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As in random matrix theories, eigenvector/value distributions are important quantities of
random tensors in their applications. Recently, real eigenvector/value distributions of Gaus-
sian random tensors have been explicitly computed by expressing them as partition func-
tions of quantum field theories with quartic interactions. This procedure to compute dis-
tributions in random tensors is general, powerful, and intuitive, because one can take ad-
vantage of well-developed techniques and knowledge of quantum field theories. In this
paper we extend the procedure to the cases that random tensors have mean backgrounds
and eigenvector equations have random deviations. In particular, we study in detail the case
that the background is a rank-one tensor, namely, the case of a spiked tensor. We discuss
the condition under which the background rank-one tensor has a visible peak in the eigen-
vector distribution. We obtain a threshold value, which agrees with a previous result in the
literature.

Subject Index A13, A45, B83, B86

1. Introduction

Eigenvalue distributions are important quantities in random matrix models. The most well-
known is the Wigner semi-circle law of the eigenvalue distribution, which models energy spec-
tra of strongly interacting many-body systems [1]. Eigenvalue distributions are also used as an
important technique in solving matrix models [2,3]. Topological changes of eigenvalue distri-
butions provide insights into the quantum chromodynamics [4,5].

It would be natural to ask how such knowledge about random matrices can be generalized
to random tensors. Random tensor models [6-9] were originally introduced to extend random
matrix models, which are successful as 2D quantum gravity, to higher-dimensional quantum
gravity. Recently random tensor models have also played interesting roles in various other sub-
jects (see, e.g. Ref. [10]). While physically interesting matrices like the hermitian can be one-to-
one mapped to sets of eigenvalues by symmetry transformations, this cannot be done in general
for tensors. However, we sometimes encounter what we may call tensor eigenvectors/values [11—
14] in studies. A well-known example is the distribution of the energy spectra of the spherical
p-spin model [15,16] for spin glasses, which was comprehensively analyzed in Ref. [17]. In fact,
this is the same problem as obtaining the real eigenvalue' distribution of a real symmetric ran-

"More precisely, they are Z-eigenvalues in the terminology of Refs. [11,14].
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dom tensor. Tensor eigenvector/value problems also appear in other contexts, such as anti-de
Sitter/conformal field theory (AdS/CFT) [18], classical gravitational systems [19], and applied
mathematics for technologies [14].

Considering their broad appearance, it is worth effort to systematically understand properties
of tensor eigenvectors/values. Our focus is on their distributions for Gaussian random tensors.
Some interesting results have already been obtained in the literature. In Refs. [20,21] the expec-
tation values of numbers of real eigenvalues of random tensors were computed. In Ref. [22] the
maximum eigenvalues of random tensors were estimated in the large-N limit.? In Ref. [23], the
Wigner semi-circle law was extended to a form for random tensors. In Refs. [24-26] the present
author computed real eigenvalue distributions of random tensors by quantum field theoretical
methods.

In the last works above by the present author, the procedure is to first rewrite the eigenvector
problems as partition functions of quantum field theories with quartic interactions, and then to
compute the partition functions. There are some merits in this procedure; it is general, powerful,
and intuitive. As far as tensors have Gaussian distributions, one can in principle extend the
procedure to obtain quantum field theories of quartic interactions for a wide range of other
tensor problems, such as complex eigenvalue/vector distributions, tensor rank decompositions,
etc. Then, once such quantum field theories have been obtained, one can use various well-
developed quantum field theoretical techniques, such as Schwinger—-Dyson equations as in Ref.
[25]. Moreover, it is generally more intuitive to compute partition functions than to directly
treat systems of eigenvector/value polynomial equations. For instance, in the large-N analysis
of Ref. [25], there exists a phase transition point between perturbative and nonperturbative
regimes of the quantum field theory, and this point corresponds to the edge of the eigenvalue
distribution.

The purpose of the present paper is to apply this quantum field theoretical procedure to a
slightly different setup than the previous works [24-26]. We assume the random tensors have
mean values, namely, backgrounds. This is a useful setup in the research of data analysis, in
which backgrounds are signals and deviations around them are noises [27]. It is an important
question under what conditions signals can be recovered from data contaminated by noises
[27-29]. We also introduce random deviations to eigenvector equations.® This simulates solv-
ing approximately eigenvector equations, e.g. by the Monte Carlo (MC) method or simulated
annealing. As we will see, also in this generalized setup, the distributions can be rewritten as
partition functions of quantum field theories with quartic interactions, and the partition func-
tions can be computed explicitly, even exactly in some cases.

This paper is organized as follows. In Sect. 2, we introduce a real eigenvector equation with a
tensor mean background and deviations to the equation, and obtain an integral expression of
the eigenvector distribution. In Sect. 3, we derive the quantum field theory expressing a “signed”
distribution of the eigenvectors. This distribution is not authentic but is weighted with an extra
sign associated to each eigenvector. This distribution is easier to compute, because the quantum
field theory contains only a pair of fermions. In particular, when the background is taken to be
a rank-one tensor (a spiked tensor), we obtain an exact expression of the distribution in terms
of hypergeometric functions. In Sect. 4 we derive the quantum field theory expression of the

>Throughout this paper, N denotes the range of indices of tensors, namely, an index takes values, 1, 2,
e, N.
3This particular case will also be analyzed in detail in Ref. [30].
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(authentic) distribution of the eigenvectors. In particular we explicitly derive the distribution
for the spiked tensor case by using an approximation taking advantage of the quantum field
theoretical expression. In Sect. 5, we compare the expressions of the distributions obtained in
the previous sections with MC simulations. We obtain very good agreement, including for the
case treated by the approximation. In Sect. 6, we consider the large-N limit, especially paying
attention to whether the rank-one tensor background has a visible peak in the distributions.
We derive the scaling and the range of parameters in which this happens. The threshold value
is shown to agree with that of Ref. [29]. The last section is devoted to a summary and future
prospects.

2. Real tensor eigenvector equation with backgrounds and deviations
In this paper we restrict ourselves to order-three tensors* for simplicity. We consider the follow-
ing eigenvector equation [11-14] with a background tensor Q and a deviation vector 7,

(Qabc + Cabc)vbvc = V4 + Na. (1)

Here the indices take a, b, c = 1, 2, ..., N, and repeated indices are assumed to be summed
over unless otherwise stated throughout this paper. We assume that Q, C are real symmetric
order-three tensors and v, n are real vectors:

Qah(f = Qbuc = tha €R,
Cahc = Cha(f = Cbca € [R7

Va, Na € R. 2)

While Q is an externally given background tensor, C. is a random tensor with Gaussian dis-
tribution of a zero mean value. The vector n describes a deviation of the eigenvector equation,
and is a random real vector with Gaussian distribution of a zero mean value. We will compute
the distributions of v, namely the distributions of the real “eigenvector” solutions to Eq. (1).
Note that, if we ignore the background Q and the deviation 5, the setup goes back to the cases
previously studied in Refs. [24-26)].

For given Q, C, n, the distribution of v is given by

#sol(Q,C,n) N

p(, 0, Cm =Y [[s(a—)
i=1 a=1

N
= |det M(v, Q, O [ 8 (v + 1 = (Quve + Cae)vve) 3)

a=1
where v/ (i=1,2, ..., #s0l(Q, C, n)) are all the real solutions to Eq. (1), and | det M (v, O, C)|
1s the absolute value of the determinant of the matrix,
ad
07,
which is the Jacobian factor associated to the change of the variables of the delta functions in
Eq. (3).

