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A B S T R A C T   

Kinematic wave (KW) models are commonly used for flood forecasting in large river basins, but have limitations 
in their ability to simulate percolation effects. Here, we suggest an extended KW model wherein the vertical 
pressure head is under non-hydrostatic conditions. The proposed model uses the Brooks Corey and Mualem 
models to estimate the water retention curve and unsaturated hydraulic conductivity and adopts the pressure 
head gradient as a new variable to calculate runoff based on changing water content distributions over time due 
to percolation. The increase in the pressure head gradient with rainfall infiltration is determined from the 
relationship between water storage and pressure head distribution, while the decrease in pressure head gradient 
due to percolation is modeled as exponential decay with time. A comparison of the proposed KW model and a 
numerical solution of the Richards equation shows that the proposed KW model can reproduce the storage effect 
caused by percolation, delaying runoff and reducing peak discharge. The agreement between the proposed KW 
model and the Richards equation is high for soils with high water retention. Conversely, the agreement becomes 
lower for soil with low water retention or deep soil layer thickness, where the complexity of water content 
distribution requires further refinement. The proposed model can easily be incorporated into distributed models 
while low computational cost with keeping the important percolation effects.   

1. Introduction 

Subsurface flow is a crucial component of mountainous rainfall- 
runoff processes (Dunne and Black, 1970; Freeze, 1972), but hydrolog-
ical models that simulate unsaturated and saturated flow in hillslopes 
with three-dimensional discretization (Kampf and Burges, 2007) can be 
computationally expensive for large river basins. Flood forecasting 
systems adopt distributed models that use lower dimensional lateral 
flow models, which are suitable for high spatial resolution in large areas 
because of their computational cost, to address this issue. However, 
these models typically lump vertical water distributions and treat un-
saturated and saturated zones together (Du et al., 2007; Sayama et al., 
2012; Tanaka and Tachikawa, 2015), requiring creative solutions for 
physical calculations. Some widely used models, such as ParFlow (Kollet 
and Maxwell, 2006) and CATHY (Paniconi et al., 2003), solve the three- 
dimensional Richards equation, while others, including GSSHA (Downer 
and Ogden, 2004) and SHE (Abbott et al., 1986), solve the vertical un-
saturated flow and two-dimensional lateral flow separately. Despite the 
advantages of these models in describing unsaturated and saturated flow 

in detail, their computational cost can be prohibitive for large-scale 
flood forecasting systems such as the one for the whole of Europe 
(Thielen et al., 2009) and significant numbers of the medium-to-small 
river basins (Alfieri et al., 2012; Sayama et al., 2020) that require high 
resolution and long lead times. 

Many large-scale simulation models employ a lateral flow model 
based on the Boussinesq equation, which describes saturated lateral flow 
over an impermeable bedrock (Childs, 1971). The equation combines 
Darcy’s law and the Dupuit-Forchheimer assumption, which presumes 
that flow lines are parallel to the bedrock. In steep hillslopes, the kine-
matic wave (KW) models are often used to account for the gravity flow in 
the Boussinesq equation (Beven, 1981; Takasao and Shiiba, 1988). Fan 
and Bras (1998) proposed a KW model that accounts for variations in 
slope width and soil thickness as functions of the downstream distance. 

Extensions of the Boussinesq equation are widely suggested in the 
literature. Troch et al. (2003) developed the hillslope-storage Boussi-
nesq (HSB) model to analyze runoff characteristics for a basic set of 
characteristic hillslope shapes. Hilberts et al. (2005) derived the drain-
able porosity, which changes depending on water depth, in an analytical 
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form based on soil physical parameters and applied it to the HSB model. 
Hilberts et al. (2007) proposed a model that couples the HSB model with 
the one-dimensional Richards equation to reflect vertical flow in the 
unsaturated zone. The Boussinesq equation ignores the effect of unsat-
urated zones and requires improvement for a more realistic analysis. 

Hillslope flow is often unsaturated; therefore, various authors have 
sought to include the effects of unsaturated flow. Ciarapica and Todini 
(2002) modeled unsaturated lateral flow as a function of mean volu-
metric water content, while Kubota and Sivapalan (1995) assumed a 
more general condition with the saturated hydraulic conductivity 
decreasing depending on the soil depth. Tachikawa et al. (2004) pro-
posed a KW model that integrally solves lateral unsaturated and satu-
rated flow. They assumed that the soil layer comprises a large pore 
dominated by lateral saturated subsurface flow and a matrix pore 
dominated by unsaturated flow. This model reflects the transition from 
unsaturated to saturated flow when rainfall first enters the matrix pore 
and fills the large pore after the matrix pore becomes saturated (Sayama 
and McDonnell, 2009). Several studies investigated and improved the 
applicability of the KW model; examples include comparing it to a nu-
merical solution of the Richards equation under various conditions (An 
et al., 2010), reflecting the pressure term of Darcy’s law (Hunukumbura 
et al., 2012) and investigating how to determine parameters reproduc-
ing runoff from the soil layer containing a pipe (Ichikawa et al., 2021). 
These modifications add a degree of freedom to models and have 
generally been shown to improve model fit; however, several aspects are 
left unaddressed in these models. 

Lateral flow models that do not consider water distributions in the 
unsaturated zone have difficulty in determining the threshold when the 
lateral saturated flow occurs, but recent studies have attempted to fill 
this gap. The models proposed by Pan et al. (2015), Kong et al. (2016), 
and Sugawara and Sayama (2021) directly use parameters from the 
water retention curve to model lateral unsaturated and saturated flow, 
assuming a hydrostatic condition along the direction perpendicular to 
bedrock and integrating the distribution of hydraulic conductivity. This 
allows for a calculation of runoff by lumping the perpendicular distri-
bution. Sugawara and Sayama (2021) adopted the Brooks-Corey and 
Mualem models (Brooks and Corey, 1966; Mualem, 1976) for the water 
retention curve and unsaturated hydraulic conductivity to derive the 
analytical relationship between the water storage in the soil layer and 
runoff. In this model, the threshold at which the lateral saturated flow 
occurs is determined from the water retention curve, soil thickness, and 
slope gradient. However, these models do not consider the effects of 
percolation, which is crucial for rainfall-runoff transformation (Tani 
et al., 2020). 

Here, we develop a KW model that considers percolation. In partic-
ular, we extend the current assumption of hydrostatic distribution to a 
dynamic linear distribution. The relationship between the water storage 
and runoff in the hillslope is formulated by integrating distributions of 
the water content and hydraulic conductivity obtained from the pressure 
head. We compare the proposed KW model with a numerical solution of 
the Richards equation to evaluate the model’s performance. 

