U>=1, TWXT,=X"', UXU=q"?U"" (1.1.20)
See [M03, §4.7] and [C05] for the detail. The map py 4 of (1.1.18) extends to the embedding py q: H —
End(C[z*1)).
We have the Poincaré-Birkhofl-Witt type decomposition of H as a C-linear space:
H=CX*® Hy® C[Y*]. (1.1.21)

6
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This decomposition is compatible with H & Hy®@C[Y*!] in (1.1.13) under the identification of H = H (k)
with the faithful image py, q(H) C End(Clz*!]). Below we often identify X*! and 2*!, and denote the
decomposition (1.1.21) as H = C[z*!] ® Ho ® C[Y*!].

Let us also recall the duality anti-involution introduced by Cherednik ([C95], [M03, (4.7.6)]). It is the
unique C-algebra anti-involution

«: H(k,q) — H(k*,q), h+—— h* (1.1.22)
such that, denoting by X* := (the multiplication operator by ') for A = lw € A, | € Z, we have

=T, YMN)V'=X?* (XM=Y (Aed), k' =k

Here and hereafter we use the redundant symbol k* for the comparison with type (CY, C1) (see (2.1.15)).
Finally, we denote by

H(k)" c H(k", q) = H(k, q) (1.1.23)

the image of H(k) C H(k, ¢) under the duality anti-involution *. Then H(k)* is equal to the subalgebra
of H(k, q) generated by the finite Hecke algebra Hy(k) (see (1.1.14)) and X*+!' = o+,

1.2. Bispectral quantum Knizhnik-Zamolodchikov equation. Let us explain the bispectral qKZ
equation of the affine root system S(A;), mainly following [vM11, §3.2]. Hereafter we fix the parameters
¢'/%,k € C*, and consider the basic representation py. ,: H (k) < End(C[z*']) of the affine Hecke algebra
H(k) in (1.1.18) and the DAHA H(k, ¢) in Definition 1.1.4.

1.2.1. The affine intertwiners of type Ay. Following [C05, §1.3], [vMS09, §2.3] and [vM11, Proposition
3.3], we introduce the affine intertwines of type A;. Corresponding to the generators si,sg,u of the
extended Weyl group W (and Ty, Ty, U of H(k)), we define Sy, S, S, € End(C[z*']) by

8i = Silkq) = dilwi b, @)sig (i=1,0), Su=5u(g) = ug, (12.1)
where ;4 and u, are the operators in (1.1.16), and the function d;(x) is given by
di(z) = d(xi;k,q) = k' —kay, a1 =2 xo=qz > (1.2.2)
The elements Sy, Sy and S, belong to the subalgebra H C End(C[z*!]) since
Si= (1= 2)(prg(T) = k) + k™" — ks, Sy = pry(U) (123)

More generally, for each w € W, taking a reduced expression w = s;, - -+ sj,u” with ji,..., 7, € {0,1},
we define the element S, € H by

S = djy (@) - (55,d3,) (@) -+ (5, 85,1y ) (@) -, (1.2.4)

Here we used the action of s;’s on functions in # and the operator wg, both given in (1.1.16). Note that
this definition includes (1.2.1) by setting 5 = S51 and Sy = S . The element S,, € H is independent, of
the choice of reduced expression w = s;, - - - 55,u", since

dy (l‘) = djl (‘T) . (S]'l d?z)(x) """ (5_7'1 o 8.7[—1d_7l)(x) (1'2'5)

depends only on w [M03, (2.2.9)]. Moreover, by [vM11, Proposition 3.3 (ii)], we have

Sy =8 - S5, (1.2.6)
We call the elements S,, in (1.2.4) the affine intertwiners of type Aj.
Remark 1.2.1. Our affine intertwines are obtained from those in [vM11] by replacing k, z with k=1, 2~ 1.

We made this replacement to simplify the comparison with the type (CY,C;) discussed in § 3.
7



1.2.2. The double extended Weyl group. Extending the representation space C[z*!] of the basic repre-
sentation py 4 (see (1.1.15) and (1.1.18)), we introduce

L=Clz"]®Cle*'] = Cla™!, ], (1.2.7)
We sometimes call x the geometric variable and € the spectral variable.

Remark 1.2.2. The papers [vMS09, vM11, St14] considered (for a root system of arbitrary type) the
ring L := C[T'xT| = C[T]®C[T] of regular functions on the product T'x T', where T := Homgyoup (A, C*)
is the algebraic torus associated to the lattice A. In loc. cit., the value of t € T" at A € A is written as
t* € €%, and a point of T x T is denoted by (t,7) € T x T. For the type A; we are considering, the
lattice is A = Zwwo, and there is a natural identification L" = L given by (¢ — t¥) — x and (y — %) — &.
The geometric and spectral variables z, ¢ are called the coordinate (functions) of T x T in loc. cit. The
formulas and arguments given in the following text are obtained from those in loc. cit. by replacing
f(t,~) € L’ with f(z,§) € L.

Then the DADA H = H(k, ¢) in Definition 1.1.4 has a structure of an L-module by
(f@g)h:=f(X) h-g(Y) (1.2.8)

for f = f(x) € Cla*'| C L, g = g(¢) € C[¢*'] C L and h € H. Here X € H denotes the multiplication
operator by x (see Definition 1.1.4), and Y € H = pj 4(H) C H denotes the Dunkl operator (1.1.11).
The - in the right hand side means to take the multiplication of the ring H. Note that the PBW type
decomposition (1.1.21) yields the natural L-module isomorphism

H2 H: =L ® Hy, (1.2.9)

where in the right hand side L acts on the first tensor component L by ring multiplication.

We turn to the introduction of the double extended Weyl group W, following [vMS09, §3.1] and [vM11,
§3.2]. Let ¢ denote the nontrivial element of the group Zy = Z/2Z. We define the group W as the
semi-direct product

W=7y x (W x W), (1.2.10)
where ¢ € Zsy acts on the product W x W of the extended affine Weyl group W by
w,w') = W we (w,w €W).
The group W acts on L as follows. We define an involution o: W — W by
w® =w, tA)°=1t(=N\) (1.2.11)
for w € Wy and A € A. Then the W-action on L is given by
(@h)(@) = (w ) @), WgE) = (W)eg)©), (F)(w,&)=F&a™) (1.2.12)

forweW=Wx{e}CW, v eW={e}xWCWand f=f(z),9=g(&),F = F(z,6) € L. Here wq
denotes the W-action in (1.1.16).

Remark 1.2.3. The element ¢+ € W is designed to be consistent with the duality anti-involution x
(1.1.22) and the actions of W and H on L.

Now, following [vMS09, §3.1] and [vM11, §3.2], we define 7y ), 7, € End(H) by

Fwwy(h) = Sw-h- (Sw)*, G.(h)=h* (heH). (1.2.13)

Here * denotes the anti-involution (1.1.22), and - denotes the multiplication of the ring End(C[z*!]) (or
the composition of operators on C[z*']). The action is well defined since S,, € H.

Fact 1.2.4 ([vMS09, Lemma 3.2], [vM11, Lemma 3.5]). For h € H, f € L and w,w’ € W, we have

g(w,w’)(fh) = ((w7 w,)f)g(w,w’)(h)v 5L(fh) = (Lf)&L(h) (1'2'14)
8
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1.2.3. The cocycles. Below we denote the field of meromorphic functions of variables z and & by
K = M(,£),
and set
HY =K Hy. (1.2.15)

An element f € HE is regarded as a meromorphic function of x, £ valued in Hy C Ende(C[z*]). Also,
we have a C-linear isomorphism HE = K @, H by (1.2.9), and f € HY can be expressed as

f=> fuTw fock (1.2.16)

weWy

The W-action on L given by (1.2.12) naturally extends to that on K. Now the group W acts on Hg by

wfi= Y (Wfw)Tw (1.2.17)

weWy

for f = ZwGWo fuTw € HY and w € W.

By Fact 1.2.4, we can extend the maps &y ) and &, uniquely to C-linear endomorphisms of Hy =
K @p, H such that the formulas (1.2.14) are valid for f € K and h € H(%(. We denote them by the same
Symbols Gy w1y, 0, € Endc(HY).

Fact 1.2.5 ([vMS09, Theorem 3.3], [vM11, Theorem 3.6]). There is a unique group homomorphism
7: W — GL¢(HY)
satisfying
7(w,0')(f) = du(2) " duw (€7 Gww (f), () =) (1.2.18)

for w,w’ € W and f € HY. Here we used the function d,, given by (1.2.5), and - denotes the K-action
given by (1.2.8). Moreover, we have

T(w)(gf) = wgr(w)(f)
forgeK,feHgfandWGW.

Remark 1.2.6. In [vM11, Theorem 3.6], the action of 7(w,w’) is written using dS,, (Y), which is equal
to dy (Y1) according to [vMS09, Proof of Lemma 3.2].

Now we recall a terminology of non-abelian group cohomology. Let G be a group, and M be a G-group.
We denote by m9 € M the action of g € G on m € M. Then, a (1-)cocycle means a map z: G — M
such that z(g192) = 2(g1)2(g2)9* for any ¢1,92 € G.

Recall that W acts on HY by (1.2.17). This action makes the group GLg(HY) into a W-group by

(w,A) — wAw ™! (we W, Ac GLg(HY)).
Fact 1.2.7 ([v)MS09, Corollary 3.4], [vM11, Corollary 3.8]). The map
w— Cy = 7(w)w ! (1.2.19)

is a cocycle of W with values in the W-group GLy (HE). In other words, for any w,w’ € W, we have
Cw € GLg(HE) and

Cyw = CoywCrw 1. (1.2.20)
Note that the cocycles Cy, depend on the parameters (k, ¢). Also note that, by the natural isomorphism
GLx(Hy) =2 K ® GLc(Ho), (1.2.21)

we can regard an element Cy, € GLg(HE) as a meromorphic function of z,¢ valued in GL¢(Hp). To
stress this point, we denote it as

Cw (). (1.2.22)
9



1.2.4. The bispectral bispectral quantum KZ equations of type A1. Let us focus on the cocycles associated
to the translations in W, i.e., the elements in the subgroup

tA) X t(A) CW x W CW.

Recalling A = Zw, we denote

Ciom = Cl(iw) t(mw)) ([,m € Z). (1.2.23)
Definition 1.2.8 ([vMS09, Din. 3.7], [vM11, Dfn. 3.9], c.f. [St14, Dfn. 3.2]). The system of ¢-difference
equations

Cim(2,8) f(q'2,q™¢) = f(2,6) (I,m € L)
for f € HE the bispectral quantum KZ equations (the bqgKZ equations for short) of type A;. The solution
space is denote by
SOLS&KZ(IC, q) = {f € HY | f satisfies the bqKZ equations of type A;}.

Remark 1.2.9. The solution space is denoted by SOL in [vMS09, vM11], and by Ky 4 in [St14]. Our
symbol is a modification of the notation Solgaxz in [C05, Theorem 1.3.8].

1.2.5. The cocycle values. As before, let H = H(k) be the affine Hecke algebra of type A;, Hy = Hy(k)
be the subalgebra of H generated by T1, and HY := K © Hy. We can write down the cocycles Ci,0 and
Co,1 by the following representations of the affine Hecke algebra H and its duality anti-involution image
H* (see (1.1.23)).

Definition 1.2.10. HE has the following left H-module structure and the right H*-module structure:
We define an algebra homomorphism 77, : H — Endx(HE) by

A)( 3 fwTw> = Y fu(AT,) (A€ H), (1.2.24)
weWy weWy
using the expression (1.2.16) of an element of HYX. We also define an algebra anti-homomorphism
0
nr: H* — Endg(HE) by
A)( 3 fwTw) = fu(Tud) (A€ H). (1.2.25)
weWy weWy

Remark 1.2.11. The map 7, was introduced in [vMS09, §4.1] and [v)M11, §4.1], denoted by 7, under
the name of the formal principal series representation of H, since it is a formal version of the principal
series representation used in [C92h, C94]. We borrowed the symbol ng from [T10, §4.2].

Lemma 1.2.12 (c.f. [vM11, (5.3)]). Regarding the cocycles C1 9, Co,1 as GL(Hp)-valued meromorphic
functions of z, ¢ (see (1.2.22)), we have

C10(,8) = R (o)L (U), (1.2.26)
Co(x,6) = Ry (&)nr(U™), (1.2.27)
where we denoted z¢ = gz 72, & = ¢¢? and
Ri(2) = c(z,k) " (nL(Ti) = b(z:k)) = e(z:k) " (ne(Ti) — k) +
Ri(2) = c(z, k") (nr(T}) — b(z: k")) = e(z: k)~ (nr(T) — (k* )’ )+ 1,

using ¢(z; k), b(z; k) in (1.1.17) and the duality anti-involution x in (1.1.22). We also used the redundant
notation £* = k.