M®©, Q,C)ap = (Vb + 15 — (Obed + Chea)Veva) = 8ap — 2(Quape + Cape) Ve, “4)

4Namely, tensors have three indices.
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When C,  have Gaussian distributions with zero mean values, the eigenvector distributions
are computed by taking the average over C, n:

p(V, Q? :8) = (,O(V, Q’ C’ TD)C;'I

1
AA

/ dC | dne S %" |det M(v, O, C)|
|R#C RN

N
' 1_[ 8 (va + Na — (Qabe + Cabe)VpVe) » (5)

a=1
where «, B > 0, #C is the number’ of the independent components of C, C> = Cp.Cope, n° =
Nallas A = [ise dC e and A’ = [,v dn ¢~ %" Here a slightly complicated introduction of 3
is for later convenience. By using the well-known formula, % f[R d) ™ = §(x), the integration
of the delta functions over n in Eq. (5) can be rewritten as

N
1 .
/ dne " | | 8 (Va + a — (Qabe + Cape)VpVe) = / dh e PP H MO0 Qunct Cancltove)
A’ RN | RV
a=

2m)¥

(6)

Therefore, by putting this into Eq. (5), we obtain
o(v, 0, B) = 1 / dC di |det M(v, Q, C)| e—aCZ—ﬂsz/\a(va—(Qah(-+Cab(-)vac). (7)
Qm)NA Jgee RY

The part |det M (v, Q, C)| in Eq. (7) needs a special care, because taking an absolute value is
not an analytic function. In Sect. 3, we will consider the case that we ignore taking the absolute
value. This makes the problem easier and treatable by introducing only a pair of fermions, but is
still nontrivial and interesting. In Sect. 4, we will fully treat Eq. (7) by introducing both bosons
and fermions.

3. Signed distributions
3.1.  Quantum field theory expression
The quantity we will compute in this section is defined by ignoring taking the absolute value in

Eq. (7):
. 1 2y

piEd(y 0, B) = ——— / dC | didetM (v, Q, C) e @ PHklmQutCaomra ()
2m)NA Jgee R

Following backward the derivation in Sect. 2, the distribution corresponds to a “signed” distri-
bution,
#s0l(Q.C.n) N
Py, 0.C.opy = Y sign (detM (v, 0, O) [ [8 (va— ). )
i=1 a=1
which has an extra sign of detM (v, Q, C) dependent on each solution v, compared with Eq.
(3). Note that the quantity (8) is a generalization of the signed distribution computed in Ref.
[24] to the case with backgrounds and deviations. Though the quantity has no clear connections
to Eq. (7), it provides a simpler playground, and we will obtain an exact final expression with
the confluent hypergeometric functions of the second kind (or hermite polynomials).
The determinant factor in Eq. (8) can easily be rewritten in a quantum field theoretical form
by introducing a fermion pair, ¥4, ¥4 (@ = 1,2, -+, N);det M = [ dvrdyy e ™V [31]. This tech-

SExplicitly, #C = N(N + 1)(N + 2)/6.
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nique to incorporate determinants in quantum field theories is common in treating disordered
systems in statistical physics.® Then Eq. (8) can be rewritten as

signed

‘ 1 -
p51gned(v’ 0,p) = oA '/[R#c dcC /[RN dl/dl//di// &Sbare , (10)

where

S:jagrr;ed = _aCZ - :8)‘2 + i)\a(va - (Qabc + Cabc)vbvc) + ‘ﬁa (8ab - 2(Qabc + Cabc)vc) V. (1 1)

Since C and A appear quadratically at the highest in Eq. (11), they can be integrated out by
Gaussian integrations. We will first integrate over C and then over A. Though the integrations
are straightforward, the actual computation is a little cumbersome, because of the anticommut-
ing nature of the fermions and the necessity of symmetrization for the indices of C,,.. However,
we can take a shortcut by taking some results from Ref. [24], where there are no Q or 7. Now,
new terms in S;iag:;ed compared to Ref. [24] are those depending on Q and B, and are explicitly
given by

S;?xed = _:B)‘z — Mg QubeVbVe — 2Qabclﬁa1ﬁbvc- (12)

Since the new terms do not contain C, the integration over C proceeds in the same way as in
Ref. [24]. This integration cancels the overall factor A~ in Eq. (10), and also generates various
terms being added to the action. Collecting the terms depending on A among the generated
ones, iA,v, in Eq. (11), and the terms depending on X in Eq. (12), we obtain the A-dependent
part of the action as

Silgned = —%Bab)\a)‘-b + l)\.a (Vu + szlgned - DaQ) ’ (13)
(04

where D = Qupevpve, and D€ can be taken from Ref. [24],7

Dzigned:%(l/;aw.v‘ﬂ_i_l/;,Vl//avz+1/;.vl//-vva). (14)

Here we very frequently use an abusive notation v’ := |v|? for simplicity throughout this paper,
since whether v means vector or scalar quantities is always obvious from contexts. The matrix

B s given by
4 12
p=3(1+ 28 14 (14 22 1 (15)
v v

where /| and I, are the projection matrices to the parallel and the transverse subspaces against
Vi Ljap = VaVp!V?, I L ab = 8ap — vavp/v?. Then the integration over A with the action (13) generates
an action,

~ N 4 1 3 . ~
sssiened — ) log 12Vnoz -3 logdet B — v—j[ ((va + Df;gned> B (vb + D,S;gned)
=2 (v + D<) B, DY + D2B,) DY), (16)
where the inverse of B is given by
b
B! = ?”I” +b, 1, (17)

®See, €. g. Ref. [32] and references therein.
7y, + DS corresponds to D, of Ref. [24].
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with
4
14
o= e
4
14
by = ————. 18
T VW 12a8 (18)

When we consider the case with Q = 8 = 0, the distribution (10) should agree with the pre-
vious result of Ref. [24]. Therefore, it is enough for us to compute the additional part which
appears only when Q # 0 or 8 # 0. By subtracting SSiigned for 0 = B =0in Eq. (16) and using
Eq. (17), we obtain

- - 1 N -1 3a[ by —1 2
SSilgned—(SSilgned(Q:ﬂ=0)=ElOgb”-i- 5 IOng_——a[ H3 < +Ds1gned)

~ : 2b
+ (b, — 1) D . piened _ 3” ( + Ds‘g““‘) DY
ign b 2
— 25, DY DY + ?” <Df> +b.DF - Dﬂ’ (19)

where DY =y . piened |y - piened = 1| psiened | p@ = . p2/|y|, DY = I, DC.
The previous result in Ref. [24] is given by

psigned(v’ Q =0,8= ()) = 3%7[_ /dlﬁdw eSW/, (20)

where

o - - Vo 2
Spy == = 2Nlogv+ -y =¥y — — (V1 V1) 21
with ¢y =v - /|y, =1y, etc. Adding Eq. (19) and the last term in Eq. (12) to Eq. (21)
and doing some straightforward computations, we finally obtain

2
Py 0, B) =3"T Tt (v 4 4aB) (0 + 1208) T exp[ ﬁ}

2
20[b||VD% — Olb” (D%) — 3Ole_DJQ_ . DJQ_

. exp ; / dyrdy S, (22)
vV
where
- 2by DE 2b, _ _ _
svened — | 2p + 14+ —— | vy + —D (Vv L) - Y
_ 2v2(b, — 1) Vo 2
= 20w YaV¥pve + —WH Y LY — ™ (Vo-v1) . (23)

Some details of the derivation are explained in Appendix A.