2. Methods 

2.1. Fundamental equations 

Fig. 1a shows a schematic diagram of the slope structure and runoff 
process in this study. It assumes a steep hillslope with highly permeable 
soil, where all rainfall infiltrates the soil layer without Hortonian 
overland flow. For simplicity, the slope width is assumed to be the unit 
length. The continuity equation is 

∂S
∂t

+
∂q
∂x

= rcosφ (1)  

where S [L] is the water storage in a unit slope length, q [L2T− 1] is the 
lateral discharge, t [T] is time, x [L] is the downward coordinate along 
the bedrock, r [LT− 1] is rainfall intensity, and φ [-] is the slope angle. 
Since this study considers both unsaturated and saturated zones, the 
storage S is defined as 

S =

∫ D

0
θdz (2)  

where z [L] is the perpendicular upward coordinate with respect to the 
bedrock, θ [-] is the volumetric water content, and D [L] is the thickness 
of the soil layer. Darcy’s law along the x direction is 

vx = Ksinφ − K
∂ψ
∂x

(3)  

where vx [LT− 1] is the Darcy velocity along the x direction, K [LT− 1] is 
the unsaturated hydraulic conductivity, and ψ [L] is the pressure head. 
We adopt the KW model, which considers only gravity-driven flow (∂ψ

∂x =

0) (e.g., Beven, 1981; Takasao and Shiiba, 1988; Fan and Bras, 1998): 

vx = Ksinφ (4)  

The lateral discharge is obtained by integrating equation (4): 

Fig. 1. (a) Schematic diagram of the slope structure and runoff process in this study. (b) A water distribution along z direction. When the percolation along z di-
rection is in progress, the lateral runoff is smaller than it in the hydrostatic condition. 
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q =

∫ D

0
vxdz = sinφ

∫ D

0
Kdz (5)  

The runoff from the hillslope can be calculated by coupling equation (1) 
and the relationship between S and q can be determined from equations 
(2) and (5). Sugawara and Sayama (2021) derived the analytical rela-
tionship between S and q based on the Brooks-Corey and Mualem 
models by assuming the hydrostatic condition along the z direction. The 
hydrostatic condition here implies that the percolation process along the 
z direction is ignored, and rainwater infiltrating the soil layer is imme-
diately stored on the bedrock. Darcy’s law along the z direction is 
expressed as 

vz = − Kcosφ − K
∂ψ
∂z

(6)  

where vz [LT− 1] is the Darcy velocity along the z direction. Assuming the 
hydrostatic condition (vz = 0), we obtain the following equation: 

∂ψ
∂z

= − cosφ (7)  

This yields the pressure head distribution along the z direction, and the 
distributions of unsaturated hydraulic conductivity and water content 
are determined. By incorporating these distributions into equations (2) 
and (5), we can obtain the analytical relationship between S and q. 
Similarly, Pan et al. (2015) derived a low-dimensional lateral flow 
model from the three-dimensional Richards equation by integrating the 
perpendicular hydrostatic distribution. Kong et al. (2016) also improved 
the HSB model (Troch et al., 2003) by considering lateral unsaturated 
flow by assuming the perpendicular hydrostatic condition to the 
bedrock. Although these models consider the perpendicular water con-
tent distribution, they do not account for the percolation process from 
the soil surface to the bedrock owing to their assumption of the hydro-
static condition. As shown in Fig. 1b, the hydrostatic condition results in 
a high water content area on the bedrock, leading to a large lateral 
discharge. By contrast, incomplete percolation leads to lesser discharge, 
even with the same storage. To incorporate the percolation process into 
lateral flow models, they are combined with the one-dimensional 
Richards equation, as described by Hilberts et al. (2007). However, 
this requires discretization along the perpendicular direction, which 
increases the computational cost. 

2.2. Derivation of a new KW model 

We propose a new method to reflect percolation effects in a KW 
model without perpendicular discretization. The pressure head, which 
was assumed to be in hydrostatic condition, is extended to the non- 
hydrostatic condition: 

∂ψ
∂z

= a (8)  

where a [-] is the pressure head gradient that is allowed to vary in time. 
When a = 0, a pressure head distribution is uniform across the entire 
soil layer. For a > 0, the pressure head is highest at the soil surface and 
decreases with depth, while for a < 0, the opposite occurs. The value of 
a increases when the near-surface area becomes wet due to rainfall. 
Thereafter, the value of a decreases along with percolation and con-
verges to the hydrostatic condition (a = − cosφ). Although the actual 
distributions of pressure head during a rainfall event are complex, the 
main focus of this study is to model the effect of the dynamically 
changing perpendicular water distribution on the lateral flow. From 
equation (8), the pressure head distribution becomes 

ψ = az + ψb (9)  

where ψb [L] is the pressure head at the bottom of the soil layer. The 

Brooks-Corey and Mualem models (Brooks and Corey, 1966; Mualem, 
1976) are used for the water retention curve and unsaturated hydraulic 
conductivity to solve equations (2) and (5): 

Se =
θ − θr

θs − θr
=

⎧
⎪⎨

⎪⎩

(ψe

ψ

)λ
(ψ ≤ ψe)

1(ψ > ψe)

(10)  

K = ks • kr = ks • Sn
e (11)  

where Se [-] is the effective saturation rate, kr [-] is the relative hydraulic 
conductivity, θs [-] is the saturated volumetric water content, θr [-] is the 
residual volumetric water content, ψe [L] is the air entry pressure head, 
ks [LT− 1] is saturated hydraulic conductivity, λ [-] is the pore size dis-
tribution, and n [-] is defined as n = 2 + l + 2/λ, with l [-] as the pore 
tortuosity-connectivity coefficient (l = 0.5 in this study). The case of the 
uniform pressure head distribution (a = 0) is self-explanatory and will 
be omitted. To ensure that the model is physically reasonable, we make 
the following assumptions in this study.  

• aD + ψb ≤ ψe. aD+ψb is the pressure head at the soil surface. Hence, 
the Hortonian overland flow is not considered since the pressure 
head at the soil surface does not exceed the condition with full 
saturation of the soil layer. 

• − cosφ ≤ a ≤ cosφ. a < − cosφ may occur where groundwater exfil-
trates from the bedrock, but the bedrock is assumed to be effectively 
impermeable in this study. In addition, a > cosφ is a case of extreme 
wetness near the soil surface and is not considered in this study 
because we assume the soil permeability well exceeds the rainfall 
rate.  

• S > θrD. This constraint means that only the flow within the effective 
porosity (θs − θr) is considered. 

To determine the threshold of S at which the saturated zone on the 
bedrock occurs, we assign ψb = ψe in equation (9) and substitute it in 
equation (10): 

θ = θr + (θs − θr)

(
ψe

az + ψe

)λ

(12)  

Substituting equation (12) in equation (2), we obtain the threshold value 
Sthre [L]: 

Sthre(a) = θrD +
ψe(θs − θr)

a(1 − λ)

[(
aD + ψe

ψe

)1− λ

− 1

]

(13)  

This Sthre is used to classify lateral flow patterns. When θrD < S < Sthre, 
only lateral unsaturated flow occurs. When Sthre ≤ S ≤ θsD, lateral un-
saturated and saturated flows occur simultaneously. In a previous study 
where a = − cosφ was always assumed (Sugawara and Sayama, 2021), 
Sthre was constant. However, in the present study, Sthre is more realistic 
because the occurrence of the saturated zone is affected by percolation. 

