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Polynomial with Arbitrary Colors 
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1 Introduction 

Kashaev [8] observed that a certain limit of the Kashaev invariant for some hyperbolic 
knots is equal to the hyperbolic volume of their complements. Murakami-Murakami [10] 
proved that the Kashaev invariant for a link L coincides with the colored Jones polyno-

2Tご
mial JN(L; q) evaluated at the root of unity邸＝ e=tr--'",and reformulated Kashaev's 
conjccture as the volume conjecture. 

Conjecture 1.1 (the volume conjecture [10]). For any knot K, 

21r lim 
log IJN(K; q = lり

N→( X ) N  =V3IIKII, 

where v3 is the volume of the ideal regular tetrahedron in the three-dimensional hyperbolic 
space and 11 ・ 11 is the simplicial volume for the complement of K. 

Many variations and generalizations of the volume conjecture have been proposed. One 
of them is the Chen-Yang conjecture. 

Conjecture 1.2 (the Chen-Yang conjecture [3]). For any 3-manifold M with a complete 
hyperbolic structure of the finite volume, 

21r lim 
r→00 

logTVr(M, u = ~r) 
= Vol(M), 

where r runs over all odd integers, TV(M) is a Turaev-Viro invariant of M and Vol(M) 
is a hyperbolic volume of M. 

Detcherry-Kalfragianni-Yang [4] proved that for an odd integer r 2: 3 and r-th root of 
unity u, the Turaev-Viro invariant TV (S3 ¥ L, u) for the complement of a link L can be 
written as a summation of IJi(L;炉） 2with respect to i, and proved Conjecture 1.2 for 
the complements of the figure-eight knot and the Borromean rings. 

These conjectures arc still open, but we can provide thcorctical evidence. One idea of 
proof of the volume conjecture is to use the saddle point method. For a sufficiently large 
integer N, if a certain quantity伽 dependingon N can be asymptotically written of the 
form 

QN~ !・・・1P此式::,<1>(zi,...,zv)dz1・ ・ ・ dzv, 
Q 
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where PN grows at most polynomially and n is a region in rev, then, a saddle point of the 
function <i>(z1,..., zv) contributes to the limit of QN・

Definition 1.3. We call the function <l>(z1,..., zv) a potential function of QN・

Yokota [15] established the relationship between a saddle point equation of the potential 
function of the Kashaev invariant and the triangulation of a hyperbolic knot complement. 
Cho-Murakami [2] considered a potential function of the colored Jones polynomial eval-
uated at the root of unity. The upshot of their works is as follows: The saddle point 
equation of the potential function coincides with the'gluing equation'of the triangula,— 
tion. In this study, we will consider the potential function ofみ(L;q= ~刈 and explore 
geometric meanings. Specifically, we obtain the following theorem: 

Theorem 1.4 ([11]). Let D be a diagram of a hyperbolic link with n components, and 
let 1 be (l,..., 1) E zn_ The point (1,び1(1),...,aバ1))is a saddle point of the function 
的 (a1,--・,an,W1,--・ ，叫） andgives a complete hyperbolic structure to the link comple-
ment. 

Besides, a parametrized potential function is conjectured to lead the A-polynomial of a 
knot [7, 16]. On the other hand, the AJ conjecture [5] also states the relationship between 
the colored Joncs polynomial and the A-polynomial. In this context, wc will view the AJ 
conjecturc from the perspective of the potential function. 

2 Potential function 

2.1 Colored Jones polynomial 

Let N, N'be integers, and let m, m'be half-integers satisfying N = 2m + 1 and N'= 
2m'+ 1. Moreover, let V and V'be an N-dimensio叫 vectorspace and an N'-dimensional 
vector space whose bases are { e,..., em} and { e'_m''..., e勾｝ respectively.The colored 
Jones polynomial is obtained by the following R-matrix R: V R V'→V'RV 

Rvv,(e; R弓）
min{m+i, m'-j} 
L (-1 t+k(m+m')+2ij q―t]ーデ＋千

k=O 

{ m -i + k} ! { m'+ j + k} ! ~' 
X 

{k}!{m -i}!{m'+ j}! 
ej+K R ei-K, 

and its inverse [9, 11]. Here, for an integer k, 

{k}=q~-q―竺，｛k}! = {k}{k -1} ・ ・ ・ {1}, {O}! = 1. 