Proof. We first calculate C g = Cly(m),e) = T(t(w), €) (t(w), €)1 We have t(w) = us; = sou by (1.1.8).
Then, using (1.2.19) and (1.2.18), for any element f =", y. fuTw € HE (f, € K), we have

Chof = 71(sou,e) (sou,e) ( Z Jw w) = 7(sou, e)( Z ((sou,e)*lfw)Tw>

weWy weWy
= dsnu(‘r)_lg(sou,e)( Z (50u7 e)_lfwTw)
weWy
= dsuu(x)71 ( Z ((50u7 e)(30u7e)71fw)§suuTw> = dsUu(l‘)71 ( Z fwgsUuTw)~
weWy weWy
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Now, by (1.2.3), we have
Ssou = 5050 = (1 — 20)(pr,qg(To) — k) + k=" — ko) prg (U).
On the other hand, (1.2.5) and (1.2.2) yield dg,,(z) = k=% — kzg, and by (1.1.17), we have
dsgu ()11 — 20) = c(z03 k)7L (1.2.28)
Then, using Definition 1.2.10, we have
Crof = (elzoi k)™ (ne(To) — k=) + ) (U)(f),
which yields (1.2.26).
Similarly, the action of Co1 on f =37y, fuTlw € HE is computed as
Coaf =7le, 50“)(6750u)71< Z fwTw) = dSOu(§71)71 ' ( Z fwng‘:ou):
weWy weWy

where - denotes the K-action (see (1.2.8)). By (1.2.1) and (1.2.3), we have
St =855 = pra(U) ((prg(To)* — )1 — g7V 2) + k7 — kg™'V72).

sou

Now recall that a function g(€) acts on Hy by the right multiplication of g(Y) (see (1.2.8)). Then, by
(1.2.28) and Definition 1.2.10, we have

Conf = ((r(T3) = k)e(@Y?; k)™ + 1) nr(U*)(f),
which yields (1.2.27). O
Remark 1.2.13. A few comments on Lemma 1.2.12 are in order.
(1) By [vMI11, Remark 4.4], we have
C(e,w) ($,§) = CLC(w,e) (5717 xil)CL (1229)

for any w € W, where we used the notation (1.2.22). The result of Lemma 1.2.12 is consistent
with this equality.
(2) As shown in [vMS09, Lemma 4.3], the rational function

Ri(2) = c(z, k)~ (1L (Ti) - b(2; k)

valued in End(H)) satisfies the Yang-Baxter equation Ry (z)R1(22")Ro(z') = R1(2')Ro(z2")R1(2).
In the terminology [C05, §1.3.6], R;(z) is called the baxterization of T;.

For later use, let us cite the following two facts.

Fact 1.2.14 ([vM11, Lemma 5.1]). Let A := Clz~!] € L = Clz*!, %], and Qy(A) be the subring of the
quotient field Q(A) = C(z) consisting of rational functions which are regular at =1 = 0. Considering
Qo(A) ® C[¢*1] as a subring of C(x, &), we have

Cio € (Qo(A) @ CleF!)) ® End(Hp). (1.2.30)
Moreover, setting Cf?o) = C10|,-1_9 € C[¢*'] ® End(Hp), we have
) = knp(my ' Y. (1.2.31)
Similarly, defining B := C[{] C L, and Qy(B) C Q(B) to be the subring consisting of rational functions
which are regular at £ = 0, we have
C(),l S ((C[Iil] ® Qo(B)) ®End(H0)
Moreover, setting C((J?l) = Coule—g € Clz*'] ® End(Hy), we have
Cé?l) = knp(TLY ~1T7h).

Proof. We only show the statements for C; ¢ using Lemma 1.2.12. Let us denote A(z) ~ Ay if A(z) =
Ag + O(2~1) by expansion in terms of z=1. Then we have c(zg; k) = c(qgv~2; k) ~ k, and the expression
(1.2.26) yields

Cio~ Ci?o) = (k(nL(TO) —k)+ 1)7}L(U) = k7]L(T1Y71T171)7
where we used ToU = UTy and Ty ' =Ty —k+ k=" in H = H(k) from (1.1.10), and Y ' = T, 'U from
(1.1.11). Thus we have (1.2.30) and (1.2.31). O

For the next fact, note that we have §ZJ € H C H for all w € Wj.
11
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Fact 1.2.15 ([v)MS09, Lemma 4.2]). For w € Wy, we set
Tw = np(S5-1)T. € Cl{e} x T] © Hy C HE.
Then the following statements hold.
(1) {7w | w € Wy} is a K-basis of HE consisting of simultaneous eigenfunctions for the 7z-action of
ClY*'| C H on HY.
(2) For p € C[T] and w € Wy, we have
1L (p(Y)() 7w (7) = (w 'p)(7) 7w (7)
as Hp-valued regular functions in v € 7.
We close this subsection with:
Lemma 1.2.16. The cocycles Cy o and Cj 2 are given by
Ca0 = R (xo)R{ (1), Coz2 = Ry (&)RT (&)
Here we used the notation of Lemma 1.2.12: zq = gz~ 2, & = ¢¢? and
R{(2) = c(wi, k)" (o (Ty) = bz k) = clws k)™ (o (T) — k) + 1,
R (2) = c(&, k) (nr(T7) = b(&s k%)) = e(& k) (nr(T7) — (k%) 71) + 1.
We further used 7} = ¢?z~2 and & = ¢?¢%.

Proof. It is a consequence of the cocycle relation (1.2.20) and a similar calculation of Lemma 1.2.12. We
omit the detail. O

1.3. Bispectral Macdonald-Ruijsenaars equations. As in the previous §1.2, we fix generic complex
numbers ¢'/? and k.
We consider the crossed product algebra (the smash product algebra)

]D)y =W x C(x, &),
where W acts as field automorphisms on C(z, ) by (1.2.12), and also the subalgebra D, of D}’ defined
by
D, = (t(A) x t(A)) x C(z,€) C ]DJXV,
where t(A) x t(A) is regarded as a subgroup of W x W C W. The subalgebra Dy is identified with the
algebra of g-difference operators on C(z,€). We can expand each D € [D)f;V as

D=> few= Y D (1.3.1)
weWw se Wox Wy
with fyw € C(z,€) and Dg = Ztet(A)xt(A) gest € Dy. Then we define the restriction map Res: ]D)‘q}V — D,
to be the C(z, §)-linear map
Res(D):= > Ds. (1.3.2)
s€EWoxWo
Next, we introduce two realizations of the basic representation p of H. One is given by
Pipg: HA/K) — DY (1.3.3)
which is the map p; /4, from (1.1.18), regarded as an algebra homomorphism from H(1/k) to the
subalgebra C(z)[W x {e}] of D;’. The other is given by

Phjg: H(k) — D (1.3.4)
defined as the map pj /4 from (1.1.18), regarded as an algebra homomorphism from H(1/k) to the
subalgebra C(§)[{e} x W] of Dy
Definition 1.3.1. For h € H(1/k), we define

Di; = pi g q(h) € DY
Also, for ' € H(k), we define

Dj, = piJ/q(h/) € DXV~
12
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Remark 1.3.2. Our choice (1.3.3) and (1.3.4) of the basic representations affects the parameters in
the bispectral correspondence (1.4.3) of quantum Knizhnik-Zamolodchikov and Macdonald-Ruijsenaars
equations. Our argument is equivalent to [vMS09, §6.2] and [vM 11, §6.1], and opposite to [St14, Definition
2.17]. See Definition 2.3.1 for the (CY,Cy) case.

Let C[z*']"0 denote the ring of Laurent polynomials of variable z which are invariant under the
Wo-action s;(z) = z~1. Using the restriction map Res in (1.3.2), we introduce:

Definition 1.3.3. For p € C[z*1]"°  we define Ly, L5 € D, by
Ly = Ly(k,q) == Res(Dyy)), Ly = L5 (k, q) = Res(D5y,), (1.3.5)
where we regard p(Y') € H(1/k) for LZ, and p(Y) € H(k) for LS.
Since we have C[z=1]"W0 = C[z + z~1], it is natural to introduce:
Definition 1.3.4. We denote p; := z + 2™, the generator of the invariant ring C[z*!]"o.
Using the function ¢(-; k) in (1.1.17), we can write down
Lgl,Lgl € Dy C End(C(x,¢)).
Let us denote the action of w € W on functions of z given in (1.1.16) as
¥ € End(C(xz)) C End( (T,f))
Explicitly, for f = f(z) € C(z), we have
(s5./)(2) = flaz™), (sif)(@) = fla™h), (")) =f@*27"), (@) f)(2) = [ ).

Recall that it is compatible with pf, in (1.3.3). We also denote by

w* € End(C(¢)) C End(C(x,£))
the action on functions g = g(&) € C(¢). It is given by

(559)(&) =glg "¢ ), (59O =9 "), W)€ =9glg "), (=) 9)&) = g(q’m(é), )
1.3.7
and is compatible with pi,l/q in (1.3.4).
Proposition 1.3.5. We have
LE (k,q) = A@) Tz, + Al NTy1/e 4, L, (k,q) = A& )Tz e + AT -1/2 ¢ (1.3.8)
with
k=t — k22
1—22 7

Here we used the redundant notation k* = k for the comparison with (CY, C}) case (Proposition 2.3.2).

A(2) = c(2% k) = A*(2) = (2% k") = A(2).

Proof. Let us compute Ly = Res(Dy_y1). Since Y = UTy and u = t(w@)s1, using (1.1.10) and (1.1.19),
we have

DY y-r = piy UL +T710)
= (t(=)"s?) (k1 + c(a? k" 1)(s7 — 1)) + (k + (@ E1)(s7 — 1)) (t(e)"s?).
Then, using
Res(t()"s7) = t()”, Res(t(w)s7(s7 — 1)) =0,
Res((sf — 1) t()7s%) = t(~)” — t()",
k+k ! —c@® k™) = c(z? k) and c(2?; k1) = (a2 ) we have
Res(Df,er,l):k_ t(@)” + kt(w)” + ¢ )(t —@)" — t(w)")
= (b k7" —cla®; k™ ) wz (@ k) t(—)*
= c(2® k) t(w)” + (a2 k) t(~w)".

By (1.3.6), we obtain the first half of (1.3.8).
13



For Lgl, we replace (z,k,q) in Ly with (&, k=1, ¢71) and calculate
2.1 —2.7.-1 -2 2.
L, (k) = e(€% k™) (=) + e(€7% k™) t(w)* = e(€ k) t(-m)° + (€% k) ().
Then, by (1.3.7), we obtain the second half of (1.3.8). O

Remark 1.3.6. By the expression (1.1.17) of ¢(+; k) and (1.3.6), the formula of L € D, in (1.3.8) can
be rewritten by

_ ke — k=gt ke — kat

Lil(kq) Tq1/2,:c +

where Ty, denotes the g-shift operator acting on a function f in z as (T, . f)(x) = f(gz). Similarly, for

Ty g

r—x 1 r—x !

LS, , recalling t(w)* = Tq_l}g,5 from (1.3.7), we have
k71§7k§71 k§7k71§71
ngol(kv q) = 577 1 qu/z,g + —f = Tq—1/2,§.

Now let us recall the Macdonald g-difference operator of type GLg [M87, Chap. VI], or the two-variable
trigonometric Ruijsenaars operator [R&87]:

try — xo try —
Dur (21,225 ¢, 1) = ———Ty 0y + ——— Ty,
€T — T2 T2 — X7

The specialization Dyr (2,271 ¢,t) is essentially equal to the Macdonald ¢-difference operator of type
A (see [M&7, (9.13)] and [MO3, §6.3]). Comparing these operators, we have

L2 (k,q) =k 'Dyr(z,x "% k),
L, (k) = k Dym(€,€7110 2, k%) = k7 Dym(€71, €072, 87,
Lem42 In particular, using the action (1.2.12) of ¢+ and noting ¢T ;¢ = T} ¢, we have
Lf,l =Ly ¢
See [vM11, Lemma 6.2] for a generalization of this relation.
Now we reach the main object in this §1.3.

