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On unique solvability of the time-periodic problem for 

the N avier-Stokes equation 

Tomoyuki N akatsuka 

Department of Economics, 

Matsuyama University 

1 Introduction 

This is a summary of the paper [17] and thus the details are left to the original paper [17]. 
Let n 2". 3. We consider the time-periodic motion of a viscous incompressible fluid gov-

erned by the Navier-Stokes equation: 

(1.1) 
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Here v =（巧(t,x), ・ ・ ・, vn(t, x)) and q = q(t, x) denote, respectively, the unknown velocity 
and pressure of the fluid, while F =（凡(t,x))f.j=l is a given periodic tensor with div F = 
（江：＝18ェん(t,x))]=1denoting the periodic external force. Furthermore, T > 0 denotes a 
fixed period. 

The existence and uniqueness of (1.1) are studied in many manuscripts such as [13, 8, 

19, 4, 18, 2]. The time-periodic problem is traditionally investigated via the initial value 
problem, however, a new method to analyze the time-periodic problem without discussing 

the initial value problem was invented by Kyed [10]. He introduced the reformulation of the 
time-periodic problem on a group G:＝股／TZx罠n.The advantage of the reformulation is 

the availability of the Fourier transform on G. The time-periodic Navier-Stokes equation is 

studied by using this reformulation method in, for instance, [10, 12, 6, 7, 5]. In these papers, 

the time-periodic Navier-Stokes equation in which v(•,x) goes to nonzero vector at spatial 
infinity, instead of (1.lh, is considered. This is, as is well-known, a crucial difference from 

our problem (1.1). As far as the author knows, the time-periodic Navier-Stokes equation 
with (1.1)3 is investigated without discussing the initial value problem only in [15, 16, 1]. In 
[15, 16], the author established the existence of solutions v to (1.1) with the pointwise decay 

properties such as lv(t,x)I = O(lxl1-n) and IVv(t,x)I = O(lxl-n) as lxl→oo uniformly in 
time and, furthermore, it was shown that the decay rates of this solution are optimal. It 
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was proved in [1] that the time-periodic Navier-Stokes equation in three dimensional exterior 
domains admits a strong solution v such that llv(・,x)IILP(O,T) with 2 < p < oo decays like 
Ix|―1. 

We state our strategy to study (1.1) in advance of the main results. We employ the 
reformulation introduced in [10] to study the problem (1.1) and thus our argument does not 
depend on the initial value problem. We also consider the decomposition of time-periodic 
functions introduced by Kyed [10]. For a T-periodic function v, we define its steady part Pv 

and purely periodic part冗 Vby 

1 T 

叫）：＝~ 1'v(s, x) ds, P1_v(t, x) := v(t, x) -Pv(x). 

In this paper, Pv and冗 vare often abbreviated as V8 and Vp respectively. Using this 
decomposition, we decompose (1.1) into two eq叫 ions:

(1.2){―△%+ vs ▽ vs :lV▽vq: : ］lv Fs -P(vp匹） :=~~: 
V8(X)→0 as lxl→oo, 

and 

(1.3) 
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The equation (1.2) can be obtained by substituting v = V8 + Vp in (1.1) and then formally 
multiplying (1.1) by P. Notice that P(P口） ＝0 for all T-periodic functions v. Subtracting 

(1.2) from (1.1) yields the equation (1.3). We can verify that v = V8 + Vp is a solution of 
(1.1) if and only if V8 and Vp are solutions of (1.2) and (1.3) respectively. We study the 

problem (1.1) through the analysis of (1.2) and (1.3). The equation (1.2) is the stationary 
Navier-Stokes equation with the external force div(Fs -P(vp R vp)) and we analyze it using 
the standard theory for the steady Stokes equation. In the analysis of the equation (1.3), it 
is important that all the terms in (1.3) are purely periodic, that is, the steady part of each 
term in (1.3) is 0. The time-periodic Stokes equation with purely periodic data is studied 

by using the Fourier transform mentioned above and we see that purely periodic solutions of 

the Stokes equation can have some additional regularity in time. This additional regularity 
plays an important role in constructing a solution of (1.3). 

