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Lil:,$: [Y] '1.''ziA~ nt.::1!1Wai~m:-1:t-?1ffi0),m,~'i'~li: L ffi""- c. 1/A~ L, ft~l't95E5:t1~, 1,, < •·y/pO) 
~~A, /f','f~fii,:: -:J "' "(' if t; nt.:: ~ 0) 'i''ffiirt Q. (-fjtjJ'tJl;-1:E,, :t';f'if;ffir C. O)*fi,]Wf~ [ITW] ,:: 
£--j'I, '"( "' Q .) 

IU~~ r 'i' ll'tfJitt Q. µr 'i' 1 0) r *,jl0)~-€5- C. 9 Q. 1 ~-f o/ 7 7. (k1, ... , kn; a1, ... , an) 
( k1, ... , kn E N, a 1, ... , an E µr, ( k1, a 1) c/=- ( 1, 1)) t:: )('if L , 

C. JE~9 Q. tdc' L' CT(m1, ... 'mn) = #{ i 11 ::; i < n, m; = m;+i} C. 9 Q. ;: ;ht; li/11[0::, ~f□ 
?71 7°, Y 'V o/ 7 Jv ?71 7°0)~1i: L ffi ([AK]) 'i', Bachmann[B] 0)-'Ft!'i'~ffl L --Ci/A~ Lt.: 1 ~~ 
~JJ'i5:t'1.'''° 7->. t = o tJ t;Ji-mO)~m L ffi, t = 1 tJ i; ~m L-7. ?1-ffi,::tct-:i --c "' 7->. 

1.2 1tl$t~'.iEit1~ 
;: n t; 0)1!1Wdl~m L ffi'i-1i;~B'9 l::5E5:t1~ L "( t-5 \ . silr 'i' 7 Jv 7 7 ~ o/ r 0)~-€5- { x, Ya I a E µr} C. 
L, A,. = (Ql[t] (silr) 'i' silr O)jfj 'i' ~JEJG c. 9 Q r + 1 ~~;JpPJ~~JJ[;i:,tfi;~ c. 9 Q. 

A~ := (Ql[t] EB~,+ := (Ql[t] EB L ArYa :) A~ := (Ql[t] EB L xA,.ya EB L YbArYa• 
aEJJ,r 

,i:.tn:f'nA,. O)'l:flVi:tft~t;:'/J,'5. ffl!,j;IJO)f.::&1>, Zk,a = xk-lYa EA,. (k 2 l,a E µr) c. t-5 <. 
C-IU~~~ .C! : ~ -+ C 'i', .C! (1) = 1 t-, J; O' 
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(k1, ... , kn EN, a1, ... , an E µr, (k1, a1) -/- (1, 1)) '\:')E~9 Q. 3 = ~k::>1,aEµr (Q)[t]zk,a Ci,\ • fff 
o:3xA;--+A;~, 

a◊ 1 = 0, a◊ ((3w) = (a◊ (3)w 

Zk,a ◊ zz,b = Zk+l,ab (k, l E N, a, b E µr) 

low =w◊l =w, 

waobv=w(aob)v 

(w, v E Ar, a, b E 3) tc J: '"? -C Ar J::Cl)~prlJ~f!'{lc;f/M.lt~ n7.>. ft~ ((Q)[t] + 3, o) la:ft~ (Ar, o) C7) 

PJ~fflVitft~--z:-;1)7.>. if-:, 

S;(aw) = aS;(w) +ta◊ S;(w) 

(a E 3,w EA;) tcJ: fJJE~~n7.>. 
"11:f.!JHc, <C-IU~'¥fl .C;,. : A~ --+ <C ~, .C;,. (1) = 1 tc, J: a: 

:V'J¼ fJ ft~ C. t iJ!;biJ,7.>. C. C. tc, .Cm= .C! '"Z:'<O I), Sf,, E End(At) ta: S~(l) = 1 i, J: a: 

S!,(wu) = i(w)u 

(w E Ar,u E silr) --z:-JE~~n, st E Aut(Ar) la: 

--z:--s1- x. i:, n 7-> . 
IE End(Ar) ~ 'I(l) = 1 i, J: a: 

IS;= S!,'I 

iJ!J¼fJft~C. c:V'~~tc:biJ,7.,. itc, .C, =.Cm'I:V'J¼l)ft~C/)'"Z:', 

(1) 

(2) 
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1.3 ~fl]- 1 
Q[t]-~i1ll%~~ t A; X A; --+ A; 'a:'. 

