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Anisotropically weighted Lq-Lr estimates of 

the Oseen semigroup in exterior domains, 

with applications to the N avier-Stokes flow 

past a rigid body 

Tomoki Takahashi 

Graduate School of Mathematics, Nagoya University 

1 Introduction 

We consider a viscous incompressible flow p邸 ta rigid body tJ c記 Wesuppose that 
tJ is translating with a velocityーゆ(t)ae1,where a> 0,釘＝ （1,0, ・ ・ ・,o)T. Then by taking 
frame attached to the body, the fluid motion which occupies the outside of tJ obeys 

如＋u．▽U=△u-a(}エ1U―▽P, x ED, t > 0, 

▽.U=O  •℃ ED, t 2 0, 

ulaD = -ae1, 

u→O 
u(x, 0) = u0, 

t > 0, 

as lxl→oo, 
XE  D 

(1.1) 

where D =配＼ tJis the exterior domain with C2 smooth boundary 8D and the ori-
gin of coordinate is assumed to be contained in the interior of tJ. The functions u = 
伽(x,t)匹 (x,t)，四(x,t))T and p = p(x, t) denote unknown velocity and pressure of the 
fluid, respectively, while u。isa given initial velocity. The large time behavior of solutions to 
(1.1) is related to the station紅 yproblem 
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(1.2) 

as lxl→ (X)． 

The pioneer work due to Leray [27] provided the existence theorem for weak solution to 
(1.2), what is called D-solution, having finite Dirichlet integral without smallness of data, 
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however, his solution had little information about the anisotropic decay structure caused by 

the translation. Later on, Finn [10, 12-14] succeeded in constructing a stationary solution, 

termed by him physically reasonable solution, exhibiting a paraboloidal wake region behind 

the body, that is, 

叫x)= 0((1 + lxl)-1(1 + lxl -x戸） (1.3) 

if a is small enough. The £2 stability of Us, that is the problem (1.1) with u。＝叫＋ b 
(b Eび(D): perturbation), was first proved by Heywood [17, 18]. On the other hand, by the 
decay structure (1.3), we have U8 Eび(D)for q > 2, but U8 (/_び(D)in general due to Finn 
[11], see also Galdi [16], thus it is reasonable to seek a solution to (1.1) in theび framework.
The Lq stability was proved by Shibata [30] (see also Enomoto and Shibata [7]), in which the 
key is the Lq-U estimate of the Oseen semigroup developed by Kobayashi and Shibata [25] 

(see also Enomoto and Shibata [6, 7]). 

As in the stationary problem (1.2), we expect that nonstationary solutions to (1.1) exhibit 

the paraboloidal wake region, but the literature for concerning this issue is Knightly [22], 

Mizumachi [29] and Deuring [4, 5] only. Deuring [4] used a representation formula for the 

solution to the Oseen system to deduce 

▽’u(x, t) = 0((1 + Ix|）―1一合(1+ lxl -x1)―1ー合）

for i = 0, 1 uniformly in t under some assumptions on the initial perturbation from the sta— 

tionary solution and on the solution u. In [5], by employing another integral representation, 
he also established the estimate 

▽'(u(x, t) -us)= 0((1 + Ix|）―i-う(1+ lxl -x1)―i 

fort> 0 without the boundary condition except the zero-flux condition. 

As mentioned above, the wake structure uniform with respect to time has been investi-

gated by [4, 5, 22, 29], while the purpose of the present paper is to derive temporal decay rate 

with the wake structure captured. To accomplish our purpose, we develop the theory of the 

Oseen semigroup in Lq spaces with the weight (1 + lxl)"(l + lxl -x1)f3, in particular, derive 
the anisotropically weighted Lq-U estimates of the Oseen semigroup. We then apply those 

estimates to construct a nonstationary solution to 

如＝ △v-a佐v-v• Vv-v ••% -Us.▽v-Vrp, xED, t>O, 

▽ •v = 0, x ED, t 2 0, 

vi{)D = 0, t > 0, (1.4) 

V →0 as lxl→oo, 
v(x, 0) = b := Uo -Us, x E D 

in the anisotropically weighted Lq framework, where (v, rp) is defined by 

u(x, t) = v(x, t) + Us, p(x, t) = rp(x, t) + Ps・ 
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Here, we note that the condition 

-1</3 <q-1, -3 < a+/3 <3(q -1) (1.5) 

is the necessary and sufficient condition on a,/3so that (1 + Ix|）吋1+ lxl -x1戸belongs
~o the !'1uckenhoupt cl1:5s％国）， whichensures the weighted Lq boundedness of singular 
integral operators, see, for instance, Garcfa-Cuerva and Rubio de Francia [15, Chapter IV], 
Torchinsky [32, Chapter IX] and Stein [31, Chapter V]. The proof is accomplished by checking 
the definition of外国）． Thisfact with q = 2 was already known from Farwig [8] and the 
sufficiency of (1.5) was proved by Kracmar, Novotny and Pokorny [26]. We then employ such 
weights to apply the weighted Lq theory for the Stokes resolvent problem and the Helmholtz 
decomposition in weighted Lq spaces developed by Farwig and Sohr [9]. 
To establish the anisotropically weighted Lq-U estimates of the Oseen semigroup e―tAa 

in the exterior domain D, it is important to derive the estimates in記 Givenq S r S 

00 (qヂoo)and a,/3 ＞ 0 satisfying/3 ＜ 1-1/q,a+/3 ＜ 3(1 -1/ q) (which ensures 
(1 + Ix|）呵1+ lxl -x1)f3q E吟（配））， itfollows that 

11(1 + Ix|）吋1+ lxl -x1)f3▽i Sa(t)f||じ（即）

さ;Ct—~(¼-¼l-½+f+max{f,~}+cll(l + lxl)°'(l + lxl -:1汀）/3f 11Lq(JR3) (1.6) 

fort 2'. 1,j = 0, 1, where Sa(t) (a > 0) is the Oseen semigroup in配 andE > 0 is a given 
pos~t,ive co~,tant~ Bu~, i~eems _d~ffic~l~ to a~pl~ (1.?) to ~onstr~ct a solution in the nonlinear 
problems. Therefore, in Proposition 3.1 we derive the other estimate 