The aim of the paper [17] is to establish the existence and uniqueness of solutions to (1.1) 
in the sense of distributions. It is shown that if F is sufficiently small in an appropriate sense, 

then there exists a solution v of (1.1) with information on the classes of Pv and P_lv. The 

steady part Pv and the purely periodic partた vbelong to suitable LP spaces corresponding 
to the classes of PF and P_lF respectively. In addition, slightly more regularity of九 Vin
time is inherited from that of the purely periodic solutions to the Stokes equation. It should 
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be noted that this additional property of冗 vis obtained thanks to the decomposition of 
(1.1) into (1.2) and (1.3). Furthermore, we will see that if the solution v is sufficiently 

small in a suitable sense, then there exists no other solution of (1.1) in the same class as v. 
We emphasize that this assertion is not a consequence of simple uniqueness theorems which 

assert the coincidence of two small solutions. In our uniqueness theorem, we assume only the 

smallness of one solution and no additional condition on the other solution. 
This summary is organized as follows. In Section 2, we state the main results. We study 

the existence of solutions to (1.1) in Section 3. The theories for steady and time-periodic 
Stokes equations are investigated and we will see the additional regularity in time of purely 

periodic solutions to the Stokes equation by analyzing their representation via the Fourier 

transform. Based on the theory of the Stokes equations, solutions V8 and Vp to the nonlinear 
problems (1.2) and (1.3) are constructed and we will obtain a solution v = V8 + Vp of (1.1). 
Section 4 is devoted to the study of uniqueness of solutions constructed in Section 3. We will 

consider the equations which the difference w of two given solutions, its steady part W8 and 
purely periodic part wP should obey. Applying the regularity theory for the Stokes equations, 

we will establish theび propertyof W8 and Wp. Furthermore, in order to get information 
on the class of OtWp, we will also show that Wp is indeed a strong solution. Combining the 
properties of W8 and wp, we obtain a suitable £2 property of w and we take w as a test 

function in the weak form of its equation to derive the uniqueness. 

2 Main Results 

Before stating our results, we introduce some function spaces. In what follows, we adopt 
the same symbols for vector and scalar function spaces as long as there is no confusion. For 

1 ：：：：：： r ：：：：：： oo, the usual L曲⑱gueand釦加恥叩邸⑮卵如叫叫霙阿畑成切口賊n)a叫

w1,r（町） withnorms II ・ llu（即） andII'llw1,r（即）． Furthermore,for 1 < rく oo,we define 

the homogeneous Sobolev space iI}（町） bythe completion of C0国）， thespace of smooth 

functions with compact support in閏 inthe norm IIV ・ llu（即）・
We need the spaces of T-periodic functions. Set Ciふ凰 X 町） ：＝ ｛'P E C疇 X

即）；ゃ(t,x)＝ゃ(t+ T,x) and叫O,T]E C/f ([O, T] X 町）｝． For1：：：：：： r ：：：：：： oo and a B皿畔

space X with norm 11 ・ llx, L伝（比X)stands for the Banach space of all T-periodic functions 
v:罠→ X such that the restriction vl[o,T) E U(O, T; X) with norm 

llvllL~er （艮，x) := (~ 1T llvlli dt) ¼ (1さr< oo), llvllば（恥，X）:＝ esssup ||v||x・ 
O<:::t<T 

Notice that if r。<r1,then the embedding L；ふ（恥X)CL比(JR;X) is continuous. In the case 

X=l了（旧n),we simply write L;er（旧x股n)with norm 11 ・ llr := II・ IILfer(IR.;U(JRn))・ If X = £•（艮n)
for sヂr,we denote its norm by II ・ llr,s := II ・||年（麟（即））． Notethat C,焉er（艮 x町） is

dense in Lら（股 x町） for1さrく oo.The space tt--;は霞 x即） isdefined, for 1 ::::; rく oo,

by the completion of C,心繹 x町） inthe norm II・ 111,2,r := (IIBt ·II~+ ~lal::;2 IIB~ ・ ll~)l/r_ 
Furthermore, subspaces of these function spaces, consisting of purely periodic functions, are 
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denoted by 

噂 er,_l（政 x町） ：＝ ｛¢ E C心尋 x町）；P<p= O}, 

L;er,_l（応X):= {v ELに（股；X);Pv= O}, 

w；二（艮 X町） ：＝ ｛V E W芦庁（艮 x町）；匹＝ O}.

It is easy to see that C,嘉er,_l（股 x町） isdense in L;er,_l（股 X町） for1さT< OO. 
We also introduce some exponents used in this paper. For 1 < r < n, we define the 

exponent r* by 1/r* := 1/r -1/n. For a parameter O s:;入s:;1 and given 1 < r < n, we 
define the exponents a入，rand(3入，rby 

(2.1) r
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(2.2) 
nr 

/3入，r:= 
n -(1 —入）f

The exponents a入，rand /3入，rare used in this section and Section 3. By C = C(・, ・ ・ ・, ・) we 
denote various constants depending only on the quantities in parentheses. 

Now we state the main results. The first result is on the existence of solutions to (1.1). 