3.2.  Rank-one Q

To study the formula Eq. (22) with Eq. (23) more explicitly, let us consider the case that Q is a
rank-one tensor,

Qabc = {qngnpn, (24)
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where ¢ is real and n is a normalized real vector (|n| = 1). This is a setup called a spiked tensor

[27].
In the general situation, the vector n is a linear combination of v and another vector n;,
which is a normalized vector transverse to v (namely, v - n; = 0, |n;| = 1). Then the transverse

subspace to v can further be divided into the subspace parallel to n; and the N — 2-dimensional
subspace transverse to both v and n;. We denote the projector to the latter by 7,,. Then the
transverse fermions, 1/7 1, ¥, can further be decomposed into W 1, =n- 1/; and ¥ L, =1 sz/_/
and similarly for WL Note that v, - ¥, = ¥y, W1, + &y, - ¥, ete.

For Eq. (24), D|| = gV’ ”H’ DQ = qunﬁnml, where n = v - nl|v|,n; = n; - n. We also notice

QubeveWaVs = qnanpnevaWe = g Yy + qvainy (Yo, + Vo, vy) + gyt Yo, ¥,

(25)
Putting these into Egs. (22) and (23), we obtain
:;gllr(’:g(v n,q,pB)= 3%77_%'0[%(‘;4 + 40[;3)_%(1)4 + 120(,8)_%
—av? + 2aqv’nd —ag?v*inb 3¢ vintn? _ signe
exp 4‘1 | gy deqvinyng /dwdwessp?kcg,
v+ 4ap v+ 12ap8
(26)
where
. 4 —4ap Safqvni \ 24aBqvin,  _ _
Smg_ned _ 4 Il _ I
spiked v 40(,3 v+ 40[,3 I Wt 120[’3 (WH le + WJ_le)
. . 8BV
+ (1- 2qvn||ni) Yo, v, -, — WWH i (Vv + ¥, - v)

Vo - 2
- a (WJ_le_] + WJ_Z : wlz) . (27)
It is not difficult to compute explicitly the fermion integration in Eq. (26). As is shown in
Appendix B, we obtain

3—N 3 1
/d\ﬁdwe Pkd = 2N- 6( d2)7|:—8d2( b2+d1 +b3(b1 +d1)+2b1d2)U( 5 ,E,—H>
2

5-N 5 1
2(N — 3)(byd; + 2b1d> + 6d,d- _— =
+2( )(b3dy + 2bid> + 12)U< CEREL 4d2>

2 2 44,
where U denotes the confluent hypergeometric function of the second kind, and b;, d; are the
coefficients of the terms in Eq. (27):

A <v4 — 4aB 8aﬁqvn3|) . _24a,3qvnﬁnL

— dy(N — 3)(N—5)U(7 NI i)} (28)

3 =1-—2qwnn?,

Vvdap v+ 4dap 4+ 1208

88> V?
dy=———— dhy=——. 29
! W+ 12a8 : 6 29)

The result (26) with Eq. (28) gives the exact expression of the signed distribution.
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4. Distributions

4.1. Quantum field theory expression

In this subsection we obtain the quantum field theoretical expressions of the (authentic) distri-
bution by considering the determinant factor | det M| as it is. We take the same procedure as
was employed in Ref. [26]. We first introduce bosons and fermions to rewrite | det M |:

M? + el
|det M| = lim det(M” + €l)

e~>+0 \/det(M? + €I)
=(-m) N / dydyd@dedpdo e ~2oM—<’~go— Mo—gMy+efy — (3()

where 7 is an identity matrix of N-by-N, ¢,, o, are real bosons, ¥, V4, @a, ¢, are fermions, and
Y = Y., etc. Here we have introduced a positive infinitesimal parameter € to regularize
the expression, since M may have zero eigenvalues. As in the second line, writing the limit is
suppressed to simplify the notation hereafter, assuming implicitly taking this limit at ends of
computations. In fact, the limit turns out to be straightforward in all the computations of this
paper. We have introduced two sets of bosons and fermions to make the exponent linear in C
(M contains C linearly) for later convenience of the integration over C. By performing similar
processes as in Sect. 3, we obtain

(—=DY

p(v, 0, B) = m/d(fdkdlﬁdi/fd@dsadwa eShe, (31)

where

Sbare = _(XCZ - ﬁ)‘z + i)"a(va - (Cabc + Qabc)vbvc)
- 02 — 2ioy (Sab - 2(Qabc + Cabzf)vc) b — 6¢2

— Qg — Qﬁa (‘Sab - 2(Qabc + Cabc)vc) b — Pa (8ab - 2(Qabc + Cabc)vc) v + E‘ﬁ‘//
(32)

As in Sect. 3, there are no new terms depending on C compared with the previous case for Q
= B = 0 in Ref. [26], and therefore the integration over C can be performed as in the previous
computation there. Then we obtain a similar form of the action for A as in Sect. 3:

V4

12a

where B, D? are already defined in Eq. (15) and below Eq. (13), respectively. Here D can be
taken from Ref. [26]:®

Sy = raBaphp + irg (Va — D, — DaQ) ’ (33)

3
D, = ;—a[(lﬁn(ﬂu + @)V + Va@) + V19a + GaVr) + @ Va + 2i (Va0 Py + 0u) + 0100) ]

(34)

where 9, = v,/|v|. Comparing Eq. (33) with Eq. (13), the change is to replace D¥€"d with —D.
By using Eq. (19) with this replacement and adding the Q-dependent but A-independent terms

$Here D is the sum D + D of Ref. [26].
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in Eq. (32), we obtain

2
p(v, 0, B) =37 7 Ta (v +4aB) 2 (v* + 12a8)"F exp [_ y4 j‘iv4oel3]
2

2O‘bIIVD% —ab (D%) - 3abLDJQ_ . Dg

- exp p z 39)

v
where Z is a partition function of a quantum field theory,

7 = (—1)N/dxﬁ e do eSHSos (36)

Here S is the former result in Ref. [26] corresponding to Q = 8 = 0, which is explicitly given
in Appendix C, and

B 2(X(b“ - l)v - 20[b||DHQD B 6abL

Sop = I D1 - DY +2Quseve (Was + Gatip + 2icatps)

v Vad

- a(b||4— 1)Dﬁ - 3a(bi— D,
Vv Vv

. -Dy, (37)

where D = v - D/|v|, D, = I, D. Note that the first three terms are some corrections to the
kinetic terms, and the latter to the four-interaction terms. As for D and D, we have more
explicit expressions from Eq. (34),

3

A%
Dy=—
o

(191 + @1y + 2i01)) »

3
D, = ;—a (VLo + VioL + @1y + @y + 201 +016))). (38)

The four-interaction terms in Eq. (37) have the form of self-products. One can make them
quadratic by using the formula JLE Jx dge=€+242 — ¢4 The result is

Z = (—I)Nn_g / dgidg, dy ---do eSotSops (39)

where g| is 1-dimensional, g, is N — I-dimensional, and’

2a(by — 1y —2aby D¢ 2 Ja(l = b)) 6ah
SQ,,s,g=—g|2—82¢+< H+ > I g D||— J_DJ_,DQ

A A

L2 S3a(l—b,)

" Dy g1 +20ueve (Vapy + GatVii + 2i0us) . (40)

which contains only quadratic terms of the fields.