Remark 2.1. The integer N is a dimension of a Uq(sl2)-representation assigned to a link 
component. We call the integer a color. 
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We put 

Rvv1(e墨吟） ＝区(R+)訳 Q9el, 
k,l 

R砂(e:丘） ＝L(R―)りek⑭ e;.
k,l 

We邸 signthese coefficients to each crossing of a diagram of a link L as shown in Figure 
1. We also assign (-l)N-l右 tothe maximum points of the diagr皿 dependingon the 

(R況：又 l
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Figure 1: A crossing and the coefficient of the R-matrix. 

orientation of the string as shown in Figure 2. Note that indices are labeled to the edges 

(-l)N-1が： (7ヽ (-l)N-lq―’: ／Tヽ
Figure 2: Am叙 imumpoint and (-l)N-1q五

of the diagram. For arguments of the potential function later, we change the indices i, 
j, k, and l to the ones labeled to four regions around the crossing. See Figure 3. Under 
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Figure 3: An index i labeled to an edge and indices k1, kr labeled to regions. 

the change of indices, we obtain the R-matrix炉 (m,m', kh, kh, kh, kj4), where kh, kh, 
kh, and kj4 are indeces as shown in Figure 4. Here, the indices i, j, k, l and kj,,..., kj4 
satisfy 

i =k必― kれ）

j =kj3 -kh, 

k=虹＋kj4-kh -kh. 

The colored Jones polynomialみ(L;q) for n-component link L, where i = (i1,..., in) is 
an n-tuple of colors, is the multiplication of all these factors with modification for the 
Reidemeister move I. We normalize the colored Jones polynomial so that the polynomial 
for a trivial link with any colors i is equal to 1. 
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Figure 4: Indices around a crossing. 

2.2 Potential function 

Let L be an n-component hyperbolic link. We fix a diagram D of L. A procedure to 

obtain a potential function ofみ(L；球）， wherep = 1 or 2, is as follows: First, we obtain 
a local potential function炉 assignedto each crossing c of D by approximating the c,p 

R-matrix with continuous functions. At this step, each quantum factorial becomes the 
dilogarithm function defined by 

Li2(z) ＝-Jz log(1-X)dx. 
。 x

Let aN and恥 becolors. We put 

aN 枷
a= lim― and b = lim ~ 

N→OO N'N→OO N 

Functions <.P土紅eas follows: c,p 

又12

晨1

2

a

晨
又

i[>品＝ぢ(a,b, wi,, wh, wh, Wj4) 

i[>品＝P（7rv'=la)2+汀（a,a, Wj,, Wj,, Wjs, w叫

剌；P= JP-(a,b,wji,Wj2,wj"Wj4) 

虻p= -p（7rHa)2 +ん（a,a, Wj, l Wj2, Wj3 l Wj4) 
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k. 
Here, WJ,＝ふ足， withi = 1,...,4, and 

刀(a,b, wii, wi,, Wj3, Wj4)＝』 {1rご心log叩 WJ3
P W砂 j4

2 四 Wj3 研 wP
-p log― log― -Li2 (e~~)- Li2 (eb~ 

wJ1 WJ2 ~~)- Li2 (er~) 
p p 

＋い（均望：）＋Lb (e~~) + Li2 (eミt) —后｝，

JP-(a, b, Wj,, wh, wh, Wj4) = ~ {-1rHp 
2a+b wj1W]3 

log 
p 2 wゅW且

p p 

+p勺og~log~-Lb （彎）— Li2 （彎）

-Li2じ宏唸）＋Li2い唸）＋Li2（硲唸）＋閤｝，
with ea= e 八／可a. Note that functions <I>:=_ h c,p ave a modification term with respect to the 
Reidemeister move I for crossings between the same component. A potential function 
的，p(a,ww,...,wりisa summation of local potential functions知 withc running over 
all crossings of D. Here, a = (a1,..., a砂isan n-tuple of 