Theorem 2.1. Let n 2:: 3 and n/2 + 1 ::; r < n. Suppose that F satisfies PF E Ln/2（町） and

冗 FEL;er，上（民x町）． Thereexists a constant 6 = 6(n, r, T) > 0 such that if IIP FIILn/2図）＋

IIP_lFllr::; 6, then (1.1) admits a solution {v,q} satisfying 

(2.3) Pv E”』（町）， PqEL~ （町）
2 

and 

(2.4) 1フ.lVEL;er,」-（旧；W1,r(En)）n LPQ'入;:.l（旧；L/3入，r（旧n、))， 1フ」―qE L;er,」-（旧 x股n、)

for all O :S入:S1. Furthermore, if冗 F E L;er,.l（股 x町） forsome l < s < r, then the 
solution { v, q} satisfies 

1フ」―VEL;er,」（旧；W1,s（政n))n L;~入；：」ー（良； lンB入，8(旧n)), 1フ」―qE L;er,」-（良 x 〗忍n)

for all O :S入三 1.

Remark 2.1. The properties (2.3) and (2.4) of the solution v in Theorem 2.1 imply Pv E 

L叩貯） and冗 vEL仁，上償；び（町）） forpく ooifr = n/2+1 andp = oo ifn/2+1 < r < n. 
Hence, we have v E L;er (IR X町） ifr = n/2 + l and v E L芦（応Ln(町）） ifn/2 + 1 < r < n. 
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The next theorem is concerned with the uniqueness of solutions constructed in Theorem 

2.1. We emphasize that only the smallness of one solution is assumed and no additional 
assumption is imposed on the other solution in the next theorem. 

Theorem 2.2. Let n = 3 and 5/2 < r < 3. Suppose that the pairs {u,p} and {v,q} are 

ざolutionsof (1.1) having the properties (2.3) and (2.4). There exists an absolute constant 

5 > 0 such that if 

IIPullL加） ＋ 1|冗 ulloo,3:'S:ふ
then {u,p} = {v,q}. 

Remark 2.2. The set of solutions satisfying the smallness condition in Theorem 2.2 is not 
empty. Indeed, we can easily verify that the solution v of (1.1) constructed in Theorem 2.1 
is subject to the estimate 

IIPvllL徊） ＋ 1|冗 vlloo,3:::; C) (IIP Flld肉） ＋ 1|た Fllr)

for some constant C = C(r, T). Thus, v satisfies the smallness condition in Theorem 2.2 

provided that IIP Fll£3/2（即） ＋ 1|冗 Fllr:::; c-15. We can deduce f uce from this observation and 

Theorem 2.1 that if IIPFIILs/2（即） ＋ 1|九 Fllr:::;min｛ふC-瑶｝， then(1.1) admits no solution 
satisfying (2.3) and (2.4) except the one constructed in Theorem 2.1. Here [J is the constant 
in Theorem 2.1 with n = 3. 

Remark 2.3. The case r = 5/2 is excluded due to a simple observation that (2.4) does not 

imply P_1v EL芦r，上（股；い（配）） ifr = 5/2, see Remark 2.1 above. The uniqueness holds even 
for r = 5/2 if we assume P閃 ,P_lvEL芦，上（股；び（配）） inaddition to the assumptions in 
Theorem 2.2. 

3 Existence 

This section is devoted to the proof of Theorem 2.1. We intend to construct solutions 

{ Vs, qs} and { Vp, qp} of (1.2) and (1.3) respectively, and then we obtain a solution { v, q} = 
{vs+ Vp, qs +叫 of(1.1). In order to study the equations (1.2) and (1.3), we begin with 
the analysis of the Stokes equations. We recall the unique solvability of the steady Stokes 

equation: 

{―△v;lV▽vq:］lvF :: :：: 
v(x)→0 as lxl→00. 

(3.1) 

Lemma 3.1 ([3, 9]). Let 1 < r < oo. For every FE  U（民n),there exists a unique solution 

{ v, q} E祀（町） Xじ（町） of(3.1) such that 

IIVvllu(JRり+||q||E(Rn)：：：：： C||F||U(R”) 

with C depending only on n and r. 
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Next, we consider the time-periodic Stokes equation: 

(3.2) 
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The next lemma and proposition on the equation (3.2) are essentially based on the refor-

mulation mentioned in Introduction. We briefly review the theory. Set 11':＝恥／TZand 

G:='ll'X町． Wedefine the map 1r：股 X町→ Gby 1r(t, x) := ([t], x) and let II:= 1rl[o,T)x即・

The restriction II is a bijection from [O, T) x町 toG, and via II we identify G with [O, T) x町

Hence, via the compositions with 1r and rr-1, there is a natural correspondence between T-

periodic functions in股 x町 andfunctions on G. The Haar measure dg on the locally 

compact abelian group G, unique up to a normalization factor, is chosen as the product of 
the Lebesgue measures on即 and[O, T), and we have 

L u(g)dg := ~ 1T in (uoII)(s,y)dyds. 