4.2. Rank-one Q

In this subsection we consider the rank-one tensor Q in Eq. (24) to perform explicitly the inte-
gration over the fields in Eq. (39).

"Note that by, b, < 1.
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4.2.1. A general formula. By putting Eq. (24) into Eq. (35), one obtains

D ) 5
p(, 0, ) =371 Ta (' +4af) T( + 1208)T exp [_ " jl-v4a,3}

|:2aqv3n3| —ag*ving 3aq2v4n‘”‘ni:|
. exp — ,

41
v+ daB v+ 1208 @D

where the partition function Z can be computed either by Eq. (36) with Eq. (37) or by Eq. (39)
with Eq. (40).

Let us first put Eq. (24) into Eq. (37). After a lengthy but straightforward computation using
the same decomposition as in Sect. 3.2, we get

qu",ﬂ = SQ=<I"”’LI3
= 2(gvnj — (1 = by) (V10 + G190y + 2i01dy)
+ 2gvmn (1= b1) (V0 + W@, + @09 + @ ¥e, + 2i(01¢1, +01,9)))
+ 2qvmyn’, (V1,00 +@1,¥1, +2i0,¢1,)

8817

+ Vit dap (—ivigier + 2ie) + Grvnond) — 201°¢;%)
88v? - - _ _ - _
+ m(lh 2R A o R R A e R AR T R VAR AR VATl

— @ VY — G V@Y

+2i (Voo + VoL + @iy + @yv) - (oydL +o1¢y)

—2(0)’¢L -1 + P01 0L + 20111 - 0L) ) (42)
As for Eq. (40), we obtain

Squaﬂﬁg = SQannnJg’g

1-5 -
=g —g+2 ((6]%3 — DA =by) + v/ — “ gu) (1o1 + @19y + 2ioypy)

+ (2qvmin (1= b)) (0 + Fios, + G0y + @¥L, + 2i(oypL, +0L,¢)))

+ 2qvmyn’ (Y, @1, + §u, ¥y, + 2i00,41,)

1-b _ _
+ 2v,/ . g - (Vi) + ¥ioL + @L¥) + @ vL + 2i(o¢L +o1dy)). (43)

In the following subsections, we will consider N = 1, N = 2, and large-N cases.

42.2. N =1. In this case we ignore all the transverse components, and also set n = 1. By
putting these into Egs. (35), (39), (43), and (C2), and doing some straightforward computations,
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we obtain
2 3 2.4
_1.l.4 _1 —av” + 20qv’ — agy a 2
,O(V,q,/g)—j'[ O[Z(V +40[,3) 23XP|: V4+4Olﬂ ](ﬁaErf(l)—i—be b2 ,
(44)
where
a=1+2gv—1)(1-by),
1-5
b— 1y ( u)' (45)
o

The details of the derivation are given in Appendix D.

4.2.3. N =2. In this case the transverse direction is exhausted by one dimension, namely, 1
= 11,and 1, isnull. A special fact about this case is that the four-interaction terms in Eq. (C2)

have the form of a square:
2

v _ . 2
Ve + Ve + Vpr = e (VL9 + @191, +2i0,,¢1,) . (46)
Therefore, we can rewrite this part of the action as
VFtVetVer L/dge—gzﬂvg(lhlmﬁ@] 1/&1+2im1¢¢1)/~/5, (47)
T

whose exponent contains only quadratic terms of the fields. Using this for Egs. (39), (43), and
(C2), we obtain

Zya=n"t [ dodgud [ i do R (48)
where
Kii, = —@1o) + el — o)’ — €y’ = Gupu, + ey, —o1,’ —edr,’
+ a1 (Vo) + @y + 2i0)¢y)
+a (Vo + L@+ @Y, + gy +2i (04, +o1,8)))
+ a3 (V91 + @11, + 2o, p1) (49)
with
3 1—by
ay = 2by — 1+ 2qv(1 = bynj + 2\ ——g1.
[1—b
ar» = 2qv(1 —bL)nﬁnL + 2v ng,
3
5 1
az = —1 4+ 2qvnyn] + 2v £g3. (50)
Then the integration (48) over the fields generates a square root of a determinant, and we obtain
Znoy = ﬁ/ dgidgrdgs; e85 ‘ag — ayaz]. (51)

4.2.4. Large N. For N > 2 we will not obtain exact expressions of the distributions. We will
rather obtain an expression which is a good approximation for large N. For large N the degrees
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of freedom carried by the L, fields will dominate over those of the || L; fields, since the former
is (N — 2)-dimensional, whereas the latter is 2-dimensional. Therefore, the dynamics of the L,
fields can well be determined by themselves with little effects from the || L; fields, which may
be ignored in the large-N limit. Then the dynamics of the || L; fields may be computed in the
backgrounds of the L, fields, which can well be approximated by their classical values because
of their large number of degrees of freedom for large N.

More precisely, our approximation is given by

Z=27,,Z. (R). (52)

Here Z |, is the partition function determined solely by the L, fields,

le = (_I)N_z / dl/;Lz T dolz eSLz’ (53)

where S, is the collection of the terms which contain only the L, fields in Eq. (C1) with Eq.
(C2).!° The computation of the partition function Z, is the same as that in the previous paper
[26], because S|, has the same form as the action of the transverse directions there.!!

Z,1,(R) is the partition function of the ||_L; fields in the background of the L, fields,

2y, (R) = / dyy - -doy, e ™) (54)

where R denotes the classical backgrounds of the L, fields, as will be explained below in more
detail. Here the action S|, (R) is composed of all the terms which contain the ||_L; fields in
Egs. (42) and (C1). Part of the terms in S, (R) contain the L, fields as well. For large N these
1, fields may well be approximated by their classical values because of the large degrees of
freedom of the L, fields. For instance, we perform replacements,

Vi, eLvier = (Wi, 0099, (55)

where ( - ) denotes an expectation value. By doing such replacements we obtain S}, (R), whose
dynamical fields are only the || L, fields.

Obtaining the explicit form of S, (R) proceeds as follows. The quadratic and quartic terms
of the || L; fields can be processed in the same manner as are performed for N = 2 in Sect. 4.2.3,
and we obtain K|, in Eq. (49) with Eq. (50). Then the four-interaction terms between the || L,
fields and the 1, fields, where the latter are replaced by their expectation values like in Eq.
(55), generate some quadratic terms of the former, which are explicitly given in Eq. (E7) of
Appendix E. Thus we have

S (R) = Ky, + V)1, 1,(R), (56)

whose terms are all quadratic in the || L, fields. Then the computation of the partition function
(54) is just a computation of a determinant, and we obtain

Z1,(R) = V7 / dgrdgrdg; 55 /del I, 57)

0For instance, we include ¥/, - ¥1,¢., - @1, but ignore V1, - ¥1,¢1,¢1,, ¥1, - ¥.1,@,¢, etc., because
of the reason mentioned in the first paragraph. The ignored terms will be considered in Z .

""But note the difference of the dimensions of L, here and L in Ref. [26], where the former is N — 2,
whereas the latter is N — 1. Therefore, when we take a result from Ref. [26], we have to deduct N by one.
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where H is given by
€e—A1Ry a— AR 0 a
aj— A1Ry,  —1—-A41Ryy ay 0
H = , (58)
0 ar € — Aszz asz — A2R12
ay 0 as — A2R12 -1 - A2R11

where a; are given in Eq. (50), R;; are the expectation values of two L, fields explicitly given in
Egs. (E3) and (E4), and
8BVZ(N —2) V(N —2)
' v4+12a/3’A2: 3
The derivation of H is given in Appendix E.

