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Abstract

Boolos (1996) posed the puzzle “The hardest logic puzzle ever”, and
gave a solution in the style of biconditional questions. We first introduce
a simple formalization of the puzzle consisting of questions, answerers,
and answers in terms of propositional logic, and show its adequacy by the
truth values (0,1) semantics. We here pose a general form of the puzzle
as an extension of Roberts (2001), and provide solutions to the instances.
Our analysis reveals an essential condition for solvability of the puzzle in
terms of the number of Random.

1 Introduction

George Boolos (1996) posed the puzzle “The hardest logic puzzle ever”. The
basic form of the puzzle comes from the well-known puzzles of Knights and
Knaves from the book Logical Labyrinths [6], which often appear in logic or
sociology of lying and truth-telling. For instance, one can find many examples
[3] such as the film Labyrinth of Lucasfilm [9], the entrance examination of
Cambridge University [5], and so on.

To begin with, we quote the puzzle from Boolos [1]:

“The puzzle: Three gods, A, B, and C are called, in some order, True, False,
and Random. True always speaks truly, False always speaks falsely, but whether
Random speaks truly or falsely is a completely random matter. Your task is
to determine the identities of A, B, C by asking three yes-no questions; each
question must be put to exactly one god. The gods understand English, but
will answer all questions in their own language, in which the words for “yes”
and “no” are “da” and “ja,” in some order. You do not know which word means
Which. «+« «ee on »
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Roberts [8] and Rabern-Rabern [7] provided a simpler solution in the style
of embedded questions as follows.

1. Ask god A:
if I asked you if god B was Random, would you say da?

2. Ask B or C":
if T asked you if you always told the truth, would you say da?

3. If T asked you if god A was Random, would you say da?

We briefly review our methodology [2, 3, 4] for self-sufficiency. The method-
ology for solving the puzzles of Knights and Knaves from the book Logical
Labyrinths [6] can be naturally extended to that for the hardest logic puzzle
ever. For the extension, the binary relation between inhabitants and assertions
should be replaced with a ternary form of questions, answerers, and answers.
Firstly, let X be a propositional variable for a question, which means either true
or false, respectively represented by 1 or 0. Secondly, let A, B be propositional
variables for answerers A, B, which mean either! True or False, respectively rep-
resented by 1 or 0. Lastly, let Y be a propositional variable for an answer. Here,
an answer means either yes or no, respectively represented by 1 or 0. Instead,
Y may also be used for the answer da or ja, whose meaning is either 0 or 1, but
not fixed yet.

If we ask a question X of an answerer A and obtain an answer Y, then the
situation is depicted by the following diagram.

X*)*)Y

We formalize this relation of question-answerer-answer by the ternary form with
the logical connective of bi-implication.

X AY

Note trivial facts that <> is symmetric and associative and that a tautology is the
unit. An adequacy of the formalization can be expounded by the truth values
(0,1) semantics. Let Prop be the set of propositions (formulae), and {0, 1} for
the set of truth values. We write v for the assignment v : Prop — {0,1}. Now
the consistent relation of question-answerer-answer is stated as follows:

VX AY)=1,

under the assignment v such that v(A := “True”) = v(Y = “yes”) = 1. This
statement can be justified by the case analysis on A, as follows.

n the puzzle of Boolos [1], one has Random in addition, but for the formalization here
answerers are supposed to be either True or False. According to the solutions [1, 8, 7], Random
can be handled by a certain strategy of asking questions which can be formalized here in terms
of the ternary form.



e Case A of “True”: v(X «+Y) =1

X — [[Twe | — v

e Case A of “False”: v(X «+Y)=0

X — [ False | — Y

Let us formalize the embedded question [8, 7]. Recall the first one from the
solution:

e Ask god A @Q;: if T asked you if god B was Random, would you say da?

“X—>—>Y” —> —
where X := “B is Random”, Y := “da”.

