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1 Introduction
We consider a viscous incompressible flow past a rigid body & C R®. We suppose that
O is translating with a velocity —(t)ae;, where a > 0, e; = (1,0,---,0)T. Then by taking

frame attached to the body, the fluid motion which occupies the outside of & obeys

Ou+u-Vu = Au— ady,u— Vp, reD, >0,

V-u=020, ze D, 1>0,
ulop = —aey, t>0, (L.1)
u—0 as |z| — oo,
u(z,0) = uy, reD

where D = R3\ & is the exterior domain with C? smooth boundary 9D and the ori-
gin of coordinate is assumed to be contained in the interior of ¢. The functions u =
(ur(z,t), up(, 1), us(w,t))" and p = p(x,t) denote unknown velocity and pressure of the
fluid, respectively, while ug is a given initial velocity. The large time behavior of solutions to
(1.1) is related to the stationary problem

us - Vug = Aug — a0y us — Vps, reD,

V- uy, =0, reD,

=0 (1.2)
Uslop = —ae,

uy — 0 as |z| — oo.

The pioneer work due to Leray [27] provided the existence theorem for weak solution to
(1.2), what is called D-solution, having finite Dirichlet integral without smallness of data,



however, his solution had little information about the anisotropic decay structure caused by
the translation. Later on, Finn [10,12-14] succeeded in constructing a stationary solution,
termed by him physically reasonable solution, exhibiting a paraboloidal wake region behind
the body, that is,

ug(z) = O((L+ |21 + [z —21) ™) (1.3)

if a is small enough. The L? stability of us, that is the problem (1.1) with uy = us + b
(b € L*(D) : perturbation), was first proved by Heywood [17,18]. On the other hand, by the
decay structure (1.3), we have us € L9(D) for ¢ > 2, but us ¢ L?(D) in general due to Finn
[11], see also Galdi [16], thus it is reasonable to seek a solution to (1.1) in the L? framework.
The L7 stability was proved by Shibata [30] (see also Enomoto and Shibata [7]), in which the
key is the LI-L" estimate of the Oseen semigroup developed by Kobayashi and Shibata [25]
(see also Enomoto and Shibata [6,7]).

As in the stationary problem (1.2), we expect that nonstationary solutions to (1.1) exhibit
the paraboloidal wake region, but the literature for concerning this issue is Knightly [22],
Mizumachi [29] and Deuring [4,5] only. Deuring [4] used a representation formula for the
solution to the Oseen system to deduce

Vi, 1) = O((1+ [2) ™31+ fa] = 21) 7'7%)

for i = 0,1 uniformly in ¢ under some assumptions on the initial perturbation from the sta-
tionary solution and on the solution u. In [5], by employing another integral representation,
he also established the estimate

i

Vvi(u(x, t) — us) =0((1+ \x|)*§*%(1 + |z| - xl)%ﬁ)

for ¢t > 0 without the boundary condition except the zero-flux condition.

As mentioned above, the wake structure uniform with respect to time has been investi-
gated by [4,5,22,29], while the purpose of the present paper is to derive temporal decay rate
with the wake structure captured. To accomplish our purpose, we develop the theory of the
Oseen semigroup in L4 spaces with the weight (14 |2])*(1 + |z| — x1)?, in particular, derive
the anisotropically weighted L9-L" estimates of the Oseen semigroup. We then apply those
estimates to construct a nonstationary solution to

O = Av—ady,v—v-Vvo—v-Vus—us-Vo—Vo, €D, t>0,

V-v=0, z€D, t>0,

vlop =0, >0, (1.4)
v—=0 asl|z| — oo,

v(z,0) =b:=uy—us, ze€D
in the anisotropically weighted L¢ framework, where (v, ¢) is defined by

uz,t) =v(z,t) +us, pz.t) = ¢(x,t) + ps.
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Here, we note that the condition
-1<p<qg—1, -3<a+p<3(q-1) (1.5)

is the necessary and sufficient condition on a, 8 so that (1 + |z])*(1 + |z| — 21)? belongs
to the Muckenhoupt class 7 (R?), which ensures the weighted L¢ boundedness of singular
integral operators, see, for instance, Garcia-Cuerva and Rubio de Francia [15, Chapter TV],
Torchinsky [32, Chapter IX] and Stein [31, Chapter V]. The proof is accomplished by checking
the definition of 7% (R?*). This fact with ¢ = 2 was already known from Farwig [8] and the
sufficiency of (1.5) was proved by Kra¢mar, Novotny and Pokorny [26]. We then employ such
weights to apply the weighted L7 theory for the Stokes resolvent problem and the Helmholtz
decomposition in weighted L7 spaces developed by Farwig and Sohr [9].

