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§1. Zeta-functions and mean value theorems

For complex variables s; = o; +it; (j = 1,2), the Euler-Zagier double zeta-
function is defined by

- 1
Cezalonsa) = D, oy

m,n=1

This series is convergent absolutely in the region when oy > 1 and o,+09 > 2.
Zhao [8] and Akiyama, Egami and Tanigawa [1] independently proved that
Crza(s1,52) can be continued meromorphically to C?, and has singularities
on ss =1 and s; + s, =2,1,0,—2,—4,... ([1]).

This function is a generalization of the Riemann zeta-function ((s) =
> n~*. The analytic behavior of the Riemann zeta-function in the critical
strip is a long-standing problem. Here, we recall the well-known mean square
formulas for the Riemann zeta-function:

Theorem 0.1 (see [6, Theorem 7.2 and 7.3]). For T > 2, we have

g - C20)T (1/2<0<1)
/2 (¢l i)l dtN{TlogT (c=1).
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In 2015, Matsumoto and Tsumura [4] considered a double analog of The-
orem 0.1. They showed that for a fixed complex number sy,
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holds in some regions of C%-space. The implicit constant depends on s; and

oo. The series
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converges absolutely in the region oo > 1/2 and oy + 09 > 3/2.

Remark 0.2. They derived the concrete order of error terms in (1), but
o(T). It is complicated to state them precisely, so we omit details here. Also,
we know the concrete order of error terms in the following (3), Theorem 0.5
and Theorem 0.8, but we omit them in the same reason.

Remark 0.3. The asymptotic formula (1) corresponds to the case 1/2 <
o < 1 in Theorem 0.1. Later, Ikeda, Matsuoka and Nagata [2] obtained an
asymptotic formula that corresponds to the case o = 1/2.

As for other multiple zeta-functions, Okamoto and Onozuka [5] treated
the following double sum, named the Mordell-Tornheim double zeta-function:

oo o0 1
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for sq, 89, 83 € C. This is absolutely convergent when o1 4+03 > 1,09+ 03 > 1
and o1+ 03+ 03 > 2 ([5, Theorem 2.2]). They showed that for fixed complex
numbers s; and so,
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holds in the domain D, where

D = {(s1,82,83)|01 + 03 > 1,090+ 03 > 1 and oy + 09 + 03 > 2}
U{(s1,82,83)|01 > 1,00 > 0,03 >0,t, >0,1/2 <09+ 03 <1,
o1+oa+03>285+s3#1land2<t3<T}
U {(s1,82,83)|1/2 < 01 <3/2,09 > 0,03 >0,t3 > 0,01 + 03 > 1,
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1/2<0’2+O’3§1,3/2<0’1+02+03§2,82+837é1,
S1+8sy+s3#2and 2<t3<T}.

We find that the series in the main term

2
1

s

k—1

1
2 iy

m=1

oo

2

k=2

is absolutely convergent when oy +03 > 1/2,09+03 > 1/2 and 01+ 09+ 03 >
3/2 ([5, Theorem 2.2]).

Remark 0.4. Since Cyr2(s1,0,53) = Cpza(s1,s2), the result of [5] contains
(1) as a special case.

§2. Main result

In this article, we apply the method of Okamoto and Onozuka for another

double zeta-function, named the Apostol-Vu double zeta-function. It is de-
fined by

CAVQ 517 827 83 z Z mslnsz m _|_ n)sd (4)

m=1n<m
in the region o; > 1 (j = 1,2, 3). It can be continued meromorphically to the
whole C3-space, and its singularities are s, +s3 =1 —{ or s +s9+53 =2—/{
for ¢ € N> ([3, Theorem 2]). Moreover, it has the following relation between
the Mordell-Tornheim double zeta-function ([3, (5.6)]):

Cur2(s1, 82, 83) = 27°2C(81 4 S2 4 S3) + Cava(s1, 82, 83) + Cavia(S2, S1, 53). (D)
By applying the method due to [5], we obtain the following result.