11(1 + lxl)<>(l + lxl -x1)(3▽J品(t)fllu（約

s Ct―が（古ー｝）ーら11(1+ lxl)<>(l + lxl -x1)(3f||い1（配） ＋ Ct―}（古―}）ー ½+aII (I+ lxl -x1)(3JIIL四（的

+ct―]（嘉一｝）一合＋½11(1 + lxl)<>JIIL疇） ＋ Ct―]（古ー｝）一合＋a+½llf 11Lq4（即） （1.7) 

fort ?: 1, j = 0, I and 1 < q; S r S(X)(qiヂ(X)).Theestimate (1.6) is not employed in the 
nonlinear problems, but it is seen that the rate in (1.6) is better than the one in (1. 7) with qi = 
q (i = 1, 2, 3, 4), that is c3(l/q-l/r)/2-i/2+a+(3／2. With (1.7) at hand, in Theorem 2.2, we derive 
the estimate of e―tAa in D. The proof consists of two steps: one is the decay estimate near 
the boundary of D; the other is the decay estimate near infinity. This procedure is employed 
by Iwashita [21], Kobayashi and Kubo [24] for the Stokes semigroup and by Kobayashi and 
Shibata [25], Enomoto and Shibata [6, 7] and Hishida [20] for the Oseen semigroup. In those 
papers, they derived the decay rate c3/2q for given f E U(D) in the first step by carrying 
out a cut-off procedure based on the Lq-Lr estimates of品(t)and on the decay estimate near 

the boundary of D for initial velocity with compact support, called the local energy decay 
estimate, see Proposition 3.2. However, since the temporal decay rate should be affected by 
the spatial decay structure of f, we expect that the decay rate is better than t-3/(2q) if f 

decays faster than Lq(D), for instance, (1 + Ix|）吋1+ lxl -x1)りfEび(D)(a> 0,/3?: 0). In 
fact, we adapt the same procedure as in those papers, but deduce better decay rate t-3/(2q)-17 
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if (1 + lxl)°'(l + lxl -x1)f3 f E Lq(D) (a> 0, f3 :2: 0), wh ・xi -x1)P f E Lq(D) (a> 0, f3 :2: 0), where TJ is a positive constant dependent 
on a, (3, see Proposition 3.4. The homogeneous estimates of the Stokes semigroup e―tA in 
isotropically weighted Lq spaces are also deduced by our argument, see the assertion 2 of 
Theorem 2.2 and the assertion 2 of Theorem 2.3. 

The application of Theorem 2.2 and Theorem 2.3 to the problem (1.4) is given by Theorem 
2.4, in which the spatial-temporal estimates 

11(1 + lxl)<>(l + lxl -x1)f3v(t)llr,D = o(t―}＋品＋a+~),

11(1 + lxl)<>(l + lxl -x1)f3▽v(t)113,D = o(t—½+a+~) 

(1.8) 

(1.9) 

as t→oo for all r E [3, oo] are deduced if the velocity a and the L3 norm of initial perturbation 
b, which is of class (1 + lxl)"'(l + lxl -x1)(3bEび(D),are small enough. The proof of this 
theorem is accomplished by adapting the argument due to Enomoto and Shibata [7] to 
analyze four norms appeared in the RHS of (1. 7). We note that the smallness of II (1 + 
Ix|）吋1+ lxl -x1)(3bll£3(D) is not assumed in this theorem. The rate in (1.8) with {3 = 0 is 
-1/2 + 3/(2r) = -3(1/3 -1/r)/2, which is same as the one of the usual £3-U estimate of 
the Oseen semigroup, and the loss a. This loss is less than the one in Bae and Roh [1]. 
The next section is devoted to stating the main theorems. In Section 3, we give the 
outline of the proof of Theorem 2.2 and Theorem 2.3. 

2 Main theorems 

In this section, we provide our main theorems. Given 1 < qく ooand a,(3satisfying 

-i < /3 < I -i, -i < a+ /3 < 3 (1 -D' q q q ¥ q 
(2.1) 

we set 

p(x) = (1 + lxl)"q(l + lxl -x1)(3q・ (2.2) 

By checking the definition of the Muckenhoupt class, we find that the weight p belongs to 
dq(D) as well as dg（配）． Therefore,due to Farwig and Sohr [9], we have the Helmholtz 
decomposition and the bounded projection operator Pv :び（D)→ L品(D),then define 
the Oseen operator Aa : Li,a(D)→ L似(D)(a E股） by:!J(A砂＝ wJ,q(D)n wJ,q(D) n 
L品(D),Aau = -Pv[△u -afJx, u]. We simply write the Stokes operator A = A。.Wealready 
know from [9] that -A generates an analytic C,。-semigroup(Stokes semigroup) in weighted 
U space whenever the weight belongs to dq(D) and the Stokes semigroup is bounded in 

L(Hlxl)"'"(D), see [9, Theorem 1.5]. Its U-Lr smoothing action near the initial time was 
derived by Kobayashi and Kubo [24, Theorem 1], see also [23]. We state in the follow-
ing theorem that -Aa generates an analytic C,。-semigroupin L品(D)possessing the Lq_『
smoothing action near the initial time. 

Theorem 2.1. Given a。>0arbitrarily, we assume lal ::::; a。.
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1. Let l < q < oo and let a,(3satisfy (2.1). Then -Aa generates an analytic C,。-semigroup
{e―tAa }t~o inい (D),where p is given by (2. 2). If in particular a = 0, then the Stokes p,u 

semigroup { e―tA }t20 is a bounded analytic C, t>o is a bounded analytic C0-semigroup in L~ p,u (D). 

2. Let l < q ::; r ::; oo (qヂoo)and let a,(3satisfy (2.1). For every multi-index k (lkl ::; 1), 
there exists a constant C = C(D, a。,q,r,a,(3，k),independent of a, such that 
11(1 + Ix|）可1+ lxl -x1)町立e―tAaPvf llr,DさCt―§(i-｝）ー舟11(1+ Ix|）吋1+ lxl -xi)f3 Jllq,D 

for all t ::; 3, f E杯(D).

