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On triality relations of normal
triality algebras and Lie algebras

— HERBERO=FREBE ) — K-

Noriaki Kamiya (fH&{EH)
University of Aizu (fflm A KFEAZERT)

BE: ZO/NGRTIE) —REE Y a VX UREE ET H 5 REGR (called a normal
triality algebra) O =X, DF 0 H AR L MO~z DOWTHwEL
£9. U TZEDREBERERDS root systems, Cartan matrix D concept % FWR
WCHIAN LD B ) —REE W< D0 Rk S B IR L £ 7.

§0. Introduction (motivation), §1. Definitions of triality relations and normal
triality algebras, §2. Examples of triality relations of algebras, §3. Lie algebras
construction, Appendix (KIFRHG AT D EEE & =0 7)), References.

ZDORRIZNBIZDONWT, BRNFESZ EORRIETWEEZE T (X, Th
5 D section I IZFED DEIZOAT72DH D TY).

§0. Introduction (motivation)

Tz D =XFED concept #EHEHMC DL EEZET. C OHHBOFEZE *,
K% 2 =a—ib(x = a+ib, a,b FEHi =+/—1) £T5 & &, new product
Bay=2xy \CEXoTEHRLET. ZTD new product IFFEFELSHREBRTH Y

g(xy) = (92)(gy), d(zy) = (dz)y + x(dy)
RHHACHM g 2y d 225, C % re? THKR, Al 2r TERT 5 &

. 2 -1 31 —1—-+31
Aut C = {0 = ?ﬂ-n, n :integer} = {1, +2\/— Z, 2\/_ Z} ~ Gy
2mi 4w
Der C={d € End C|d = ?m n :integer} = {0, — T}

DD LH £ 3. product (1) ITHEEL T 20,
§=0,1,2 12 LUT (B j % mod 3 TEZET), End C DILT,

9i(zy) = (9j+1%)(gj+2y), dj(zy) = (dj412)y + x(dj12y)
L5 gy, dj EHEADE, DX D7 Aut C,Der C D1 FENE T,
Trig C = {(90:91,92)| gj = exp(v' =1 aj),a0 + a1 + az = 0, aj € Re C},
Trid C = {(do,d1,d2)| dj = V-1 aj, ag+ a1+ a2 =0, a; € Re C}.
RIZn xn IRDITHIRE A TERTHL, j=0,1,21Z050LT
oj(a)r = aji1 *x+" aj12, dj(p)x =pjt1*T — T *pjta.

772U aj € Ay :={bec Albx"b=Id,}, p; € Alt(A) :={c € A| tc = —¢},
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(2 * y 1% standard product of matrix, *z & transpose of matrix),

ELFd. 22 Tay= Yrxy) & new product 2 EHT D&, O
vy IFEREENRBTT D, HERBE LS OB R o N E T,

o3(@)@y) = (034102 (T342(@)), )W) = (dyar D))y + 2(ds42()p),
p; = (1—a;) = (1+a;)"! (Cayley transformation) 23 Y 325 £ 7.

Remark. 8 Jif® =xJFHIZ DWW TIE ([S],[T],[To] and [K.3] %) % &,

Remark. Note that for an algebra A, if /3 € F (J£84), and dimpA = 2,
then AutA = S5 (3IRDMFEE) | if dimpA = 1, then TrigA = K, (Klein’s 4
group) ([K-0.3], [K.2]). 2o OBE&E — OISR T N E X £ 7.

81. Definitions of triality relations and normal triality algebras

Z DFETIREGHIRBCRIZE T 5 — %72 triality relations (local and global d
cases) ZMNIETW/27ZE L. (a correspondence of local and global triality
relations)

Let A be a nonassociative algebra over ch F' # 2,3 (algebra (A BRIXILE L
THBTUEHNITE D R WIEFESHIRBRDOGEEE2E X £T).

Following ([K-O.2] or [K-O.3]), suppose that a triple ¢ = (g1,92,93) €
(Epi A)? satisfies a global triality relation

9i(xy) = (gj+17)(gj+29) (1.1)

where the index j is defined by modulo 3, so that g;+3 = g; (this is said to be
a triality group). We denote
Trig A=

{9= (91,92, 93) € (Epi AP|g;(zy) = (95117)(gj+29),¥j = 1,2,3}  (1.2)
This is a generalization of the automorphism group of A.

