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Abstract

In this note, we recall two new estimates for plane stationary Navier-Stokes
solutions in annulus type domains established in the recent paper [6]. Then, we
explain how to use them to deduce various classical and recent results on the plane
stationary Navier-Stokes equations in exterior domains.

1 Introduction

Notations. We use the notation z = z + yi = re? for an arbitrary point (z,y) € R?;
The open discs and circles centered at the origin will be denoted by B, = {|z| < r} and
S, = 0B, = {|z| =r}. We write Qy,,, = {z € R? : 1, < |2] < ra}.

We study the stationary Navier-Stokes equations in two dimensions, i.e.,

(SNS)

—Aw + (w - V)w + Vp =0,
V-w=0,

where w,p are the unknown velocity and pressure fields respectively. With no loss of
generality, we have set the viscosity coefficient of the fluid to be 1. The key open problem
in the field is to prove the existence of solutions to the 2D flow around obstacle problem:

—Aw+ (w-V)w+Vp=0 in Q,
V-w=0 in
W|8Q:07

(OBS)

W — Wo = Aep as |z] — oc.
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Here = R?\ U is an exterior plane domain, U is the corresponding bounded open set
(not necessarily connected) with smooth boundary in R?; w,, is the far field constant
velocity. The parameter A > 0 will be referred to as the Reynolds number. e; = (1,0) is
the unit vector along z-axis. Physically, the system (OBS) describes the stationary motion
of a viscous incompressible fluid flowing past a rigid cylindrical body. The existence of
solutions to (OBS) with arbitrary A was included by Professor V.I. Yudovich in the list
of “Eleven Great Problems in Mathematical Hydrodynamics” [13].
We are also interested in the exterior problem with more general boundary data:

—Aw+ (w-V)w+ Vp=0,
V-w=0

v (GEN)
W‘aﬂ =a,
W(z) = Woo = Ae; as r = |z| = +o0.

Here, the boundary datum a is an arbitrary (smooth) vector-valued function on the finite
curve €. Another closely related problem is the whole-plane forced system:

—Aw+ (w-V)w+Vp=f in R?
V.-w=0 inR? (FOR)

W — Wo = Aep as |z] — oo.

We often assume that f has compact support and enjoys W12 local regularity.

The above three problems are hard in 2D mainly due to the fact that the Dirich-
let integral fR2 |V f|>dzdy alone is not sufficient to control the asymptotic behaviour of
functions at spatial infinity. The elegant nonlinear structures of (SNS) are crucial for
our research. There are many classical papers that study the problem (OBS), see, e.g.,
[5, 1, 4]. For the basic tools and the up-to-date results concerning the systems (OBS),
(GEN) and (FOR), we refer the readers to professor Galdi’s book [3] and the forthcoming
survey [11].

In the recent paper [6], together with Julien Guillod, we established two new estimates
for D-solutions' in annulus type domains, which are called the First and Second Basic
Estimates respectively. We recall these estimates as follows.

Theorem 1 (First Basic Estimate). Let w be the D-solution to the Navier-Stokes system

{Aw—(w-V)w—szO, (1.1)

V-w=0

in the annulus type domain Q,, ,, = {z € R? : ry < |z| < ry}. Then

(W (r1) — W(r)| < Ci/log(2 + i) D(r1,72), (1.2)

where .
p= M= max{|w(r)|,[W(r2)|},  D(ri,r2) == / Vw2 13)
1
QTlvTQ

and C, is some universal positive constant (does not depend on w,r;, etc.).

!Solutions with finite Dirichlet integrals, i.e., [ |[Vw|*dazdy < +o0.
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Remark 2. Actually, in [6], instead of (1.2) we proved a weaker inequality
|\X/’(7’1) — V_V('I"2>| S C*(l + /L) D(?”l, 7”2). (14)

(1.2) can be deduced from (1.4) using the simple arguments in Section 2.

Remark 3. (1.2) is qualitatively precise, since for a solution to (OBS) in the case of small
A (first constructed by Finn and Smith [2] in 1967), the opposite inequality

)\2

log(2 + i) (1.5)

[Ivw<c@
Q

holds, see [9)].

Theorem 4 (Second Basic Estimate). Let wy, be a sequence of D-solutions to the Navier—
Stokes system

Awy — (Wi - V)wy, — Vp, = 0, (1.6)
AV Wi = 0 ’
in the annulus type domains €),,, ;... Suppose, in addition, that
T
r1p — 00, 25 foo, (1.7)
Tk
and there exist two vectors Wy, Wo, € R? such that
max |wy(z) —wy| — 0, max [wy(z) — We| — 0 as k — oo. (1.8)
2€8r,. 2€5ry;,
Then
D,
|[wo — Weo| < Cha—, (1.9)
m
where m := max{|wy|, [Weo|}, D. = lim [ |[Vwy|?, and C.,. is some universal
k—00 "1k T2k

positive constant (does not depend on wy, etc.).