(59)

5. Comparison with numerical simulations

In this section we compare the distributions obtained for the spiked tensor in Sects. 3 and 4
with MC simulations. The method is basically the same as that taken in the previous works
of the author [24-26]. Throughout this section we put o = 1/2 without loss of generality. In
the MC simulations, all the solutions to the eigenvector equation (1) must be computed for
any randomly sampled C and 5. Since this requires a reliable polynomial equation solver, we
used Mathematica 13 for the MC simulations. It computes the solutions to Eq. (1), which are
generally complex, among which we take only the real ones. To check whether all the solutions
are covered, we checked whether the number of the generally complex solutions to Eq. (1)
agreed with the number 2V — 1 of the generally complex eigenvectors proven in Ref. [13], every
time the solutions were computed. In fact, when N is large, we encountered some cases that a
few solutions were missing. However, the missing rates were too small to statistically be relevant
for this study. For example, the missing rate was <10~ in the N = 9 data we use in this paper.
We used a workstation which had a Xeon W2295 (3.0GHz, 18 cores), 128 GB DDR4 memory,
and Ubuntu 20 as OS.

The MC simulations were performed by the following procedure.

e Randomly sample C and n. Each n, is randomly sampled by the normal distribution with
the mean value zero and the standard deviation «/28. Each C,,. is randomly sampled by
the normal distribution with the mean value zero and the standard deviation 1/+/d,;., cor-
responding to « = 1/2, where d,;. is the degeneracy factor defined by'?

1 fora=b=c,
dpc.=13 fora#b=corb#c=aorc#a=>h, (60)
6 fora#b#c#a.

» As explained above, compute all the complex solutions to the eigenvector equation (1), and
pick up only the real ones v/ (i = 1,2, --- , #sol(Q, C, n)).

e Store (|v'|,v' - n/|V], sign (det M(V', Q, C))) fori = 1,2, --- , #sol(Q, C, n).

» Repeat the above processes.

a&bc(jz

2This degeneracy factor is because the Gaussian term in Eq. (5) is CupeCope = ZN e I

a<b<c=1
terms of the independent components of the symmetric tensor C.
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By this sampling procedure, we obtain a series of data, (||, v" - n/|v"|, sign (det M (V", Q, C)))
forh=1, 2, ---, L, where L denotes the total number of real solutions obtained."?
To plot the distributions, we classify the data into equally spaced bins in v and angle 6 as

y—8,/2 < V' <v+36,/2,
cos(0 — 8g/2) < V' - n/|V'| < cos(6 + 84/2),

sign (det M(v", Q, C)) = 1 or sign (det M(v", 0, C)) = —1, (61)
where v, 6 are the center values of a bin, and §,, §; are the sizes of a bin. We de-
note the total number of data satisfying Eq. (61) as Ny, s, (v,0) and N, 5, _(v,0) for
sign (det M(v", 0, C)) = 1 and sign (det M(v", Q, C)) = —1, respectively.

Then the distribution of the real eigenvectors from a set of data is given by

X7 o o (-/V:Sv,(;g,—k(vs 0) + -/\/‘(3‘,,59,—(‘% 0) :t \/N‘(S‘.,(SQ,J,-(V, 0) + -/\/:3\,,59,—(‘)’ 9)) )
Nmcéido

puc(v, 05 q,8) =

(62)
where Nyic denotes the total number of sampling processes in obtaining the data and the £
part represents error estimates. The signed distribution is given by

paEed(y, 0; q, B) = (/\Cs‘,,ae,+(V7 0) = N5, (9, 0) £ VN, 5, + (1, 0) + N5, 5, (0, 9)> :

1
Nmcdydp
(63)

As for the analytical side, since we take only the size |v| and the relative angle 6 as data, the

above MC distributions should be compared with
punay (0.6 0. B0 = [ V(v g.n. B)
[V[=v,v'n/|v'|=cos(0)

= Sy_V"'sin"2(0) p(v, ¢, n, B)dvd®, (64)
where Sy _» = 27V~ D2/T[(N — 1)/2] is the surface volume of a unit sphere in the N — 1-
dimensional flat space. Here p(v, ¢, n, B) is one of the expressions obtained in Sects. 3 and
4, and v in the argument of p on the right-hand side abusively denotes an arbitrary vector v/
which satisfies |V'| = v, v - n/|v'| = cos(f). In the following we will compare the MC and the
analytical results.

Let us first consider the signed distribution. The analytical result is obtained by putting Eq.
(26) with Eq. (28) into Eq. (64). Since the analytical result is an exact result, it should agree with
the MC result within errors. In Fig. 1, we plot the MC result (63) for N=9, § = 1074, ¢ = 10
with Nyic =4 - 10*. As examples, the analytical and MC results are compared at two slices, one
at |[v| = 0.105 and the other at & = /2, in the two panels of Fig. 2. They agree quite well within
error estimates, supporting the validities of both the analytical and the MC computations.

As in Fig. 1 and the left panel of Fig. 2, an evident negative peak can be observed around
|v| ~ 0.1 and # ~ 0.5. This peak approximately corresponds to an eigenvector ¢~ 'n, of the
background tensor Q. = qn.mpn.. In fact, the location satisfies |v| ~ ¢~', while the angle is
not strictly & = 0. The reason is that the volume factor in Eq. (64) contains sin " ~2(6), and
pushes the peak away from 6 = 0. Because of the same reason, the other major structures are
concentrated around 6 = /2 in Fig. 1. A large-N limit which effectively vanishes this volume
effect will be discussed in Sect. 6.

3Note that L is generally different from Nyc below.
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Fig. 1. The MC signed distribution (63) is plotted for the data with N =9, 8 = 10~%, ¢ = 10 and total
sampling number Nyc = 4 - 10%.

signed .
p p51gned

40

-20
20

-40

-60 _20

-80 -40

Fig. 2. The comparison between the analytical and the MC results with the same data as of Fig. 1.
The analytical result is drawn by the solid lines and the MC results are plotted with error bars. The
comparisons are shown for two example slices in |v| and 6; the left is at |[v| = 0.105 and the right is at
0 =ml2.

In Fig. 1 and the right panel of Fig. 2 one can also see a peak around |v| ~ 0.04, 6 ~ /2. This
peak corresponds to the trivial eigenvector v = 0. Because of 8 > 0 the distribution broadens
around |v| ~ 0, and the volume factor vV ~ ! in Eq. (64) pushes the peak away from |v| = 0.

In Fig. 3 the MC distribution (62) is shown for the same data. Except for the signs, the char-
acters of the distribution are more or less similar to the signed case. On the other hand, the
analytic result for this case has the difference that the partition function Z in Eq. (35) is com-
puted by the approximation (52), whereas it was exact for the signed case. The exact expression
of Z,, can be taken from the previous result in Ref. [26], which is explicitly given in Appendix F.
Asfor Z) |, by numerically integrating Eq. (57) on a grid of pointsin |v| and 6, an interpolation
function of Z; , is computed and used. In Fig. 4 the analytic and the MC results are compared.
The agreement is fairly satisfactory except for some slight systematic deviations around a peak.

