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SPECTRAL ANALYSIS APPROACH TO  THE MAXIMAL REGULARITY 

FOR THE STOKES EQUTIONS AND FREE BOUNDARY PROBLEM FOR 

THE NAVIER-STOKES EQUATIONS 

YOSHIHIRO SHIBATA 

ABSTRACT. In this note, spectral analysis of initial boundary value problem with non-homogeneous 
boundary data is investigated. By R-boundedness of solution operators for 1 < pく ooand real 
interpolation methods for p = 1, we shall show a maximal Lp regularity for the initial bound-
ary value problem with non-homogeneous boundary data. Especially, for 1 < p < oo, the 
transference theorem enable us to make a general framework of unique existence of time peri-
odic solutions. As an application of our approach, the Stokes equations with non-homogeneous 
free boundary conditions and the free boundary problem for the Navier-Stokes equtions in the 
half-space are discussed. 

1. A REVIEW OF MAXIMAL REGULARITY THEOREMS 

In this section, we consider a linear evolution equation: 

(1) 心(t)+ Au(t) = J(t) for t > 0, u(O) = 0 

Here, u = OtU. For example, 

8四（x,t)ー今u(x,t) = f (x, t) 
(2) 

U加＝ 0, u(x,O) = 0 

for (x, t) E r2 X (0, T), 

for XE f2. 

Here, 0 is a uniformlyび domainin N-dimensional Eucledian space記 and叩 denotesthe 
boundary of 0. The point here is a homogeneous boundary condition: ulan = 0. Inhomogeneous 

boundary condition is one of main subjects in this note and it will be handled in the next section. 

Let X be a Banach space with norm 11 ・ llx, and A a closed linear operator from D(A) into X, 

where D(A) is a subspace of X. For the example (2), typically we choose A=―△ ＝区f＝1吟，
切＝ 8/8xj,and X = 1可(0),D(A) = {u E WJ(O) I ul0n = O}, or X = Bん(0),D(A) = {u E 
叩叩） Iulan = 0}. Here, 1 < qく ooand -1 + 1/q < s < 1/q. 
We assume that A is a sectorial operator, that is, there exists an E E (0, 1r /2) and 1 > 0 such 
that the resolvent set p(A) contains~<+ 1 and there exists a constant C > 0 such that 

(3)|入|||（入l+A)―1fllx：：：：：： GIi!llx for every f E X and入EE€ +7• 

Here and in the sequel, we denote 

x€ =｛入 E(C 11 arg入|：：：：：： T -€}, E€ +T = ｛入＋,I入E~E}-

Then, the operator A generates a continuous analytic semigroup, is denoted by { e―tA}t:o>o here. 

By using {e―tA}t:o>o, a unique solutionu(t) of equations (1) is written as 

(4) u(t) =le―(t-s)A f(s) ds 

゜Refer to Yosida [35] concerning the fundamental theory about continuous analytic semigroups. 
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Let 1 ::;; q::;; oo. If there exists a subspace Y of X such that for any f E Lq((O, T), Y) problem 
(1) admits a unique solution u possesses the estimate: 

(5) 
T T l (||8四(t)IIY+ IIAu(t)lly)q dt SC  1'IIJ(t)lli dt. 

In this case, we say that the opearator A has the maximal Lq-Y regularity. 
The basical maximal regularity result is the theorem due to Da Prato and Grisvard [11, Theo-
rem 4.7], which can be seen as the first abstract result on maximal regularity in the mathematical 
litreture. Let 

°° dt 1/q 
応 (0,q)= {x EX  I [x]e,q := (fo'XJ 11t1-0 Ae―tAxlll..<¥)1/q < oo} 

and llxllv。,q := llxllx + [x]e,q-The space'D A(0, q) becomes a Banach space with norm II ・ 110,q-
Then, Da Prato and Grisvard theorem tells us that problem (11) admits a unique solution u 
possessing the estimate (5) with Y = V A(0, q). Here, T > 0 is finite time and C depends on 
T > 0. We know that応 (0,q) = (X, D(A))e,q, where(・, ・)0,q denotes real interpolation functor. 
For this fact, refer to Lunardi [25, Chapter 1.2] for example. 
To prove the global well-posedness for small data, we need the theory for T = oo. Namely. 
the estimate (5) holds for T = oo. If we assume that OE p(A), it may be possible to show that 
(5) holds for T = oo, and so nowardays analysis allows us to prove the global in time unique 
existence theorem for small initial data for the corresponding nonlinear problem. But, in the 
unbounded domain case, usually p(A) cjJ 0. 
Danchin, Hieber, Much and Tolksdorf [6] treated the case where T = oo replacing'D A(0, q) 
with homogeneous space応(0,q). Their theory is so interesting that I quote it here without 
fear of being mistaken. Refer to [6, Chapter 2] for detailes. 
Assume that p(A) つ ~E and there exists a constant C > 0 such that 

(6) I| 入（入— A)-1llc(x) ::; C （入 E~ふ

In particular, we have 

(7) ltAe―tAllc(x) SM  (t > 0). 

Here and in the sequel, £(X) denotes the set of all bounded linear operators from X into itself 
and II ・ llt:(X) denotes the norm of this space. 

Assumption 1. The operator A is injective and there exists a normed vector space Y {not 
necessarily complete) such that D(A) CY  and there exist two constants C1, C2 > 0 such that 

(8) C1IIAxllx S llxllY S C2IIAxllx (x E D(A)). 

In the case where A stands for the Laplace operator on認＝｛x=(xI,・・・ ，邸） E股N 邸＞
O}, a prominent example of a couple (X, Y) is X =ら（記） andY =四（記） for1 < p < oo. 
Here, 

匹（記）＝ ｛flヨgES’（記）／P（酎） suchthat g臼＝ f,炉gE Lp（酎）｝，

llfllw,名（認） ＝inf{II炉gllLp(ffi.N)I g Es’（酎）／P（酎） suchthat glRダ＝ f，▽2g Eら（酎）｝，

and P denotes the set of all polynomials on恥凶

Definition 2. If -A satisfies Assumption 7, then define the domain of the homogeneous version 
A of A by 

D(A) := {y E Y I there exists a sequence（咋）kENC D(A) with)im吹＝ yinY}. 
K→OO 

｝ 

With this definition, define A operating toy E D(A) by 

Ay = lim Axk・
K→OO 
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Assume that X and Y are interpolation couple. That is, there exists a Hausdorff topological 
vector space Z such that X and Y are subspaces of Z. 

Assumption 3. The operator A and the normed vector space Y are such that 

(9) 

Let 

D(A) n X = D(A). 

00 

応(0,q) := {x EX+ D(A) I llxlli 
dt 1/q 

叩 0,q):= (fo':x; lltl-0 Ae―tAxl災了） ＜oo}. 

We see that for any 0 E (0, 1) and 1 ::; q::; oo, there holds 

(X, D(A))0,q =応（0,q). 

The homogeneous space version of Da Prato and Grisvard theorem reads as follows. 

Theorem 4. Let 0 E (0, 1), 1 ::; qさooand O < Tさoo.Then, ther exists a constant C > 0 
such that for all f E Lq((O, T), DA(0, q)) problem (1) admits a unique solution u defined by (4) 
such that u(t) E D(A) for almost every t E (0, T) and the homogeneous estimate: 

IIAu||ら((O,T)，応(0,q))こC||f||伍((O,T)，応(0,q)）・

Proof. Refer to [6, Chapter 2]. 口

The Da Prato and Grisvard theorem holds for real interpolation space DA(0,q). For usual 
Sobolev space like Lp in space, we know Lq in time and Lp in space maximal regularity result 
for 1 < p, q < oo. I will explain the maximal regularity theory for 1 < q < oo below. 
For this, first we recall a Dore and Venni theory [12]. Assume that p(A)つ（0,oo) and 
t(t + A)-1 is bounded in t > 0, M , Moreover, we assume that the pure imaginary powers Ais are 
bounded linear operators and their operator norm is estimated by 

IIA叫1::;Keelsl, sE股

with some K ::, 1 aned 0 satisfying O ::;伽／2,which is independent of s. If A has a bounded 
inverse, then for 1 < p < oo, the maximal Lp regularity holds, that is problem (1) admits a 
unique solution for given f Eら((0,T), X), 0 < T < oo, 1 < p < oo such that 

(10) ［ ||u(t)|1文dt+ laT IIAu(t)II文dt::;C laT llf(t)II~ dt 

with C = C(T,p, X) provided that X is a UMD space, that is to say such that the Hilbert 
transform is bounded on ら(~,X) for some (all) p E (1, oo). Later, Giga and Sohr [17] extended 
the Dore-Veni theorey to the case where A may not have a bounded inverse and the constant C 
in (10) is independent of T. Moreover, Weis [36] proved that the maximal Lp regularity holds 
if and only if A is an R sectorial operator, that is the set｛入（入I-A)-1 I I arg入1::;1r-E}is
R-bounded for some E > 0. Here, the notion of R boundedness will be given in the next section. 
In this sense, for 1 < p < oo, the maximal Lp regularity is characterized completely, and it 
is applied to many problems in a mathematic fluid mechanics. For example, Giga and Sohr 
[17] proved regularity and large time behaviour of solutions to the Navier-Stokes equations with 
non-splip condition in exterior domains, which was first prove by Iwashita [21] by extetending 
the Fujita-Kato method ([22]) to the exterior domain case. 
In (10), to take T = oo is an important problem for application to the nonlinear problem 
appearing in mathematical fluid mechanics. In the bounded domain case, usually we have 
0 E p(A), and so the exponential stability of the linearized equations are obtained. But, in the 
unbounded domain case, it is not the case that O E p(A), one of the typical method is to combine 
the local maximal regularity result and some decay properties of semigroup { e—At}t~o for the 
semilinear problem case [22, 21]. But, for the quasilinear problem case like free boundary 
problem for the Navier-Stokes equations, in general the maximal regularity theorem for the 
evolution equations with non-homogeneous boundary conditions which may not be covered in 
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the maximal regularity theorem for continuous analytic semigroup theorem stated above. We 
treat the nonhomogeneous boundary condition case in the next chapter. 

2. ABSTRACT FRAMEWORK FOR THE NONHOMOGENEOUS INITIAL BOUNDARY VALUE 
PROBLEM 

Let X, Y and Z be three Banach spaces such that X c Z c Y and the inclusions are 
continous. Let A : X→Y,B:X→Z, and W: Z→Y be bounded linear operators. In this 
section, we consider an evolution equation: 

(11) BtU -AU= F, BU= G (t > 0), Ult=□ = V。•

Here, B is corresponding some boundary conditions for applications to PDE. 
We consider the conditions to obtain maximal Lp regularity for the evolution equations (11), 
that is equations (11) admits a unique solution U having the regularity property: 

(12) U Eら((0,T), X) n W;((O, T), Y) p 

as well as the estimate: 

IIU||ら((O,T),X)+ ll8tU||ら((O,T),Y)
(13) 

~ C{IIUoll(Y,X)i_11P,P + IIFIILp((O,T),Y) + IIGllwt((O,T),Y) + IIWGIILp((O,T),Y))}. 
Here, (Y, X)0,p denotes a real interpolation space, Lp(((0, T), X) is a X valued Lebesgue space, 

and WJ((O, T), Y) a Y valued Sobolev space, and 

W訳(O,T),Z)= B贔((0,T), Z) = (Lp((O, T), Z), W}((O, T), Z))a,p for a E (0, 1). 

The Lp norm is defined by 

T 

llfllLp((o,T),X) = (fo1 llf(t)llx dt)11P, lie―,t fllLp((O,oo),X) = {fo00 (e―,tllf(t)IIX)P dt} l/p 

゜2.1. L P maximal regularity for 1 < p < oo. In the case where 1 < pく oo,we use冗
boundedness of solution operators S（入）． First,we give a definition of the R-boundedness of 
operator families. 

Definition 5. Let E and F be two Banach spaces. We say that an operator family TC.C(E, F) 
is冗 boundedif there exist constants C > 0 and q E [1, oo) such that for any integer n, 
{Tj }7=1 c T and {f]}『＝1CE, the inequality: 

Jl n 
0 11苔j(U）刀f贔 du三Cl||〗巧 (u) が 1 災 du

is valid, where the Rademacher functions rk, k E N, are given by rk : [O, 1]→{-1,l};t→ 
sign(sin 2k1rt). 

The smallest such C is called R bound of Ton.C(X, Y), which is denoted by Rc(E,F) T. 

The detailed explanation of R-boundedness is given in [9, 20]. 
The reason we introduce the R-boundedness is to use Weis's operator valued Fourier multiplier 

theorem. For m(e) E L00償＼｛O},.C(E, F)), we set 

Tmf = F;1[m(e)F[f](e)] f ES（股，E),

where F and F,― denote respective Fourier transformation and inverse Fourier transformation 
defined by 

1 
F[f](T)＝石[f](T):= L四 f(t)dt, 戸［f](t)＝ぢ[J](t)：＝汗！Rい方(T)dT. 

To emphasize the Fourier transform and its inverse transform defined on恥 weuse股 asa 
subscript. Tm is called an operator valued Fourier multiplier. 
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To state Weis'theorem, we introduce an UM  D space. A Banach space X is an UMD space 
if the Hilbert transform is bounded on Lp（恥，X)for some p E (1, oo) cf. [2, Sec.4.4] and [19, 
Chapter 4]. For example, for 1 < qく oo,the Lebesgue spaces Lq are UMD spaces. Since the 
subspaces of UMD spaces are also UMD spaces, and so for example the Sobolev spaces w;：：紅e
UMD spaces. 

Theorem 6 (Weis's operator valued Fourier multiplier theorem). Let E and F be two UMD 
Banach spaces. Let m(e) E C順＼｛O}, £(E, F)) and assume that 

冗.C(E,F)({m(e)leEJR¥{O}｝）::; Tb 

R.c(E,F)({em'(e) I e E JR¥ {O}})::; Tb 

with some constant Tb> 0. Then, for any p E (1, oo), Tm E £（ら（股，E)，ら（恥F))and 

IIT,』||ら(IR.,F)::;Cprbllf||ら（良，E)

with some constant Gp depending solely on p. 

Proof. For a proof, refer to L. Weis [36]. 口

To obtain Lp maximal regularity for equations (11), we use R bounded solution operators of 
the corresponding generalized resolvent problem: 

(14) 入u-Au= f, Bu= g. 

For (14), we introduce the following assumption. 

Assumption 7. There exist constants E E (0, 1r /2) and ry 2'. 0 such that for every入＝ 7 ＋ iT E 
汎：＋ry,there exists an operator 

S（入）： YxYxY→X (F1,F2,F3)r-+S（入）（F1,F2，凡）
satisfying the following three conditions: 

(1) S（入） isan.C(Y x Y x Y, X) valued holomorphic function defined on瓦十^ y.
(2) For入E江＋'Y,f E Y and g E Z, u = S（入）（f,>.."'g, W g) is a unique solution of (22) 
(3) S（入） satisfies

知 YxYxZ,X)（｛（喝）tS（入） I入E江，入。}::;rb, 

Rc(YxYxZ,Y)（｛（喝）t(入S（入）） 1 入€ E€，入。｝ <加
for /1, = 0, 1 with some constant rb. 

S（入） iscalled an R bounded solution operator, or R solver, for problem (14). 

Remark 8. For the concrete problem, the exponent a is related to the following requirement: 
For f E WJ((O, T), Y) nら((O,T),X),f E iv;訳(0,T), Y) and 

llf llw;;cco,T),Zl ::; C(llfllwJ((O,T),Y) + llf||ら((O,T),X))-

Since the R boundedness implies the us叫 boundedness,we have 

(15) II入ullY+ llullxさrb(IIJIIY+ ll.¥°'gllY + IIWglly). 
This estimate is corresponding to the Agranovich-Visik type esitmate for the mixed problem 
of the parabolic equations [3] and the Sakamoto type estimate for the mixed problem of the 
hyperbolic equations [28, 29] 
The simple example to catch the situation, that comes to author's mind, is the generalized 
resolvent problem for the heat equation with Neumann boundary condition, which reads 

畑―△U= f in D, V ・▽u = g on an. 
Here, D is aび domainin the N-dimensional Euclidean space記 (N2'. 2) andぬ isits 
boundary. v denotes the unit outer normal to an and▽ = （81,...'恥）．
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In this case, a prominent choice of solution spaces are 

X=W加）， Z＝W加）， Y=L氾），

where 1 < qく oo.Moreover, A=―△ =—区：=閃／8x7, B = v ・▽,and W=▽． 
We now prove the unique existence of solutions of equations (11) under Assumption 7. 

First Step. Forget the initial conditions and consider the following equations: 

(16) Ot V -AV = F, EV = G (t E股）．

Let I be the constant appearing in Asswnption 7. Let F and G satisfy the conditions: e→tF E 
ら（恥Y)and e-1ta E W,嘔，Y)nら（恥Z).Applying the Laplace transform with respect to p 

time variable t implies that 

入v-Av = F, Ev = G. 

Here, 

if= £[H]（入）＝亨呵(T)= 1 e―入tH(t)dt （入＝1＋iT E X€ +1)． 
R 

Thus, by Assumption 7, we have v = S（入）（F,,¥"G,WG). Let £,-1 denote the Laplace inverse 
transform defined by 

1 
戸 [J](t)＝云仁J(T)dT = e1tF-1[J](t). 