Definition 1.3.7. The following system of eigen-equations for f = f(x,€) € K = M(x,§) is called the
bispectral Macdonald-Ruijsenaars equation of type Aj, and the bMR equation for short.

(LZ1(]€7 q)f)(’7£) :pl(fil)f(mvé) . (139)
(L, (ks ) )(2,6) = pi(2)f(2,€)
The solution space is denoted as
SOLpmr (k, q) == {f € K| f satisfies (1.3.9)}.

Remark 1.3.8. Continuing Remark 1.2.9, the solution space is denoted as BiSP in [vMS09, vM11]. Our
symbol is a modification of Solprec in [C05, Theorem 1.3.8].

1.4. Bispectral gKZ/MR correspondence. The works [vMS09, vM11] established the following cor-
respondence between the two solution spaces SOL?&KZ(IC, q) (Definition 1.2.8) and SOLymg (K, ¢) (Defi-
nition 1.3.7).

Definition 1.4.1. We define a K-linear function x;: Hy — C by
X4 (Ty) = k) (1.4.1)
for the basis element T, € Hy (w € Wp). It is extended to H%If as

X+: Hélf — K, Z SuwTw > Z waJr(Tw)v (1'4'2)
weWo weWo

where we used the expression (1.2.16).

Remark 1.4.2. This is a bispectral analogue of the map tr in [C05, §1.3.4, Theorem 1.3.8].
14
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Fact 1.4.3 ([vMS09, Theorem 6.16, Corollary 6.21], [vM11, Theorem 6.6]). Assume 0 < ¢ < 1. Then
the map x4 restricts to an injective F-linear Wy-equivariant map

X+ 1 SOL{c, (K, q) —> SOLumr (k. q), (1.4.3)
where F is the subspace of K = M(x,§) defined by
Fi= {£(2,6) € K| ((t(), t(0)f) (2,€) = [(2,€), ¥ (A, ) € A x A},
and Wy is the subgroup of W defined by
Wo = Zo x (Wy x W) C W.

Remark 1.4.4. As mentioned in Remark 1.3.2, we follow the arguments in [vMS09, v)M11] giving the
bispectral correspondence x4 : SOLpgkz(k,q) — SOLpmr(k, ¢). The claim in [St14, Theorem 3.1] is
based on the correspondence x4 : SOLyqrz(1/k, ¢) — SOLumr (K, q), X+ (Thw) = k),

Let us explain the outline of the proof. We abbreviate SOLpqkz = SOLpqkz(k,q) and SOLpyvg =
SOLpmR (K, ¢). The proof is divided into three parts.
(i) x4 restricts to an F-linear Wy-equivariant map x4 : SOLpqkz — K.
(ii) The image x+(SOLpqkz) is contained in SOLpyrg.
(iii) X+ - SOquKZ — SOLpMR i injective
We omit the part (iii), and refer to [vMS09, Corollary 6.21] for the detail. For the part (i), we give a
preliminary lemma.

Lemma 1.4.5 ([vMS09, Lemma 6.6]). For each w € Wy and F € HE, we have
X+(CwF) = x4.(F).
Proof. First, we have Y, o C, = x4 since, for any w € Wy, the element T, € Hy C H satisfics
C.(Ty) = Ty-1. Second, since C. s,y = C,C(s, yC, by Remark 1.2.13, (1.2.29), it is sufficient to show
X+ ©Cls,.e) = X+ But it is a consequence of
Claroh = cl@i;k,0) (e (Ty) = k)h+h, x+(T)) =k, x4 0np =nrox+ (1.4.4)
for any h € Hp. g

Part (i) of the proof of Fact 1.4.5. We first show that y restricts to an F-linear Wy-equivariant map
SOLpqkz — K. By (1.2.19), Lemma 1.4.5 and (1.2.12), for any f € HE and w € Wy, we have

X+(r(w) f) = x4 (Cowf) = x4 (wf) = w(x+(f)).

Hence x4+ is Wo-equivariant. Then, by Definition 1.2.8, (1.4.1) and (1.4.2), we obtain the Wy-equivariant
and F-linear map x4 : SOLyqkz — K by restriction. O

The part (ii) of the proof consists of several arguments, and we may say that this part is one of the
main body of [vMS09]. It is further divided into the following steps.
e Describe of SOLyqkz in terms of the basic asymptotically free solution ®.
e Analyze the map x4 using ®.
The first step requires the following Fact 1.4.6 and Fact 1.4.8.

Fact 1.4.6 ([v)MS09, §§5.1-5.2], [vM11, §5.2], [St14, §3.2]). Denote wy = s; € Wy. Let

W(z, &) =W(z, 6k, q) € K= M(z,€) (1.4.5)
be a meromorphic function satisfying the g-difference equations (quasi-periodicity)
W(q"Pa,6) = (k/&)W(z,&) (1€ Z) (1.4.6)
and the self-duality
W(E 2k q) = Wiz, &k, q). (1.4.7)

Here we used the redundant notation k* = k for the comparison with the (CY,C4) case (2.4.5). Then,
there is a unique element W € HE satisfying the following conditions (i) (iii).
(i) We have the self-dual solution

® = WU € SOLpqkz(k,q), (D) = .
15



(if) We have a series expansion

‘I’(t,’}/) = Z Km,n$72m§2n (Ka,ﬂ S HU)

m,neN

for (z,£) € B-! x B with B. being some open ball of radius & > 0, which is normally convergent
on compact subsets of Bs_1 X Be.
(ili) Ko,0 = Tuw,-
The solution @ is called the basic asymptotically free solution of the bgKZ equation in [vMS09, Definition
5.5], [vM11, Definition 5.5] and the self-dual basic Harish-Chandra series in [St14, Definition 3.8].

Remark 1.4.7. The function W is designed so that the element W(z, &)T,,, = W(z,&)T} is a solution
of the formal asymptotic form of the quantum KZ equation C;5 o) (,&)f(q U2 €) = f(z,€) in the
region |z| > 0. Indeed, noting that we are working in H(1/k), recall from (1.2.31) the asymptotic form
of C,ey = C1,0 in this region:

Cio~ O = k(MY 1T,

The definition (1.2.24) of the map 77, and the K-module structure (1.2.8) yield nz(TyY =TTy =
Y~ = 717, Thus we have

O (@, &) W(a™ V22, 6)Th) = Wz, )T <> k&~ W(q V22, 6)T1 = W(a, )Ty
= W(g 22,6) = kWt ),

which holds by (1.4.6). See also the argument in [v)MS09, §5.1]. We give an example of such W in
Example 1.4.12.

Fact 1.4.8 ([vMS09, (5.18), Lem. 5.12, Prop. 5.13], [vM11, Prop. 5.12]). Denoting wg = s1 € Wy, we
define U € EndK(Hgg =K® End(Ho) by
Uk )Ty Tyy1) == 7(e,w)®  (w € Wy).

Then the following statements hold.
(1) U is an invertible End(Hj)-valued solution of the bqKZ equation. In particular, under the natural
isomorphism K ® End(Hy) = Endg (H), we have U € GLg (HE).
(2) U e K® End(Ho) is an End(HO)—valucd meromorphic solution of the bqKZ equation if and
only if U/ = UF for some F € F ®End(H0).
(3) U e GLk (H(Hf) restricts to an F-linear isomorphism U: Hf — SOLpqkz-
(4) {r(e,w)® | w e Wy} is an F-basis of SOLpqkz.

We turn to the second step, which requires the following Fact 1.4.9-Fact 1.4.11.
Fact 1.4.9 ([vM5S09, Lemma 6.5 (i), (6.3)]). For F' € Endg (H{), we denote by
(ﬁ;” = x(Fv) €K (1.4.8)

the matrix coefficient of F' with respect to x € Hj and v € Hy. Also, using U in Fact 1.4.8, we define a
twisted algebra homomorphism ¢': D, — End(Endg (HE)) by

V(F = [F, 9 (w)F =w(F) U™ (r(w)U)

for f € C(z,€), w € W and F € Endg (HY). Then we have the following.
(1) ¢ is an algebra homomorphism.
(2) For D =3y, Dss € D (see (1.3.1)), we have

67OV = 3 p,(p%,). (1.4.9)

seWq

(3) If x € H satisfies x(CsU) = x(U) for all s € Wy, then we have
Res(D)(V,) = 7PV

for any D € D;W and v € H.
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Fact 1.4.10 ([v\1S09, Proposition 6.9]). For h € H(1/k), we have
9(DEYU = i, (WU, (1.4.10)
where T: H(1/k) — H (k) is the unique algebra anti-isomorphism satisfying
TlT = Tfl, al=x"1.
Similarly, for h’ € H(k), we have
9 (Df)U = Coalne(R)CU, (1.4.11)
where I: H(k) — H(k) is the unique algebra anti-involution satisfying
Tf =T, nt=7"1
Fact 1.4.11 ([vMS09, Lemma 6.10]). For p € C[z*1]"° we have
p(Y) =p(¥)  =p(Y ).
Now we can explain:

Part (ii) of the proof of Fact 1./.3. We want to show x4 (f) € SOLpmr(k,q) for f € SOLpqkz(1/k,q).
By Fact 1.4.8 (2) and the F-linearity of x4, it is enough to consider the case f = Uv with v € Ho(1/k).
Then x. () = 67, , by (1-4.5),
Let us check the first equality of (1.3.9), extending it to general p € C[T]"°. By (1.3.5), we have
(Lyoy, ) (t:7) = (Res(Dyy)) (01, 1)) (£:7).

Now, by Lemma 1.4.5, x4+ satisfies the condition of Fact 1.4.9 (3). Then we have

- 9'(DE(y))U
(Res(Dyy) ) (@Y, ) (£:7) = dxr™™ (£,7),
Then, by (1.4.10) in Fact 1.4.10 and by Fact 1.4.11, we have
V' (Dyy))U f -1
Gra” (1) = TGI8, ) = gTEET DY (R, ).

Finally, by Fact 1.2.15 and that p is Wy-invariant, we have
7 -1 -

PRIV (8 ) = p(y Y, (t7).

Hence we have the desired equality (LI x4 (f))(t,7) = p(y™")x+()(E,7).
Similarly, we can prove the second equality of (1.3.9), using (1.4.11) instead of (1.4.10). O

Example 1.4.12. We cite from [v)MS09, vM11, St14] two examples of the function W in (1.4.5).
(1) We denote the Jacobi theta function with elliptic nome ¢ by

0(z10) = (¢,2,0/% @)oo = [[ (1 = ") = ¢"2)(1 = ¢" T /2),
neN
using the g-shifted factorial (0.2.1). It enjoys the properties
O0(qz;q) = (x5 q) = —a'0(x;q),  Olgz™"5q) = O(w;q), (1.4.12)
Then, denoting
0(2,2'1q) = 0(2:9)0(2'; q), (1.4.13)
we define the meromorphic function W4t of z, ¢ by
0(—q"/ a5 q'?)
0(—q /*kz, —q' /2 k1 q1/2)
By the above identities, it satisfies the properties (1.4.6) and (1.4.7). Let us write them again:
WA G e, &k, q) = (/WA (2,6 K, ), (1.4.15)
WAET a7k, q) = WA (, £ k7 q). (1.4.16)

WA (@, 6) = WA (2, &k, q) = (1.4.14)

We used the redundant notation k* = k again for the comparison with the (CY, C1) case (2.4.10).
17



(2)

For later use, let us cite another function WeK= M(z,€) from [St14, p.279]:
0(—q"/ 'k~ € q'/?)

TAAL _ VAL . —
w (I’é) =W (mvévkvq) T 9(*(]1/4I;q1/2)

(1.4.17)

This function satisfies the ¢-difference equation
WA (G 22, €k, q) = (k/€)F W (2, k. q), (14.18)
but does not satisfy the self-duality.

Remark 1.4.13. We give a few comments on the function W1 in Example 1.4.12 (1).

1)

(2)

The function W4t is equivalent to G(t,7) in [vM11, (5.8)], and equivalent to the function W
[St14, §3.2] with k replaced by k~1. This parameter difference comes from the choice of the basic
representation pj_, , in [vM509, vMII] and pf , in [St14] (see Remark 1.3.2).
Let us explain the function G(¢,7) in [v)M11], and how to obtain the function W4t (x, &) from
it. We use the torus T" = Homgroup (A, C*), the notation t* of the value of t € T at \ € A,
the notation of a point (t,v) € T x T, the ring L’ = C[T x T] and the isomorphism L/ =2 L =
Cla*t, €+1] explained in Remark 1.2.2. The outline is that G/(t,7) is defined to be an element of
M(T x T), i.e., a meromorphic function on 7' x T, and the function W1 (z, ) is obtained from
G(t,7) under the isomorphism M(T x T) = M(x,¢) induced by L' = L.