We will derive the relationship between S and q. The saturated water 
depth h is defined by the range of z that satisfies ψ ≥ ψe from equation 
(9): 

h =

⎧
⎪⎨

⎪⎩

0(θrD < S < Sthre)

ψe − ψb

a
(Sthre ≤ S ≤ θsD)

(14)  

The distributions of θ and K are obtained from equations (9), (10), and 
(11): 

θ =

⎧
⎪⎪⎨

⎪⎪⎩

θr + (θs − θr)

(
ψe

az + ψb

)λ

(h ≤ z ≤ D)

θs(0 < z < h)

(15) 
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K =

⎧
⎪⎪⎨

⎪⎪⎩

ks

(
ψe

az + ψb

)nλ

(h ≤ z ≤ D)

ks(0 < z < h)

(16)  

Substituting equation (15) in equation (2) and equation (16) in equation 
(5), and then classifying the case based on equation (14), the following 
relationships are obtained: 

Before establishing a saturated zone on the bedrock (i.e., 
θrD < S < Sthre) 

S(a,ψb) = θrD +
ψe(θs − θr)

a(1 − λ)

[(
aD + ψb

ψe

)1− λ

−

(
ψb

ψe

)1− λ
]

(17)  

q(a,ψb) =
ksψesinφ
a(1 − nλ)

[(
aD + ψb

ψe

)1− nλ

−

(
ψb

ψe

)1− nλ
]

(18)  

For conditions with a saturated zone (i.e., Sthre ≤ S ≤ θsD) 

S(a,ψb)= θs
ψe − ψb

a
+θr

(
D −

ψe − ψb

a

)
+

ψe(θs − θr)

a(1 − λ)

[(
aD+ψb

ψe

)1− λ

− 1

]

(19)  

q(a,ψb) = ks
ψe − ψb

a
sinφ +

ksψesinφ
a(1 − nλ)

[(
aD + ψb

ψe

)1− nλ

− 1

]

(20)  

Fig. 2. Process to estimate pressure head gradient a and bottom pressure head ψb and a flowchart for using the proposed analytical equations.  
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2.3. Estimation method and calculation procedure fora 

The relationship between S and q expressed by equations (17), (18), 
(19), and (20) has two auxiliary variables: a and ψb. If a = − cosφ, the 
runoff in the hillslope is calculated from the continuity equation and the 
relationship between S and q. However, these equations cannot be easily 
solved owing to the increase in the number of variables. Estimating the 
progress of percolation separately from the continuity equation is 
necessary. Therefore, an exponential decay model is introduced in this 
study to estimate a: 

da
dt

= −
a + cosφ

τ
(21)  

where τ [T] is the relaxation time. τ is inherently dependent on water 
content but is considered a constant in this study for simplicity. The time 
variation of a is the largest at a = cosφ and becomes smaller as a ap-
proaches the hydrostatic condition. The exponential decay model is 
occasionally used as a simple way to calculate soil water content (e.g., 
Arnold et al., 1998; Ross and Smettem, 2000). The specific calculation 
procedure is shown below. The explicit-based discretization of equation 
(1) is as follows: 

Si,j − Si,j− 1

Δt
+

qi,j− 1 − qi− 1,j− 1

Δx
= ri,jcosφ (22)  

where i is the spatial step and j is the time step. If L is the slope length, 
i = 1,2,⋯ L

Δx. When variables Si,j− 1, qi,j− 1, ai,j− 1, andψ i,j− 1
b in the time step 

j − 1 are known, we show the procedures to estimate unknown variables 
Si,j, qi,j, ai,j, and ψ i,j

b in the time step j (Fig. 2). In the beginning, Si,j is 
obtained by computing equation (22). Next, we follow the three pro-
cedures shown in Fig. 2. First, the increased pressure head gradient atemp 

by rainfall is calculated. However, if there is no rainfall (ri,j = 0) or if 
lateral flow predominates (ΔS = Si,j − Si,j− 1 ≤ 0), we regard atemp =

ai,j− 1. Assuming no effect of rainfall on ψb, Si,j = S
(

atemp,ψ i.j− 1
b

)
is solved 

for atemp (equation (17) is used in the case of ψ i,j− 1
b < ψe and equation 

(19) in the case of ψ i,j− 1
b ≥ ψe). Second, ai,j decreasing by the progress of 

percolation is calculated. The decrease of a during the time Δt is ob-
tained by integrating equation (21). 
∫ ai,j

atemp

da
a + cosφ

= −
1
τ

∫ Δt

0
dt (23)  

The solution of equation (23) is 

ai,j = − cosφ + (atemp + cosφ)exp
(
−

Δt
τ

)
(24)  

Using equation (24), the next time step ai,j varied by rainfall and 

percolation can be obtained. Third, the next time step ψ i,j
b , which is 

varied by percolation and lateral flow, is calculated. Because Si,j and ai,j 

are known, ψ i,j
b is determined by solving Si,j = S

(
ai,j,ψ i,j

b

)
(equation (17) 

is used in the case of Si,j < Sthre
(
ai,j) and equation (19) in the case of 

Si,j ≥ Sthre
(
ai,j)). Finally, we can obtain qi,j from the known Si,j, ai,j, and 

ψ i,j
b by using equation (18) or (20). 

3. Models and simulation setup for comparison 

To evaluate the newly proposed KW model in this study (1D-New), 
we compare it with the original KW model that assumes the hydrostatic 
condition a = − cosφ (1D-Hs) and a model numerically to solve the two- 
dimensional Richards equation (2D-RE). 

3.1. The KW model 1D-Hs 

The 1D-Hs is the KW model that does not consider the effect of 
percolation and was developed by Sugawara and Sayama (2021). It is 
derived by assuming a = − cosφ and using the same procedure as in this 
study. From equation (13), Sthre is given by the following equation: 

Sthre = θrD +
ψe(θs − θr)

cosφ(1 − λ)

[

1 −

(
ψe − Dcosφ

ψe

)1− λ
]

(25)  

Sthre in the 1D-Hs is constant, unlike in the 1D-New. From equations (17), 
(18), (19), and (20), the relationships between S and q can be obtained 
as follows: 

When θrD < S < Sthre, 

S(ψb) = θrD +
ψe(θs − θr)

cosφ(1 − λ)

[(
ψb

ψe

)1− λ

−

(
ψb − Dcosφ

ψe

)1− λ
]

(26)  

q(ψb) =
ksψesinφ

cosφ(1 − nλ)

[(
ψb

ψe

)1− nλ

−

(
ψb − Dcosφ

ψe

)1− nλ
]

(27)  

When Sthre ≤ S ≤ θsD, 

S(ψb)= θs
ψb − ψe

cosφ
+θr

(
D −

ψb − ψe

cosφ

)
+

ψe(θs − θr)

cosφ(1 − λ)

[

1 −
(

ψb − Dcosφ
ψe

)1− λ
]

(28)  

q(ψb) = ks
ψb − ψe

cosφ
sinφ +

ksψesinφ
cosφ(1 − nλ)

[

1 −

(
ψb − Dcosφ

ψe

)1− nλ
]

(29)  

In the 1D-Hs model, the only auxiliary variable in the relationship be-
tween S and q is ψb. Therefore, the runoff calculation can be performed 
by simply coupling the relationship between S and q with equation (1). 