Remark 5. For an arbitrary function f with bounded Dirichlet integral, it is easy to show

that , A
) = ) < = ( / o IVfIdedy>2 (1—) g (1.10)

(See, e.g., [7, Lemma 2.1].) We emphasize that Theorem 1 improves the trivial estimate
(1.10) when 79 > r;. Theorem 4 further improves Theorem 1 in the asymptotic case (1.7)
if D, < m?.

The proof of Theorem 1 is based on ideas from [8, 5, 1], in particular, the topological
structure of ®-level sets is involved. (@ = @ + p is the Bernoulli function.) The proof
of Theorem 4 is based on ideas from [10], in particular, we need a blow-down argument
which uses fine estimates of the Euler solutions to control asymptotic behaviour of the
Navier-Stokes solutions.

These two Basic Estimates are very useful in the study of (OBS), (GEN) and (FOR),
for example:



a) Using Theorem 1, we give a new proof for the boundedness and convergence of D-
solutions in exterior domains. This result was first obtained by Amick [1] under the
zero-total-flux and the axi-symmetry conditions, and recently proved by Korobkov,
Pileckas and Russo [7] in the general case.

b) Using Theorem 1, we prove a pointwise estimate for small Reynolds number D-
solutions to (OBS). This estimate was originally proved in [9] as a key step in the
proof of the unconditional uniqueness theorem for (OBS).

¢) Using Theorem 1, we can apply Leray’s invading domain method [12] to (FOR) and
construct a D-solution wy, to (FOR); for arbitrary compactly supported W2
force. This is one of the main results in [6]. The square root on D(rq,72) in
(1.2) plays a key role in obtaining certain uniform bounds for the invading domain
solutions.

d) Using Theorem 4, we are able to determine the limit of Leray solutions® to (OBS)
with small Reynolds numbers and to (FOR) in two scenarios. These are treated in
[10] and [6]. It is crucial that in (1.9) there is no square root on D.,.

In this note, we shall explain the proof of (1.2) using (1.4), and the above items a) and
b). For items ¢) and d), we refer to the recent papers [10], [6] and the forthcoming survey
[11]. The content of this note will also be included in the doctoral thesis (in Chinese) of
the second author.

2 Proof of (1.2) using (1.4)

Notice that (1.2) and (1.4) are equivalent in the case p < 1. Hence, using (1.4), for
the case < 1 Theorem 1 is already proved. We ony need to consider the case p > 1,
rym < 1. There are a few subcases. (1) If rom > 1, we further consider two subcases:
(1a) If max {|w(m™1)|, |[W(r:)|} <2, then |W(r1)| = m. Hence, by (1.10),

[W(r) — W(rs)| < Cm < Clw(n) — w(m™) (21)
< Cy/log u\/D(ry, m1) (2.2)
< C\/log(2 + p1)y/D(r1,72). (2.3)
(1b) If max {|[w(m "), [W(ry)[} > 2, then by (1.4) and (1.10), we get
(W(r1) = W(rp)| < [W(m™) = W(ra)| + [W(r) = Ww(m™)| (2.4)
< Cv/D(m1,ry) + C\/log p\/D(ry, m1) (2.5)
< C/1og(2 + p)v/D(r1,72). (2.6)

(2) If rom < 1, then again by (1.10),

(W (ry) — w(rs)| < C, [log :—j\/D(rl, r2) (2.7)

< C\log(2 + p)y/D(r1, 7). (2.8)

In conclusion, Theorem 1 holds for ;¢ > 1 case as well.

2Solutions constructed by the invading domains method.
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3 The boundedness and convergence of arbitrary D-
solutions in an exterior domain

Theorem 6 ([7]). Let w be a D-solution to the Navier-Stokes equations in the exterior
domain ) 1, then there exists a constant vector wy € R? such that w converges uni-
formly to wq at infinity. In particular, w is uniformly bounded in a neighbourhood of
infinity.

The proof of this theorem went through a rather long path, see [5, 1, 7]. A discussion
on the history can be found in the forthcoming survey [11]. Here, we present a rather
short proof using Theorem 1. Note that this short proof does not mean Theorem 6 is
trivial, since Theorem 1 itself is highly nontrivial.

Proof. Letry > 1y > 1. Forany € > 0, By Theorem 1 we have, when max{|w(ry)|, |[W(r2)|} >
=h

1
|V_V(T'1) — W(TQ)‘ < C\/log (5 + 2) D(T‘l./ 7’2). (31)
When max{|w(r)|, |[W(r2)|} < e, there clearly holds

W(r1) — W(rs)| < 2e. (3.2)

Hence, for any € > 0,

[W(ry) — w(re)| < C(e)\/D(ry,12) + 2. (3.3)

Since as 11 — 400, D(ry,re) — 0, we know that w(r) is a Cauchy sequence as r — +00.
Hence, there exists a vector wy € R? such that