Let 9 = 941 be the theta function associated to the weight lattice A = Zw of type A; in the

sense of Looijenga [L76]. It is a meromorphic function on the torus 7' := Homgz(A,C*), and the
value at a point ¢t € T is given by
I(t) =04 (1) =) ¢PAN (1.4.19)
AeA

Let us also denote wg := s; € Wy and
T =" =k ET,

which are borrowed from [St14, (2.3),(2.4)]. There the general types are treated in a uniform way
under the notation 7o 4 for our 7. The symbol * indicates the duality anti-involution (1.1.22).
Then, the meromorphic function G on T' x T is defined to be

O(t(woy) ")
P(v0t) 9((75) 1)
Next we explain how to obtain W4t (x, &) from G(t,v). Using the coordinate z = (¢ = t%),

we can rewrite the lattice theta function as

2
’19(15) _ qu /4$7L _ 9(7(11/4:1:;(]1/2).
nez

G(t,y) = (1.4.20)

Using the other coordinate & = (v — %), we can also rewrite two(y)™1 as (two(y)~1)® =
(t7)T = x€, Yot as (yt)® = KO F = Lz, and (1§) "'y as (35) )T = k0@ = k1,
Hence, we obtain the function W41 (z, £).

1.5. Bispectral Macdonald-Ruijsenaars function of type A;. In this subsection, we give an explicit
solution of the bispectral Macdonald-Ruijsenaars g-difference equation of type A;, following [NSh] and
[St14, §5.3]. One caution is that we work on

SOLpmr(1/k,q),

so that the reciprocal parameter £~ is used in this subsection. As in the previous Fact 1.4.3, we assume
0 < ¢ < 1. Let us denote v = ¢*/2.
Let us write again the bispectral Macdonald-Ruijsenaars equation (1.3.9):

(L3, f)(@,6) = (E+E @8 (L51)
(L5, N(@,6) = (z+a7")f(z,€)
By Proposition 1.3.5 and Remark 1.3.6, the operators can be written as
Ly, = L(x;k,q), Ly, = L(EK g7, (1.5.2)
k—k 1tz k' — ka2
L(x; = T, L L5.
(T7 k7 Q) 1— 22 v,T 1—z2 v,z ( 5 3)

18

87



88

First, we consider the asymptotic form of the z-side g-difference equation
(L, — €+ ) f@) =0
5.3) (also recall Remark 1.3.6), the asymptotic form is
T o TT . —1p—1
Ly =~ Ll =kl + k™ T,,.

in the region |z| > 1. From (1.

Similarly, in the region |§| < 1, we have

LS, ~ Ly, = k"' T,c + KT, L,

Now recall the functions W41 (z, ¢;1/k, q) and WA1 (2,&1/k,q):

O(—v2z€;v)
O(—v/2k—tx, —vV/2kE )’

O(—v'?kxg;v)
O(—v12z;v)

WA (2,6 1/k, q) = WA (2, 1/k, q) = (1.5.4)

Lemma 1.5.1. The sets {W41(z,¢*11/k,q)} and {W\Al(x,fil; 1/k,q)} are bases of solutions of the
asymptotic g-difference equation

(Lg (00) — €+ ) f@)=o0.
Similarly, the sets {W41 (z*! & 1/k, q)} and {WAl( 21 ¢ k1/,q)} are bases of solutions of

)
(LS — (@ + 1)) = 0.

Proof. As seen before, we have T:5} f(x) = (k&)T! f(z) for f(z) = W (a*,& 1/k,q), so that these
functions are solutions of the z-side equation. Since the equation is second-order and these functions are
linear independent by the property of the Jacobi theta function 8(z; ¢), we have the z-side statement. The
&-side is shown similarly using ngWAl (z,61/k,q) = (x/k)T' W (2,€1/k,q). The same argument
works for W41 g

Next, let us recall Heine’s basic hypergeometric ¢g-difference equation [GR04, Chap. 1, Exercise 1.13]:
(Dis(a,b,¢;q)u)(2) = 0, (1.5.5)

where the operator Dj; is given by

1-c (1—a)(1—b)—(1—abQ)Z>a 1= =b) 54

zZ . — _ 2
Dis(a,b,:q) i= =(e — abg2)2] + (7= + . R

with (9,u)(z) = (u(z) —u(gz))/((1—q)z). A solution of (1.5.5) is given by Heine’s basic hypergeometric
function

u(z) = 201 {a;bﬂlv Z} (1.5.7)

where we used the notation (0.2.2).
The following relation between the Macdonald ¢-difference operator of type A; and Heine’s basic
hypergeometric g-difference equation is well known.

Lemma 1.5.2 (c.f. [St14, Lemma 5.4]). Let W(z) be a meromorphic function in z satisfying

W(q* %) = (k&) T'W(x). (1.5.8)
Then, the function f(z) = W(x)u(k~2gx~2) is a meromorphic solution of the g-difference equation

(Ly, F)(x) = (E+E)f(2)
if and only if u(z) is a meromorphic solution of the g-difference equation

(D (K K¢, ¢ u)(2) =0, z=Fk2qz™>.
Proof. A direct computation yields that the operator D% (a, b, c;q) in (1.5.6) is proportional to
D'(a,b,c;q) = (¢/q — abz)T2 —(14+c/g—(a+b)2)T,.+ (1 —2).

If a/b= q/c, then D'(a,ac/q,¢;q) = (¢/q)(1 —a®2)T7 . — (1 +¢/q)(1 — az)Tq >+ (1 —z). Hence, defining
D’(a,ac/q,c;q) = cq’ll - ZZ//qT + 1 azz//q T, —(1+c¢/q),

19
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we have (D% (a,ac/q,c;q)u)(z) =0 <= (D"(a,c;q)u)(z) = 0. If moreover z = k~2qz~2%, a = k? and
¢ = q&?%, then we have
(D5 (K, K€%, q€% q)u) (2) = 0 <= (¢7'D"(k* ¢€* q)u)(2) = 0
1— k2z=2 1— k2272 | _
(Wqu,z + ﬁf Tl —(E+¢ 1))“(2) =0.
On the other hand, by the expression (1.5.2) and the condition (1.5.8), we have

((LE, —(E+ €M) (@) =0

k—k a2 | | k=l — ka2 _
(W’C T ke, — (€€ 1))u(Z) =0
1— k222 1— k2272 | —
= (T, S T - (6 )ule) =0,
Thus we have the desired equivalence. 0

Now we give an explicit bispectral solution of (1.5.1).

Proposition 1.5.3 (c.f. [NSh, Theorems 2.1, 2.2, (3.13)], [St14, Cor. 5.5]). We denote v == ¢'/2.
(1) Define the function f41(x,£) by
F (@) = [ (. €k, q) = W (2,6 1/k, 0) 9™ (€ K, ),

@50 [K RS, - g (1.5.9)
Ry B )
Here we used the function W41 (z,&;1/k, q) in (1.5.4), and assumed ‘kfzquz‘ < 1. Then f4
satisfies the following properties.

(i) It is a solution of the bispectral problem (1.5.1).

(i) It has the symmetry (the inversion invariance in [St14])

FU @) =) = 2 (67,
(iii) It has the self-duality
A (@ & kg) = FAE e R ),
using the redundant notation k* = k for the comparison with the (CY, 1) case.
Recalling the W-action on K = M(T x T') in (1.2.12), we express the subset of SOLymr (1/k, q)
satisfying these properties as
SOL{r(1/k,q) = {f € SOLymn(1/k,q) | (i), (ii)}.
Thus, we can restate the claim as
fA € SOL{g (1/k,q).
(2) Defining &, = k~'v~" for n € N, we have
FA (@ ) = cnP (2),

(k) U3 (B72¢1 " )
O(—k2vmr ;) (k4 )0

The function PA1(x) satisfies the following three conditions.
(i) Tt is an eigenfunction of the Macdonald-Ruijsenaars g-difference operator Ly of type A;.

oM (2.8) = oM (2,& k,q) =

]{727 qfn' q (1510)
k—qu—n’q’ k2x2 |7

Cp = P2 () = a0

(ii) It is a Laurent polynomial in o belonging to 2"C[z~!], and is invariant under the replacement
x ezl

Moreover, these conditions uniquely determine the function P41 (z) up to constant multiplication,

and the eigenvalue in (i) is py (6;1) = €71 + &,

We will give an almost self-consistent proof, except the following equality (1.5.11).
Fact 1.5.4 ([NSh, (4.11)]). The function ¢4 (z,¢) satisfics
k2 —2¢2, - k—2 -2 k—2 2
(k*,qz~2&% q) qr™=, kT g€ e (15.11)
(k=2qz2,k~2q€% ¢)oo qu2&?

20
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under the condition |k| < 1. In particular, we have
(. &) = pM(E ). (1.5.12)

The equality (1.5.11) can be shown using Heine’s transformation formula for 2¢; series [GRO4, (1.4.1)].
See also [NSh, (4.10)] for the calculation.

Proof of Proposition 1.5.3. For (1), we follow the argument of [St14, Lemma 2.18]. Let us denote
WAL (2, €) = W (x,&;1/k, q) for simplicity, and recall the quasi-periodicity and the self-duality:
WA ) =W (2, 6), W (ve, €) = (k€)' W(z,€). (1.5.13)

The first equality of (1.5.13) and (1.5.12) yield the self-duality (iii). The second equality of (1.5.13) is
nothing but the condition (1.5.8), so that Lemma 1.5.2 and (1.5.7) yield
Ly, fh (@) = (€ + €)M (2,6) = pi (€)M (2, 6). (1.5.14)

On the other hand, (1.5.2) shows L5, = L(& k™", ¢7") = IL(&; k, q)1, where I is the operator g(§) —
(Ig)(€) := g(&¢71) for a function g(&). Then, the self-duality (iii) and the eigen-property (1.5.14) imply

L5, f (@, 8) = (IL(& by ) 1) f2 (€727 = IL(& k) 2 (G 27h) = I (pa (@) F 4 (G27))
=p(@)f (€T = (@ +a7 ) (@),
Hence (iii) holds.
Before showing (1) (ii), we show (2). The equality in the statement is a consequence of
WA (2, €,:1/k, q) = (71/71/216’1:1:)"1/7(;) =a"cy,

which can be checked using 6(x;q) = (¢, z,¢/*; ¢) 0. The condition (2) (i) is a consequence of (1.5.14).
The condition (2) (ii) can be checked by the formula 1.5.10 (see also Remark 1.5.5 (1)). The uniqueness
is well-known in the theory of Macdonald polynomials (see also Remark 1.5.5 (1)).

Now we show the remaining (1) (ii). By (2) (ii), we have f41(z,&,) = fA(z~1;€,) for any I € N.
Then, applying the identity theorem in complex analysis to the analytic function g(&) == f41(x,€) —
FA (21 €), we have fA1(z,€) = fA41 (271 €) for any € in the domain of definition. Combining it with
the self-duality (1) (i), we have f41(z,€) = f4 (z,£1). Hence we have (1) (ii). d

Remark 1.5.5. Some comments on Proposition 1.5.3 are in order.
(1) Defining 8 € C by k = 1%, the Laurent polynomial P/ is equal to

3 {ﬂ+z‘f 1uﬁ+15 1L$iﬂ'7 (15.15)

4 itj=n J

B+n—1]""

R

where we used the g-binomial coefficient (0.2.3). It is nothing but the Macdonald symmetric
polynomial of type A; [MO03, (6.3.7)], and is proportional to the continuous g-ultraspherical
polynomial, or the Rogers polynomial. See [M03, §6.3, pp.156-157] for the detail.

(2) In [NSh], Noumi and Shiraishi gave an explicit bispectral solution f(z1,...,Zpn;81,...,8,) of
type GL,. The above solution f41(x,&) is obtained by specializing (z1,22) = (z,27!) and
(s1,52) = (&,671) in the solution f (21, x; s1,52) of type GLs. See also Stokman [St14, Corollary
5.5] for the uniqueness of f(z1,z2; s1, $2).

Let us cite another bispectral solution.