株
aK = lim -． 

N→oo N 

We can easily verify that的，Pisobtained from的，1.Therefore, we mainly consider的，1
and put的＝的，1.This potential function essentially coincides with Yoon's generalized 
potential function [17]. 

3 G eometric meanings 

3.1 Thurston's Triangulation 

We would like to establish the relationship between the potential function and geometry 
of the complement M of a hyperbolic link L = L山・・ •ULn. The method we mainly use is 
Thurston's triangulation [13]. Namely, as shown in Figures 5 and 6, we put an octahedron 
between each crossing and decompose each octahedron into five ideal tetrahedra. Here, 
糾 andvi, with i = 1,..., 5, are moduli of the ideal tetrahedra, and 

1..  1 
z'= --,------:::._.. z" = l -.:::. 

1 -z'z  

for a complex number z. Following [1], we review how to determine the geometry of 
M from the triangulation. The link complement admits a hyperbolic structure if all 
tetrahedra are glued well. Assume that there are k(e) tetrahedra around an edge e, and 
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Figure 5: Ideal tetrahedra on a pos-
itive crossing. 

ヽ

”/>八
v1レ上 r l 

v:~,,; 
Figure 6: Ideal tetrahedra on a neg-
ative crossing. 

let z1,..., Zk(e) be moduli of these tetrahedra. Then, all tetrahedra are glued well if and 
only if 

Z1 ・ ・ ・ Zk(e) = 1 

holds for all edges e in the triangulation. We call this equation the'gluing equation'. We 

can also determine completeness by the triangulation. In general, a component of the 
boundary of compactification of M admits a similarity structure, that is, a curve I in the 
boundary induces the action of the form 

cぅz→az + b E C, a, b E C. 

We call the coefficient a the dilation component of I and write J(r). Mis complete if and 
only if components of the boundary admit a Euclidean structure. Namely, M is complete 
if and only if the dilation components of meridians and longitudes are all equal to 1. 
This is called a completeness condition. We can calculate the dilation component from 
cross-sections of truncated ideal tetrahedra. Cutting off ideal vertices of ideal tetrahedra 
with horospheres produces Euclidean triangles. A modulus of a vertex of the triangle is 
the modulus of the ideal tetrahedron's edge that contains the vertex. Each modulus of 

the triangle contributes to the dilation component of a curve I in the manner shown in 
Figure 7. 

3.2 The saddle point equation 

First, we fix the parameters a= (a1,..., an)-If we put 

Wれー1Wj3.. Wjs Wj 
附＝ ％一四＝％一四＝

J2 J4 

W j2%  Wj1%’ 

-1 Wji 
四 ＝ ％ー，

Wj4 

W ・

U5 = eb J3 

Wゎ'
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Figure 7: The contribution of each modulus of the triangle to the dilation component of'Y・

-1 wれ切2 Wj1Wj3 Wj2 -1Wj4 
釘＝ ％ー ， 砂 ＝ ％―， V3 = ，四＝％ー，巧＝ ％ー，

Wれ叫3 Wj匹 j4 Wj1 Wj3 

in Figures 5 and 6, then, the gluing equation automatically holds for oblique edges and 
interior edges. 

Remark 3.1. Thurston's triangulation is, in fact, a triangulation of a link complement 
minus two points, and we can verify that a boundary of a neighborhood of each puncture 
is a sphere. However, this contradicts that Euclidean triangles are glued. Therefore, a 
boundary of each puncture is collapsed and we can treat the triangulation as that of the 
link complement. 