Now suppose that A’s answer 77 is “da”. Then this situation is formalized by
the formula (X <» A < Y) <> A <+ Y, and hence for any assignment v we have
the following equation

(X AeY)e AsY) =0u(X),

since A <+ A and Y < Y are tautologies. This implies that one can conclude
v(X) = 1. Analogously, we conclude v(X) = 0 if the answer ?; is “ja”. This
is the reason why we can identify the truth value of X from 7; via a single

(1391

question, even if we know neither the semantics of A nor that of “da” (“ja”).
Following our formalization we summarize the solution [8, 7] which consists
of the questions @1, @2, @3 in this order, depending on the answer ?7;:

1. Q1 (Ask god A: if T asked you if god B was Random, would you say da?)

“B=R — —da” — —

2. Q2(Z :=0C)if 7y =da (Q2(Z := B) otherwise (i.e. 71 = ja))

“Z=T— —da” — — 79

3. Q3(Z :=C) (otherwise Q3(Z := B))

“A=R — —da” — — 73

As a solution we have 3! patterns consisting of R, T, or F for (A, B, C), and 23
patterns (71,72, 73) for an answer to (Q1, @2, Q3). Every candidate for (A, B, C)
and (Q1,Q2,Q3), and the correlation are compacted in the following Table 1.
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a0

| [A B ClQi @(0) @s(0) |
-1||R T F | da ja da
2-1 | R F T| da da da
3 T R F | da ja ja
4 F R T| da da ja
A B ClQ1 B Q3(B)
1-2||R T F| ja da da
222||R F T/| ja ja da
5 T F R| ja ja ja
6 F T R| ja da ja

Table 1: Boolos’ puzzle

A finite or infinite sequence of questions is represented by binary trees just
like formal proofs of Gentzen’s sequent calculus. Let Z be True (T), False (F),
or Random (R). Then the following question

‘B=7— —da” — — 7

is denoted simply by A : B = Z. We employ the binary tree below

da
dalja

A1:B1:Zl Jja AQZBQIZQ
A:B=Z7

to represent that if the answer ? of the question is da then the next question
is A1 : By = Z; and the answer of A; is ja, and that if the answer 7 is ja
then the next question is As : Bo = Z5 and the answer of As is da. We use
this tree representation of sequences of questions and answers. At a leaf if once
each identity for every god in G,, is determined by T, F, or R, we stop ourselves
asking questions and expand this leaf no longer. At every leaf if each god’s
identity for G,, is determined, then we ask no more questions and we say that
the puzzle G, is solved.

In order to show the correctness of Table 1, we provide the following proof
trees, which is verified by the case analysis of (A = R) V —(A = R):

o A=R e C:A:RZZI?Z B A—R %o B:A:RiZIJZ
C.C=T J B B=T 4. J
A:B=R J

2 A general form of the puzzle

We pose a general form of the puzzle. Let G,, = {A1, Aa,..., A} (n > 1) be
the set of gods where 4; (1 < i <n) is Random (R), True (T), or False (F). Let
X be T, F, or R. Then |G, |x denotes the number of X in G,,. Suppose that
|G|k < n. Now the following fundamental puzzle is suggested here.



1. Is it possible to identify the non-Random god in G,,?

2. In particular, is it possible to identify the non-Random god for the case
where |Gz|g =17

Remarked that Roberts [8] posed the following even harder puzzles.

(1) Suppose the puzzle is as before?, but now two of the gods are Random, and
the third is either True or False. Is it possible to identify the non-Random
god, and whether they are True or False, in three questions?

(2) Suppose the puzzle is as before, but one god is Random, and the other
two may be either both True, or both False, or one True and one False; is
it possible to identify all of the gods in three questions?