The Lebesgue spaces on Gare denoted by U(G), andじ (G)is homeomorphism with心（民x

記）． Theadvantage of the reformulation is the availability of the Fourier transform on G. 

The Fourier transform and inverse Fourier transform are defined by 

1 T 

和 v]＝テ[J艮nv(s, y)e―tパーt祭ktdyds, 心［v]＝芦f恥nv(k, ~)eパ＋亭kt d~ 

respectively. Notice that §0  = §.が迂稔n. For more details on the analysis on G, see [10, 11]. 
The next lemma on the unique existence of a purely periodic solution to (3.2) was essen-

tially proved in [5, Theorem 9] via the so-called transference principle and the Marcinkiewicz 

multiplier theorem. For later convenience, only the proof of uniqueness is given here. 

Lemma 3.2. Let l < r < oo. For every F E L;er,_j_（民 X町）， thereexists a unique solution 

{ v, q} EL;五r,_j_（良；W1,r（良門） XL;er,_j_（旧 X良門 of(3.2) such that 

llvllL伝 (lR;Wl,加)） ＋||qllr ::::; CIIFllr 

for some constant C = C (n, r, T). Furthermore, if F E L;er,_j_（股 x町） forsome 1 < s < oo, 
then the solution { v, q} satisfies 

vELい（正 W1,s（町））， qELい（良 x記）．

Proof. We prove only the uniqueness. The uniqueness of purely periodic solutions can be 

proved in the same way as [11, Theorem 4.8]. Suppose { v, q}, {v, q} E L;er,_j_（民 Wバ町）） x 
L;er,_j_（民 X町） aresolutions of (3.2). The pair { v -v, q —q} is a solution of the Stokes 
equation (3.2) with F = 0. We reformulate the equation on the group G and multiply it by 



65

the Helmholtz projection PH on G, see [11, Lemma 4.3], to eliminate▽(q -ij). Then we 
apply the Fourier transform to get 

（庁＋i加）氏[v-v]= 0. 

Since ltl2＋考k= 0 if and only if {t, k} = {O, O}, it suffices to show thatク祉v-v](O,O)= o. 
We can easily see that冗 (v-v) = v -v holds and the Fourier transform of this relation is 

given by (1-r52(k)）ク叫v-v]= §.叫v-v]by [11, Lemma 4.7]. This impliesク叫v-v](t,0) = 0 

for all t E町 Inparticular, we have氏 [v-v](O, 0) = 0. Consequently, we derive v = v 
on G and thus v = v in股 x町． Bythe equation (3.2)i with F = 0, we get▽(q -ij) = 0, 
and thus q — ij = h(t) for some purely periodic function h. Since q -ij E £~（股 X 町）， weper，上

deduce h(t) = 0 and thus q = ij in恥 x町． Therefore,we derive { v, q} = {v, ij}． ロ

Remark 3.1. As we can see in the proof above, the uniqueness of purely periodic solutions to 

the Stokes equation (3.2) holds even in larger class of solutions. In particular, we can verify 

the coincidence of { v, q} and {v, ij} even if the latter is a purely periodic strong solution. 
Lemma 4.5 below is based on this observation. 

The U theory of the Stokes equation is established in Lemma 3.2, however, this is not 
sufficient to construct a solution of (1.3). Indeed, Lemma 3.2 does not yield a good estimate 

of the nonlinear term P_1(vp R vp) such as llvp R vpllr:::; Cllvpll;-To overcome this difficulty, 
we need the following proposition. Recall the definitions of the exponents a入，rand加 in

(2.1) and (2.2). This proposition is essentially proved by Galdi-Kyed [7]. The proof is based 
on the detailed analysis of the representation of the unique solution v in Lemma 3.2 via the 

Fourier transform: 

V=心「誓二冑（I-冒）心Fl]

Proposition 3.1. Let l < r < n and O :S入さ l.ff V E L;er,_j_（股；W門町）） isa solution of 

the Stokes equation (3.2) with F E L;er,_j_（股 X町）， thenwe have 

vEL：乙（恥L(3入，T（町））

with the estimate 

llvlla入，r,(3入'T< C||F||r 
for some constant C = C(n, r,入，T).

Combining Lemma 3.2 and Proposition 3.1, we get the following. 