In the following theorem, the assertion 1 asserts the large time behavior of the Oseen 
semigroup. We note that the exponents q; (i = 1, 2, 3, 4) in the next theorem may not 
coincide with each other. The assertion 2 yields the homogeneous estimates for the Stokes 
semigroup in isotropic Lq space. 

Theorem 2.2. 1. Given a。>0arbitrarily, we assume a E [O, a0]. Let l <佑く 00(i = 
1, 2, 3, 4), 1 < r ::; oo and a,(3~ 0 satisfy 

1 < q4 :S qi :S q1 :S r :S oo (i = 2, 3), (2.3) 

a<min{3(1―土），1}'/3＜min{ 1 ―土，~}, a+/3 ＜ min い（1- 土）五〗
We set 

P1(x) = (1 + lxl)"q1(1 + lxl -x1)f3q1, P2(x) = (1 + lxl -x1)13q2, p3(x) = (1 + lxl)"q色
(2.5) 

Then there exists a constant C (D, a。,q1,q2,q3,q4,r,a,(3),independent of a, such that 
11(1 + Ix|）吋1+ lxl -x1)fle―tAa杓 fllr,D

:s;c喜牙（土一/:)+'7<II (1 + lxl)7'(1 + lxl -X1沖f||佑,D (2.6) 

3 

for all t：：：：：ふ fEnば(D)nい (D),where ii, c5i, T/i are defined by 
i=l 

（/1，12,13,14) = (a,O,a,O), （ふ，62,ふl,ふ） ＝ （/3,/3,0,0), 

伽，厄薦714)=(o,a,~,a+~)- (2.7) 

2. Let a = 0. Let 1 < qさrS oo (qヂ． oo)and a 2'. 0 satisfy OS a< min{3(1-1/q), 1}. 
Then there exists a constant C(D, q, r, a) such that 

II (1 + lxl)"e―tA PDf llr,D S Ct―]（今— ¾l11 (1 + lxl)" f llq,D 

for all t > 0 and f E L(i+lxl)"q(D). 
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In order to study the nonlinear problem, we next deduce the estimate of the first derivative 
of e―tAa. For the Stokes semigroup e―tA in theび framework,it was proved by Maremonti 

and Solonnikov [28] and Hishida [19] that the restriction 1 < q'.S r'.S 3 is optimal in the 
sense that we cannot have 

IIVe―tA杓 fllr,D'.SCt—~(¼-~)-½ llfllq,D 

for 1 < q'.S r < q。withq。>3.However, the next theorem yields that the range of exponent 
is enlarged in weighted U space than the one in Lq space. In particular, for the Stokes 
semigroup inび（D), it is proved that the condition (2.9) below is optimal. (1+|工|）aq 9 

Theorem 2.3. 1. Given a。>0arbitrarily, we assume a E [O, a0]. Let l < r < oo, 
1 <佑く oo(i = 1,2,3,4),a,/3 > 0 satisfy (2.4). Ifa < 2/3 (resp. a~ 2/3), we 
suppose 

3 3 
1 < q4さqi'.Sq1 :S r < min { ~'1ー撃｝ （i = 2, 3) 

(resp. 1 < q4 :S qi'.S q1さr< ~ (i = 2, 3)) 
Then there exists a constant C(D, a。,q1,q2,q3,q4,r,a,f3),independent of a, such that 

11(1 + Ix|）冗1+ lxl -x1げ▽e―tAaPDf llr,D 

:S C言t―i（六一i)廿＋'7'11(1+ lxl)'Y'(l + lxl -xi)°'f||佑,D (2.8) 

3 

for all l：：：：：： 3 and f En店MりnL門り
i=l 

2. Let a= 0. Let 1 < q :Sr :S oo (q =/ oo) and a 2 0 satisfy O :Sa< min{3(1-1/q), 1}. 
We also suppose 

3 
l<q::;r::; 

1-a・ 

Then there exists a constant C(D, q, r, a) such that 

(2.9) 

11(1 + lxl)<>Ve―tAPnfllr,Dさ;Ct—~(½-~)-½ 11(1 + lxl)<> fllq,D (2.10) 

for all t > 0 and f E L(Hlxl)"•(D). 

Let us proceed to the nonlinear problems. To study the stability of a stationary solution 
叫， weconsider the integral equation 

v(t) = e―tAab-1t e―(t-T)Aa PD [ V. Vv + V. V叫＋叫・ ▽v]dT. (2.11) 

゜
［ ］ 

For the problem (2.11), we have the following. The proof of this theorem is accomplished 
by adapting the argument due to Enomoto and Shibata [7]. 
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Theorem 2.4. Let a, /3 satisfy a ~ 0, 0 :S(3 <1/3, a+/3 ＜l. Then there exist constants 1,, = 
1,,(a, /3) > 0 and r:: = r::(a, /3, a) > 0 such that if O < a1!4 < 1,, and if b E £7 (1+|x|）臼1+|x|-m)3/3(D) 
fulfills llbll3,Dく巳， thenthe problem (2.11) admits a solution v which enjoys 

11(1 + lxlP'(l + lxl -xi)°'v(t)llq,D = o(t廿＋品＋7，十的
11(1 + lxlP'(l + lxl -x州べ7v(t)113,D= o(t―占＋T＋的

as t→oo for all q E [3, oo] and i = l, 2, 3, 4, where "Ii, 6; are given by (2.1). 

3 Outline of proof of Theorem 2.2 and Theorem 2.3 

This section is devoted to the anisotropically weighted Lq_y decay estimates of the Os-
een semigroup in the exterior domain. We fitst prepare the anisotropically weighted Lq-Lr 
estimates of solutions to the Oseen equation in配：

如—△u+a佐U 十▽p=O, ▽． U = 0, XE配， t> 0, u(x, 0) = g, x E記 (3.1)

Given g E Lq（配）， wedenote a solution to the heat equation by et△g, which is given by the 
formula: 

(etil.g)(x) = (~ 
§ 

石）！~3 e-~ g(y) dy 

If in particular, g EL閃（配）， thenwe see that▽p = 0 and that 

u(x, t) = (Sa(t)g)(x) := (et△g)(x -ate1) 

solves the problem (3.1). 