Let A~ be fractional derivative defined by 

A叩＝£―1［入冗[G]（入）］．

We know that 

(17) lie―T閲G||ら(JR,Y)S GIie―TtG||w罰(JR,Y)・

Applying Laplace inverse transformation, we define V by 

e'Yt 
v =£―l[S（入）（P,>,ct{;, WG)] = ~ l四 S（泣［e―1t(F,A叩，WG)](T)dT.

and so 

e―-ytv＝左―1[S('Y+ iT)F[e―-yt(F,AaG, WG)](T)]. 

Thus, applying the Weis operator valued Fourier multiplier theorem implies the following theo-
rem 

Theorem 9. Let I < p < oo. Let Assumption 7 hold. Then, for any F and G satisfying the 
conditions: 

(18) e―刃tFEら（恥Y), e―呪tGEら（恥z)nw;（恥Y)

problem (16) admits a solution V satisfying the regularity condition: 

e―,tv EL謬，X）nWれ恥Y)

as well as the estimate: 

(19) 
lie―T湛V||ら(IR,Y)+ lie―,tVIILp(IR,X) 
：こ C(lle―̂ytFIILp（股，Y)+ lie―̂rtGllwf;'(IR,Y) + lie―,twGIILp(IR,YJ) 

for some constant C independent of "Y. 
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Second Step. Next step is to solve initial value problem: 

(20) 8tW +AW= 0, BW  = 0 fort> 0, Wlt=O = Ui。-Vlt=O・
Since VE WJ（股，Y)nら（股，X),by the trace method of the real interpolation we see that 

supe―’rtllV(・, t)ll(Y,X)i_11P,P S C(lle―̂rtat VIILp(IR.,Y) + lie―ryt 
(21) tEIR. 

S C(lle吼 F|％（政，Y)+ lie―rrtGllw7(IR,Y) + lie吼 WG||杜（い，Y)）．

For simplicity, we set lVi。=u。-Vlt=O・ We consider the resolvent problem: 
(22) 入w+ Aw = f, Bw = 0. 

By Assumption 7, we know the unique existence of solutions to equations (22), that is for any 
入€ Ec ＋'Y and f E Y, problem (22) admits a unique solution w EX  satisfying the estimate: 

( 23)||入wllY+ llwllx S CIIJIIY-

Let D(A) and A be defined by 

(24) D(A) = {w EX  I Bw = O}, Aw= Aw for w E D(A). 

By using A, problem (20) is rewriten as 

(25) OtW +AW= 0, Wlt=O = VVi。•

In view of (23), the operator A generates a continuous analytic semigroup on Y such that 

(1) T(t)VVi。EC0([0, oo), Y) n 01((0, oo), Y) n C0((0, oo), D(A)) 
(2) W = T(t)VVi。isa unique solution of equations (25). 
(3) lim ||T(t)w。-WollY= 0 for any lVi。EY.
t→o+ 
(4) IIT(t)WollY S Ce1tllWollY, for any t > 0 and lVi。EY.
(5) IIT(t)lVi。|x+ ll8tT(t)lVi。|yS Ce1tt-11IWollY for any t > 0 and lVi。EY,
(6) IIT(t)lVi。|x+ ll8tT(t)lVi。|YS Ce1tlllVi。||y for any t > 0 and lVi。EX.
Combining estimates (5) and (6) above with real interpolation method implies that 

{loo (e―7t(I向W(t)IIY+ IIW(t)llx)P dt} l/p ~ CIIWollcY,X)i_,;p,p" 

゜
(26) 

Let Vぶ＝（Y,D(A)h-iJp,p・ And then, we have the following maximal regularity theorem for 
equations (25). 

Theorem 10. Let 1 < pく oo.Assume that Assumption 7 hold. Then, for any Wo E Vp(A) 
problem (25) admits a unique solution W satisfying the estimate (26). 

If we set U = V + W, then by Theorems 9 and 10 U may be a solution of equations (11) 
provided that Wi。=u。-Vlt=DE Vp(A). Since BVlt=D = Git=□, the compatibility condition is 
Bu。-Glt=OE応(A).Summing up, we have proved the following theorem. 
Theorem 11. Let 1 < pく ooand assume that Assumption 7 hold. Then for any initial data 
u。E(Y, X)i_1;P,P satisfying the compatibility condition: BUi。-Git＝凸（A)and right hand side 
F and G satisfying the conditions: 

e―?tF Eら（恥Y), e―,ta E LP（股，Z)nw;（恥Y)

problem (11) admits a unique solution U satisfying the regularity condition: 

e―,tu E Lp((O, oo), X) n W;,((O, oo), Y) 

as well as the estimate: 

lie―,tu11Lp((O,oo),X) + lie―,tatUIILp((O,oo),Y) +. ~llp'e—,t II U(t) II (Y,Xh-1/p,p 
tE(O,oo) 

：こ C(IIUoll(Y,X)i_11P,P+ lie―̂ytFIILp（股，Y)+lie―̂rtGllwt（股，Y)+ lie―̂ytwG |Lp(l,Y))． 
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2.2. 21r periodic solutions. We next consider 21r time peridic boundary problem 

(27) OtW -Aw = F, Bw = G for t E股．

We assume that F(t) = F(t + 21r) and G(t) = G(t + 21r). Of cause, we can consider a general 
time period T > 0, but for the notational simplicity, we only consider the 21r period case. 
Let 11'=股／21rZand FT and F,i 1 be B ・

冗`
e Fourier transform on 11'and its inverse transform defined 

by 

1 
巧 [j](T)＝云l珈戸方(t)dt, 写［g](t)= ~ eiktg(k). 

kEZ 

To prove the Lp maximal regularity for periodic solutions, we shall use the operator valued 
de Leevw transference principle ([23]), which is stated as follows. Let 

Tm，飛f=Fi瓦1[m(e)FIR[f](e)]

be an operator valued Fourier multiplier on恥 wherem(e) E.C(X, Y) for each e E股＼｛0}. We 
consider the corresponding multiplier on 11'defined by 

T(mk)kE』=石-1[m(k)巧 [f](k)]= Liktm(k)巧 [f](k) (k E Z). 
kEZ 

Then, we have the following theorem. 

Theorem 12. Let X and Y be two Banach spaces, and l < pく (X).LetmE L00戸 (X,Y)) be 
a Fourier multiplier fromら（恥X)intoら(JR,Y). Suppose that for all x E X the point k E Z is 
a Lebesgue point of e→m(e)x, and set m砂：＝ m(k)x.Then,（叫）kEZis a Fourier multiplier 
fromら(11',X)toら(11',Y), and in fact 

IIT(mk)w, llc(Lp('.['，X),Lp('.IT',Y)) :s; IITmllc(Lp(IR,X),Lp(IR,Y)）・

Proof. For a proof, refer to [20, Proposition 5.7.1]. 

We assume that Assuption 7 holds. Let入。＞ 0be a large number such that 

{ie 1 1e1 2入。,eE恥｝ C ~, +,, 

where江＋,is the same set as in Assumption 7 (2). Let r.p(t) E C00償） whichequals 1 for 
ltl 2入。＋1and O for ltl ::;入。＋1/2and set 

W1 =:J玉汀r.p(e)s(ie):r玉[(F,AaG, WG)](e), 
W1 ＝芥―1炉(T)S(iT)石 [(F,A"G,WG](iT)]. 

口

From Assumption 7, we have 

IIBtW叶Iら（股，Y)+IIW1||ら（政，X)::; C(IIF'PIら（政，Y)+IIAびG|ら（此，Y)+ IIWG'P||ら（恥，Y）)．

Here, we have set几＝ Fミ1 や（く）石[H] （~)], and 

A~G = FIR 西（く）］玉 [A"G] （~)] = FIR［入a]玉[.rjミ1[1.p.ri区[G]]]= A"G'P・

Then, by Theorem 12 we have 

IIBtw111Lp(11',Y) + llw111Lp(11',X)::; C(IIF'PIILp('l',Y) + IIG~IILp('l',Y) + IIWG'PIILp('l',Y))-

Here, we have set凡＝rデ[1.p(T)石[H](iT)],and 
G~ =Filや(k):J元[A"G](ik)]= Fi1［入"F1I'[Fi1[1.pF'l'[G]]]= A"G'P. 

Thus, the problem is reduced to show the existence of finite number of solutions Vk of equa-
tions: 

(28) iuw+Aw＝石［F](iu), Bw＝石［G](iu).
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And then, 

w＝叫＋ L eiktvk 
lk|<'.入o+1/2

is a solution of (27). 
Summing up, we have obtained the following theorem. 

Theorem 13. Let X, Y, and Z be UMD spaces and let A E.C(X, Y) and BE.C(X, Z)n.C(Z, Y). 
Assume that Assumption 7 holds. Let I:e +'Y be the set in Assumption 7 and let入。＞ 0be a 
number such that { i~ I l~I ：：：：入。,~E 恥｝ C Ec + 7・・ 
Moreover, fork E Z with lkl S入。， letxk,凶 and盆 beBanach spaces such that (ikl+A)-1 E 
£（晶，Yk),BE.C（ふ，Zk),and such that for all (f, g) E必 xZk there exists a unique solution 
WEふ to(28) with a = k such that 

llw||xk S Ck(IIJIIYk + llgllzk) 

for some constant Ck > 0. 
Then, for any p E (1, oo) and (F, G) defined by 

ko ko 

F(t) = L Fk庄＋Fゃ(t), G(t) = L伍 eikt+ Gip(t) 
k=-ko k=-k。

with (Fk, G砂E凶 xゑ forkE Z, lkl S ko, and (Fip, Gip) E Lp(1I', Y) x（ら（T，Z)nW芦(11',Y)) 
such that（左［F』（K)，石[G』(k))= 0 for all lkl :s; k0, there exists a unique element 

(U-ko'...'Uko，匹） EX_k。X ・ ·• X晶。 x(Lp(11',X) n Wj(11', Y)) 

with庄 [u』(k)= 0 for lkl S ko, such that 

ko 
u(t)：＝ど叫ikt+ Uip 
k=-ko 

is a unique solution to time-periodic problem (27), and 

|四||xkS Ck(II.F.贔＋ IIGkllzふ
lu'Pll1ャ(11',X)nWJ（恨，Y)さ;c乃(Illら1Lp(11',Y)+ IIG'PllwJピ（11',Y)+ IIWG'PIILp(11',Y)) 

for some constants Ck and C. 

Remark 14. I do not give any concreat example for periodic solutions to Stokes equations 
and Navier-Stokes equations in the following sections. I want to mention my joint papers, co-
authored with Thomas Either and Mads Kyed, and co-authored solely with Thomas Either, 
about periodic solutions for the initial-boundary problems for the Navier-Stokes equations. 

(1) In [13], we proved the unique existence of time periodic solutions of the one-phase and 
the two phase problem for the Navier-Stokes equations in bounded domains. We took 
the surface tension into account. We used the coordinate system whose center is the 
center of gravity. The incompressiblity guarantees that the center of gravity does not 
move, and so the free boundary can be writtne as unknown functions in this coordinate 
system and the surface tension gives us enough regularity of the functions describing the 
free surface. Thus, we can use our R-solver approach to this problem. 
A difficult problem for us to solve among time periodic problems is the free boundary 
problem without surface tension. In fact, if we represent the unknown surfce by using 
some functions, we do not obtain enough regularty of this functions, and so far, we could 
not prove the existence of periodic solutions in our R-solver approach. 
By the way, in the evolution problem case for the free boundary problem without 
surface tension, we use the Lagrange transformation which will be explained later sections 
below. In this case, the free surface is transformed to the boundary of the reference 
domain, and so we do not have such difficulty. But, so far we find some difficulty to use 
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the Lagrange transformation to treat the free surface problem without surface tension, 
which should be solved in the future work. 
(2) In [14], we proved the existence of time periodic solutions for the Navier-Stokes equations 
with non-slip conditions in bounded domains and exterior domains by using the R solver 
approach. 
(3) In [15], we proved the unique existence theorem of solutions for the boundary value 
problems for the Navier-Stokes equations with non-slip boundary conditions in bounded 
or exterior domains, whose boundary is time periodically moving, by using the R solver 
approach. 
In [14] and [15], our essential contribution was that we treated the exterior domains. 
In this case, our R solver approach is quite effective, and we can reduce the difficulty to 
analysis of the finite number of spectral problems in exterior domains. 

2.3. Li-maximal regularity. In this subsection, we discuss the L1 maximal regularity for 
equations (11). Unlike the Lp case, we can not use the operator valued Fourier multiplier 
theorem, and so instead of the operator valued Fourier multiplier with respect to time variable, 
we use some combination of complex and real interpolation methods. 
To obtain L1 maximal regularity for equations (11), we also consider the corresponding gen-
eralized resolvent problem: 

(29) 入u-Au= f, Bu= g. 

For (29), we introduce the following assumption. 

A ssumption 15. There exist constants E E (0, 1r /2) and 1 ~ 0 such that for every入＝ ,+iTE 
泣十1,there exists an operator 

S（入）： YxYxY→X (F1,F2,F3)→S（入）（F1，恥，凡）
satisfying the following four conditions: 

(1) S（入） isan.C(Y x Y x Y, X) valued holomorphic function defined on I:< +,. 
(2) For入EI:<+1, f E Y and g E Z, u = S（入）（f，炉g,W g) is a unique solution of (22) 
(3) S（入） satisfiesthe generalized resolvent estimate: 

(3o) 11入S(入)FIIY+IIS(入)FllxS CIIFIIYxYxY 

for every 入€ X€ 十 1 with some constant C > 0. 
Moreover, there exist two small numbers(J"i E (0, 1) and two triples of Banach sapces 

Y"i x Y"i x Y"i (i = 1, 2) such that 

(31) 11入S(入)FIIY+IIS（入）Fllxさ： C|入―"1IIFIIYa1 XYa1 XYa1 for FE Y;l, 

(32) 11a入（入S（入）F)IIY+ 11a入S(入)FllxsC|入|ー"2IIFIIYa2 XYa2 XYa2 for F E Y,品
with some constant C. 
(4) Let 0 E (0, 1) be a number satisfying the relation : l = (1-0)(1-(]"1) + 0(2一び2).Then, 

we assume that Y = (Yuu Yu2)0,1・

Here, we writeが＝ Zx Z x Z for Z E {Y, Yu1, Yu2} for the notational simplicity. 

If we consider a generalized resolvent problem for the heat equation with Neumann boundary 
condition, which reads 

畑—△U = f in 0, V ・▽u = g on an, 
s+2 then we choose Y = B~,. and X = B~;~ for 1 < qく ooand -1+1/q < s < l/q. IfD is a domain q,1, q,1 

in恥Nwhose boundary is a compact C3 hypersurface, a half-space, or a compactly perturbed half-
space, layer, perturbed layer and so on, then we can show the existence of a solver S（入） satisfying
(30). Moreover, for any small positive number(J"such that -1 + 1/q < s -(J" < s + (J" < l/q, we 
have (31) with Yu1 = B;!" and (J"l =(J"／2, and (32) with Yu2 = B;;i" andび2=1-(J"2.Notice q,l 
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that the requirement for the domains comes from the existence of a particion of unity consisting 
of finite number of smooth functions. 
We now prove the unique existence of solutions of equations (11) under Assumption 15. 

First Step. As was seen in the Lp case, first we forget the initial conditions and consider the 
following equatuions: 

(33) at V -AV = F, EV = G (t E股）．
We assume that F and G satisfy the conditions: e―,tF EL繹，Y)and e―叱tGE Wf（恥Y)n
L闊 Z).Here, Wf（恥Y)=(L疇 Y),W}（恥Y))a,1and 

W「((0,T), Y) = {fヨgE Wf(JR., Y) such thatgl(o,T) = f}, 
llfllwf((O,T),Y) = inf{ll9llwf(IR,Y) I g E Wf(JR., Y) such thatgl(o,T) = f}. 

We can show that 

(34) lie―,t炉 fllL1(IR,Y) :S GIie―丸fllwf(IR,Y)・

where Aヅ＝£-1［V£[fl]． 
Applying the Laplace transform to (33) in time variable t implies that 

(35) 

Here, 

入v-Av = P, Ev = G. 

H=£[H]（入） ＝F[e―,tH](T) = l. e―入tH(t)dt （入＝1＋iT E E€ +1)． 
R 

Thus, by Assumption 15, we have v = S（入）（尻炉G,WG). Let 1:,-1 denote the Laplace inverse 
transform defined by 

R 

1:,-l [J] (t)＝土i隠 f-R心 (T)dT. 
Let 

(36) T(t)F = [,―l[S（入）F](t) for F = (F1, F2む） E Y3. 

Let r = r + U r _ be a contour in the complex plane <C defined be 

に＝｛z= rei土(1r-e)I r E (0, 00)}. 

Employing the same argument as in the holomorphic semigroup theory ([35]), by (2) in the 
Assumption 15, we have 

1 
T(t)F =戸fF+Te入ts（入）Fd入 fort>0, 

(37) 

T(t)F = 0 fort< 0. 