Corollary 1. Let 1 < r < n. For every FE  L~ （恥 x股門 th per,_j_ 9 ere exists a unique solution 

{ V, q} E L;er,_j_（罠；W1,T（阻じり） XL;er,_j_（阻x股n)of (3.2) such that v E L;~入;:_j_ （股； L(3入 ， r （恨？り） and 

11 VI I L~,r (JR; W1,r (JRn)) + 11 V 11 a．入，r,(3入，r+ llqllr :S CIIF||、r

with C = C(n, r, T, >.). 
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Based on the theory of the Stokes equations, the equations (1.2) and (1.3) are investigated. 
Recall that for given T-periodic function v we denote its steady part Pv and purely periodic 

part冗 vby V8 and vP respectively: 

応：＝冗V, Vp := p_j_’u. 

Functions q砂 p，凡 andFP are defined in the same way. For n厄＋ 1 ：：：： r < n, we define the 
space Xr by, if r = n/2 + 1, 

X~+l := L〗二（民； W渭＋1(町）） nLPne?_j_（良 X町）

with the norm II・ llx~+i := max{II ・ t;:;+'(JR;W',n/2+1（恥nJ)'II・ lln+2} and, if n/2 + 1 < r < n, 

ふ：＝ Lら贋；wl,r（町）） nL芦，上（罠；L噂翌））

with the norm II・ llxr := max:{11 ・ IIL~er(IR;W可即））， II ・ lloo,n}-Let Ks be a solution operator 
defined by Lemma 3.1 with r = n/2: 

Ks: Fs EL叩U）→ ％ E外（尉）

and KP defined by Corollary 1: 

Kp : Fp E L;er,_j_（股 X町） →Vp E Xr. 

Notice that KP is indeed an operator from L;er,_j_（戦 x町） toXr thanks to Corollary 1. 

Furthermore, given Fs E Ln/2国） andFp E L;er,_j_（良 X町）， wedefine the operator K on 

H;／2（町） XXr by 

K(vs,Vp) := {Ks(Fs -V8⑳ V8 -P(vp 0 Vp)), Kp(Fp―Vs 129Vp―Vp 129 Vs -p_j_（Vp 129 Vp))}, 

where u@v := (u匹j)f.j=l・ We note that P commutes with differential operators and thus 
Pdiv (u⑳v) = div P(u@v). The same is true for P_j_．The operator K is well-defined as we 
see in the next lemma. 

Lemma 3.3. Let n/2 + 1 ~ r < n. Suppose F8 E Ln/2（町） andFP E L;er,_j_（恥 x町）． The

operator K maps iI恥（町） xXr to itself with the estimate 

IIK(Vs, Vp) llir~ 面）XXr さ C (||F』|L証 ） ＋ 1|F山＋ II{Vs, Vp}ll1~ ぼ） xXr)
for some constant C = C(n, r, T). 

Now we give the proof of Theorem 2.1. 
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Proof of Theorem 2.1. For small constants 8>凸andIf > 0 to be determined later, we 
assume that IW』|£nf2(JRn)+ IIFpllr ::::; 8 and let Bμ C If;；謬） xXr be a closed ball in 

叩（町） x Xr centered at O with radius μ. We show that K is a contraction map from B μ 

to itself. 
For { Vs, Vp} E尻 wehave by Lemma 3.3 

IIK(vs, vp) llh~ 面）XXr さ C1 (||Fs||L伍） ＋IIFpllr + II{ Vs, Vp}II?!~ 面） XXr)
::::;c心＋μり，

where C1 is the constant in Lemma 3.3. 

Let { Vis, V1p}, { V2s心2p}E瓦． Weput W8 := V1s -V2s and Wp := V1p -V2p- Standard 
calculation yields 

(3.3) 

and 

(3.4) 

IIKs(Fs -Vis@ Vis -P(vip R Vip)) -Ks(Fs -V2s @V2s -P(v2p@叫）1|外(JRn)

~ Cllvis⑳叫＋叫R加＋ P(vip@匹＋ W晟 V2p)||げ（即）

~ C (11{ Vis, Vip} lliI~ 面） xXr + II { V2s, V2p}||尻（即）xXr)II{ Ws, Wp}lliI~ 面）xXr
2 2 

~ 2CμII{ Ws, Wp}lliI1（即）xXr
っ

IIKp(Fp―Vls @ vlp -Vlp @ vls -PJ_(vlp @ vlp)） 

-Kp(FP―V2s @ V2p -V2p @加— P1_(V2p @V2p))llxr 

:S C llws @ Vip + V2p@叫＋ Wp＠叫＋V2s⑳四＋冗(wp@Vip + V2p⑭ Wp)llr 

:S C (11{ Vis, Vip}lliI~ （即） xXr + ll{v2s,V2p}lliI~ ぼ）xXr) II{ Ws, Wp}lliI~ 面）XXr
:S 2Cμll{ws,Wp}lliI1（即）XXr―

っ

From (3.3) and (3.4) we can verify 

IIK(Vis, V1p) -K(V2s, V2p) IIHh (JRりxXr,::::2C1JLll{v1s,V1p}-{v2s,V2p}IIHh(JR門xXr・
つつ

