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1 Introduction

The Kontsevich invariant is a invariant of knots which is universal among all quantum
invariants and Vassiliev invariants of knots. The LMO invariant is a invariant of 3-
manifolds derived from the Kontsevich invariant, and it is universal among all perturbative
invariants and finite type invariants of 3-manifolds. These two invariants are very strong
invariants, but their images are presented by infinite sums of some types of graphs, and it
is very hard to determine all terms of them. It must be important problems to determine
the images of these strong invariants in order to clarify the set of all knots or 3-manifolds.

The Kontsevich invariant has a special expansion, called the “loop expansion”, and it
can be one approach to investigate the image of the Kontsevich invariant [5, 7]. In [17],
the author define the 3-loop invariant (or, the 3-loop polynomial) which present the 3-loop
part of the loop expansion of the Kontsevich invariant, and perform some calculations for
the 3-loop polynomial. Also, in [6], Garoufalidis and Kricker found a formula for the LMO
invariant of cyclic branched covers of knots by using the loop expansion of the Kontsevich
invariant. By using this formula and the result in [17], the author calculate the degree 2
part of the LMO invariant of cyclic branched covers of knots in [18].

This report is a rough explanation of these results.

2 Preliminaries

2.1 The Kontsevich invariant and its loop expansion

In this section, we review the Kontsevich invariant and its loop expansion, and we
define the 3-loop invariant. For details, see [5, 7, 11, 17].

An open Jacobi diagram is an uni-trivalent graphs such that a cyclic order of the three
edges around each trivalent vertex is fixed, in other words, each trivalent vertex is vertex-
oriented. When we draw a Jacobi diagram on (), each trivalent vertex is vertex-oriented
in the counterclockwise order. Furthermore, we define the degree of a Jacobi diagram to
be half the number of all vertices of the graph of the Jacobi diagram. We define B to be
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the quotient vector space spanned by Jacobi diagrams subject to the AS, ITHX relations.

the AS relation : >Of - — }
the THX relation : I = — - X

B forms a commutative algebra whose product is given by disjoint union.

The Kontsevich invariant x~'Z(K) of aknot K is defined to be in B (Strictly speaking,
it is defined to be in the completion of B with respect to the degree). Note that xy ™' Z(K)
is group-like, which means that it is exponential of series of connected diagrams. The
loop expansion of the Kontsevich invariant of a O-framed knot K is a presentation of the
following form [5, 7],

1 log(30/2)) _ Lo A (eh) pia(e")/Ak(e")

2

log(x ' Z(K)) =

+ (terms of (> ) loop part),

where Ag(t) denotes the Alexander polynomial and p; j(e"), qij(e"), r; ;(e") are polyno-
mials in . Here, a labeling of f(h) = co + c1h + coh? + c3h® + - - - implies that |
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by the AS relation. Then, we define the 3-loop invariant of K by
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TEG,

1
< Az’ QI 151 1511571/ (S, sty = 1),

where we put

A = Ag(tit; Ak (taty YAk (st ) A (taty ) A g (tsty Ak (185 Y).

In particular, if Ag(t) = 1, then Ag(t1,t2,t3,t4) is a polynomial, so in this case, we
call it the 3-loop polynomial. For details about the 3-loop invariant, see [17]. The 3-loop
invariant is a rational form presenting the 3-loop part of the Kontsevich invariant of knots.

Remark 1. The 2-loop part of the Kontsevich invariant of knots is presented by the
2-loop polynomial. The 2-loop polynomial © (1, ts, t3) is defined by

Ox (b1, ta ts) = D pin(tsn)pia(loe)pis(tse) € QU 657, 1571/(Ss X Z/2Z, tytats = 1).

i
e=%£1
€63

There are examples of calculations of the 2-loop polynomial, for example, see [4, 12, 13].

2.2 The LMO invariant and the formula of Garoufalidis and Kricker

In this section, we review the LMO invariant.

A Jacobi diagram on () is a trivalent graph such that each trivalent vertex is vertez-
oriented. We define A() to be the quotient vector space spanned by Jacobi diagrams on
() subject to the AS, IHX relations.