Derivatives with parameters assigned to regions of the diagram correspond to the gluing 
equations for the remaining horizontal edges in Figures 5 and 6. For example, 

疇ビ1rH~ + log (1 -eミ）―1(1-e;1ミ）―1(1ー：二）
holds. Therefore, at a glance, the derivative with respect to wi is 

国）D 7f¥／言
Wi 

如 i 2 
= ~r(a1,...,an)+ logGぃ

where r(a1,..., a砂isa linear polynomial with respect to a1,..., an, and Gi is a product of 
moduli of tetrahedra around the edge lying on the region with wi assigned. Considering the 
contribution of each color to r(a1,..., an), however, we can varify that r(a1,..., a叫＝ 0.
Therefore, the system of equations 

expい詈）＝ 1, i = l,...,v 

coincides with the gluing equation for the horizontal edges in Figures 5 and 6. Hence a sad-
dle point (CY 1 (a),..., CY,, (a)) determines a hyperbolic structure of the link complement that 
is not necessarily complete. Here, we choose the saddle point such that (CY1(1),..., CY,,(1)) 
gives a hyperbolic structure with the volume Vol(M), where 1 = (1,..., 1). Let Ma be a 
manifold with this hyperbolic structure. The dilation component of the meridian m1 of 

the link component L1 with a1 labeled is 6（四） ＝ e-21r✓可a;. This means that the action 
of the meridian generally rotates faces 21r(l-a1) and makes a singular set. Therefore, the 
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the singular set 

々

2,r(l-aj) 

Figure 8: The developing image of Ma in lHI3. 

developing image of Ma is as shown in Figure 8. This implies that Ma is a cone-manifold 
with cone-angles 21r(l -aj) around Lj, with j = 1,..., n. When we regard aj, with 
j=l ,..., n, as variables, 

1 O<l>D 
exp(バ勺： 0aJ)＝砥） (1) 

holds, whereりisthe longitude of the component L1 with lk(l1, L1) = 0. Namely, the 
saddle point equation with respect to a1 coincides with the completeness equation. This 
implies the following theorem: 

Theorem 1.4. Let D be a diagram of a hyperbolic link with n components, and let 
1 be (1,..., 1) E zn. The point (1,び1(1),..., er 11 (1)) is a saddle point of the function 
<I>n(a1,..., an, w1,..., w11) and gives a complete hyperbolic structure to the link comple-
ment. 

The idea of proof of (1) is as follows: For example, the derivative of <I>t with respect 
to a is 

~ = ~ log (1 -ea~) (1 -ea~)—1 (1-e;1~) (1-e;1~)— l 

The ingredient of log is a product of four moduli shown in Figure 9. Therefore, the 
derivative of the potential function <I> D with respect to a1 corresponds to two parallel 
longitudes of L1 that are canceled withふ

3.3 Witten-Reshetikhin-Turaev invariant 

Let Mfi,…，fn be the hyperbolic manifold obtained by Dehn surgery on a link L = L1 U 
・ ・ ・ U Ln with a framing iJ on L1, where j = 1,..., n. Let <I>(a1,..., an, W1,..., wv) 
be the potential function of the Witten-Reshetikhin-Turaev invariant of Mi,,...,Jn, where 
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l 
I Parts of 
l← → 1 

I 匹 ilongitudes 

Figure 9: Upper side of a positive crossing. 

a • = e ハにiaJ. So far, aJ is a real number hence aJ is in the unit circle, but hereinafter 
we regard each aJ as a complex parameter that is not necessarily in the unit circle. Using 
the formula for the Witten-Reshetikhin-Turaev invariant in [9], we can verify that the 
derivative of<I>with respect to aJ is 

exp (aj~<I>J) = a]-2f36(i]）． 

Since o(m』=a-;2,the saddle point equation implies that 

6 (mJ・) -fi = 6 (iJ・)． 

Assuming that fJ > 0 and la』<1,the developing image would be as shown in Figure 
10. When we shift the region X in Figure 10 in the direction of the longitude once, it 

the singular set 

Figure 10: The schematic diagram of the developing image in the case of /j = 6. 