Fig. 3. Schematic diagram of the simulation domain.  
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In the 1D-New and 1D-Hs, the surface runoff is modeled by a KW model 
with the Manning formula when the soil layer is fully saturated. 

3.2. The numerical solution of the Richards equation 2D-RE 

The 2D-RE is the model numerically to solve the two-dimensional 
Richards equation, which describes the saturated and unsaturated 
flow in detail. The two-dimensional Richards equation is expressed as 

∂θ
∂t

=
∂
∂x

K
(

∂ψ
∂x

− sinφ
)

+
∂
∂z

K
(

∂ψ
∂z

+ cosφ
)

(30)  

For calculation, we use the program developed by An and Yu (2014) 
with a minor modification for using the same one as the water retention 
curve and unsaturated hydraulic conductivity of the 1D-New and 1D-Hs. 
Equations (10) and (11) are used for the water retention curve and 
unsaturated hydraulic conductivity. Iterative calculations are conducted 
in each time steps until the computational error is less than a threshold. 
Surface runoff is also tracked using the St. Venant equation. 

3.3. Slope conditions, parameters and input rainfall data 

Fig. 3 shows the schematic diagram of the slope to be analyzed in this 
study. The computational domain is a rectangular slope with the slope 

length L = 100 [m] and the angle φ = 30◦ . Rainfall infiltrates from the 
soil surface, and the bedrock is impermeable. The upstream boundary 
condition is no flow, and the downstream boundary condition is gravity 
flow by the slope gradient. In the 1D-New and 1D-Hs, the spatial reso-
lution is Δx = 10 [m], and the temporal resolution is Δt = 300 [sec]. No 
discretization is required along the z direction. In the 2D-RE, the spatial 
resolutions are Δx = 0.5 [m] and Δz = 0.05[m], and the temporal reso-
lutions vary according to the iterative calculations. Table 1 shows the 
parameters of the water retention curves used in this study, and Fig. 4 
shows the soil water retention curves and relative hydraulic conduc-
tivity for the parameter sets in Table 1. The soil types and parameters are 
from the study conducted by Rawls et al. (1982), in which a catalog of 
soil parameters was estimated from large data sets of soil properties. 
However, the saturated hydraulic conductivity was separately set 
because the original saturated hydraulic conductivity may cause Hor-
tonian overland flow in the 2D-RE. Since the proposed method in this 
study assumes that all rainfall infiltrates into the soil layer, the model 
performance cannot be properly evaluated if Hortonian overland flow 
occurs in the 2D-RE. Therefore, in this study, the saturated hydraulic 
conductivity was set high so that all rainfall infiltrates into the soil layer 

Table 1 
The parameters of water retention curve.  

Soil Type θs θr ψe[m] λ 

Loam  0.46  0.03  − 0.11  0.22 
Sand  0.44  0.02  − 0.072  0.59 
Clay  0.48  0.09  − 0.37  0.13 
Silt  0.50  0.02  − 0.21  0.21  

Fig. 4. Soil water retention curves and relative hydraulic conductivity for the parameter sets in Table 1.  

Table 2 
The parameter sets for the simulation.  

No. Soil Type ks[m/sec] D[m] τ[sec] Init. S [m] 

1 Loam  0.001 2 7600  0.49 
2 Sand  0.001 2 35,000  0.25 
3 Clay  0.001 2 2800  0.60 
4 Silt  0.001 2 4000  0.52 
5 Loam  0.0005 2 15,000  0.49 
6 Loam  0.0001 2 76,000  0.49 
7 Loam  0.001 3 18,000  0.74  
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even in the 2D-RE. Table 2 shows the parameter sets used in the simu-
lation. We analyzed the effects of changing the water retention curve, 
saturated hydraulic conductivity, and soil layer thickness. Note that for 
clay, the saturated hydraulic conductivity is much higher than the 

representative values. This is to avoid the occurrence of Hortonian 
overland flow in the 2D-RE, which is influenced by many conditions (e. 
g., the water retention curve, rainfall intensity and pattern, slope angle, 
initial condition, and so on). It is not clear how low the saturated 

Fig. 5. Input rainfall data for the simulation. The total rainfall is 239 mm in event 1 and 382 mm in event 2.  

Fig. 6. Hydrographs of event 1 with the parameter sets No. 1–4. The runoff is calculated to divide q at the outlet by slope length L.  
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hydraulic conductivity can be set for comparison with the proposed 
method in the two-dimensional simulations. In addition, the previous 
studies, which used the distributed hydrological models including the 
kinematic wave model, set the saturated hydraulic conductivity higher 
than representative value to reproduce observation during storm event 
(Hunukumbura et al., 2012; Sayama et al., 2012; Tanaka and Tachi-
kawa, 2015; Sayama et al., 2020). For the comparison in terms of quick 
runoff response during storm event, the saturated hydraulic conductiv-
ity should be set higher than representative value. Therefore, we set the 
uniformly high saturated hydraulic conductivity and focus on the impact 
of different water retention parameters on the applicability of the pro-
posed model. The relaxation time τ and the initial condition of S were 
determined from numerical experiments using the vertical one- 
dimensional Richards equation shown in Appendix A. For the initial 
condition in the 2D-RE, the average water content that the initial S is 
divided by the soil thickness was set to be uniform in the soil layer. In the 
1D-New, we set a = − cosφ as the initial condition. The Manning’s 
roughness coefficient used in the surface flow model was set as 
0.1 [m− 1

3 • sec]. However, no cases with surface flow were observed in the 
simulations of this study due to the high saturated hydraulic conduc-
tivity. Therefore, we note that the Manning’s roughness coefficient does 
not affect the results of this study. 

Fig. 5 shows the rainfall input data. The rainfall data is the basin- 
averaged rainfall previously used in Sugawara and Sayama (2021). 
Event 1 is a single-peak event with a total rainfall of 239 mm, while 
event 2 shows a more complex temporal pattern with a total rainfall of 
382 mm. 