In constrast to the algebra triality relations (1.1), we may also consider a
local triality relation

tj(zy) = (tjp12)y + z(tj42y). (1.3)
Analogously to (1.2) if [t;,tx] is closed, we introduce
Trid A =

{t = (t1,t2,t3) € (End A)>|tj(zy) = (tj417)y + 2(tjr2y), Vi = 1,2,3}.  (1.4)

Then, it defines a Lie algebra with component wise commutation relation. Also
if (t1,t2,t3) € Trid A, it is easy to verify that we have for any o; € F,j13 = o

3
t' = (ty,ty,t3) € Trid A, where t; =Y a; by (j =1,2,3).
k=1

Furtheremore, if the exponential map t; — &; is given by

=1
§=expty= — )" (1.5)
n=0 "



is well-defined, then we can show that

§i(zy) = (§i12)(Ej12y), (1.6)

provided that ¢ = (¢1, s, t3) € Trid A and vice-versa.
Next we introduce multiplication operators of A, L(z), R(z) € End A by

L(z)y = zy and R(x)y = yx.

Def.1.1. Let d;(z,y) € End A, for z,y € A (j = 1,2,3) be to satisfy
(i)

di(z,y) = R(y)L(z) — R(x)L(y) (1.7a)

da(z,y) = L(y)R(z) — L(z)R(y). (1.7b)
(ii) The explicit form for ds(z,y) is unspecified except for
(i)

(dl(xa y)7 dg(l‘, y)7 d{g(l‘, y)) € T'rid A.

We call the algebra A satisfying these conditions to be a regular triality algebra.

Remark. Any Lie (resp. Jordan) algebra with product [z,y] (resp. zy) is
an example of the regular (in particular, normal) triality algebra with respect
to the L([z,y]) = d; (z,y) (resp.[L(z), L(y)) for j = 1,2,3.

Proposition 1.2 ([K-0.3]).  Let A be a regular triality algebra satisfying
either the condition (B) or (C);(B) AA = A, (C) if some b € A satisfies either
L(b) =0 or R(b) =0, then b = 0. Then we obtain the following.

(i) For any t = (t1,ta,t3) € Trid A, we have

5, di(z,y)] = di(tj—ew,y) + di(z, ;1Y) (1.8a)
Especially, if we choose t; = d;(z,y) it yields
[dj(u, ), di(z,y)] = di(dj—k (u, )2, y) + di (2, d;j -1 (u, 0)y). (1.8b)
(i) For any g = (91,92, 93) € Trig A, we have
95 (z,9)g; " = di(g;- 1w, y) + di(z, g5 1y)- (1.8¢)
Let A be a regular triality algebra with either (B) or (C), and set
D = span < dj(z,y),Vr,y € A, j=1,2,3>. (1.9)

Then © is a Lie algebra by (1.8b). Moreover, it is an ideal of the large Lie

algebra Trid A by (1.8a), denoted by © <« Trid A. We call an 7inner triality

derivation” (naming of the author) this © as a generalization of derivations.
Def.1.3. If a regular triality algebra satisfies Eqs.(1.7) as well as

ds (. y)2 + da(y, =) + ds (2, 2)y = 0, (1.10)
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[dj (’U,, ’U), dk(ma y)] = dy, (dj—k(u7 ’U).’L‘, y) + dg (.’L‘, dj—k(u7 ’U)y), (1'1Ob)

then we call a pre normal triality algebra ([K-O.1]). Furthermore, if we have
Q(xv Y, Z) = dl(za xy) + d2(y7 Z:E) + d{g(l’, yz) = 07 (111)

then A is called a normal triality algebra ([K-O.2]). Next we introduce the
second bilinear product in the same vector space A with involution x — T by

Txy =Ty =7 I. (1.12)

Then the resulting algebra (A, x * y) is said to be a conjugation algebra of A,
for the new product z % y, by means of Qz = Q T and @) € End A, we have

9@ *y) = (gj+12) = (gj42y), dj(@*y) = (dj112) *y + @ * (djz2y). (1.13)

Remark ([K-O.1]). The conjugation algebra of a structurable algebra which
contains an alternative algebra is a normal triality algebra.

Note that the vector space 2y ® Jo with 182 dimension ([S]) appeared Tits
second construction of the Lie algebra of type Eg is a normal triality algebra
(see next section for the details).

Theorem 1.4 ([K-O.2]). The symmetric composition algebra, Lie and
Jordan algebras are a normal triality algebra.