Fact 1.5.6 ([St14, Theorem 4.6, (5.18)]). Define a meromorphic function Ejél (x,€) = Efl (x,&k,q) €
K = M(z, &) by
9(7V1/2k‘u) (k2§_2 kQ‘q) _ k2 k2£2 q -
SAI:‘ ke — ) sV d)oo S35A, -1 /k. ’ . 1
(o ha) = e A S 1 e | 6 e | € )
_ OV PR, v Phag ) (R R )[R R g
T 6P Py (€ ke L g2 T B2

} + (€ g,
(1.5.16)

where the second term is obtained by replacing ¢ in the first term with £~!. Then the function Sfl
enjoys the following properties (i)—(iii).
(i) It is a solution of the bispectral problem (1.5.1).
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(i) Tt has the symmetry (the inversion invariance in [St14])
EM(a, &) = EM (o) = EM(a, 7).
(iii) It has the self-duality
Ef (. 6ik,q) = EL(ET e H ),
using the redundant notation k* = k for the comparison with the (CY,C}) case.
Recalling the W-action on K = M(x,§) in (1.2.12), we express the subset of SOLpmr(1/k, ¢) satisfying
these properties as
SOLr (1/k.q) = { € SOLnmm(1/k,q) | (i), (iii)}.
Thus, we can restate the claim as
£ € SOLyyr(1/k,q)-
Following [St14], we call it the basic hypergeometric function of type A;.

Remark 1.5.7. Some comments on the function & f‘ are in order.

(1) As explained right after [St14, Definition 2.19], we have the basic hypergeometric function of ar-
bitrary type. The reduced case, including the above Sfl (z,&; k, q), was introduced by Cherednik
[C97, C09] under the name of global spherical function. The non-reduced case (type (CY,C1))
was introduced by Stokman [St02], and the uniform approach was discussed in [St14]. The GLy
type is written down in [St14, (5.18)], from which we can recover the A; case.

(2) Although we take (1.5.16) as the definition of the basic hypergeometric function Efl, the actual
statement of [St14, Theorem 4.6] is that £ (of arbitrary type) has the c-function expansion with
respect to the self-dual basic Harish-Chandra series ® (see Fact 1.4.6 for type A1), and defined
for generic n € T'. The c-function expansion is given in the form

Ex(tvik,g) = D c(t,wyik, )0t wys k, q).

weWy
2. TypE (CY,Ch)
We discuss the type (CY, C}), or the non-reduced type. See also [St14, §3, §5.2].

2.1. Extended affine Hecke algebra. First, we recall the affine root system of type (C)’,C;) and the
extended affine Weyl group, following [MO03, §1, §2, §6.4].
We consider the one-dimensional real Euclidean space (V, (-, -)) with
V =Re, (c€) =1

Similarly as in §1.1.1, we denote by F the space of affine real functions on V, and identify it with V & Re.
Using the gradient map D: F — V, we extend (-,-) to F.

Let S(CY,C1) = {m(+e+ in) | m € {1,2}, n € Z} be the affine root system S(CY,C1) in the sense
of Macdonald [MO03]. A basis is given by {ag = %c —€,a1 = €}, and the corresponding simple reflections
$i: V=V for i = 0,1 are given by the formula (1.1.2) with a) = 2a;/{(a;, a;) = 2a; € F. Explicitly, we
have

si(re) = —re, so(re) =(1—r)e (r €R). (2.1.1)
We denote Wy := (s1) C O(V, (-,-)), which is isomorphic to &,. The Wy-action (2.1.1) on V preserves
N=ZeCV,

the coroot lattice of the root system R(C) = {+2¢} generated by (2¢)V = e. We also denote by
t(A) = {t(\) | A € A} is the abelian group with relations t(A) t(u) = t(A + w) for A, u € A. The group
t(A) acts on V by translation (1.1.4). Then, the extended affine Weyl group W of S(CY, Cy) is defined
to be the subgroup of the isometries on (V, (-, -)) generated by Wy and t(A).
W =Wy x t(A). (2.1.2)
In particular, we have the relation
S1 t(/\)Sl = t(Sl ()\)) ()\ S A) (2.1.3)
with s1(\) given by (2.1.1).
As an abstract group, W is generated by sg and s; with fundamental relations
st=s?=ec. (2.1.4)
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The following relations hold in .
t(E) = Sp0S1, t(—€) = S150- (215)
Compare the first relation with (1.1.9): denoting s (i = 0,1) for the gencrators of the extended Weyl
group W41 of S(A;), we have t(a) = s5 57
Next, we recall the extended affine Hecke algebra H associated to the affine root system S(CY,Ch).
For the detail, see [M03, §4, §6.4]. Hereafter we fix nonzero complex numbers kq, ko, l1,lo and denote

k= (ki,ko), L= (l1,lo). (2.1.6)
The symbols k; and ko are borrowed from [NSt04].
Remark 2.1.1. Our parameters (ki, ko, l1,lp) correspond to (ti/Q,té/Q,li/z,léﬂ) in [N95] and [T'10].

Definition 2.1.2. The extended affine Hecke algebra H (k) is the C-algebra generated by T and Ty
with fundamental relations
(Ti — k) (Ti + k1) =0 (i =1,0). (2.1.7)
In this §2, we denote H := H(k) for simplicity.
As in § 1.1, we denote by ¢(w) the length of w € W. If we have a reduced expression w = s;, - s;,,
ij € {0,1}, then ¢(w) = I. For such w € W, we set
Ty="T;,--T; € H
Then T, is independent of the choice of reduced expression. We also define Y+ € H by
Y =T, Y '=T17'T", (2.1.8)
which can be regarded as deformations of t(e) € W given in (2.1.5). As in the case of type A; (§1.1),
the monomials in C[Y*!] C H are denoted as Y* := Y for A = le € A, | € Z. We also have a C-linear
isomorphism H = Hy ® C[Y*!], where
HO = (C + (CTl
is the subalgebra of H generated by T7.

Remark 2.1.3. Our choice (2.1.8) of the Dunkl operator Y follows [M03, §6.4], which is the opposite
of [NO5, T10, St14]. The choice (2.1.8) is compatible with the choice for type A; (see (1.1.12)).

Next, we review Noumi’s [N95] basic representation py ;4 of H = H(k). Choose and fix a parameter
¢'/? € C*. The extended affine Weyl group W acts on the Laurent polynomial ring C[z*'] by

(s1af)(@) = fl@™h),  (s00f)(@) = flaz™),  (8(€)qf)(2) = flgz) = (Tyaf)(@), (2.1.9)
where T}, , denotes the g-shift operator on the variable x. Then, we have an algebra embedding
Prq: H(k) — End(Clzt]), p(Ty) = (@i ki li)sig + 0@ ki l;) (4 =1,0) (2.1.10)
with 21 == 22, 2 == gz~ 2 and
o(zihy 1) = kL klzl/?(l Z+ W72 2.1.11)
(k—k D+ (1—1"12?

b(z; k1) =k —c(z; k1) = T

Here we understand ac}n =z and m(l)/z = ¢"2x=1. We call py, the basic representation of H (k).
Definition 2.1.4. The double affine Hecke algebra (DAHA) of type (CY,C4), denoted as
H=H(k Lg) =Bk Lg),

is defined to be the C-subalgebra of End(C[z*']) generated by the multiplication operators by z*! and
the image pg1,q(H (k)).

As an abstract algebra, the DAHA H of type (CY, C}) is presented with generators Ty, Ty, T}, Ty and

relations
T —k)(Ti+k D=0 (T —L)(TY +1;)=0 (i=1,0),
( ) ) (T; )( ) ( ) (2.1.12)
TYT\TyTy = q V2
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See [5a99], [NSt04], [M03, §4.7) and [C05] for the detail. The symbols T are borrowed from [NSt04].
To recover Definition 2.1.4, we put

T =X, Ty = VT, (2.1.13)

by which we can extend the map p14 of (2.1.12) to the embedding py1q: H < End(C[z*1]).
Similarly as the type A, we have the Poincaré-Birkhoff-Witt decomposition of H:

H = C[X*) © Hy 0 C[YF!], (2.1.14)
and the duality anti-involution
#: H(k, L q) — H(E" ", q), h— 17, (2.1.15)
which is a unique C-algebra anti-involution determined by
T =T, (YN =z (@) =y
for A € A and
(E7, 1) = (ki kg, 17, 15) = (a1, Ko, lo)- (2.1.16)
We also denote by
H(k,1)* C End(C[z*']) (2.1.17)
the image of H(k,l) C H(k,l, ¢) under the duality anti-involution .

2.2. Bispectral quantum Knizhnik-Zamolodchikov equation. Let us explain the bispectral qKZ
equation of the affine root system S(CY,C}), mainly following [110, §4.1, §4.2]. Hereafter we choose
and fix kq, ko, [1, 1o, ¢*/? € C*, and consider the affine Hecke algebra H = H (E), the basic representation
Prlq: H(k) — End(C[z*!]) and the DAHA H = H(k, [, q).

2.2.1. The affine intertwiners. Following [C05, §1.3] and [T10, §4.2], we introduce the affine intertwines
of type (CY,C1). We set x; := 22, xg := gz~ 2, and define Sy, Sy € End(C[z*']) by

S; = di(x)ss, di(z) = di(z; kL q) = k(1 — klsxt/?) (1 + ksl '2?) (i=0,1). (2.2.1)
The clements Sy and Sy belong to the subalgebra H C End(C[z*1]) since
Si= (1= 2)prpg(Ti) — (ki — k1) — (L — ;7 1)z (2.2.2)
More generally, for Each w € W, taking a reduced expression w = s;, ---s;, with ji,..., 7, € {0,1}, we
define the element S,, € H by
Suw = djy (@) - (s5,dya) (@) o= (s - 55,44y, ) (@) - w, (2:2.3)

The clement S,, € H is independent of the choice of reduced expression w = 54, -+ s, by the same
argument as the type A; case, using

du () = dj, (x) - (s5,djp)(x) -~ (850 85,45, (2) (2.24)
Also, by [T'10, §4.1], we have
Sy=25;-S;. (2.2.5)
We call the elements S,, in (2.2.3) the affine intertwiners of type (CY,CY).
2.2.2. The double extended affine Weyl group. As in the case of type A; (§1.2.2), let us consider the ring
L :=Clz®', '] = Cla*'] © C[¢*"].
We can regard H as an L-module by
(f @ g)h = F(z) hg(Y) (2.2.6)

for f = f(z) € Clz*'], g = g(¢) € C[¢*!] and h € H, where z is understood as the multiplication
operator by x itself, and Y is the Dunkl operator. By the PBW type decomposition (2.1.14), we have
an L-module isomorphism

H=HY =L H. (2.2.7)

As in the case of type Ay, we regard f(x,€&) € Hy as a function of , ¢ valued in Hy.
24
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The double extended Weyl group W is introduced in the same way (1.2.10) as the type A; case. Let
¢ denote the nontrivial element of the group Zs := Z/2Z, and define W to be the semi-direct product
group

W= Zo x (W x W),
with ¢ € Zs acting on W x W by «(w,w’) = (v, w)e for (w,w') € W x W.

The group W acts on L in the same way as the type A; (see §1.2.2). Define the involution ¢: W — W

by (1.2.11), i.e., w® = w for w € Wy and t(\)® = t(—A) for A € A. Then the W-action on L is given by

(wf)(z) = (wef)(@), (W9)(E) = (W)eg)(&); (F)(2,6)=F(E " a7 (2.2.8)
forweW=Wx{e)CW, v eW={e}xWCWand f=f(z),9=g(E),F =F(z,&) € L. Here wq

denotes the W-action in (2.1.9).
We also define G(,,.v), 0, € Endc(H) by

aj(w,w’) (h) = gwhS*

w’s

o,(h) = h*
for h € H, where * is the duality anti-involution (2.1.15). Then, as in Fact 1.2.4, we have

E(w,w’)(fh) = ((w7 w/)f)&(w,w’)(h)v 5L(fh) = (Lf),&b(h) (229)
for h € H, f € L and w,w’ € W. The proof is essentially the same as Fact 1.2.4 ([vM11, Lemma 3.5]).
2.2.3. The cocycle. As in the case of type A (see (1.2.15)), we denote by

K = M(z,¢)
the meromorphic functions of variables x, £, and define
HE = K& Hy 2K H,
We can express an element f € HF as (1.2.16): f = > wews, fulw € HE, f, € K. The W-action (2.2.8)
on L naturally extends to that on K, and we have a W-action on H§ by the formula (1.2.17):
wf = Z (WFuo)Tw (2.2.10)
weWy

for f =3 cw, fuTw € Hi and w € W.
By the argument right before Fact 1.2.5, we have Gy ),0, € Endc(HE) such that the formulas
(2.2.9) are valid for f € K and h € HY. Then, similarly as Fact 1.2.5, we have:

Fact 2.2.1 ([T10, §4.2]). There is a unique group homomorphism 7: W — GL¢(HE) satisfying
7(w,w')(f) = du(2) iy (€77 G (F), () = Gu(f)

for w,w’ € W and f € HY. Here we denoted by d,, the image of d, under the duality anti-involution
% in (2.1.17), and - denotes the L-action (2.2.6).