To establish the anisotropically weighted LI-L" estimates of the Oseen semigroup e~
in the exterior domain D), it is important to derive the estimates in R3. Given ¢ < r <
o0 (¢ # o0) and a,f > 0 satisfying 8 < 1 — 1/gq,a + 8 < 3(1 — 1/q) (which ensures
(1+ |z))29(1 + |z| — 21)°7 € ,(R?)), it follows that

tAq

11+ J2D)* (1 + [a] = 21)° V7 Sa(t).f]

< O EGTPTERER AR (1 1) (1 + Ja] — 22)° ooy (1.6)

L7 (R?)

for t > 1,5 = 0,1, where S,(¢) (a > 0) is the Oseen semigroup in R3 and £ > 0 is a given
positive constant. But, it seems difficult to apply (1.6) to construct a solution in the nonlinear
problems. Therefore, in Proposition 3.1 we derive the other estimate

(1 + |21+ |z| = 21)° VI Sa(t) fll 1 re)

_3(1 1y j _3(L 1y _d, .
<Ot 2@ (L4 ) (A + 2] = 20)? fllom gy + O 2% D71 + 2] — 21)7 f | pe oy
_3(L_1y_ i, 8 CB3(L_1y_jy 8
+ O G (Lt [a)* | gy + O T D E

2| f1l o ms) (1.7)

fort >1,j=0,1land 1 < ¢ <r < oo (¢ # o0). The estimate (1.6) is not employed in the
nonlinear problems, but it is seen that the rate in (1.6) is better than the one in (1.7) with ¢; =
q (i = 1,2,3,4), that is t~3(1/a=1/7)/2=3/2+a+5/2 \ith (1.7) at hand, in Theorem 2.2, we derive
the estimate of e~*4« in D. The proof consists of two steps: one is the decay estimate near
the boundary of D; the other is the decay estimate near infinity. This procedure is employed
by Iwashita [21], Kobayashi and Kubo [24] for the Stokes semigroup and by Kobayashi and
Shibata [25], Enomoto and Shibata [6, 7] and Hishida [20] for the Oseen semigroup. In those
papers, they derived the decay rate t=%/2¢ for given f € LI(D) in the first step by carrying
out a cut-off procedure based on the L7-L" estimates of S,(t) and on the decay estimate near
the boundary of D for initial velocity with compact support, called the local energy decay
estimate, see Proposition 3.2. However, since the temporal decay rate should be affected by
the spatial decay structure of f, we expect that the decay rate is better than ¢3/(29 if f
decays faster than L4(D), for instance, (1 + |z|)*(1 + |z| — z1)?f € LY(D) (o > 0,3 > 0). In
fact, we adapt the same procedure as in those papers, but deduce better decay rate ¢t=3/0)—1



if (1+z))*(1+ x| —21)?f € LYD) (a > 0,3 > 0), where 7 is a positive constant dependent
on a, 3, see Proposition 3.4. The homogeneous estimates of the Stokes semigroup e*4 in
isotropically weighted L9 spaces are also deduced by our argument, see the assertion 2 of
Theorem 2.2 and the assertion 2 of Theorem 2.3.

The application of Theorem 2.2 and Theorem 2.3 to the problem (1.4) is given by Theorem

2.4, in which the spatial-temporal estimates

1+ 2)?(L + || — 20)%0(t)|l,p = ot 3F3+¥3), (1.8)
1+ |2 (1 + |2] — 20)°Vo(t)|ls.p = o(t~37F5) (1.9)

ast — oo for all 7 € [3, 00] are deduced if the velocity a and the L? norm of initial perturbation
b, which is of class (1 + |z])*(1 + |2| — 21)%b € L3(D), are small enough. The proof of this
theorem is accomplished by adapting the argument due to Enomoto and Shibata [7] to
analyze four norms appeared in the RHS of (1.7). We note that the smallness of [|(1 +
|z[)*(1 + |2| — 21)Pb||13(p) is not assumed in this theorem. The rate in (1.8) with 8 = 0 is
—1/2+3/(2r) = —=3(1/3 — 1/r)/2, which is same as the one of the usual L3-L" estimate of
the Oseen semigroup, and the loss a. This loss is less than the one in Bae and Roh [1].

The next section is devoted to stating the main theorems. In Section 3, we give the
outline of the proof of Theorem 2.2 and Theorem 2.3.

2 Main theorems

In this section, we provide our main theorems. Given 1 < ¢ < co and «, 3 satisfying

1 1 3 1
——<f<1l—=-, <a+ﬂ<3(1>7 (2.1)
q q q q

we set
p(x) = (1+[z)(1 + || —a1)7. (22)

By checking the definition of the Muckenhoupt class, we find that the weight p belongs to
y(D) as well as o (R?). Therefore, due to Farwig and Sohr [9], we have the Helmholtz
decomposition and the bounded projection operator Pp : Li(D) — L (D), then define
the Oseen operator A, : L4 (D) — L% (D) (a € R) by Z(A,) = W24(D) N Wy (D) N
L (D), Aqu = —Pp[Au—ad,, u]. We simply write the Stokes operator A = Ay. We already
know from [9] that —A generates an analytic Cp-semigroup (Stokes semigroup) in weighted
L7 space whenever the weight belongs to (D) and the Stokes semigroup is bounded in
L'(IlJrlxl)aq(l))7 see [9, Theorem 1.5]. Its L9-L" smoothing action near the initial time was
derived by Kobayashi and Kubo [24, Theorem 1], see also [23]. We state in the follow-
ing theorem that —A, generates an analytic C-semigroup in Lg’U(D) possessing the L9-1"
smoothing action near the initial time.

Theorem 2.1. Given ag > 0 arbitrarily, we assume |a| < ag.

105



106

1. Let1l < g < oo and let o, B satisfy (2.1). Then —A, generates an analytic Cy-semigroup
{ema}isg in L2 (D), where p is given by (2.2). If in particular a = 0, then the Stokes
semigroup {e”"}i>q is a bounded analytic Cy-semigroup in L1 (D).