Moreover, by (2) in Assumption 15, we have 

(38) ll8tT(t)FIIY + IIT(t)Fllx ::; Ce'Ytt―l+01||F |Yゑ1.

Integration by parts gives 

1 
T(t)F =一加itf 心 S（入）Fd入， 紅（t)F= -

r+, 

Thus, by (3) in Assumtion 15, we have 

1 
加itfい心（い（入）F)d入．

(39) ll8tT(t)FIIY + IIT(t)Fllx ::::; Ce1tc2十び2||F|Y象2.

In view of real interpolation theory, by (38), (39) and Y = (Ya,, Y;びJ0,1,we have 
00 

(40) J e―,t(llo江(t)FIIY+ IIT(t)Fllx) dt::::; CIIFIIY3-
゜
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In fact, we write 

where we have set 

By (38) and (39) 

J00e→t(lla江(t)FIIY+ IIT(t)Fllx) dt 

＝゚区j23+1e―,t(ll8tT(t)FIIY+ IIT(t)Fllx) dt 
jEZ 2j 

三区(2Hl-2り sup. e―,t(ll8tT(t)FIIY + IIT(t)Fllx) 
jEZ tE(2i,2Hl) 

＝I:2切，
jEZ 

aj = sup._ e―1¥ll8tT(t)FIIY + IIT(t)Fllx). 
tE(2i,2H1) 

2(1-01)JaJ < C||F||Y泉1'2(2-u2)Jaj ::;; C. 

Let四bethe set of all sequences (aj)jEZ such that 

ll(aj)jEZ応＝｛L(2m]吠｝l/p for 1 ::;; p < oo, 
jEZ 

ll(aj)jEZ|に=sup2叩的・
jEZ 

We know that仰＝ （l炉，£炉）e,pfor 1 :S p, q,'.S oo, -ooく四<m く四く ooand m = 
(1 -0)m1 + 0m2 cf. [5, 5.6.1. Theore叫 Thus,月＝ （心叫lい）0,1,where 0 E (0, 1) is satisfied 
a relation: 1 = (1 -0)(1 -0-1) + 0(2一び2).From this it follows that 

J00e→t(ll8tT(t)FIIY + IIT(t)Fllx) dt :S CIIFII( 

゜
Y町，Ya砂｝，1．

By (4) in Assumption 15, we have (Y;び,,Yu2)0,1 = Y, we have 

(41) J00e―7t(ll8tT(t)FIIY + IIT(t)Fllx) dt.::: CIIFIIY3-

゜We now consider equations (33). Then, by (35) and Assumption 15 (2), problem (16) admits 
a solution V defined by 

V=£―l[S（入）（£[F]，入"£[G],W£[G])] = C1[S（入）（£[F],£[A"'G],£[WG]]). 

Thus, by (36) and T(t) = 0 fort< 0, 

V=£―l[S（入）／ e―入T(F,A叩，WG)dr] 
R 

1 R 
= J -lim/ e入(t-T)(F,A"'G,WG) dr 
股加iR→oo}_R

= l=  T(t-r)(F,A"'G,WG)(・,T) dr. 
-oo 
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Thus, by (41) and Fubini's theorem we have 

JOO e―叫 V(-,t)llxdt 

5゚ JOOe―1t{J:DO IIT(t-T)(F,A叩，WG)(・,T)llxdT} dt 
0 -00 ｝ 
=「｛JOOe―1tllT(t-T)(F, A"G, WG)(・, T)llx叫dT
-00 
= JOO e―:T{JOOe―1tllT(t)(F,A"G,WG)(・,T)llx dt} dT 

= ［i:―1T |（;，炉G,WG)（・,T)||ydT. ｝ 
To estimate the time derivative, using equations (33) and the assumtion that A : X→Y is a 
bounded linear operator, that is IIAvllY ::; Cllvllx for some constant C > 0, we have 

JOO 戸叫叩（•， t)IIY dt 

<゚ 1OO:可 |F(・,t)IIY dt + fo00 e―"(tllAV(-, t)IIY dt 

< cj e―1t(IIF(・, t)IIY + IIV(・, t)llx) dt 
゜00 こCJ e―1tll(F(・, t)，にG(・,t), WG(;t))IIY dt. 
-oo 

Summing up, we have proved the following theorem. 

Theorem 16. Assume that Assumption 15 holds. Then, for any F and G satisfying the condi-
tions: 

(42) e―1tFEL繹，Y), e吋 GEL1（股，Z）nW訂恥Y)

problem (33) admits a solution V satisfying the regularity condition: 

e―#VEい（罠，X)n wJ(lll, Y) 

as well as the estimate: 

(43) 
lie―7塙V||い((O,oo),Y)+ lie―#v||い((O,oo),X)

さC(lle―’ytFll1ン,(IR,Y)+ lie―’ytGllwf(IR,Y) + lie―1twa11L,(IR,Y)) 

for some constant C independent of "Y・

Second Step. Next step is to solve initial problem: 

(44) 8tW+AW=O, BW=O fort>O, Wlt=o=Ui。-Vlt=O・
Since VE Wj（股，Y)nL疇，X),we see easily that 

(45) 
supe―7t |V(・，川Y：：：：： Clle―7頃V||ら(JR,Y)
tEffi. 

：：：：： C(lle―̂ytFll1ン,(JR,Y)+ lie―̂rtGllwg(JR,Y) + lie―’yt 

For simplicity, we set Wi。=u。-Vlt=O・ We consider the resolvent problem: 
(46) 入w+ Aw = f, Bw = 0. 

By Assumption 15, problem (46) admits a unique solution w = S（入）（f,0, 0) for any入EE€ +7 
and f E Y, which satisfies the estimate: 

(47) II入wllY+llw|Ix：：：：： CIIJIIY-
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Let D(A) and A be defined by 

(48) D(A) = {w EX  I Bw = O}, Aw= Aw for w E D(A). 

As is well-known, w =（入l+A)-1f for any 入€ Eげ,,and in reality,（入l+A)-1J= s（入）（f,0,0).
Let r be the contour given in (37). From the well-known theory of holomorphic semigroup [35], 
the operator A generates a continous analytic semigroup {T(t)}t::c:o, which is defined by 

T(t)J = Ir（入l+A)-11d入．
r+, 

By (37), we have T(t)f = T(t)(f,0,0). In particular, by (41), we have 

(49) /00e―1t(||0汀(t)JIIY+ IIT(t)Fllx) dt :s; CIIJIIY• 

゜Moreover, by the theory of holomorphic semigroup, we know that {T(t) h20 satisfies the follow-
ing properties: 

(1) T(t)f E C0([0, oo), Y) n 01((0, oo), Y) n C0((0, oo), D(A)). 
(2) a汀(t)f+ AT(t)f = 0 for any t > 0 and/ E Y. 
(3) lim ||T(t)f -f||Y = 0 for any f E Y. 
t→o+ 
(4) IIT(t)/IIY :S: Ce1tll/llY for any t > 0 and/ E Y. 
(5) 118汀(t)/IIY+ IIT(t)/llxさCe1tc1II/IIY for any t > 0 and/ E Y. 
(6) 118汀(t)/IIY+ IIT(t)/llx :S: Ce,tll!llx for any t > 0 and/ E D(A). 

In particular, W = T(t)(U,。-Vlt=o)satisfies equations (44) as well as estimates: 

/00e―,t(ll8tW(-,t)IIY + IIW(-,t)llx) dt :S: CIIUo -Vlt=ollY• 

゜Set U = V + W. Using (45), (49) and the first step we have the followingいmaximalregularity 
theorem for equations (11). 

Theorem 17. Assume that Assumption 15 holds. Then for any initial data U,。EY and right 
hand side F and G satisfying the conditions: 

e―1tFE L繹，Y), e吋 GEL繹，Z）nW訂恥Y)

problem (11) admits a unique solution U satisfying the regularity condition: 

e―,tu E L1((0, oo), Y) n Wf ((0, oo), Y) 

as well as the estimate: 

lie―,tu11L,((O,oo),X) + lie―噸U||い((O,oo),Y)+ t二，［）e―,tllU(t)IIY

：：：：： C(IIUollY + lie―,tFll1ン,(IR,Y)+ lie―,tGllw「(IR,Y)+ lie―̂ytWGIILp(IR,Y))-

3. FREE BOUNDARY PROBLEM FOR THE NAVIER STOKES EQUATIONS IN THE Lp―ら MAXIMAL
REGULARITY FRAMEWORK 

In this section and the next section, we consider free boundary problem for the Navier-Stokes 
equations. The mathematical problem for the free boundary problem of the Navier-Stokes 
equations is to find a time dependent domain !1t, t being time variable, in the N-dimensional 
Euclidean space訊 thevelocity field v(x, t) =（町(x,t),..., vN(x, t)), and the pressure field 
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p(x, t) satisfying the NavierStokes equations in Ot with free boundary conditions, which reads 

恥＋（V・ ▽)v-Div (μD(v) -pl)= 0 in u fit X {t}, 
O<t<T 

divv = 0 in LJ fit x {t}, 
O<t<T 

(50) (μD(v) -pl)nt = uH（じ）llt-Pon on u rt X {t}, 
0<t<T 

Vn = V. llt on u rt X {t}, 
O<t<T 

vlt=O = Vo inn, Dtlt=O = n 

Here，じ isthe boundary of Ot, Dt = (nt1,...，叫N)the unit outer normal to rt, 8t = 8/8t, 
Vo = (v01,..., VoN) a given initial data, 0 the reference domain, D (v) = (D叫v))＝▽v+（▽v)T
the doubled deformation tensor, I the NxN identity matrix, H（じ） theN -1 fold mean curvature 
of rt, which is given by H（I't)nt =△ぃXwith XE  rt,△ぃ beingthe Laplace-Beltrami operator 
on I't, Vn the evolution speed of free surface I't in the direction Dt, Po the outside pressure, and 
μ and (J'are positive constants representing respective the viscous coefficient and the coefficient 

of the surface tension. Moreover, for any matrix field K = (K砂 DivK denotes the N-vector 
:th of functions whose itn component is I::~ N こJ=1Dぷ j,Dj = 8/8xj. For any N-vector of function 

v, divv = I:似D戸jand v • v'v denotes the N vector of functions whose ith component is 
I:_f=1叫応
In particular, the ith component of equations (50) reads as 

(51) 

N N 

紐＋と叫厄—と叫恥（v)+D;p=O in LJ Otx{t}, 
j=l J=l 

N 

O<t<T 
N 

LD凸＝ Q in u flt X { t}, 
J=l O<t<T 

LµD;j(v）叩—加ti= uH(rt)Ilti -Ponti on u rt X {t}, 
j=l O<t<T 

Vn＝Lvintj =0 on LJ rt x {t}, 
j=l O<t<T 

叫t=O= VQi in !J, 叫t=O= !J. 

Concerning the outside pressure Po, the equilibrium state is that v = 0 and so from the first 
equation it follows that▽p = 0, that is pis constant. Moreover, nt = n and aH(rt) = aH(r) 
for any t 2: 0. Here, r is the boundary of the reference domain !1 and n is the unit outer normal 
tor. Thus, 

Po= aH(r) + p. 

In this note, we consider the simplest problem, that is the u = 0 case, without surface tension 
problem. In this case, we set p -Po = q, which is the new pressure field. Namely, we consider 
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the following problem: 

知＋（V・ ▽)v-Div (μD(v) -pl)= 0 in LJ flt x {t}, 
O<t<T 

divv = 0 in LJ flt x {t}, 
O<t<T 

(52) (μD(v) -pl)nt = 0 on LJ rt x {t}, 
O<t<T 

Vn = V. llt on u rt X {t}, 
O<t<T 

vlt=O = Vo inn, Otlt=O = n 

Since Ot is unknown, the first step to solve (52) is to transform Ot to some known domain. 
To this end, we use the Lagrange transform. Let y = (YI,..., YN) be Lagrange coordinates and 
let X = X(y, t) be a solution to the ordinary differential equtions: 

dX 

dt 
= v(X, t) fort> 0, X(y, 0) = y. 

If we define u(y, t), the Lagrange velocity field, by u(y, t) = v(X(y, t), t), then 

(53) x = Xu(Y, t) = y + 1t u(y, s) ds. 

which is called the Lagrange transform and this map gives the correspondence between Euler 
coordinate system x =（エ1,...,x N) E Ot and Lagrange coordinate system y = (Y1,..., YN) E 0. 
dX 

Since― .llt = v ・ llt, the kinematic condition: Vn = v ・ llt is automatically satisfied. And 
dt 

Ot = {x = X(y, t) I y E O}, rt= {x = X(y, t) I y Er}. 

Let q(y, t) = p((X(y, t), t) and we are going to find u(y, t) and q(y, t). To find equations satisfied 
by u and q, we consider the inverse map: y→x which should exist under the condition that 

(54) o!~Jrlt IIVu(y,s)IIL00(n) ds::::; co<< 1. 
O<t<TJO 

In fact, if u exists, then u(y1, t) -u(y2, t)＝▽u(y2 + 0(y1 -Y2)）・ (y1-Y2) as follows from the 
mean value theorem, and so by (54) 

ふ (y1,t) -Xu(Y2, t)I :C:: IY1 -Y2 I -1T IIV(u(y1, s) -u(y2, s)) IIL00(n) :C:: (1 -co) IY1 -Y2I, 

which, combined with co < 1, implies that the map x = X(y, t) is injective. Thus, the Lagrange 
map is bijective from O onto Ot under the assumption (54). 

In the sequel, we consider the case where O =認 only,which is a model problem. 

Since the Jacobian matrix of the transformation Xu(Y, t) is given by 

(55) ▽ふ(y,t) =I+ 1t▽yu(y, T) dT, 

the invertibility of X迅y,t) in (53) is guaranteed for all t E (0, T) if u satisfies 

(56) sup 「▽yU(・,T)dT さ supft I ▽yu(y, s)IIL00(n) dsさco<<1, 
tE(O,T) II JO 11£00（認） O<t<TJO 

which may be achieved by a Neumann-series argument. By virtue of (56), we may write 
00 

Au(Y, t) :=（▽X孔y,t))-l= 〗（-[▽yu(y,r) dr Y. (57) 
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With the above notation, for T > 0 Problem (52) in Lagrangian coordinates reads as 

(58) 
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in股N 十 9

where no = (0,..., 0, -1). The right-hand members F(u), Gdiv(u), G(u), and H(u) represent 
nonlinear terms given as follows: 

t 

F(u) := (la ▽udT) （畑—µ年） ＋μ(1+［▽udT)巳 ((Aぷ 1叫）
噂 y((AJ -I): V yU)' 

(59) Gctiv(u) := (I -Aい： ▽yU, 
G(u) := (I-A叫u,

H(u) := μ(（▽yU + (A;)―1［▽針1ドAu)(I-Aい
+ μ((I -(AJ)-1)［▽yu]T Au+［▽yu]T (I -Au)). 

Here, KT denotes the transposed K for any vector K or matrix K. Recall that for N x N matrices 
N 

A=  (Aj,k) and B = (Bj,k), we write A: B = ~J\ Aj,kBj,k・ For the detailed derivation of (58) 
and (59), refer [30, Section 3.3.3]. Notice that all the nonlinear terms in (58) and (59) do not 
contain the pressure term q. 
Since Lagrange transformation (53) gives a C1 diffeomorphism under the assumption (56) in 
our functional space settings in this section and the next section, instead of equations (52), we 
consider equations (58) in the sequel. 
For the reader's convenience, we provide here how to derive (59). To this end, we use the 
following well-known formulas: 

(60) 立＝A；▽y, divx(・)=Aふ叩・)= divy(Au ・), 

A託o
(61) n = ~'v'xdivx(·) = AJ▽ydiv y(・) + A；▽y((AJ -I)：▽y.), 

IAJnol' 

In fact, as it was proved in [33], there holds det Au = 1 as follows from the divergence free 
condition, which yields the first formula 立＝ AJ▽y• By using these formulas, it is easy to 
verify the representations of Gdiv(u) and G(u). Hence, it suffices to derive the representations 
of F(u)皿 dH(u). 
By a direct calculation, we observe 

(62) Div (μD(v) -pl) = μ△→+μ▽xdivェV―▽xP・

We see that 

(63) 恥＋（v.立）v= Btu, 

(64) ふv= divx豆v= divy(AuAJ,洒） ＝div y((Au心ーI)▽yu)＋今u,
(65) ▽xdiv xV = AJ V y(AJ :▽yu) = AJ V y((AJ -I)：▽yu) +AJVydivyu, 

(66) ▽沌＝Aい召q.
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Since AJ is invertible and (A↓)-1 = I+.fc；▽udT, the first equation in equation (52) is trans-
formed into 

知—µ今u-µ▽ydivyU十▽yq

= （［▽udT) （知—µ知） ＋ µ(I+ ［▽udT)divy((Aぷ— I)▽四）
＋ぶ((AJ-I)：▽四）．

Combined this formula with 

(67) Div (μD(u) -qi) = μ△yU + μ▽ydiv yu —• yq, 

we have the representation of F(u). Note that F(u) does not contain the pressure q. 
It remains to deal with H(u). It is easy to find that 

(68) μD(u) -pl=μ(A瓦 u+［▽u]T心）ーqi.