4. Results 

4.1. Model comparison with several water retention curves 

We compared the simulated runoff of the unit area from the slope 
and the storage-runoff relationship (S − q) at the slope outlet. In the 2D- 
RE, S and q were calculated by integrating the values of the grid cells 

facing the outlet. To evaluate the performance of the proposed model, 
the Nash–Sutcliffe efficiency coefficient (NSE) for the 1D-New and 1D- 
Hs (NSE1D New and NSE1D Hs) is calculated assuming the runoff of the 
2D-RE as true values. Fig. 6 shows hydrographs of event 1 with the 
parameter sets No. 1–4. In the No. 1 parameter representing loam, the 
2D-RE shows the time-delayed and gentler runoff than the 1D-Hs. The 
1D-New shows the storage effect that delays and reduces the peak 
runoff, similar to the 2D-RE (NSE1D New = 0.99 and NSE1D Hs = 0.88). In 
the No. 2 parameter representing sand, the 2D-RE stores more rainwater 
before the peak time than the 1D-New, but the peak runoff is larger in 
2D-RE (NSE1D New = 0.78 and NSE1D Hs = 0.59). The difference is 
because the relaxation time τ, which is assumed to be constant, 
considerably varies even in the wet condition by the weak nonlinearity 
of the unsaturated hydraulic conductivity. Hence, the pressure head 
distribution tends to be nonlinear by drying the near soil surface ac-
cording to the low water retention even when the saturated zone occurs. 
In the No.3 and No.4 parameters representing clay and silt, respectively, 
the runoff is small, with almost no difference among the three models. 
For clay and silt, the threshold value (i.e., Sthre(− cosφ)) at which the 
saturated zone on the bedrock may occur is high owing to their water 
retention properties, and the storage value in event 1 did not exceed this 
value. In this case, no saturated zone occurs for any pressure head dis-
tribution, and the lateral discharge becomes low for all models, 
regardless of the percolation process. 

Fig. 7 shows storage-runoff relationships (S − q) of the event 1 with 
the parameter sets No. 1–4. The path represents changes over time, and 
the arrows indicate the direction of change. The time of the largest 
runoff corresponds to the peak time. In the 1D-Hs, the storage-runoff 
relationship is a one-to-one correspondence. However, in the 1D-New 
and 2D-RE, it shows hysteresis over time because the runoff is 
different even for the same S. For the No.1 loam parameter, the runoff of 
the 1D-New and the 2D-RE is suppressed because the rainwater that 
infiltrates into the soil layer does not immediately accumulate on the 
bedrock, unlike with the 1D-Hs, and is absorbed by the soil layer 
through the percolation process. For the same storage (S) condition, the 

Fig. 7. Storage-runoff relationships of event 1 with the parameter sets No. 1–4. The Storage is S at the outlet, and S of the 2D-RE is calculated by integrating θ along z 
direction. The path represents changes over time, and the arrows indicate the direction of change. The time of the largest runoff corresponds to the peak time. 
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Fig. 8. Hydrographs of event 2 with the parameter sets No.1–4.  

Fig. 9. Storage-runoff relationships of event 2 with the parameter sets No.1–4. The arrow indicates the effect that the unsaturated zone stores rainwater even in high 
S condition because the near soil surface become dry. 
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runoff after the peak is higher than before the peak because of the 
pooling of rainwater on the impervious bedrock with completing 
percolation. For the No. 2 sand parameter, the 1D-New shows the hys-
teresis similar to the 2D-RE, but the 2D-RE has a larger loop. This is due 
to the storage before the peak time and the large peak runoff, as 

described earlier in the explanation of the hydrograph. For the No. 3 clay 
and No. 4 silt parameters, the storage-runoff relationships had almost no 
difference among the three models. 

Fig. 8 shows the hydrographs of event 2 with the parameter sets 
No.1–4. For the No.1 loam parameter, the difference between the 1D-Hs 

Fig. 10. Hydrographs of event 1 and 2 with the parameters sets No. 5–7.  

Fig. 11. Storage-runoff relationships of event 1 and 2 with the parameters sets No. 5–7.  
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and 2D-RE is smaller than that in event 1 (NSE1D Hs = 0.96). This is 
because the soil layer becomes wetter owing to the increased total 
rainfall, and the effect of percolation becomes small. However, the 
storage effect of reducing the runoff before the peak time is still evident, 
but the 1D-New can reproduce it (NSE1D New = 0.99). For the No. 2 sand 
parameter, the 1D-New reproduces the peak runoff and time delay of the 
2D-RE, although the storage before the peak time is lower than that in 
the 2D-RE (NSE1D New = 0.90 and NSE1D Hs = 0.78). For the No. 3 clay 
parameter, the runoff is larger than it is in event 1 because of the 
saturated zone caused by the increased total rainfall. Similar to event 1, 
almost no difference exists among the three models. However, the 
reason for this seems to differ from that for event 1. The clay parameter 
has a high water retention characteristic which keeps the entire soil 
layer wet and allows percolation to finish quickly. For the No. 4 silt 
parameter, the difference among the three models is still small owing to 
the high water retention characteristic of the silt, but the 1D-New and 
2D-RE models show a slight storage effect. 

Fig. 9 shows the storage-runoff relationships of event 2 with the 
parameter sets No.1–4. For the No.1 loam parameter, the 2D-RE shows 
the storage effect that suppresses the increase in the runoff as indicated 
by the arrow even in the wet condition. This is due to the drying near the 
soil surface by the progress of percolation, even in the wet condition, 
which occurs the saturated zone. In this case, the 1D-New, which as-
sumes the linear pressure head distribution, does not reproduce the 2D- 
RE because both sides near the bedrock and soil surface become wet. For 
the No. 2 sand parameter, the 2D-RE similarly shows the storage effect 
because the near soil surface is easy to dry. However, for the No. 3 clay 
and No. 4 silt parameters, the storage effect, as indicated by the arrow in 
the result of the No. 1 loam parameter, is almost negligible. This is 
because the high water retention characteristics of the clay and silt keep 
the near soil surface moist without drying out. 

In summary, the newly developed 1D-New reproduces accurately the 
behavior of the 2D-RE for clay and silt. For loam, the 1D-New also re-
produces the behavior of the 2D-RE, but the pressure head becomes 
nonlinear when both sides near soil surface and the bedrock are wet, 
causing differences. For sand, the difference between the 1D-New and 

2D-RE is larger than that of other soil types because the pressure head 
distribution tends to be nonlinear and the relaxation time τ significantly 
varies even in wet conditions. 