2. Let1 < q<r<oo(q+#o0)andletc,f satisfy (2.1). For every multi-index k (|k| < 1),
there exists a constant C' = C(D, ay,q,r, o, 3, k), independent of a, such that

- _a(L_1y_lxl N
I+ J2D)* (L + 2] = 21) ke Po fllp < CE2G 72| (L+ [2)* (1 + || = 21)° fllo0
forallt <3, f € Li(D).

In the following theorem, the assertion 1 asserts the large time behavior of the Oseen
semigroup. We note that the exponents ¢; (i = 1,2,3,4) in the next theorem may not
coincide with each other. The assertion 2 yields the homogeneous estimates for the Stokes
semigroup in isotropic L4 space.

Theorem 2.2. 1. Given ag > 0 arbitrarily, we assume a € [0,a0]. Let 1 < q; < oo (i =
1,2,3,4), 1 <r < oo and o, 3 > 0 satisfy

l<u<g<a<r<o (i=23), (2.3)
. 1 . 11 . 1
a<min<3(l——],1p, B<mingl—— -3, a+F<mn<3(1——), 17.

a3 2 3 0
(2.4)
We set
pr(a) = L+ [a))* " (1 + |z = 20)°", pa(e) = (L + |2] = 20)"®2, pyla) = (1 + |2])*®.
(2.5)

Then there exists a constant C(D, ag, g1, 2, 3, s, T, @, 3), independent of a, such that

I+ 12D(1 + 2] = 21)%e™ Pp flrp

_31_1 . v
<O g (L + Ja] — 20)% S

@D (2.6)

3
forallt >3, [ € m LE(D) N LI(D), where i, 05,1 are defined by

i=1
(717727'.}/3774) = (OL,O,&,O), (51752753764) = (5767070)7
(771’77217737774) - (0,0é, §7a + g) . (27)

2. Leta=0. Let 1 <q<r<oo(qg# o) and a > 0 satisfy 0 < o < min{3(1 — 1/q), 1}.
Then there exists a constant C(D,q,r, ) such that

forallt >0 and f € L{ (D).

L+[el)2



In order to study the nonlinear problem, we next deduce the estimate of the first derivative
of e7*«. For the Stokes semigroup e~ in the L? framework, it was proved by Maremonti
and Solonnikov [28] and Hishida [19] that the restriction 1 < ¢ < r < 3 is optimal in the

sense that we cannot have
1 1

_8(l_1y_1
Ve " Ppfl,p < Ct 27073 1/ lle,p

for 1 < g < r < qp with go > 3. However, the next theorem yields that the range of exponent
is enlarged in weighted L7 space than the one in L7 space. In particular, for the Stokes
semigroup in L((11+‘x‘)aq(D), it is proved that the condition (2.9) below is optimal.

Theorem 2.3. 1. Given ay > 0 arbitrarily, we assume a € [0,a0]. Let 1 < r < oo,
1 <@g <oo(i=1,234),a,p > 0 satisfy (2.4). If a < 2/3 (resp. o > 2/3), we
suppose

. 3 3 .
1<Q4§Q¢§91§T<mln{1_a_/371_37a} (i=2,3)

3
(YGSP-1<Q4SQ¢§Q1ST<m (122;3))-

Then there exists a constant C(D,ag, q1, G2, 43, s, T, @, B), independent of a, such that
1L+ [2)* (1 + |2] = 21) Ve 4 Pp f|,.p

4
< C?j{jt’%(i‘%)*%+m

i=1

(L4 [al) (1 + fo] — )"

@D (2.8)

3
forallt >3 and [ € ﬂLZi(U) N LA(D).
i=1
2. Leta=0. Let 1 <qg<r <oo (q# ) and a >0 satisfy 0 < a < min{3(1 —1/q¢), 1}.
We also suppose

3
l<g<r< . 2.9
¢<T <y (2.9)
Then there exists a constant C(D,q,r,«) such that
11+ [2)* Ve AP fllep < CE26D72)[(1 4 [2])° flp (2.10)
forallt >0 and [ € L?H‘J.DM(D)-

Let us proceed to the nonlinear problems. To study the stability of a stationary solution
ug, we consider the integral equation

t
’l)(t) — eftA{,b o / e—(tfﬂAuPD |:U -Vvo+uv- Vus + Uy - Vouldr. (211)
0

For the problem (2.11), we have the following. The proof of this theorem is accomplished
by adapting the argument due to Enomoto and Shibata [7].
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Theorem 2.4. Let o, 5 satisfya > 0, 0 < 8 < 1/3, a+ < 1. Then there exist constants k =

k(a, B) >0 and e = £(a, ,a) > 0 such that if 0 < a'/* < k and if b € LYy apyso (14 ey (D)

Julfills ||blls,p < &, then the problem (2.11) admits a solution v which enjoys
. 5,
10+ ) (U fol = )o@ g = ot 337745,
1,09
H(l + “L|)%(1 + |Jj| - l’l)(smv’l}(l)”g’l) = O(L7§+71+ 2 )

as t — oo for all g € [3,00] and i = 1,2,3,4, where v;,0; are given by (2.7).