From the third line of equations (52), it follows that 

(69) μ(A叫＋［▽uい）心n。-q心 n。=0
IAJnol.,IA註o|

on瞑．N ＋ 

Multiplying this equation by IA託ol(A；戸 yields
(70) μ（▽四＋ （A:い［▽u]T心）心no-qno = 0 on 8認

We consider only the velocity field, and then 

（▽四＋（Aい—1 ［▽yU]丁心）心n。

= （▽四＋（Aい冗u]丁心）（AJ-I)n。
+ （▽四＋ （Aい—1団u]丁心） n。

= （▽yu+(A註冗u]T心）（AJ-I)n。
+ （▽四＋ （（Aい—l_I)［▽国Au+ ［▽国(Au -I)+［▽yU「)n。
= （▽yU + (AJ)-1団 u]丁心）（AJ-I)n。
+ (((AJ)-1 -I)[V国 Au+［▽yUド(Au-I))no+（▽四＋ ［▽yUド）n。

Thus, we have 

(D(u) -q)no 

→((Vyu+(Aい—1団u]丁ふ）（I-Aい＋ （I ー (Aい—1) ［▽yu]丁ふ＋団u戸(I-Aい） n。

Hence, we obtain the representation of H(u). 

3.1. Stokes equations with free boundary conditions. In this section, we shall discuss the 
Stokes equations with free boundary conditions which reads as 

in認 x(O,oo),

(71) 
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Here, F, Gaiv, G and Hare given functions, and 

国＝｛x=(x1,--・ぶ） E]RN I XN = O}. 

The corresponding generalized resolvent problem reads as 

(72) ｛入v-Did]：T,）dl::1二：
(μD(v) -pl)n = hn。

in譴
in艮N 十 9

on{)認．

First of all, we shall state the existence of R bounded solution operators for equations (72). To 

this end, we introduce variables F = (F1, F2, F3, F4, F5, F;砂whereF1 E Lq（股り）凡 F2E Lq（良'f_)'
F3 Eら（訟）N,F4 Eら（訟）N,F5 Eら（訟）Nand F6 E Lq（酔）竺 andF1, F2, F3, F4, F5 
and F6 are corresponding variables to f,入l/29<liv,▽9div,入G,入112hand▽h, respectively. Set 

q（認）MN島＝ 4N+ 1 + N汽namely,F E Lq(lR'f_)MN. Let l¥,伽(JR'j_)denote a homogeneous space 
defined by 

切，o（認）＝ ｛u E Lq,loc（認） I▽UE伝（認）， ulxN=D= O}, 

and 1 < qく ooand q'= q/(q -1). 
We have the following theorem concerning the R bounded solution operators for equations 
(72) 

Theorem 18. Let 1 < qく ooand 1: E (0, 1r /2). Then, there exist oprators S（入） andP（入） with

S（入） EHol (~,,.C(Lq （股ざ）MN,w;; （股？）N)),

叩） EHol（江£（ら（記）MN,WJ（認）＋卯，o(認）））

such that the following two assertions hold: 

(I) For any入EEe and f E伝（股心）， 9divE W』(JRf_),g E伝（股f_)N,and h E W,』(R§)凡
problem (72) admits unique solutions u E W,点記）N andp E W,]（認）＋四，o(記） such
that u = S（入）Fand▽p=P（入）F,where 

F = (f,入l/29div,▽9div,入g,入1;2h,▽h).

(2) There hold 

麟因）MN,Lq(IR忙）（｛（喝）£（入S（入）） 1入←い） ：：：：加

虹心）応，Lq（認）叫｛（喝）£（入1/2▽S（入）） I入EEe})：：：：叫

麟 q（認）知，Lq(IR正）（｛（喝）｛（炉S（入）） I入EEe})：：：：加

鯰国）MN,Lq(IR忙）（｛（叫(VP（入）） I入EEe})：：：： rb 

for £ = 0, I with some constant rb depending solely on、Eand q. 

In the sequel, we give the sketch of a proof of Theorem 18. One of basical tools to solve 
equations (71) is the unique solvablity of the weak Dirichlet problem which reads as 

(73) （▽u，匹） ＝ （f，▽cp) for any cp E的，o(詑）．

We know the following result cf [31]. 

Lemma 19. Let 1 < qく oo. Then, for any f E Lq（認）N,problem (73) admits a unique 
solutoin u E立(JRf_)satisfying the estimate: 

IIVu||ら（良!;')：：：： CllfllLq（認）・

Let K be an operator defined by u = Kf. 
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Later, we introduce Stokes semigroup, and to this end at this point the Helmholtz decompo-
sition is introduced. Letみ（記） beSolenoidal space defined by 

(74) み（認） ＝｛gE伝（吋） I(g，▽'P) = 0 for every'PE和人o（股f)}.
According to Lemma 19, for any f E Lq（吟）， thereexists a unique u E防，o（認） suchthat 
equation (73) holds. Thus, setting g = f―▽u, we see that g E Jq(lR〉)， andsetting Gq（酔） ＝ 

｛▽u I u E陀，o（認）｝， wehave 

(75) 伝（記）N=み（認）①ら（認） （ ④ means the direct sum). 

This called the second Helmholtz decomposition. We have the following lemma. 

Lemma 20. Let 1 < qく oo.Then, for u E Lq (JR.I-/-), what div u = 0 in the distribusion sense 
is equivalent to what u E Jq (JR.I-/-). 

Now, we shall discuss solution formulas of problem (72). Let EE (0,1r/2) and recall that 

Ec= ｛入 E<C ¥ {O} I I arg 入 l~1r-E}.

3.2. Solution formulas. We shall give solution formulas of equations (72) 

Step 1: Reductions. Let 0く c< 7r/2, 1 ~ 0 and入E E€ 十 1. Let f, g Eら（記）凡
gdiv E Wi（認）， andhN E Wl（認）． Assumethat there holds gdiv = div g. According to 
Corollary 19, the weak Dirichlet problem, 

(76) 
{Wq心）＝ （f-入g+2μ▽gdiv心）

叫認 =(-hN+ 2μgdiv) laJRが'

for all cp E的，o（認），

admits a unique solution q1 E W.]（記）＋切，0(JR1j_).In fact, q1 is defined by 

q1 = -hN + 2μgdiv + K,(f —入g 十▽加）．

In addition, by Lemma 20 q1 satisfies the estimate 

(77) IIVq叶Iら(R釣:s:c(11r1伝(JR1:-)+ IIV(gdiv, hN)|ら(Rが） ＋ 1|入gll伍（呼））．

Let u1 = (u1,1,...墨1,N)EWi（認）Nbe a solution to the following elliptic system: 

（入—µ△)u1 = f―▽q1 + μ▽gdiv in認，

(78) { U1,J|8認＝0， J=1,．．．，N -1, 

恥u1,Nla1Rダ＝gdivlaffi.1:-・

Notice that the solution u1 E Wi（記）Nto equations (78) necessarily satisfies the divergence 
conditions: 

(79) div U1 = gdiv = div g in JR1J_. 

In fact, for any cp E的。（訟）， wemay write 

(80) （入u1-μ△u1，▽cp) = (f―▽q1 + μ▽gdiv，▽cp) =（入g-μ▽gdiv，▽cp).

In addition, there holds 

(81) （△u1,匹）＝ （▽divu1，▽叫 forall <p E的，o(討）．

Combining (80) and (81) gives 

(82) （入(u1-g)，▽<p) -μ（▽（divu1 -gdiv)，▽<p) = 0 for all <p E lVi,,o(lRf_). 
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Noting that Wi,,o（記） c切。国） andthat div g = 9div, we may show that 

(83) 入（divu1-9div平）＋μ（▽(divu1 -9div)，▽'P) = 0 for all Wi,,o（股f_).

Moreover, it holds div u1 -9<liv = 0 on 8認 dueto the boundary conditions (78)2,3. Thus, from 
the uniqueness of solutions to the resolvent problem for the weak Dirichlet problem we deduce 
that divu1 = 9div = divg. Thus, we arrive at (79). 
Since Q1 = -hN + 2μgdiv on a認， wehave (2μ枷 u1,N-q1) = hN on 8JR1j_. Therefore, u1 
and q1 necessarily satisfy the following Stokes system: 

(84) 
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where j runs from 1 through N -1. 
We now set u2 := u -u1 and q2 := q -q1 with u2 = (u2,1,..., u2,N). Then (u砂 2)solves 
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for j = 1,..., N -l. Clearly, u = u1 + u2 and q = q1 + q2 are solutions to (72). 

Step 2: Solution formulas. We next derive the boundary symbol for the systems (78) and 
(85). To this end, in the sequel, let E E (0, 1r /2). For each e'=（ふ，．．．，eN-1)E JRN-l we 
define A=  WI =（こ芦対）112.In addition, for each e'E JRN-l we define complex functions 
B=B（入，e')and MのN=M（入，e,X N) in the following way. Let B = B（入，e')be the principal 
branch of the square root of μ―1入＋le'l2,i.e., B =,/μ八＋匹 for入E江 withRe B > O; and 
for邸＞ 0let MxN = M（入，e,XN) be defined by 

(86) 
e-BxN -e―A冗N

MxN=M（入，e'，邸） ＝ 
B-A'  

which is called a Stokes kernel. We also define 

(87) 応，B=が＋AB2+3A2B-A尺

which is the determinant of the Lopatinskii matrix. 
To derive the boundary symbol for Systems (78) and (85), it suffices to consider the following 
systems: 
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W1,J=T[F[f貫(e)]
入十μlel2J IJRダ，

W2,j = 0, 

叫 N=T[r[f諏）］
入＋μに12J Ill!.グ'

W2,N = -Fij1 [~―;~F'[gdiv] （ど）］
solve (88) and (89), respectively. Here, j runs from 1 through N -I, and r and j° denote 
respective the even extension of f to x Nく 0and the odd extension of f to x Nく 0,which are 
defined by setting 

f軍）＝｛f（X) （XN > O)，「（X)＝ {f(x) （祁＞ O）， 
f(x',-xN) （邸く 0), J,~, 1-f(x', -XN) (xNく0).

To derive the formulas for W3 and Q3, we apply the Fourier transform in the tangential direction 
x'with covariable e'and solve the transformed problem (i.e., a boundary value problem for an 
ordinary differential equation on股＋）． Followingthe computations in [31, Subsec. 3.5.3], we 
observe that (w3, Q3) is given by 

叫x) ＝汀 [e-B万も~(2Bie' 初＋゜らe-BXN
μB μDA,B,--·~..,'µBDA,B (3B -A)(ie'幻］（x'), 

(93) w3,N(x) = Fij1 [~(2B廷＇釣＋ ~(B-A)(ie'釣 (x'),t [~(2Bi(· h') + ~(B-A)(i(· h')] 

Q心）＝町[(A+B)e-AXN2B廷'.1i'] (x' 
DA,B 

where j = 1,..., N -I and we have set i(・訂＝区似1ie凡((,0).

3.3. Estimate of multipliers. In the sequel, E E (0, 1r /2) and 1 < qく 00.

The whole space case 

Proposition 21. Let m（入，e)be a function defined on ~E X（記＼｛O}) such that for any入EE€ 
and for any multi-index a E N点(No=NU {O}) there exists a constant Ca depending on a and 
E such that 

(94) IBfm（以）1：：：：： Cale|―|al 

for any（入，く） E E€ x （か＼｛O}). And, for any~ E JRN ¥ {O}, m（入，ど） isa holomorphic function 
with respect to入EI:e. Let K入 bean operator defined by 

K;,J= 写l[m（入， ~)F[J] （く）］ ＝ j 戸m（入， ~)F[J] （~) dr 
及N

Then, the set { K入入 EI:e} is R-bounded on £（ら（か）） and

(95) Rt:,(L記）（｛k入I入Em)  s Cq,N max Ca 
la|'.'oN+2 

wzth some constant Cq,N which depends solely on q and N. 
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Proof. For a proof, refer to [16, Section 3]. 

Since R boundedness implies the boundedness, we have 

ロ

(96) IIK入 f||ら(か)~ (Cq,N la毘翌-2Ca) IIJ||い（か） 9

which directly follows from the Mikhlin-Holmander Fourier multiplier theorem. 

Lemma 22. Let E E (0, 71" /2). Then, there holds 

I入＋μ|的＞・sm-- 2 (|入|＋ μ|くり．

Half-space case. 
Let m（入，e')be a function defined on I:, x（股N-l¥ {O}), which is holomorphic with respect 
to入＝"'(+iT E I:, for any fixed e E股N-l¥ {O} and 000 with respect to e'E股N-l¥ {0} for 
any fixed入EI:,.We say that m（入イ） isan Mm,1 symbol if for any a'E N似―1,there hold 

|8ざ((ToTlm（入，e＇））|：：：：： Ca’(|入|1;2+ le'lr-la'I (£ = 0, 1). 
And also, we say that m（入，e')is an閏m,2symbol if for any a'E N点―1,there hold 

|8ざ((TOT)Rm（入，0)1：：：：： Ca’(|入|1/2+ |＜’|）m|ど|―|a'I (£ = O, 1). 
Let 

llmllMm,i =,~~, C砧
la'l:SN 

Lemma 23. Let B = fi可可 andDA,B =炉＋AB2+2炉B-A3. Then, for any v E股，
Ev is a Mv,l symbol and DA,B a M知，2symbol. 

Proof. The proposition follows from [31, Lemma 3.5.9]. 口

Proposition 24. Let 0く E < 1r/2 and 1 < q < oo. Given multipliers n1 E M-2,1 and 
四 EM-1,2, let operators Ti(入)（i = 1, 2) acting on h = h(x'ぶ） EWJ（記） bedefined by 

T1（入）f= Fij1[Be-BxNn1（入，＜＇江 [h]((,O)](x'),

花（入）f= Fij1[AMxN四（入，()F[h]((,O)](x'). 

Then, there exist operator families下（入） EHol（以L(Lq（認）N＋1,W切（認））） suchthat for any 

入 E 〗e and h E WJ（記）， T，(入）h= T;（入）（入1/2h，▽h),and there exists a constantがb ＞。
depending on llnillM_2,, such that 

Rc(Lq国）N+l,Lq（認））（｛（心（入t（入）） I 入 E~,})::;;rふ

究山（認）N+l,Lq（認）州{(喝）£（入1/2▽下（入）） I 入 E~,})::;;ri,

冗£（い（認）N+l,Lq（認）叫｛（喝）t（▽2T;（入）） I入E~,})::;;吋，

for£= 0, 1 and i = 1, 2. 

Proof. For a proof, see Lemma 3.5.13 in [31]. ロ
Proposition 25. Let O < Eく 1r/2and 1 < q < oo. Given multiplier n3 E M-1,1, let operator 
乃（入） actingon h = h(x', XN) E wJ（認） bedefined by 

T3（入）h= Fi1[Ae―AxNn1（入，()F[h]((,O)](x'). 
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Then, there exists an operator family乃（入） EHol(:E心（ら（認）N＋1,W]（認））） suchthat for 

any入←江 andh E WJ（鯰），乃（入）h= Ta（入）（入1/2h，▽h),and there exists a constant rg >。
depending on|lnillM-i,2 such that 

鯰ら（呼）N+1,Lq（認））（｛（喝）£乃（入） I入E江｝） Srg, 

冗£（ら（呼）N+l,L国）州{(叫(V乃（入）） 1入E幻） Srg, 

for£= 0, l and i = l, 2. 

3.4. Existence of R-solvers, A proof of Theorem 18. Before starting with the proof of 
Theorem 18, we give a lemma which tells us that the R norm has the same property as the 
usual norm has. 

Lemma 26. (1) Let X and Y be Banach spaces, and let T and S be R bounded families in 
£(X, Y). Then, T + S = {T +SITE T, SES} is also a⑰ -bounded family in £(X, Y) and 

図 x,Y)(T+ S) S Rc(x,Y)(T) + Rc(x,Y)(S). 

(2) Let X, Y, and Z be Banach spaces, and let T and S be R-bounded families in £(X, Y) and 
£(Y, Z), respectively. Then, ST= {ST IS ES, TE T} also an R-bounded family in £(X, Z) 
and 

知 x,z)(ST)::;RL(X,Y)(S)RL(Y,z)(T). 

Proof. For a proof, refer to [9, p.28, Proposition 3.4]. 