The LMO invariant ZEMO(M) of a closed 3-manifold M is defined to be in A(0)
(Strictly speaking, it is defined to be in the completion of A(f)) with respect to the
degree). The LMO invariant is presented by
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ZEMO (M) = exp (cl(M) Q + co(M) @ + (terms of connected diagrams of degree > 2)) ,

where ¢;(M) is a scalar invariant of M. Note that ¢;(M) is equal to (—1)*M\(M)/2,
where A\(M) is the Casson-Walker-Lescop invariant and by (M) is the first Betti number
of M. For details, see for example [8, 10].
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Let K be a knot in S3, and let 3% is the p-fold cyclic branched covers of K. We call
a knot K p-regular if X% is a rational homology sphere, and we call a knot K regular
if it is p-regular for all p. It is known that a knot K is p-regular if and only if its
Alexander polynomial Ak (¢) has no complex pth root of unity. In [6], Garoufalidis and
Kricker found the formula which present Z%M O(Z’;() by using the loop expansion of the
Kontsevich invariant of K.

3 Results about the 3-loop invariant

In this section, we state the results about the 3-loop invariant obtained in [17].

3.1 The 3-loop polynomial of D(K, K’)

Let K be a O-framed knot, and let K’ be a k-framed knot (k € Z). Let D, D" be
1-tangles whose closures are K, K', respectively, noting that isotopy classes of D and D’
are uniquely determined by K and K.

oG

(0-framing) (k-framing)

We define D(K, K') to be the following knot,
/)

\\,

T

D'(2)

where D and D'® are the doubles of D and D', respectively. We can obtain D(K, K')
by plumbing of the doubles of K and K', noting that D(K, K’) is a genus 1 knot with
trivial Alexander polynomial.

For a knot K, we denote the low degree Vassiliev invariants as follows. Let ¢, be the
coefficient of the Conway polynomial Vi (z) = 3 ¢,2", and let j, be the coefficient of
the Jones polynomial Jr(e!) = >~ j,t". Note that the Conway polynomial is defined by
Vi(tz —t72) = Ag(t). Then, we denote

1 1

1
ag = —562, as = —ﬂjg, ay = ﬂ(—1264 + 6(3% - (32) (2)

We put U = tmlyt + bttty — 2 and vy = bl — 60, (myn € {1,2,3,4}).
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Theorem 2. The 3-loop polynomial of D(K, K') is presented by

Ap(r,rny(th, Lo, s, ta)
= (716&2(1/2 - k2a2 — 8/43&3)(’&172 +ur3+ur g+ U3+ uzg + ’LL374)
k2a2

2
+ (——12 + 4kZay) (U atio g + U1 4Us 4 + U gUs 4 + Uy 3Uo 3 + Uy 3Us3 + Uz 3UL3

+ Uy 2Us 2 + Up 2Us o + U olg o + Us 1 Us 1 + Up Ugy + UsUs )
+ 24]@'2&4(’[,61721143,4 + u1,3u274 + ’U/l_’4’LL273)
+ 8k a3(uf o + ui g+ ui, + us s+ ud, +u3,)
k as
- T(U1,4”U2,4 + V1,4V34 + U2,4V3 4 + V13V23 + U1 3Vs 3 + Vo303

+ V19032 + V12042 + V3 2Va0 + V2 1U31 + V21Va1 + V3 1Va1)
€ QI 151t 1Y) /(&4 tatatsty = 1).

In particular, we can get the 3-loop polynomial of untwisted Whitehead double of K.

We denote it by Wh*(K).

Wht(K)= k , Wh™(K) = //\

Here, D is a 1-tangle whose closure is K as shown in (1).

Corollary 3. The 3-loop polynomial of Wht(K) is presented by

AWhi(K) (th t27 t37 t4)
= (—ag + 8(13)(U1,2 +uy 3+ urg + U3z +uzg + U3,4)

a3
+ (*E +4day)(ug aus g + UraUs s + U aUz g + Up 3Us 3 + Us3Us3 + Uz 3Ua3

+ Uy 2Us 0 + Ut 2Us s + U 2Ua o + UsUs 1 + U 1Usy + Us1Ua )
+ 24ay(uy 2us g + Up 3Us g + Ug gUs3)