4.2. Model comparison for the different saturated hydraulic conductivity 
and soil layer thickness 

Fig. 10 and Fig. 11 show the hydrographs and storage-runoff re-
lationships for events 1 and 2, illustrating the effects of cutting the 
saturated conductivity in half and into tenth (parameter sets No. 5 and 
6) and increasing the soil depth from 2 m to 3 m (parameter set No.7). 
For the case of parameter set No. 5, a smaller hydraulic conductivity 
reduces the peak runoff and elongates the response time; the hydrograph 
is less abrupt. This is partly because percolation takes longer, resulting in 
more water being stored in the soil layer. The discrepancy between the 
1D-Hs and 2D-RE exists for the lower permeability (NSE1D Hs = 0.87, 
0.96 in events 1 and 2). However, the 1D-New with modified τ based on 
the saturated hydraulic conductivity accurately reproduces the behavior 
of the 2D-RE (NSE1D New = 0.99, 0.99 in events 1 and 2). In event 2, the 
ratio of the peak runoff of the 1D-New and 2D-RE is 1.13 for the 
parameter set No. 1 and 1.04 for the parameter set No. 5, showing a 
smaller difference with lower permeability. This is because the drainage 
reduction keeps the near soil surface wet, and the nonlinearity of pres-
sure head distribution becomes weak. A similar trend was observed in 
the case of parameter set No. 6, which further reduces the saturated 
hydraulic conductivity. The 1D-New shows higher NSE values and better 
reproducibility than the 1D-Hs (NSE1D Hs = 0.83,0.95 and NSE1D New =

0.87, 0.98 in events 1 and 2). 
For the 1 m thicker soil layer represented in the parameter set No.7, 

the distance of unsaturated percolation became longer, and more rain-
water was stored in the soil layer. As in the case of the parameter set 
No.5, the difference between the 1D-Hs and 2D-RE with the parameter 
set No. 7 was large (NSE1D Hs = 0.17 and 0.72 in events 1 and 2), and the 
1D-New accurately reproduces the behavior of the 2D-RE in event 1 
(NSE1D New = 0.95 and 0.91 in events 1 and 2). However, in event 2, the 
difference in peak runoff between the 1D-New and 2D-RE with the 

Fig. 12. (left) Pressure head distributions at the outlet cross-section at the 1D-New peak time in event 2 with the parameter set No. 7. (right) Water depth distri-
butions at the 1D-New peak time in event 2 with the parameter set No. 7. x is the distance from the top of slope. 
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parameter set No. 7 was greater (approximately 23 %). This is because 
the unsaturated zone was expanded, and the pressure head distribution 
of the 2D-RE became non-linear (Fig. 12). For shallower soils (z > 2 m), 
the pressure head of the 2D-RE was higher than that of the other two 
models, and the distribution is nonlinear. By contrast, the distribution of 
1D-New indicate that the rainwater was more quickly transported to the 
lower area of the soil layer. Thus, the previous and new one-dimensional 
approach with the approximation of the pressure-depth relationship as 
linear overestimates the rate of re-wetting from the second pulse of 
rainfall. This occurs over the entire slope (Fig. 12). The 1D-Hs shows the 
smallest water depth because it is already draining at the peak of the 1D- 
New. The 2D-RE shows a smaller water depth than that of the 1D-New 
because of the storage effect in the unsaturated zone during the sec-
ond rainfall pulse, which suppresses the development of the saturated 
zone. 

In summary, for smaller saturated hydraulic conductivity, the soil 
layer stores more rainwater owing to slow percolation, and this sup-
pressed drainage makes it easier to keep the entire soil layer wet. 
Consequently, the applicability of the 1D-New, which linearly approxi-
mates the pressure head, may be improved. In that case, the 1D-New 
accurately reproduces the behavior of the 2D-RE. Moreover, for the 
deeper soil layer thickness, the storage in the soil layer increases owing 
to the longer percolation distance. For the simple rainfall pattern such as 
event 1, the 1D-New and 2D-RE agree well. However, for more complex 
rainfall patterns such as event 2, the pressure head distribution of the 
2D-RE shows nonlinearity, resulting in a large difference with the 1D- 
New. 

5. Discussion 

5.1. Characteristics of the proposed model 

Section 4 demonstrated that the 1D-Hs cannot completely represent 
the 2D-RE. Similar results have been reported in previous studies 
comparing lateral flow models with the Richards equation (e.g., Broda 

et al., 2012; Jeannot et al., 2018). One approach to the issue is to couple 
the lateral flow model with the one-dimensional vertical Richards 
equation (e.g., Pikul et al., 1974; Abbott et al., 1986; Downer and 
Ogden, 2004, Hilberts et al., 2007). As described in the introduction, this 
method has the advantage of solving percolation rigorously, but it re-
quires three-dimensional discretization, which increases the computa-
tional cost. However, the 1D-New, the new KW model considering 
percolation, can reproduce the effect of making runoff gentle and 
delayed, as well as the Richards equation. In addition, the new model is 
superior to the lateral flow models coupled with the Richards equation 
in terms of computational cost since it does not require discretization 
along the perpendicular direction. 

The main differences between the existing lateral flow models 
assuming the hydrostatic condition (Pan et al., 2015; Kong et al., 2016; 
Sugawara and Sayama, 2021) and our proposed model involves 
considering the vertical gradient of the pressure head in the new model. 
To evaluate the impact of the vertical gradient, we showed the storage- 
runoff relationship of the 1D-New based on the several pressure head 
gradients a and the parameter set No. 1. (Fig. 13). For the hydrostatic 
condition (a = − cosφ), the 1D-New is the same as the 1D-Hs and the 
runoff is the maximum for a unique S value. Runoff is minimized by 
imposing a homogeneous vertical pressure head distribution (i.e., a =

0). The runoff above the Sthre curve is the case when the saturated zone 
exists. In the 2D-RE, percolation causes the hysteretic loop of the 
storage-runoff relationship. The 1D-New can reproduce this behavior of 
the 2D-RE by considering the different distributions for a unique S value. 
However, the previous lateral flow models assuming the hydrostatic 
condition show single distribution for each S value, and cannot repro-
duce the hysteresis, which is an important characteristic of hillslope 
storage-runoff relationships (Penna et al., 2011). Some models describe 
percolation without spatial discretization (e.g., Qu and Duffy, 2007; 
Jeong and Park, 2017; Muñoz-Carpena et al., 2018). Those models are 
mainly constructed by separating percolation in the unsaturated zone 
from saturated lateral flow. Such an approach is clear because it isolates 
each hydrological process, but the interaction between processes (e.g., 

Fig. 13. Storage-runoff relationship of the 1D-NEW based on the several pressure head gradients a and the parameter set No.1. Sthre at which the saturated zone 
begins to occur is defined in equation (13). 
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changes in percolation distance as the water table rises) often become 
complicated. The uniqueness of the proposed method is that the water 
storage in the unsaturated and saturated zones can be tracked in a single 
continuity equation. This allows for seamless handling of percolation 
and lateral flow. The relationship of water distributions and runoff in the 
proposed method is shown in Fig. 14. The runoff is maximum at the 
hydrostatic condition (a = − cosφ), and is minimum for the homoge-
neous distribution (a = 0). If a increases in − cosφ ≤ a ≤ 0, the runoff 
monotonically decreases. This is because of the decrease in the wet zone 
at the bottom of the soil layer. If a increases in 0 < a ≤ 0.4, the wet area 
at the soil surface inversely expands and the runoff monotonically in-
creases. In the proposed method, the storage ratio between the unsatu-
rated and saturated zones is expressed as variable a. Furthermore, we 
can integrate percolation and lateral flow by deriving the analytical 
relationship between total water storage and runoff. 