3 Outline of proof of Theorem 2.2 and Theorem 2.3

This section is devoted to the anisotropically weighted L%-L" decay estimates of the Os-
een semigroup in the exterior domain. We fitst prepare the anisotropically weighted L9-1"
estimates of solutions to the Oseen equation in R?:

Ou—Au+ady,u+Vp=0, V-u=0 x€R (>0, u(z,0) =g, xR (3.1)

Given g € L(R?), we denote a solution to the heat equation by ¢*?g, which is given by the
formula:

Wl

o) = (1) [ s

If in particular, g € LZ(IR?), then we see that Vp = 0 and that
u(z,t) = (Sa(t)g)(w) = (e"*g)(w — atey) (3:2)
solves the problem (3.1).

Proposition 3.1. 1. Given ay > 0 arbitrarily, we assume a € [0,a9]. Let q,r satisfy
1<qg<r<oo(q# ) and let a, 8 > 0 satisfy

Be1-l a+ﬁ<3(171>. (3.3)
q q

For multi-index k satisfying |k| < 1, there exists a constant C' = C(ag,q,r, «, B, k),
independent of a, such that

. _3(1_1y_k p
(L4 J21)* (1 + 2] — 20)P08Sa () P flls < C12G D72 [[(1 - ) (1 + Jao] = 0)° fll o
(3.4)

forallt <1, fe I,;{(R3).
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2. Given ag > 0 arbitrarily, we assume a € (0,a0]. Let q; (i = 1,2,3,4),r satisfy 1 < ¢; <
r<oo (¢ # o0,i=1,2,3,4) and let o, B > 0 satisfy

1 1 1 1
O§a<3<1——>., 0§ﬂ<min{1——,1——}7 a+6<3(1——).
a3 q1 q2 q1

For multi-index k satisfying |k| < 1, there exists a constant C' = C(ao, g1, G2, 3, s, T, @, 3, k),
independent of a, such that

I+ 12D (1 + [a] = 21)°05 Sa(t) Prs f e

1

4
_3¢1 _1y_ |kl )
<O EETITEI (1 [ (1 o] — 20)% gm0 (3.5)
=1

3
forall t > 1, f € () LE(R®) N L (R?).

i=1

3. Leta=0. Let 1 <qg<r<oo(g#00)and0<a<3(1—1/q). For multi-index k
satisfying |k| < 1, there exists a constant C' = C(q,r,a, k), such that

k|

(1 + |21) 0% So(t) Pas f s < CE2GTD 72 (1 + ) f s (3.6)

forallt >0 and [ € L?1+‘x|>aq(R3)»

Proof. From
(L4 [2)* (1 + |2 = 20)” < LA+ ) A+ [yl = y0)® + (1 + |2 = y)* (1 + [y — 91)”
+ (L )L+ |z =yl = (21— 9))
+ (L |z =y (L + |z =yl — (21 —91))7},
we have
(1 |2 (1 + [z = 21)°|05 Sa(1) Ps [ ()]
< C{Gl,k * (L4 [yD)* (4 lyl = 90)°| Bes 1) (2) + Gage x (1 + [yl = 91)° | Pes f]) (@)

+ Gager (14 [y)°1Prs /1) (@) + G x| Pes (@) }, (3.7)

where
o= (1) (o) o (5]
Gl 1) = 4_7#)(2%/%),@ hk(x;\j;el)‘(l—f—M)“, (3.9)
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G, 1) = (ﬁ) (ﬁ)k e (%&‘?) ‘ (14 [2] = 2)". (3.10)
Ganlw, 1) = (ﬁ) (ﬁ)k h (9“" ;j?) ‘ (4 [+ 2] = 20)%,  (3.11)
hi(z) = 8Fe 1 (3.12)

By changing variables z = (x — ate;)/(2V/), we get
Lk

|Gr(6) ]l < Ct27 2 ¥5 (3.13)

for t > 0 and s € [1,00). Moreover, it holds that
|Gar(t)2ge < Ot 34548 ((1 +at) / |8§e‘|z|g|sdz+t%5/3 keI | |20 dz>
Re R¢
< OS5 (1 + at)* + 137,
and that
[Ga(0)lzg0 < O350t ([ okt ast (Vi [ okl a: )
R¢ R:

< O3 (1 4 15,

thereby,
[Gok(t)llsme < CE7245 [|Gan(®)|lops < Ct 32 45 (3.14)
forallt <1,s e [l,00),
Gk (E)llyrs < CE375F54 ([ Gyp(t)]logs < CE37 2458 (3.15)

for all t > 1,s € [1,00), where constant C' is independent of a. From
G0z < CriEost { e atye [ ket
.
+(1+ at)“(\/i)ﬂs/g 071" |27 dz + (\/E)<a+ﬂ>8/3 A T G dz}
R R
< OB (14 at) (1 +£7%) + 13573°),
we find

x|

|Ga(t)||lsms < CL37 7 +3s (3.16)



forall t <1,s e [l,00),

[k|

Gur(D)|lops < Cadt—3— 5 +35+a+3 3.17
s s 0

forall t > 1,s € [1,00), where constant C'is independent of a. Given ¢q,q; <r (i =1,2,3,4),
we set 1/sp :=1—1/¢+1/r € (0,1], 1/s; :=1—1/¢; +1/r € (0,1] (i = 1,2,3,4). Then
collecting (3.7)—(3.17) and using the weighted L? boundedness of Pgs imply that