Now, we set 

(3.5) 

so that 

2 1 
6 = μ = 

9Cr',, 3C1' 

IIK(Vs, Vp) IIH1（配）XXrS μ, 
っ

2 
IIK(v1., V1p) -K(v2s, V2p) IIH~ （艮n)xXr S ~ll{v1s,V1p}- {v2s,V2p}IIH~ （恥n)xXr·

2 u 2 
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Therefore, K is a contraction map from瓦 C”切（町） xXr to itself, provided that J and 

μ satisfy (3.5). Hence, there exists a unique fixed point {vs,vp} E瓦suchthat 

{vs,Vp} = K(vs,Vp), 

that is, 

Vs = Ks(Fs -VsR叩ー P(vpR vp)), 

Vp =氏（Fp―VsR VP―Vp@応一冗(vp@Vp)). 

By the definitions of Ks and Kp, we deduce that Vs E”切（町） andVp E Xr are solutions 

of (1.2) and (1.3) respectively. The existence of associated pressures qs E Ln/2（町） and

qp E L;er,_j_（股 x町） followsfrom Lemmas 3.1 and 3.2. Consequently, the pair { v, q} := 

{Vs+ Vp, qs + qp} is a solution of (1.1). 
Since Vp E L;er,_j_（恥 W1,T（町）） isa solution of the Stokes equation (3.2) with F replaced 

by Fp -Vs R Vp -Vp R Vs —冗(vp R vp) ELに，上（艮 X町）， wesee by Proposition 3.1 that 

Vp EL;？ふ（股；L(3紅（町））

for all O :S入:S1. The regularity property of vP follows from the next lemma which can be 

proved via the bootstrap argument. ロ

Lemma 3.4. Let n/2 + 1 :S r < n and Vs Eび（町） withdiv Vs = 0 in町． Suppose

that {vp,qp} E Xr x L;er,_j_（股 x町） isa solution of (1.3) with Fp E L;er,_j_（艮 X 町）． If
FP E L;er,_j_（良 X町） forsome l < s < r, then the solution { vp, qp} satisfies 

Vp E L;er,_j_（旧；W1,s（民n))n L;;入;：」―（民；L(3入，s(旧n)), qp E L;er,_j_（良 x股n)

for all O :S入こ 1.

4 Uniqueness 

In this section, we consider the uniqueness of solutions to (1.1) constructed in Theorem 2.1. 
Suppose that the pairs { u,p} and { v, q} are solutions of (1.1) having the properties (2.3) and 

(2.4). The difference w := u -v and 1r := p -q obey the equation 

(4.1) ｛紐—△w+w 翫＋v•w;lv•::>: m::
w(t, •) = w(t + T, •) for all t E艮

As in the previous section, we analyze this equation by decomposing it into two equations 

which the steady and purely periodic parts of { w, 1r} should satisfy: 

(4.2) 
{—△叫＋ Ws. ▽叫＋ Vs. ▽叫＋▽叩＝平（Wp.V Up + Vp. V叫

div W8 = 0 

in恨叫

in股叫
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and 
(4.3) 
『凸—△w戸 p_j_ （Wp ・ ▽u+v ・ ▽叫＋巧＝ー(Ws• ▽up+vp ・ ▽ws) in股x町，

div Wp = 0 in良 x股叫

匹 (t,・)＝ wp(t + T, ・) for all t E艮

Here Ws, Us, V8,'ifs and Wp墨p占戸「P denote the steady and purely periodic parts of w, u, v, 1r 

respectively. Note that た(Wp•Vu+v•V匹） ＝ Wp• ▽妬＋ Vs· y'叩＋た(wp• ▽up+vp•v'w砂
We investigate the equations (4.2) and (4.3) to get some useful information on Ws and Wp. 
This yields the information on wand we take was a test function in the weak form of (4.1): 

1 T 

(4.4) テ[-(W如）＋ （▽w，図）一（w@u，匹）ー (v@w，匹）ー (1r,div <p) dt = 0 

for all <p E噂訊 X町）． Here,(・,・)denotes the duality pairing on町

We begin with the analysis of (4.2). Our purpose in the analysis of (4.2) is to establish 
theび propertyof the solution { Ws,叩｝． Inorder to show the regularity property of solutions 
to (4.2), we employ the idea introduced in [14]. We decompose Vs E Ln（町） intoa small part 

01,, and a regular part 02,,. This decomposition is indeed possible. Since C0国） isdense 

in Ln（股門， foreach E > 0 there exists翡 EC『（罠n)such that llvs―心c||い（即） ：：：：： E. Setting 

01,€ ：＝応一翡 and知：＝仇， weget 

(4.5) Vs = 01,c + 02,c, ||0□|L噂匂 :S:E, 02,, E Cg"（町）．

Note furthermore that V8 ・ v'叫＝ div（加R叫） ＋div (02,, 181叫）． Withthis decomposition 
of V8 in hand, we consider the regularity property of the perturbed Stokes equation 

(4.6) 
｛ 玉 ＋W．▽u+ div（叱R叫十▽T = div F in町，

div w = 0 in良匹

For the proof of the next lemma, see [14, Lemma 4.2]. 