We start a proof of Theorem 18. Let q1 be defined by 

q1 = -hN + 2μgdiv + K,(f —入g 十▽加），

then q1 satisfies equations (76) as well as the estimate: 

(97) IIVq1||ら（飛!;'lS Coll(f，▽9div，入g，▽加）1|伝（詑）・

for some constant C,。>0.Thus, we define P1（入）byPい）F= -F5N+2μ凡十▽に(F1-F4+F6N)，
where F5 = (F51,..., FGN) and F;的€ら（認）N are the corresponding variables to▽hi for 
h = (hい...,hN)-Obvisouly, 

(98) A（入）F＝▽q1, RL(Lq（認）知，Lq（叫）（｛（喝）£乃（入） 1入EEサ） S C。
for £ = 0, 1. Here, F = (f,入l/29div，▽9div,入G,入1;2h，▽h).
In view of Proposition 21, Lemma 22, and (91), there exists an operator罰（入） with

W1（入） EHol（立ら（股:)N,Wれ良:)州））

such that for any 入€ Ec and f € L国）N,W1 =罰（>.)fis a solution of equations (88) and 
there hold 

麟因）N,Lq(!R.!;')N）（｛（喝）£(叫（入））入€幻） S加

(99) RL(Lq(R!;'）凡ら（呼）N2)（{（叫（入1/2▽罰（入）） 入←江｝） S乃，

冗L(Lq(Rダ）N,Lq(R!;')N3）（｛（喝）£（▽洲（入））入 EE,})Srb

for£ = 0, 1 with some constant rb depending on E and q. By Proposition 24, Lemma 23, and 
(92), there exists an operator W2（入） EHol（江，£（Lq(Rざ）N+l,W;f (JRf_）州） suchthat for any 

入€ E€ and gdiv € W』（記）， W2=応（入）（入l/29div，▽9div)i is a unique solution of equations 
(89), and there holds 

冗L(Lq（認）2,Lq（認）N）(｛（T馴（叫（入）） I入EEe}) S加

(100) RL(Lq（呼）叫(Rダ）叫｛（喝）£(入1/2▽応（入）） I入ex€}）さ乃，

RL(Lq(R!;'）叫（認）N3)（｛（喝）£（▽況(>-))I 入€刃€｝） S rb 

口
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for£= 0, 1 with some constant rb depending on E and q. Thus, if we set Q1 = -hN + 2μgdiv + 

k(f —入g 十▽加）， and u1 = W心）（f —▽q1 +μ▽9div)＋児（入）（入1l2gdiv,v'gdiv), then u1 and 
Q1 are solutions of (84). Thus, we define an R bounded solution operator U心） with

U1（入） EHol (E<,.C(Lq（阻立）MN,WJ（恨岱）N))

byUい）F=罰（入）（F1-Pl（入）F+叩）＋応（入）（F2,F叶． Fromthe definition of U心） obviously
it follows that u1 = Uい）Fwith F = (f，入l/29div,v'gdiv，入g，入112h,v'h), and by (99), (100) and 
Lemma 26, we have 

疇因）2,Lq（認）州｛（喝）叫（入）） I入E幻） ：：：：：乃，

(101) R£(Lq（認）叫（恥正）（｛（喝）｛（入1/2両（入）） I入EE叶） ：：：：：加

R£（伍（認）叫(R立）N3)(｛（喝）£（汎（入）） I入EX€}) ：：：：：乃

Likewise, by Propositions 24 and 25, Lemma 23, and (93), there exists an operator W3（入） E 
Hol, (E<,.C(Lq(ffi.1j.)N2-1, WJ(JR1j.)N)) and Q3（入） EHol (E<,.C(Lq（股t）炉ー1,Lq(1R1j.)N)) such that 
for any入EE< and h'= (h1,..., hN-1) E Wf（記）N-1,W3 =応（入）（入1/2,h'，▽h') and 

▽仙＝ Q3（入）（入112,h', v'h') satisfy equations (90) and there hold 

(102) 

冗£（ら（認）立1,ら（認）N）（｛（喝）t（入瓜（入）） I入E泣｝） ：：：：：加

麟q（認）虹—1,Lq（認）叫｛（喝）t （入1/2▽訊（入）） I 入€幻） <加

麟匹）立1,L国）叫{(喝）f（▽況（入）） 1 入€刃€｝）さ加

Rt:,(Lq(R;'.')正 1,Lq(lR凸）（｛（喝）誓） I 入€幻）:::; rb 

for £ = 0, 1 with some constant rb depending on E and q. Thus, setting u1 = (uu,..., U1N) and 
H'= μ,(8Nu11 + 81u1N,..., 8NU1N-1 + 8N-1U1N) = /t(D(u1)no -(D(u1)no, no)no, we define v 
and▽p by 

V =U1 十応（入）（入1;2h'，▽h') —訊（入）（入1/2H',VH'), 

▽p=P心）F+Q3（入）（入1/2h'，▽h')-Q3（入）（入1;2H'，▽H').

Then, v and▽p satisfy equations (72). Thus, we define S（入） andP（入） by

S(〉＼）F=U1(〉＼）F+W3（入）（F~,F~) -W3(〉＼）（μ〉¥1i2(D(U1（入）F)no-(D(U1(〉＼)F)no,no)no), 
▽(D(U1（入）F)no-(D（仏（入）F)no,no)no)), 

T'（入） ＝冗（入）F+Q3（入）（F~,F~) -Q3（入）（入1/2(D（仏（入）F)no-(D（払（入）F)no,no)no), 
▽(D(U1（入）F)no-(D(U1（入）F)no,no)no)). 

Obviously, S（入）F= v and P（入）F＝▽p. 
Moreover, by Lemma 26, (98), (101) and (102), S（入） andP（入） satisfy(2) of Theorem 18. 
This completes the proof of Theorem 18. ロ
To estimate lower order derivatives of solutions to equations (72), we shall use the following 
lemma. 

Lemma 27. (1) Let l < p, q < oo and let D be a domain in lllN. Let m = m（入） bea bounded 
function defined on a subset of IC and let M叫） bean operator defined by M叫）f=m（入）f
for any f E Lq(D). Then, Rc(Lq(D))({Mm（入） I入EU})：：：：： CN,q,DllmllL00(U)・
(2) Let n = n(T) be a 01 function defined on股＼｛O} that satisfies the conditions: ln(T)：：：：： 7 
and lrn'(T)I：：：：： 7 with some constant 7 for any T E股＼｛O}.Let Tn be an operator-valued Fourier 
multiplier defined by Tnf = F-1[n:F[f]] for every f with :F[f] E D（股，Lq(D)). Then, Tn is 
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extended to a bounded linear operator from Lp（恥，Lq(D))into itself. Moreover, denoting this 
extension also by Tn, we have 

IITn llc(Lp(R,Lq(D))：：：：： Cp,q,D"/・ 

Proof. For a proof, refer [9, p.27, Remark 3.2]. 

Combining Theorem 18 and Lemma 27 (1), we have the following corollary. 

ロ

Corollary 28. Let 1 < q < oo and E E (0, 1r /2). Let S（入） EHol（江，£（Lq（酔）M(Nl,WJ（記）州）
be an solution operators for problem (72) given in Theorem 18. Then, for any'Y > 0 there hold 

陀（L国）M(N),Lq(IR忙）（｛（叫S（入） I入ESc +T}）三 7―1乃，

陀山（認）M(N)，ら（呼）叫｛（喝）爪7S（入）） I入ESc +T}）三 7―1/2rb
(103) 

for£= 0, 1 with some constant Tb depending on E and q. 

3.5. Lp―伝 maximalregularity theorem for Stokes equations (71). According to Theorem 
18 and Corollary 28, we know the existence of R-bounded solution operators for problem (71). 
First, we consider the following evolution equations for whole time interval: 

(104) 
『u-DdIIVV(UμDニニ1こ：
(μD(u) -ql)n = Hno 

in詑 X恥
in吋 x罠，
N on a股 XR. ＋ 

According to the argument as in the First Step of subsection 2.1, we have the following propo-
sition. 

Proposition 29. Let 1 < p, q < oo. Let 1 > 0 be any number. Assume that F, Gdiv, G and 
H, the right member of equations (104), satisfy the conditions: 

e―,tF Eら（股.,ら（賊:)州， e―1tG山V Eら（賊，wf（股'j.))n wl/2償，ら（艮灼），

e―1tG EW}（股，ら（股灼州， e―,tH Eら（股，wf（股灼州 nwll2(JR, Lq偉ざ）州．

Then problem (104) admits a solution u and q such that 

e―,tu E Lp（股，W；償灼州 nwl（股，Lq(R:r)州， e―,t▽qEら（股，伝（政〉）州，

as well as 

le―,tu||ら（此，W印（認）） ＋lie―1渇u|ら（民，Lq（認）） ＋lie―,t▽qiら（い（認））

::; C(lle―,t(F, 8ぶ）1|ら(R,Lq（呼）） ＋lie―,t▽(Gdiv,H)||ら(R,Lq(Rざ））

+ lie―,t(Gdiv,H)II wげ（恥，Lq（統）））．

Moreover, if F, Gdiv, G and H satisfy the conditions: 

FEら（恥ら（股t)州， Gdiv Eら（罠，wf（艮り） nwl/2（股，ら（政ざ）），

G E W}（股，伝（股t)州， HEら（民，wf（股さ）州 nwl/2（股，ら（Rf_戸），

then 

OtU E Lp（股，h（股:)州，▽2uEら（股，伝（股t)N3），▽qEら（股，ら（股t)州
as well as 

II炉u||ら（良，Lq（認）） ＋隣u|ら(R,Lq（呼）） ＋ 1|▽q||ら(R,Lq（認））

::; C(ll(F,BtG)IILp(』，Lq （政~)) + IIV(Gdiv, H) IILp(R,Lq(民~)) + ll(Gdiv, H)llwJ/2 
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To prove the existence of C,。analyticsemigroup associated with problem (71), we consider 
the following equations: 

(105) 

o
o
o
a
 

=

＝

＝

＝

 

u
u
m
司

q
d
i
v
q
i
u
i
t
 

‘‘,'ノU

、ー、

(

U

 ，
ー
、D
 

D
 
μ
 

(

μ

 

＞

（

 

•1 
D
 

u
 
Ot 
,

v

、

in齢が x(O,oo),
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on a認 x(O,oo), 
in艮N 十 9

Since q does not have time evolution, we have to eliminate q. 
We consider the corresponding resolvent problem to equations (105) which reads as 

(106) ｛入v-Div(μD(v)ご：：ロ
(μD(v) -pl)n = 0 on 8詑・

Noting that Div (/LD(v)-p) = pDiv D(v)-v'p, we consider the second Helmholtz decomposition 

of μDivD(v). Namely, for VE wJ（記）凡 letu = K(v) E叩 ，o(記） bea solution to the weak 
Dirichlet problem: 

（▽u, v'<p) = (μDivD(v)，▽<p) for every <p E Wい(R?）
subject to u = (μD(v)n,n) on affi.lj_. We see that v E Jq(1Rf_) is equivalent to divv = 0. If 
f E Jq（認）， thenp = K(v). In fact, for any'PE兄，0(詑）， wehave 

0 = (f，▽叫＝ （入v,V叫― (μDivD(v)，▽叫＋（▽p，▽叫＝ （▽（P-u)，▽叫

Moreover, on the boundary, p = (μD(v)n, n) = K(v), and so by the uniqueness of solutions 
implies that p = u. 

Thus, from (106) it follows that for f E Jq（認）， vEWi（認）N satisfies equations: 

入v-Div (μD(v) -K(v)I) = f in認，

(107){  divv = 0 in認 x(0,OO）， 
(μD(v) -K(v))n = 0 on affi.lj_. 

Since (μD(v) -K(v))n, n) = (μD(v)n, n) -K(v) = 0 is automatically satisfied, the actual 
boundary conditions are μD(v)n -(μD(v)n, n)n = 0, that is the tangential component of 
μD(v)n vanishes on the boundary. 
Let the domain V(A) and an operator A be defined by 

V(A) = {f E Jq(股:）nw;（股さ） IμD(v)n -(μD(v)n, n)n = 0 on{)艮f_},
Av= -Div (μD(v) -K(v)I) for v E V(A). 

(108) 

We can write (107) as 

（入I+A)v = f for f E Jq(lRf_) and v E V(A). 

From Theorem 18 and Corollary 28, v = S（入）（f,O,・・・,O)and▽K(v)＝▽p=P（入）（f,o, ・ ・ ・, 0) 
and 

(109) 11入v||伝（認） ＋ 1|炉vllLq(IR,;,')：：：：： CJlfllLq(IR,;,')

for any入EI:,.Thus,（入I+A)-1 exists and satisfies 

II入（入l+A)―lf||ら(呼)：：：：： C||f |伍(Rダ）

for any f Eぷ認） and入E江． Fromthis it follows the generation of C。analyticsemigroup 
{T(t)}t;:,_o, called a Stokes semigroup, associated with problem (105). Especially, for any initial 
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data a E Jq（詑）， u= T(t)a is a unique solution of equations (105) with q = K(T(t)a). 
Moreover, from (109) we have IIT(t)allLq(lRグ）さ C||f||伝（賊ダ） aswell as 

IIAT(t)a||ら（認）さ Ct―1llf|| ら（認）， IIAT(t)a||ら(JR~)::::; CIIAf||伝(R?)・

Since we have the estimate: 

I炉v||ら（認） ::::;CIIAv||ら（呼）

for any v E D(A), we have 

II▽牙(t)f||ら（認）::::;Ct―1 llf||ら（翌）， 1|炉T(t)flら（翌）三 C||f||'D（A)・

Thus, by real interpolation method and the fact that紅 (t)f= -AT(t)f, we have 

10011(8ぃ炉）T(t)f||［国） dt::::;CllfllcLq(砂 ,'D(A)) ・

゜
1-1/p,p 

Let Dp,q(Rざ） ＝ （ら（股ダ）,D(A)h-1/p,p・ Note that Dp,q(股f_)C Jq（艮f_)n B訟―1/p)（股f_).More-
over, if v E Jq（認）nB;,~-l/p) （吟） and the trace D(v)nlaJR~ exists, then v E窮迅認）． If

VE Jq（認）nB;,~-l/p) （認） but the trace D(v)nlaJR~ does not exist, then v E巧q（認）．
Summing up, we have obtained 

Theorem 30. Let 1 < p, qく oo.Let F, Gctiv, G and H satisfy the conditions: 

FEら（股，ら国）州， G小V Eら（良，w;（記））nWド（恥ら（記）），
GE叩（恥ら（訟）N), HE  L鵡切（記）州nW戸（股，伝（対）州．

Moreover, initial data a E B；位―1/p)（記） satisfiesthe compatibility conditions: 

a-Glt=O E Jq償灼， （D(a)n -(D(a)n, n)n -(Hlt=O -(Hlt=O, n)n))laJR~ = 0. 

Here, the second condition should not be satisfied if the trace does not exist. Then, problem (71) 
admits unique solutions u and q such that 

OtU, {)が7kllE Lp((O, oo），ム（戦↑）州，▽qEら((0,oo），伝（認）州

for j,k = 1,...,N as well as 
2 訊 u，▽ u，▽q)||ら((O,oo),Lq（呼）） ＋ sup ||u(•,t 

tE(O,oo) 
)IIB討―1/p)（吋）

::::; C(llallB~.~-1/v)(料) +||（F,8心，▽Gdiv，▽H）||ら（賊，Lq（和） ＋ll(Gdiv, H)IIW:戸（即，Lq(ffi.~))).

Theorem 31. Let 1 < p, qく ooand 1 > 0. Let F, Gctiv, G and H satisfy the conditions: 

e―,tF Eら（恥伝（認）州， e―叱如 Eら（恥四（認））nWド（恥伝（認）），

e―穴tGEW}（股，伝（認）州， 戸HEら（股，Wれ認）州nw戸（恥伝（認）州．

Moreover, initial data a E B討―1/p)（認） satisfiesthe compatibility conditions: 

a-Glt=O E Jq（認），（D(a)n-(D(a)n, n)n -(Hlt=O -(Hlt=O, n)n))la政~ =0. 

Here, the second condition should not be satisfied if the trace does not exist. Then, problem (71) 
admits unique solutions u and q such that 

e―ポ'uE Lp((O,oo), W;(股f_)N)n W;((O, oo), Lq(賊f_)N), e―,t▽q E Lp((O,oo),Lq(R~「)N),
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as well as 

lie―1頃u，▽q)I伍((O,oo），ら（飛§)） + ||e―,tullLp((O,oo),WJ(ffi.ダ））十 tE~悶,)e―,tllu(・, t)lls~~-1/p\ffi.ダ）

：：：：： C（||a||B:g-1/p)（R§) + ||e―,t(F, 8心，▽Gdiv，▽H）||ら（叫q（翌））

+ lie―,t(Gdiv,H)II w戸(ffi.,Lq（呼）））．

3.6. Global well-posedness of equations (52). In this subsection, we shall prove the global 
well-posedness of equations (52) with small initial data. Since Lagrange transformation (53) gives 
a C1 diffeomorphism under the assumption (54) as a solution u exists, instead of equations (52) 

we shall prove the global well-posedness of equations (58) for small initial data. In fact, we have 
the following theorem 

Theorem 32. Let N 2: 3. Let qo, q1 and q2 be exponents such that 

N 1 1+0 1 
qo = 
2(1 + 0) > 1, q1 = 2qo, —+ ＝ -

ゅ N q1' 

where 0 is a small positive number. Then, there exist an exponent p > 2 and a small constant 
u > 0 such that if initial data a E n勾B;g—1/p) （吟） satisfying the compatibility conditions: 

diva= 0 in 認， µD(a)n。— (µD(a)n。 ,n0)n。 =0 on記，

then problem (58) admits unique solutions u and q such that 

as well as 

u E n(Lp((O, oo), Wi,（吋）N)n四((O,oo),Lq,（酔）州），
i=O 

▽q Enら((O,oo),Lq,（認）州，
i=O 

ll8tU||伍((O,oo),Lq0(JRが）） ＋ 1|炉nllLp((O,oo)，伍(Rダ））
2 

+ L 11(1 + t)OtU||ら（（O,oo),Lqi（認）） ＋11(1 + t)守ulら（（O,oo),Lqi（江） SCO". 
i=l 

for some constant C independent of a-> 0. 