2,2 2 2 2 2 2
+ 8%(“1,2 tuyz Uyt uyg Uy, u3,4)

a2
- Z(U1,4U2,4 + V1,4V34 + V2 4U3 4 + V13V23 + V13043 + V23043

+ V1,9U39 + V1902 + U3 2V + Vo 1U31 + V2 1Va1 + V31Va1)
+1 41 gl 1
S Q[tl 7t2 7t3 ,t4 ]/(647t1t2t3t4 - 1)
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Remark 4. The 2-loop polynomial of Wh*(K) is presented by [4, 13]
@Whi(K)(tl,tQ,tg) == i4(l/2(t1 + tfl + tQ + t;l + t3 + t;l - 6)
Moreover, the 2-loop polynomial of genus 1 knots are calculated in [13].

We can prove Theorem 2 by using the rational version of the Aarhus integral. For
the Aarhus integral, see [1, 2, 3]. By considering the doubles of knots one of which is 0
framing, the 3-loop polynomial of D(K, K') is relatively easy to calculate, see [17]. This
and Remark 4 are some of reasons why we consider D (K, K').

3.2 A connected sum formula for the 3-loop invariant

Let K1, K3 be O-framing knots, and let K;# K5 be their connected sum.

Proposition 5. We get the 3-loop invariant of K1# K, as follows,

Agarc, (i to, ts, ts) = A (t1, ta, t3, ) + Ak, (B, ta, ts, ta)
3 trytr@) oy Al (o) Ak, (Er) ) iy tr )ty ey D (b @)ty ) Al (Er(1) sy

: 240k, (bt (1) A (bt () 240k, (b3t (1) Ar (b (1)t z))

TE€EG, TE€G,
1
€ 3 QB 151t 15 /(B ittty = 1),
In particular, if Ak, (t) = A, (t) = 1, then

Agarc, (b, to, ts,10) = A, (t1, to, 83, 0) + Ak, (B1, t2, 83, t4) € Qi 31 151 151/ (Sy, titatsts = 1).

Remark 6. The 1-loop part of the Kontsevich invariant (that is, log Ax(t)) of Ki#K,
and the 2-loop polynomial of K;# K, are presented by

10g AKI#KZ (f) = IOg AKl (t) + IOg AKz (t)v
Ok, 4K, (11, t2, 13) = Ok, (t1, 12, 13) + Ok, (t1, 2, 13).
This shows that up to 2-loop parts behave additively for the connected sum of knots.

However, more than 2-loop parts do not behave additively, and the 3-loop part behaves
as Proposition 5.
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3.3 The 3-loop part of the colored Jones polynomial

The colored Jones polynomial .J,,(K;t) is the polynomial invariant of knots, which is
obtained by
Va(K;t) -t
V,,(the unknot; t) ~ ¢"/2 — t—n/2
where V,,(K;t) is obtained by V,,(K;e™") = Wy, v, (Z(K)), and Wiy, v, denotes the weight
system derived from the Lie algebra sly and its irreducible representation V;,. For details,

see [11, 10, 9]. Tt is known, see Conjecture 1.2 of [15], Theorem 1.2 of [16], Proposition
3.1 of [14], that J,(K;t) can be presented in the following form,

T (K e Zhl Zdlk (nh)* ZhlAfenh 21

>0 k>0 >0

Jn(K;t) =

: Vn(Kvt)v

for some Pj(t) € Q[t*!]. This is called the loop expansion of the colored Jones polynomial.
P. nh
The 3-loop part of the colored Jones polynomial is given by ﬁ
erL
For a knot K, AK(,%, t2 2t 2 ,t 2) is a symmetric rational form in t*! divisible by * — 1
(since Ag(1,1,1,1) = 0) and, hence, divisible by (¢ — 1)?. We define the reduced 3-loop
invariant by
A Ag(t2,t2, 673, ¢77) 1
Ak (t) = — Q!
k(1) (t1/2 —¢-1/2)2 € Ax(t)t Q[ 1,

which is symmetricl in 1. If A (¢) = 1, then this is a polynomial, so we call it the reduced
A O (t,t71,1
3-loop polynomial. We denote the reduced 2-loop polynomial by Ok (t) = M

defined in [12].