(3.2) 

．． 
Proposition 3.1. 1. Given a。>0arbitrarily, we assume a E [O, a0]. Let q, r satisfy 
1 < q ~ r ~ oo (qヂoo)and let a,/3~ 0 satisfy 

1 1 
(3 ＜1-i, a+(3 ＜3(1-i)・ (3.3) 

For multi-index k satisfying lkl S 1, there exists a constant C = C(a0, q, r, a, /3, k), 

independent of a, such that 

11(1 + Ix|）刊1+ lxl -x1)的gsa(t)P氾 fllr,JR3 S Ct―~(¼-｝）—嬰||（ 1 + lxlf (1 + lxl -x1)!3 Jllq，即
(3.4) 

for all t S 1, f E L即（配）．
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2. Given a。>0arbitrarily, we assume a E (0, a0]. Let qi (i = 1, 2, 3, 4),,,. satisfy l < qi :S 
'T':S 00 (qiヂoo,i = 1, 2, 3, 4) and let a,/3;:::: 0 satisfy 

〇:Sa<3(1ーi),0 :S /3 < min { 1 -¾, 1-¼}, a+/3 ＜3 (1 —¾) 
For multi-index k satis,灼inglkl :S 1, there exists a constant C = C(a。,q汀 2,q3, q4, r, a,/3，k), 
independent of a, such that 

11(1 + lxl)"'(l + lxl -xi)f38試 (t)和 fllr,R3

:SC含骨（土一｝）号＋17'11(1+ lxl)'Y'(l + lxl -xi)°'fllq,,Ra (3.5) 

3 

for all t ~ 1, f E n L ~:（配） nL叫酎）．
i=l 

3. Let a= 0. Let 1 < q ~ r ~ oo (q =Joo) and O ~a< 3(1 -1/q). For multi-index k 
satisfying lkl ~ 1, there exists a constant C = C(q, r, a, k), such that 

11(1 + lxl)"'i吐So(t)Pi即 Jllr,Jil.3 ご： Ct―½(¾-｝）―乎||（ 1+ lxl)"'Jllq』ゃ (3.6)

for all t > 0 and f E L(Hlxl)a"（配）．

Proof. From 

(1 + lxlt(l + lxl -xi)f3さC{(1 + IYlt(l + IYI -yi)f3 + (1 + Ix -Ylt(l + IYI -Y1l 

+ (1 + IY|）刊1+ Ix -YI -(x1 -Y1))f3 

+ (1 + Ix -Ylt(l + Ix -YI -(xi -Y1))f3}, 

we have 

(1 + Ix|）冗1+ lxl -x1)外洸品(t)[j即J(x)I

さc{G1,k * ((1 + IY|）刊1+ |y -Yl)f3|P即fl)(x)+ G2,k * ((1 + IYI -Yi)叫知Jl)(x)
+ G3,k * ((1 + IYl)"'I-Pi砂）（x)+ G4,k * I.Fl即Jl(x)}, (3.7) 

where 

G1,k(x, t) ＝（土） g い）lkllhk(~)I,

叫 (x,t) =(~)~(&,)'kl lhk (~) I (1 + Ix|）尺

‘‘j

、ヽ
ー'/

8

9

 

．

．

 

3

3

 

（

（
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叫 (x,t)＝（.k)'.い）:::lh, (T✓f)I (1 + lxl-x,)(39 
1 ¥ ~ (l ¥ lkl I, (x -ate1 

叫 (x,t)＝に）い） hk(T✓f) I (1 + lxl)"'(l + lxl -x1)(39 
加（z)=洸e―|zl2.

By changing variables z = (x -ate1)/(2¥/'t), we get 

IIG1,k(t) lls，恥3S Ct―ロー阻＋品

fort> 0 ands E [1, oo). Moreover, it holds that 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

IIG2,k(t) ll!,JR3 :S Ct―わい ((1+ at)°'1股3I咬e―|zl2ドdz+ tgs J股3I洸e―|zl2「|zlasdz) 
:S Ct―和ーJ¥s十打(1+ at)°8 + t~8}, 

叫 that

IIG3,k(t)11!,JR3::; Ctが見s+!(J閣e―|zl2ドdz+（氾131的e―|zl2『|zlr,sdz) 
艮3

::; Ct牙s-J¥s+~(l+心），

thereby, 

IIG2,k(t)lls,JR3::::; Ct―]ーり＋t,

for all t::::; 1, s E [1, oo), 

IIG2,k(t) lls，艮3::::;Ct―}告＋去＋尺

IIG3,k(t)lls,Jl?.3:::; Ct―]誓＋i

IIG3,k(t)lls，艮3さCt―]-臣＋去

for all t 2 1, s E [1, oo), where constant C is independent of a. From 

IIGぃ(t)||：即:::;Ct―恥ー岸s+!{ (1 + atr 1 閲e―|zl2『dz
即

(3.14) 

(3.15) 

+(1 + att賣）BsJ即関e―|zl2『|zl/38dz+（vt)(a+/3）s 131洸e―|zl21•lzlas+/3s dz} 

:::; Ct―和ー岸s十月(1+ at)叫1+ t!り＋tgs+§s}， 

we find 

IIG4,k(t)lls，飛3こCt―§―岸＋出 (3.16) 
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for all t ~ l, s E [1, oo), 

IIG4,k(l)lls,JR.3 :S CagL―]—附＋立＋叫 (3.17) 

for all t 2 1, s E [1, oo), where constant C is independent of a. Given q, q; :Sr (i = 1, 2, 3, 4), 
we set 1/s0 := 1 -1/q + 1/r E (0, 1], 1/s; := 1 -1/q; + 1/r E (0, 1] (i = 1, 2, 3, 4). Then 
collecting (3.7)-(3.17) and using the weightedび boundednessof PJRa imply that 