t t 
1 * w = w * 1 = w, 

t t t 
cw* (Jw = a(v * fJw) + fJ(av * w) 

+ (1 - 2t)( a◊ fJ)( v 1 w) + (t2 - t)a ◊ fJ ◊ ( v 1 w) 

(a, fJ E 3, v, w EA;) ,c. J: IJ ~~T G. r = 1 O);lfri"i-,c. Ii, wffl;j;Dffi l ,i [Y] -r:-~~~ :nt.:: t 0) c -%( 

T G. £. Ii 2 (..: :fl'a:'. .!jilc. * c if\ ) ,c.-:,1,, 't!fifultfHc.t~ G ..: UJ'~D t; n 't v> G. ;1d.::, v, w E A; 
,c.:i;\f L -r' 

S;(v; w) = S;(v) * S;(w) 

tJ,pjt I) fL-=:,..: c 'a:'.ffe-lt Gt.:: ab, (1) IC. J: IJ, ~~ £~ liwffl;J;Dffi; IC.-:>v>'t~full!'!lc.f~ G..: ct ;biJ,G. 

1.4 SI v •:, 7 Ji,lt iii 
Q[t]-~~%~~ Iii: A X Ar --+ Ar 'a:'. 

t t t 
av m (Jw = a(v m fJw) + fJ(av m w) - c:(v)p(a)fJw - c:(w)p(fJ)av 

(a, fJ E 2l, v, w E Ql*) ,c. J: 1J ~~T G . ..: ..: ,c., ~~ c:: 2l; --+ {O, 1} Ii 

{ 1 (w=l) 
c(w)= 0 (w#l) 

(td2'L, 2l; 'i 2lr -r:-~JJJt~:fLG 7- F'~~'a:'.~T) -Z:', 1-;~p: 2lr--+ A Ii 

p(x) = 0, p(ya) = tx (a E µr) 

-Z:'.Ej.x_ t; :fLG. r = 1 O)~~IC. Ii, Yi' o/ 7 ;vffi Iii Ii [LQ, W] -r:-~~~ :nt.:: t 0) c -%c't G. Lm 

,i iii (..: :fl'a:'. .!lite. m c if\ ) ,c.-:, 1,, 't!fifull!'J.,c.t~ G ..: c tJ,~o t; n 't 1,, G. it.:, v, w E A le.ts/" 

S!.(v Iii w) = S!.(v) mS!.(w) 

tJ,pjt I) fL-:,..: c 'a:'. ffe-it Gt.:: ab, (2) IC. J: IJ , ~~ £~ Ii Yi' o/ 7 ;J.,,ffi Iii ,c.-:> v > 't Jfifull!'!lc.t~ G ..: c 
t ;t;tJ,G. 

2 lllfflit 
2.1 -iRmS1v •:, 7 Ji,Mfj:it 

[AK] lc.~·f' Glli~tJfPJt~-r:-Ji':i G. TiJ::b t,, ~rO)'[i'J!f-r:-~~-=5'1't t; :fLG~~ .C; : A; ~ A~ [y1] --+ 
CC[t, T] (• = * it.: Ii m) iJ!f.:: t2'--:>f¥tET G : 

(i) .C; Ii~ J:-z:, £; c -%(-t G. 

(ii) .C;(y1) = T. 
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(iii)£; tiff~ /;:-:Jl.,,"(lJIAJ~"t''d':>Q. 

s~ (Y1) = Y1 i> i O' s:i, (Y1) = Y1 -z-,"9 7.i tP i;, 

2.2 Hoffman liffiit 

n 

t 
I(y1) ill Zk,,a, '' 'Zkn,an 

n+l 

= L Zk1,a1 · · · Zki-l,ai-1YlZki,ai · · · Zkn,an 

i=l 
n 

- t "\" Zk .. · Zk Zk +l Zk .. · Zk ~ 1,a1 i-1,ai-1 i ,ai i+I,ai+l n,an 
i=l 

n+l 

= Y1 2 k1,a1 · · · Zkn,an + L Zk1,a1 · · · Zki-1,ai-1 Yai-1 Zki,ai · · · Zkn,an 

i=2 
n 

+ (t2 - t) L Zk1,a1 · · · Zk,_,,a,_, Zk,+k,+1 +l,a,+1 Zk,+2,a,+2 · · · Zkn,an 

i=l 
n 

+ (1 - 2t) L Zk1,a1,,, Zki-1,ai-1 Zk,+l,a,Zki+l,ai+l,,, Zkn,an 

i=l 

L { L;,,(k1, ... , k;-1, 1, k;+1, ... , kn; a1, ... , a;, a;, a;+1, ... , an) 
i=l 