The percolation effect in the 1D-New model changes depending on 
the parameter τ. We analyzed the impact of the parameter τ on runoff in 
Appendix B. 

5.2. Robustness of the parameter τ for initial condition and estimation 
method of τ from soil property 

In the proposed model 1D-NEW, we assume the linear pressure head 
distribution and percolation expressed by the change of the pressure 
head gradient a. This allows the effect of percolation to be easily re-
flected in the lateral subsurface model. The change in a by progress of 
percolation depends on the newly introduced parameter τ. Therefore, 
investigating the robustness of the parameter τ for initial condition and 
discussing how to estimate τ. from soil property are important. In this 
section, we discuss these two points. 

To investigate the robustness of the parameter τ for different initial 
conditions, we simulated for all cases with the new initial conditions 
which varied ±0.4 [m] from the initial conditions shown in Table 2. 
Fig. 15 shows the hydrographs around the peak time. We calculated the 
difference in NSE as follows. 

ΔNSE = NSEnew initial − NSEdefault (31)  

NSEnew initial is NSE calculated with the new initial condition and 
NSEdefault calculated with the initial condition shown in Table 2. We 
calculated ΔNSE in 28 cases (7 parameter sets × 2 events × 2 initial 
conditions). For ΔNSE in all cases, the mean was − 0.0033 and the 
median was 0.0011. The maximum ΔNSE was 0.072 (the parameter set 
No. 6, event 1, and initial condition + 0.4 [m]) and the minimum ΔNSE 
was − 0.079 (the parameter set No. 2, event 2, and initial condition 
− 0.4 [m]). From this result, we confirmed that τ used in this study is the 
robust parameter for different initial conditions. The robustness of τ can 
be explained as follows. The effect of percolation in hillslope runoff 
appears as the hysteresis in the storage-runoff relationship. For all 
simulations with parameter sets presented in this study, the hysteresis 
was greater in wet than in dry conditions. This is because the differential 
of the relative hydraulic conductivity is greater the closer to saturation, 
and the sensitivity of the lateral discharge q to the pressure head dis-
tribution is greater in wet conditions, where high water content area can 
be formed, than in dry conditions, where high water content area cannot 
be formed. Therefore, from the perspective of runoff during storm event, 
to select τ which can reproduce changes in the pressure head gradient a 
in wet conditions is important. However, the differential of τ to soil 
moisture is larger in dry conditions and smaller in wet conditions (see 
Appendix A). Therefore, the range of τ to be selected is in wet conditions 
and its range is narrow, and the single value of τ may be applicable to 
different initial conditions. 

Percolation is strongly influenced by three components: the satu-
rated hydraulic conductivity, water retention curve, and soil layer 
thickness. Therefore, we consider estimating τ from these parameters. 
We assume that τ is inversely proportional to the saturated hydraulic 
conductivity because Darcy velocity is proportional to the saturated 
hydraulic conductivity regardless of volumetric water content and the 
numerical experiments in Appendix A showed an inversely proportional 
relationship between τ and the saturated hydraulic conductivity. In 
order to express the soil layer thickness and water retention curve in a 

Fig. 14. (left) Relationship between runoff and a based on the parameter set No. 1 when S = 0.7[m]. (right) Distributions of water content θ along the z direction.  
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Fig. 15. Hydrographs around the peak time for all cases with new initial conditions which varied ±0.4 [m] from the initial conditions shown in Table 2. The symbol +
indicates +0.4 [m] initial condition and the symbol − indicates − 0.4 [m] initial condition. 
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single index, we introduce the storage deficit Sd [L]: 

Sd = θsD − Sthre(a = − 1) = (θs − θr)D +
ψe(θs − θr)

(1 − λ)

[

1 −

(
ψe − D

ψe

)1− λ
]

(32)  

Sthre(a = − 1) is the storage volume at which ψb = ψe under the hydro-
static condition when we consider the soil column with the parameters 
of interest. That is to say, Sd represents how much rainwater can be 
stored once the storage S reaches the value at which the saturated zone 
can be formed. The larger Sd, the larger τ, since the storage effect ap-

Fig. 16. Relationship between Sd and τ for the parameter sets with ks = 0.001[m/sec]] in Table 2. The black line represents the linear regression for all data and the 
blue line represents the linear regression for data excluding sand with low NSE. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 

Fig. A1. Time variation of the pressure head gradient a calculated from numerical experiments of the one-dimensional Richards equation (the circle) and the 
exponential decay model with optimized τ (the solid line). 
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Fig. A2. Variations of τ for initial Se with the parameter sets No. 1–4.  

Fig. B1. Hydrographs and storage-runoff relationships of event 1 and 2 with the parameter set No. 1, but τ is changed to several values.  
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pears even in wet conditions. Fig. 16 shows the relationship between Sd 
and τ for the parameter sets with ks = 0.001[m/sec]] in Table 2. It should 
be noted that the number of data in this study is small, but the results 
suggest that τ increases as Sd increases. More data should be obtained 
from simulations by using the proposed model and the numerical solu-
tions of the Richards equation for various soil properties and optimizing 
τ to the results of the Richards equation. If we assume a linear rela-
tionship between Sd and τ, the estimated equation for τ is as follows. 

τ = 0.001α Sd

ks
(33)  

where α is the proportionality coefficient between Sd and τ, and the 
coefficient 0.001 indicates that α is regressed on data with ks =

0.001[m/sec]. α = 42000 for all data (the black line in Fig. 16), and α =

29000 for data excluding sand with low NSE (the blue line in Fig. 16). A 
similar expression of characteristic time is used to define the time to 
reach the field capacity (Assouline and Or, 2014). If τ in this study could 
be related to an index such as the field capacity, estimating τ could be 
easier. 

6. Conclusions 

In this study, we improved the KW model, which simulates the lateral 
flow in steep hillslopes, to consider the effect of percolation along the 
direction perpendicular to the bedrock. Specifically, the perpendicular 
distributions of the pressure head, which had been assumed to be the 
hydrostatic condition, were extended to the non-hydrostatic condition. 
By assuming that the pressure head distributions are linear, we derived 
the relationships between the storage and runoff that do not require 
perpendicular discretization. This allows the KW model to reproduce the 
effect of percolation with low computational cost. 

To analyze the response of the newly developed model (1D-New), we 
compared the 1D-New, the KW model assuming the perpendicular hy-
drostatic condition (1D-Hs), and the numerical solution of the two- 
dimensional Richards equation (2D-RE). Focusing on the water reten-
tion characteristics, the 1D-New almost reproduces the behavior of the 
2D-RE when the water retention characteristics are strong. For weak 
water retention characteristics, the difference between the 1D-New and 
2D-RE is more likely to occur because of the low applicability of two 
assumptions as the linearity of pressure head and constant relaxation 
time τ. When the saturated hydraulic conductivity is lower, the differ-
ence between the 1D-Hs and 2D-RE is clear regarding the peak runoff 
and time delay, but the 1D-New can reproduce the response of the 2D- 
RE. When the soil layer thickness is deeper, the 1D-New can repro-

duce the behavior of the 2D-RE in events with the simple rainfall 
waveform. However, as the rainfall waveform is complex, the pressure 
head distribution becomes nonlinear, and the difference between the 
1D-New and the 2D-RE increases. 