11(1 + Ix|）吋1+ lxl -x1l洸品(t)I知f(x) llr,JR3 

:S c(11c1,kllso,IR3ll((l + IY|）可1+ IYI -yi)flR,艮afllq，艮3+ IIG2,kllso,艮3II (1 + IYI -Y1l R,艮3f||q，即

+ IIG3,k lls0,IR3 II (1 + IYI)°'厖 fllq,JR3+ IIG4,klls0,IR3IIR,炉 f|い）
:S Ct― §(i-i)—嬰 11(1+ IY|）刊1+ IYI -Y1l Jllq,JR3 
for t :S 1, f E L~（配） and that 

11(1 + Ix|）刊1+ |x| -X1)f3ogsa(l)P政af(x)llr,JR3

:S c(11c1,klls1,IR3 II ((1 + IYl)"(l + IYI -Y1l R,即 f||q1，飛3+ II G2,klls2,IR3 II (1 + IYI -Y1l R,即 fllq2,IR3 

+ IIG3,kllsa,IR3ll(l + IYI)"枷 f||仰，艮3+ IIG4,k||紅，艮3||P即fllq.,JR.3)

:S CLt―§(i-i)号＋'7'11(1+ lxl)'Y'(l + lxl -x1沖fllq退3
i=l 

for all t 2 1, f E n L~: （配） nL叫酎）． The proofs of th e assertion 1 and the assertion 2 are 
i=l 

complete. We next prove the assertion 3 by using 

(1 + lxl)°'化gs。(t)P即 f(x):SC{G1,k * ((1 + IYl)°'IPi即 JI)(x) + G2,k * IPJRaf I (x)} • 
If P記f€ Lq {1+|叫)aq国）， thenLorentz-Holder inequality yields R,即fE £(3q)/(3+aq),q国） with

||P炉 JIIL晶向） :S11(1 + IY|）―°'II晨国）11(1+ IYI)°'和 Jllq,JR3. (3.18) 

Moreover, we define s5 by 1／況＝ーl/q+ 1/r -a/3 + 1, which satisfies 1 < s5く ooand 
1さ (3発）／（3+ as5) < oo due to a < 3(1 -1/q) and qさ r. Then we get G2,k(t) E 
L幅 {3s5)/{3+as5)（配） with

IIG叫t)IILs5,贔賣） :SCIIG2,k(t)||~~,~allG2,k(t)ll:2,IRa, (3.19) 

where 1 <厨＜況く屈く oo,O< 0 < l satisfy 1／窃＝ （l-0）／釘十0/t£2.From (3.18), 
(3.19), the weighted Lq boundedness of R,圧atogether with Young's inequality for convolution 
in Lorentz spaces, we have 

IIG2,k * IPIRafl) llr,JR3 :S Ct―§(』 -i)—舟 11(1+ lxl)°'Jllq,JR3 
for all t > 0 and f E Lfi+lxl)""（配）， whichcompletes the proof. 口
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We next consider the decay estimates of e―tA. f near the boundary of D. Given J Eび(D),
Kobayashi and Shibata [25] derived the decay estimate with the rate c3/(2q), however, given 

J E L~(D), we use the better spatial decay structure of J at infinity to get the better decay 
rate r3/(2q)-s, where p is given by (2.2). Let us start with the so-called local energy decay 

estimates derived by [25]. 

p roposition 3.2 ([25, Theorem 1.1]). Let R > 0 such that配＼ D C BR-i(O). We set 
DR:= DnB爪0).Let 1 < q < oo, a。>0and assume lal :::; a。.Thenthere exists a constant 
C > 0, independent of a, such that 

閾e―tAaJllq,DR + lie―tAa Jllw切 (DR):::;Cパlllllq,DR

for all t 2 1 and J E {J E L~(D) I J(x) = 0 for lxl 2 R}. 

Combining Proposition 3.2 and the U-U estimates of Sa(t) implies the following estimates 
of e―tA. f near the boundary when J E L~(D). 

Proposition 3.3 ([25, (6.18)]). Let R > 0 such that配＼ DcBい (0)and set DR = 
DnB瓜0).Let 1 < q < oo, a。>0and assume lal :::; a。.Thenthere exists a constant C > 0, 
independent of a, such that 

IIBte―tAa Jllq,DR + lie―tAa Jllw紐 (D叫:::;Ct―羞lllllq,D

for all t 2 1 and f E L~(D). 

Holder inequality tells us that f E U(D) with some r < q if f E L叩(D).By making use 

of this, we next derive the better decay rate t-3/2q-,: than the one in Proposition 3.3. 

p roposition 3.4. Let 1 < q < oo. We take R > 0 such that配＼ D C BR-i(O) and set 
DR=Dn枷 (0).Fix a。>0and assume a E [O, a0]. 
1. Let a, /3 > 0 satisfy a+/3く 3(1-1/q)and lets E (max{3q/(3+aq+f3q), 2q/(2+aq)}, q]. 
Then there exists a constant C(D, a。,q,s, a, /3) such that 

IIBte―tAa PDf llq,DR + lie―tAa PDf llw2,q(DR)さ:Ct―羞；11(1+ lxl)°'(l + lxl -X1げJllq,D
(3.20) 

for all t 2 3 and f E L~(D), where pis given by (2.2). 