6. Large-N limit

In this section we will take large-N limits of the distribution obtained in Sect. 4.2 for a spiked
tensor. We will particularly pay attention to the parameter region where the peak corresponding
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Fig. 3. The MC distribution (62) is plotted for the same data as used in Fig. 1 for N=9, 8 =107%, ¢ = 10,
and Nwmce = 4. 104.
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Fig. 4. The MC results are plotted with error bars for the same data as in Fig. 3. The analytic result is
drawn by the solid lines. The left panel is of the slice at |v| = 0.105, and the right at 6 = /2.

to the background Q can be seen in the eigenvector distribution. We will consider two large-N
limits. In one large-N limit, we will derive the result that a peak can be well identified with Q
for the parameter region, ag’/N > 0.6, Bg*N < 0.1. In particular for 8 = 0, we will find the
threshold value to be 0.66 < (¢g’/N). < 0.67, which agrees with Proposition 2 of Ref. [29].
However, this peak is always smaller than the other peak(s) at n; = 0 and therefore relatively
vanishes in the strict large-N limit. In the other scaling limit, ag> ~ N7, Bg> ~ N~V with y >
1, the peak remains in the strict large-N limit.

We want to consider large-N limits which keep both the parameters Q and B relevant. As
was discussed in Sect. 5, the volume factor sin” ~20 in Eq. (64) suppresses the peak of the
eigenvector ¢~ 'n of the background tensor Q, and this suppression becomes stronger as N
becomes larger. Therefore, to obtain an interesting large- N limit, the parameters must be scaled
so as to compete with sin ¥ =29 ~ NogGind) A arge-N scaling which makes the exponential
factor in Eq. (41) of this order is given by

: (65)

202 J9qWIaAON Z| U Jasn oyso] exnAsusxnyeBoyor nyebleq 0joAy Aq 0L ¥z ./LOVEZ L/ZLIEZ0Z/aI0ne/de)d/Woo dno-olwepeoe//:sdiy woly pepeojumoq



PTEP 2023, 123A01 N. Sasakura

where @, B are kept finite. Here the factors of ¢ are to absorb the dependence on ¢ from the
formulas below.

Let us discuss the large-N limit of Z = Z,Z,, in Sect. 4.2.4. The large-N limit of Z,, was
computed in Ref. [25], and it is given by
NS

Z=* ~const.e" 2, (66)
where'4
, log2 + log(x) + == —log (1 — v/T—4x) for0 <x <1,
ST,(x) = (67)

41_X + %log(x) for JT <X,

with®x = (N — 2)v?/(3a) ~ #*/(3&@). As for Z,, one can easily see that the limit of Eq. (57)
is just given by dropping the terms dependent on g; in Eq. (50), while the N-dependencies of A;
in Eq. (59) and R; in Egs. (E3) and (E4) drop out. Therefore, H does not depend on g; and we
get
Z\5* = VdetH| . (68)
8gi=
which has no relevant effects to the formula below for the large-N limit.
By collecting the results above and using Egs. (64) and (41), we obtain

- .1
Soo(v» 9) = 1\}E>noo N log Panaly

1 N
= const. + ST, +log ¥+ log(n,) — 3 log(#* + 12aB)

—a@9 + 2a%n® — avn® B 3aitngtn,? (69)
7+ 468 4+ 12ap
where n) = cosf (n; = sin#), and const. is the part not dependent on ¥ or 6.

It is interesting to study the profile of S, (7, 0) in the v and 6 plane for various values of
@, B. We have numerically studied it for the parameter region 1073 <& < 103, 1073 < g < 10°.
In the unshaded region of Fig. 5, the peak(s) exist(s) only along nj = 0, as is shown in the
left panel of Fig. 6 as an example. In the shaded region, in addition to the peak(s) at n| = 0,
there exists also a peak which has nonzero . This peak corresponds to the eigenvector ¢~ 'n
of the background tensor Q, as is shown in the right panel of Fig. 6 as an example. In Fig. 7,
the values of n and 7 are plotted for the latter peak. The location can be well identified with
g~ 'n, if the values take n ~ 1 and ¥ ~ 1. As can be seen in the plots, this occurs in the region,
log,y& > —0.2 and log,, # < —1. This is the parameter region in which the background tensor
0 can be detected well.

It is interesting to compare this detectable region with a result of Ref. [29]. As can be seen in
Fig. 5, the shaded region has an edge around log;, & ~ —0.2, namely, & ~ 0.63, independent
of B forlog;y B < —1. To see the threshold value more precisely for = 0, we plot n and 7 of
the peak with n; > 0 in Fig. 8. We find that the peak does not exist at @ < 0.66, but exists at
& > 0.67 with n 2 0.7. On the other hand, as explained in Appendix G, Proposition 2 of Ref.
[29] states that the threshold value is @ = 2/3, which indeed agrees with our value.

Y For simplicity, ST is shifted by an irrelevant constant from the corresponding expression with R = 1/2
in Ref. [25].
15 N must be deducted by one, when we take a result from Ref. [25]. See a footnote below Eq. (E2).
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logyp &

Fig. 5. In the shaded region of the parameters, the eigenvector distribution has a peak of S, correspond-
ing to the eigenvector of Q.

o
— T O

U
8 I

1
ES

Fig. 6. In the left panel, S, (const. being ignored) is plotted for log;y & = —1, log;y 8 = 1, which is in the
unshaded region of Fig. 5. The right panel is for log;, & = 1, log;, = —2 in the shaded region. In the
latter case, a peak near v ~ 1, 0 ~ 0 corresponding to the eigenvector of Q can be found. The tiny gaps
in the plots are not essential; they seem to be caused by the drawing program (Mathematica) avoiding
the singularity at x = 1/4 in Eq. (67), where the function is continuous but its first derivative is discrete.

log 3

Fig. 7. The values of n (left) and ¥#(right) of the peak with n > 0, corresponding to the eigenvector
of Q, are plotted. Identification of this peak with Q can well be done in the region log;, & 2 —0.2 and

10g10/§ < -1
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Fig. 8. The values of 1 and 7 of the peak with ;> 0 for 8 = 0. The threshold value is 0.66 < @ < 0.67.

We numerically observed that a peak at n = 0 always takes the largest value of S, at least
in the parameter region of &, f we have studied above. This means that, because p ~ e"5>,
the peak corresponding to Q will effectively be invisible compared to the peak(s) at n; = 0 in
the strict large-N limit. Therefore, in the strict large-N limit, O, namely a “signal,” cannot be
detected by solving the eigenvector equation (1).

The main reason for the above difficulty of detection comes from the strong effect of the
volume factor sin ¥ = 20 in Eq. (64), which enhances the region n ~ 0 so strongly. Therefore, an
obvious way to solve this difficulty is to consider another scaling limit which overwhelms the
volume factor. An example is given by
:Nyza,ﬂzi,v:—,y>l. (70)

q N7g? q
In this limit, x = (N — 2)»*/(3a) ~ N7V *1 — 0 in the large-N limit, so therefore Eq. (67)
becomes a constant, meaning that Z, is a free theory independent of v. As for Z,,, 4; — 0
and R;; approaches finite values, so Z |, is again a finite quantity. Therefore, from Eq. (41), the

major contribution comes only from the exponent, and we obtain

<

o

. . 1
SZO(V, 9) = A}EI;O W IOg Panaly

_ —av? + 207\73}”3 - 071741’1”6 B 307\74}’1”47’1L2 (71)

7+ 4dap W+ 1268
As is shown in Appendix H, it is straightforward to prove that the maximum value of S% is
0, and this occurs only at three locations: (1) v = 0, (i1) vV — oo, ny = 0, (iii) v = 1, ny = 1. The
last location corresponds to the background Q. An example of S%, is shown in Fig. 9. Since
the eigenvector distribution is given by p ~ ¢V"S%, there remain only the three locations above
in the strict large-N limit. This means that, in the limit, a finite eigenvector (v # 0, 0o) is surely

that of the background Q.