1L+ [2)* (1 + J2] = 21)°0554(8) Pes f (2) |20
< C(1G1 Moz (1 + 1)+ Iyl = 10" Pes Fll gz + 1| Goallao s 1+ ] = g2)? Pas
1G4 L) P s + 1 Gilaozs | P Sl
< OGR4+ ) (1 + [yl — 1) f g
for t <1, f € LY(R?) and that
1L+ L)1+ ] — 1) 05 (1) Pas () ]
< C(IG 1kl (1 D (1 + lgl = 30)° Pos g 2 + NGl m3l] (0 + ] = 90)° Pes Fll

+ |Gkl a2 | (1 + |y])® Prs f1l g5, 8 + ||G4,k|\s4,R3||PJR3qu4,R3)
4

_3(L_1y_ Ik . ;
<O EHETITEI A (U fo] = )" g
i=1
3
forallt > 1, f e m L% (R?) N L%(R?). The proofs of the assertion 1 and the assertion 2 are
i=1

complete. We next prove the assertion 3 by using

(1 + [2]) 105 So(t) Pes [ ()] < C{Grax (1 + ) Paaf1) (2) + G # | Pra f1() }

If Ppsf € L((Z1+\m\)w (R3), then Lorentz-Hélder inequality yields Pgs f € LB9/(3+20)a(R3) with
1P 1 sty < IO+ Dm0+ W) Prs s, (3.8

Moreover, we define s5 by 1/s5 = —1/q+ 1/r — a/3 + 1, which satisfies 1 < s5 < oo and
1 < (3s5)/(3 + ass) < oo due to a < 3(1 —1/q) and ¢ < r. Then we get Gax(t) €
LS5,(355)/(3+a55)(R3) with

1G2x O ., g3 < ClG2i(0)] e (ST ey (3.19)

°5>3Fas; (R3)

where 1 < k1 < s5 < Ky < 00,0 < 0 < 1 satisfy 1/s5 = (1 —0)/k1 + 0/ky. From (3.18),
(3.19), the weighted L? boundedness of Pgs together with Young’s inequality for convolution
in Lorentz spaces, we have

—8(1_1y_ Ikl “
G [ Pes 1) lrms < C20 72| (1 [])* flg s

forallt >0 and f € Lg1+|z|)aq (R?), which completes the proof. O
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We next consider the decay estimates of e *4a f near the boundary of D. Given f € L(D),
Kobayashi and Shibata [25] derived the decay estimate with the rate ¢=%/(29 however, given
J € Li(D), we use the better spatial decay structure of [ at infinity to get the better decay
rate ¢~3/(9=¢ where p is given by (2.2). Let us start with the so-called local energy decay
estimates derived by [25].

Proposition 3.2 ([25, Theorem 1.1]). Let R > 0 such that R* \ D C Bgp_1(0). We set
Dpr:= DN Bg(0). Let 1 < q < oo, ag > 0 and assume |a| < ag. Then there exists a constant
C >0, independent of a, such that

18~ fllg.pn + lle™ = fllwza(pg) < O 2| fllg,n
forallt > 1 and f € {f € LLD) | f(x) =0 for |z| > R}.

Combining Proposition 3.2 and the L9-L" estimates of S,(t) implies the following estimates
of e7*4a f near the boundary when f € Li(D).

Proposition 3.3 ([25, (6.18)]). Let R > 0 such that R®\ D C Bg_1(0) and set Dg =
DN Bgr(0). Let 1 < q < o0, ag > 0 and assume |a| < ag. Then there exists a constant C' > 0,
independent of a, such that

o - . _ . -3
104 [llg,pye + lle™ 4 fllweaqpgy < CL2

f”q,D
Jorallt >1 and [ € LI(D).

Hélder inequality tells us that f € L"(D) with some r < ¢ if f € LI(D). By making use
of this, we next derive the better decay rate t~%/24=¢ than the one in Proposition 3.3.

Proposition 3.4. Let 1 < ¢ < oo. We take R > 0 such that R*\ D C Bp_1(0) and set
Dr = DN Br(0). Fizag >0 and assume a € [0, ag).

1. Leta, B> 0 satisfy o+ < 3(1—1/q) and let s € (max{3q/(3+aq+Lq),2q/(2+aq)}, q].
Then there exists a constant C'(D,ag, q, s, o, B) such that

_ _ 3 o
0™ Po [llg.0p + €™ Pp fllw2a(pgy < Ct72 (1 + |2)* (1 + |2| = 20) fllq.0

(3.20)
forallt >3 and f € LY(D), where p is given by (2.2).
2. Let 0 < o< 3(1 —1/q). Then there exists a constant C'(D,ag,q, ) such that
_3 _«a ’
18" Pp fllq,pp + lle™ 4 Pofllwza(pgy < O3 2[|(1+ [])* fllq, (3.21)

forallt =3 and f € L{, |, yae(D).