2. Let O:::; a< 3(1-1/q). Then there exists a constant C(D, a。,q,a) such that 

IIBte―tAa PDfllq,DR + lie―tAa PDf llw2,q(DR):::; Ct―森―~II (1 + lxl)°'Jllq,D (3.21) 

for all t 2 3 and f E L(Hlxl)"•(D). 
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Proof. Under the邸 sumptionin the assertion 1, Holder inequality yields 

llflls,D :S 11(1 + lxl)-"'(1 + lxl -X1）慣1|歪五，dl(l+ Ix|）吋1+ lxl -xi)f3 Jllq,D (3.22) 

for f EL印(D).Let (be a function on配 satisfying

〈EC00（記）， ((x)= 0 lxl :SR -1, ((x) = 1 lxl 2: R (3.23) 

and denote the Bogovskil operator on AR-I,R = {x E配； R-1 < lxl < R} by JIB紐 ,,R'see
Bogovskil [2], Borchers and Sohr [3] and Galdi [16]. Note that given bounded domain G with 

Lipschitz boudary, 1 < q < oo and integer k 2'. 0，島 isa bounded operator from Wi点(G)to 
w戸(G)汽thus

II翫 f||wk+1(G)::;Cllf llwk(G) (3.24) 

with some constant C = C(G, q, k). Set g := (e―ふpDJ —恥R-1,R[（▽().e-Aa凡J].We then 
find▽・g=Oin配 and

II Sa(t)gll W3,q(Dn)ご;Ct—½(1 + t) ふー盈•II (1 + lxl)"(l + lxl -x1)/3Jllq,D (3.25) 

色rall t > 0 ~ue to (3.22), (3.24) a~d analyticity of e―tAa. We take a function (~uch that 
(EC00（阻'.3),((x) = 0 for lxl :SR, ((x) = 1 for lxl 2: R + 1 and set v(t) := u(t) -(Sa(t)g + 
屈AR,R+l[（▽()• Sa(t)g], u(t) := e―(t+l)Aa Pvf, then the pair (v(t),p), where p(t) is the pressure 
associated with u(t), obeys 

如—△V + aOx1V +▽p=K, ▽ •v = 0, x E D, t > 0 vlav = 0, t > 0, 

v(x, 0) = (1 -()e-Aa恥 f+JIB知，R+l[（v'().e-Aa凡fl, XE D, 

where K(t) fulfills supp K(t) C DR+l and 

IIK(t) llw2,•(D) さ:Ct―½(l+t)½-i11(1 + lxl)"(l + lxl -x1)/3Jllq,D (3.26) 

for all t > 0. By Duhamel's principle, v satisfies the integral equation 

v(t) = e―tA切 (O)＋ J e―(t-T)Aa K(r) dr. 
゜Since supp v(O) C DR+i, applying Proposition 3.2 and (3.24) leads to 

(3.27) 

IIBte―tAav(O)llq,DR+l + lie―tAav(O) llw2,q(DR+1l s; cc! II (1 + lxl)"(l + lxl -x1l Jllq,D (3.28) 

for all t 2: 1. On the other hand, it follows from K(T) E ~(A砂 and Proposition 3.2 that 

IIBte―(t-T)Aa K(7)llq,DR+1 + lie―(t-T)Aa さC(l+ t-T)―! IIK(T)llw2,"(D) 
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for all O < T < t, which combined with (3.26) yields 

t 

fot1|如―(t-T)AaK(T) llq,DR+l占＋［lie―(t-T)Aa K(T)llw紐 (DR+1ldT 
::; Ct―去11(1+ lxl)"(l + lxl -x1)(3Jllq,D 

for t :::, 2. Due to 

如（t)=伽叫(O)＋ Jい`）AaK(T) dT + K(t) 
゜and vlDR = u(t), collecting (3.26)-(3.29) completes the proof of the assertion 1. 

(3.29) 

We next prove the assertion 2. We know f E £(3q)/(3+aq),q(D) with IIJIILcaqJ/Ca+aqJ,q(D) <::: 

Cll(l + lxl)"'fllq,D for f E Lfi+lxl)"q(D). Moreover, from 

118訊 (t)P恥3h||OO，ffi.3s Ct―羞一号ー梨llhllL贔向）

for all t > 0, lkl S 3 and h E L3q/(3+aq),q（配）， wefind that (3.25) is replaced by 

IISa(t)gllw紐 (D叫::::;Ct―打1+ t)½ ―羞―~11(1 + lxlt Jllq,D・

By applying this estimate, we can obtain (3.26) and (3.29) with/3 ＝0, s = (3q)/(3 + aq). 
We thus conclude the assertion 2. The proof is complete. ロ

To prove Theorem 2.2 and Theorem 2.3, it is convenient to prepare the following lemma. 

Lemma 3.5. 1. Let入，s> 0, j ~ 0,'T/ E股 andr E (0, oo] satisfy入::::;3/2 and入<s.
Then there exists a constant C independent oft such that 

fort;:, 1. 

Ji(t-T)-m-i)-i+n(1 +T)―d's dT s; Ct―]（：-i)甘＋n

゜
(3.30) 

2. Lets > 0, 0く入 <3/2,rJ E罠 andr E (0, oo]. 
independent oft such that 

Then there exists a constant C 

fort~ 2. 

1t-l (t -T) —!(½-~)+'7(1 + T)―告占::;Ct—rn-~)+'7 
； 

3. Let入，r,s > 0, rJ,,.,, E良 satisfy

1 1 1 -2n 
¥―口と 3 ' 

1 +2Kー 2n 1 
3 こ； 9

2+2代 1
< -. 

3 ―入

(3.31) 

(3.32) 
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Then there exists a constant C independent oft such that 

1t-l(t-T)牙(}-｝）-i+n(1十T)玉＋"dT::;Ct牙（｝ー})-i+n

i 
(3.33) 

fort 2: 2. 

4. Let入，s> 0, j 2: 0 and r E (0, oo] satisfy I／入— I/r < (2 -j)/3. 
constant C independent oft such that 

Jt (t-T)―}（□）一打l+T)―i占 :SCt―品
t-1 

fort 2: 1. 