Theorem 1.5. For a normal triality algebra A, if we define

& =expd; (j=1,2,3), (assuming the well — defined)
then we have

Ei(xy) = (&412)(Ej42y), that is,(&),&41,&+2) € Trig A,

d .
[E((exp td;)dy (exp td;)™")]i=o = [d;,dy] € Trid A.

That is, this means that ([d;j, dg], [dj11, diy1], [djr2, diy2]) € Trid A.

Corollary. For the pseudo octonion or para Hurwitz algebras, the same
result in Theorem 1.5 holds, as these algebras are a symmetric composition
algebra and so a normal triality algebra.

Remark. In the normal triality algebra A, if we define an endomorphism
by D(z,y) := dy(z,y)+da(x,y) +ds(x,y), then we have the relations D(x,y) =
—D(z,y), D(zy,z) + D(yz,x) + D(zx,y) = 0 and D(z,y) is a derivation satis-
fying [D(z,y), D(u,v)] = D(D(z,y)u,v) + D(u, D(z,y)v), thus this algebra A
is a generalized structurable algebra ([K.1]).

Remark([K-O.1]). The conjugation algebra (A,z * y) of normal triality
algebra (A, ry) with a para unit e (i.e., ex = re = T) is a structurable algebra
with the unit ex x = x xe = x, since x x y = Ty and T = z.

Remark. Let (A,z * y) be an associative algebra. Then (A,z -y) is a
Jordan algebra with new product and involution difined by x -y =z xy+y*x
and T = x, since they satisfy the identities z-y = y-z and (z-y)-2% = z- (y-2?).



Remark. Let A be a normal triality alg. For (&1, &2,&3) = (exp dy, exp da,
exp d3) € exp D, provided that the exponential map is well-defined,

Vg = (91,92,93) € Trig A —

gjfkgj*l = gj(exp dk)g;1 = e:vp(gjdkgjl) € exp ®. (by (1.8) and (1.9))

Therefore Gy =< &1,82,£3 >span is an invariant subgroup of Trig A. We call
an ”inner triality group” (naming of the author) and we obtain ® «— Gj.
For the definitions of this section, we would like to refer ([K-O.1],[K-O.2]and
[K-0.3]), that is, for the concept of normal triality algebras and related topics.
It seems that this concept (called a normal triality algebra) of a generaliza-
tion of the derivation may be regarded as a generalization in the ” principle of
triality” of the octonion (or para octonion) algebra due to Tits ([K.3]).

8§2. Examples of triality relations of algebras

For several examples of normal triality algebras, in particular, to construct
Lie algebras, we will exhibit them in this section.

First, it is known that a symmetric composition algebra A over a field
F(ch F # 2) with a symmetric bilinear form < x,y > satisfying the relations

(xy)x = x(yx) =< z,z >y, < x,y > is non — degenerate,

is a normal triality algebra and the symmetric composition algebra is either
a para-Hurwitz algebra (that is, the conjugation algebra is a Hurwitz algebra
which contains the Cayley number if ch F' = 0), or an eight dimensional pseudo
octonion algebra due to M.Gell-mann ([G],[K-0.2],[K-0.3], [K3] and [O]).

This symmetric composition algebra A has a triality derivation (do, d,ds) €

di(z,y) = R(y)L(z) — R(z)L(y), and da(z,y) = L(y)R(z) — L(x)R(y). (M)
The case of the symmetric composition algebra;
< dj(a,b) >span= Dy (Lie algebra of 28 dimension),

since < d;(a,b)r,y > + < z,d;j(a,b)y >=0, (Vj=0,1,2).

Secondarily, the Lie algebra (¢ = —1) and Jordan algebra (¢ = 1) are a nor-
mal triality algebra equipped with the product L(z)y = xy = eyx = eR(z)y and
the triality derivation d(x,y) := do(x,y) = di(x,y) = d2(x,y) = —¢[L(z), L(y)].

The other examples are the following:

Example a) ([K-0.2]). The vector space O ® O with 64 dimension induced
from two para octonion algebras O (para octonion is the conjucation algebra of
octonion O) is a normal triality algebra with respect to the D;j(a ® z,b®@ y) ==
d;l)(a,b)@) < x,y > id+ < a,b>id® d§-2)(x,y), where d;l) and d§-2) with the
triality derivation defined by (#) respectively. Note that D = Doy + Dy + Do
construct a Lie algebra of type Go @ G. This implies that Der O = G5(Lie
algebra of 14 dim) in particular.
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As we will show in next section, this case is relevant for a construction of
so-called Freudenthal’s magic square.