Remark 33. In the exterior domain case, the global well-posdeness was proved in Shiata's 
lecture note [30]. 

The free boundary problem in the half-space was proved by Oishi and Shibata [24] when 
N ?: 3. The proof of theorem presented here is slightly modified thanks to discussion with 
Piotr Mucha and Tomasz Piasecki, Warsaw University [26]. The essential point is to use the 
homogeneous spaces unlike Oishi and Shibata [24]. 
As is well-known, one of important points to prove the global well-posedness for small initial 

data is to show some suitable decay estimate for the linearized equations. Namely, for some 
large exponent r for the time variable, we can show that 

II (1 + t)BtullLr((l,oo)，伍(R§)）＋| （1 +t)炉ullLr((l,oo），伍（呼））

：：：：： C(ll((l + t)(F, G, v'Gdiv, v'H)IILr(JR,L01nL四（賊in+11(1 + t)Gllw;c（股，L01nLq2（股ダ）））

+ ||（1 +t)（Gdiv,H)|．1/2)  w~ （政，Lq戸伍（認））＇
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11(1 + t)BtullLr((l,oo),L這ダ）） ＋11(1 + t)炉ullLr((l,oo),Ln(IR~)) 

さ： C(ll((l+ t)(F, G, v'Gaiv, v'H)IILr(IR,Lq。 nLn(IR~)) + 11(1 +t)GI 加（IR,Lq。 nLn(IR~)))

+ 11(1 + t)(Gaiv, H)llri w戸(IR,Lq0叫（呼）））．

To obtain these estimates, we consider the equations satisfying tu which reads as 

如tu)-Div (μD(tu) -(tq)I) = u + tF in認 x恥

(110) { div(tu)＝tGdw = div(tG) in認 x恥
(μD(tu) -(tq)I)n = tHn0 on a股ダ x股

By using Theorem 18 and Weis's operator valued Fourier multiplier theorem, we have 

詞 ullLr(IR,Lq(料)） + ||t炉ullLr(IR,Lq（認））

::; Crb(llullLr(IR,Lq（政心）） ＋llt(F，▽Gdiv，▽H)IILr（叫q（認））

+ IIBt(fG)IILr（い（認）） ＋llt(Gdiv, H)IIW:戸(IR,Lq（認））．

Thus, the point is to estimate llullLr(IR,Lq（認））・

A known idea to estimate this term is to use the homogeneous parabolic type embeddings. In 

the inhomogeneous case, such embeddings have been used in many cases, for example Solonnikov 
[33]. But, here we give a different method based on our spectral analysis given in Theorem 18. 
To this end, we use the following Sobolev's imbedding theorem. 

Lemma 34. Let 1 < p < qく ooands= N(l/p -1/q)::; 1. Then, 

||f||ら（認）こ C||f||［；［認）1|▽flltp(IRダ）・

Proof. In the記 case,this lemma is known as Gagliardo-Nirenberg's inequality, cf. [34, Theorem 
3.3]. For the proof in the s = 1, refer to [34, Lemma 3.7]. When O < s < 1, we shall give a proof 
based on the Lp-Lq estimates of heat kernel. 

ives a solution Let H(t)f = JIRN E(t,x -y)f(y) dy, where E(t) = (41rt)Nl2e―|x|2/(4t)_ This gi 

of the heat equation: 

(111) (—• )u = 0 in股凡 ult=□= f 

for u = H (t) f. As we know well, there hold 

(112) 
虚い—½)IIH(t)f||ら（砂） S Ct 2 p q ||f||ら（か） 9

IIVH(t)f||ら(Rり SCt 
_1＿Jo[_/ _1 _ _1 
2 2 (p q) ||f||伍（応・

We write 
t 

f = H(t)f-1鱈 (T)fdT 

゜Since馴 (T)f=△H(T)f = v'H(T)(Vf), by (112) and(??) we have 

llflら(Rり:-::::CIIH(t)f||ら（的）＋［ 1|▽H(T)(Vf)||ら（か） dT
゜(113) :-::; C(t令 (f;-¼) IIJIIL心） ＋ ［ T廿号（点—¼) IIVJIILp(JRN) dT) 

さ C(t― ~(i-¼) Iii||ら（か） ＋ t□（f;-¼) I|▽f||ら（か））．
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N (1 1) 1 N (1 1) 
We choose t > 0 in such a way that t―す"―q)IIJIILp（股N)= tぅt―す"―q)IIVJIIL心）， andso 

t = (II!||ら（炉）／1|▽f||ら(R州戸． Insertingthis relation into (113) gives 

2 （一 1¥-(½-¼)
|f|伝(Rり sC(llf||ら（か）1|▽f||ら（股N)) p q ||f||ら(Rり

l-N(½-¼) 11.-,.L"IIN(½-¼ 
= ||f||ら（的） 1|▽f|| 

(p q) 
Lp（訟）・

When f is define on酔，thenapplying Lemma 34 to the even extension off implies the required 
estimate. This completes the proof of Lemma 34. ロ

Let S（入） andP（入） besolution operators given in Theorem 18, and set 

u = £-1[S（入）£[F]], q = £-l[p（入）£[Fl]

with F = (F,A112Gctiv，▽G小v,8tG,A112H，▽H),where A112J = £,-l［入1/2£[fl]. Then, u and 
p are unique solutions of equations (71). Let F = £[.F]．Let r be a contour in C defined by 
r = r + u r _ and r土＝ ｛入＝re士i(1r-e)I O < r < oo}（入 EEe)-First, we consider the case where 
F is independent of入， andset U(t)F = £[S（入）F](t).Since IIS(入)FIILq （艮~)Sr叶入1-111Fll1」q(!R~)
for any 入€刃e as follows from Theorem 18, we have 

1 
U(t)F =云Jr+Te入ts（入）Fd入 fort>0, U(t)F = 0 (t < 0). 

Write入＝ re±i(1r-e)and then Re入＝ 'Y-rcosE and入I~ sin(E/2)（'Y + r). By Lemma 34 and 
Theorem 18, 

11s(入)F||ら（認）こ C||S(入)FIi~;（認） 1| ▽S(入)F|| ［p(Rダ） ::;c叫刈―;| F||ら（認）

for s = N(l/p -l/q)S 1 with 1 < p < qく oo.Thus, 

IIU(•, t)F||ら(Rグ）さ臼J(XJ戸e―coscrt (sin(E/2) ('Y + r)）―1/2 dr||F||Lp(R§) 

゜e't(XJ さCrb戸―1+§1 e―COSE勺一s/2d£||F||伍(Rグ）

for t ~ 1. Since this inequality holds for any'Y > 0, we have 

汽½-¼)IIU(・, t)F||ら（翌）こ Crbt 2 p q ||F |ら（認）・

When O < t < 1, using the estimate: IIS （入） FIILq(IR~) ::;叫入1-111F||ら（詑） andthe well-known 
argument in the theory of analytic semigroup theory, we have 

||U(•,t)F| 伝（認）三 C||F|| 伝（認）・

Therefore, for t > 0 we have 

(114) IIU(t)F||伝（呼）::;(1 + t)―券(i-i)（||F||％(呼)＋||F||ら（呼））．

Since U(t)F = 0 for t < 0, we have (114) for all t E艮＼｛0}. 
Now, we consider F = £[Fl, and then 

t 

u(-, t) = l U(t -£)屈） d£ = ['00 U(t —亨(£)d£. 



32

Thus, choosing r in such a way that r倍0-½) > 1, by Minkowski's integral inequality 
llullL,(O,co),Lq(lR~)) 

::; {loo {[t"° IIU(t -£江(£)IILq（呼）叶 dt}1/r 
-co 

::; 1:  {100 IIU(t -£)F(£)|「 dt}i/r d£ 
L国） ｝ 

< cjco {jco(1+t)令 (~-¼)r(IIF(·,£)|| ら（認） ＋ 1|穴.,£)||ら（呼）Y叫1/rd£ 
— oo O 

::;c 1(1び(・,£)||ら（認） ＋ 1び(・,£)||ら（認）） d£
R 

::; c(1 (1 + £)-r'd£) l/r'(11(1 + t)FIIL, （恥，Lq(lR~) + II (1 + t)FIIL,(lR,Lp(lRダ）），
恥

with F = (F,A112Gdiv，▽Gdiv, 8tG, A 112H, VH). In this way, we can show that 

l(l+t)(aぃ▽りullL,((O,co),Lq（認））

::; C(llallB討―1/r)（認） ＋II (1 + t)(F，▽Gdiv，▽H)IILr（民，ら（認）叫（呼））

+ 11(1 + t)Gllw;(lR,Lp（呼）叫(Rダ）） ＋ll(l+t)(G山v,H)llw戸（股，Lp（呼）叫（認））

with larger with r(N/2)(1/p-1/q) > 1 for 1 < p < qく 00.

4. FREE BOUNDARY PROBLEM FOR THE NAVIER-STOKES EQUATIONS IN THE L1 -BESOV 
SPACES MAXIMAL REGULARITY FRAMEWORK 

4.1. L1 -Besov spaces maximal regularity for the Stokes equations with free bound-
ary conditions. In this subsection, we discuss free boundary problem (58) in the L1 in time 
and Bg,1（記） inspace framework. Here and in the sequel, Bg,r stands for the inhomogeneous 

Besov space B嘉orthe homogeneous Besov space均，r・ To obtain the maximal L1 in space and 
Besov in space regularity, there is no difference in technical issues between the homogeneous 
Besov space case and the inhomogeneous Besov space case, and so we write B加todenote both 
of B~, and B~, at the same time. The discussion in this section deeply depends on my joint q,r q,r 

work with Keiichi Watanabe, [32]. Let 

B嘉忙股f_)= {f EBい（股ざ） I ▽fEBい（罠f_)N},

B芹％股灼＝ ｛fEBい（罠f_)IVJEBい（戦釘凡 ▽2f EBふ（記）N2},

的，似認） ＝ ｛JIヨgEB図。C面） suchthat Vg EBい（か）， suppgC配， g困＝ f｝. 

Remark 35. When -1+1/q < s < 1/q, then s+l > 1/q. Thus, for f E 均，tぶ（記）， f|8政~ =0. 

To prove the L1 -sg,l m訟 imalregularity of linear problem (71), in view of Theorem 16, it is 
sufficient to prove some estimates, given in Theorem 36 below, for the corresponding generalized 
resolvent problem (72). Namely, the main point of our proof of L1-が maximalregularity is to q,l 

prove the following theorem. 

Theorem 36. Let 1 < qく oo,-1 + 1 / q < s < 1 / q and 1 > 0. Let,b = 0 when Bい（認） ＝ 
Bg,l（股':f_)and let,b = 1 when Bg,1（股り） ＝Bg,l（股':f_).Then, there exist operator families S（入）
andP（入） with

(115) 
S（入） EHol (~E +'Yb,.C(Bi,1(艮1:-)MN,B；門（戦1:-)N)),

P（入） EHol (~E +'Yb,.C(Bi,1(艮1:-)MN'l窃，1(股1:-)N))
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such that for any入E ~e + ib and f E B;（股11-)N,gdiv E B;;『（股11-),g E均，1(股1:-)N,and 
hEB;『（股1:-)N,problem (72) admits unique solutions u E B；ド（股11-)Nand p EB；じ（民11-)+ 
か＋1（訟）q,l,O with u = S（入）Fand▽p=P（入）F,where F = (f，入l/2gdiv,v'gdiv，入g，入112h,v'h), as 
well as 

(116) 
||（入，入1/2▽，▽l)S（入）F|閃（認） s cb||F||究，1(認）’

||▽P（入）F|翌 (Rが） sCbllFII翌 (Rが）

for any入E江＋'Yb・ Here and in the sequel, we write▽t ＝ ▽2 when Bい＝均，1and▽t ＝守
when B~ 1 = B~ 1, and Cb denotes general constants which is independent of "I when B~ 1 = B~ q,1 q,19 q,1 q,1 
and depends on "f > 0 when Bい（認） ＝ Bい（酔）．
Moreover, let a> 0 be a small positive number such that -1 + 1/q < s-a< s < s +a< 1/q. 
Then, for any入E瓦c+'Yb, there hold 

(117) 
||（炉▽，炉）S(>..)F||究，1（認） s c叶入I_釘|FIIB；了（認）’

I ▽P(入)F||究，1（認） SCb|入|_釘|FIIB；了（認）

provided F E B;『国） nBい（記）， aswell as 

||（入1/2▽，▽訊S（入）FIi翌 (R杓:S:Cb|入|―(1-g)||F||B；了（Rが）’

図砂（入）FIi究，1（呼） :S:Cb|入|―(1-g)||F||B；了（認）
(118) 

provided F E B;『国） nBい（耐）．

Following the argument in Subsection 2.3 and using Theorem 36, we have the following L1-Bぃ
maximal regularity theorem for equations (71). 

Theorem 37. Let 1 < qく ooand -l + 1 / q < s < 1 / q. Then, we have the fallowing two 
maximal regularity theorem as follows: 
(1) (Inhomogeneous Besov space case) Let 1 > 0. Let F, Gdiv, G, H and a be data for equations 
(71) such that 

e―,tF EL隅，Bい（認）州， e―1tG山vEL繹，Bば（認））nWげ (JR,Bい（記）），

e―1tG EWi（股，Bg,1(股:)州， e―,tHE L1（股，B；『（股灼州nW嘉行股，Bい(R:「)州，

as well as a E Bい（認）N satisfies the compatibility conditions: div (a -Glt=o) = 0 in認・
Then, problem (71) admits unique solutions u and q such that 

as well as 

e―,tu E L1((0,oo),B；ド（股})州 nwf((O,oo),Bい(R}）州，

e―,t▽q E L1((0,oo),Bい（認）州

lie―,tu||い((O,oo)，亨(R?)）+ ||e繹 u||い((O,oo),B;,1(lll.f_))+ lie―,t▽q||い((0,00),B;,1（呼）り）

::; C(lla||閃（呼） ＋lie―,t(F, 8tG, v'Gdiv，▽H)IIL暉，B;,1（認））

+ lie―,t(Gdiv, H) II w戸(lll.,B如（か））．

(2) (Homogeneous Besov space case) Let F, Gdiv, G, H and a be data for equations (71) such 
that 

FEい（罠，Bい（応）N), Gdiv EL贋，的，古認））nWげ（股，均，1(認）），

GE叫（股，Bい（認）州， HEL隅，均，古認）州nW嘉惰，位（認）州，



34

as well as a E的，1(認）Nsatisfies the compatibility conditions: div (a -Glt=o) = 0 in認
Then, problem (71) admits unique solutions u and q such that 

u,8戌 u，▽qE L1((0,oo),Bい（認）N), u E BC([O, oo), Bい（認）州，

匹▽uE L00((0,oo),Bい（認）州

for j, k =,..., N, as well as there holds 

詞 u，炉u，▽q)11£1((0,00),B:,1 (IRグ）） ＋ sup ||u(•,t)|| 閃（呼）） ＋ sup t1/2l • u(•, t)||閃（呼）
tE(O,oo) "'" _,_,, tE(O,oo) 

:S C(lla||閃(IR~)+ ll(F,8心，▽GdlV，▽H）||い(R,Bいか） ＋ll(G山v,H)llw門(lR,B;,1（詑）））．

Idea of my proof of Theorem 36. Since my proof is based on interpolation theorems and 
since my method seems to be applicable to prove the L1 -B~ 1 maximal regularity in many initial q,1 
boudary value problems for the system of parabolic or hyperbolic-parabolic equations appearing 
in mathematical physics, I will focus on how to use the interpolation results. 
We assume that 1 < qく ooand -1 + 1/q < s < 1/q. Bg,1 is taken as a basic space, and the 

reason is only that Cif (n) is dense in Bい(n)for n E｛か認｝． Inthe sequel, T（入） denotes

one of入S（入），入1/2▽S（入）． Analyticevaluation of operators is only initial evaluation in叫（認）．
In the sequel, we write 

閲（股州＝ ｛JES'（か） 111/IIH名(lRN)= IIF-1[(1 +|ザ)a/2:F[/](＜）］||い(lRN)< oo}, 

”ば（恨lN)= {f ES'（良N)/P（政N)I 11/IIH',f(JRN) = IIF—1[1~1°'F[/](~)l llLq(IRN) < 00 }. 

Here, P（炉） denotesthe set of all polynomials on炉． Notethat Hi（炉） ＝wJ（炉） and
的(R州＝ ｛f E Lq,loc（股州 ▽f E Lq(R州門／｛constants}. Here, { ・} / {constants} means 
that if▽f = 0, then f = 0 as a member of{・}. Note that 1-l~ （田tN) = (Lq（股N),1-l!（旧））［a]for 
a E (0, 1), where (・, •)[a] stands for complex interpolation functors. 
Let 

叩（認）＝ ｛flヨgE 1-l~田） such that g向＝ f}， 

||f||Hg（認） = inf{ll9IIH~(JRN) I 9 E樗（酎） suchthat glIRf_ = f}. 