Proof. We have 

t―品＋1

Then there exists a 

(3.34) 

Ji(t-T)―~(½-}）い (1 + T)-fs dT:::; Ct―~(½-~)―る＋n X 

゜
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fort::::>: 1, which combined with入：：：：： 3/2,入<syields (3.30). It holds that 

t —!(½-¼)+77+1 

it-l(t-T)ボロ）＋n（1十T)―i占 :SCげ x
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fort:;:, 2. By入<3/2,we find min{3/(2s)+3(1／入ー1/r)/2-rJ-l, 3/(2s)} > 3(1/ s-1/r)/2-rJ 
except for the case r = oo, rJ = 0, thus conclude (3.31) except for the case r = oo, rJ = 0. 
If r = oo,rJ = 0, then入<3/2yields -3(1／入ー l/r)/2+ rJ < -1, which combined with 
-3(1/s-1/r)/2+rJ = -3/(2s) implies (3.31). Since -3(1／入ー1/r)/2-1/2+TJ =Jー1follows 
from (3.32), we can derive (3.33) in the same way. We use 1／入— 1/r < (2 -j)/3 to deduce 

[1(t-T)牙(½-｝パ（l+T)―品占::;: Ct―告 [1(t-T)―~(½-｝）廿 dT::;: Ct―i 

fort~ 1, which asserts (3.34). The proof is complete. 口

We are now in a position to prove Theorem 2.2. 
Proof of Theorem 2.2. We derive the estimate on配＼加(0).Let (be a function on 



116

3 

配 satisfying(3.23). Given f E n位(D)n Lq•(D), we define u(t) := e―(t+l)Aa杓 f,w(t) := 
i=l 

(u(t) -JIBAR-,,R[V(・ u(t)], 11一(t):= (p(t), where p(t) is the pressure associated with u(t) that 

satisfies J紐 ,,Rp(t) dx = 0 for all t > 0. Then w obeys 

t 

w(t) =品（t)'l1）（O)＋ J品(t-T)Pi砂 (T)dT, 
゜

(3.35) 

where 

w(O) = (e―A乃 f-JIB紐1,R ［▽く• e―Aa PDf], 

L(x, t) = -2（▽く• ▽)u- （ぶ）u+a(oぷ）u ー (at —△ +a辺）恥R-1,R ［▽く •u(t)] +（双）p.

It follows that 

4 

11(1 + Ix|）刊1+ lxl -x1)国 (t)w(O)llr，JR3::; CLt―}（古一i)＋n'||（l+|x|）可1+ lxl -x1)6'Jllq,,D 
i=l 

3 

for t > 0 and f Eり位(D)nL叫D),where ii,bi,'r/i are given by (2.7). We use Proposition 
3.3 and the Poincare inequality to find that（▽く）p(t)E L吋配） forall t > 0, "'= qi (i = 
1, 2, 3, 4) and that 

||（▽く）p(t)||ん，艮3S C(l + t)―羞;||f||氏,D (3.36) 

for all t > 0 and t£ = q; (i = 1,2,3,4). Given 1 < q; < oo (i = 1,2,3,4), 1 < rさooand 
a, f3 subject to (2.3)-(2.4), we take入(i= 1,2,3,4) so that 1 <入i< min{3/2, q;}, f3 < 1 -
1／ふ， /3<1-1／入2,a< 3(1-1／ふ）， a+/3<3(1-1／入1)for i = 1, 2, 3, 4. Then due to (3.36), 
Proposition 3.3, supp L(t) C AR-l,R and (3.24), we get L(t) E L入，

(1+|x|）7ふ (l+lxl-x1)8凸 図） with

11(1 + Ix| ）-Y•(l+lxl-J汀）ip恥3L(t)|| 入’'飛3 :S C(l + t) —¾, 11(1 + lxl)'Y'(l + lxl -x1)/j＇Jllq,,D 
(3.37) 

for t > 0 and i = 1, 2, 3, 4. Similarly, we have 

11(1 + lxl)°(l + lxl -x1)fl Pi良3£(t)llq,,ffi.3::;C(l + t) —¼, II (1 + lxl)°(l + lxl -x1)fl f llq,,D・
(3.38) 

From (3.4), (3.5), (3.37) and (3.38), we apply (3.30) to（入，T,s,j,1])=（入;,T,q;,0,1];)(i = 
1, 2, 3, 4), (3.31) to（入，T,S,1]，t£)=（入i,T, q;, 1Ji, 0) (i = 1, 2, 3, 4), (3.34) to（入，r,s,j)= (q1,r,q1,0), 
then obtain 

jtll(l + lxl)a(l + lxl -X1)国 (t-T)P砂 (T)llr,ffi.3如

゜
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4 

s;CLt―]（土― !:)+rJ•II (1 + lxl)''(1 + lxl -x1)/j'f||小,D
i=l 

3 

fort~ 2, f E n位(D)n屁 (D)provided that 1/q1 -1/r < 2/3. Due to w|即＼郷(0)= 
i=l 

e―(t+1)Aa杓 f,we deduce 

3 

11(1 + lxl)"(l + lxl -x1)/3e―tAa PDf llr,IR3¥BR(O) 
4 

~c区 t―ぎ(¼— ~)+7J'll(l + lxl)''(l + lxl -xd'Jllq,,D 
i=l 

fort 2'. 3, f E nL~:(D)nL叫D) if 1/q1 -1/rく 2/3.On the other hand, if 1/q1 -1/r < 1/3, 
i=l 

then we also have 

11(1 + Ix|）吋1+ lxl -x1)f3e―tAa杓 fllr,Dn::;Ct―}（古ー ~ill(l + Ix|）吋1+ |x|―x1)f3 fllq,,D 

by the Sobolev embedding and Proposition 3.3, thus (2.6) holds if 1/q1 -1/r < 1/3. The 
restriction 1/q1 -1/r < 1/3 is eliminated by the semigroup property and by (2.6). The proof 
of the assertion 1 of Theorem 2.2 is complete. 

Under the assumption in the assertion 2, we take入sothat 1く入 <min{3/2,q}, a < 
3(1-1／入）， thenthe same calculation as above yields 

11(1 + lxl)<>R艮3L(t)||に，恥s:::; C(l + t)―羞11(1+ lxl)<>Jllq,D 

fort> 0, I',,=入，q.Taking this and (3.6) into account and applying (3.30) to（入，r,s,j,TJ)=
（入，r,q, 0, 0), (3.31) to（入，r,s,TJ,f,,)=（入，r,q,0,0),(3.34) to（入，r,s,j)= (q,r,q,0) lead us to 

II (1 + lxl)"e―tAPvfllr,I炉＼BR(O):<:::: Ct—~(½-l'lll(l + lxl)"Jllq,D 

fort> 0, f E L(Hlxl)aq(D). The estimate of e―tA near the boundary is also derived by the 
Sobolev embedding and Proposition 3.3. The proof is complete. ロ
Let us close the paper with completion of the proof of Theorem 2.3. 