Remark. A vector of the tensor product O, @ O, induced from the pseudo
octonion algebra O, is a normal triality algebra with D;(a®z, bRy) = dg-l) (a,b)® <
x,y >id+ < a,b> z‘d®d§2)(x, y) as well as the tensor product of the para octo-
nion algebra O. However note that D = Dy + D1 + Dy construct a Lie algebra
of type Ay & As. Hence this means that Der O, = A, (Lie algebra of 8 dim).

Example b) ([K-O.1], [K-O.3]). For the octonion algebra O and a para
Zorn vector matrix with 56 dimension induced from the vector space

a a

(v 3) *)
is a normal triality algebra, where V a,b € H3(O)(= J) is a exceptional Jordan
algebra of degree three with 27 dimension over a field F', and o, 8 € F (the base
field). For the details, see section 5 in ([K-O.3]). This concept was appeared the
meta symplectic geometry due to H. Freudenthal (for example, see ([K-0O.4])).
Example c¢). The vector space 2y ® Jo with 182 dimension appeared Tits
second construction of Eg([S],[T6]) is a normal triality algebra with the (triality)
derivation Dy = Dy = Dy(= D). Here this derivation of 2y ®Jo means that D =
(do+di+do)® < z,y > id+ < a,b>id® [R(z), R(y)], where d; is the triality
derivation of the normal triality algebra 2 (as the para octonion algebra) and
[R(z), R(y)] is the derivation of the normal triality algebra J (as the exceptional
Jordan algebra with dim J = 27). Here denote by 4y = {a € 2A|trace (a) = 0},

Jo = {z € J|Trace (z) = 0}, and dim Ay = 7, dim Jo = 26 respectively.

83. Lie algebras construction

In this section, we will discuss a construction of Lie algebras associated with
the normal triality algebras of Examples a), b) and ¢) in section 2.

Following (JK-0.2]), let A be a normal triality algebra and consider linear
maps:

pj A= Vand T : A9 A—=V (3.1)

for j =0,1,2, where V is an unspecified algebras with skew symmetric bi-linear
product [o, o]. We set now

T(A, A) = span < Tj(z,y),Va,y € A >¥j = 0,1,2. (32)

L(A) = po(A) & p1(A) ® p2(A) @ T (A, A). (3.3)

Let (i,7j,k) be a cyclic permutation of indices (0,1,2), and assume the fol-
lowing anti-communtative multiplication relations:

[pi (), pi(W)] = —[pi(y), pi(x)] = T3_i(x,y) (3.4a)

[pi(), p; (V)] = —[p; (), pj ()] = —pr(y) (3.4b)
(Ti(z,9), pi(2)] = —[p;(2), Ti(z,y)] = pj(dir;(z,y)2) (3.4¢)



[Tl(ua U>7 Tm(.’L‘, y)] = Tm(dl—m(u7 U):I:, y) + Tm(.’I}, dl—m(u7 U)y)
= —Ti(dm-1(z,y)u,v) — Ti(u, dp—i(z,y)v) (3.4d)
for I,m = 0, 1, 2. Hence, we introdcuce the Jacobian in L(A) by

J(X,Y, 2) = [[X, Y], Z] + (Y, Z], X] + [[2, X], Y] (3.5)

for X,Y,Z € L(A).

Lemma 3.1. T(A,A) and T;(A, A) for j =0,1,2 are Lie algebras. Also
T;(A, A) is an ideal of T(A, A), where Tj(A, A) = span < Tj(z,y),Vz,y € A > .

Condition (D)  Suppose that we have p;(z) = 0 for some z € A and for
some value of 7 = 0, 1,2, we then have z = 0.

Proposition 3.2.  Let A be a pre-normal triality algebra. If we have

J(iL’,y, Z) = To(iL’,yZ) + Tl(z,xy) + T2(y7 Z:E) = 07 (36)

then L(A) is a Lie algebra. Moreover, if the condition (D) holds, then A is a
normal triality algebra. Conversly, if L(A) is a Lie algebra and if the condtion
(D) holds, then A is a normal triality algebra with the validity of Eq.(3.6).

Theorem 3.3. Let A be a normal triality algebra. Then, the quotient
algebra L(A) = L(A)/J is a Lie algebra, where J = span < J(x,y,z) >.