We see that 1-l~ （股~)=（ら（股幻， 1-l!(直玲））［a] for a E (0, 1). Moreover, Hi（股？） ＝ W』（良灼 and
的(lll~) = {f E Lq,loc（認） I ▽f E Lq(ffi.灼汀／｛constants}.
We denote that均(n)＝ Hば(n)when Bい(n)= Bg,1 (n) and 1-l~(n) =的(n)when 
Bい（n)=均，1(n), where n E｛股N,ll翌｝． Let1-lばo(lll灼denotesthe closure of Cif (lll~) in 

均(ffi.~).
We use the following results concerning the real and complex interpolations. 

Proposition 38. Let 1 < qく ooand q'= q/(q -1). Let n E｛股凡認｝． Then,the following 
assertions are valid. 

(1) For 1 :Sr :S oo and -oo < sく oo,it follows that (1-lが（股N))'=1-l-;;,"（股N),{H;。（艮心））＇＝

Hqア（認）．

(2) For -d/q'< s < d/q, it follows that (H;（股灼）＇＝ Hq[,t（股釘 and(H加（股灼）＇＝

Hq戸（認）．
(3) Let 1 :S qo,q1,ro,r1,r :S oo, -oo < so，釘く oo,so =J s1, and O < 0 < 1. Let s and q be 
defined bys= (1 -0)so + 0s1 and 1/q = (1 -0)/qo + 0/qi, Then, there hold 

(119) (H;0 (n), H;1 (n))0,r = Bg,r(n), 

(120) (B;}。(n),Bg}l (n))0,r = Bg,r(n), 
(121) [H；閤（n),H;; (n)]0 = H;(n) 
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If so, s1, ands satisfy additionally Sj > -1 + 1/qj, j E {O, 1}, ands < d/q (or 
sさd/qif r = 1), then there hold 

(122) 

(123) 

(124) 

(fl;o (fi), fl;1 (fi))0,r = B加(r2),

(i3;~ro (n), i3;}1 (n))0,r = i3;,r(n), 

[H悶（n),il犀(mlo=H;（O)．
withs:= (1-0)so + 0s1 and l/q = (l -0)/qo + 0/qi・
(4) For l S q1 S qo S oo and l S r1 S ro S oo, and s E尺， itfollows that Bん。(!J)←3
s+d(..!..＿..!..) 
B叩 1ql q° (Q)． 

Roughly speaking, the idea of my proof of Theorem 36 is the following: Below, we assume 

that 1 < qく ooand -1 + 1/q < s < l/q. 
(1) When O < s < l/q, the starting evaluation is done in叫． Then,using the complex 
interpolation to obtain the estimates in聞 (0< μ < l/q). Finally, by real interpolation, we 
arrive at the estimates in B~ q,1. 
(2) When -1 + 1/q < s < 0. First, we consider the dual operator and we evaluate it in叫．q 
Secondly, we use the complex interpolation to obtain the estimates of dual operators in碍
(0 < μ < l/q'= l -1/q). Thirdly, by the duality argument, we obtain the estimates in 1{げ・
Finally, by real interpolation, we arrive at the estimates in B8 

(3) The esitmates in B° follows from the real interpolationsq11:tween Bs and B-s q,1 q,1 q,1 • 
First, we consider the case O < s < l/q. We assume that 
A ssumption 4.1. Let 1 < qく ooand'Y > 0. We assume that the starting evaluations hold as 
follows: 
For any f EC,『（記） and 入€ E€ 十勺b, the following estimates hold: 

(125) IIT(入)f||Hi(訊f_)s Cbllf 111{~ （恥f_)'
(126) IIT(入)JIILq(恥f_)s Cbllf||ら（政f_);

(127) IIT（入）f|1ら（認）さ C叶入1-112111||祖（認）

(128) 118入T（入）f|1閃（詑）sc叶入I-1||f||祖（呼），
(129) 118入T(入)f||ら（呼） SC叶入I-1||f||伝（呼）；

(130) 118江（入）FIi祖（呼） SC叶入1-112111||ら(Rダ）・

Here and in the sequel,'Y = 0 when均＝的 and乃＝ 'Y> 0 when均＝ Hf,and Cb is a 
condtant independent of'Y when均＝的 anddepending on'Y when樗＝ Hf.Then, we have 
p roposition 39. We assume that Assumption 4.1 above holds. Let q and'Y be the same as 
in Assumption 1. Let 1 S r S oo. Let O < s < l/q and letび＞ 0be numbers such that 

O<s-O"<s<s十びく l/q.Then, for any入EE, +'Yb and f E Ca°（記）， therehold 

(131) IIT(入)fllBg,r（此f_)S CbllfllBg,r(股f_)'

(132) IIT（入）f|1翌 (Rダ）さ Cb|入|―号11111Bw（呼）＇

(133) 118入T（入）f|1翌 (R釣SCb| 入|― (l-~)IIJIIB芹勺吋）・

Here and in the sequel,'Yb = 0 when B贔＝紺，1and'Yb ='Y > 0 when Bか＝ B~1 and Cb is a 
condtant independent Cl凸 when閃＝均，1and depending on'Y when Bい＝ B贔

Proof. Below, we always assume that f E Ca°（股'j.)and 入€江十 'Yb· Chooseμ and μ'in such 
a way that O < s < s + O" < μ'< μ < l/q. Estimates (125), (126), ande (127) are interpolated 
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with complex interpolation method to obtain 

(134) 

(135) 

(136) 

(137) 

IIT(入)JIILq(艮l/-)さ:CbllfllLq(lR笠）’

IIT(入)!111{り(Rグ）こ： Cbllf|礼片（股ダ） 9

IIT(入)!111{が(Rグ）:::;Cbllf 111{が（恥f-)'

IIT（入）!IIら(JRf_):S Cb|入|―μ/211!||社ダ(Rダ）

By interpolating (134) and (135) with real interpolation method, 

(138) IIT(入)JIIB如(JR1:)::; CbllfllB如(Rダ）・

Choosing 0 = s/ μ'and setting A = μ(1 -s/ μ'), by (136) and (137) wtih real interpolation 
method, 

(139) IT(入)f||均,r(的)<:::Cb|入|―411tllBgい（認）

Now, we chooseμ andμ'in such a way thats< s + c, < s + A, that is, we chooseμ andμ'in 
such a way that c, / μ + s/ μ'< 1 ands+ c, < μ'< μ < 1/q. Thus, choosing 0 E (0, 1) in such a 
way thats十び＝ （1 -0)s + 0(s + A), that is, 0 = c,/A, by (138) and (139) we have 

(140) IIT(入)f||Bゎ(R?）<〇|-~llfll亨(Rご）・

Therefore, we have (131) and (132) 
Now, we shall prove (133). Letμ be a number such that O < s < s+c, < μ < 1/q. Combining 
(128) and (129), and (128) and (130) with complex interpolation method, implies that 

(141) 11a江（入）!IIら（呼） :::;c叶、M―111!||Lq(IRダ），

(142) 11a江（入）f|1聞（詑）さ Cb|入|―111!11碍(Rt),

(143) 118>.T（入）f|1樗（認):::;Cb| 入|― (l-~)llf llLq（認）・

Combining (141) and (142) with real interpolation method yields 

(144) 11a汀（入）f|1恥（呼）さ Cb|入|―111!11翌 (Rグ）・

Now, choosing μ'and 0 in such a way that O < μ'< μ and 0 = μ'/ μ E (0, 1) and combining 
(142) and (143) with complex interpolation, we have 

(145) 11a江（入）!II碍(IR1j_):::;Cb|入|―(1-（1/2)（μ-μ'））||f||Hが(IR1j_).

as follows from 0 + (1 -μ/2)(1 -0) = 1 -(μ/2)(1 -0) = 1 -~(1 -ビ)＝1 -(1/2)(μ―μ'). μ 

Next, we will combine (141) and (145) with real interpolation method for s = 0μ, Namely, 
we choose 0 = s/ μ E (0, 1) and so 0μ'= (μ'/ μ)s, 

Thus, we have 

(146) 

゜(1 -(1/2)(μ―μ'))0 + (1 -0) = 1-~(µ—µ') = (1 -~(µ -
s 
(μ -μ')). 

2 2μ 

励T(入)f||Bゎ(R釣:SCb| 入|― (1 一点(µ—µ'))llfll 已
B嘉 (Rダ）

Finally, we will combine (144) and (146) with real interpolation method. We choose O < μ'< μ 
O 

in such a way that (μ'/ μ)s < sーび <s,that is O < μ'< (1 -:::_)μ. And, we choose 0 E (0, 1) 
s 

in such a way that s -O'= (1 -0)s + 0(μ'/ μ)s, that is 0 = O'/A with A=  s(l -μ'/ μ). In this 
case, we have 

sA 0 6 
(1 -0) + 0(1--:-(μ―μ')) = 1一竺(1-U)0=1---- --

2μ 2 μ 2 s A = 1 2. 
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Thus, by (144) and (146), we have 

(147) 118江（入）f|1翌（認） ~c叶入1-(l-~)IIJIIBg;;:"（認）・

Therefore, we have proved Proposition 39. 口

Next, we consider the case where -1 + 1/q < s < 0, that is O < Isl < 1 -1/q = 1/q'. We 
assume the existence of dual operators T（入）＊ andむT（入）＊ suchthat 
Assumption 4.2. Let 1 < qく oo,q'= q/(q -1) and'Y > 0. For any 1.p E C,『（記） and
入E~e +'Yb, there hold 

(148) 

(149) 

(150) 

(151) 

(152) 

(153) 

IIT（入）＊切1的（認):SCb|怜||的（認）’

IIT（入）＊叫I閃 (Rグ）さ C曇 II吟 (Rグ），

IIT（入）＊叫I的（認):SC叶入―1/2||ゃ|喝（認）’

訥T（入）＊叫I知 (R杓:s:c叶入―1|や|1知 (Rダ） 9
訊T（入）＊叫I吟（認） :SC叶入―1||]|的（認），

閲 T（入）＊叫H!,(ll!.f_):S Cb|入―1/211'-P|号 (Rダ）・

Here, the dual operators means that for any f, cp E C/f and入EE< +'Yb there hold 

l(T（入）!,'Pl=I(!, T(入)＊cp)I, l(a入T（入）!,'Pl=IU, a入T(入)＊'P)I 

where (a, b) = fli!.l'f a(x)b(x) dx. Note that we do not take the complex conjugate to define the 

dual operator in order not to consider the operator for parameter :5:. 
We shall prove the following proposition. 

Proposition 40. We assume that Assumption 4.2 above holds. Let q and'Y be the same as in 
Assumption 2. Let 1 ~ r ~ oo. Let -1 + 1/q < s < 0 and let a > 0 be a number such that 
-1+1/q<s-a<s<s+a<O. Then,forany入EE€ 十 'Yb and f E C/f（認）， therehold 

(154) 

(155) 

(156) 

IIT(入)fllBZ,r（認） sCbllfllB加（認），

IIT（入）f|1翌 (Rが）さ Cb|入|―号llfllBg炉(Rダ）’

118入T（入）f|1恥 (Rダ）さ Cb|入|―(1一号）1|f|冨（呼）’

Proof. Since -1 + 1/q < s < 0, we have O < Isl< 1-1/q = 1/q'. Letμ,μ'andび bepositive 
number such that 

(157) 0 < μ'< Isl -u < Isl < μ < 1/q'. 

In the same manner as in the proof of Proposition 39, using the complex interpolation method, 
by (148), (149), and (150), we have 

IIT（入）＊'PII匂(R?）< c叶P||如 (Rダ） 9
IIT(入)＊'Pll1{が認）三 C叶cp||閃（認） 9

IIT（入）＊ 'PII巧 (R的 ~c叶 'Pll1{ダ（呼）＇

IIT(入)＊¢||匂(呼)~ Cb|入|―μ/2||¢||1l:,（呼）・
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By the duality argument, we have 

(158) 

(159) 

(160) 

(161) 

IIT（入） f|1伝（詑）~ Cbllf||伝（呼） 9

IIT（入） f|1年（詑）~ Cbllf||れげ(Rダ）＇

IIT（入） f|1Hげ＇（認）~ Cbll!IIHげ（呼）＇

IIT（入）f|1叫（認）こ C叶刈―μ/211!||ら（認）

In fact, note that 1lげ（股f_)=（1{~',0(股f_))*. For any f and'P E C[f°（詑）， bythe dual argument 
we have 

l(T（入）f,'P)I= l(f,T（入）＊'P)I 

5 ||f||年 (IRt;_)IIT（入）＊'PII叱 (R?）

s ||f||年（認）C叶l'PII叱（恥';_),
which implies (159). Likewise, we have (160) and (158). And also, 

l(T（入）f,'P)I= l(f,T（入）＊'P)I 

::; IIJIIL匹）IIT（入）＊'PII知（股ダ）

三1|f|ら（呼）Cbl>.|―μ,/211叫I叱（呼），

which imples (161). 
Now, we shall prove (154) and (155) in Proposition 40. Combining (158) and (159) with real 
interpolation method, we have 

(162) IIT( 入)f||B品~l(Rlj_)::; Cbllflls;,tsl(Rlj_)' 

which shows (154). 
Next, recall that O < μ'< Isl -O" < Isl < μ < l/q'as follows from (157). Choose 0 E (0, 1) in 

μ-Isl 
such a way that -Isl= -μ(1 -0) -μ'0, that is 0 = ~- Combining (160) and (161) with 

μ―μ' 
real interpolation method implies that 

IIT(入)JIIB訂(Rグ）さ Cb|入|―告(l-O)IIJIIB如μ,')0.

Therefore, we have 

(163) IT(入)!II
_ビ|8|-μ’

叫8|（呼）：：：：：◎|入I2 μ―μ'||f| ＿五平・
Bq,r μ.―μ 

Since O < μ'< Isl -CJ and O < μ -Isl < μ―μ', we have 

-Isl< -Isl +(J < -
μ'（μ -|s|）. 

μ―μ' 

Choose 0 E (0, 1) in such a way that 

-Isl＋び＝ （1-0)(-lsl) +0(-~) 
μ'(μ -Isl) 

μ―μ' 

Combining (162) and (163) with real interpolation method implies that 

IIT(入)f||B註s|（吟） 5 C叶入I
＿叫三。
2 μ―μ'|f|| 

B品8|＋噴（認）・

I nserting 0 
(μ―μ')CJ 
＝ 
μ(Isl -μ') 

, we have 

IIT(入)f||B；；↓s|（認）::;Cb||入|―fllflls叶s|＋ヴ(RE)．
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which shows(155). 
Now, we shall show (156). Combining (151), (152) and (153) with complex interpolation 
method for Isl < μ, μ'< 1 -1/q = 1/q', we have 

(164) 118〉¥T(入)＊'-P||lンq,(ffi.グ） sC1)|入|―111'-P||lンq,(ffi.グ） 9

(165) 向T(入)＊'-P||碍（認） SCb|入|―111'-PII叱（認）’

(166) 118江（入）＊叫I巧（認） SCb|入|―111'-P||1iが認）＇

(167) 118汀（入）＊叫1丸(ffi.lj_)S Cb|| 入|― (1-~)I'-PII如 (Rダ）・

Thus, by the dual argument we have 

(168) 118江（入）f|1ら（呼） SCb入1-1111||ら(Rグ） 9

(169) 118江（入）f|1年（認） SCb入□1|f||年（認）＇
(170) 118入T(入)f|| < cb入1-111111

叩＇（認）一 社げ（認）＇

(171) 118入T(入)f||伝(的)SCb入Iー（1-告）11111叫（呼）・

Noting that -1 + 1/q < -μ < -Isl < 0 and combining (168) and (169) with real interpolation 
method implies 

(172) 118入T（入）f|1
B訂(Rダ） さCblAI―1|f||Bq了(R§)・

Choosing 0 E (0, 1) in such a way that Isl = μ'0 and combining (170) and (171) with real 
interpolation method, we have 

118江（入）fl亨（認):SC|入-allJIIB知（呼）・

Here, 

μ μ 
a = -0-（1 -0)（1 --） ＝ -1 + -（1 --

Is 
2 2 μ,） 

, |s| |s| |s| |s| 
，））． c = -μ'0-μ(l -0) = -μ'!::.} -μ(l -S) = -Isl -μ(1-S) =-(Isl+ μ(1-S 

μ I μ I μ I 

Thus, we have obtained 

(173) 118入T(入)fll.,-l•lmN\ :S Cb|入|―
(1-告(1国

B；い（認） 1/J))llf 11 ~ -(lsl+μ(l月））
Bq,r μ (R?） 

Now, we chooseμ'E (0, 1) in such a way that 

that is 

(174) 

sl 
-Isl> -Isl-(]"> -Isl -μ(1-S) 

μ 
,n 

μIsl 
< μ'< 1-1/q. 

μ -6 

μ 

Sinceび＞ 0may be chosen so small thatμ/(μ ーび） isvery close to 1, we can chooseμ'in such 
a way that Isl <μ'and (174) holds. 
We choose 0 E (0, 1) in such a way that 

sl 
-Isl -(J'= -lsl0 -(Isl+ μ(1 --=-';))(1 -0). 