By the W-action (2.2.10) on HE, we can regard GLg(HE) as a W-group via the corresponding con-
jugation action:
(w,A) — wAw ™! (we W, Ac GLg(HY)).
Then, we have the following analogue of Fact 1.2.7.
Fact 2.2.2 ([T'10, §4.2]). The map
Wi Oy = 7(w)w ! (2.2.11)
is a cocycle of W with values in the W-group GLx (HE) =2 K ® GL¢(Hp).

We denote Cyw(x,&) to stress that the cocycle can be regarded as a meromorphic function of z,§
valued in GL¢(Hp)

Definition 2.2.3. Denote Cj . = Cy(ie),t(me)) for I,m € Z. The system of g-difference equations
Cum(@, &) f(q""2,q™€) = f(2,6) (Lm € Z)

for f = f(z,€) € HE is called the bispectral quantum KZ equations (the bgKZ equations for short) of
type (CY,C). We also denote
SOLS;;V(’ZCQ = SOL{E;V("ZC”(E, L,q) = {f € HY | f satisfies the bqKZ equations of type (CY,C1)}.
In this § 2, we abbreviate SOLqkz = SOL,(DiiV(’ZCl).
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Similarly as Lemma 1.2.12, we can compute the action of C o and Cp ; on HE. We define an algebra
homomorphisms 7y : H — EndK(Hgf) by

nL(A)< 3 fwTw) = 3 fulATy), (2.2.12)
weWy weWy
for Ae Hand f =3, o, fulw € HE. Similarly, using the subspace H* C H in (2.1.17), we define an
algebra anti-homomorphism 7z : H* — Endg (HE) by
nR(A)( 3 fwTw) =3 fulTud) (2.2.13)
weW, weWy
for Ae H* and f =3 cw, fuTw € HE.
Lemma 2.2.4. The cocycles C 9, Co,1 € GLx(HE) 2 K® GL(Hy), regarded as functions of x and ¢ are
expressed as
Cio = Rg(w0)RY (¢1), Con = Ry (&)RT (&), (22.14)
where we denoted z¢ = gz 2, 7} = ¢®x72, &) = q€2, &} = ¢?¢? and
Ry (2) = ¢i(2) " (e (T3) — bi(2))
(1 kalizV2)(1 + kil 212)
=i (2) 7 (nr(T7) — bi ()
I
= i 1 T*) — (kF — (k)71 — (1F — (15)"1)21/2
e (0 e — (= )7 - (= ) 7))

for ¢ = 0,1, using the duality anti-involution * in (2.1.15).

(1= 2)mu(T) — (ki — k) — (L — 171)21?),

Rf(2)

Proof. We denote by s¥ and sf for i = 0,1 the action (2.2.8) of s; in terms of variables x and £ of
K = M(z,£). Explicitly, for f(x,&) € K, we have
(T8 = fa™16),  (s5/)(x.€) = flaz™,€),
(5 1) (@,€) = f(2, €7, (s50)(,) = flw,q '),
By a similar calculation as Lemma 1.2.12, the cocycle values for (s, e) and (s, €) are given by C(y, ) =
RE(21) with 21 == 2% and C(,, ) = RE (20), respectively. Then the cocycle condition gives
Cro= C(SnSl,e) = C(Sn,ﬁ)(C(ShE))(so’e) = R{f(m) (SgRlL(-rl)) = Ré(-IO)Rf(I&L

where s} means the (s1, e)-action given in (2.2.8).

Next, using the duality anti-involution % and the K-action (2.2.6), the cocycle values for (e, s;) and
(€, 50) are given by Cie o) = RE(21)" = RE(672) and C(e,u) = RE(z0)* = RE(€)) with & = (z0)" = &2,
Thus, we have

C10,1 = C(e.?sosl) = C(e,so)(C(e,sl))(e}SO) = R(I)?(gé)(ng?(E_Q» = R(I)z(é(,))Rﬁ(fi)

O
Remark 2.2.5. Some comments on Lemma 2.2.4 are in order.
(1) Explicitly, we have
Cro = Jo(x)J1(z), Cro=Ko()K1(§) (2.2.15)
with
ko
J = .
O(I) (1 7koloql/Zx_l)(l+l€0la]q1/21’_1)
(U= gz ™)ne(To) = (ko — kg ) — (o — Ig g% ™1),
Ky 2 -2 —1 —1y —1
J = 1 T ki —k I —1
) = g g (4 ) = (kD = (- ae T,
: L 2 * —1 —1y,1/2
K = 1- ) — (Iy — 1 —(lg — 1,
) = e g () — () o ),
k _ _
Ki(¢) = : (1= @2 mr(Tr) — (ky — k1) — (ko — ko 1)ag).

(1 = krkog€) (1 + k1 kg ' q€)
26
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(2) As in Remark 1.2.13, we have
Clew)(2,€) = CiCu ey (€71,27H)C, (2.2.16)

for any w € W. The formulas (2.2.14) are compatible with 2.2.16.
(3) The formulas (2.2.14) are also consistent with the computation of Cj; in the final paragraph of
[T10, §4.2]. Note that we are working on the different choice (2.1.8) of ¥ from loc. cit.

For later use, we give a (CY, Cy)-analogue of Fact 1.2.14.

Lemma 2.2.6. Let A := Clz7!] C L = C[z*!,¢*!], and Qy(A) be the subring of the quotient field
Q(A) = C(x) consisting of rational functions which are regular at 2! = 0. Considering Qp(A) ® C[¢*+]
as subring of C(x, &), we have

C10 € (Qo(A) @ CleF]) ® End H. (2.2.17)
Moreover, setting Cioo) = C1|,-1_y € C[¢*'] ® End Hy, we have
O = kikony (1Y 1T77Y). (2.2.18)

Similarly, defining B := C[¢] C L and Qg(B) C Q(B) = C(£) to be the subring consisting of rational
functions which are regular at the point & = 0, we have

Co,1 € (Clz™'] ® Qo(B)) ® End Ho.
Moreover, setting C(Sf’f = Coaleg € Clz*'] ® End Hy, we have
CoY = klina(TY 1Y), (2.2.19)

Proof. We only show the statements for Cjo. By the expression (2.2.14) of Cj, we have Cy €
(Qo(A) ® C[¢*!]) ® End Hy. To get (2.2.18), we compute

Jim Cyp = (lim Jy(2))(lim Jo(x)) = ko(ne(To) — ko + kg ke (ne.(T1) — ko + ki)
= kkone (Tg e (T71) = kkone (MY T ).
Here we used T, * = T; — k; + k; ! from (2.1.7) and Y = T4 Tp) from (2.1.8). O
Let us also record the (CY, Cy)-version of Fact 1.2.15.
Fact 2.2.7 (c.f. [vM11, Lemma 4.2]). For w € Wy, we set
Tw = n1(S5 )T, € Cl¢*' | @ Hy € HE.

Then the following statements hold.
(1) {7w | w € Wy} is a K-basis of HE consisting of eigenfunctions for the 7z -action of C[Y*!] C H
on HE.
(2) For p € C[¢*] and w € Wy, we have 0z (p(Y))7w(€) = (w™p)(€)7w(€) as Hp-valued regular
functions in &.

The proof for the reduced type in [vM11] also works for the non-reduced type (CY, C4), so we omit it.

2.3. Bispectral Askey-Wilson ¢-difference equation. As in § 1.3, we consider the crossed product
algebra
Wo._
D, =W x C(z,¢)
where W acts on C(z, ) by (1.2.12), and also consider the subalgebra
Dy = (t(A) x t(A)) x C(x,€) € D,
which is identified with the algebra of ¢-difference operators on C(z,£). We can expand D € [D)E)y as
D=> few= Y D, (2.3.1)
weW seWyx Wy
where fw € C(T' x T) and Ds = Ztet(A)XL(A) gtst € Dy. We also use Res: Dy — D, given by
Res(D):= > D (2.3.2)
s€eWoxWo
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Next, following (1.3.3) and (1.3.4), we introduce two realizations of the basic representation of type
(CY,C4). Let us denote
(1/k,1/1) = (1/k1,1/ko, 1/11,1/1p).
Then, the first is given by the algebra homomorphism
P1kajtq H(L/k) — C(z)[W x {e}] C DZV (2.3.3)
given by the map py /17,4 in (2.1.10). The second is
P poapa HE) — CE©){e} x W] C DY (2.3.4)
Then, recalling Definitions 1.3.1 and 1.3.3, let us introduce:
Definition 2.3.1. For h € H(1/k) and k' € H(k"), we define D, D,g,/ € DY by
Dji = pipeajg(h)s D= pie ge 1y (1)-
Also, for an invariant polynomial p = p(z) € C[z*]"o = C[z + 27!], we define L, L5 € Dy by
Ly = Ly(k,L,q) = Res(Dj(yy), Lj = Li(k,1,q) == Res(DS ), (2.3.5)
where we regarded p(Y) € H(1/k) for L7, and p(Y) € H(k") for L$, and used the map Res in (2.3.2).

As in Definition 1.3.4, we denote by p; (z) == z+2z~1, which is the generator of the invariant polynomial
ring (C[zil]WU. Then, similarly as in Proposition 1.3.5, we can compute Ly, and Lgl using the function
c(z;t,1) in (2.1.11). Let us denote the action of w € W on the functions of z given in (2.1.9) as w”. It
is compatible with ,o“f/k’q in (2.3.3), and explicitly,

st(x) =qz', s¥x)=z"", t(w)*(z)=q¢" %z (2.3.6)

We also denote by wé the action on functions of £. Tt is compatible with pi’l /a in (2.3.4), and explicitly,
6@ =a7'¢7", SO =6 @) =q""% (2.3.7)

Proposition 2.3.2. We have
Ly = kiko + (kiko) ™" + (kiko) *Diw,  Diw = A(@)(Tyo — 1) + Az~ ) (T, — 1), (2.3.8)

Ly, = kil + (k) ™" + (kih)* Dy, Diw = A" ) (Tpe — )+ AT, ¢ = 1) (239)
with
Alz) = (1= kali2) (1 + kaly ') (1 — kolog™*/22) (1 + kol 'q~"/22)
' (1—2%)(1—q'2?) ’
A*(2) = (1= Eakoz) (1 + kily '2)(1 = Lilog™/22) (1 + lilg 'q~'/?2)

(1—=2%)(1—q122)

Proof. Let us compute Ly = Res(Dy 1) Since Y = TyT1 and so = t(€)s1, using (2.1.7), (2.3.6) and
(2.1.10), we have

Dy v = Pf/EJ/LQ(TOTl + Tl’lT(;l)
= (ko' +co(tle)™sy — 1)) (ki +ci(s? — 1)) + (ki + er(sf — 1)) (ko + colt(e)®sT — 1))
— k7 4 kT eo(t(6)7st — 1)+ kg Mea(st — 1)+ colch )75t — e)(st — 1)
+ kiko + kico(t(€)¥sy — 1) + ko (s7 — 1) + c1(chsy — co) (t(€)"sT — 1),
where w® is given by (2.3.6) and, using the function ¢ in (2.1.11), we denoted

e1 = et kThITY, e =1t(e)"s7 (1),
co = c(qz™?; ko_l,l_ ), = sf(co) = clgz®i kg L 15 h).
Then, using (¢{s¥ — co)(t(e)*sf — 1) = ¢{ t(—€)* — ¢fs¥ — co t(€)*sT + ¢ and

Res( (e)¥s7 — 1) =t(e)® =1, Res(sf —1)=0,
we have
Res(Dy.y—1) = k7 kgt + by oo (t(€)™ — 1)

+ kiko + kico(t(e) — 1) + 81(861}(76)"" o C(,) — o t(6)" + ¢o)
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= kiko +ky kgt ok + kT — 1) (t(€)” — 1) + erch(t(—€)® — 1).
Now, using the identity
(1 — kihz)(1+ k')