Proof. Under the assumption in the assertion 1, Holder inequality yields
I/ lls.p < M@+ J2)) 7@+ 2] = 20) e pll(1+ [2])* (1 + 2] = 21)° fllg,p (3.22)
for f € LI(D). Let ¢ be a function on R? satisfying
(e C®(R?), ((x)=0 [¢g|]<R-1, ¢(@)=1 [|z[>R (3.23)
and denote the Bogovskil operator on Ap_1r = {x € R®; R — 1 < |z| < R} by Bap_, p, see
Bogovskil [2], Borchers and Sohr [3] and Galdi [16]. Note that given bounded domain G with

Lipschitz boudary, 1 < ¢ < oo and integer k > 0, B is a bounded operator from W& (G) to
WEL(G)?, thus

IBefllwria) < Cll fllwr) (3.24)

with some constant C' = C(G, ¢, k). Set g := (e ™ Ppf —Ba, , ,[(V()-e *Ppf]. We then
find V- g =0 in R® and

_1 1_3
[1Sa(t)gllwsapg < Ct72(1+1)27 2|

(1 +|2)* (@ + J2] = 21)" fllgp (3.25)

for all £ > 0 due to (3.22), (3.24) and analyticity of e~4«. We take a function ¢ such that
¢e COO(R?’Z, ¢(x) =0for |z| < R, {(x) =1for |x] > R+ 1 and set v(t) := u(t) — (Sa(t)g +
By i (V) - Sa(t)g],u(t) := e~ D4 P f then the pair (v(t),p), where p(t) is the pressure
associated with u(t), obeys
ov—Av+ad,v+Vp=K, V.-v=0, €D t>0 vlop =0, >0,
v(2,0) = (1= Qe A Ppf +BAR,R+1[(VZ) e~ pPpf], xeD,

where K (t) fulfills supp K(t) C Dg4y and

1K (O)llwzagpy < CC 21+ 072 (1 + [a])*(1+ ] = 1) fllo.p (3.26)

for all t > 0. By Duhamel’s principle, v satisfies the integral equation
¢
o(l) = eHen(0) + / e=0=Ae j¢ (7Y dr. (3.27)
0

Since supp v(0) C Dgy1, applying Proposition 3.2 and (3.24) leads to

100 (0) lq.Dgss + lle™ 0 (0)lw2a(Dpsr) < CLENA A+ [2)*(L+ [2] = 21) S llgp (3.28)

for all ¢ > 1. On the other hand, it follows from K(7) € Z(A,) and Proposition 3.2 that

N (=) Ay —(t—7) Ay _3
e K () s + e K (2)llwaaogsn) < L+ L= 1) 3K () lwzaco)
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for all 0 < 7 < ¢, which combined with (3.26) yields

t t
/ Hﬁt@igiT)AaK(T)‘|q,DR+1 dr + / He*(tﬂ)AGK(T)”qu(DRH) dr
0 0

<Ct =

(1 + |2 + J2] = 21)"fllg0 (3.29)

for t > 2. Due to
t
() = dhe u(0) + / D DA () dr + K (1)
0

and v|p, = u(l), collecting (3.26)-(3.29) completes the proof of the assertion 1.
We next prove the assertion 2. We know [ € LB0/G+eaa( D) with 1/ zea/Gen.apy <
CllX+ |2)*fllg,p for f € L{|, 4)ee(D). Moreover, from

1058 (t) Pashlloozs < CL 30572 ||

3q
L3Faq 9 (R3)
for all ¢ > 0, |[k| < 3 and h € L3/G+20:9(R3) we find that (3.25) is replaced by

, o1 1.3 _a o
15a(O)gllwsa(pgy < CL2(1+ )22 2|1+ [2])*flq.p-

By applying this estimate, we can obtain (3.26) and (3.29) with 8 = 0,s = (3¢)/(3 + aq).
We thus conclude the assertion 2. The proof is complete. O

To prove Theorem 2.2 and Theorem 2.3, it is convenient to prepare the following lemma.

Lemma 3.5. 1. Let \,s >0, j > 0,7 € R and r € (0,00] satisfy A < 3/2 and X\ < s.
Then there exists a constant C' independent of t such that

=

—H)mgn (3.30)

/E(t — 1) 3G (] 4 1) 7a dr < O30
0

fort > 1.
2. Let s > 0,0 < X<3/2,neRandr € (0,00. Then there exists a constant C
independent of L such that

-1 .
/ (t — T)*%G*;)M(l + T)*z% dr < Ct=3G—9+n (3.31)
t

fort > 2.
3. Let \,r,s >0, n,k € R satisfy

1 1-2n 14+2k—2n

1 242k
Ao 3 3

3

1
< -, < .32
< < (3.32)

> =



Then there exists a constant C' independent of t such that

t—1 i . i
/ (t—7) 2G=D73(1 4 1) "5t dr < Ot 3G9 730 (3.33)
i

2

fort > 2.

4. Let \;s >0, 7 >0 and r € (0,00] satisfy 1/\ — 1/r < (2 —5)/3. Then there exists a
constant C' independent of t such that

t .
/ (=) 3G D34y dr < Q1B (3.34)
t—1

fort>1.

Proof. We have

3 3
i - — > 1
. ’ ! 2s '
/2(15 — )G ) m dr < Ot 2GR i L og T 23 — 1,
0 s
3
1 if ——<-—1
! 2s
for ¢ > 1, which combined with A < 3/2, A < s yields (3.30). It holds that
3011 3/1 1
U IS AR T Q) (R >—1
-
-1 3(1_1 3 3 3/1 1
/ (t—7) 26 DML+ 7) 2 dr < Ot x { logt if —5ly—7)tn=-1
3 T
3/1 1
1 if — (= —= <-1
' 2\ 7 o

for L > 2. By A < 3/2, we find min{3/(2s)+3(1/A\—1/r)/2—n—1,3/(2s)} > 3(1/s—1/r)/2—n
except for the case r = oo, = 0, thus conclude (3.31) except for the case r = oo,n = 0.
If r = co,n =0, then A\ < 3/2 yields —3(1/\ — 1/7)/2 + n < —1, which combined with
-3(1/s—1/r)/2+n = —3/(2s) implies (3.31). Since —=3(1/A—1/r)/2—1/2+n # —1 follows
from (3.32), we can derive (3.33) in the same way. We use 1/X — 1/r < (2 — j)/3 to deduce

t ) t .
[ a-nribtaandar<ort [ ottt cord
t—1 t—1

for ¢ > 1, which asserts (3.34). The proof is complete. O

We are now in a position to prove Theorem 2.2.
Proof of Theorem 2.2.  We derive the estimate on R*\ Bz(0). Let ¢ be a function on
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3