reaches the region Y. On the other hand, when we shift the region X in the direction of 
the inverse of the meridian Ji times, it again reaches the region Y. 
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4 AJ conjecture 

4.1 A-polynomial 

A parametrized potential function is conjectured to lead the A-polynomial [7, 16]. Let K 
be a hyperbolic knot. A factor of the A-polynomial AK(l, m) is conjectured to be obtained 
from the system of equations 

{exp (皿：①w:）＝ 1, （t = 1,．，u) 

exp（喜ど）＝l2

(2) 

by eliminating w1,..., w11. The other factor of AK(l, m) is l-1 that corresponds to abelian 
representations. 

4.2 Ag-polynomial and the AJ conjecture 

An Aq―polynomial [5] Aq(K) for a knot K is the polynomial defined as an annihilator of 
JK(n) = ln(K; q). If we have a recursion relation of JK(n) 

d 

Le,,(qず）な(n+ i) = 0, 
i=O 

where ci(q, qn) E.Z[q, q門we rewrite it as 

信ら(q,Q)Ei) JK(n) = 0, 

where E and Q are operators defined by 

(EJK)(n) = JK(n + 1), and (Qh)(n) = q叫 (n).

E and Q generate a noncommutative algebra 

A=  ｛言ら(q,Q)E'`〗闊[q,Ql } 

A set of all annihilating polynomials h = { P E A I Ph  (n) = 0} is a left ideal in A. A 
is not a principal ideal domain but a localization A1oc of A defined by 

A1oc =｛芦akEkI ak E Q(q, Q)，知 ＝ 0for sufficiently large k} 

is a principal ideal domain. Here, the multiplication of monomials in A1oc is given by 

aEk • bE1 = a泣(b)Ek+l,
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where u is the automorphism of the field Q(q, Q) defined by 

び(f)(q,Q) = f(q, qQ). 

An Ag-polynomial Aq(K)(E, Q) for a knot K is a generator of the annihilating ideal 
of JK(n) in A1oc with the smallest E-degree and coprime coefficients. Garoufalidis [5] 
proposed the AJ conjecture, which relates the A-polynomial and the colored Jones poly-
nomial. 

Conjecture 4.1 (the AJ conjecture). For any knot K, AK(l, m) is equal to sAq(K)(l, mり
up to multiplication by an element in Q(m), wheres is the evaluation map at q = 1. 

4.3 Creative Telescoping and the potential function 

The Ag-polynomial can be calculated by creative telescoping. Let us recall this process 
by following [5, 6]. Let F(n, k1,..., k砂bea multi-Z-variable discrete function. Creative 
telescoping is a method to calculate an annihilating polynomial of 

G(n) =区F(n,k), k = (kい•..， K砂
k 

from F(n, k1,..., k,,,). First, we define operators Q, E, Qi, and Ei by 

(QF)(n, k1,..., kり＝ qnF(n,k1,...,k砂，

(EF)(n, k1,..., k,,,) = F(n + l, k1,..., k,,,), 
⑫ F)(n, k1,..., k,,,)＝砂F(n,k1,...,k砂，

(EiF)(n, k1,..., k,,,) = F(n, k1,..., ki + l,..., k砂．

These operators generate the noncommutative algebra Q[q, Q, Q叫〈E,E心withthe fol-
lowing relations: 

Q⑫ = Q凸， Ei尾＝ E凸， E⑫＝砂Qぶ，

where i,j E {O,..., v}, E。=E,and Q。=Q.

Definition 4.2. F: zv+i→(Q(q) is called q-hypergeometric if EiF /FE (Q(q, q叫q圧．．．，砂）
holds for all i = 0,..., v. 