1—a?
we have co(k1 + k' —c1) = co - s¥(e1) = s¥(cher). Then, by t(e)* = T, we have
Ly, = Res(Dyy 1) = kiko + ki g '+ (s (cher)) (Tye — 1) + cper(Tyg — 1)

Denoting A(z) = sf(c{c1), we obtain (2.3.8). The formula (2.3.9) of L§, is obtained from L? by
replacing (x, ko, ki1, lo, 11, q) with (&7 k7' Y kgt g Y). O

ki + kit —c =kt =c(@t ki, ) = c(x 2k LT = s5(ar),

Remark 2.3.3 (c.f. [N95, pp.54-55]). The operators D%,y and Diw are equivalent to the Askey- Wilson
second order q-difference operator [AW&5, (5.7)]:
DAW(Z; a,b,c.d, Q) = A+(Z; a,b,c.d, Q)(Tq,z - 1) + A+(271"’ a,b,c,d, Q)(I;zl - 1)7
(1 —az)(1=0bz)(1—cz)(1—dz)
(1—22)(1—qz?)
The precise relation with A(z), A*(§) in (2.3.8), (2.3.9) is given by
A(:I:) = A+(Z7 a7 b7 Cl? d/7 q)7 A* (5) = A+(€; a*7 b*7 Cl*? dl*? q)

A+ (’Z; a7 b7 C7 d7 q) =

with the parameters

{a,b,¢,d'}y = {kaly, =kaly a7 Pholo, =~ kol ',

{(l*, b*, Cl*, d/*} — {k;lkgl, 7](7171](70, qfl/lefllOfl’ 7(171/21;1[0}.
The reciprocal parameter ¢! appearing above originates from our choice (2.1.8) of the Dunkl operator
Y. As mentioned in Remark 2.1.3, the choice in [N95, T10, St14] is the opposite, and for that choice, the
above construction of the g-difference operator on = which is equal to the original Askey-Wilson operator
Diw(@;a,b,¢,d,q).
The ordinary parameters and the dual parameters of Askey-Wilson polynomials are given as
{a,b,¢,d} = {kaly, —kaly ", q"*kolo, —q"*kolg '},

{a*,b",c" d"} = {kiko, —k1kg ', ¢ *Lilo, —q"/*Lilg '}

There are related by the duality anti-involution * (see (2.1.15)) as

a* =+/abed/q, b =ab/a*, " =ac/a*, d° =ad/a".
By Remark 2.3.3, it is natural to name the bispectral problem as:

Definition 2.3.4. The following system of eigen-equations for f = f(z,€) € K is called the bispectral
Askey-Wilson g-difference equation of type (CY,Ch), and the bAW equation for short.

(L3 D) =pie D @.9), 510
(Ly, N)(@,€) = pi()f(z,8).
The solution space is denoted as
SOLpaw (k. L, q) == {f € K| f satisfies (2.3.4)}.

2.4. Bispectral qKZ/AW correspondence. Here we give a (CY,C})-analogue of § 1.4, using the
reciprocal parameters

(1/k,1/1) = (1/k1,1/ko.1/11,1/lp).
Similarly as in Definition 1.4.1, we define a K-linear function x4 : Ho(1/k) — C by
—l(w)

X+ (L) = k; (2.4.1)
for the basis element T,, € Ho(1/k) (w € Wy). It is extended to Ho(1/k)¥ = K @p Ho(1/k) as
X+ Ho(1/k)% — K, Z fuwTw — Z Fuxe (Tw). (2.4.2)
weWo weWy

Below is a (CY, C})-analogue of Fact 1.4.3.
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Theorem 2.4.1 (c.f. [St14, §3]). Assume 0 < ¢ < 1. Then the map x restricts to an injective F-linear
Wpo-equivariant map

X+ SOLpgkz(1/k,1/1,q) — SOLpaw (k, L. ),
where Wy is the subgroup of W defined by

Wq = Zs X (WO X Wo) cW,
and F is the subspace of K = M(T x T) defined by

F:= {f(t’ ’Y) €K | ((t()‘)vt(:u))f) (tﬁ) = f(tv’Y)v V()‘v :u) €Ax A} .

The strategy of proof is the same as the type A; (§1.4). Denoting SOLpqkz = SOLpqkz(1/k, 1/1,q)
and SOLpaw = SOLpaw(1/k, 1/1, q), we can divide the proof into three parts.
(i) x+ restricts to an F-linear Wo-equivariant map x4 : SOLpqkz — K.
(i) The image x+(SOLpqkz) is contained in SOLyaw.
(iii) X+ SOquKZ — SOLbAW is injective
We write down the arguments of part (i) and the first half of part (ii). The rest arguments are similar
as the type A7, and we omit them.

Part (1) of the proof of Theorem 2./.1. Similarly as Lemma 1.4.5, we have
X+ (Cwl) = x4 (F) (24.3)

for each w € Wy and F € Hy(1/k)®. The proof is quite similar as Lemma 1.4.5, once we use Cles) =
C,C(s,,)C, and replace the expression (1.4.4) of C(,, oyh for h € Hy by

Clsyerh = d(@% 1)k, 1/1) 7 (1 — 2®)np (Ty) — (k7' — k1) — (17" — l)z) b

Then, in the same way as § 1.4, we can show that x4 is Wy-equivariant using (2.2.11), (2.4.3) and
(2.2.8), and that x4 restricts to an F-linear map SOLpqkz — K using Definition 2.2.3, (2.4.1) and
(2.4.2). o

Similarly as the type Aj, the part (ii) of the proof consists of two steps.
e Describe of SOLyqkz in terms of the basic asymptotically free solution ®.
e Analyze the map x4 using ®.
The second step is quite the same as the type A, and we omit the detail. The first step requires the
following Proposition 2.4.2, which is a (CY, C})-analogue of Fact 1.4.6, and a simple modification of
Fact 1.4.8.

Proposition 2.4.2. Denote wg := s1 € Wy. Let
W(z,&) = W(2,& kL q) € K = M(z,€)
be a meromorphic function satisfying the g¢-difference equations
W(g'e,€) = (kiko&)~W(z,6) (1€ Z) (2.4.4)
and the self-duality
W(E e K 1 ) = W, &5k, L q). (2.4.5)

Then, there is a unique element ¥ € Hy(1/k)¥ satisfying the following conditions.
(i) We have

P =WV e SOquxz.
(ii) We have a series expansion

\1/({);‘75) = Z Km,nximgna (KDL,B € HO)

m,neN

for (z,§) € BS ! x B, with B, being some open ball of radius € > 0, which is normally convergent
on compact subsets of B x B..
(i) Koo = T,
We call the solution ® the basic asymptotically free solution of the bgKZ equation of type (CY,Cy).
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Let us give some preliminaries for the proof of Proposition 2.4.2. Given a function W € K satisfying
(2.4.4) and (2.4.5), we write

Dl,U(z7 5) = W({E, é)ilCl,O(lV g)W(tixv 5)’
Do (x,€) = W(x, &)~ Co(x, W (x, ¢°€),
which are regarded as End(Hy(1/k))-valued meromorphic functions in z,§. We have f € Ho(1/k)¥
and only if g :== W(x, &) ! f satisfies the holonomic system of g-difference equations
Dio(z,€)g(q™ . &) = g(=,€)
Doa(z,8)g(x,¢€) = g(x,8)
as End(Ho(1/k))-valued rational functions in #,¢. Now recall from Lemma 2.2.6
A=Clz7Y c Clz*Y], B:=C[¢] c C[eF
and
— {@™))/g=™) € Q(A) | 9(0) # 0} € Q(A) = C(x),
( ) {r(€ )/9( ) € Q(B) | 9(0) # 0} € Q(B) = C(g).
Lemma 2.4.3 (c.f. [vMS09, Lemma 5.2]). The operators Dy g and Dy ; satisfy the following properties.
(1) D1 € (Qo(A) @ B) & End(Hy(1/k)) and D1 € (A® Qo(B)) © End(Hy(1/k))
(2) Define D), D’} € End(Hy(1/k)) by
Dg?()) = D110|1771:U7 D(()(R = D0’1|€:0.
Then, denoting wy = s1, we have
T = T =
TS NV KRR SR (246)
0 (w=s1) 0 (w=s1)
Proof. For the first half of (1), note that the g-difference equation (2.4.4) with A = —¢ yields
Dy o(w,6) = W(,6) ' Cro(a, OWI(g™ 1, €) = kiko&Ch (), (2.4.7)

By the explicit expression of C o (Lemma 2.2.4), we have Dy o € (Qo(A) ® B) ® End(Hy).
For the second half, using (2.4.4) and (2.4.5), we have

Doy (,€) = WET D (5, €) 710 1 (w, )W (2, 4€) = (kyusz) "1 Co 1 (w, €).

By the explicit expression of Cp; (Lemma 2.2.4), we have Dy € (A® Qo(B)) ® End(Hy).
Next, we will show the first half of (2). By the above computation (2.4.7) and Lemma 2.2.6, we have

D% = Digl, 1_y = kikofCLY. (2.4.8)
Let us compute Dg%(Tl). Since n(T1Y Ty 1)(Th) = €Ty, we have
DIR(T1) = kakotCL3 (1) = Enn(TY T3 ) (Th) = T,

using (2.2.18) with reciprocal parameters 1/k in the second equality. Hence we obtain D%(Tl) =T.

For D§ g(T ), note that 7, = nL(S* )T, (w € Wy) form a K-basis of HE (Fact 2.2.7) and 7(Ty, ) 7w €
B © End(Hy). By Fact 2.2.7 and (2.2.18), we obtain

0 0 P
DI ((T)7,) = kakoCLY (1(T1)7s,) = Enn(TyY T (0(T1)7s,) = E0(Th) 7,
as identities in B ® End(Hy). Specializing at £ = 0, we obtain Dgo())(Tf) =0.
The second half of (2) can be shown similarly using (2.2.19). We omit the detail. d

Proof of Proposition 2./.2. Lemma 2.4.3 implies that the operators D% and D((Jol) on Hy(1/k,1/l) com-
mute with each other. We denote the simultaneous eigenspace decomposition of Hy(1/k,1/1) as
Hy(1/k,1/1) = @ Hyla,b], Hyla,b] = {v € Hy | D%(v) = av, D(()?f(v) = bv}
(a,b)eC?
Since Hy(1/k, 1/1) is finite dimensional, the subset S C C2 for which Hyla,b] # 0 is finite. We also have

(1,1) € S and Hy[1,1] = CT; by Lemma 2.4.3. Furthermore, a,b € ¢" for all (a,b) € S. Under these
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conditions, the holonomic system of g-difference equations 2.4.6 admits a unique solution ¥ satisfying
the desired properties by the general theory developed in [vMS09, Theorem A.6]. O

Example 2.4.4. We give an example of the function W in Proposition 2.4.2. As in the case of type A
(Example 1.4.12 (1)), using the Jacobi theta function 6(z;q) == (q, z,q/2; ¢) oo, we define

8(—q"*z&;q)
O(—q/2(krko)~ e, —qY/2k1l & q)

WO (2, 6) = WO (g, &1k, 1) = (2.4.9)

It satisfies the g-difference equation (2.4.4) in the form

WD (. €) = (ko) T (2,¢),
and the self-duality (2.4.5) in the form

WIEED (7 k7, 1) = WO (13, D). (2.4.10)
Here we used the duality anti-involution * in (2.1.15).

Remark 2.4.5. As in the case of type A; case (Remark 1.4.13), the function WG g nothing but
the function G of Remark 1.4.13 (2) introduced by [vM11]:

O(t(woy) ")
F(v0t) ()17
whose lattice theta function ¥(t) = ¥41(t) is replaced by

I(t) = Z GNP A = Ze,
AEA

G(t,v) =

and the parameters vy, g are replaced by
Yo = (klk)o)_e, ’”{g = (k)lll)_e eT. (2411)

2.5. Bispectral Askey-Wilson function. In this subsection, we cite from [St02, St14] an example of
explicit solution of the bispectral Askey-Wilson g-difference equation. As in the previous Theorem 2.4.1,
we assume 0 < ¢ < 1.