ZOEM 3.3 AL T 5-graded g_o Dg_1 ©go D g1 Dga OHIHELY —
RECZ ML 9. FFIZ normal triality algebra A @ inner triality derivation d;
Ty AT

L(A) = p1(A) ® p2(A) ® p3(A) ® T(A, A), and

T(A’ A) =< Tj(av b),V] = 07 17 Q,Va, be A > spans

and we identify T} (a, b) with the triple T} (a, b) = (d;(a,b), d;+1(a,b), d;+2(a,b)).
§2 @ Example a),b),c) DHEITN EEL 72 Lie algebras 2 £4¢9 5. DIk, &
WA F TS 0 ORBBIKE T 5.
a) A =0 ® 0 DEE (tensor product case , and dim g_o = dim gy = 14):
A=A ® Ay, dim Ay, dim Ay 25505 %HW5 L, TNE I construct T
Lie algebra (2L NOBRIZ7Z2 D £97, 7272 L O I3 octonion algebra.

L(A) = Es, Lj = pj(A) ®T5-;(A,A) = Ds, Tj(A, A) = Dy & Dy.

dimAs\dimA; | 1 2 4 8
1 Aq Ao 03 Fy
2 A2 Ag (] A2 A5 Fg
4 Cg A5 DG FEr
8 Fy Eg I D D

Es % Extended Dynkin diagram T& 3 & L(A)/L;(A) 1& 128 IRt D X Fize f;
©®—o0—o0—0—0—o0—o—0] [o]omitted = Dg, and ® is hieghest root.

o
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b) A= ( g 2 > D& (balanced case, and dim g_o = dim go = 1):
i ©T3_; =2 Er & Ay, Ti(AA) = Es ©gl(1) @ gl(1).
Z 2T H3(0) — Hd(Ql)(z B) 2355 ICEE A L. 72720 A 1F Hurwitz
a a F B . S
b 3 < B F ):A E$ DL dimB IZHIRT 5
Lie algebra (LA NORIZ7Z2 D £5.
dmB |1 6 9 15 21

algebras over F. V

dimA 4 14 20 32 56
dimL(A) | 14 52 78 133 248
L(A) G2 F4 E6 E7 ES

Z DEED construct S 4v7/z Eg % Extended Dynkin diagram T#&d & L(A)/L;(A)
1 112 IRIC DR FRZEM;
©— @7070—0—07070 @omitted% Ay @ Er.
|

[e]

c) A =2y ®Jo PEH: Here denote Ap = {z € Oltrace z = 0},Jo = {z €
H3(O)|Trace x = 0}, (dim A =17 x 26, dim gy = 66):

L(A) = Der(A) & A = Es, Der(A) = T(A,A) = Der2d & Dery = G2 &
Fy =< D(X,Y) >gpan - ZOHED A0 Jo 1F X oY = (axb) ® (z*y) and
[X,)Y]=D(X,Y)+ XoY IZ&53 generahzed structurable algebra 2>5 DY —

REOWRH T ([K.1)). b) OBA L FERIZ § = H3(0) — Hs(A) (= B) L &<,
| dimB=1 dimB=6 dmB=9 dmB=15 dimB =27
dim =1 0 A1 A2 03 F4
dim2 = 2 0 A2 A2 & A2 A5 E6
dimA =4 Al C3 A5 DG E7
dim2 =8 G2 F4 E(j E7 Eg

Z DA D construct N7z Es % Dynkin diagram THT &, L(A)/(G2 & Fy)
1% 182 ¥RIE D reductive homogeneous space TH Y, IRD L S IZFHEINE T,
Elfofoflzlfo—o—o Eomitted%Gg@&.

o

Z Z Tl Examples a), b) and ¢) @ (extended) Dynkin diagram (ZBJU T,
Eg \ZDWTEIF BRI AR £ UT2AS, Go, Fy, Eg, B7 DFESHRBRKICERZT.

For the triality relations of Lie algebras associated with triple systems (or
structurable algebras) without using root systems, to see our references.

D% Y, EED normal triality (super)algebras D& & ZHRMRE A S D
) — ¥ (') — ) OMEAFEIEL £9. =R (Freudenthal-Kantor triple
systems) 7> 5 ORHUIZBI L, super L% G ([K-0.1]~[K-0.4]) Ok %z 2.