7. Summary and future prospects

In this paper we have studied the real eigenvector distributions of real symmetric order-three
Gaussian random tensors in the case that the random tensors have nonzero mean value back-
grounds and the eigenvector equations have Gaussian random deviations. This is an extension
of the previous studies [24-26], which have no such mean values or deviations. We have derived
the quantum field theories with quartic interactions whose partition functions give the distribu-
tions. For the background tensor being rank-one (a spiked tensor case) in particular, we have
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Fig. 9. S, is plotted for log;y& = 0 and log;, 8 = —1 as an example. There is a peak corresponding to
the eigenvector of the background tensor Q.

explicitly derived the distributions by computing the partition functions exactly or approxi-
mately. We have obtained good agreement between the analytical results and MC simulations.
We have derived the scaling and range of parameters for the background tensor to be detectable
in the distributions in the large-N limit. Our threshold value has agreed with that of Ref. [29].

The quantum field theories we have derived in this paper are much more complicated than
those in the previous studies [24-26] due to the presence of the backgrounds and the devia-
tions. Nonetheless, we have obtained some exact expressions for the signed distributions, and
have also derived some approximate expressions of the (authentic) distributions, which agree
very well with the MC results. This success can be ascribed to the quantum field theoretical ex-
pressions, to which we can apply various well-developed techniques and knowledge of quantum
field theories. The results of this paper strengthen our belief that the quantum field theoretical
procedure for computing distributions of quantities in random tensors is general, powerful,
and intuitive.

As far as random tensors are Gaussian, it is in principle straightforward to extend the quan-
tum field theoretical procedure to some other problems in random tensors: distributions of
complex eigenvectors/values, tensor rank decompositions, correlations among eigenvectors, etc.
Although derived quantum field theories with quartic interactions may become quite compli-
cated, it will always be possible to find ways to, exactly or approximately, compute the partition
functions by quantum field theoretical techniques, knowledge, and intuition. These studies will
enrich fundamental knowledge about random tensors, which will eventually be applied in var-
ious subjects in future studies.

Tensor models have emerged from discrete approaches to quantum gravity [6-9], and are
also taking active part in more recent approaches, such as in the AdS/CFT correspondence
[33]. A question of the author’s interest is whether there exists in tensor models a phenomenon
analogous to the Gross-Witten-Wadia transition [4,5]. In fact, there are some indications that
similar transitions exist in the context of a discrete model of quantum gravity [34,35]. We hope
the knowledge about random tensors enriched along the line of our studies will give some
insights into quantum gravity in the future.
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Appendix A. Derivation of Eq. (22)
From Eq. (14), the parallel/transverse parts of D¥€"d are given by

Dsigned . V3 T
.= ;‘/fu‘/f\h

. 3 )
DiE = ;—a (Vo + V). (A1)

By putting Eq. (A1) into Eq. (19), we obtain

2
Q0
N-—1 aby = 1) 2ab DY i (Du)
2

ign ign !
(SSig ed_(SSig ed(Q=,3=0)=510gb”+ ) IOng-_ 4

3ab, DY - DY b||DQ _
- $—2 bu—l—T“ Vv

»3 v

2b,

_ _ 223(b, —1
+ TDE (i L) + AUl

3 VL - L (A2)
o

Adding this and the last term of Eq. (12) to Eq. (21), one obtains Eq. (22) with Eq. (23).

Appendix B. Derivation of Eq. (28)

Let us parametrize Eq. (27) as follows:
Shak = by + b (Vs + U, vy) + bV, W, + kv Ly,

+di (Yoo, Y LvL) Uiy 4+ da (Vv + &ngJ_z)z , (BD)

Then by explicitly performing the fermion integrations for || and L directions, we obtain

/ dyrdy ¢S

= /dlﬁdelﬁLz (dl + biby — b3 + (2b1dy + bydi W1, - Yo, + 2dvds (Vo - lhz)z)

% ek1/7¢2-1//L2+dz(1h2-1/u2)2
Gl 32 i, _ _ 2
= (d1 + b1b; — b% + (2b1dr + b3d1)ﬁ + 2d1d2W> / dyr,dvy,, ekwiz"hfrdz(wiz"hz) .

(B2)
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Now the last fermion integration can be computed as

- - - iy L " - -
fdihzdlhz ekllu.z.w¢2+dz('/u.2.l//l2)2 _ Z n_z' (le . sz)z dedesz KLV,

n=0

1252 ]

= Z ﬁa_znkN_z
n! ok

n=0

N-3 3—N 3 k2
— (4T kU (— )

S B
2 2 44 (B3)

where U is the confluent hypergeometric function of the second kind. The last equality can
be shown by using the following relation to a hypergeometric function and comparing with its
asymptotic expansion:

Ua,b,z) ~z " Fy(a, 1 +a—b,—z7"), (B4)

where the hypergeometric function has a formal series expansion,

= n b n
ofia, b = Y0 D (B3)
n=0 :

with the Pochhammer symbol, (a), = a(a 4+ 1)---(a + n — 1) ((a)o = 1). For the argument in Eq.
(B3), the formal series stops at finite 7, and hence Eq. (B4) is an exact relation. One can also
find that the confluent hypergeometric function here can be expressed by a hermite polynomial.

Appendix C. Explicit form of S
The Q = B = 0 case was studied in Ref. [26], and the action for this case is given by

So=Kr+Kg+Vr+Vg+ Vpp, (CI)
where
Kr=—¢1 01—V -9 —@L - ViL+eV Y —@ @+ @+ ¥ +edy- ¥y,

KB = —O’J_z — 2iO’J_ . ¢J_ — 6(1)1_2 - O'H2 +2i0'|| . d)\l — €¢||2,

2

Vr = o (U@ )+ @1 Y1) +201 - @rol - v +201 Y@y -91),
V——@Qa%2+w-¢ﬁ
B — 30{ iR 1 1 1 )
2iv? - _ - -
VBr = o (Vo019 ¢ +@L 00V -dL+VL-drgi -0l +@L-pi¥i-01). (C2)

Note that the kinetic terms of the parallel and the transverse components of the fields respec-
tively have slightly different sign structures, and that the four-interactions exist only among the
transverse components.
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Appendix D. Distribution for N = 1 rank-one Q

In this appendix, we derive Eq. (44). Ignoring all the transverse components, and setting ) = 1
in Egs. (39), (39), (43), and (C2), we obtain

—av? 4 2aqv? — ag*v*

p(v, ¢, B) =722 (v* + 12aB) 7 exp [ ] (_1)/dgd1} e do SV

v+ dap
(D1)
where
Sy=t ==& — @) -0+ @+ bWy - @)+ @ - ¥)) + €y - ¥y —0)” + 2i(a+bg)oy - ¢y — ¢y’
(D2)

with a, b given in Eq. (45).
The boson—fermion integration in Eq. (D1) produces a square root of the determinant of a
two-by-two matrix. It is easy to see that the € — +0 limit is smooth, and we obtain

(—1)/dgdlﬁ---do eSN=! =71/dge_gz la+bg]

=7 <ﬁa Erf <g> + be‘ﬁ) (D3)

with the error function Erf.