The even harder puzzle (1) is now an instance of |Gs|r = 2. First we provide a
solution to the puzzle (2) in four questions. Now the solution can be depicted
by the following tree starting from A : B = R, which is verified by the case
analysison A # Ror A= R:

e Case of da to the first question A : B = R:

o B=T % C:A:Tzlla'j:a o B=T1 %l a7 debie
alja dalja
C:A=R C:A:Rdalja
cC:C=T B:B:Tdalja
A:B=R
e Case of ja to the first question A: B = R:
B o=t e B:A:Tj“'?“ B o=t e B:A:Tj“'?“
B:A=R alja BA=R 4, alja
C.C=T B:B=T ;... J
A:B=R

By the tree, for instance, the sequence of da,da,da,da from A : B = R to
C: B =T meansthat C =T, A= R, and B =T. The sequence of da, ja, ja, ja
means that C = F, B= R, and A = F. The sequence ja, da, da, da means that
B=T,A=R,and C =T, and ja, ja, ja,ja means that B = F, C' = R, and
A = F. The result is summarized in the following Table 2.

Next, we show that Roberts’ puzzle (1) is not solvable. Before this, we
prove that it is impossible to identify the non-Random god for the puzzle G,
with |G2|R =1.

Lemma 1 Gy = {A, B} with |Ga|r = |G2|r/p = 1 is not solvable.

Proof. Toward a contradiction, suppose that there exists a finite tree of questions
and answers for Gy such that every leaf determines the identities of A and B
consistently, i.e., either A =T/F and B= R, or A= Rand B = T/F. Consider

20f course, this is the hardest logic puzzle ever [1].
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| [t 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16|
Qfd d d d d d d d j J j G I d ]
@|d d d d j j j j 4 d d d j j j ]
Qfd d j j d d j j d d j j d d j ]
Qd j d j d j d j d j d j d j d j
AR R T F RRTTFRIRTF R R T F
B|T F R RTVFRRTT T T F F F F
c|rTr TTTFF F F T F R R T F R R

Table 2: Roberts’ puzzle (2) where d denotes da and j does ja

the case of A =T/F and B = R. One leaf of the finite tree says that A =T/F
and B = R via da/ja to some question to A. The last question must be asked
to non-Random A, since B is Random that answers randomly. For this result,
previously we must recognize that A is not Random. In order to recognize
A =T/F, we have to ask some question @ x to some X € G5 that cannot be B,
since B is Random. Of course, one can ask B. The answer is, however, random.
We have to ask A again, but A’s identity had not been determined yet, which
leads to an infinite tree. From the contradiction, we cannot have a finite tree
that solves Gy with |Ga|r = |Ga|r/p = 1. O

Lemma 2 It is not solvable that G1 = {A} where A is either T/F or R.

Proof. By case analysis where A is either T'/F or R, following the similar pattern
to lemma 1. O
In the same way, one can give a general answer to Roberts’ puzzle (1).

Lemma 3 It is not solvable for n > 2 that G, with |Gplr = (n — 1) and
|Gnlr/p = 1.

The puzzle Go = {A, B} with |Ga|r = |G2|r = 1 is not solvable, however we
should remark that there exists an infinite tree such that every finite fragment
of the tree determines whether either A=T,B=Ror A=R,B=T.

Lemma 4 First the following question “A = R — — da” is asked to A:
“A=R— — da” — — da/ja
Next, the following question “B= R — — da” is asked to B in both cases

of da/ja:
“‘B=R— — da” — — da/ja

Repeat this process in this order. If we obtain a sequence of (ja)'da for some
odd i, then A =T, B = R. If we obtain a sequence of (ja)’da for some even i,
then A=R,B="T.

Proof. Consider an infinite tree starting from A : (A = R) together with case
analysis on A = R or A =T, as follows:



e Case A=T,ie, B=R:

T AR’ Ta-n’"

B:(B=R) . dalja
A:(A=R) Ja
e Case A=R,ie, B=T:
- dalja ———— dalja
A:(A=R) . A:(A=R) .
B:(B=Rr) B:(B:R)dlj_a
A:(A=R) aa

From this analysis, we obtain the following infinite tree which involves an infinite
sequence of ja, ja, ja, . .., and the finite fragments mean either A = R for (ja)ida
with even i, or A =T for (ja)'da with odd i, if obtained:

. dali
B (B =R "4

dalja

O
We conjecture that it should be unsolvable that Gy = {A, B, C, D} with |G4|r =
|G4|R = 2.