Definition 4.3. A q-hypergeometric discrete function F(n, k) is called proper if it is of 
the form 

F(n, k) = 几(As;q)asn+bs•K+cs A(n,K) K 

几(Bt;q)u,n+v,・k+w, 
q <， 

where As, Bt E Q(q), as, Ut are integers, bs, Vt are vectors of r integers, cs, Wt are variables, 
A(n, k) is a quadratic form,, is an r vector of elements in Q(q), and 

n-1 

(A;q)n= IJ(l-Aず）．
i=O 

It is known that a proper q-hypergeometric function has a good recurrence relation. 
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Theorem 4.4 ([14]). Eve内 properq-hypergeometric function F(n, k) has a k-free recur-
rence 

ど叩(qりF(n+ i, k + j) = 0, 
(i,j)ES 

where S is a finite set, and ai,i are Q(q)-coefficient polynomials. 

Theorem 4.4 implies the existence of an annihilating polynomial of F(n, k) of the form 
P(E,Q,E1,...,E砂EQ[q,Q]〈E,E砂 ExpandingP(E, Q, E1,..., E』at(E1,...,E』 =
F = (1,..., 1) E zv, we have 

u 

Pa(E,Q) 十 ~(Ei ― 1)凡(E, Q, E1,..., E,,), 
i=l 

where P0(E, Q) = P(E, Q, 1り， and凡 E(Q[q,Q]〈E,E砂 PuttingGi =凡F,we have 

P0(E, Q)F(n, k) 
V 

=—区(Gi(n, k1,..., ki + l,..., kv) -Gi(n, k1,..., kv)). 
i=l 

Note that the right-hand side is in the form of a telescoping sum. Namely, most of the 
right-hand side terms arc canceled when summing up with respect to k. This method to 
create a form of telescoping sum is called creative telescoping. Summing up the eq叫 ity,
we verify that P0(E, Q)G(n) is a sum of multisums of proper q-hypergeometric functions 
with one variable less. Repeating this process, we obtain P1(E, Q)P0(E, Q)G(n) = 0 for 
a polynomial Pi(E, Q). Then, how can we obtain P(E, Q, E1,..., E,,)? Note that 

P(E,Q,Eい..,E,,) E Ann(F) n Q[q, Q]〈E,E吐

where Ann(F) = {P E Q[q, Q, Q吋〈E,Ek〉|PF= O} is an annihilating ideal of F. 
Moreover, it is known that if we put 

E;F R, 
＝ 

F S i IQ=q凡 Qj=q朽

for凡，S;E Z[q,Q,Q刈， then,Ann(F) is generated by {Sぶー凡 Ii = 0,...,v} C 

([J)[q,Q,Qk]〈E,E砂 Combiningthese facts, we would be able to obtain P(E, Q, E1,..., E,,) 
from 

SiEi -R; = 0, i = 0,..., v 

by eliminating Q1,..., Q,,. Therefore, we would be able to obtain r:;P0(E, Q) by eliminating 
Qi,..., Q,, from 

{e(Sぶー凡） ~:=1=0 (i=l,...,v), 
r::(SE-R) = 0, 

where S = S。,R=凡． Inthis context, the following proposition holds: 
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Proposition 4.5 ([12]). Following equalities hold: 

exp (wiご）＝e E}Fわ＝W3,

q==a 

exp（誓）＝CE;F心＝w;,

q==a 

where Em is an operator that shifts m to m + l. 

Namely, the system of equations (2) coincide with 
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(j=l,...,v) 

under the correspondence l = E. After finite times of creative telescoping, all indices k 
vanish and we obtain 

P'(E, Q)Pa(E, Q)h(n) + f(q，が） ＝0, 

where P'(E, Q) E Aioc and J(q, qn) E Q(q, q門． Wecan cancel J(q, q門bymultiplying 
(E -1) • J(q, Q)-1 from the left. This factor corresponds to l -1 in the A-polynomial. 
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