Lemma 4.1. Let 1 < r0, r1 < n and let u, 01,, Eび（町） with(4.5). Suppose that {w,1r} E 
釦。（即） xい（町） isa solution of (4.6) with F E L呵町）nい（町）． Thereexist constants 

c5 = c5(n,r0，八） ＞0 and J = J(n,r。,r1) > 0 such that if 

llullL可即）三 0, €こ;，

then 

W E尻（町） n尻（町）， 7r E Lro（町）nに（町）

with the estimate 

IIVwllm（恥”）nL門（野”)+||7r||Lro（民n)nL門(IR”)こC||F||Lro（艮n)nL門（恥り

where C = C(n,r0,r1)-
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Using Lemma 4.1, we get the desiredび propertyof the solution { W8,叩｝ to(4.2). 

Lemma 4.2. Let n = 3. Let Us, Vs Eび（配） and,for 5/2 < r < 3, let wか Up,Vp E 
L;er,.l（民；W1，国））． Also,assume that div Vs = 0 in配 anddiv匹＝ divvP = 0 in股x記

Suppose that { Ws,叩｝ €知（配） X £3/2国） isa solution of (4.2). There exists an absolute 

constant 6 > 0 such that if 

llu』|び（即）さふ

then 

叫€的（配），叩 €I?（配）．

Next, we study the equation (4.3). As in the case of steady equation (4.2), we establish 

theび propertyof the solution { wか 7rp}to (4.3). We use the notation Xr for n/2+ 1 < r < n 
appearing in the previous section again: 

ふ＝ Lに，上償；wl,r（町）） nL芦厄；び（町））．

Lemma 4.3. Let n = 3,4 and n/2+ 1 < r < n. Let W8 EL叩四） andu,v EL芦（股；び（町））
with Up, Vp E L;er,_j_（恥W1,r（町））． Also,assume that div叫＝ 0in配 anddiv v = 0 in 

只x記 If{wP巧｝ EXr XLら（民 x町） isa solution of (4.3), then 

Wp ELい（恥wl,q（町））， 7rpELい（股 x町） forall ~Sq Sr. 

In particular, we have 

Wp E £;er,_j_（良；w1,2（町））， 'lrpE £;er,_j_（良 x記）．

The weak form (4.4) contains the term 8t<p and thus we need information on the class of 
8tw to take w as a test function. However, we thus far have no information on the class of 

畑(=8t四）． Wecan overcome this difficulty thanks to the good uniqueness property of 
purely periodic solutions to the Stokes equation (3.2), see Remark 3.1. In order to obtain the 

information on the class of fJ偲 p,we show that the solution { wP巧｝ EXr X £;er,_j_（民 x町）
of (4.3) is indeed a strong solution. 

We review the existence and uniqueness of strong solutions to the Stokes equation 

(4.7) 

‘‘,l‘ T, 
＋
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0

0

叩

=
＝
↓
＝
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>
）

）

 

[
d
l
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〗
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△
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Ot 
’

v

、

in良 X町，

in良 X町，

as lxl→oo, 

for all t E艮

Lemma 4.4 ([11, 5]). Let 1 < r < n. For every f E L;er,_l（良 X町）， thereexists a unique 

solution { v, q} E w;;；巳（罠 x股門 XL;er，上償；H;（町））。1(4. 7) such that 

llvll1,2,r + II▽qllrさCllfllr

with C = C(n, r, T). 
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We regard the equation (4.3) as the Stokes equation (4.7) with f = -W8• • %-Vp• • Ws
匹・ ▽叫一叩• ▽Wp―?(wp.▽% +Vp.▽匹） and use the uniqueness of purely periodic 

solutions to the Stokes equation in order to get the following lemma. 

Lemma 4.5. Let n = 3, 4 and n/2 + 1 < r < n. Let叫ぶ叫 E”l/2（町） andUp, Vp E Xr. 

Suppose {w乃｝ EXr X L;er,_j_（股 x町） isa solution of (4.3). Then we have 

匹 EW二，，戸（応 x町）， 7rp EL口厄；＂年（町））

The next lemmas on the density property can be proved in a standard manner via the 

mollification. 