Tginmw(r) = Wy. (3.4)
Denote w(r, z) = 5- 0277 w(z + re?)df. By [9, Lemma 6] (the technique of finding good
circles), for any z € Qqg oo, there exists 7 € (%, L;'), such that on the circle S;(z),
|lw—w(r,z)|<Cy/D <|Z2|,2|z|> (3.5)
Again by [9, Lemma 6], there exists 7 € ( ‘Ol, 11';') such that on the circle S;(0)
w () < Cy/0 (Bl2pr). 35)

Observe that S;(0) N S;(z) # 0. By the definition of D-solutions, as |z| — +o0,

D< i 2|z|) (3.7)



Hence, according to (3.3), if |z| is sufficiently large,

(1, 2) — W (7, 2)| < C(e)y | D (%,zm) +26 < 3e. (3.8)

Combining (3.4)—(3.8), we get that if |z| is sufficiently large,

[W(1,z) —wq| < 4e. (3.9)
Since e can be taken arbitrarily small, we get, as |z| — 400,

[w(1,z) —wo| — 0. (3.10)

By the local Stokes estimates (see, e.g., [9, Lemma 8]) and (3.10), (3.7), as |z| — 400,
we have

|[Vw(z)] — 0. (3.11)
(For explicit decay estimates of [Vw]|, see [5].) By (3.10)—(3.11), as |z| — 400, we have
|w(z) —wgy| — 0. O

4 Uniqueness of D-solutions to (OBS)

In [9], we proved that, when A is small (and nonzero), (OBS) is uniquely solvable? in the
class of D-solutions. The key step is the following pointwise estimate, see [9, Lemma 16
and eq. (5.8)]. Without loss of generality, we assume that ; 1o C €. In the sequel, the
constants C' may depend on 2.

Lemma 7. Suppose w is a D-solution to (OBS) with sufficiently small and nonzero A,

then [w(z) — Aei| < Cely /log (ﬁ + 2)4

Here, we give a different proof of Lemma 7 using the First Basic Estimate.

Proof. Let e = ——— < 1. First of all, we recall a result proved in [9],

V/[1og A|
D = / |Vw|? dedy < Ce?)\2. (4.1)
Q
Apply Theorem 1 to w, with r = 7,79y — 400, we have

1
limsup p < —
A

r9—+00
and
1
[W(r) — Xey| < C’\/Iog (limsupu + 2) D < Ce)y/log <— + 2) (4.2)
r9—>+00 /\T
In particular, as r > A\7!,
[W(r) — Aep| < Ce (4.3)

3Solvability was already shown by Finn and Smith [2] in 1967.
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By [9, Lemma 6], there exists a sequence of numbers 7, € [2%, 251 k' =1,2,3,---, such
that on the circle S,,,
lw — W(ry)| < CD? < Cex (4.4)

By (4.2) and (4.4), on the circle S,,,

1
[w — Xei| < CeAy/log ( + 2>. (4.5)
)\Tk

For any z € Qg 400, by [9, Lemma 6], we can find 7, € (%, %), such that on S, (2),

|w—w(r,,z)| < CDz < Ce\. Observe that there exists k > 1, such that S,, (0)NS,_(2)
(). Hence,

|W(rs, 2) — Aet| < Ce)y [log (ﬁ + 2). (4.6)

Consider the case |z| > 10\~ first. Apply Theorem 1 with z as the center and take
ri= A1 ry =1, we get

WAL 2) — W(r,, 2)] < CeX (4.7)
By (4.6)—(4.7), we have
WA 2) — dey| < Cer (4.8)
Consider the rescaled solutions
w(-) = )\’lw()\’l -+z), p= /\’2;10()\’1 c+z), (4.9)
then ~
[W(l) —e| < Cs, (4.10)
/ |Vw | dedy = )\’2/ |Vw|*drdy < X 2D < Ce”. (4.11)
B; Byy-1(2)

By the local Stokes estimates ([9, Lemma 8]) and (4.10)—(4.11),
sup |[Vw| < Ce (4.12)
By

By (4.12) and (4.10), [w(0) — e1| < C¢, hence for |z| > 10A™!, we have the uniform

estimate |w(z) — Aey| < Ce.
Next, consider the case 3 < |z| < 10A™" This time, we define the rescaled solutions

W() = lelw(lz] - +2), = |2Pp(|2] - +2) (4.13)
then
=~ 1
|W(r./|z]) — |z| e1] < Celz|\y [log (m + 2) <1, (4.14)
/ |VW|?dzdy = |z|2/ |Vw|?dzdy < [2|*D < Ce*X\?|z)2. (4.15)
B B

§ $121 )



By the local Stokes estimates [9, Lemma 8] and (4.14)—(4.15), we get

sup |[Vw| < Cel|z| . (4.16)
By

2

By (4.16) and (4.14), [W(0)—|z|Aes| < Celz| A /log (ﬁ + 2)7 hence for 10 < |2] < 10A~,

we have the uniform estimate |w(z) — Ae;| < Ce)y/log (ﬁ + 2).

Finally, combined with [9, Lemma 11], the desired pointwise estimate follows. O

Acknowledgement We would like to thank Cheng Yuan for pointing out various typos
in the manuscript.
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