Let us write again the bispectral Askey-Wilson g¢-difference equation (2.3.10) for f(z,¢) € L =
Cla®?!, ¢+ for the reciprocal parameters SOLyaw (1/E, 1/1):

(L D@8 = (E+eN @8 o)
(L§, N)(@,€) = (x+a")f(z,€)
By Proposition 2.3.2 and Remark 2.3.3, the operators are given by
L2 = kiko + (ktko) ™ + (kiko) ' Diw, LS, = kily + (kxly) ™" + (k1ly) Dy, (2.5.2)
Df&w = DAW("[7 a, b7 & d7 q)7 D?AW = DAW(§7 (a*)717 (b*)717 (C*)717 (d*)717 q71)7
{a,be.d} = {kily, ~kaly ', ¢ 2 Rolo, —¢'Roly '}, (2.5.3)
{a*,b", ", d*} = {kiko, —k1k5 Y, ¢/ %11 lo, —¢* 211157} (2.5.4)
with
Daw(z;q,a,b,¢,d) = A(x)(Ty,, — 1) + A(Ifl)(qu; —1),
Ar) = (1—am)(l—bw)(l—cx)(l—dx). (2.5.5)

(1 —2?)(1 - qa?)

As mentioned in Remark 2.3.3, the g-difference operator D%y, was introduced by Askey and Wil-
son [AWS85]. Using the symbol (x1,...,2,;q), in (0.2.1), they showed that the basic hypergeometric
polynomial

n—1

(ab, ac, ad; q)n q ", abedg" ™, ax, afx
74¢3

Py(x;a,b,¢,d;q) = ¢, q| (neN) (2.5.6)

an ab, ac, ad
is an eigenfunction of D%y, and the eigenvalue is —(1 — ¢~")(1 — ¢"~tabed). This claim is restated as
L? Po(w;a,b,c,d;q) = (q"a” + q " (a*) ") Pa(z;a,b, ¢, d; q)

under the parameter correspondence (2.5.3) and (2.5.4) (c.f. [N95, p.55]). The Laurent polynomial
P,(z;a,b,c,d;q) is called the Askey-Wilson polynomial.
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In order to treat the bispectral problem (2.5.1), we need to consider non-polynomial eigenfunctions of
the Askey-Wilson second order g-difference operator Daw. In literature, such an eigenfunction is given
in terms of a very-well-poised g¢7 series under the name of the Askey-Wilson function. Here we give a
brief review, and refer to [St02, §3] for more information.

Following Gasper and Rahman [GR04, (2.1.11)], we denote

1/2 1/2
) . . at, qay’ 5 —4qay , G4, as, Gg, a7, ag .
sWr(ai;aq, a5, a6, 07,0379, 2) = sd7| 1 12 qar gar gar gas qay 0D Z|
a; , —ap > Tay ) as ' as ' ar ' as

which is a very-well-poised basic hypergeometric series in the sense of [GRO4, the line after (2.1.9)].
Then, the Askey-Wilson function ¢¢(x) = ¢e(x;a,b, ¢, d;q) is defined by [St02, (3.1)]
. (gax/d", qa&/d" z, gabe/d; q) o
P = (arere. g€ qu]d. o v, be, b/ ds 4T )
It satisfies the eigen-equation

8W7(a’*b*(3*§/q; ar, (Z/I7 a‘*§7 b*g’ C*f; q, q/d*f)

(Lp,de) (@) = (€ + € )de(x), (2.5.7)

the self-duality
¢§($; a,b,c,d; q) = (bz(gv a®, b, ¢, d% q)v (2'5'8)

and the symmetry (the inversion invariance in [St14])

be(x) = pe(z71) = Pe—r (). (2.5.9)
The properties (2.5.8) and (2.5.9) are the consequences of the equality [St14, (3.2)]:

N (gabe/d; q) oo ax, a/z, a*§, a* /¢
P = o qad fd, acld afodi )| ab, o ad P

. (az,a/x,a”§, a” /€, qabe/d; q)o 4 q/d, q/dx, q§/d*, q/d"§
(qv/d, q/dx.q€/d", q/d"€. ab, ac,be, qa/d, ad/q; ) qb/d, qc/d, ¢*/ad
which can be shown by a form [GR04, (2.10.10)] of Bailey’s transformation formulas. The above equality
also yields

3 4d, 41,

be. (x) =

. -n n—1
(qabc/d7 q)oo . 4¢3 |:q ) adeq , ax, a/ﬂ? :q, q:| , &n — (aak)—lq—n,7
(be,qa/d, qb/d, qc/d, q/ad; q) oo ab, ac, ad
which is proportional to the Askey-Wilson polynomial P, (z) (2.5.6).

Let us consider the asymptotic form of the Askey-Wilson ¢-difference equation (LZ’ L (E+¢ _1)) flz) =
0 in the region |x| > 1. Since the functions A(x) and A(z~!) in (2.5.5) behave as A(z) ~ (a*)? and
A(z71) = 1, we have the asymptotic form

Ly ~a"Ty.+ (a*)_qu_’;.

Now, recall the function W -C1)(z, ¢) given in (2.4.9):

O(=vzg; q)
0(—vx/a*, —v€a;q)’
where v = ¢'/2. By 0(qz;q) = —z'0(z; q), we have ﬂfjw(clv"rcl)(:c,ﬁ) = (a*&)FIW(CY O (g, €), which
implies that the set {W(CT:C1) (2 ¢£1)} is a basis of solutions of the asymptotic ¢-difference equation

(a* qa T (a*)_qu_,; - (¢ +§_1))f(x) =0
Similarly, the £-side asymptotic g-difference equation in the region || < 1 is given by
Lf,l ~ aqug + a—qu@

and since T;;W(Clvvcﬂ(x,g) = (a/z)E W00 (2, ¢), the set WD (2% €)} is a basis of solutions
of the asymptotic equation

W 2,6) =

(a ' The+alyg — (w+a7))g(6) =0,
By the argument in §2.4, we have a unique element P = X+(®) € SOLpaw of the form P = WO g,
where g = g(x) has a convergent series expansion around |z| = co with constant coefficient being 1. By
[St14, Proposition 5.2, (5.8)], ® is written down as

(qag/a*z, qb§/a"x, qc€/a*x, qa*{/dv, d/7; q)

o — WY C) (1 ).
(z,8) =W (. ) (¢/ax,q/bx,q/dz, ¢*7*/dz; ) oo
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- sWr(q€®/das g€ /a*, g6 /d* ,b*E, ¢*E, q/dw; q, d ) x).

Remark 2.5.1. Our solution ®(z,¢) is equivalent to the solution @n(t,'y) in [St14, (5.8)] up to quasi-
constant multiplication.

Now we cite a (CY, C1)-analogue of Fact 1.5.6.

v Vv
Fact 2.5.2 (c.f. [St14, Proposition 5.2]). The function SJ(FCI ’Cl)(x,g) = &(rcl ’Cl)(

(qaﬂf/d*v qaé/d*x‘/ qa/d7 Q/ad§ Q)oo
(a*b*c*€, g€ /d*, qu/d, q/dr; q)oo
enjoys the following properties.
(i) It is a solution of the bispectral problem (2.5.1).
(ii) It has the symmetry

(N (,6) = €T N @1 6) = £ (w67,

(iii) It has the self-duality

x,&;k,1, q) given by

N @8 =

8W7(a*b*0*§/Q; azr, a/m, a*év b*§7 C*§7 q, Q/d*‘r)

NN (@, 6k 1) = N (E T B ). (2.5.10)
Thus, defining SOLyw = {/ € SOLyaw | (ii), (iii)}, we have
£°N € SOLY -

Siclv’cl)

The function is called the basic hypergeometric series of type (CY,Ch).

3. SPECIALIZATION

In [YY22, §2.6], we introduced four embeddings of affine root systems of type A; into type (CY, Cy).
They are given by certain specializations of the parameters (k,[), and are characterized to preserve the
Macdonald inner product under which the Macdonald-Koornwinder polynomials are orthogonal. Among
the four specializations, the one given by

(Evl) = (k717171) (301)

has the special property that it is also compatible with the duality anti-involution (2.1.15). In this
section, we show that this specialization yields the commutative diagram mentioned in §0:

ov e X(CY-Cl)

SOL{ i e SOLyaw
bp\[ ‘[bp
SOL?&KZ _fn) SOLbMR‘
X+

3.1. The bispectral qKZ equations. Recall the subalgebras Hg'* (k) ¢ HA(k, ¢) and Héclv"c’)(@) C
H(' -0 (k. I, q), both of which have the basis {T. = 1,Ts, = T1}. Let us identify these linear spaces,
and denote it by Hy. As in the previous sections, let us use the notation K = M(x,¢) and HY = K® H.

Then, the solution spaces of bispectral gKZ equations of type A; and of type (CY, Cy) (Definition 1.2.8
and Definition 2.2.3) can be expressed as

SOL?&KZ(IC, q) = {f € HX | f satisfies the bqKZ equations of type A},
SOLéiiv(’ZCl)(& L,q) = {f € HE | f satisfies the bqgKZ equations of type (CY,C1)}.
Then we can show:
Proposition 3.1.1. For the specialized parameters (k,l) = (k,1,1,1), we have the relation
SOL{Gis™ (k. 1,1,1,q) C SOL{ e, (k. q).

Proof. Denoting by ¢*1(z; k, q) == ¢(2; k, q) the function in (1.1.17), and by C(Clv’cl)(z; k,l,q) = c(z:k,1,q)
the function in (2.1.11), we have

A 23k, 1,q) = M (25 k, q).
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Then, comparing Lemma 1.2.16 and Lemma 2.2.4, we have
[ehe [ehiNe;
CIT M 11 1,q) = Ol (k) CoT (k11 L, q) = Oy k), (3.1.1)
from which we have the claim. O

Theorem 3.1.2. The specialization (3.0.1) yields the commutative diagram

(cy.c1)

SOL{CL™ (k, 1,1, 1, q) > SOLpaw (k. 1,1,1,q)
Spj ‘[Sp (312)
SOL{?&Kz(’“:Q) ————— SOLymr(k, q)
X4

Proof. We saw the left vertical embedding in Proposition 3.1.1. Thus, it is enough to check that
the specialization maps the bispectral Askey-Wilson equation (2.3.10) to the bispectral Macdonald-
Ruijsenaars equation (1.3.9). Since (k1,ko,l1,lo) = (k,1,1,1) yields the Askey-Wilson parameters
{a,b,¢,d} = {k,—k,q"/? —¢/?}, the specialization of the z-side equation is computed as

. o k—kTlam? k=t —ka=?
Licy ok 1,1,1,q) =k + k" + = Tae -1+ W(Tq,i -1
_ kE—klp2 kY — k2 1

1—x 2 T‘I@+ 1—2 2 Tq,z - zl(k>q2)‘

Note that the parameter ¢2 in type A; is compatible with the relation (3.1.1). The &-side is similarly
checked directly, or by the compatibility of the duality anti-involution and the specialization. O

So far we give a computational argument to show the commutative diagram (3.1.2). Let us give
another, more conceptual argument.

Lemma 3.1.3. There is an isomorphism of algebras
HC O (k,1,1,1,q) = HY (k, ).

Proof. Recall the presentations (1.1.20) of HA' and (2.1.12) of H(CY %), The former gives H* (k, q) as
the quotient of the free algebra C(T', U, X) by the relations

(T—k)(T+EY)=0 U?=1 TXT=X"' UXU-=¢q/2x"".

Under the specialization (k,1) = (k,1,1,1), the latter gives ]HI(Clv’Cl)(k:7 1,1,1,q) as the quotient of
C(T1, Ty, Ty, Ty') by the relations

(T, = k)T 4+ kY =0, (T))*=(T)=(Ty))*=1, TYT'TWTy =q ' (3.1.3)

Now, recalling (2.1.13), we find that the correspondence Ty =T, Ty = U and Ty = ¢ Y2UX gives the
desired isomorphism (|

Since the bispectral correspondence Xﬁl is defined in terms of the DAHA H"1 (k, q), the restriction to
4
the subalgebra H(CY *Cl)(k, 1,1,1,1,q) will give the correspondence Xs_cl ‘YD) Thus we have the commu-

tative diagram (3.1.2).

Remark 3.1.4. We leave it for a future study to give an explicit element in SOLpaw (k, 1,1, 1, ¢) which
is mapped to SOLy\r (K, ¢) under the right vertical embedding sp in (3.1.2). Here we only give a clue
to find such an element. If the spectral variable ¢ is specialized to & = k= 'q~1/2 (see Proposition 1.5.3
(2)), we have

Rogm™ g ] 1
R AT
We expect that there is an element f(z,£) € SOLpaw(k,1,1,1,¢) such that the specialized f(z.&,) is
equal to Pr(LC1 ’cl)(:c; k,1,1,1;¢) and the image sp(f(z,&,)) is equal to P21 (x;t, q).
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