Lemma 4.6. Let 1 < r0, r1 < oo. Suppose w E L比（正尻（町）） withOtW EL比（股 x町）．
There exists a sequence｛四｝';';'=1CC,硲以股 X町） suchthat 

as n→00. 

▽五→▽w

8t咋→知

in L此（良 x町），

in L比（民 X町），

Lemma 4.7. Let 1 < r0心 <oo. Suppose w E L儡（股 x町） with8tw E L比（股 x町）．
There exists a sequence｛五｝::'=1C C,饂er（股 X町） suchthat 

咋 → W 

at伽→畑

as n→00. 

in L品（民 X町），

tn L比（良 X町），

We are now in a position to give the proof of Theorem 2.2. 

Proof of Theorem 2.2. We put w := u -v and 1r := p -q. The pair { w, 1r} is a solution of 

(4.1). We decompose u,v and {w,1r} into steady and purely periodic parts. Then the pairs 

{ws,叫 E知（配） X£3/2国） and{wp四｝ EXr x L; （民x配）per,_j_ are solutions of (4.2) and 

(4.3) respectively. We assume that 

llu』|L3⑮）こ釘，

where 51 is the absolute constant in Lemma 4.2, and it follows from Lemma 4.2 that 

(4.8) 叫 E的（配），応 Eび（酎）．

Furthermore, Lemmas 4.3 and 4.5 yield 

(4.9) Wp E L;er,_j_（IR; w1,2（配））， 8即 pEL口凰 X酎）， 7rp E L;er,_j_（股 x酎）．

Since w1,2（配） CHJ（配）， wededuce from (4.8)皿 d(4.9) that w =叫＋wPand 1r =叩＋'Trp

satisfy 

WE L;er（い附（配））， OtW EL~_l （股 x 配）， 7r E心（良 x酎）．
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3r/(2r-3) In addition, we have W8 E L3r/(2r-3)（配） andwP EL （恥x配）． Theformer property is 
per，上

a consequence of船（訊国（配） CH;/(r-1)（配） andthe Sobolev inequality H;;(r-l)（配） C 

L3r/(2r-3)（配）． Thelatter property follows from Proposition 3.1 and the choice入＝ 3-6/r< 
1. Hence we have 

wEL~（民 x 酎）．
We also observe that▽w+w⑳ u+v⑳ WE L~er （屈 x 配）， since u,v EL芦（恥が（配）） and

wEL仁（股；び（配））．
According to Lemma 4.6, there exists a sequence｛五｝',;;'=1C C,篇er（股 X 町） suchthat 

▽'Pn→ ▽winは（股 x配） and8ふ→伽 inL芦衣r+3)（股 x配） asn→oo. We takeやnas 

a test function in (4.4) and pass to the limit n→oo to get 

1 T 

(4.10) テ1 -（W鱗）＋ 1|▽wlli加）―（W⑭ u，▽w)-(v@w，▽w)dt = 0. 

In view of Lemma 4.7, we can take a sequence {0n}',;;'=1 CC,饂er（罠 x町） suchthat 0n→ W 

in L;~i(2r-3) （股 x 配） and 8ふ→知 inL芦t(r+3)（股 x配） asn→ oo. The integration by 

parts yields 

1T(w鯰）dt= -1T(Btw，轟）dt+ (w(T)，如(T))-(w(O)ふ (0)).

゜Since wand妬 areT-periodic, we pass to the limit n→oo to deduce 

1T(w鱗） dt=-［仇w,w) dt 

Hence, we get 

(4.11) JT(W，知）dt= 0. 

゜Also, the integration by parts yields (v @ w，▽w) = 0 and thus 

(4.12) 1T(V⑧ W，▽w) dt = 0. 

゜Combining (4.10), (4.11) and (4.12), we deduce 

1 fT 
IIV疇＝ T1(W⑳ u，▽w)dt. 

Therefore, 

II▽叫I;:::;llwlbllulloo,311▽wll2:::; Cillulloo,311▽wllぶ

Here C1 is the constant in the Sobolev inequality 11 ・||び（即）:::;C1IIV・ IIL2（即）． Ifu satisfies 

llulloo,3 < C凸
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we obtain 

(4.13) II • wll~ = o. 

Now, we select the constant J so that 

0<8<min｛ふ，ct}

and assume 

llu』|L和） ＋lluplloo,3さJ.

Then, all the arguments above are justified. We deduce from (4.13) that w = h(t) with 
T-periodic function h. By the class of w, we derive w = 0, that is, u = v in賊 x股3. This 

together with (4.1)i gives▽1r = 0 and thus 1r is a T-periodic function with one variable t. 

Since 1r EL仁（股x配）， wederive 1r = 0, that is, p = q in恥x配． Theproof is complete. ロ
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