UED#HERIZ g 0D g 1 Dgo D g1 ®ga D d-graded VY — () REDHERKIZ
I3 Jordan and alternative algebras % & € normal triality algebras & % ® super
LOMRPEETHL I ERLTVET.



Appendix (NP EARE D FLE & =5 ETEE).
Let A be a symmetric composition algebra over the field F and /3 € F.
Y ={a=(a1,a,a3) € A*|aja; 11 = aj42, < aj,a; >=1, Vj=1,2,3}. (A1)
For a given a = (a1, as,a3) € ¥, we introduce a notation
A(a) = {p = (p1,p2,p3) € A?|

ajpj+1+pjaj+1 = pj+2, < pj,a; >=0, Vj=1,2,3} (A.2)

Note that A(a) is a vector space over F.
Moreover, we define q¢; € A by ¢; = aj11pj+2 = Dj — Dj+1Gj+2.
From (Th.2.5 and Th.3.2 in [K-0O.3]) and the notation being as avobe,
we have the following theorems for global and local triality relations.
Theorem A.1. ForVa,be X, we have oj(a) and 0;(a) € Trig A,
G =< 0;(a)o;(b) and cj(a)0;(b) >span is an invariant subgroup of TrigA, and
ojt2(a)ojyi(a)oj(a) = Id, Oj42(a)0j11(a)b;(a) = Id, (inner triality group)
where 0j(a) = R(aj+1)R(aj12) and 0;(a) = L(aj4+2)L(a;t1).
Theorem A.2. For any a € ¥ and p € A(a), if we introduce Dj(a,p) €
End A by Dj(a,p)x = (pj+12)aj1 + aj(xq;), then this Dj(a,p)satisfies

Dj(a,p)(zy) = (Djt1(a,p)x)y + x(Djt2(a,p)y) (inner triality derivation).

Furtheremore, we obtain that T;(A, A) =< Dj(a,p) >span is an ideal of Trid A.
¥ 72 8 YRIL D symmetric composision algebra DGE, u, v % I HER L
Dj(a,p) < ———— > dj(u,v) (normal triality algebra (Z& 1) % local triality

derivation ) DREAHI SN TWE T ([K-0.3]). Hence, < d;j(u,v) >span™> Dy

(28 ITD ) —RE) DT Dj(a,p) S 5 28D a = (a1, az,a3) and p =

(p1,p2,p3) Z EARBNZLA RFIEIETWAZEET. ThoDRKIZET 5E

f{# 1% para and pseudo octonion algebras I&ZNZFNIRDKXT, NElZ 2 =

dojxieg, Y=y DEE <y >=) a5y CERINET.

(*) para octonion DEJE: e1,- -, e7 DD, ere0 = —e3,ere1 = —eg, e6er = —e1.

para case ey ea e3 eq es €6 er
el —1 —e3 eo —es ey —er eg
€9 es —1 —eq eg —er —ey es
es —e2 el —1 —er —eg es eq
eq es —eg er —1 —eq €2 —e3
es —ey er eg el —1 —e3 —e2
) er eq —es —e2 es —1 —eq
er —eg —es —eq es €2 el —1

(AI) Examples of triality group and derivation in the para octonion algebra
(the conjugation algebra of Cayley algebra), Z D& eg = 1 2D THMK.

a = (ay1,az,a3),p = [p1,p2,p3] LFKRT .

(AI):(para octonion algebra), with respect to basis ey, -, e7.

(1) a = (e1, e, —e3), p = [e2, —ex, 0],
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Remark.

(2)(e1, €4, —
( )(627657

a = (a17a27a3) €L TN UT pj = ajyipjie + pjr1aj42 Zli7z
T p = [p1,p2,p3] DE 075 < oﬁxﬁ“a‘é BlZIE, p = [es,0, —ex
[0, €3, —e3] BB (Z

) [647

N3 d 5B

6130] (3)(617663
er),[es—e2,0] (6)(es,eq, —

(8)(5e1 + %627 ze1+ ﬁe% -1,),1

BT (9)~

(2

).

i #J,(3€
DED (3 €6+\/_€77§€6+\/_67a*1) [%

B 5B
767)7 [667

67)7 [647
3 1

5 €1 — 5€2, 5 €1 — 56270]7 (iJ) =
i+ \/_ej, 26, + \/_ej7 -1), [ﬁeZ —

1er,0] ete. (8)~

ﬂ

J.p=

MER DRI TR T = £ ).
—e1,0] (4)(e2

—e3,0] (7)(es, es,

V3

6*—67, 5 €6 —

V3

, €4, 66)7 [647 —€2, 0]
—eg), [e5, —es3, 0]
(1,2) %

%ej, ‘ége, — %ej,O]

7Coy = 21 B Y. where ege; = e;eg = €; = —e; ( #0), ep is a para unit.