R? satisfying (3.23). Given [ € m L%(D) N L*(D), we define u(t) := e~ DA Py f aw(t) :=
i=1

Cu(t) =Ba,_, [V - u(t)], m(t) := Cp(t), where p(t) is the pressure associated with u(t) that

satisfies [, ~p(l)dx =0 for all L > 0. Then w obeys

w(t) = Sa(t)w(0) + / St — 7 Pas L) . (3.35)
where

ZL’(O) = CeiAa'PDf - BAH—I,R[VC : ean PDf]7
L(z,1) = =2(V( - V)u— (AQu + a(0y, Qu — (9 = A+ a0z, )Bay_, x[VC - u(®)] + (VO)p.

It follows that

(L4 |2 (1 [a] = 21)* f

|qu
i=1
3
fort>0and f € ﬂ L% (D) N L*(D), where 7;, d;, m; are given by (2.7). We use Proposition
i=1
3.3 and the Poincaré inequality to find that (V{)p(t) € L*(R3) for all ¢t > 0, k = ¢; (i =
1,2,3,4) and that

I(VOp)llze < CO+H] fllsp (3.36)

forall t > 0and Kk = ¢ (1 =1,2,3,4). Given 1 < ¢; < o0 (i = 1,2,3,4), 1 <r < oo and
a, B subject to (2.3)—(2.4), we take \; (i = 1,2,3,4) so that 1 < \; <min{3/2,¢;}, 8 <1 -
1A, B<1=1/X, o <3(1=1/X3), a+B < 3(1—1/\;) for i =1,2,3,4. Then due to (3.36),
Proposition 3.3, supp L(t) C Ag_1 g and (3.24), we get L(l) € L(AliHIIWW(1+Iz|fz1)5i*i (R?) with

_3 ,
I+ 2 (1 + 2] = 20)® Pra L()lare < CA1) 20 [ (14 [2])(1+ [a] = 20)* f

¢i.D

(3.37)

for t > 0 and ¢ = 1,2, 3,4. Similarly, we have

3
11+ 2D (1 + 2] = 21)° Pas L) [lgy s < C(L+) 20 (1 + [2))* (1 + |2 = 21)° g0, 0-
(3.38)

From (3.4), (3.5), (3.37) and (3.38), we apply (3.30) to (A\,7,s,7,1m) = (N\iy7,q;,0,m;) (i =

17 27 37 4)7 (331) to (Aa Ty 8,1, H) = (/\27 T dis s 0) (L 1? 21 37 4)7 (334) to (/\~ TS, J) = (QIa T, q1, 0)7
then obtain

t
/ 11+ ) (1 + Jo] = 21)"Sa(t = 7) Pea L(7) [l ps dT
0
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C3(L 1y,
< ORIl (1 Jol = )

4i,D

3

for ¢t > 2, [ € (L{(D) N L*(D) provided that 1/ — 1/r < 2/3. Due to wlgpy0) =
i=1

e~ DA P £ we deduce

I+ |2D)* (A + |2| = 21)%e™ 4 Pp fll;.z0\5a(0)

i=1

3
fort >3, f e ﬂLZ;(D)ﬁL’“(D) if1/q1—1/r <2/3. On the other hand, if 1/¢; —1/r < 1/3,
i=1
then we also have

31 1
11+ J2)* (1 + J2] = 22)%e ™ Pp flln,p,, < CC 2071+ J2))*(1 + o] = 21)° fllgn.

by the Sobolev embedding and Proposition 3.3, thus (2.6) holds if 1/¢; — 1/r < 1/3. The
restriction 1/g; — 1/r < 1/3 is eliminated by the semigroup property and by (2.6). The proof
of the assertion 1 of Theorem 2.2 is complete.

Under the assumption in the assertion 2, we take A so that 1 < A < min{3/2,¢}, a <
3(1 = 1/A), then the same calculation as above yields

_3 o
L+ |2))* Prs L(0) [l wps < C(L+ )2 [[(1+ |2)* fllg,0

for t > 0,x = A, ¢q. Taking this and (3.6) into account and applying (3.30) to (A, 7,s,7,7) =
()‘7 4, 01 0)/ (331) to ()\’ T, 5,1, ﬁ/) = ()‘7 74, 07 0)7 (334) to ()‘a Ty Saj) = (Q’ T q, 0) lead us to

311
11+ [z P fllrzo\Bao) < Ct N+ [2)fllg0

fort >0, f € Lngw‘)aq(D). The estimate of e ** near the boundary is also derived by the

Sobolev embedding and Proposition 3.3. The proof is complete. O
Let us close the paper with completion of the proof of Theorem 2.3.