μ 

Combining (172) and (173) with real interpolation method implies that 

11a入T(入)f||B品s|（認） ::; Cl>-1―dllfll B叶s|-T(R心）＇
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where 

d = 0 + (1 -0)(1 一 ~(1 一日）） ＝ 1-竺
2 μ’2.  

Thus, we have 

Ila江（入）f|1
B図(Rダ）
:S Cb|入|―(1-g)|f|| 

B；；，↓s|一噴(Rダ）・ 

Namely, we have (156), which completes the proof of Proposition 40. 口

Whens= 0, we have the results for s =土wwith very small w > 0. Thus, by real interpolation 
method, we have 

IIT（入）f|1翌（呼） SCbllflls伽(Rダ），

IIT（入）f|1玲（呼）::;Cb|入 |-~llfllsゎ（認），

訊 T（入）f|1翌（認）::;Cb|入|―(1-g)||f||Bば（認）

provided that Assumption 1 and Assumption 2 hold. 
Summing up, we have obtained the following theorem. 

Theorem 41. Let 1 < qく 00,1 < r < oo, -1 + 1/q < s < l/q, and EE (0,1r/2). Let a-> 0 be 
a small number such that -l + 1/q < s -a-< s < s +a-< l/q. Assume that Assumption 4.1 
and Assumption 4.2 hold. Let n E｛記，認｝． Then,we have the following two assertions: 
(1) For any f E C/f (!1) and 入€立 there hold 

IIT（入）f|1閃，1（9)S C||f||閃 (fl)'

IIT（入）f|1閃，1（9)S C|入|―~IIJIIB;『(fl)'

訊T(入)JIIB□,1(9)S C|入|―1-町|JIIB；了（Q）

for some constant C. 
(2) Let 1 > 0. For any f E C/f (!1) and入EEe+ 1, there hold 

IIT（入）f|1知 (n)::; c,111||B~,1 (fl), 

IIT(入)JIIBい，1（O)s c1|入|― ~IIJIIBは"(fl)'

訊T(入)JIIB~,1(rl) ::; C料―l-~IIJIIB；了（fl)

for some constant C, depending on 1. 

Applying Theorem 41 to（入，入1/2▽，炉）S（入） andVP（入）， wehave Theorem 36 when Bg,1 (n) = 

知(!1)and rb = 0. And, applying Theorem 41 to（入，入1/2y7，守）S（入） andVP（入）， wehave 
Theorem 36 when Bい(!1)= Bい(!1)and rb = 1 > 0 
4.2. Free boundary problems in the L1 -Bい（認） maximal regularity framework. In 
this subsection, first I consider equations (58), and I will state the global well-posedness for 
small initial data and the local well-posedness for large initial data. In the small data case, the 
proof relies on the linear theory, namely the unique existence theory follows from the Banach 
fixed point theore in the framework of the L1 -Bい（記） maximalregularity theory for the Stokes 
equations with free boundary conditions (71). But, for large initial data, even for the local 
well-posedness we need some idea to treat the nonlinear terms H(u) because we have to use the 

non-local norm IIH(u)llur1/2 
W1 (R,Bいか）．

First, I would like to mention our theorem obtained in [32]. 

Theorem 42 (Local well-posedness). Let N -1 < q ::; N and -l + N/q < s < 1/q. Let 
aEBい詑） beinitial data which satisfies the compatibility condition: div a = 0 in吟． Then,
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there exists time T > 0 depending on a such that problem fbp.2 admits unique solutions u and 
q with 

u E L1((0,T),B；門（股f_)N)n Wl((o, T), B~,1 （股り）N)
satisfying the estimate: 

llull£1((0,T),B訂打良心）） ＋ l8tull£1((0,T),B;,1cIRlj_)) S CllallB;,1(1R釣・

Theorem 43 (Global well-posedness). Let N -1 < qく 2Nands = -1 + N/q. Then, 
there exists a small constant co > 0 such that for any initial data a E.BJ,1（記） satisfyingthe 
compatibility condition div a = 0 in認 andthe smallness condition: llall閃 (IR!j_)S co, then 
problem (58) admits unique solutions u and q with 

知，鱈u,▽qE L1((0, oo),.Bい（酔））州

如 j,k = 1,..., N satisfying the estimate: 
2 

詞 u，▽ u，▽q)||い((O,oo），匂，1（Rグ）） ＋ sup ||u(・,t 
tE(O,oo) 

where C is some constant independent of位

) I|知（呼）：：：：： Cco

We now consider problem (52). Let九＝ T< oo when Bi.1 = Bi.1 and九＝ oowhen Bi.1 = q,1 q,1 q,1 
閤，1.We know existence of solutions u and q for equations (58) with Lagrange coordinates and 
UEい((0,Tり，B；ド（股灼州 oru E BC((O, 1]砂均，1償灼州 and▽uE L1((0,Tb),Bい（罠~)N3),
thus the Lagrange map: 

x=Xu(y,t) =y+ 1t u(y,£) d£ 

゜is C1 diffeomorphism from認 onto糾 whereOt = {x =ふ（Y,t) I y E認｝． Moreover,we 
know the smallness condition (56) holds, and so there exists an inverse map: y = X~1(x, t) for 
each t E (0, 11砂． Forany function F E BJ,1(股1;_),1 < qく oo,s E (-min(N/q,N/q'),N/q), it 
follows from the chain rulde that 

IIF O x;;-1lls~,1 ⑬） S C||F||閃（認）

with some constant C > 0. Setting v(x, t) = u(Xu(x, t), t), we see that v E BC in time 
with value in Bい(Ot)and 8位kVE L1((0,Tb),BJ,1⑬)． In fact, setting知＝ （▽炉知）ー1and 
瓜＝（Aj,k),we have 

佐い＝と（も心(Ak砂11eru))ox己 j,k= 1,...,N. 
f,f'=l 

Moreover, for the time derivative of v, we have 

恥＝（紐） oX計― ((u-X~り• ▽x)v. 
From these observations and Theorems 42 and 43, we have the theorems for problem (52) as 
follows. 

Theorem 44 (Local well-posedness). Let N -1 < qさN and -l + N / q < s < l / q. Let 
aEBい国） beinitial data which satisfies the compatibility condition: div a = 0 in酔． Then,
there exists time T > 0 depending on a such that problem 52 admits unique solutions v and p 
with 

vEBは憚）N,OtV E B;,1⑬)凡▽pE B;,1⑬)N 
for each t E (0, T) which satisfy the estimate: 

JT ||（守v,8tv，▽P)(・,t)IIB;,,(si,)) dt:::; CllallB:,,（翌）・

゜
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1 < qく 2d,

2d::;; q < oo. 

then for eve可 U E B;，1（認） andv EB:;/1q（認）， thereholds 

(178) lluvll叱（認） ：：：：： C|1U||B;,1（認）llvllB位（認），

Proof. First, we consider the case that q < 2. In this case, setting q1 = q in the second case of 
Proposition 46, for s E (-d/q', d/q), we have 

(179) lluvl閃（認）さCllullB如（認）llvll心（呼）nに (Rダ）・

Here, notice that there holds -d/q'< -l+d/q. Since we have B嘉は（股ぎ）nLoo（股ざ）← B加（股1/-)
as follows from Proposition 38, we obtain (178) for the case qく 2.On the other hand, if q 2: 2, 
we choose q1 = q in the first case of Proposition 46. Then for s E (-d / q, d / q) we see that 

(180) lluvllB~,1(IRf_) S CllullB~,1 llvllB盟（認）nい（呼）．

When q < 2d, it holds -d/q < -1 + d/q. Thus, noting that B盟国）nLoo（認）← B訂（詑），
we have (178) provided that 2 <::: q < 2d. On the other hand, when 2d <::: qく oo,it holds 
-1 + d/q <:'. -d/q, and hence (178) holds for -d/q < s < l/q. The proof is complete. ロ

Proposition 48. Let d -l < q <:'. d and -l + d/q < s < l/q. For every u EB;］国） and

vEB位（認） thereholds 

(181) lluvll亨（呼） SCllullB；内認）llvllB位(Rグ）．
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Proof. We first consider the case qく 2.From the proofof Proposition 47, we have (181) provided 
that d -1 < q < 2 and -d/q'< s -1 < d/q. In addition, we see that 1 -d/q'さー1+ d/q 
due to d 2 2, and hence (181) holds provided that -1 + d/q < s and q < 2. Concerning the 
remaining case q 2 2, we infer from the proof of Proposition 47 that (181) is valid provided that 
-d/q < s -1 < d/q. Since q ::::; d is equivalent to 1 -d/q ::::;ー1+ d/q, we obtain the desired 
estimate assuming that 2::::; q::::; d and -1 + d/q < s. ロ

Proposition 49. Let 1 ::::; q::::; oo. For eve内 U,V E Bd/q（酔）， thereholds q,l 

(182) lluvllB位（認）:::;CllullB苫（政f_)llvllB位（認）．

Namely, B位（記） isa Banach algebra. 

Proof. According to [18, Prop. 2.3], there holds 

(183) lluvllB:;i"（認）::;C(llullB位（料）llvllL00(1Rグ） ＋llu|伍（Rダ） lvllB::iq（認）

provided that 1 ::; q ::; oo. By B位（詑）→Loo（酔）， we have the desired estimate. ロ

The following result on composite functions is stated in [18, Prop. 2.4] (cf. [4, Thm. 2.87]). 

Proposition 50. Let I C股 beopen. Let s > 0 and a be the smallest integer such that a 2: s. 
Let F: I→股 satisfyF(O) = 0 and F'E W/;,(I). Assume that v EB加（認） hasvalues in J ~ I. 
Then it holds F(v) E Bふ(JR.f_)and there exists a constant C depending only on s, I, J, and d 
such that 

(184) IIF(v)IIB如(R杓::;c(1 + llvllLoo(IR,;,')rllF'llw:品(I)llvllB如（呼）・

To prove Theorems 42 and 43, we use the Banach fixed point argument. Namely, given w, 
let u and q be solutions to the linear system of equations: 
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in齢lj_X (0, T), 

in認 x(0, T), 
on a記 x(0, T), 
in認，

Noting that F(w), G(w) and H(w) vanish at t = 0, we extend them suitable to良． Wheninitial 
data are small, using Theorem 37, we prove the map w→u is a contractive on some underlying 
space 1{ when the initial data are small enough. The proof is quite standard. 
On the other hand, to prove the local well-posedness, we have to treat the largeness of the 
initial data, and so we need some idea. As far as I understand, to prove the local well-posedness 
for the large initial data gives us some difficulty us叫 ly.At this time, such difficulty of the 
proof is due to the fact that we have to estimate IIH(w)II 

w戸（即，B!,1（認））＇
which is non-local. 

Thus, instead of using the norm II ・ llw戸(R,Bい認））， weuse II. llwrno,T),B;，古呼）． Namely,we 

use the properties: Wl((O, T), B；汽認）） nL1((0,T),B閏認）） cw門((0,T), Bg,1（認）） ＝ 
(L1((0,T),Bい(R灼），Wl((O,T),Bい(R灼）［1;21. Then, we have to pay the price to product 
estimates (cf. Proposition 48). Namely, the range of s is only -1 + d/q < s < 1/q and 
d -1 < q ~ d. Especially, 0 < s < 1/q. We can not consider problems in non-positive order 
spaces unlike the small data case. 
The key argument is the following. H(w) has the following form: 

H(w)＝▽wF(la▽wdT) 
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with some nonlinear function F with F(O) = 0. It follows from Propositions 48, 49, and 50 that 

Bt（▽w F([ v'wdT)）亨（認）

< （靱w)F (lat v'w dT) ＋▽w▽w F'(lat 
o I IIB~,1（砂）

1(j ▽wdT 
q,1 + 
t 

。）叫(Rダ）
:::; c{ IIBtwllBい（認） F(la▽wdT)t罰（認）

+I|▽wllBい国） ▽wF'(［▽wdT) t罰(Rが）｝

:::; c(ll8tw||勾，1(認）1|▽w||い((O,T),B汗（砂）十 llw||叩（認）llwllB;,臼（呼））・

Essentialassumptionisthat-l+N/q < s, that isN/q+l < s+2. Thus, wemaychoose0 E (0, 1) 
such that N /q+ 1 = s(l-0) + (s+2)(1-0), and hence we infer from the interpolation inequality 

that ||w|| ＜ C||W||1-0 ||W||o d/q+1 
戌，／正（呼）一均，1(認） B;？吋）． Thus, by the embedding B q,1 

B訂（認）皿dthe Young inequality, there holds 

lwllB;国 )||W||B:／1q+1（認）さ Cllw覧゚1(R§)|W||~;12（呼）

（ :SC。 €||w||B;,1（認）十€_口 |wll
日
叱（呼））

(186) 

for every E > 0. Thus, we have 

（認） ← 

隣H(w)II
(187) 

2-0 

L1((0,T)，亨（認）<:'.c(1:llwll£1((D,T),B；了（認））十€_口 ||wllt:cco,T),B;,1 （認））T
+ ll8tW||い((O,T),B;,1(呼)）| W||い((O,T),B;『和））．

Thus, the first term of the right hand side can be controlled by first choosing E > 0 small as 
much as we want and second choosing T > 0 small enough according to c0/(l-O). The second 
term is a normal squre term. This is an idea to control the boundary term when the initial data 
are arbitrary large. 

5. NOTATION 

Let N, Z,股 andIC denote the set of natural numbers, integers, real numbers and complex 
numbers, respectively. Set N。=NU{0}. Let Ot = a/at and of = {jlal/axf1 ・・・a悶 forany 
multi-index a=  (a1,...,aN) EN似wherelal = a1 + ・ ・ ・ + O'.N-Let▽f ={off I lal = 1}, 
VJ= {off I lal::; 1}，▽勺＝ ｛税汀 Ilal = 2}, and守f=｛労fI lal::; 2}. 
Let X be a Banach space with norm ||． ||x. Let L叫 X)，Wqmm,X)，B加(O,X)and 
競叫X)denote the standard X-valued Lebesgue spaces, Sobolev spaces, inhomogeneus Besov 
spacse, and homogeneous Besov spaces while II ・ 11Le(!1,X), II ・ lliv:』(!1,X),II ・ 11Btr(!1,X), and II ・ 

lli3i,r(!1,X) denote their norms. When X =股 orIC, we omit X, namely for example, Lq(O) and 

II・||伝(!1)・ 

切 (0)= {f E Lq,loc(O) I▽fEL印）｝，陀，o(認） ＝ ｛fE切（記） 1 f|8艮f_= O}. 
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Let 

w：：（酎）＝ ｛f EW訊。C（記）びfE Lq（JRN) (lal = m)}, 
四（記）＝ （ら（か），W』（か））［s]= {J I IIF-l[|ぐF[J](e)］||ら（炉） ＜ CX)｝， 

w：：⑰ ＝｛flヨgE w：：田） suchthat gin = f}, 
llfllw『en)= inf{llgllw『（砂） IヨgE w：：償州 suchthat gin = f}, 
四（9)＝｛f|ヨgE的（か） suchthat gin = f}, 

llfllw四） ＝inf{llgllw『（砂） IヨgE四（酎） suchthat gin = f}, 

Jq（酔）＝ ｛fE伝（認）NI(f，▽cp) = 0 for every cp E刷＇，o(認）｝，

wJ（恥X)= {f Eら（恥X)| 8tf Eら（恥X)},

W}（恥X)= {f E Wi,loc（恥x)I otf Eら(JR,X)}, 

四（恥X)＝（ら（股，X),WJ（恥X))[s], 四（恥X)＝（ら（恥X),WJ（恥X))[s],

where m 2: 2, 0 < s < 1 and 1 < q < oo. (・, ・)[e] denote complex interpolation functors and 
(・, ・)0,p denote real interpolation functors for 0 E (0, 1) and 1 :<::; p ~ oo. For 1 > 0 we write 

1/q 
lie―"f||ら(I,X)= {i(e―,tllf (t) llx)q dt r/q. 

For Banach spaces X and Y,.C(X, Y) denotes the set of all bounded linear operator from X 
into Y, and we write.C(X, X) =.C(X). Let Ube a domain in (C and let Hol (U, X) be the set 
of all X-valued holomorphic functions defined in U. 
Let F and F~1 be respective the Fourier transform with respect to x E記 andits inversion 

E 
formula defined by 

1 
F[f](e)＝／かe―巧(x)dx, 写l[g](x)=~Im炉戸万(e) de 

Let.C and.C-;1 be respective the Laplace transform with respect to t E股 andits inversion 
¢ 

formula defined by 

1 
£[fl（e) =le―入tf(t)dt = F[e―,t f](T) L―l[g](t)＝石IR心 (T)dT =心-l[g](t)

where入＝ 1＋ iT € C. Let 

x€ =｛入 E(C ¥ {O} I I arg入I< T -€}, E€ +1 = ｛1＋入 I入EI:,}. 

N 
For any two N vectors a = (a 1,..., a N) and b = (b1,..., b N), (a, b) = a ・ b = ~.i:l a]ゎ． The
character C denotes general constants and C(a, b, • • •) = Ca,b,・・・ denotes that the constant C 
depends on a, b, ・ ・ ・. C and C(a, b, ・ ・ ・), Ca,b,... may change from line to line. 
For x = (x1,..., XN) I ..., XN), we write x'= (x1,..., XN-1). 
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