P. nh
Proposition 7. The 3-loop part of the colored Jones polynomial ﬁ is presented
K(em
by
A 1/2 —1/2\4
P2(t) _ (t1/2 _t71/2)2 AK(t) ¥ (t 2y ) é)K(t)2
Ag(t)® Ak (t) 20k (t)°

L NE | NOF A
3(t—1)AK(t)?2  6AK(1)2  3Ax(t)?
) Po(enh)
Remark 8. The 1-loop part of the colored Jones polynomial m and the 2-loop
K(em”
nh
part of the colored Jones polynomial IEE ; 5 are presented by
Po(enh) B 1 Pl(enh) B (tl/Q _ t—1/2)2é (t)
Ax(e) ~ Ax() Axle™® — (Ax@p)
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For details, see [12].

4 Results about the degree 2 part of the LMO invariant

In this section, we state the results about the degree 2 part of the LMO invariant
obtained in [18].

Proposition 9. For all p and p-reqular knot K, we have

1 3 1 1 1 3 _1 _1 _1 3 _1 _1 _1 K
— 4 4 4 4 4 4 4 4 4 4 4 4
= — E Ar(wiwy Twy * wy *wiws * wy fwy fwi wy fwy fws ) + Ly

P_ P, P_
w) =wy=wz =1

Here, lff is a scaler invariant of a knot K, which can be calculated by an equivariant

linking matrix of a surgery link in S*\ K. For details, see [6].

Remark 10. For all p and p-regular knot K, we have

(o) =) 1Hi (S5 = [T Ak (w)

)

wP=1
1 @K(wl,wg, ((/.}1(,«}2)71) 1
P = + — K,
W 2 B Snle Bl * 1

where 0, (K) is p-signature of K.

Let K be a regular knot. For i = 0, 1,2, we can regard {c;(X%)}p=12,.. as families of
invariants of K. Proposition 9 and Remark 10 show that i-loop part (i-loop polynomial)
of the Kontsevich invariant of K is an universal invariant among {¢;(X%)},=19,....

For D(K,K'), we can show that lpD(K’K/) = 0. Therefore, we obtain the following
theorem and corollary.

Theorem 11. For all p > 2, we have

2(Eh )

3 1 1 1
4

1 3 .1 _1 _1 3 _1 _1 _1 3 _1
— 4 4 4 4 4 4 4 4 4 4
= 748;02 E Apx, (Wi wy Tws 1wy Twiws T wy Tws Twy wy Twy

P_ P P
w) =W, =wz =1

1
= <4a2a’2 + 6k2a2 + 2kas + 10k%a, + 6k2a§) p.
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Corollary 12. For all p > 2, we have

©2 (Ea/hi(l())

1 103 1 1 3 _1 _1 1
1

1 3 1 1 _1 1 1 1
— 4 4 4 4 4 4 4 4 4 4 4
= —48p2 § Awnt(x) (Wiwy fwy ' wy fwgwy twy fwy fwg,wy fwy fwg )

p_ P, P_
w) =wy =wz =1

1
= <6a2 F 2a3 + 10a4 + 6(1%) p.

5 Future directions

Lastly, we consider some problems about the calculation of Ax and ¢ for future direc-
tions.

For the 2-loop polynomial, some clasper surgery formulas are concretely presented in
[13]. Clasper surgery formulas are useful to calculate them for some classes of knots.
However, such clasper surgery formulas have not been presented concretely for the 3-loop
invariant so far. Thus, it is one problem to present clasper surgery formulas concretely
for the 3-loop invariant for clasper surgery along some (simple) claspers.

Further, it is another problem to determine the set of possible values of triple
(Ak(t), Ok (t1,ta, t3), A (t1, 12,5, t4)). This problem would be hard to solve in general,
so it may be good to consider some further simplified cases, for example, to determine the
set of possible values of the 3-loop polynomial of K with A (t) = 1 and Ok (ty,ts,t3) = 0.
Moreover it is good to find some useful formula or method to calculate 2-loop polynomial
and 3-loop invariant concretely.

For a closed 3-manifold M, the invariant ¢;(M) is equivalent to the Casson-Walker-
Lescop invariant of M, and it is well-studied. However, not much is known about ¢o(M)
so far. Thus, it is good to calculate co(M) for other examples, or to find some formula or
method to calculate it.
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