Note that the product [e;,er] = ejes

Malcev algebra with seven dimension ([O]).

(xx) pseudo octonion DILE: ey, -

- €kt (]7 k = ]-a

(28):

,7) makes a

ses OFEDHI, ejea = e3, eger = e1, eses = —es.
pseudo case el €2 e3 eq
el es €3 —e2 7366 + %67
e —e3 eg el %66 — §e7
€3 €2 —e1 s 964 + %65
ey @eg — %67 —%66 — 7367 @64 — %65 @eg — %eg
es %664‘ 967 @66— %67 %54—&-@55 —%63— @68
e6 Viep—les  lea+ Loy  —Legtler e le
er lea+ Les —Beg+les —leg— LBer —ler— Leo
es ey () e3 —%64 + @65
pseudo case es eg er es
el —%@6 + @w 7364 + %65 —%64 + @es ey
€2 @es + %67 —%64 + @% —@m - %65 €2
e3 *%64 + @65 *7366 - %67 %66 - @67 es
€4 leg+ Les Yei+ les ley = Bey  —ley— Loy
es @eg —leg 7%61 + @eg @(ﬁ + %62 @64 — %65
€6 %61 + ‘/7§€2 —7363 - %68 —%63 + @68 _%66 - @67
er 7361 — %62 %63 — @eg féeg — %eg @eg — %67
eg —Bey—les  —leg Ber —Leg—leg —es
(AII) Examples of triality group and derivation in the pseudo octonion al-
gebra (Gell-Mann’s eight dimensional matrix) Z OREUI NI ZE £ 72720,
(AII):(pseudo octonion algebra), with respect to basis ey, - - - es.

(1)(ex, e2, €3), [ea, —e1,0], (2)(e1, e, S2eg + Ler),p = [ea, ter — %

(3)(61,65,7%66 + @67) [65, 161 —

V3

[647 \/_el + 6270]7 (7)(627657 €7 +

%64> [667 -

\/_

er + 62,0] (9)(62,67, —

@6270]7

@6230]7 (4)(613667 565 + \/_64) [667 e+

76230]7 (5)(61767, @ €5 — _64) [673 5€1 + ﬁg?vo]v (6)(62764 -

§€7+§

6)7

iea) [es, \/_61 + 3e2,0], (8)(e2, eq, @65 -

§e4 — 2es5), [er, —

{61 + 6270]7

(10)(633647 §64 + 565)7 [643 %63 - @6830]7 (11)(637657 {65 -

ﬁe& O] (12)(637 €6, —

[677 5€3 +

), [es, —des + 2

€8,

164) les, %63 -

@66*%67)7[66,%63+ﬁ68,0] (13)(e3, e7, —
\/_6830]7 (14)(643647 7%68 + \/Tge

0]

e+ 3eo),



15)(eq, €5, %5 eg + 263) [es, —€4, 0], (16)(eq, €6, @el + l62), [eq, @(35 + %64, 0],
17)(eq, €7, — \/_62+ e1), [67,2e4+*/_e5,0],(18)(64,68, ?657%(34)[65,763,0],
9)(65,657 5 3o — %eg) [es, */;eg — %63,0] (20)(es, g, \égeg — %el) [e6, %65 —
\/364,0] (21)(65,67, ‘é_el + 62) [er, —£e4 + 165,0],
(
(
(

/\/\/\

(22)(es, es, 5 e4—%e5> eavea 01, (23) e, o, —bes— e, fer, ~hea— Fea, 0,
24) (e, e, 768 — Ze3), [er, —eq, 0], (25)(eq, es, —§67 — 3eq), [er, €3,0],
(26)(er, 7, Tes+%2e3), [es, —Ses—Les, 0], (27)(67,68-*%‘67+§66)7 e6, —e3, 0],
(28)(—eg, —es, —eg), [e1, —e1, 0]. where eges = —es. (es DSHEALILH 7% HITT).
Note that if we define a product by [Se;, sex] = Z?zl firi(5€r), where the
notation f; refer ([G], [O], [K.3]), then it makes the Lie algebra of type As.
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