The newly developed KW model can reproduce the storage effect 
seen in the Richard equation. However, the applicability of the as-
sumptions used for the derivation seems to be lower when the water 
retention characteristics are weak or when the soil layer thickness is 
deep. The ultimate goal of the study is to reproduce the rainfall-runoff 
processes in real watersheds using a hydrological model. Applying the 
developed model to a distributed runoff model and discussing its 
applicability by comparison with observed data is necessary in future 
studies. 
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Appendix A: Estimation of the parameter τ 

To estimate the values of the relaxation time τ, the new parameter added to the KW model developed in this study, we conducted simulations using 
a numerical solution of the vertical one-dimensional Richards equation. The numerical solution was constructed by changing the settings of the 2D-RE. 
The one-dimensional vertical Richards equation is 

∂θ
∂t

=
∂

∂z′K
(

∂ψ
∂z′ + 1

)

(A1)  

where z′ is the vertical upward coordinate. The spatial resolution is Δz′ = 0.05[m], and the iterative calculation method is similar to that of the 2D-RE. 
The no flow boundary condition was used for the upper and lower boundary conditions. The initial conditions were set as various values of the 
effective saturation rate Se uniformly throughout the soil column. We used the parameters shown in Table 2. 

The time variation of the pressure head gradient a was calculated by linearly approximating the vertical distribution of the pressure head at each 
time step. In addition, we optimized τ by comparing these results with the equation for calculating a in the 1D-New. For the above simulation settings, 
we need to modify equation (23) as cosφ = 1, atemp = 0, ai,j = a and Δt = t. The equation becomes 

a = exp
(
−

t
τ

)
− 1 (A2)  
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We obtained the optimized τ for each initial condition by selecting τ with which the root mean squared error between the simulation results and 
equation (A.2) is the smallest. Fig. A.1 shows the time variation of the pressure head gradient a calculated from numerical experiments of the one- 
dimensional Richards equation and the exponential decay model with optimized τ. For loam, clay, and silt, the exponential decay model is able to 
reproduce the change in a calculated from the one-dimensional Richards equation. For sand, the exponential decay model may be less applicable due 
to the low accuracy of the linear approximation of the pressure head distribution in the first place. The percolation process in hillslope is much more 
complex than this numerical experiment. However, the purpose of this study is not to solve percolation process rigorously, but rather to provide a 
simplified representation of percolation process and then reflect its effects in the lateral subsurface model. Therefore, we believe it is reasonable to 
adopt the exponential decay model that can reproduce the change in a calculated from the one-dimensional Richards equation. In addition, since the 
proposed model focuses on the runoff response during storm event, it is important for the change in a to reproduce the response during wet conditions, 
such as when saturated zones are occurring. Therefore, it is important to use the fitted τ for wet conditions in the rainfall-runoff translation during a 
storm event, and we think that the effect of the change in τ with soil moisture is relatively small. Also, under conditions where saturated zones occur, 
a ≤ 0, which is also consistent with the setting of this experiment. 

Fig. A.2 shows the variations of τ for the initial Se with the parameter sets No. 1-4. Naturally, when the initial Se is larger, it takes a shorter time to 
reach hydrostatic because the soil column is wet. In the results of No.1 loam, No.3 clay and No.4 silt, τ was sensitive to the initial Se in Se ≤ 0.5. This is 
because of a strong nonlinearity of the unsaturated hydraulic conductivity in an extremely dry condition. If we adopt the values of τ in this range, we 
may underestimate the runoff in hillslopes. However, in Se ≥ 0.75, τ was very small and insensitive to the initial Se because the soil column was 
extremely wet. Therefore, if we adopt the values of τ in this range, we cannot consider the percolation effect, and the 1D-New is almost consistent with 
the 1D-Hs. From these results, we assume that the values of τ in 0.5 < Se < 0.75 are suitable for the parameters to be used in the 1D-New, and their 
average values were adopted. In addition, the initial conditions to be used in the comparative simulations of the 1D-New, 1D-Hs and, 2D-RE are set to 
the storage S converted from the values Se = 0.5–0.55, which are conditions in which water is adequately drained. We used the same idea for the No. 2 
sand. However, the range of τ, which is not extremely dry or wet, is wider than that of other soil types because of the weak nonlinearity of the un-
saturated hydraulic conductivity. The applicability of the assumption that τ is constant seems to be less than that for other soil types. 

From the simulation with No. 5, 6 and 7, the value of τ with No. 5, 6 and 7 was approximately 2, 10, and 2.4 times greater, respectively, than it was 
with No. 1. The estimation method in this appendix is a qualitative procedure; therefore, an optimization using observation data or regarding τ as a 
function of S may improve the accuracy of the developed model. 

Appendix B: Effects of the parameter τ on the runoff 

The 1D-New can simulate various water content distributions by varying a and, thereby, reproduce the percolation effect, leading to more gradual 
runoff and delayed flow. The temporal dynamics of a are determined by the relaxation time τ (equation (24)). Therefore, it is important to investigate 
the effects of the time-scale parameter τ on the runoff and storage. A larger τ increase the time to reach the hydrostatic condition (slower percolation). 

In the hydrograph of event 1, increasing τ from 0.25 h to 8.3 h delayed the runoff by about 8 h and reduced the peak by up to 35 % (Fig. B.1). This is 
because slower percolation suppresses the development of the saturated zone, and more rainwater is stored in the unsaturated zone. Since rainwater 
stored in the unsaturated zone flows slower, the base flow becomes larger. In the storage-runoff relationship of event 1, a larger τ results in the wider 
storage-runoff hysteretic loop, requiring more water to initiate runoff. The loop of the storage-runoff relationship becomes sharper for a smaller τ, and 
it is almost non-existent when τ = 1000[sec]. Therefore, as expected, when τ is small, the 1D-New shows almost the same response as the 1D-Hs. 
Showing more complex behavior, in event 2, an intermediate τ slightly delays the rise of the hydrograph and also increases peak outflow by 
approximately 20 % (Fig. B1). In τ = 1000–20,000 [sec], the peak runoff increases with τ. This may be because of the more temporal variation in the 
rainfall of event 2. The first peak is delayed and combined with the second one to form a large peak. In τ = 20,000–50,000 [sec], the peak runoff 
becomes smaller for the larger τ owing to increased storage in the unsaturated zone (as seen in event 1). Considering the storage-runoff relationship of 
event 2, for the larger τ, the hysteresis is more gradual, also consistent with that seen for event 1. However, the storage S at the time of the peak runoff 
clearly changes with τ unlike those in event 1 because of the longer rainfall period of event 2. 

Appendix C. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.jhydrol.2024.130726. 
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