- L;,, (k1, ... , ki-1, 1, k;+1, ... , kn; a1, ... , a;, 1, a;+1, ... , an)} 
n 

= (t - 1) L { L;,,(k1, ... , ki-1, k; + 1, k;+1, ... , kn; a1, ... , an) 
i=l 

- tL;,,(k1, ... , k;-1, k; + k;+1 + 1, k;+2, ... , kn; a1, ... , a;-1, a;+1, ... , an)}. 
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2.3 JIIAl!fflit 
;: tllf:~n9t-:oo,::v> < -:JiJ>~n~'a:'~A L 'ti;< . a E µr !:::ML 't, Za = x+ya, z~ = x+6(a)ya E Ar 
c. tc; <. tdc'L, 

t5(a) = { 0 (a= 1), 
1 (a# 1). 

<p E Aut(Ar) 'a: <p(x) = z1, <p(za) = z~ (a E µr) "c'Ejx_ 6. ;: IJ) <p ,i:M'l"i"f:'<VJ 6;: c. ,::tt,l-L 't 
i; \ . Lu( w) = uw ( u, w E Ar) C. L, av® (3w = (a◊ /3)( v * w) (a, /3 E 3, v, w E A;) C. 9 6. 
a E µr ,:::ML 't, Ma E End(A,) 'i Ma(l) = 1 i; J: CJ' 

t 
S;(v ® w) = S;(v) ® S;(w) 

( V' w E A;,+) iJ~J!x. I') JL-:J ;: C. i:J~b iJ, Q . 

'Pt= -(S,;,)-11.pS,;, c. tc; <. ~l:tJ>~□~tJ><b c., 1IIWaitHIL{iitJ>Jllm;~{*Ali~tJ>J: -51;:t~6. 
m 2: O,a E µr,V E AL+,w EA;,+ ,:::ML 't, 

t L .C~(D;;;1I(T1 Lx+o(a)(-tx+ya)'PtIMa(w) @ (-tx + Y1lY1)) 
k+l=m 
k::>0,l>0 

~~{ii,:: -:J v > 't ,i i ti' ll c. Iv c.''W,ll~ 6 ;: c. i:J~"f:' -& 't v > ~ v > i:J~, c. tJ ivJ x. T, ~ tJ> <b tJ> W&'.~ /;: b iJ, 
6. IE!i/H&j, k (k lif/lH&) l:::M L 't, 

;: ;: ,::, {k}j Ii k, ... , k 'a:*9-
'-v-" 

j 

L~({kh}-lh) E <Q[t]. 
7rJ 

~ff 2022 if:OC RIMS j¾F<,jivf~ 1~;f:Jf1¥JliH&iTnll' c. .:f tJ>fi'rlillJ 1;: i;v>--C;ll~IJ)~~'a:' T~ v> i L ts: 
Llrnffif~f,Rt, 't(fMf~jjfjjt(;,::~Wv>t-: Li 9. :_;$:ivf~'i JSPS 14liJfJt · ll;fiivf~ (C)19K03434 tJ>@Jfx.'a: 
5'llt--Ctc; tJ i 9. 



55

References 

[AK] T. Arakawa, M. Kaneko, On multiple L-values, J. Math. Soc. Japan 56(4) (2004), 967-991. 

[B] H. Bachmann, Interpolated Schur multiple zeta values, J. Aust. Math. Soc. 104 (2018), 
289-307. 

[HI] M. Hoffman, K. Ihara, Quasi-shuffie products revisited, J. Algebra 481 (2017), 293-326. 

[ITW] S. Ito, T. Tanaka, N. Wakabayashi, On interpolated multiple L-values, preprint. 

[LQ] Z. Li, C. Qin, Some relations of interpolated multiple zeta values, Internat. J. Math. 28 
(5) (2017), 1750033, 25pp. 

[W] N. Wakabayashi, Double shuffie and Hoffman's relations for interpolated multiple zeta 
values, Internat. J. Number Theory 13 (2017), 2245-2251. 

[Y] S. Yamamoto, Interpolation of multiple zeta values and zeta-star values, J. Algebra 385 
(2013), 102-114. 