Conjecture 1 G4 = {A, B,C, D} is not solvable where |G4|lr = |Galr = 2.

We should remark that the method of Lamma 4 can be applied to Conjecture
1 as well.

Lemma 5 There exists an infinite tree for Conjecture 1 such that the finite
fragments determines each identity of Gy4.

Proof. First consider the case of A = R. The puzzle Gz = {B,C, D} with
|Gs|r = 1 and |Gs|r = 2 is solvable, and for this let X be the following tree:
D:(C=R) C:(D=R)
B:(C=R)
Here, da,da means C' = R; da, ja does B = R; ja,da does D = R; and ja, ja
does B = R. Now following the method of Lamma 4, we can construct an
infinite tree for Conjecture 1 as follows:

dalja

b A:(A::R)
b A:(A=R)
A:(A=R)

dalja

dalja
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Observe that we recognize A = R if da is obtained from the first question
A: (A= R). Then the finite tree ¥ can be adopted to determine every identity
of G4. Otherwise, we obtain ja and then we still have A = R or A = T. Hence,
we can repeat this process infinitely, so that every identity of G4 is determined
if we obtain a finite sequence of (ja)'da for some i > 0. O
We should remark that the proof method of Lemma 5 can be applied to construct
infinite trees for the puzzle Go, with |Gaon|r = n and |Gopl|r/p = n, since
|Gaon—1|r = n — 1 is solvable from Lemma 7 below.

Finally, we show a solvable one, and the following solution can be applied to
more general cases such as G5 = {A, B, C, D, E} with |G5|r = 2 and |G5|7/p =
3. Moreover, the solution can be naturally extended to G,, with |G, |r < n/2.

Lemma 6 G5 = {4, B,C, D, E} with |G5|r = 2 and |Gs|1 = 3 is solvable.

Proof. By case analysis on A = R or A # R, and for each case, case analysis
onC=Ror(C #R,and B= R or B# R as well. After the following two
questions A : (B = R) and either C : (D = R) or B : (D = R) depending on
dalja, one can recognize that E =T or D =T.

— daJja ————— daj dalj dalj
Fo=n ‘W ooz W groog 9t ooz g e
dalja dalja
C:(D=R) B:(D=R)
A:(B=R) alja

See Table 3 that is obtained from the following trees both of which contain at
most five questions such that Q1 := (B = R), Q2 := (D = R), Q3 := (C = R),
Qs :=(B=R),and Q5 := (A=R).

e Case of da from A : (B = R):

E:(A=R) E:(A=R) D:(A=R) D:(A=R)
E: (B =R) E: (B =R) D: (B =R) D:(B=R)
E:(C =R) D:(C =R) E:(C=R) D:(C=R)
C: (D =R) B: (D = R)
A:(B=R)

e Case of ja from A: (B = R):

E:(A=R) E:(A=R) D:(A=R) D:(A=R)
E:(B=R) E: (B =R) D:(B=R) D: (B =R)
E:(C=R) D:(C=R) E:(C=R) D:(C=R)
C:(D=R) B: (D =R)
A:(B=R)

Lemma 7 The puzzle Gapi1 with |Gany1|r = n is solvable for n > 1.

Proof. See Table 1 for the case of n = 1, and Lemma 6 for n = 2. For n > 2
we can take exactly the same pattern for the solution such that As, = T or
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3 where — means Q5 is needless

2 and |Gs|p

Table 3: G5 with |Gs5|r
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A2n+1 =T for G2n+1 = {Alv 1427 Ag, e ,Agn, A2n+1}7 as follows:

A2n+1 : (A2n71 = R) A2n : (A2n71 = R)
A2n71 : (A2n = R)

A5:(A:6:R) A4:(A6=R) A5:(A6=R) A4:(A6=R)
As: (A4 =R) As: (A4 =R)
Ay : (A2 = R)

O
Proposition 1 The puzzle G, with 0 < |Gy|r < [n/2] is solvable for n > 1.

Proof. The solution follows from Lemma 7. O
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