Proof of Theorem 2.3. Leta,8>0and 1 < q < ¢ <r (i =2,3) satisfy

1
a<min{3(1——>71}7 B<min{1—l7l}7 a+ﬁ<min{3<l—l>71}
qs 7 3 r

and we also suppose

3 3 3
l<@<¢<r<mn{—" —°_ pl<qu<g<r<——
s S ¢ ST mln{l_a_ﬁ 1_37(1} <rebp qs = ¢, T 1—04—5)
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for i = 2,3 if a < 2/3 (resp. @ > 2/3). In view of the semigroup property and the assertion
1 of Theorem 2.2, to prove the assertion 1 of Theorem 2.3, it is enough to derive

1+ 21+ o] = 20)° Ve P fllnp

(L4 2] (1 + 2] = 1) f|

4
_ 3¢l _1y_ 1 .
< O+ ) (1 + [2] = @) fllyp + €S ¢ EHaDE

qi,D
i=2
(3.39)
3
for t >3 and [ € ﬂLZ@(D) N LE(D) N L7(D), where p = (14 |])*" (1 + [z — 21)"". Let sg
i=2
satisfy
3r 2r
¢ < < min{3 .
mdx{3+ar+[5r7 2+ar} so < min{3, r}
It follows from (3.20) with s = sp, ¢ = r that
11+ J2)* (1 + J2] = 22)°Ve ™ Pp flp, < COZ 0+ [2])*(1+ 2] = 1) [l]p
for all ¢t > 3 and [ € L(D). We use
t
Vu(t) = VSa(t)w(0) + / VSt — 1) P L(7) dr (3.40)
0
to derive the estimate on R*\ Bg(0), see (3.35). Applying (3.5) leads us to
11+ 12D (L + 2] = 21)°VSa(t)w(0)]|zs
4
1 ‘ 311y 1
< O3 (14 o) (Ut Jal = 20)°llrp +C Y277 (L ) (1 fa] = 2)" .o
i=2
3 ~
for t > 1 and f € [ L%(D) N L(D) N L%(D). Let {\}L, satisfy
=2
~ . (3 ~ . (3 _ 1
1< A <min<—,rp, 1<)\ <min<—, ¢ (1=2,3,4), f<1l—=,
2 2 A
1 1 1 11 1-2n .
/B<1—~—, a<3<1—~—), O/+[7)<3<1—~—)7 N———?é 7,:1,2,374.
)\2 )‘3 /\1 )\1 r 3 ( )

Then by Proposition 3.3, (3.20), (3.21) and (3.24), we carry out the same calculation as in
(3.36), (3.37) to get

I+ |2 (1 + |2] = 21)" Pea L(E)I5, o < C(L+1)" 0|1+ |2)* (1 + |2] = 21)° fl|r.p,
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_ 3
I+ 12D+ o] = 21)° Pa L(®)lpzs < CL+ )0 [[(1+ [2))* (1 + |2| = 21)° f .,
3 a

(1 2™ Prs L(0) I3, s < C(L+1) 75 2 {[(1+ |2])* fllgs,0,

_3 .
1L+ ) (1 + ] = 22)% Pra L0 5, g < O+ )73 (L [} (1 + ] — )" f

qi,D
for £ > 0,2 = 2,4. Taking these estimates, (3.4), (3:’3) and sp < min{3,r} into account
and a’pplylng (3§0) to (/\77)7‘53]'7 T]) = ()\177'7 7)7170)7(/\1'71'7 (1i7177li) (1’ = 27374)7 (333) to

(A77‘) S, 1, K;) = ()‘17 T, O’ _3(1/50 - 1/T)/2)7 (X37T7 qs, r8/27 —CY/Q), (B‘/P T i s 0) (Z = 27 4)~
(3.34) to (A\,r,s,7) = (1,7, s0,1) assert

t
/ 11+ J2D)(1 + [a] = 21)°VSa(t — 7) Pra L(7) |2 dr
0

4
_3(L_Ly_1.,. )
< O )1+ a)* (1 + ol = 20)2 fllrp + C D 2@ 7 24 (1 + || — 1) f
=2

qi,D

3
fort>2,f € ﬂ LE(D) N LE(D) N L% (D). We thus obtain (3.39), from which the assertion

=2
1 follows. In order to prove the assertion 2, let r, a satisfy 1 <r < 3/(1—a)and 0 < a <
min{3(1—1/r),1}. We take A so that 1 < A < min{3/2,r},a <3(1—-1/X),1/A—=1/r #1/3.
Then in view of (3.21), the same calculation as in (3.36), (3.37) asserts

11+ J2)* Pas L(t) s < C(L+ )7 5|1+ 2))* [0

for t > 0,% = A, 7. From this and (3.40), applying (3.30) to (A, r,s,4,7n) = (X, r,r,1,0), (3.33)
to (A7, 8,m,6) = (A, r, 1,0, —a/2), (3.34) to (A, r,8,7) = (r,7,(3¢) /(3 + ag), 1) leads us to

o, — -1 «
1L+ [2])*e ™ Po flgs\sao) < CE2 (L + ) fllrp

fort >0, f € L?lel)m.(D). The estimate of Ve near the boundary is also derived by the

Sobolev embedding and (3.21), which yields

1L+ e e Pofllep < CE2 (1 + [2)*fl1p

fort >0, f € Lf (D). This with the assertion 2 of Theorem 2.2 completes the proof. [J

I+|z[)er
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