Appendix E. Interactions between the || L; and L, fields

There are no quadratic terms containing one || L, field and one 1, field, because the index
of the 1, field cannot be contracted with v or n. Therefore, the || L; fields can couple with
the 1, fields only through the four-interaction terms in Egs. (42) and (C2). By noting that
X, -Y =X,,Y,, +X,, Y, forarbitrary fields X, Y, and collecting all the interaction terms
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between the || L; and the L, fields, we obtain

8BV

b = 5 oap

(&Lz : @lelWN + wJ_z : (pJ_zlﬁH(ﬁH - Iﬁl_z : WJ_z(pH(p”

- &Lz : (pinﬁHgOH - @Lz : (plziﬁHwH - @Lz : 1/&297%\ WII)

168vi - - _ _
W+ 12ap (V01 + 9L, + GL + @Y L,) (0191, + 01,8))
168v?
T V1208 (0°bL, - du, + @701, -0, + 20011, - 0L,)
V2

- g(lhz QLY QL P, VLG YL, LG 0L, Y,

VUL PLeL YL VLY LG, 0L+ VL VL, eL)

2y2

 3a (Oilzflhzz + 01,2 ¢1,° + 200, - $1,01,01,)

2%, - - _
+ g(‘hﬁﬂﬁmz ¢, + Vi, 0L,01,¢1, + @100V, P,

+ @J_z ° GJ.zWJ.]d)J_l + l/;l_ld)l_lwl_z : GJ.z + lﬁlz : d’J_ZQOJ_lUJ_l
+ @L]d)L]wJ_z ° Glz + ¢L2 . d)lzwL]UL])- (El)

The expectation values of the L, fields can be taken from the large-N Schwinger—Dyson
analysis performed in Ref. [25]. The results were'®

(Y La¥1,6) = Ritdap,
(¥ 1,a91,6) = Ri28ab,
(@1ra¥1,0) = Ra1dap,
(@1,a91,0) = Ro2bap,
Others = 0, (E2)

where, with a newly introduced parameter!” x = V(N — 2)/(3w),

16To avoid duplication of notations, we use Rj; in place of Q; of Ref. [25]. Another thing to note is
that, though we have both bosons and fermions in the current system, which is different from the setup
of Ref. [25], the leading-order Schwinger—Dyson analysis of the current system turns out to lead to the
same two-fermion expectation values as in Ref. [25]. The reason is the presence of the supersymmetry
explained below, which assures the two-boson expectation values are just copies of those of fermions.

17As the dimension of L, is N — 2, the formula presented in Ref. [25] for the dimension N — 1 of L
must be replaced with N — 2.
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e 0<x<1/M4
R =1 —dx+1
T T
I -1 —4x—4x
Ry =Ry = ;
2x4/1 —4dx
R» =0, (E3)
e x> 1/4
V=1 +4x 1
Rj=———-—-——+0 ,
11 e 2x+ (ve)
1 Je 3
Ry =Ry = —— + ————— + O(e?),
12 21 T o wwyye (€2)
ev—1+4x €

The two-boson expectation values can also be represented by R;; by assuming that a super-
symmetry is not spontaneously broken. It is easy to check that Sy + Sy, g from Egs. (C1) and
(37) are invariant under the following supersymmetry transformation:

1 :
8V = ~u 86y = 3V0r 804 = 04, 50, = 5G,. S(others) = 0. (ES)
By assuming the nonbreaking of the supersymmetry, we obtain e.g. a relation, 0 = (§(/,03)) =

—{paop) — Wa%(ﬁb). From such relations, we obtain

1
(Pap) = §R115ab,

i
(Paop) = §R213aba

i
(outp) = §R128abv

1
(040p) = _§R223ab~ (E6)

Here, because ¢, o are bosons, the second and the third relations require Rj; = R»;, which
indeed holds in Egs. (E3) and (E4).
By putting Egs. (E2) and (E6) into Eq. (E1), we obtain

Vit (R) = —Ay (Rn¥y vy + Ri(Vyep + @1¥y) + Ruge))
+ A1 (Rn¢)* — 2iR12pjo — Riro)?)
— Ay (Rp¥, o, + R, 91, + @0, ¥1,) + Rugr,eL,)

+ A> (Rn¢1,* — 2iRpxp1,01, — Rijor?), (E7)
where A4; are given in Eq. (59). Adding Eq. (E7) to Eq. (49), we obtain the full kinetic terms of
the || L fields. In particular the fermionic part has the form,

K1, + Vj1,.1,(R) = Y1, HYy1, + bosonic part, (ES8)
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where ¥y, = (V). @, ¥u,. @1,) Vi, = (Y. @, ¥,. @1,), and H is given in Eq. (58). Because
of the supersymmetry, the bosonic part has essentially a parallel structure as H.

Appendix F. Exact expression of Z,

Z |, can be taken from Ref. [26], because it is the same as the partition function of the transverse
components of the fields in Ref. [26], which is denoted as Gy there. A point to note is that, while
the dimension of the transverse directions there is N — 1, the dimension of L, of this paper is
N — 2. Therefore we have to deduct N by one,'® when we take a result from Ref. [26]. In our
current case of N =9, this corresponds to Gy — g, and therefore

N=9
ZV= = Gy_g

5 [ V2e % (1 + 21022 — 210023 + 12600z + 2520025)
= 7T 2 3
15z2
+ (1 — 42z + 420z — 840z°)y | =, — | |, (F1)
2" 8z
where z = v?*/(6a), and y[1/2, y] is the lower incomplete gamma function with index 1/2, which
is related to the error function by

y [%y} = V7 Erf (V). (F2)

Appendix G. Proposition 2 of Ref. [29]

In this appendix we compare our threshold value & with the value given in Proposition 2 of
Ref. [29].
In Ref. [29] with their notations, the random tensor Y with a background is given by

1
Y =B+ —— W, (G1)
V2N

where |u| = 1, W =) ,G"/k! with Gj,..;,, ~ N(0, 1), and = denotes permutations. By taking

k = 3 and computing the standard deviations of W ., we find

Wase ~ N (0. 1/v/de) (G2)

where d,;. 1s the degeneracy factor defined in Eq. (60). In our case, Cy. ~ N(0, 1/ 2ad ),
and therefore

a=N (G3)
is taken in Ref. [29] in our notation. ¢ = A is also taken. Therefore,
2
a=2L 52 (G4)
N

Proposition 2 states

2 (k_l)k—l _z
M= k=223 (G5)

for k = 3. Therefore, the threshold value of Ref. [29] corresponds to &. = 2/3.

18See also the footnotes associated to Eqs. (53) and (E2).
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Appendix H. Maximums of S?,
In this section we will prove that S%, < 0 for 0 < # < oo and —1 < nj < 1. Firstly,

(v* +4aB) (v* + 12aB) S, = —av* (7* — 2n°% + (3n)* — 2n)%)7°

+ 126B(1 = 215 + ny*?)). (H1)

Therefore, the statement is equivalent to proving the positivity of the quantity in the parenthe-
ses:

\74 — 2}’1”3\75 + (37/1”4 - 2}’1”6) 176 + 125[3 (1 — 21’1”3\7 + }’l||4\72)

= (1 =205 +n/*) ¥ + 21" (1 = 1)) 9 + 1268 (1 = 2n°F + 7). (H2)
For n < 1, we find
L=2n 0+ n*% > 1-2n%5 +n* = (1 - nnzﬁ)z > 0. (H3)

Similarly, one can prove that the quantities in the other parentheses are larger than zero.
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