Proof of Theorem 2.3. Let a,/3 ＞0 and 1 < q4 :<:::: q; :<:::: r (i = 2, 3) satisfy 

a<min{3(1ーよ），1}, /3 < min { 1 -J;, ~}, a+/3＜min{3(1-n,1} 
and we also suppose 

1 < q4 :S qi :S r < min { ~/3 ' 1 -3号｝ （resp. 1 < q4 :S qi :S r < dー /3)
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for i = 2, 3 if a < 2/3 (resp. a ~ 2/3). In view of the semigroup property and the assertion 
1 of Theorem 2.2, to prove the assertion 1 of Theorem 2.3, it is enough to derive 

11(1 + lxl)"'(l + lxl -xi)f3Ve―tAa PDfllr,D 
4 

:S: Ct—½ 11(1 + Ix|）吋1+ lxl -x1戸fJlr,D+CLt―]（土一｝）廿＋'7'11(1+ lxl)"Y'(l + Ix! -x1沖Jllq,,D
i=2 

(3.39) 

3 

for t ::;,. 3 and f E n位(D)nに(D)n炉 (D),where p p , where p = (1 + Ix|）叫1+ lxl -x1)(3r_ Lets。
i=2 

satisfy 

max{~/3r'2二｝ ＜s0 < min{3, r }. 
It follows from (3.20) with s = s0, q = r that 

11(1 + Ix|）吋1+ lxl -x1げ▽e―tAaPDf llr,DR :S: Cl—½11(1 + Ix|）吋1+ lxl -x1げfllr,D

for all t 2 3 and f E号(D).We use 

▽w(t)＝▽品(t)w(O)+ 1訊 (t-T)Jl砂 (T)dT 
゜to derive the estimate on配＼枷(0),see (3.35). Applying (3.5) leads us to 

11(1 + lxlt(l + lxl -xi)flVSa(t)w(O)llr,JR3 
4 

(3.40) 

:S Ct—½ 11(1 + Ix|）吋1+ lxl -x1げfllr,D ＋心 t―~(*—¼l-½+'7'11(1 + lxl)'Y'(l + lxl —叫Jllq,,D
i=2 

3 

for t 2 1 and f E n L災(D)n店(D)n u•(D). Let {Ai}t=l satisfy 
i=2 

1 < 3:1 < min仕｝， 1バ <min｛い｝ （i=2,3,4),/3 ＜ 1―↓, 
ふ

/3 ＜1-t, a<3(1-t), a+/3＜3(1-t), f-~f~ (i = 1,2,3,4). 
Then by Proposition 3.3, (3.20), (3.21) and (3.24), we carry out the same calculation as in 
(3.36), (3.37) to get 

11(1 + lxlt(l + lxl -X1げP砂 (t)||入，艮3:::; C(l + t)―羞11(1+ lxlt(l + lxl -x1)f3 fllr,D, 
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11(1 + lxl)<>(l + lxl -x1)f3 PRsL(t)llr,Rs::; C(l + t)—~ II (1 + lxl)"'(l + lxl -x1)(3fllr,D, 
11(1 + lxl)"'Pi砂 (t)ll:Xs,JR3 ::; C(l + t)―土遵11(1+ lxl)"'f||qs,D, 

11(1 + lxl)'Y'(l + lxl -x1)勺如L(t)11:x,,艮3::; C(l + t)―点II(1 + lxl)'Y'(l + lxl -x1/'fllq,,D 

for t > 0, i = 2, 4. Taking these estimates, (3.4), (3.5) 8Jld s。<min{3,r} into account 
and applying (3.30) to（入，r,s,j,r1)= （ふ，r,7:,, 1, 0),（Ai, r, qi, 1, rJi) Ji = 2, 3, 4), (3.33) to 
（入，T,S,TJ,K,)=（ふ，r,r,0,-3(1/s0-l/r)/2),（ふ，r,q3,/3／2, -a/2),（入i,r,qぃり;,O)(i = 2,4), 
(3.34) to（入，r,s,j) = (r, r, s0, 1) assert 

1t 11(1 + lxl)°'(l + lxl -x1)(3▽品(t-T)}l砂 (T)llr,JR3dT 

゜ 4 

::; Ct―らll(l+lx|）吋1+ lxl -x1)(3f llr,D +CL  t―]（土一¾l-½+,,'11(1 + lxl)'Y'(l + lxl -X1沖fllqょ，D
i=2 

3 

fort~ 2,f En位(D)n店(D)n砂 (D).We thus obtain (3.39), from which th e assertion 
i=2 

1 follows. In order to prove the assertion 2, let r, a satisfy 1 < r：：：：割（1-a) and 0：：：： aく

min{3(1-1/r), 1 }. We take入sothat 1く入 <min{3/2,r }, a<  3(1-1／入）， 1／入— 1/r=J 1/3. 
Then in view of (3.21), the same calculation as in (3.36), (3.37) asserts 

||（1 + |x|）ap即L(t)||的即：：：： C(l+t)―品-~II (1 + lxl)<> f llr,D 

fort> 0, t,, =入，r.From this and (3.40), applying (3.30) to（入，’r,s,j,rJ)=（入，r,r, 1, 0), (3.33) 
to（入，T,S,TJ,K,)=（入，r,r, 0, -a/2), (3.34) to（入，r,s, j) = (r, r, (3q) / (3 + aq), 1) leads us to 

11(1 + lxl)<>e-tA恥fllr，即＼知（0) ：：：： Ct―½11(1 + lxl)<> fllr,D 

fort> 0, f E L(l+lxl)""(D). The estimate of▽e-tA near the boundary is also derived by the 

Sobolev embedding and (3.21), which yields 

11(1 + lxl)<>e—tApDfllr,D :::: Ct—½ II (1 + lxl)<> fllr,D 

fort > 0, f E L(l+lxl)"r (D). This with the assertion 2 of Theorem 2.2 completes the proof. ロ
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