Theorem 0.5 ([7]). Fors; =o0;+1it; € C (j =1,2,3), assume that when t3

moves from 2 to T, the point (s1, S2,S3) does not encounter the hyperplane

s$1 4+ 83 =1 and sy + s + s3 = 2. Then for fized complex numbers s, S,
2

’ > 1 1
/2 [Cava(sy, 52, 53)*dts = Z Z ek = )" kZUsT +o(T)
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holds in the domain D4y, where
Day = {(81782,83)’01 +o03>1 and o1+ 09 + 03 > 2}
U {(81782,83”(71 Z 07t1 Z O, o3 > 0,2 S t3,0'1 + o3 > 1/2,
O'1+O'2+O'3>3/2,81+537£1 and 51+82+83752},

and the implicit constant depends on s1, Sy and o3.



In the region o1 4+ 03 > 1,01 + 09+ 03 > 2, we can easily obtain the mean
square formula, since (4) is absolute convergent. For the remainded region
of Dy, we need some approximation formulas for (av.2(s1, s2, s3).

For the remainded region of D4y, we derived the following approximation
formula.

Proposition 0.6. For (si,sy,s3) € C* with s1,s, being fized, we assume
that oy > 0,t; > 0 and o3 > maX{O,% — 01,% — 01— o9},t3 > 2. Then for
s1+83# 1, s1+ 89+ s3 # 2, we have

O(t57 %) (02 > 3)
Cavia(81, 52, 83) Z Z e (m ) + O(tjil_”?’ logts) (02 =3)
m<atz n<m O(ts o1—02— 03) (02 < %)7

where a = max{1, |t1|}, and implicit constants depend on s; and o3.

§3. Application

Theorem 0.5 corresponds to (3). Indeed we apply the method of Okamoto
and Onozuka to (4) directly. However, by (5) and the information about the
Apostol-Vu double zeta-function, we can deduce the mean square formula for
the Mordell-Tornheim double zeta-function in a region where that was not
available due to [5].

We obtain the following approximation formula for (2) by combining (5)
and Proposition 0.6 with replacing a by b = max{1, |t1], |t2]}.

Proposition 0.7. For (sy, 83, 83) € C? with sy, sy being fized, we assume that
01> 0,t; > 0,09 >0, ty > 0. Moreover, Let o3 > max{0, % — 01, % — 09, % —
o1 — 0}, t3 > 2. Then for s;+ 83 # 1,85+ 83 # 1, 81+ S92 + 83 # 2, we have

S1,82,8 T —
Cumr2(s1, 52, 83) E E T m+n)

m<bts n<bts
Oty minlortosoatosty (max{coy, 00} > 3)
+ O(t; mintor o305} 160 44)  (max{oy, 00} = 3)

0(153:701 ) (01,02 < 3),
where b = max{1, |t1], |t2|}, and implicit constants depend on sy, ss and o3.

By the above approximation formula, we find that the same asymptotic
formula (3) holds in the D', where

D/ = {(31782783)|01 2 0702 2 0703 > Oatl 2 07t2 Z Oatd 2 27
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O'1+O'3§1,0’2+03§1,01+02+O3>3/2,
s1+ 837 1,859+ 53 # 1,81+ 50+ 53 # 2}

More precisely, we prove the following:

Theorem 0.8 ([7]). Let (s1,52,53) € D'. We assume that when ts moves
from 2 to T, the point (s1, s2, S3) does not encounter the hyperplane s, + s3 =
1,894+ 53 =1 and s1 + so+ s3 = 2. Then for fired complex number si, So, we
have

T oo |k—-1
1
/2 |Cura(s1, 52, 83)| " dts = E Elm k E k203T+0(T)
k=2 |m=

where the implicit constant depends on s1, S and 03.

Remark 0.9. By using the Propositon 0.7, we can deduce the mean square
formula for (2) not only in D' but also in a subregion of D. However, the
order of the error term is worse than the order of it in (3).
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